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▼❛r❦♦✈✲❙✇✐t❝❤✐♥❣ ◗✉❛♥t✐❧❡ ❆✉t♦r❡❣r❡ss✐♦♥

❳✐❛♦❝❤✉♥ ▲✐✉∗

▼❛② ✼✱ ✷✵✶✹

❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❝♦♥s✐❞❡rs t❤❡ ❧♦❝❛t✐♦♥✲s❝❛❧❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❧♦✲

❝❛t✐♦♥ ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡rs ❛r❡ s✉❜❥❡❝t t♦ r❡❣✐♠❡ s❤✐❢ts✳ ❚❤❡ r❡❣✐♠❡ ❝❤❛♥❣❡s ❛r❡

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛ ❧❛t❡♥t✱ ❞✐s❝r❡t❡✲st❛t❡ ▼❛r❦♦✈ ♣r♦❝❡ss✳ ❚❤❡ ♥❡✇

♠❡t❤♦❞ ♣r♦✈✐❞❡s ❞✐r❡❝t ✐♥❢❡r❡♥❝❡ ❛♥❞ ❡st✐♠❛t❡ ❢♦r ❞✐✛❡r❡♥t ♣❛rts ♦❢ ❛ ♥♦♥st❛t✐♦♥❛r②

t✐♠❡ s❡r✐❡s ❞✐str✐❜✉t✐♦♥✳ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r s✇✐t❝❤✐♥❣ r❡❣✐♠❡s ✇✐t❤✐♥ ❛ q✉❛♥t✐❧❡✱

✈✐❛ ❛ t❤r❡❡✲♣❛r❛♠❡t❡r ❛s②♠♠❡tr✐❝✲▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥✱ ✐s ❛❞❛♣t❡❞ ❛♥❞ ❞❡s✐❣♥❡❞

❢♦r ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ st✉❞② s❤♦✇s r❡❛s♦♥❛❜❧❡ ❛❝❝✉r❛❝② ❛♥❞

♣r❡❝✐s✐♦♥ ✐♥ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥✳ ❋r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱ r❛t❤❡r t❤❛♥ ❢r♦♠

❛ ♠❡❛♥ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤❡ ♣♦t❡♥t✐❛❧ ♦❢ t❤✐s ♥❡✇ ❛♣♣r♦❛❝❤ ✐s ✐❧❧✉str❛t❡❞ ✐♥ t❤❡ ❡♠♣✐r✲

✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s t♦ r❡✈❡❛❧ t❤❡ ❝♦✉♥t❡r❝②❝❧✐❝❛❧ r✐s❦ ♣❛tt❡r♥ ♦❢ st♦❝❦ ♠❛r❦❡ts ❛♥❞ t❤❡

❛s②♠♠❡tr✐❝ ♣❡rs✐st❡♥❝❡ ♦❢ r❡❛❧ ●❉P ❣r♦✇t❤ r❛t❡s ❛♥❞ r❡❛❧ tr❛❞❡✲✇❡✐❣❤t❡❞ ❡①❝❤❛♥❣❡

r❛t❡s✳

❑❡②✇♦r❞s ✿ ❆s②♠♠❡tr✐❝✲▲❛♣❧❛❝❡ ❉✐str✐❜✉t✐♦♥✱ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s✱ ❇❧♦❝❦✲❛t✲❛✲

❚✐♠❡✱ ❆s②♠♠❡tr✐❝ ❉②♥❛♠✐❝s✱ ❚r❛♥s✐t✐♦♥ Pr♦❜❛❜✐❧✐t②

❏❊▲✿ ❈✷✷✱ ❈✺✽✱ ❈✺✶✱ ❈✶✶✱ ●✷✸

∗❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❊♠♦r② ❯♥✐✈❡rs✐t②✱ ❆t❧❛♥t❛ ●❆ ✸✵✸✷✷✳ ❊♠❛✐❧✿ ①✐❛♦❝❤✉♥✳❧✐✉❅❡♠♦r②✳❡❞✉



✶ ■♥tr♦❞✉❝t✐♦♥

❑♦❡♥❦❡r ❛♥❞ ❳✐❛♦ ✭✷✵✵✻✮ st✉❞② q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ✐♥ ✇❤✐❝❤ t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡

❝♦❡✣❝✐❡♥ts ♠❛② t❛❦❡ ❞✐st✐♥❝t ✈❛❧✉❡s ♦✈❡r ❞✐✛❡r❡♥t q✉❛♥t✐❧❡s ♦❢ t❤❡ ✐♥♥♦✈❛t✐♦♥ ♣r♦❝❡ss✳ ❚❤❡✐r

♠♦❞❡❧s ❝❛♥ ❝❛♣t✉r❡ s②st❡♠❛t✐❝ ✐♥✢✉❡♥❝❡s ♦❢ ❝♦♥❞✐t✐♦♥✐♥❣ ✈❛r✐❛❜❧❡s ♦♥ t❤❡ ❧♦❝❛t✐♦♥✱ s❝❛❧❡

❛♥❞ s❤❛♣❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✳ ▲❡t {Ut} ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✐✳✐✳❞✳ st❛♥❞❛r❞ ✉♥✐❢♦r♠

r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❈♦♥s✐❞❡r t❤❡ mt❤✲♦r❞❡r ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss

yt = θ0 (Ut) + θ1 (Ut) yt−1 + ...+ θm(Ut)yt−m ✭✶✳✶✮

✇❤❡r❡ yt ✐s t❤❡ t✐♠❡ s❡r✐❡s ♦❜s❡r✈❛t✐♦♥ ❛t t✐♠❡ t✱ ❛♥❞ θ✬s ❛r❡ ✉♥❦♥♦✇♥ ❢✉♥❝t✐♦♥s [0, 1] → R

t♦ ❜❡ ❡st✐♠❛t❡❞✳ Pr♦✈✐❞❡❞ t❤❛t t❤❡ r✐❣❤t s✐❞❡ ♦❢ ✭✶✳✶✮ ✐s ♠♦♥♦t♦♥❡ ✐♥❝r❡❛s✐♥❣ ✐♥ Ut✱ ✐t ✢♦✇s

t❤❛t t❤❡ τt❤ ❝♦♥❞✐t✐♦♥❛❧ q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥ ♦❢ yt ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s

Qyt

(

τ |yt−1

)

= θ0(τ) + θ1(τ)yt−1 + ...+ θm(τ)yt−m ✭✶✳✷✮

✇❤❡r❡ yt−1 = (yt−1, ..., yt−m)
′

✳ ❚❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ✭✶✳✶✮ t♦ ✭✶✳✷✮ ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡✲

q✉❡♥❝❡ ♦❢ ❡q✉✐✈❛r✐❛♥❝❡ t♦ ♠♦♥♦t♦♥❡ tr❛♥s❢♦r♠❛t✐♦♥s✳✶ ■♥ ✭✶✳✷✮✱ t❤❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡

❝♦❡✣❝✐❡♥ts ♠❛② ❜❡ τ ✲❞❡♣❡♥❞❡♥t ❛♥❞ t❤✉s ❝❛♥ ✈❛r② ♦✈❡r t❤❡ q✉❛♥t✐❧❡s✳ ❚❤❡ ❝♦♥❞✐t✐♦♥✐♥❣

✈❛r✐❛❜❧❡s ♥♦t ♦♥❧② s❤✐❢t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ yt ✱ ❜✉t ❛❧s♦ ♠❛② ❛❧t❡r t❤❡ s❝❛❧❡

❛♥❞ s❤❛♣❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥✳ ❑♦❡♥❦❡r ❛♥❞ ❳✐❛♦ ✭✷✵✵✻✮ ❛❧s♦ s❤♦✇ t❤❛t q✉❛♥t✐❧❡

❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s ❡①❤✐❜✐t ❛ ❢♦r♠ ♦❢ ❛s②♠♠❡tr✐❝ ♣❡rs✐st❡♥❝❡ ❛♥❞ t❡♠♣♦r❛r✐❧② ❡①♣❧♦s✐✈❡

❜❡❤❛✈✐♦r✳

❍♦✇❡✈❡r✱ t❤❡ ❧✐♥❡❛r q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s ❝❛♥♥♦t ❛❝❝♦♠♠♦❞❛t❡ ♠❛♥② st②❧✐③❡❞

❢❛❝ts s✉❝❤ ❛s str✉❝t✉r❛❧ ❜r❡❛❦s ❛♥❞ ♥♦♥❧✐♥❡❛r✐t✐❡s ✐♥ ♠❛❝r♦❡❝♦♥♦♠✐❝ ❛♥❞ ✜♥❛♥❝✐❛❧ t✐♠❡ s❡r✐❡s✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s t♦ ❡①t❡♥❞ t❤❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥ ♦❢ ❑♦❡♥❦❡r ❛♥❞ ❳✐❛♦ ✭✷✵✵✻✮

❜② ♠♦❞❡❧✐♥❣ ♥♦♥st❛t✐♦♥❛r② q✉❛♥t✐❧❡ ❞②♥❛♠✐❝s✳ P❛rt✐❝✉❧❛r❧②✱ ■ ❝♦♥s✐❞❡r t❤❡ ❧♦❝❛t✐♦♥✲s❝❛❧❡

q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥ ✐♥ ✇❤✐❝❤ t❤❡ ❧♦❝❛t✐♦♥ ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡rs ❛r❡ s✉❜❥❡❝t t♦ r❡❣✐♠❡

s❤✐❢ts ✇✐t❤✐♥ ❛ q✉❛♥t✐❧❡✳ ❙✇✐t❝❤✐♥❣ q✉❛♥t✐❧❡ r❡❣✐♠❡s ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛♥

✶❙❡❡ t❤❡ t❤❡♦r❡♠ ♦❢ ❡q✉✐✈❛r✐❛♥❝❡ t♦ ♠♦♥♦t♦♥❡ tr❛♥s❢♦r♠❛t✐♦♥s ✐♥ ❑♦❡♥❦❡r ✭✷✵✵✺✮✱ ♣❛❣❡ ✸✾✳

✶



✉♥♦❜s❡r✈❡❞ st❛t❡ ✐♥❞✐❝❛t♦r ✈❛r✐❛❜❧❡ t❤❛t ❢♦❧❧♦✇s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇✐t❤ ✉♥❦♥♦✇♥ tr❛♥s✐t✐♦♥

♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡ ♣r♦♣♦s❡❞ ▼❛r❦♦✈✲❙✇✐t❝❤✐♥❣ ◗✉❛♥t✐❧❡ ❆✉t♦r❡❣r❡ss✐♦♥ ✭▼❙◗❆❘✮ ♥❡sts

t❤❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥ ♦❢ ❑♦❡♥❦❡r ❛♥❞ ❳✐❛♦ ✭✷✵✵✻✮ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ ❝♦♥❞✐t✐♦♥❛❧

❞✐str✐❜✉t✐♦♥s ❛r❡ st❛t✐♦♥❛r②✳

▼❙◗❆❘ ✐s ❛ ❝♦♥✈❡♥✐❡♥t ❛♣♣r♦❛❝❤ ❜✉✐❧t ♦♥ t❤❡ ✈❛st ❧✐t❡r❛t✉r❡ ♦❢ ▼❛r❦♦✈✲s✇✐t❝❤✐♥❣ t✐♠❡

s❡r✐❡s ♠♦❞❡❧s✳✷ ◆♦♥❡t❤❡❧❡ss✱ s✐♠♣❧② ❝♦♠❜✐♥✐♥❣ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s ✇✐t❤ ▼❛r❦♦✈✲

s✇✐t❝❤✐♥❣ t❡❝❤♥✐q✉❡s ✐s ❡❝♦♥♦♠❡tr✐❝❛❧❧② ✐♥❢❡❛s✐❜❧❡✳ ❚❤❡ ❝❤❛❧❧❡♥❣❡ ✐s t❤❛t t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝✲

t✐♦♥ ♦❢ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥ ✐s ❛ ♥♦♥✲❧✐❦❡❧✐❤♦♦❞ ❜❛s❡❞ ❢✉♥❝t✐♦♥ ❣❡♥❡r❛❧❧② ❡st✐♠❛t❡❞ ❜②

♥♦♥❧✐♥❡❛r ❧❡❛st sq✉❛r❡✳ ❚❤❡ ♥♦♥✲❧✐❦❡❧✐❤♦♦❞ ❜❛s❡❞ ❢✉♥❝t✐♦♥ ❞♦❡s ♥♦t ❛❧❧♦✇ ♠❛❦❡ ✐♥❢❡r❡♥❝❡ ♦♥

t❤❡ ❧❛t❡♥t st❛t❡ ✈❛r✐❛❜❧❡ ❢♦r s✇✐t❝❤✐♥❣ r❡❣✐♠❡s✳ ❚♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ■ ❛ss✉♠❡ t❤❛t q✉❛♥✲

t✐❧❡ ❡rr♦r t❡r♠s ❢♦❧❧♦✇ ❛ t❤r❡❡✲♣❛r❛♠❡t❡r ❛s②♠♠❡tr✐❝✲▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥ ✭❨✉ ❛♥❞ ❩❤❛♥❣

✭✷✵✵✺✮✮✳ ❚❤✐s ♣❛♣❡r s❤♦✇s t❤❛t ♠❛①✐♠✐③✐♥❣ t❤✐s ❞✐str✐❜✉t✐♦♥ ✐s ♠❛t❤❡♠❛t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t

t♦ ♠✐♥✐♠✐③✐♥❣ q✉❛♥t✐❧❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s✳ ■♠♣♦rt❛♥t❧②✱ ✐t ❛❧s♦ s❛t✐s✜❡s t❤❡ r❡str✐❝t✐✈❡ ❝♦♥✲

❞✐t✐♦♥s ♦❢ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥✳ ❲✐t❤ t❤✐s ❞✐str✐❜✉t✐♦♥✱ t❤❡ ✐♥❢❡r❡♥❝❡ ❢♦r s✇✐t❝❤✐♥❣ q✉❛♥t✐❧❡

r❡❣✐♠❡s ❝❛♥ ❜❡ ♠❛❞❡ t❤r♦✉❣❤ t❤❡ st❛♥❞❛r❞ ❍❛♠✐❧t♦♥ ✜❧t❡r ❛♣♣r♦❛❝❤ ✭❍❛♠✐❧t♦♥ ✭✶✾✾✹✮✮✳

❚❤✐s ♣❛♣❡r ❛❞♦♣ts ❇❛②❡s✐❛♥ ❛♣♣r♦❛❝❤ ❢♦r ♠♦❞❡❧ ❡st✐♠❛t✐♦♥✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❨✉ ❛♥❞

▼♦②❡❡❞ ✭✷✵✵✶✮✱ t❤❡ ✉s❡ ♦❢ ❛♥ ❛s②♠♠❡tr✐❝ ▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥ ❢♦r ❡rr♦r t❡r♠s ♣r♦✈✐❞❡s ❛

♥❛t✉r❛❧ ✇❛② t♦ ❞❡❛❧ ✇✐t❤ s♦♠❡ s❡r✐♦✉s ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❤❛❧❧❡♥❣❡s t❤r♦✉❣❤ ❇❛②❡s✐❛♥ q✉❛♥t✐❧❡

r❡❣r❡ss✐♦♥✳ ❆❧s♦ s❡❡ ❈❤❡r♥♦③❤✉❦♦✈ ❛♥❞ ❍♦♥❣ ✭✷✵✵✸✮✳ ■♥ t❤❡ t❡r♠✐♥♦❧♦❣② ♦❢ ❈❤✐❜ ❛♥❞

●r❡❡♥❜❡r❣ ✭✶✾✾✺✮✱ t❤✐s ♣❛♣❡r ❛❞♦♣ts ❛ ✏❜❧♦❝❦✲❛t✲❛✲t✐♠❡✑ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s s❛♠♣❧✐♥❣ t♦

r❡❞✉❝❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❣r♦✉♣s ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞ ♣❛r❛♠❡t❡rs ❛s ♦♥❡

❜❧♦❝❦ t♦ ❜❡ s✐♠✉❧t❛♥❡♦✉s❧② ✉♣❞❛t❡❞ ❛t ❡❛❝❤ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣ st❡♣ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡

r❡♠❛✐♥✐♥❣ ❜❧♦❝❦s✱ s❡❡ ❡✳❣✳✱ ❚✐❡r♥❡② ✭✶✾✾✹✮✱ ❆✉s✐♥ ❛♥❞ ▲♦♣❡s ✭✷✵✶✵✮✱ ●❡✇❡❦❡ ❛♥❞ ❚❛♥✐③❛❦✐

✭✷✵✵✶✮✱ ❛♠♦♥❣ ♦t❤❡rs✳ ❚♦ ❢✉rt❤❡r s♣❡❡❞ ✉♣ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ t♦ ❛❝❤✐❡✈❡ ❞❡s✐r❛❜❧❡ ♠✐①✐♥❣

♣r♦♣❡rt✐❡s ✐♥ ▼❈▼❈ ❝❤❛✐♥s✱ ■ ❡♠♣❧♦② t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ♦❢ ●❡r❧❛❝❤ ❡t ❛❧✳ ✭✷✵✶✶✮ ❛♥❞

❈❤❡♥ ❡t ❛❧✳ ✭✷✵✶✷✮✱ ✇❤✐❝❤ ❝♦♠❜✐♥❡s ❛ r❛♥❞♦♠ ✇❛❧❦ ❛♥❞ ❛♥ ✐♥❞❡♣❡♥❞❡♥t ❦❡r♥❡❧ ▼❡tr♦♣♦❧✐s✲

✷❙❡❡ ❡✳❣✳✱ ❙✐♠s ❛♥❞ ❩❤❛✱ ✷✵✵✻✱ ●r❛② ✭✶✾✾✻✮✱ ❈❤❡✉♥❣ ❛♥❞ ❊r❧❛♥❞ss♦♥ ✭✷✵✵✺✮✱ ❍❛♠✐❧t♦♥ ❛♥❞ ❙✉s♠❡❧ ✭✶✾✾✹✮✱
❑✐♠ ❡t ❛❧✳ ✭✷✵✵✽✮✱ ❛♠♦♥❣ ♠❛♥② ♦t❤❡rs✳ ●✉✐❞♦❧✐♥ ✭✷✵✶✷✮ ♣r♦✈✐❞❡s ❛ r❡❝❡♥t r❡✈✐❡✇ ❢♦r t❤❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢
▼❛r❦♦✈✲s✇✐t❝❤✐♥❣ ♠♦❞❡❧s ✐♥ ❡♠♣✐r✐❝❛❧ ✜♥❛♥❝❡✳

✷



❍❛st✐♥❣s ❛❧❣♦r✐t❤♠✱ ❡❛❝❤ ❜❛s❡❞ ♦♥ ❛ ♠✐①t✉r❡ ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥s✳

❚❤✐s ♣❛♣❡r ❡①❛♠✐♥❡s t❤❡ ♥❡✇ ❛♣♣r♦❛❝❤ ✐♥ ❛ s✐♠✉❧❛t✐♦♥ st✉❞② t♦ s❤♦✇ ✐ts ❛❝❝✉r❛❝② ❛♥❞

♣r❡❝✐s✐♦♥ ✐♥ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥✳ ❚❤❡ ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❙✫P ✺✵✵ r❡t✉r♥s ✐❧❧✉str❛t❡s

t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤✐s ♥❡✇ ❛♣♣r♦❛❝❤ ✐♥ r✐s❦ ♠❛♥❛❣❡♠❡♥t✱ ✐✳❡✳✱ ❢♦r str❡ss✲t❡st✐♥❣ ✜♥❛♥❝✐❛❧

✐♥st✐t✉t✐♦♥s ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ❝❡♥tr❛❧ ❜❛♥❦s✳ ■♥ t❤✐s ♣❛♣❡r✱ ❛s②♠♠❡tr✐❝ ❞②♥❛♠✐❝s

❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❢♦✉♥❞ ❢♦r q✉❛rt❡r❧② r❡❛❧ ●❉P ❣r♦✇t❤ r❛t❡s ❜✉t ♥♦t ❢♦r q✉❛rt❡r❧② r❡❛❧ tr❛❞❡✲

✇❡✐❣❤t❡❞ ❯✳❙✳ ❞♦❧❧❛rs✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❛s②♠♠❡tr✐❝ ❞②♥❛♠✐❝s ❛♣♣❡❛r t♦ ❜❡ ❞✐✛❡r❡r♥t ❛❝r♦ss

❡❝♦♥♦♠✐❝ r❡❣✐♠❡s✳ ◆♦t❛❜❧②✱ ♠♦❞❡❧✐♥❣ t❤❡ r❡❣✐♠❡ ♣❡rs✐st❡♥❝❡ ✐♥ ❧♦✇❡r t❛✐❧s ♦❢ r❡❛❧ ●❉P

❣r♦✇t❤ r❛t❡s ✐♠♣r♦✈❡s t❤❡ ♣r❡❞✐❝t❛❜✐❧✐t✐❡s ♦❢ s✇t✐❝❤✐♥❣ ❡❝♦♥♦♠✐❝ st❛t❡s ❛♥❞ t✉r♥✐♥❣ ♣♦✐♥ts✳

❚❤❡ r❡st ♦❢ t❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢

❛s②♠♠❡tr✐❝✲▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥s t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥s✳ ❙❡❝t✐♦♥ ✸ ❞❡✜♥❡s

▼❛r❦♦✈✲❙✇✐t❝❤✐♥❣ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥✳ ❙❡❝t✐♦♥ ✹ ❞❡s❝r✐❜❡s t❤❡ ❇❛②❡s✐❛♥ ♠❡t❤♦❞s ✐♥

t❤✐s ♣❛♣❡r ❢♦r ♠♦❞❡❧ ❡st✐♠❛t✐♦♥✳ ❙❡❝t✐♦♥ ✺ ♣r❡s❡♥ts ♠♦❞❡❧ s✐♠✉❧❛t✐♦♥s ❛♥❞ r❡s✉❧ts✳ ❙❡❝t✐♦♥

✻ r❡♣♦rts t❤❡ r❡s✉❧ts ♦❢ ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s t♦ st♦❝❦ ♠❛r❦❡ts✱ r❡❛❧ ●❉P ❣r♦✇t❤ r❛t❡s ❛♥❞

r❡❛❧ tr❛❞❡✲✇❡✐❣❤t❡❞ ❡①❝❤❛♥❣❡ r❛t❡s✳ ❙❡❝t✐♦♥ ✼ ❝♦♥❝❧✉❞❡s t❤✐s ♣❛♣❡r✳

✷ ❆s②♠♠❡tr✐❝ ▲❛♣❧❛❝❡ ❉✐str✐❜✉t✐♦♥ ❈♦♥♥❡❝t✐♦♥

❚❤❡ ◗❆❘✭m✮ ♠♦❞❡❧ ♦❢ ✭✶✳✷✮ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ✐♥ ❛ ♠♦r❡ ❝♦♥✈❡♥t✐♦♥❛❧ r❡❣r❡ss✐♦♥ ❢♦r♠

❛s

yt = θ0(τ) +
m
∑

l=1

θl(τ)yt−l + εt(τ) ✭✷✳✶✮

✇❤❡r❡ εt(τ) ✐s q✉❛♥t✐❧❡ ❡rr♦r t❡r♠s ✇❤✐❝❤ ❢♦❧❧♦✇ ❛♥ ❛s②♠♠❡tr✐❝✲▲❛♣❧❛❝❡ ✭AL) ❞✐str✐❜✉t✐♦♥✱

❞❡♥♦t❡❞ ❜② AL(0, ς, τ)✱ ✇✐t❤ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❛s

fεt(ε; 0, ς, τ) =
τ(1− τ)

ς
exp

{

−
ε (τ − I(ε ≤ 0))

ς

}

✭✷✳✷✮

✇❤❡r❡ I(·) ✐s ❛♥ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✳ τ ❞❡t❡r♠✐♥❡s t❤❡ s❦❡✇♥❡ss ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✱ ς > 0 ✐s

❛ s❝❛❧❡ ♣❛r❛♠❡t❡r✳ AL(0, ς, τ) ✇✐t❤ t❤❡ ❧♦❝❛t✐♦♥ ♣❛r❛♠❡t❡r ❜❡✐♥❣ ③❡r♦ ♣r♦✈✐❞❡s t❤❛t t❤❡ τt❤

✸



q✉❛♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ✐s ③❡r♦ ❛s Pr (εt ≤ 0) = τ ✱ ✇❤✐❝❤ s❛t✐s✜❡s t❤❡ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥

❝♦♥❞✐t✐♦♥
´ 0

−∞
fε(s)ds = τ ✳ ❚❤❡ ❛s②♠♠❡tr✐❝✲▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥ ✇✐t❤ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥

♦❢ ✭✷✳✷✮ ❤❛s t❤❡ ♠❡❛♥ ❛♥❞ ✈❛r✐❛♥❝❡✱ E(εt) = ς(1− 2τ)/[(1− τ)τ ] ❛♥❞ V ar(εt) = ς2(1− 2τ +

2τ 2)/[(1− τ)2τ 2]✱ r❡s♣❡❝t✐✈❡❧②✳ ❙❡❡ ❨✉ ❛♥❞ ❩❤❛♥❣ ✭✷✵✵✺✮ ❢♦r ❞❡t❛✐❧s✳ ❲✐t❤ t❤❡ ❛ss✉♠♣t✐♦♥

♦❢ ✐✳✐✳❞✳ εt(τ)✱ t❤❡ s❛♠♣❧❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜②

L(θ, τ) = [τ(1− τ)/ς]T ✭✷✳✸✮

exp

{

−

T
∑

t=1

yt −Qyt

(

τ |yt−1

)

ς

[

τ − I
(

yt ≤ Qyt

(

τ |yt−1

))]

}

■♥ t❤❡ ❧✐t❡r❛t✉r❡ t❤❡ ❡rr♦r ❞❡♥s✐t② ✐s ♦❢t❡♥ ❧❡❢t ✉♥s♣❡❝✐✜❡❞✱ s❡❡ ❡✳❣✳✱ ❑♦❡♥❦❡r ❛♥❞ ❇❛ss❡tt

✭✶✾✼✽✮✱ ❑♦❡♥❦❡r ✭✷✵✵✺✮✱ ❛♥❞ ❑♦❡♥❦❡r ❛♥❞ ❳✐❛♦ ✭✷✵✵✻✮✱ ❡t❝✳ ◗✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥ ✐s t❤❡

s♦❧✉t✐♦♥ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

θ(τ) = arg min
θ

E
(

ρτ
(

yt −Qyt

(

τ |yt−1;θ
)))

✭✷✳✹✮

✇❤❡r❡ θ (τ) = (θ0(τ), ..., θm (τ)) ✐s t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ t♦ ❜❡ ❡st✐♠❛t❡❞✳ ❚❤❡ q✉❛♥t✐❧❡

❝r✐t❡r✐♦♥ ✭❝❤❡❝❦ ♦r ❧♦ss✮ ❢✉♥❝t✐♦♥ ρτ (·) ✐s ❞❡✜♥❡❞ ❛s ρτ (ε) = ε (τ − I(ε < 0)) ✐♥ ❑♦❡♥❦❡r ❛♥❞

❇❛ss❡tt ✭✶✾✼✽✮✳ ❙♦❧✈✐♥❣ t❤❡ s❛♠♣❧❡ ❛♥❛❧♦❣ ❣✐✈❡s t❤❡ ❡st✐♠❛t♦r ♦❢ θ

θ̂(τ) = arg min
θ

T
∑

t=1

ρτ
(

yt −Qyt

(

τ |yt−1;θ
))

✭✷✳✺✮

❘❡❝❡♥t❧②✱ ❨✉ ❛♥❞ ▼♦②❡❡❞ ✭✷✵✵✶✮✱ ❨✉ ❛♥❞ ❩❤❛♥❣ ✭✷✵✵✺✮ ❛♥❞ ●❡r❧❛❝❤ ❡t ❛❧✳ ✭✷✵✶✶✮✱ ❛♠♦♥❣

♦t❤❡rs✱ ❤❛✈❡ ✐❧❧✉str❛t❡❞ t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ q✉❛♥t✐❧❡ ❡st✐♠❛t✐♦♥ ♣r♦❜❧❡♠ ❛♥❞ ❛s②♠♠❡tr✐❝✲

▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥✳ ❙✐♥❝❡ t❤❡ q✉❛♥t✐❧❡ ❧♦ss ❢✉♥❝t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❡①♣♦♥❡♥t ♦❢ t❤❡

❛s②♠♠❡tr✐❝✲▲❛♣❧❛❝❡ ❧✐❦❡❧✐❤♦♦❞✱ ♠❛①✐♠✐③✐♥❣ t❤❡ s❛♠♣❧❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ✭✷✳✸✮ ✐s ♠❛t❤❡♠❛t✐❝❛❧❧②

❡q✉✐✈❛❧❡♥t t♦ ♠✐♥✐♠✐③✐♥❣ t❤❡ q✉❛♥t✐❧❡ ❧♦ss ❢✉♥❝t✐♦♥ ♦❢ ✭✷✳✺✮✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ ❡♠♣❤❛s✐③❡

t❤❛t✱ ✐♥ ♣r❛❝t✐❝❡✱ t❤❡ ♣❛r❛♠❡t❡r τ ✐s ❝❤♦s❡♥ ❜② r❡s❡❛r❝❤❡rs ❛s q✉❛♥t✐❧❡ ❧❡✈❡❧s ♦❢ ✐♥t❡r❡st

❞✉r✐♥❣ ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥ ❛♥❞ ♦♥❧② ❛ s✐♥❣❧❡ q✉❛♥t✐❧❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ yt ✐s ❡st✐♠❛t❡❞✳

▼♦r❡ ✐♠♣♦rt❛♥t❧②✱ t❤❡ ❛s②♠♠❡tr✐❝ ▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥ tr❛♥s❢♦r♠s t❤❡ ♥♦♥✲❧✐❦❡❧✐❤♦♦❞ ❜❛s❡❞

✹



q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ♦❢ ✭✷✳✺✮ t♦ ❛ ❧✐❦❡❧✐❤♦♦❞ ❜❛s❡❞ ❛♣♣r♦❛❝❤✱ s♦ t❤❛t t❤❡ ✐♥❢❡r❡♥❝❡ ❢♦r t❤❡

♣r♦❜❛❜✐❧✐t② ♦❢ s✇✐t❝❤✐♥❣ r❡❣✐♠❡s ✐s ♣♦ss✐❜❧② ♠❛❞❡ t❤r♦✉❣❤ ❍❛♠✐❧t♦♥ ✜❧t❡r✳

✸ ▼❛r❦♦✈✲❙✇✐t❝❤✐♥❣ ◗✉❛♥t✐❧❡ ❆✉t♦r❡❣r❡ss✐♦♥

❋♦r t❤❡ τt❤ ❝♦♥❞✐t✐♦♥❛❧ q✉❛♥t✐❧❡ ♦❢ yt✱ ❧❡t {st} ❜❡ ❛♥ ❡r❣♦❞✐❝ ❤♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈ ❝❤❛✐♥

♦♥ ❛ ✜♥✐t❡ s❡t S = {1, ..., k}✱ ✇✐t❤ ❛ tr❛♥s✐t✐♦♥ ♠❛tr✐① P ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛♥s✐t✐♦♥

♣r♦❜❛❜✐❧✐t✐❡s

{pij = Pr (st = j|st−1 = i)}

❛♥❞ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t✐❡s

{πj = Pr (st = j)}

❢♦r i, j ∈ S ❛♥❞ ❛ss✉♠❡ st ❢♦❧❧♦✇ ❛ ✜rst✲♦r❞❡r ▼❛r❦♦✈ ❝❤❛✐♥✳ ❚❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s

s❛t✐s❢②
∑

j∈S pij = 1 ❛♥❞
∑

j∈S πj = 1✳ ❚❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss ❢♦r st ✐s str✐❝t❧② st❛t✐♦♥❛r② ✐❢

pij ✐s ❧❡ss t❤❛♥ ✉♥✐t② ❛♥❞ ❞♦❡s ♥♦t t❛❦❡ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ ✵ s✐♠✉❧t❛♥❡♦✉s❧②✳

❯s✐♥❣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛❜♦✈❡✱ t❤✐s ♣❛♣❡r ❞❡✜♥❡s ▼❛r❦♦✈✲❙✇✐t❝❤✐♥❣ q✉❛♥t✐❧❡ ❛✉✲

t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s ✭▼❙◗❆❘✮ ❛s

yt = Qyt(τ |yt−1;θst) + εt(τ)

= θst,0(τ) +
m
∑

l=1

θst,l(τ)yt−l + εt(τ) ✭✸✳✶✮

❙✉♣♣♦s❡ t❤❛t yt ❝❛♥ ❜❡ ♦❜s❡r✈❡❞ ❞✐r❡❝t❧② ❜✉t ❝❛♥ ♦♥❧② ♠❛❦❡ ❛♥ ✐♥❢❡r❡♥❝❡ ❛❜♦✉t t❤❡ ✈❛❧✉❡

♦❢ st ❜❛s❡❞ ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛s ♦❢ ❞❛t❡ t✳ ❚❤✐s ✐♥❢❡r❡♥❝❡ ❣✐✈❡s t❤❡ ✜❧t❡r✐♥❣ ♣r♦❜❛❜✐❧✐t② ❛s

ξj,t|t = Pr (st = j|yt;Θ)

=
∑

i∈S

Pr (st = j, st−1 = i|yt;Θ)

✇❤❡r❡
∑

j∈S ξj,t|t = 1 ❛♥❞ Θ = (P,θst(τ)) ✐s ❛ ✈❡❝t♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✇✐t❤ st ∈ S✳ ❚❤❡

✺



❢♦r♠✉❧❛t✐♦♥ ♦❢ ✜❧t❡r✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ✐s ♦❜t❛✐♥❡❞ ❜② ❇❛②❡s t❤❡♦r❡♠ ❛s

ξj,t|t =

∑

i∈S pijξi,t−1|t−1ηj,t

f (yt|yt−1, τ ;Θ)
✭✸✳✷✮

✇❤❡r❡ ηj,t ✐s ❝♦♥❞✐t✐♦♥❛❧ ❧✐❦❡❧✐❤♦♦❞ ❛s

ηj,t = f (yt|st = j,yt−1, τ ;θ) ✭✸✳✸✮

=
τ(1− τ)

ς
exp

{

−
(yt −Qyt (τ |yt−1;θj))

ς
[τ − I (yt < Qyt (τ |yt−1;θj))]

}

❛♥❞

f(yt|yt−1, τ ;Θ) =
∑

j∈S

∑

i∈S

pijξi,t−1|t−1ηj,t

❚❤✉s✱ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ ✜❧t❡r✐♥❣ ❛♥❞ ♣r❡❞✐❝t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ✐s ❣✐✈❡♥ ❜②

ξj,t+1|t = Pr (st+1 = j|yt;Θ) =
∑

i∈S

pijξi,t|t ✭✸✳✹✮

❚❤❡ ✐♥❢❡r❡♥❝❡✱ s✐♠✐❧❛r t♦ ❍❛♠✐❧t♦♥✬s ✜❧t❡r ✭❍❛♠✐❧t♦♥✱ ✶✾✾✹✮✱ ✐s ♣❡r❢♦r♠❡❞ ✐t❡r❛t✐✈❡❧②

❢♦r t = 1, ..., T ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s✱ ξj,0|0 ❢♦r j ∈ S✳ ❚❤❡ s❛♠♣❧❡ ❧✐❦❡❧✐❤♦♦❞ ❢♦r t❤❡ τt❤

❝♦♥❞✐t✐♦♥❛❧ q✉❛♥t✐❧❡ ♦❢ yt ✐s t❤❡♥ ❣✐✈❡♥ ❜②

L(Θ) =
T
∏

t=1

f(yt|yt−1, τ ;Θ) ✭✸✳✺✮

❚❤❡ ❝♦♥♥❡❝t✐♦♥ t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ✈✐❡✇❡❞ ❛s ❢♦❧❧♦✇s✳

❇❛s❡❞ ♦♥ q✉❛♥t✐❧❡ ❧♦ss ❢✉♥❝t✐♦♥s✱ Θ ✐s s♦❧✈❡❞ ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

min
Θ

E

(

∑

j∈S

ρτ (yt −Qyt (τ |st = j, yt−1;Θ)) I (st = j)

)

✭✸✳✻✮

✇❤❡r❡ yt = {yt, yt−1, ..., y1, y0}✳ ❆♣♣❧② t❤❡ ❧❛✇ ♦❢ ✐t❡r❛t❡❞ ❡①♣❡❝t❛t✐♦♥ t♦ r❡✇r✐tt❡♥ ✭✸✳✻✮ ❛s

min
Θ

∑

j∈S

E [ρτ (yt −Qyt (τ |st,τ = j, yt−1;Θ))Pr (st,τ = j|yt;Θ)] ✭✸✳✼✮

✻



Pr♦✈✐❞❡❞ t❤❛t τ ✐s ❝❤♦s❡♥ ❜② r❡s❡❛r❝❤❡rs ♦❢ ✐♥t❡r❡st✱ ♠❛①✐♠✐③✐♥❣ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ♦❢ ✭✸✳✺✮ ✐s

♠❛t❤❡♠❛t✐❝❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♠✐♥✐♠✐③❛t✐♦♥ ♦❢ ✭✸✳✻✮✱ s✐♥❝❡ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❝❛♥

❜❡ ❛❧t❡r♥❛t✐✈❡❧② r❡✇r✐tt❡♥ ❛s L(Θ) =
∏T

t=1

∑

j∈S f (yt|st = j,yt−1, τ ;Θ)Pr (st = j|yt;Θ)

✇✐t❤ Pr(st = j|yt;Θ) =
∑

i∈S pijξi,t−1|t−1✳ ❍♦✇❡✈❡r✱ Pr (st = j|yt;Θ) ❝❛♥♥♦t ❜❡ ✜❧t❡r❡❞

❜② ✉s✐♥❣ t❤❡ ♥♦♥❧✐♥❡❛r ❧❡❛st sq✉❛r❡ ❡st✐♠❛t✐♦♥ ♦❢ ✭✸✳✼✮❀ t❤❡r❡❢♦r❡✱ t❤❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ♦❢

t❤❡ ❛s②♠♠❡tr✐❝ ▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥ ✐s ✉s❡❞ t♦ ✐♥❢❡r tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s✳

❚♦ ❡st✐♠❛t❡ s♠♦♦t❤✐♥❣ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s Pr (st = i|yT ; θ)✱ t❤✐s ♣❛♣❡r ❢♦❧❧♦✇s t❤❡

❛♣♣r♦❛❝❤ ♦❢ ❑✐♠ ✭✶✾✾✹✮✳ ❆♣♣❧② t❤❡ ❇❛②❡s t❤❡♦r❡♠ ❛♥❞ t❤❡ ▼❛r❦♦✈ ♣r♦♣❡rt② t♦ ②✐❡❧❞

Pr (st = i|st+1 = j, yT ;Θ) =
pjiPr (st = j|yt;Θ)

Pr (st+1 = i|yt;Θ)
✭✸✳✽✮

■t ✐s t❤❡r❡❢♦r❡ t❤❡ ❝❛s❡ t❤❛t

Pr (st = j, st+1 = i|yT ;Θ) = Pr (st+1 = i|yT ;Θ)
pjiPr (st = j|yt;Θ)

Pr (st+1 = i|yt;Θ)
✭✸✳✾✮

❚❤❡ s♠♦♦t❤❡❞ ✐♥❢❡r❡♥❝❡ ❢♦r ❞❛t❡ t ✐s t❤❡ s✉♠ ♦❢ ✭✸✳✾✮ ♦✈❡r i ∈ S

ξj,t|T = Pr (st = j|yT ;Θ)

=
∑

i∈S

Pr (st+1 = i|yT ;Θ)
pjiPr (st = j|yt;Θ)

Pr (st+1 = i|yt;Θ)
✭✸✳✶✵✮

❚❤❡ s♠♦♦t❤❡❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ t❤✉s ♦❜t❛✐♥❡❞ ❜② ✐t❡r❛t✐♥❣ ♦♥ ✭✸✳✶✵✮ ❜❛❝❦✇❛r❞ ❢♦r

t = T −1, T −2, ..., 1✳ ❚❤✐s ✐t❡r❛t✐♦♥ ✐s st❛rt❡❞ ✇✐t❤ ξj,T |T ❢♦r j ∈ S ✇❤✐❝❤ ✐s ❡st✐♠❛t❡❞ ❢r♦♠

✭✸✳✷✮ ❢♦r t = T ✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ✈❛❧✐❞ ♦♥❧② ✇❤❡♥ st ❢♦❧❧♦✇s ❛ ✜rst✲♦r❞❡r ▼❛r❦♦✈ ❝❤❛✐♥✳

❋r♦♠ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞❡♥s✐t② ✭✸✳✸✮✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❢♦r❡❝❛st t❤❡ ♦♥❡✲st❡♣✲❛❤❡❛❞

τt❤ q✉❛♥t✐❧❡ ♦❢ yt+1 ❛t t✐♠❡ t ❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❦♥♦✇✐♥❣ st+1,τ ,

Qyt+1
(τ |st+1 = j,yt;θj) = θj,0(τ) +

m−1
∑

l=0

θj,l+1(τ)yt−l ✭✸✳✶✶✮

✼



❋✉rt❤❡r✱ ❢r♦♠ ✭✸✳✹✮✱ t❤❡ ❢♦r❡❝❛st ♦❢ Qyt+1
(τ |yt;θj) ✐s ♦❜t❛✐♥❡❞ ❛s

Qyt+1
(τ |yt;θj) =

k
∑

j=1

Qyt+1
(τ |st+1 = j,yt;θj)Pr (st+1 = j|yt,Θ) ✭✸✳✶✷✮

✇❤✐❝❤ ✐s t♦ ♠✉❧t✐♣❧② t❤❡ ❛♣♣r♦♣r✐❛t❡ ❢♦r❡❝❛st ♦❢ t❤❡ q✉❛♥t✐❧❡ ✐♥ t❤❡ jt❤ r❡❣✐♠❡ ❣✐✈❡♥

❜② ✭✸✳✶✶✮ ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♣r♦❝❡ss ✇✐❧❧ ❜❡ ✐♥ t❤❛t r❡❣✐♠❡ ❣✐✈❡♥ ❜② ✭✸✳✹✮✱

❛♥❞ t♦ s✉♠ t❤♦s❡ ♣r♦❞✉❝ts ❢♦r ❡✈❡r② r❡❣✐♠❡ t♦❣❡t❤❡r✳ ◆♦t❡ t❤❛t h✲st❡♣✲❛❤❡❛❞ ❢♦r❡❝❛sts

❢♦r h > 2 r❡q✉✐r❡ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s ❢♦r❡❝❛sts ♦❢ yt+h−1 ✐♥ ✭✸✳✶✶✮ ❢♦r

Qyt+h
(τ |st+h−1,τ = j,yt+h−1;θj)✱ ❛s s❤♦✇♥ ✐♥ ❈❛✐ ✭✷✵✶✵✮✳

■♥ ▼❙◗❆❘ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥✱ s✐♠✐❧❛r t♦ ♦t❤❡r ▼❛r❦♦✈✲❙✇✐t❝❤✐♥❣ t✐♠❡ s❡r✐❡s ♠♦❞❡❧s✱ ♦♥❡

♠✉st ✉s❡ s♦♠❡ ✐❞❡♥t✐✜❝❛t✐♦♥ r❡str✐❝t✐♦♥s t♦ ❛✈♦✐❞ t❤❡ ❧❛❜❡❧ s✇✐t❝❤✐♥❣ ✐ss✉❡✳ ❙❡❡ ❇❛✉✇❡♥s ❡t

❛❧✳ ✭✷✵✶✵✮ ❛♥❞ ❍❛♠✐❧t♦♥ ❡t ❛❧✳ ✭✷✵✵✼✮ ❢♦r ❛ ❞✐s❝✉ss✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r✱ r❡❣✐♠❡s ❛r❡ ❧❛❜❡❧❡❞ ❜②

t❤❡ r❡str✐❝t✐♦♥s ♦♥ q✉❛♥t✐❧❡ ✐♥t❡r❝❡♣ts✱ ❢♦r ❡①❛♠♣❧❡✱ θ1,0(τ) > ... > θk,0(τ)✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐♥

❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ t❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❛❧❧♦✇❡❞ ❜✉t ♥♦t ✐♠♣♦s❡❞ ❞❡♣❡♥❞❡♥t

♦♥ τ ✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ❡✈❡♥ t❤♦✉❣❤ ❡❝♦♥♦♠✐❝ st❛t❡s ❛r❡ ❝♦♠♠♦♥ ❛❝r♦ss q✉❛♥t✐❧❡s

✐♠♣❧②✐♥❣ t❤❡ s❛♠❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t✐❡s✱ ♥♦ t❤❡♦r✐❡s s❤♦✇ t❤❛t r❡❣✐♠❡ ♣❡rs✐st❡♥❝❡

s❤♦✉❧❞ ❜❡ t❤❡ s❛♠❡ ❛❝r♦ss q✉❛♥t✐❧❡s✳ ❚♦ ♦❜t❛✐♥ s♦♠❡ ✐♥s✐❣❤ts ♦♥ t❤✐s ❡♠♣✐r✐❝❛❧ q✉❡st✐♦♥✱

r❡❣✐♠❡ ♣❡rs✐st❡♥❝❡ ✐s ❛❧❧♦✇❡❞ t♦ ❜❡ ❞r✐✈❡♥ ❜② ❞❛t❛ ❛❝r♦ss q✉❛♥t✐❧❡s✳

✹ ❇❛②❡s✐❛♥ ■♥❢❡r❡♥❝❡

▼❙◗❆❘ ♠♦❞❡❧s ❛r❡ ♥♦♥✲❧✐♥❡❛r ❛♥❞ ✐♥✈♦❧✈❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ✐♥tr♦❞✉❝❡ ❦✐♥❦s ❛♥❞

❞✐s❝♦♥t✐♥✉✐t✐❡s ✐♥t♦ t❤❡ s❛♠♣❧❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ✐♥ ✭✸✳✺✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ❧❡ss ♦❜s❡r✈❛t✐♦♥s

❢❛❧❧ ✐♥ ♠♦r❡ ❡①tr❡♠❡ q✉❛♥t✐❧❡s✱ ✇❤✐❝❤ ❧❡❛❞s t♦ t❤❡ ♣♦t❡♥t✐❛❧ s♠❛❧❧ s❛♠♣❧❡ ✐ss✉❡✳ ❚❤❡s❡ ✐ss✉❡s

♠❛❦❡ ❝❧❛ss✐❝❛❧ ♠❡t❤♦❞s s✉❝❤ ❛s ▼▲❊ ✈❡r② ❞✐✣❝✉❧t ❢♦r ♠♦❞❡❧ ❡st✐♠❛t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r✱ ■

✐♥st❡❛❞ ♣r❡❢❡r t♦ ✉s❡ ❇❛②❡s✐❛♥ ▼❈▼❈ ♠❡t❤♦❞s t♦ ❧❡❛r♥ ❛❜♦✉t t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs✳

●✐✈❡♥ t❤❡ s❛♠♣❧❡ r❡❛❧✐③❛t✐♦♥s✱ yt ❢♦r t = 1, ..., T ✱ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ♦❢Θ t❛❦❡s t❤❡

✉s✉❛❧ ❢♦r♠✿ p(Θ|yt) ∝ L(yt|Θ)π (Θ)✱ ✇❤❡r❡ L(yt|Θ) ✐s t❤❡ s❛♠♣❧❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❛♥❞

✽



π(Θ) ✐s t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥✳ ❨✉ ❛♥❞ ▼♦②❡❡❞ ✭✷✵✵✶✮ ❛♥❞ ❈❛✐ ❛♥❞ ❙t❛♥❞❡r ✭✷✵✵✽✮ ♣r♦✈❡ t❤❛t

t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ✐s ♣r♦♣❡r ✉♥❞❡r t❤❡ ✐♠♣r♦♣❡r ♣r✐♦r ❢♦r ❣❡♥❡r❛❧ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥

♠♦❞❡❧s✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ♣r✐♦r ❞✐str✐❜✉t✐♦♥ ✐s t❛❦❡♥ ❛s ✉♥✐❢♦r♠ ♦✈❡r Ξ✱ t❤❡ ❛❞♠✐ss✐❜❧❡

♣❛r❛♠❡t❡r s♣❛❝❡ ♦❢ Θ✱ ✐✳❡✳✱ s❛t✐s❢②✐♥❣ t❤❡ ❧❛❜❡❧ s✇✐t❝❤✐♥❣ r❡str✐❝t✐♦♥s✳ ❚❤❡ ♣r✐♦r ❢♦r t❤❡

s❝❛❧❡ ♣❛r❛♠❡t❡r ✐s π(ς) ∝ ς−1 ❛❧s♦ ✉s❡❞ ✐♥ ●❡r❧❛❝❤ ❡t ❛❧✳ ✭✷✵✶✶✮✳

❏✉st ❧✐❦❡ ❱r♦♥t♦s ❡t ❛❧✳ ✭✷✵✵✷✮ ❛♥❞ ❆✉s✐♥ ❛♥❞ ▲♦♣❡s ✭✷✵✶✵✮✱ ■ ❛❧s♦ ✜♥❞ t❤❛t ▼❈▼❈ ♠✐①✲

✐♥❣ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st r❡❞✉❝❡❞ ❜② ✉s✐♥❣ s✐♠✉❧t❛♥❡♦✉s ✉♣❞❛t✐♥❣

♦❢ t❤❡ ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞ ♣❛r❛♠❡t❡r ❣r♦✉♣s ❛t ❡❛❝❤ ▼❡tr♦♣♦❧✐s✲❍❛st✐♥❣s ✭▼❍✮ st❡♣✳ ■♥ t❤❡

t❡r♠✐♥♦❧♦❣② ♦❢ ❈❤✐❜ ❛♥❞ ●r❡❡♥❜❡r❣ ✭✶✾✾✺✮✱ t❤✐s ❛♣♣r♦❛❝❤ ✐s t❤❡r❡❢♦r❡ ❜❛s❡❞ ♦♥ ❛ ✏❜❧♦❝❦✲❛t✲

❛✲t✐♠❡✑ ▼❍ s❛♠♣❧❡r ✇❤✐❝❤ ✐s ❝❛rr✐❡❞ ♦✉t ❜② ❝②❝❧✐♥❣ r❡♣❡❛t❡❞❧② t❤r♦✉❣❤ ❞r❛✇s ♦❢ ❡❛❝❤ ♣❛✲

r❛♠❡t❡r ❜❧♦❝❦ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ r❡♠❛✐♥✐♥❣ ♣❛r❛♠❡t❡r ❜❧♦❝❦s✳ ▲❡tΘ = (P ,θ1(τ), ...,θk(τ))

r❡♣r❡s❡♥t t❤❡ ❜❧♦❝❦s ♦❢ t❤❡ ♣♦♣✉❧❛t✐♦♥ ♣❛r❛♠❡t❡rs✳ P = (pij) ❝♦♥t❛✐♥s ❛❧❧ tr❛♥s✐t✐♦♥ ♣r♦❜❛✲

❜✐❧✐t② ♣❛r❛♠❡t❡rs ❛♥❞ θj,τ ✐♥❝❧✉❞❡s ❛❧❧ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ jt❤ r❡❣✐♠❡ ❢♦r j = 1, ..., k✳ ❍❡♥❝❡✱

t❤❡ ♣❛r❛♠❡t❡rs ✐♥ Θ ❛r❡ ❣r♦✉♣❡❞ ✐♥ k + 1 ❜❧♦❝❦s ❛♥❞ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ ❡❛❝❤ ❜❧♦❝❦ ❛r❡

s✐♠✉❧t❛♥❡♦✉s❧② ✉♣❞❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ r❡♠❛✐♥✐♥❣ ❜❧♦❝❦s✳

❚❤✐s ♣❛♣❡r ✐♠♣❧❡♠❡♥ts t❤❡ ▼❍ s❛♠♣❧❡r ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ♦❢ ●❡r❧❛❝❤ ❡t

❛❧✳ ✭✷✵✶✶✮ ❛♥❞ ❈❤❡♥ ❡t ❛❧✳ ✭✷✵✶✷✮ ✇❤✐❝❤ ❝♦♠❜✐♥❡s t❤❡ r❛♥❞♦♠ ✇❛❧❦ ▼❍ ✭❘❲✲▼❍✮ ❛♥❞ t❤❡

✐♥❞❡♣❡♥❞❡♥t ❦❡r♥❡❧ ▼❍ ✭■❑✲▼❍✮ ❛❧❣♦r✐t❤♠s✱ ❡❛❝❤ ❜❛s❡❞ ♦♥ ❛ ♠✐①t✉r❡ ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r✲

♠❛❧ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ r❛♥❞♦♠ ✇❛❧❦ ♣❛rt ♦❢ t❤✐s s❝❤❡♠❡ ✐s ❞❡s✐❣♥❡❞ t♦ ❛❧❧♦✇ ♦❝❝❛s✐♦♥❛❧ ❧❛r❣❡

❥✉♠♣s✱ ♣❡r❤❛♣s ❛✇❛② ❢r♦♠ ❧♦❝❛❧ ♠♦❞❡s✱ t❤❡r❡❜② ✐♠♣r♦✈✐♥❣ t❤❡ ❝❤❛♥❝❡s t❤❛t t❤❡ ▼❛r❦♦✈

❝❤❛✐♥ ✇✐❧❧ ❡①♣❧♦r❡ t❤❡ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ s♣❛❝❡✳ ❍❡♥❝❡✱ t❤✐s ❛❞❛♣t✐✈❡ s❝❤❡♠❡ ❛❧❧♦✇s ❢♦r

❢✉rt❤❡r s♣❡❡❞✐♥❣ ❝♦♥✈❡r❣❡♥❝❡ ❛♥❞ ❛❝❤✐❡✈✐♥❣ ❞❡s✐r❛❜❧❡ ♠✐①✐♥❣ ♣r♦♣❡rt✐❡s ✐♥ ▼❈▼❈ ❝❤❛✐♥s✳

❚♦ ✐❧❧✉str❛t❡ t❤✐s ❛❞❛♣t✐✈❡ ❛❧❣♦r✐t❤♠ ✐♥ t❤❡ ❜❧♦❝❦✲❛t✲❛✲t✐♠❡ ▼❍ s❛♠♣❧❡r✱ ■ r❡✇r✐t❡ t❤❡

♥♦t❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❜❧♦❝❦s ❛s Θ = (θ1,τ ,θ2,τ , ...,θk+1,τ )✱ ✇❤❡r❡ θ1,τ = P ❛♥❞ θj,τ

❞❡♥♦t❡s t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ (j− 1)t❤ r❡❣✐♠❡ ❢♦r j = 2, ..., k+1✳ ❆♥❞✱ ❧❡t Θ−j ❞❡♥♦t❡ t❤❡

✈❡❝t♦r Θ ❡①❝❧✉❞✐♥❣ t❤❡ ❜❧♦❝❦ θj,τ ✳ ❙t❛rt✐♥❣ ❛t g = 1 ✇✐t❤ Θ[1] =
(

θ
[1]
1,τ , ...,θ

[1]
k+1,τ

)

✱ t❤❡ G1

r❛♥❞♦♠ ✇❛❧❦ ▼❍ ✐t❡r❛t✐♦♥s ❢♦r Θ ♣r♦❝❡❡❞ ❛s ❢♦❧❧♦✇s

✾



❙t❡♣ ✶✳ ■♥❝r❡♠❡♥t g ❜② ✶ ❛♥❞ s❡t Θ[g] ❡q✉❛❧ t♦ Θ[g−1]✳

❙t❡♣ ✷✳ ❋♦r i = 1, ..., k + 1 ✐♥ t✉r♥✱ ❣❡♥❡r❛t❡ θc
i,τ ❛s

θc
i,τ = θ

[g]
i,τ + ε, ε ∼ ρN (0, diag {bi}) + (1− ρ)N (0, ωdiag {bi})

❛♥❞ r❡♣❧❛❝❡ θ
[g]
i,τ ✐♥ Θ[g] ❜② θc

i,τ ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② min (ζi, 1)✱ ✇❤❡r❡

ζi =
L
(

yt|θ
c
i,τ ,Θ

[g]
−i

)

π
(

θc
i,τ ,Θ

[g]
−i

)

L
(

yt|Θ
[g]
)

π
(

Θ[g]
)

❙t❡♣ ✸✳ ■❢ g < G1✱ ❣♦ t♦ ❙t❡♣ ✶✳

❯♣♦♥ ❝♦♠♣❧❡t✐♦♥✱ t❤❡s❡ ✜rst G1 ✐t❡r❛t✐♦♥s ②✐❡❧❞ t❤❡ ❜✉r♥✲✐♥ s❛♠♣❧❡✳ ❋♦❧❧♦✇✐♥❣ ❈❤❡♥ ❡t ❛❧✳

✭✷✵✶✷✮✱ ■ s❡t ρ = 0.95✱ ω = 100✱ ❛♥❞ t✉♥❡ t❤❡ ♣♦s✐t✐✈❡ ♥✉♠❜❡r bi s♦ t❤❛t t❤❡ ❡♠♣✐r✐❝❛❧

❛❝❝❡♣t❛♥❝❡ r❛t❡ ❧✐❡s ✐♥ t❤❡ r❛♥❣❡ (0.2, 0.45) ❢♦r t❤❡ it❤ ❜❧♦❝❦✳ ❚✉♥✐♥❣ ✐s ❞♦♥❡ ❡✈❡r② ✶✵✵

✐t❡r❛t✐♦♥s ❜② ✐♥❝r❡❛s✐♥❣ bi ✇❤❡♥ t❤❡ ❛❝❝❡♣t❛♥❝❡ r❛t❡ ✐♥ t❤❡ ❧❛st ✶✵✵ ✐t❡r❛t✐♦♥s ✐s ❤✐❣❤❡r t❤❛♥

✵✳✹✺✱ ♦r ❞❡❝r❡❛s✐♥❣ bi ✇❤❡♥ t❤❛t r❛t❡ ✐s ❧♦✇❡r t❤❛♥ ✵✳✷✳

❆t t❤❡ ❡♥❞ ♦❢ t❤❡ ✜rst G1 ✐t❡r❛t✐♦♥s✱ t❤❡ ❜✉r♥✲✐♥ s❛♠♣❧❡ ♠❡❛♥ µi,τ ❛♥❞ ❝♦✈❛r✐❛♥❝❡

♠❛tr✐① Σi,τ ♦❢ θi,τ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❧♦✇❡r tr✐❛♥❣✉❧❛r ❈❤♦❧❡s❦② ❢❛❝t♦r Σ
1/2
i,τ ❛r❡ ❝♦♠♣✉t❡❞

❢♦r i = 1, ..., k+1✳ ❚❤❡ ▼❈▼❈ s❛♠♣❧✐♥❣ s❝❤❡♠❡ t❤❡♥ ❝♦♥t✐♥✉❡s ❢♦r G2 ❛❞❞✐t✐♦♥❛❧ ✐t❡r❛t✐♦♥s

❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❞❡♣❡♥❞❡♥t ❦❡r♥❡❧ ▼❍ st❡♣s✿

❙t❡♣ ✹✳ ■♥❝r❡♠❡♥t g ❜② 1 ❛♥❞ s❡t Θ[g] ❡q✉❛❧ t♦ Θ[g−1]✳

❙t❡♣ ✺✳ ❋♦r i = 1, ..., k + 1 ✐♥ t✉r♥✱ ❣❡♥❡r❛t❡ θc
i,τ ❛s

θc
i,τ = µi,τ +Σ

1/2
i,τ ε, ε ∼ ρN (0, I) + (1− ρ)N (0, ωI)

✶✵



❛♥❞ r❡♣❧❛❝❡ θ
[g]
i,τ ✐♥ Θ[g] ❜② θc

i,τ ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② min (ζi, 1)✱ ✇❤❡r❡

ζi =
L
(

yt|θ
c
i,τ ,Θ

[g]
−i

)

π
(

θc
i,τ ,Θ

[g]
−i

)

q
(

θ
[g]
i,τ

)

L
(

yt|Θ
[g]
)

π
(

Θ[g]
)

q
(

θc
i,τ

)

q (θi,τ ) ∝ ρexp

{

−
1

2

(

θi,τ − µi,τ

)′

Σ−1
i,τ

(

θi,τ − µi,τ

)

}

+
1− ρ

ωdim(θi,τ )/2
exp

{

−
1

2

(

θi,τ − µi,τ

)′

Σ−1
i,τ

(

θi,τ − µi,τ

)

}

❙t❡♣ ✻✳ ■❢ g < G1 +G2✱ ❣♦ t♦ ❙t❡♣ ✹✳

❖❜s❡r✈❡ t❤❛t t❤❡ ✉s❡ ♦❢ Σi,τ ✐♥ ❙t❡♣ ✺ ❛❝❝♦✉♥ts ❢♦r t❤❡ ♣♦st❡r✐♦r ❝♦rr❡❧❛t✐♦♥ ❛♠♦♥❣ t❤❡

❡❧❡♠❡♥ts ♦❢ θi,τ ✱ t❤❡r❡❜② ✐♠♣r♦✈✐♥❣ t❤❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥✳ ❚❤❡ ♣❛r❛♠❡t❡r

✉♣❞❛t❡s ❛r❡ s❡q✉❡♥t✐❛❧❧② r❡♣❡❛t❡❞ ✉♥t✐❧ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ✐s ❛❝❤✐❡✈❡❞✳

❚❤❡ ❜✉r♥✲✐♥ ❞r❛✇s ❛r❡ ❞✐s❝❛r❞❡❞✱ ❛♥❞ t❤❡ st❡♣s ❛r❡ ✐t❡r❛t❡❞ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ t✐♠❡s t♦

❣❡♥❡r❛t❡ ❞r❛✇s ❢r♦♠ ✇❤✐❝❤ t❤❡ ❞❡s✐r❡❞ ❢❡❛t✉r❡s ✭♠❡❛♥s✱ ✈❛r✐❛♥❝❡s✱ q✉❛♥t✐❧❡s✱ ❡t❝✳✮ ♦❢ t❤❡

♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❝♦♥s✐st❡♥t❧②✳

■♥ t❤✐s ♣❛♣❡r✱ G1 = 50, 000 ❢♦r t❤❡ r❛♥❞♦♠ ✇❛❧❦ ▼❍ s❛♠♣❧❡r ❛♥❞ G2 = 50, 000 ✇✐t❤

❛ t❤✐♥♥✐♥❣ ♦❢ ✺ ❢♦r t❤❡ ✐♥❞❡♣❡♥❞❡♥t ❦❡r♥❡❧ ▼❍ s❛♠♣❧❡r✱ r❡s✉❧t✐♥❣ ✐♥ ♣♦st❡r✐♦r s❛♠♣❧❡s

❝♦♠♣r✐s✐♥❣ ✶✵✱✵✵✵ ❞r❛✇s✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ■❑✲▼❍ ▼❛r❦♦✈ ❝❤❛✐♥s ✐s ❛ss❡ss❡❞ ✉s✐♥❣

t❤❡ ●❡✇❡❦❡ ✭✶✾✾✷✮ t❡st✳ ❋♦r ❡❛❝❤ ♣❛r❛♠❡t❡r✱ ■ ❛❧s♦ ❛ss❡ss t❤❡ ❛❝❝✉r❛❝② ♦❢ ✐ts ♣♦st❡r✐♦r ♠❡❛♥

❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ st❛♥❞❛r❞ ❡rr♦r ✭◆❙❊✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❜❛t❝❤✲♠❡❛♥s ♠❡t❤♦❞

✭❘✐♣❧❡②✱ ✶✾✽✼✮✳ ■♥ ❛❧❧ s✐♠✉❧❛t❡❞ ❛♥❞ r❡❛❧ ❞❛t❛ ❡①❛♠♣❧❡s ♦❢ t❤✐s ♣❛♣❡r✱ ✐t ✐s ♦❜s❡r✈❡❞ t❤❛t

▼❈▼❈ ❝❤❛✐♥s ❛r❡ ✇❡❧❧ ❝♦♥✈❡r❣❡❞ ✐♥s✐❞❡ ✺✵✱✵✵✵ ✐t❡r❛t✐♦♥s✳

✺ ❙✐♠✉❧❛t✐♦♥

❚❤✐s s❡❝t✐♦♥ ❝❛rr✐❡s ♦♥ ❛ s✐♠✉❧❛t✐♦♥ st✉❞②✳ ■♥ ▼❙◗❆❘ ♥♦♥❧✐♥❡❛r s❡tt✐♥❣s ✇❤❡r❡ t❤❡ ♥✉♠❜❡r

♦❢ ♣❛r❛♠❡t❡rs ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ♥✉♠❜❡r ♦❢ r❡❣✐♠❡s✱ ✐t ✐s ✈❡r② ❝♦♥✈❡♥✐❡♥t t♦ ❝❤♦♦s❡ ♣❛rs✐✲

♠♦♥✐♦✉s ♠♦❞❡❧s t❤❛t r❡q✉✐r❡ ❛ ❧♦✇ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs✳ ❋♦r s✐♠♣❧✐❝✐t② ✐♥ t❤❡ ❡①♣♦s✐t✐♦♥✱

✶✶



❞❛t❛ ❛r❡ s✐♠✉❧❛t❡❞ ❢r♦♠ t❤❡ tr✉❡ ♠♦❞❡❧ ✇✐t❤ ✷ r❡❣✐♠❡s ❛♥❞ ❛✉t♦r❡❣r❡ss✐✈❡ ♦r❞❡r ✶ ❛s

yt =















2.0 + 0.2yt−1 + 0.5εt, st = 1

−2.0 + 0.4yt−1 + εt, st = 2

❚❤❡ tr✉❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛r❡ r❡❢❡r❡♥❝❡❞ ❜❛s❡❞ ♦♥ ❡♠♣✐r✐❝❛❧ ❞❛t❛ ❡st✐♠❛t✐♦♥s ✐♥ ♥❡①t s❡❝✲

t✐♦♥✳ ❚❤r❡❡ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❢♦r ❡rr♦r t❡r♠s✱ ✐♥❝❧✉❞✐♥❣ ❛ st❛♥❞❛r❞

♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✭N(0, 1))✱ ❛ st❛♥❞❛r❞✐③❡❞ st✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ✸ ❞❡❣r❡❡s ♦❢ ❢r❡❡✲

❞♦♠ ✭t3✮✱ ❛♥❞ ❛ ♠✐①❡❞ ❞✐str✐❜✉t✐♦♥ ❜❡t✇❡❡♥ N(0, 1) ✇❤❡♥ st = 1 ❛♥❞ t3 ✇❤❡♥ st = 2✳

❚❤❡ t❤❡♦r❡t✐❝❛❧ τt❤ ❝♦♥❞✐t✐♦♥❛❧ q✉❛♥t✐❧❡ ♦❢ yt ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ ❛ ▼❙◗❆❘ ❢♦r♠ ❛s

Qyt(τ |yt−1; θst) =















θ10(τ) + θ11(τ)yt−1, st = 1

θ20(τ) + θ21(τ)yt−1, st = 2

✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ q✉❛♥t✐❧❡ ♣❛r❛♠❡t❡rs ❛s θ10(τ) = 2.0 + 0.5Qεt (τ)✱ θ11(τ) = 0.2✱

θ20(τ) = −2.0 + Qεt (τ)✱ ❛♥❞ θ21(τ) = 0.4✳ Qεt(τ) ✐s t❤❡ t❤❡♦r❡t✐❝❛❧ τt❤ q✉❛♥t✐❧❡ ♦❢ ❛

✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥✳

✷✵✵ ❞❛t❛ r❡♣❧✐❝❛t✐♦♥s ❛r❡ s✐♠✉❧❛t❡❞ ❢♦r ❡❛❝❤ ✉♥❞❡r❧②✐♥❣ ❞✐str✐❜✉t✐♦♥✳ ✺✵✱✵✵ ♦❜s❡r✈❛t✐♦♥s

❛r❡ ❣❡♥❡r❛t❡❞ ❢♦r ❡❛❝❤ ❞❛t❛ r❡♣❧✐❝❛t✐♦♥ ❜✉t ♦♥❧② t❤❡ ❧❛st ✺✵✵ ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❦❡♣t ❢♦r

❡st✐♠❛t✐♦♥ ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ ✐♥✐t✐❛❧ ❡✛❡❝ts✳ ▼❙◗❆❘ ♠♦❞❡❧s ❛r❡ ❡①❛♠✐♥❡❞ ✐♥ ❞✐✛❡r❡♥t

s❛♠♣❧❡ s✐③❡s✱ T = {200, 500} ❛♥❞ q✉❛♥t✐❧❡ ❧❡✈❡❧s✱ τ = {0.05, 0.25, 0.5, 0.75, 0.95}✳

❚❛❜❧❡ ✶ r❡♣♦rts t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❚❤✐s t❛❜❧❡ ✐♥❝❧✉❞❡s t❤❡ tr✉❡ q✉❛♥t✐❧❡ ♣❛r❛♠❡t❡rs

✭❚r✉❡✮✱ ♣♦st❡r✐♦r ♠❡❛♥s ✭P▼✮✱ st❛♥❞❛r❞ ❡rr♦rs ✭❙t❞✮✱ t❤❡ r♦♦t ♦❢ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦rs

✭❘▼❙❊✮✱ ❛♥❞ t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥ ✭▼❆❉✮✳ ❘▼❙❊ ❛♥❞ ▼❆❉ ❡rr♦rs ✐♥ ❚❛❜❧❡ ✶

❛r❡ s♠❛❧❧ ♦✈❡r ❞✐✛❡r❡♥t q✉❛♥t✐❧❡ ❧❡✈❡❧s ❛♥❞ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ s♠❛❧❧ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡

tr✉❡ ❛♥❞ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ✐♥❞✐❝❛t❡s t❤❡ r❡❛s♦♥❛❜❧❡ ❛❝❝✉r❛❝② ✐♥ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥✳ ❚❤❡

s♠❛❧❧ st❛♥❞❛r❞ ❡rr♦rs ❛❧s♦ s❤♦✇ ❛ ❢❛✈♦r❛❜❧❡ ♣r❡❝✐s✐♦♥ ✐♥ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡

❛❝❝✉r❛❝② ❛♥❞ t❤❡ ♣r❡❝✐s✐♦♥ ♦❢ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥s ❛r❡ ✐♠♣r♦✈❡❞ ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ✐♥ s❛♠♣❧❡

s✐③❡s ❝♦♥s✐❞❡r❡❞ ❞✉❡ t♦ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ❘▼❙❊s✱ ▼❆❉s ❛♥❞ st❛♥❞❛r❞ ❡rr♦rs✳ ❆s ❡①♣❡❝t❡❞✱
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t❤❡ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥ ❢♦r t❤❡ ❧❡ss ❡①tr❡♠❡ q✉❛♥t✐❧❡s ♣r❡s❡♥t s♠❛❧❧❡r ❘▼❙❊ ❛♥❞ ▼❆❉ ❡rr♦rs

t❤❛♥ ❡①tr❡♠❡ q✉❛♥t✐❧❡s✳ ❚❤❡ ▼❙◗❆❘ ♠♦❞❡❧ ❡st✐♠❛t✐♦♥ ❛❧s♦ s❤♦✇s r❡❛s♦♥❛❜❧❡ ♣❡r❢♦r♠❛♥❝❡

❢♦r t❤❡ ❞❛t❛ ❣❡♥❡r❛t❡❞ ❢r♦♠ ♠✐①t✉r❡s ♦❢ ♥♦r♠❛❧ ❛♥❞ st✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥s✳

❬❚❛❜❧❡ ✶ ❛❜♦✉t ❤❡r❡❪

❋✐❣✉r❡ ✶ ♣❧♦tt✐♥❣ t❤❡ ♣♦st❡r✐♦r ❦❡r♥❡❧ ❞❡♥s✐t✐❡s ♦❢ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s ❛❧♦♥❣ ✇✐t❤ tr✉❡

♣❛r❛♠❡t❡rs ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡s✳ ❋✐❣✉r❡ ✶ s❤♦✇s t❤❛t t❤❡ ♣♦st❡r✐♦rs ✇❡❧❧ ❝♦♥t❛✐♥

t❤❡ tr✉❡ q✉❛♥t✐❧❡ ♣❛r❛♠❡t❡rs ✇✐t❤ ❛ s❧✐❣❤t❧② ❜❡tt❡r ♣❡r❢♦r♠❛♥❝❡ ❢♦r τ = 0.5✳ ■♥ ♠❛♥② ❝❛s❡s✱

t❤❡ ♣♦st❡r✐♦rs ❛♣♣❡❛r s❦❡✇❡❞ ❜✉t st✐❧❧ ✇✐t❤ ♠♦st ♦❢ t❤❡ ❞❡♥s✐t② ❝♦♥❝❡♥tr❛t❡❞ ♥❡❛r t❤❡ tr✉❡

♣❛r❛♠❡t❡r ✈❛❧✉❡s✳ ❚♦ s❛✈❡ s♣❛❝❡✱ ❋✐❣✉r❡ ✶ ♣❧♦ts r❡s✉❧ts ❢♦r τ = 0.05, 0.5, 0.95 ❛♥❞ N = 200

❢r♦♠ t❤❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳ ❖t❤❡r r❡s✉❧ts ❛r❡ s✐♠✐❧❛r ❛♥❞ ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st✳

❬❋✐❣✉r❡ ✶ ❛❜♦✉t ❤❡r❡❪

❋♦❧❧♦✇✐♥❣ ●✉❡r✐♥ ❛♥❞ ▼❛r❝❡❧❧✐♥♦ ✭✷✵✶✸✮✱ ❚❛❜❧❡ ✷ r❡♣♦rts t❤❡ q✉❛❞r❛t✐❝ ♣r♦❜❛❜✐❧✐t② s❝♦r❡s

✭◗P❙✮✱ ❛❜s♦❧✉t❡ ♣r♦❜❛❜✐❧✐t② s❝♦r❡s ✭❆P❙✮ ❛♥❞ ❧♦❣ ♣r♦❜❛❜✐❧✐t② s❝♦r❡s ✭▲P❙✮ ❢♦r t❤❡ q✉❛♥t✐❧❡

❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s ✇✐t❤ ▼❛r❦♦✈✲s✇✐t❝❤✐♥❣ ❢❡❛t✉r❡s t♦ ❝❤❡❝❦ ❤♦✇ ✇❡❧❧ t❤❡s❡ ♠♦❞❡❧s ❝❛♥

❡st✐♠❛t❡ t❤❡ tr✉❡ r❡❣✐♠❡s✳ ◗P❙✱ ❆P❙ ❛♥❞ ▲P❙ ❝r✐t❡r✐❛ ❡✈❛❧✉❛t❡ t❤❡ q✉❛❧✐t❛t✐✈❡ ♣r❡❞✐❝t✐♦♥

❛❜✐❧✐t✐❡s ♦❢ ▼❙◗❆❘ ♠♦❞❡❧s✱ t❤❛t ✐s✱ t♦ ✇❤❛t ❡①t❡♥t t❤❡ tr✉❡ q✉❛♥t✐❧❡ r❡❣✐♠❡s ❛r❡ ♣r❡❞✐❝t❡❞✳

❚❤❡ ♣r❡❞✐❝t❛❜✐❧✐t② ♦❢ r❡❣✐♠❡ ✷ ✐s ❝♦♠♣✉t❡❞ ❢♦r ◗P❙✱ ❆P❙✱ ❛♥❞ ▲P❙ ❛s ❢♦❧❧♦✇s✿

QPS =
2

T

T
∑

t=1

(

ξ2,t|t − I (s̃t = 2)
)2

✭✺✳✶✮

APS =
1

T

T
∑

t=1

∣

∣ξ2,t|t − I (s̃t = 2)
∣

∣ ✭✺✳✷✮

LPS = −
1

T

T
∑

t=1

(1− I (s̃t = 2)) log
(

1− ξ2,t|t
)

+ I (s̃t = 2) log
(

ξ2,t|t
)

✭✺✳✸✮

✇❤❡r❡ ξ2,t|t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✸✳✷✮ ❛♥❞ s̃t ✐s t❤❡ s✐♠✉❧❛t❡❞ st❛t❡s✳ ❆ s❝♦r❡ ♦❢ ✵ ♦❝❝✉rs ✇❤❡♥

♣❡r❢❡❝t ♣r❡❞✐❝t✐♦♥s ❛r❡ ♠❛❞❡✳ ◆♦t❡ t❤❛t ◗P❙ ✐s ❜♦✉♥❞❡❞ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✷✳ ❚❤❡ ✇♦rst
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s❝♦r❡ ✐s ✷ ❢♦r ◗P❙ ❛♥❞ ♦❝❝✉rs ✐❢ ❛t ❡❛❝❤ ♣❡r✐♦❞ ♣r♦❜❛❜✐❧✐t② ♣r❡❞✐❝t✐♦♥s ♦❢ ✵ ♦r ✶ ❛r❡ ♠❛❞❡

❜✉t t✉r♥ ♦✉t t♦ ❜❡ ✇r♦♥❣ ❡❛❝❤ t✐♠❡✳ ◆♦t❡ t❤❛t ❝♦rr❡❝t ♣r❡❞✐❝t✐♦♥s ❤❛✈❡ ✐♥❞✐✈✐❞✉❛❧ s❝♦r❡s

❜❡t✇❡❡♥ ✵ ❛♥❞ ✵✳✺✱ ✇❤❡r❡❛s ✐♥❝♦rr❡❝t ♣r❡❞✐❝t✐♦♥s ❤❛✈❡ ✐♥❞✐✈✐❞✉❛❧ s❝♦r❡s ❜❡t✇❡❡♥ ✵✳✺ ❛♥❞

✷✳✵ ❢♦r ◗P❙✳ ◆♦♥❡t❤❡❧❡ss✱ ❛ ❢❡✇ ✐♥❝♦rr❡❝t ♣r❡❞✐❝t✐♦♥s ❝❛♥ t❤❡r❡❢♦r❡ ❞♦♠✐♥❛t❡ ❛ ♠❛❥♦r✐t②

♦❢ ❝♦rr❡❝t ♣r❡❞✐❝t✐♦♥s ✐♥ ◗P❙ s❝♦r❡s✳ ❋♦r t❤✐s r❡❛s♦♥✱ ❛ ♠♦❞✐✜❡❞ ✈❡rs✐♦♥ ♦❢ ♣r♦❜❛❜✐❧✐t②

s❝♦r❡s✱ ❛❜s♦❧✉t❡ ♣r♦❜❛❜✐❧✐t② s❝♦r❡ ✭❆P❙✮✱ ✐s ❛❧s♦ ❝♦♥s✐❞❡r❡❞✳ ▲✐❦❡ ◗P❙✱ t❤❡ ❜❡st ♣♦ss✐❜❧❡

s❝♦r❡ ❢♦r ❆P❙ ✐s ✵✳ ❚❤❡ ✇♦rst s❝♦r❡ ✐s ✶✳ ❍❡r❡ ❝♦rr❡❝t ♣r❡❞✐❝t✐♦♥s ❤❛✈❡ ✐♥❞✐✈✐❞✉❛❧ s❝♦r❡s

❜❡t✇❡❡♥ ✵ ❛♥❞ ✵✳✺✱ ✇❤❡r❡❛s ✐♥❝♦rr❡❝t ❢♦r❡❝❛sts ❝❛rr② s❝♦r❡s ❜❡t✇❡❡♥ ✵✳✺ ❛♥❞ ✶✳ ❚❤❡ r❛♥❣❡

❢♦r ▲P❙ ✐s ✵ t♦ ∞✳ ▲P❙ ♣❡♥❛❧✐③❡s ❧❛r❣❡ ♣r❡❞✐❝t✐♦♥ ❡rr♦rs ♠♦r❡ t❤❛♥ ◗P❙ ❛♥❞ ❆P❙✳ ❙❡❡ ❛❧s♦

❈❤r✐st♦✛❡rs❡♥ ❡t ❛❧✳ ✭✷✵✵✼✮✳

❬❚❛❜❧❡ ✷ ❛❜♦✉t ❤❡r❡❪

❚❛❜❧❡ ✷ s❤♦✇s t❤❛t ❛❧❧ ◗P❙ ❛♥❞ ❆P❙ s❝♦r❡s ❛r❡ s♠❛❧❧ ❛♥❞ ❧❡ss t❤❛♥ ✵✳✺✱ ✇❤✐❝❤ ✐♥❞✐❝❛t❡

t❤❡ ❞r❛♠❛t✐❝ ♠♦❞❡❧ ♣r❡❞✐❝t❛❜✐❧✐t② ❢♦r s✇✐t❝❤✐♥❣ r❡❣✐♠❡s✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② s❝♦r❡s ❛r❡ s❧✐❣❤t❧②

❧♦✇❡r ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ✐♥ s❛♠♣❧❡ s✐③❡s✳ ❚❤❡ r❡s✉❧ts ❛❧s♦ s❤♦✇ t❤❛t r❡❣✐♠❡ ♣r❡❞✐❝t✐♦♥s ❢♦r

❧♦✇❡r t❛✐❧s ❛r❡ ❜❡tt❡r t❤❛♥ ❢♦r ✉♣♣❡r t❛✐❧s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ st❛t✐st✐❝s ♦❢ ▲P❙ ❛r❡ ❛❧s♦ s♠❛❧❧❡r

t❤❛♥ ✵✳✺ ✇❤✐❝❤ ✐♠♣❧② t❤❛t ♥♦ ♣r❡❞✐❝t✐♦♥ ♦✉t❧✐❡rs ❛r❡ ♣❡♥❛❧✐③❡❞✳

✻ ❊♠♣✐r✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥s

▼❛♥② st✉❞✐❡s ❤❛✈❡ ❡♠♣❧♦②❡❞ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s t♦ ❡st✐♠❛t❡ r✐s❦s ♦❢ ✜♥❛♥❝✐❛❧

♠❛r❦❡ts ❛♥❞ ❛ss❡ts✳ ■♥ ♠❛❝r♦❡❝♦♥♦♠✐❝s ❧✐t❡r❛t✉r❡✱ ❛s②♠♠❡tr✐❝ ❞②♥❛♠✐❝s ❤❛✈❡ ❛❧s♦ ❜❡❡♥

❢♦✉♥❞ ❢♦r ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s✳ ❚❤✐s s❡❝t✐♦♥ ❛♣♣❧✐❡s t❤❡ ♣r♦♣♦s❡❞ ▼❙◗❆❘ ♠♦❞❡❧ t♦

❙✫P ✺✵✵ r❡t✉r♥s ❢♦r ♠❛r❦❡t r✐s❦ ❛ss❡ss♠❡♥t ❛♥❞ t♦ r❡❛❧ ❯✳❙✳ ●❉P ❣r♦✇t❤ r❛t❡s ✭❘●❉P✮

❛♥❞ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡s ♦❢ ❯✳❙✳ ❞♦❧❧♦❛rs ✭tr❛❞❡✲✇❡✐❣❤t❡❞ ❜② ♠❛❥♦r ❝✉rr❡♥❝✐❡s✱ ❘❚❲❊❘✮ ❢♦r

❛s②♠♠❡tr✐❝ ♣❡rs✐st❡♥❝❡✳ ▼♦♥t❤❧② ❛♥❞ ✇❡❡❦❧② ❙✫P ✺✵✵ ✐♥❞❡① r❡t✉r♥s ❛r❡ t❛❦❡♥ ❢r♦♠ t❤❡

❈❡♥t❡r ❢♦r ❘❡s❡❛r❝❤ ✐♥ ❙❡❝✉r✐t② Pr✐❝❡s ✭❈❘❙P✮✳ ❚❤❡ q✉❛rt❡r❧② ❘●❉P ❛♥❞ ❘❚❲❊❘ ❞❛t❛

❛r❡ t❛❦❡♥ ❢r♦♠ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ ❙t✳ ▲♦✉✐s ❛s ♣❡r❝❡♥t ❝❤❛♥❣❡s ❢r♦♠ ②❡❛r ❛❣♦✳ ❚❤❡

❞❛t❛ s✉♠♠❛r② ✐♥ ❚❛❜❧❡ ✸ s❤♦✇ ♥❡❣❛t✐✈❡ s❦❡✇♥❡ss ❢♦r ❙✫P ✺✵✵ r❡t✉r♥s ❛♥❞ r❡❛❧ ❡①❝❤❛♥❣❡
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r❛t❡s✳ ❚❤❡ s❦❡✇♥❡ss ❢♦r r❡❛❧ ●❉P ❣r♦✇t❤ ✐s ♣♦s✐t✐✈❡ ❜✉t s♠❛❧❧✳ ❙✫P ✺✵✵ r❡t✉r♥s ❛♣♣❡❛r

t♦ ❤❛✈❡ ❡①❝❡ss ❦✉rt♦s✐s✳ ❏❛rq✉❡✲❇❡r❛ t❡sts r❡❥❡❝t t❤❡ ♥✉❧❧ ♦❢ ❞❛t❛ ♥♦r♠❛❧✐t② ❢♦r ❙✫P ✺✵✵

r❡t✉r♥s✱ ✇❤❡r❡❛s t❤❡ t❡sts ❞♦ ♥♦t r❡❥❡❝t t❤❡ ♥✉❧❧ ❢♦r r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡s✳ ❚❤❡ ♥♦r♠❛❧✐t② ❢♦r

r❡❛❧ ●❉P ✐s r❡❥❡❝t❡❞ ❛t ✶✵✪ ❧❡✈❡❧✳ ❋✐❣✉r❡ ✷ ♣❧♦ts t❤❡ t✐♠❡ s❡r✐❡s ♦❢ t❤❡ ❡♠♣✐r✐❝❛❧ ❞❛t❛✳

❬❚❛❜❧❡ ✸ ❛❜♦✉t ❤❡r❡❪

❬❋✐❣✉r❡ ✷ ❛❜♦✉t ❤❡r❡❪

❆s ❞✐s❝✉ss❡❞ ✐♥ s❡❝t✐♦♥ ✺✱ ❢♦r ❡♠♣✐r✐❝❛❧ ✐❧❧✉str❛t✐♦♥✱ t❤✐s ♣❛♣❡r ❡st✐♠❛t❡s ▼❙◗❆❘ ♦❢

♦r❞❡r ✶ ✇✐t❤ ✷ r❡❣✐♠❡s t♦ ❦❡❡♣ ❛ ♣❛rs✐♠♦♥✐♦✉s ♣❛r❛♠❡t❡r s♣❛❝❡✳ ❚❤✐s ♣❛♣❡r ❞❡✜♥❡s t❤❛t

r❡❣✐♠❡ ✷ r❡♣r❡s❡♥ts ♠♦r❡ ❡①tr❡♠❡ ♦✉t❝♦♠❡s t❤❛♥ r❡❣✐♠❡ ✶✳ ❋♦r ✐♥st❛♥❝❡✱ ❛t ❧♦✇❡r t❛✐❧s✱

q✉❛♥t✐❧❡s ♦❢ r❡❣✐♠❡ ✷ s❤♦✉❧❞ ❜❡ ♠♦r❡ ♥❡❣❛t✐✈❡ ♦r ❢❛rt❤❡r ✐♥t♦ t❤❡ ❧❡❢t t❛✐❧ ❛r❡❛s t❤❛♥ t❤♦s❡

♦❢ r❡❣✐♠❡ ✶✱ ✇❤✐❝❤ ✐s ♠♦st❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♣❡r✐♦❞s ♦❢ ❡❝♦♥♦♠✐❝ r❡❝❡ss✐♦♥s ❛♥❞ ❝r✐s❡s✳

■♥ ❝♦♥tr❛r②✱ ❛t ✉♣♣❡r t❛✐❧s✱ q✉❛♥t✐❧❡s ♦❢ r❡❣✐♠❡ ✷ s❤♦✉❧❞ ❜❡ ♠♦r❡ ♣♦s✐t✐✈❡ ♦r ❢❛rt❤❡r ✐♥t♦ t❤❡

r✐❣❤t t❛✐❧ ❛r❡❛s t❤❛♥ t❤♦s❡ ♦❢ r❡❣✐♠❡ ✶✳

✻✳✶ ❙t♦❝❦ ▼❛r❦❡t ❘✐s❦

❚❛❜❧❡ ✹ r❡♣♦rts t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❢♦r ♠♦♥t❤❧② ❛♥❞ ✇❡❡❦❧② ❙✫P ✺✵✵ r❡t✉r♥s✳ ❚❤❡

❡♥tr✐❡s ❛r❡ t❤❡ ♣♦st❡r✐♦r ♠❡❛♥s ♦❢ ♣❛r❛♠❡t❡rs ✇✐t❤ ❛ss♦❝✐❛t❡❞ ♥✉♠❡r✐❝❛❧ st❛♥❞❛r❞ ❡rr♦rs ✐♥

♣❛r❡♥t❤❡s❡s✳ ■♥ ❣❡♥❡r❛❧✱ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ●❡✇❡❦❡ ✭✶✾✾✷✮ t❡st st❛t✐st✐❝ ✐♥ sq✉❛r❡ ❜r❛❝❦❡ts

✐♥❞✐❝❛t❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ t♦ st❛t✐♦♥❛r✐t②✳ ❚❛❜❧❡ ✺ s❤♦✇s t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧

st❛♥❞❛r❞ ❡rr♦rs ❛r❡ s♠❛❧❧ ❛♥❞ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥ ❛♣♣❡❛rs t♦ ❜❡ ❝♦♥✈❡r❣❡❞ ✇❡❧❧ ❛s ✐♥❞✐❝❛t❡❞

❜② t❤❡ ❣❡♥❡r❛❧❧② ✐♥s✐❣♥✐✜❝❛♥t ✈❛❧✉❡s ♦❢ t❤❡ ●❡✇❡❦❡ ✭✶✾✾✷✮ t❡st st❛t✐st✐❝✳ ❋✐❣✉r❡ ✸ ❛❧s♦

♣❧♦ts t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ♦✈❡r q✉❛♥t✐❧❡s ✇✐t❤ t❤❡ ✺✪ ❛♥❞ ✾✺✪ ✐♥t❡r✈❛❧s ♦❢ ♣♦st❡r✐♦r

❞✐str✐❜✉t✐♦♥s✳ ❆s s❡❡♥✱ t❤❡ q✉❛♥t✐❧❡ ✐♥t❡r❝❡♣ts ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ✐♥❝r❡❛s❡ ♦❢

q✉❛♥t✐❧❡ ❧❡✈❡❧s✳ ❚❤❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥ts ❛r❡ ❝❧♦s❡ t♦ ③❡r♦ ❛r♦✉♥❞ ♠❡❞✐❛♥✱

✇❤✐❧❡ t❤❡② ❞❡✈✐❛t❡ ❢r♦♠ ③❡r♦ ❛t ❧♦✇❡r ❛♥❞ ✉♣♣❡r t❛✐❧s✳ ❚❤❡ ③❡r♦ ❝♦❡✣❝✐❡♥ts ❛r♦✉♥❞ ♠❡❞✐❛♥

s❡❡♠ t♦ s✉❣❣❡st ♠❛r❦❡t ❡✣❝✐❡♥❝② ❢♦r ❙✫P ✺✵✵ ✐♥❞❡①✳ ❍♦✇❡✈❡r✱ ✐t ❛♣♣❡❛rs t♦ ❜❡ ❧❡ss ❡✣❝✐❡♥t

❛t t❛✐❧s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥ts ♦❢ r❡❣✐♠❡ ✷ ❛r❡ ❧❛r❣❡r ✐♥ ♠❛❣♥✐t✉❞❡ t❤❛♥
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t❤♦s❡ ♦❢ r❡❣✐♠❡ ✶✳ ❚❤✐s r❡s✉❧t ✐♠♣❧✐❡s t❤❛t ♠❛r❦❡ts ❛r❡ ❧❡ss ❡✣❝✐❡♥t ✇❤❡♥ ❡①tr❡♠❡ ❡✈❡♥ts

♦❝❝✉r ♦r ❞✉r✐♥❣ ❡❝♦♥♦♠✐❝ r❡❝❡ss✐♦♥s ❛♥❞ ❝r✐s❡s✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ♣♦s✐t✐✈❡ ❛✉t♦r❡❣r❡ss✐✈❡

❝♦❡✣❝✐❡♥ts ❛t ❧♦✇❡r t❛✐❧s s✉❣❣❡st t❤❛t r✐s❦ ❡①♣❡❝t❛t✐♦♥ ✐s ♣♦s✐t✐✈❡❧② ✐♠♣❛❝t❡❞ ❜② ♣❛st r✐s❦s✱

✇❤✐❧❡ t❤❡ ♥❡❣❛t✐✈❡ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥ts ❛t ✉♣♣❡r t❛✐❧s ✐♥❞✐❝❛t❡ t❤❛t ❞✉r✐♥❣ ♠❛r❦❡t ❣♦♦❞

t✐♠❡s ✐♥✈❡st♦rs ✐s ❡①♣❡❝t✐♥❣ ❤✐❣❤❡r r✐s❦ ✐♥ ❢✉t✉r❡✳ ❚❤❡s❡ r❡s✉❧ts ❝❧❡❛r❧② s❤♦✇ ❝♦✉♥t❡r❝②❝❧✐❝❛❧

❜❡❤❛✈✐♦rs ✐♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ❡st✐♠❛t❡❞ ❜② ▼❙◗❆❘ ♠♦❞❡❧s✳

❬❚❛❜❧❡ ✹ ❛❜♦✉t ❤❡r❡❪

❬❋✐❣✉r❡ ✸ ❛❜♦✉t ❤❡r❡❪

❚❤❡ r❡s✉❧ts ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❛❝r♦ss q✉❛♥t✐❧❡s ✐s

♠✉❝❤ s♠❛❧❧❡r ✐♥ r❡❣✐♠❡ ✶ t❤❛♥ ✐♥ r❡❣✐♠❡ ✷✳ ❚❤❡ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ r❡❣✐♠❡ ✶ ❛r❡

r❛♥❣✐♥❣ ❢r♦♠ ✵✳✽✺ t♦ ✵✳✾✽✺✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❛♥❣❡ ❢♦r r❡❣✐♠❡ ✷ ❢r♦♠ ✵✳✸✽✶ t♦ ✵✳✾✹✺✳ ■t s❡❡♠s

t❤❛t t❤❡ ♠♦r❡ ❡①tr❡♠❡ t❤❡ q✉❛♥t✐❧❡ ❧❡✈❡❧ ✐s✱ t❤❡ ❧♦✇❡r t❤❡ ♣❡rs✐st❡♥❝❡ ♦❢ r❡❣✐♠❡ ✷ ✭p22✮ ✐s✳
✸

❉❡s♣✐t❡ t❤❡ ❧❛r❣❡ ✈❛r✐❛t✐♦♥ ✐♥ r❡❣✐♠❡ ♣❡rs✐st❡♥❝❡✱ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ✈❡r②

s✐♠✐❧❛r ❛❝r♦ss q✉❛♥t✐❧❡s✱ ✐✳❡✳✱ π1 ❛♥❞ π2 ❛r❡ ❛r♦✉♥❞ ✵✳✽✹ ❛♥❞ ✵✳✶✻ ❢♦r ❡❛❝❤ q✉❛♥t✐❧❡ ❧❡✈❡❧✱

r❡s♣❡❝t✐✈❡❧②✳✹ ❚❤✐s r❡s✉❧t ✐s r❡❛s♦♥❛❜❧❡ ✐♥ t❤❛t ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥s ♣r♦✈✐❞❡ t❤❡ ❝♦♠♠♦♥

❡❝♦♥♦♠✐❝ st❛t❡s t♦ ❞✐✛❡r❡♥t ♣❛rts ♦❢ ❛ ❞❛t❛ ❞✐str✐❜✉t✐♦♥✳ ❍♦✇❡✈❡r✱ ♣❡rs✐st❡♥❝❡ ✐s ♣♦ss✐❜❧②

✈❛r②✐♥❣ ❛❝r♦ss q✉❛♥t✐❧❡s✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ❢✉rt❤❡r ❝♦♥s♦❧✐❞❛t❡❞ ❜② ❋✐❣✉r❡ ✹ ♣❧♦tt✐♥❣ t❤❡

s♠♦♦t❤❡❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ξst=2,t|T ❢♦r τ = 0.05, 0.5✳ ❚❤❡ s❤❛❞❡❞ ❛r❡❛s ❛r❡ ◆❇❊❘✲

❞❛t❡❞ ❜✉s✐♥❡ss ❝②❝❧❡s✳ ❚❤✐s ✜❣✉r❡ s❤♦✇s t❤❛t t❤❡ ✢✉❝t✉❛t✐♦♥ ✇✐t❤✐♥ ❡❛❝❤ ❡❝♦♥♦♠✐❝ r❡❝❡ss✐♦♥

♣❡r✐♦❞ ✐s ♠✉❝❤ ❧❛r❣❡r ✐♥ τ = 0.05 t❤❛♥ ✐♥ τ = 0.5✳ ❚❤❡ r❡s♣♦♥s❡s ♦❢ t❤❡ ✺✪ ❧♦✇❡r t❛✐❧ t♦

t❤❡ ❡❝♦♥♦♠✐❝ r❡❝❡ss✐♦♥s ❛r❡ ♠✉❝❤ str♦♥❣❡r t❤❛♥ t❤♦s❡ ♦❢ ♠❡❞✐❛♥✱ ❜② s❤♦✇✐♥❣ ♠✉❝❤ ❤✐❣❤❡r

♣r♦❜❛❜✐❧✐t✐❡s ♦❢ s✇✐t❝❤✐♥❣ t♦ r❡❣✐♠❡ ✷✳

❬❋✐❣✉r❡ ✹ ❛❜♦✉t ❤❡r❡❪

✸❚❤❡ r❡❣✐♠❡ ♣❡rs✐st❡♥❝❡ ❢♦r r❡❣✐♠❡ ✶ ❛♥❞ ✷❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ❛s 1/(1− p11) ❛♥❞ 1/(1− p22)✱ r❡s♣❡❝t✐✈❡❧②✳
✹❯♥❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ π1 ❛♥❞ π2 ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s (1−p22)/(2−p11−p22) ❛♥❞ (1−p11)/(2−

p11 − p22)✱ r❡s♣❡❝t✐✈❡❧②✳

✶✻



❱❛❧✉❡✲❛t✲❘✐s❦ ✐s ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡❞ ♦♥ q✉❛♥t✐❧❡s ❛s ❛ ♦♥❡✲t♦✲♦♥❡ ❢✉♥❝t✐♦♥ ♦❢ ❛ q✉❛♥t✐❧❡✱

♦✈❡r ❛ ❣✐✈❡♥ t✐♠❡ ✐♥t❡r✈❛❧✱ ♦❢ ❛ ❝♦♥❞✐t✐♦♥❛❧ r❡t✉r♥ ❞✐str✐❜✉t✐♦♥ ✭s❡❡ ❏♦r✐♦♥ ✭✷✵✵✵✮✮✳ ❋♦r ❛s✲

s❡ss✐♥❣ ❙✫P ✺✵✵ r❡t✉r♥ r✐s❦s✱ ❋✐❣✉r❡ ✺ ♣❧♦ts ✺✪ ❱❛❧✉❡✲❛t✲❘✐s❦ ✭❱❛❘✮ ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❞②✲

♥❛♠✐❝ q✉❛♥t✐❧❡ ♦❢ τ = 0.05 ❛sQyt(τ |yt−1, st; Θ̂) =
∑

i∈S Qyt

(

τ |yt−1, st = i; θ̂i

)

Pr
(

st = i|yt; Θ̂
)

✳

❚❤❡ ❞❛r❦ ❧✐♥❡s ✐♥ ❋✐❣✉r❡ ✺ ❛r❡ t❤❡ ❡st✐♠❛t❡❞ ✺✪ ❱❛❘ ❞②♥❛♠✐❝s ✭Qyt(τ |yt−1, st; Θ̂)✮ ❛♥❞ t❤❡

t♦♣ ❛♥❞ ❜♦tt♦♠ ❧✐❣❤t ❧✐♥❡s ❛r❡ t❤❡ ❡st✐♠❛t❡❞ ✺✪ ❱❛❘ ❞②♥❛♠✐❝s ♦❢ r❡❣✐♠❡ ✶ ✭Qyt(τ |yt−1, st =

1; θ̂1)✮ ❛♥❞ r❡❣✐♠❡ ✷ ✭Qyt(τ |yt−1, st = 2; θ̂2)✮✱ r❡s♣❡❝t✐✈❡❧②✳ ❆s s❡❡♥✱ t❤❡ ❞②♥❛♠✐❝s ✐♥ r❡❣✐♠❡ ✷

✐s ❧❛r❣❡r t❤❛♥ ✐♥ r❡❣✐♠❡ ✶ ❞✉❡ t♦ t❤❡ ❧❛r❣❡r ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥ts✳ ❚❤✐s r❡s✉❧t ✐♥❞✐❝❛t❡s

t❤❛t ♠❛r❦❡t ❡✣❝✐❡♥❝② ✐s ❞✐✛❡r❡♥t ❛❝r♦ss r❡❣✐♠❡s✳

❬❋✐❣✉r❡ ✺ ❛❜♦✉t ❤❡r❡❪

❚❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ▼❙◗❆❘ ♠♦❞❡❧ ❝❛♥ ❜❡ ✐♠♠❡❞✐❛t❡❧② r❡❝♦❣♥✐③❡❞ ❢r♦♠

❋✐❣✉r❡ ✺✳ ❱❛❧✉❡✲❛t✲❘✐s❦ ❡st✐♠❛t❡❞ ❢r♦♠ ❡①✐st✐♥❣ ♠❡t❤♦❞s ❛r❡ ✉♥❞✐st✐♥❣✉✐s❤❡❞ ❢r♦♠ ❞✐✛❡r❡♥t

❞✐str✐❜✉t✐♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐✳❡✳✱ ❣♦♦❞ t✐♠❡s ♦r ❡❝♦♥♦♠✐❝ r❡❝❡ss✐♦♥s✳ ❚❤✉s✱ t❤❡ ❱❛❘ ✈❛❧✉❡s

❢r♦♠ t❤♦s❡ ❛♣♣r♦❛❝❤❡s ❛r❡ ❛t ❜❡st t❤❡ r❡s✉❧ts ♦❢ ❛✈❡r❛❣✐♥❣ ♦♥ ❞✐✛❡r❡♥t ❡❝♦♥♦♠✐❝ st❛t❡s✳

❍♦✇❡✈❡r✱ ❋✐❣✉r❡ ✺ s❤♦✇s ❱❛❘ ✈❛❧✉❡s ❢♦r ❜♦t❤ r❡❣✐♠❡ ✶ ✐♠♣❧✐❡❞ ❜② ❣♦♦❞ ❡❝♦♥♦♠✐❝ ♣❡r✐♦❞s

❛♥❞ r❡❣✐♠❡ ✷ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❝♦♥♦♠✐❝ r❡❝❡ss✐♦♥s✳ ❘✐s❦ st❛t❡s ✐❞❡♥t✐✜❡❞ ❜② t❤❡ ▼❙◗❆❘

♠♦❞❡❧ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ❜❡♥❡✜❝✐❛❧ ❢♦r r✐s❦ ♠❛♥❛❣❡♠❡♥t✱ ❛s ❛ r✐s❦ ♠❛♥❛❣❡r ✇♦✉❧❞ ❝❛r❡ ♠♦r❡

❛❜♦✉t t❤❡ ♠♦st ❡①tr❡♠❡ s❝❡♥❛r✐♦s ♦r t❤❡ ✇♦rst ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t♦ str❡ss✲

t❡st✐♥❣ ❛ ❤②♣♦t❤❡t✐❝❛❧❧② str❡ss❡❞ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥✱ ♦♥❡ s❤♦✉❧❞ ✉s❡ ❱❛❘ ✈❛❧✉❡s ❡st✐♠❛t❡❞

❢r♦♠ r❡❣✐♠❡ ✷ ✭Qyt(τ |yt−1, st = 2; θ̂2)✮ ❛s t❤❡ ✇♦rst s❝❡♥❛r✐♦ ❤②♣♦t❤❡t✐❝❛❧❧② ♦❝❝✉rr✐♥❣✳ ❚❤✐s

♠❛② ❜❡ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❛♣♣r♦❛❝❤ t♦ ♠❡❛s✉r❡ s②st❡♠✐❝ r✐s❦s ❢♦r ❝♦♥s✐❞❡r✐♥❣ ❝❛♣✐t❛❧ ❜✉✛❡r

r❡q✉✐r❡♠❡♥t ♦♥ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡s ♦❢ ❝❡♥tr❛❧ ❜❛♥❦s✳

✻✳✷ ❆s②♠♠❡tr✐❝ P❡rs✐st❡♥❝❡ ✐♥ ▼❛❝r♦❡❝♦♥♦♠✐❝ ❉②♥❛♠✐❝s

❚♦ st✉❞② ❛s②♠♠❡tr✐❝ ❞②♥❛♠✐❝s ♦❢ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s✱ t❤✐s ♣❛♣❡r ❡st✐♠❛t❡s ▼❙◗❆❘

♠♦❞❡❧s ❢♦r ♣❡r❝❡♥t✐❧❡s✳ ❚❛❜❧❡ ✻ r❡♣♦rts t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ❢♦r r❡❛❧ ●❉P ❣r♦✇t❤ r❛t❡s

❛♥❞ r❡❛❧ tr❛❞❡✲✇❡✐❣❤t❡❞ ❡①❝❤❛♥❣❡ r❛t❡s✳ ❚❤❡ r❡s✉❧ts ♦❢ ❆❉❋✱ ❑P❙❙✱ P❤✐❧❧✐♣s✲P❡rr♦♥ ❛♥❞

✶✼



❩✐✈♦t✲❆♥❞r❡✇s t❡sts ✭♥♦t r❡♣♦rt❡❞ ❤❡r❡✮ r❡❥❡❝t t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ ✉♥✐t r♦♦ts ❢♦r t❤❡s❡

♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s✳❚❤❡ ❡♥tr✐❡s ❛r❡ t❤❡ ♣♦st❡r✐♦r ♠❡❛♥s ♦❢ ♣❛r❛♠❡t❡rs ✇✐t❤ ❛ss♦❝✐❛t❡❞

♥✉♠❡r✐❝❛❧ st❛♥❞❛r❞ ❡rr♦rs ✐♥ ♣❛r❡♥t❤❡s❡s ❛♥❞ t❤❡ ●❡✇❡❦❡ ✭✶✾✾✷✮ t❡st st❛t✐st✐❝ ✐♥ sq✉❛r❡

❜r❛❝❦❡ts✳ ❚❛❜❧❡ ✺ s❤♦✇s t❤❛t t❤❡ ♥✉♠❡r✐❝❛❧ st❛♥❞❛r❞ ❡rr♦rs ❛r❡ s♠❛❧❧ ❛♥❞ t❤❡ ▼❛r❦♦✈ ❝❤❛✐♥

❛♣♣❡❛rs t♦ ❜❡ ❝♦♥✈❡r❣❡❞ ✇❡❧❧ ❛s ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ❣❡♥❡r❛❧❧② ✐♥s✐❣♥✐✜❝❛♥t ✈❛❧✉❡s ♦❢ t❤❡ ●❡✇❡❦❡

✭✶✾✾✷✮ t❡st st❛t✐st✐❝✳ ❋✐❣✉r❡ ✻ ❛❧s♦ ♣❧♦ts t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ♦✈❡r q✉❛♥t✐❧❡ ❧❡✈❡❧s ✇✐t❤

t❤❡ ✺✪ ❛♥❞ ✾✺✪ ✐♥t❡r✈❛❧s ♦❢ ♣♦st❡r✐♦r ❞✐str✐❜✉t✐♦♥s✳

❬❚❛❜❧❡ ✺ ❛❜♦✉t ❤❡r❡❪

❬❋✐❣✉r❡ ✻ ❛❜♦✉t ❤❡r❡❪

❋✐❣✉r❡ ✻ s❤♦✇s t❤❛t t❤❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥ts ♦❢ r❡❛❧ ●❉P ❣r♦✇t❤ r❛t❡s

✈❛r② ♦✈❡r ❞✐✛❡r❡♥t q✉❛♥t✐❧❡s✱ ❞✐s♣❧❛②✐♥❣ ❛s②♠♠❡tr✐❝ ❞②♥❛♠✐❝s✳ ❯♣♣❡r t❛✐❧s ❛♣♣❡❛r t♦ ❤❛✈❡

❤✐❣❤❡r ❞②♥❛♠✐❝ ♣❡rs✐st❡♥❝❡ t❤❛♥ ❧♦✇❡r t❛✐❧s✳ ❚❤❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥ts ♦❢

r❡❣✐♠❡ ✷ ❤❛s t❤❡ r❛♥❣❡ ❢r♦♠ ✵✳✻✷✸ t♦ ✵✳✾✼✾✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❛♥❣❡ ♦❢ ✵✳✼✼✾ t♦ ✵✳✽✼✹ ❢♦r t❤❡

❝♦❡✣❝✐❡♥ts ♦❢ r❡❣✐♠❡ ✶✳ ❚❤✐s r❡s✉❧t ✐♥❞✐❝❛t❡s t❤❛t ❡❝♦♥♦♠✐❝ r❡❣✐♠❡s ❞❡♠♦♥str❛t❡ ❞✐✛❡r❡♥t

❛s②♠♠❡tr✐❝ ❞②♥❛♠✐❝s✳ ❇② ❝♦♥tr❛st✱ t❤❡ ❡✈✐❞❡♥❝❡ ♦❢ ❛s②♠♠❡tr✐❝ ♣❡rs✐st❡♥❝❡ ✐♥ r❡❛❧ tr❛❞❡✲

✇❡✐❣❤t❡❞ ❡①❝❤❛♥❣❡ r❛t❡s ✐s ✇❡❛❦ ❞✉❡ t♦ ♠✉❝❤ ❧❡ss ✈❛r✐❛t✐♦♥ ❛❝r♦ss t❤❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡

❝♦❡✣❝✐❡♥ts✳ ❚❤✐s r❡s✉❧t ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❏❛rq✉❡✲❇❡r❛ t❡st ✐♥ ❚❛❜❧❡ ✹ s❤♦✇✐♥❣ t❤❛t t❤❡ ♥✉❧❧

♦❢ ❞❛t❛ ♥♦r♠❛❧✐t② ✐s ♥♦t r❡❥❡❝t❡❞ ❢♦r r❡❛❧ tr❛❞❡✲✇❡✐❣❤t❡❞ ❡①❝❤❛♥❣❡ r❛t❡s✱ ✇❤❡r❡ ✐t ✐s r❡❥❡❝t❡❞

❢♦r r❡❛❧ ●❉P ❣r♦✇t❤ r❛t❡s ❛t ✶✵✪ ❝♦♥✜❞❡♥❝❡ ❧❡✈❡❧✳

■♥ ❛❞❞✐t✐♦♥✱ ❋✐❣✉r❡ ✻ ❛❧s♦ s❤♦✇s t❤❛t tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s s❧✐❣❤t❧② ✈❛r② ❛❝r♦ss q✉❛♥✲

t✐❧❡s ✐♥ ❜♦t❤ r❡❣✐♠❡s✳ ■t ✐♠♣❧✐❡s t❤❛t r❡❣✐♠❡ ♣❡rs✐st❡♥❝❡ ♦❢ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s ✐s

♠❛✐♥❧② ❞r✐✈❡♥ ❜② ❝♦♠♠♦♥ ❡❝♦♥♦♠✐❝ ❝♦♥❞✐t✐♦♥s✱ ❛♥❞ ❤❡♥❝❡ ♠✉❝❤ ❧❡ss ❞❡♣❡♥❞❡♥t ♦♥ τ ✳ ❚❤✐s

r❡s✉❧t ✐s ✈❡r② ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ r❡❣✐♠❡ ❜❡❤❛✈✐♦rs ♦❢ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ✐♥ s❡❝t✐♦♥ ✺✱ ❜✉t

❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❢❛❝t t❤❛t ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s ❛r❡ ❝♦♠♠♦♥ ❡❝♦♥♦♠✐❝ st❛t❡s ❛♥❞

❢❛❝t♦rs ✐♥ ❛♥ ❡❝♦♥♦♠②✳

❚❛❜❧❡ ✻ ❡①❛♠✐♥❡s t❤❡ r❡❣✐♠❡ ♣r❡❞✐❝t✐♦♥s ♦❢ r❡❛❧ ●❉P ❣r♦✇t❤ r❛t❡s✳ ❚❤✐s t❛❜❧❡ r❡♣♦rts

◗P❙✱ ❆P❙ ❛♥❞ ▲P❙ ✈❛❧✉❡s ❢♦r r❡❣✐♠❡ ✷ ❜② ✉s✐♥❣ ◆❇❊❘✲❞❛t❡❞ ❜✉s✐♥❡ss ❝②❝❧❡s ❛s tr✉❡

✶✽



r❡❣✐♠❡s✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② s❝♦r❡s ♦❢ ◗P❙ ❛♥❞ ❆P❙ ❛r❡ s♠❛❧❧❡r t❤❛♥ ✵✳✺ ❛❝r♦ss q✉❛♥t✐❧❡s✱

✇❤✐❝❤ ✐♥❞✐❝❛t❡s ❛ s✐❣♥✐✜❝❛♥t ♣r❡❞✐❝t❛❜✐❧✐t② ♦❢ ❡❝♦♥♦♠✐❝ r❡❣✐♠❡s ❜❛s❡❞ ♦♥ r❡❛❧ ●❉P ❣r♦✇t❤✳

■♥t❡r❡st✐♥❣❧②✱ t❤❡ ♣r❡❞✐❝t❛❜✐❧✐t② ♦❢ r❡❣✐♠❡s ❢r♦♠ ❧♦✇❡r t❛✐❧s ✐s ♠✉❝❤ str♦♥❣❡r t❤❛♥ ❢r♦♠ ✉♣♣❡r

t❛✐❧s✳ ■♥ ❛❞❞✐t✐♦♥✱ ▲P❙ ✈❛❧✉❡s ❛r❡ ❧❛r❣❡r t❤❛♥ ♦♥❡ ❛t ✉♣♣❡r t❛✐❧s t❤❛♥ ❛t ❧♦✇❡r t❛✐❧s✳ ❚❤✐s

r❡s✉❧t ✐♠♣❧✐❡s t❤❡ ✐ss✉❡ ♦❢ r❡❣✐♠❡ ♣r❡❞✐❝t✐✈❡ ♦✉t❧✐❡rs✳

❬❚❛❜❧❡ ✻ ❛❜♦✉t ❤❡r❡❪

❚❤❡ ❞✐✛❡r❡♥t r❡❣✐♠❡ ♣r❡❞✐❝t❛❜✐❧✐t✐❡s ❛❝r♦ss q✉❛♥t✐❧❡s ❛r❡ ❛❧s♦ s❤♦✇♥ ❜② ❋✐❣✉r❡ ✼ ♣❧♦tt✐♥❣

t❤❡ s♠♦♦t❤❡❞ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t② ξst=2,t|T ❢♦r τ = 0.1, 0.5, 0.9✳ ❚❤❡ s❤❛❞❡❞ ❛r❡❛s ❛r❡

◆❇❊❘✲❞❛t❡❞ ❜✉s✐♥❡ss ❝②❝❧❡s✳ ❆s s❡❡♥✱ t❤❡ ♣r❡❞✐❝❛t❡❞ r❡❣✐♠❡s ❢r♦♠ τ = 0.05 ❛♥❞ τ = 0.5

s❡❡♠ ❝❧♦s❡❧② t♦ tr❛❝❡ ◆❇❊❘ ❞❛t❡❞ ❜✉s✐♥❡ss ❝②❝❧❡s✱ ✇❤❡r❡❛s t❤❡ ♣r❡❞✐❝❛t❡❞ r❡❣✐♠❡s ❢r♦♠

τ = 0.9 ❛♣♣❡❛r t♦ ❜❡ ❧❛❣❣❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ r❡s♣♦♥s❡s ♦❢ t❤❡ ✶✵✪ q✉❛♥t✐❧❡ t♦ t❤❡ ❡❝♦♥♦♠✐❝

r❡❝❡ss✐♦♥s ❛r❡ ♠✉❝❤ str♦♥❣❡r t❤❛♥ t❤♦s❡ ♦❢ ♠❡❞✐❛♥✱ ❜② s❤♦✇✐♥❣ ♠✉❝❤ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t✐❡s

✭❝❧♦s❡ t♦ ✶✮ ♦❢ s✇✐t❝❤✐♥❣ t♦ r❡❣✐♠❡ ✷✳ ❚❤❡s❡ r❡s✉❧ts s✉❣❣❡st t❤❛t ❧♦✇❡r t❛✐❧s ♦❢ r❡❛❧ ●❉P

❣r♦✇t❤ r❛t❡s r❡✈❡❛❧ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❡❝♦♥♦♠✐❝ st❛t❡s t❤❛♥ ✉♣♣❡r t❛✐❧s✳ ❚❤✐s ♠✐❣❤t ❜❡

❞✉❡ t♦ t❤❡ ❡❝♦♥♦♠✐❝ ❜❡❤❛✈✐♦rs ♦❢ r✐s❦ ❛✈❡rs✐♦♥ ❛♥❞ ❛❧s♦ r❡✢❡❝t t❤❡ ❡✛❡❝ts ♦❢ ♠❛❝r♦❡❝♦♥♦♠✐❝

♣♦❧✐❝✐❡s✳

❬❋✐❣✉r❡ ✼ ❛❜♦✉t ❤❡r❡❪

✻✳✸ ◗✉❛♥t✐❧❡ ▼♦♥♦t♦♥✐❝✐t②

■t ✐s ✐♠♣♦rt❛♥t t♦ ❡✈❛❧✉❛t❡ t❤❡ ♠♦❞❡❧ ❜② t❤❡ ♠♦♥♦t♦♥✐❝✐t② r❡q✉✐r❡♠❡♥t ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥s✳ ■❢ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ✐s s❛t✐s✜❡❞✱ t❤❡r❡ s❤♦✉❧❞ ❜❡ ♥♦ ❝r♦ss✐♥❣s ♦✈❡r q✉❛♥✲

t✐❧❡s✳ ❙❡✈❡r❡ ❝r♦ss✐♥❣ ♣r♦❜❧❡♠s ✈✐♦❧❛t❡ t❤❡ t❤❡♦r❡♠ ♦❢ ❡q✉✐✈❛r✐❛♥❝❡ t♦ ♠♦♥♦t♦♥❡ tr❛♥s❢♦r✲

♠❛t✐♦♥ ❢r♦♠ ✭✶✳✶✮ t♦ ✭✶✳✷✮✳ ❋✐❣✉r❡ ✽ ♣❧♦ts t❤❡ ❡st✐♠❛t❡❞ q✉❛♥t✐❧❡s ♦❢ ❡❛❝❤ s✐♥❣❧❡ r❡❣✐♠❡✳

❚❤❡ str❛✐❣❤t ❧✐♥❡s ❛r❡ Qyt(τ |yt−1, st = 1; θ̂1) ❛♥❞ Qyt(τ |yt−1, st = 2; θ̂2) ❢♦r r❡❣✐♠❡ ✶ ❛♥❞ ✷✳

❚❤❡ ❞♦ts ❛r❡ t❤❡ s❝❛tt❡r ♣❧♦ts ✇✐t❤ yt ❛s y✲❛①✐s ❛♥❞ yt−1 ❛s x✲❛①✐s✳ ❉❡s♣✐t❡ t❤❛t t❤❡ ▼❙◗❆❘

♠♦❞❡❧ ✐s ♥♦♥❧✐♥❡❛r✱ ✐t t❛❦❡s ❛ ❧✐♥❡❛r ❢♦r♠ ✇✐t❤✐♥ ❛ s✐♥❣❧❡ r❡❣✐♠❡✳ ◗✉❛♥t✐❧❡s ✇✐t❤✐♥ ❛ r❡❣✐♠❡

❛r❡ ♥♦t ♣❛r❛❧❧❡❧ ❞✉❡ t♦ ✐ts ❧♦❝❛t✐♦♥✲s❝❛❧❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧✱ ✉♥❧✐❦❡ ❧♦❝❛t✐♦♥✲s❤✐❢t

✶✾



q✉❛♥t✐❧❡ ❢✉♥❝t✐♦♥s✳ ◗✉❛♥t✐❧❡s ✐♥ r❡❣✐♠❡ ✷ ❤❛✈❡ ♥♦ ❝r♦ss✐♥❣ ✐ss✉❡s✱ ✇❤✐❧❡ ❝r♦ss✐♥❣ ♣r♦❜❧❡♠s

♦❝❝✉r ✐♥ r❡❣✐♠❡ ✶ ❜❡t✇❡❡♥ τ = 0.4, 0.5, 0.6✳ ◆♦♥❡t❤❡❧❡ss✱ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ✈✐♦❧❛t✐♦♥s ♦❢

t❤❡ ♠♦♥♦t♦♥✐❝✐t② ✐♥ r❡❣✐♠❡ ✶ ✐s ❜❡❧♦✇ ✷✪ ❜❡t✇❡❡♥ τ = 0.4, 0.5, 0.6✱ ❡①❝❡♣t ❛r♦✉♥❞ ✶✵✪ ❢♦r

t❤❡ q✉❛♥t✐❧❡s ♦❢ r❡❣✐♠❡ ✶ ♦❢ r❡❛❧ ●❉P ❣r♦✇t❤ r❛t❡s ❝r♦ss✐♥❣ ❜❡t✇❡❡♥ τ = 0.5 ❛♥❞ τ = 0.6✳

❖✈❡r❛❧❧✱ ❋✐❣✉r❡ ✽ ❞♦❡s ♥♦t s❤♦✇ s❡✈❡r❡ ❝r♦ss✐♥❣ ✐ss✉❡s ❢♦r t❤❡ ❞❛t❛ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

❬❋✐❣✉r❡ ✽ ❛❜♦✉t ❤❡r❡❪

✼ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ♣r♦♣♦s❡s ❛ ♥❡✇ ❧♦❝❛t✐♦♥✲s❝❛❧❡ q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥✱ s♦✲❝❛❧❧❡❞ ▼❛r❦♦✈✲s✇✐t❝❤✐♥❣

q✉❛♥t✐❧❡ ❛✉t♦r❡❣r❡ss✐♦♥✱ t♦ ❝❤❛r❛❝t❡r✐③❡ ❜❡❤❛✈✐♦rs ♦❢ ❞✐✛❡r❡♥t ♣❛rts ♦❢ ❛ ♥♦♥st❛t✐♦♥❛r② t✐♠❡

s❡r✐❡s ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ ♥❡✇ ♠❡t❤♦❞ ❞✐r❡❝t❧② ✐♥❢❡r❡♥❝❡s ❛♥❞ ❡st✐♠❛t❡s ❞②♥❛♠✐❝ q✉❛♥t✐❧❡s

❜② ❛❧❧♦✇✐♥❣ t❤❡ ❧♦❝❛t✐♦♥ ❛♥❞ s❝❛❧❡ ♣❛r❛♠❡t❡rs s✉❜❥❡❝t t♦ r❡❣✐♠❡ s❤✐❢ts✳ ❯♥♦❜s❡r✈❛❜❧❡ ❡❝♦✲

♥♦♠✐❝ r❡❣✐♠❡s ❛r❡ ✐♥❢❡rr❡❞ ❜② st❛♥❞❛r❞ ❍❛♠✐❧t♦♥ ✜❧t❡r ❛♣♣r♦❛❝❤ ✐♥ ✇❤✐❝❤ q✉❛♥t✐❧❡ ❡rr♦r

t❡r♠s ❢♦❧❧♦✇ ❛ t❤r❡❡ ♣❛r❛♠❡t❡r ❛s②♠♠❡tr✐❝ ▲❛♣❧❛❝❡ ❞✐str✐❜✉t✐♦♥✳ ❇❛②❡s✐❛♥ ❡st✐♠❛t✐♦♥ ✐s

❛❞♦♣t❡❞ t♦ ❞❡❛❧ ✇✐t❤ s♦♠❡ s❡r✐♦✉s ❝♦♠♣✉t❛t✐♦♥❛❧ ❝❤❛❧❧❡♥❣❡s ✐♥ t❤✐s ♥♦♥❧✐♥❡❛r ♠♦❞❡❧ ✇❤✐❝❤

❤❛s ❞✐✛❡r❡♥t✐❛❜❧❡ ❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥s✳
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❬✶✾❪ ❏♦r✐♦♥✱ P✳ ✭✷✵✵✵✮ ❱❛❧✉❡✲❛t✲❘✐s❦✿ ❚❤❡ ◆❡✇ ❇❡♥❝❤♠❛r❦ ❢♦r ▼❛♥❛❣✐♥❣ ❋✐♥❛♥❝✐❛❧ ❘✐s❦✳ ▼❝●r❛✇✲
❍✐❧❧✳ ■❙❇◆✲✶✸✿ ✾✼✽✲✵✵✼✶✸✺✺✵✷✺

❬✷✵❪ ❑✐♠✱ ❈✳❏✳ ✭✶✾✾✹✮ ❉②♥❛♠✐❝ ❧✐♥❡❛r ♠♦❞❡❧s ✇✐t❤ ▼❛r❦♦✈✲s✇✐t❝❤✐♥❣✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✻✵✿
✶✲✷✷

❬✷✶❪ ❑✐♠✱ ❈✳❏✳✱ ❏✳ P✐❣❡r✱ ❛♥❞ ❘✳ ❙t❛rt③ ✭✷✵✵✽✮ ❊st✐♠❛t✐♦♥ ♦❢ ▼❛r❦♦✈ r❡❣✐♠❡✲s✇✐t❝❤✐♥❣ r❡❣r❡ss✐♦♥
♠♦❞❡❧s ✇✐t❤ ❡♥❞♦❣❡♥♦✉s s✇✐t❝❤✐♥❣✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✹✸✿ ✷✻✸✲✷✼✸

❬✷✷❪ ❑♦❡♥❦❡r✱ ❘✳ ✭✷✵✵✺✮ ◗✉❛♥t✐❧❡ ❘❡❣r❡ss✐♦♥✳ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳

❬✷✸❪ ❑♦❡♥❦❡r✱ ❘✳ ❛♥❞ ●✳ ❇❛ss❡tt ✭✶✾✼✽✮ ❘❡❣r❡ss✐♦♥ q✉❛♥t✐❧❡✳ ❊❝♦♥♦♠❡tr✐❝❛ ✹✻✿ ✸✸✲✺✵

❬✷✹❪ ❑♦❡♥❦❡r✱ ❘✳ ❛♥❞ ❩✳ ❳✐❛♦ ✭✷✵✵✻✮ ◗✉❛♥t✐❧❡ ❆✉t♦r❡❣r❡ss✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛❧
❆ss♦❝✐❛t✐♦♥ ✶✵✶✭✹✼✺✮✿ ✾✽✵✲✾✾✵

❬✷✺❪ ❘✐♣❧❡②✱ ❇✳ ✭✶✾✽✼✮ ❙t♦❝❤❛st✐❝ ❙✐♠✉❧❛t✐♦♥✳ ❏♦❤♥ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦

❬✷✻❪ ❙✐♠s✱ ❈✳❆✳ ❛♥❞ ❚✳ ❩❤❛ ✭✷✵✵✻✮ ❲❡r❡ ❚❤❡r❡ ❘❡❣✐♠❡ ❙✇✐t❝❤✐♥❣ ✐♥ ❯❙ ▼♦♥❡t❛r② P♦❧✐❝②✳ ❆♠❡r✐❝❛♥
❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✾✻✭✶✮✿ ✺✹✲✽✶

❬✷✼❪ ❚✐❡r♥❡②✱ ▲✳ ✭✶✾✾✹✮ ▼❛r❦♦✈ ❈❤❛✐♥s ❢♦r ❊①♣❧♦r✐♥❣ P♦st❡r✐♦r ❉✐str✐❜✉t✐♦♥s✳ ❆♥♥✳ ❙t❛t✐st✳ ✷✷✿
✶✼✵✶✲✶✼✷✽

❬✷✽❪ ❱r♦♥t♦s✱ ■✳✱ P✳ ❉❡❧❧❛♣♦rt❛s✱ ❉✳ P♦❧✐t✐s ✭✷✵✵✷✮ ❋✉❧❧ ❇❛②❡s✐❛♥ ✐♥❢❡r❡♥❝❡ ❢♦r ●❆❘❈❍ ❛♥❞
❊●❆❘❈❍ ♠♦❞❡❧s✳ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ❛♥❞ ❊❝♦♥♦♠✐❝ ❙t❛t✐st✐❝s ✶✽✿ ✶✽✼✲✶✾✽

❬✷✾❪ ❨✉✱ ❑✳ ❛♥❞ ❏✳ ❩❤❛♥❣ ✭✷✵✵✺✮ ❆ ❚❤r❡❡✲P❛r❛♠❡t❡r ❆s②♠♠❡tr✐❝ ▲❛♣❧❛❝❡ ❉✐str✐❜✉t✐♦♥ ❛♥❞ ■ts
❊①t❡♥s✐♦♥✳ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❙t❛t✐st✐❝s✲ ❚❤❡♦r② ❛♥❞ ▼❡t❤♦❞s ✸✹✿ ✶✽✻✼✲✶✽✼✾

❬✸✵❪ ❨✉✱ ❑✳ ❛♥❞ ❘✳❆✳ ▼♦②❡❡❞ ✭✷✵✵✶✮ ❇❛②❡s✐❛♥ q✉❛♥t✐❧❡ r❡❣r❡ss✐♦♥✳ ❙t❛t✐st✐❝s ✫ Pr♦❜❛❜✐❧✐t② ▲❡tt❡rs
✺✹✿ ✹✸✼✲✹✹✼

✷✷



❚❛❜❧❡ ✶✿ ❙✐♠✉❧❛t✐♦♥ ❘❡s✉❧ts

✭✶✮ ◆♦r♠❛❧ ❡rr♦rs

❚r✉❡
N = 200 N = 500

P▼ ❙t❞ ❘▼❙❊ ▼❆❉ P▼ ❙t❞ ❘▼❙❊ ▼❆❉

τ = 0.05

p11 ✵✳✾✵✵ ✵✳✽✽✸ ✵✳✵✸✹ ✵✳✵✹✷ ✵✳✵✸✶ ✵✳✽✾✺ ✵✳✵✶✾ ✵✳✵✷✷ ✵✳✵✶✼

p22 ✵✳✾✵✵ ✵✳✽✾✵ ✵✳✵✸✹ ✵✳✵✸✾ ✵✳✵✸✵ ✵✳✾✵✶ ✵✳✵✷✷ ✵✳✵✷✺ ✵✳✵✶✾

θ10(τ) ✶✳✶✼✽ ✶✳✷✻✷ ✵✳✶✶✸ ✵✳✶✷✵ ✵✳✵✾✾ ✶✳✷✹✾ ✵✳✵✽✶ ✵✳✵✾✷ ✵✳✵✼✺

θ11(τ) ✵✳✷✵✵ ✵✳✶✽✶ ✵✳✵✸✽ ✵✳✷✶✵ ✵✳✶✻✽ ✵✳✶✽✹ ✵✳✵✸✷ ✵✳✶✼✽ ✵✳✶✹✺

θ20(τ) ✲✸✳✻✹✺ ✲✸✳✺✽✹ ✵✳✷✾✺ ✵✳✵✽✷ ✵✳✵✻✺ ✲✸✳✻✵✻ ✵✳✶✾✸ ✵✳✵✺✹ ✵✳✵✹✸

θ21(τ) ✵✳✹✵✵ ✵✳✹✵✶ ✵✳✵✾✼ ✵✳✶✼✷ ✵✳✷✵✵ ✵✳✹✵✵ ✵✳✵✺✾ ✵✳✶✹✼ ✵✳✶✶✻

τ = 0.25

p11 ✵✳✾✵✵ ✵✳✽✽✼ ✵✳✵✸✹ ✵✳✵✹✵ ✵✳✵✷✾ ✵✳✽✾✽ ✵✳✵✶✾ ✵✳✵✷✶ ✵✳✵✶✻

p22 ✵✳✾✵✵ ✵✳✽✽✾ ✵✳✵✸✷ ✵✳✵✸✽ ✵✳✵✷✾ ✵✳✽✾✾ ✵✳✵✷✶ ✵✳✵✷✹ ✵✳✵✶✽

θ10(τ) ✶✳✻✻✸ ✶✳✻✼✶ ✵✳✵✽✽ ✵✳✵✺✸ ✵✳✵✹✶ ✶✳✻✻✺ ✵✳✵✻✵ ✵✳✵✸✻ ✵✳✵✷✾

θ11(τ) ✵✳✷✵✵ ✵✳✶✾✹ ✵✳✵✸✵ ✵✳✶✺✶ ✵✳✶✷✷ ✵✳✶✾✺ ✵✳✵✷✹ ✵✳✶✷✵ ✵✳✵✾✾

θ20(τ) ✲✷✳✻✼✹ ✲✷✳✻✼✼ ✵✳✷✷✶ ✵✳✵✽✸ ✵✳✵✻✼ ✲✷✳✻✻✵ ✵✳✶✷✸ ✵✳✵✹✻ ✵✳✵✸✼

θ21(τ) ✵✳✹✵✵ ✵✳✸✾✹ ✵✳✵✻✼ ✵✳✶✻✽ ✵✳✶✸✸ ✵✳✹✵✷ ✵✳✵✸✾ ✵✳✵✾✽ ✵✳✵✽✶

τ = 0.5

p11 ✵✳✾✵✵ ✵✳✽✽✾ ✵✳✵✸✹ ✵✳✵✹✵ ✵✳✵✷✾ ✵✳✾✵✵ ✵✳✵✶✾ ✵✳✵✷✶ ✵✳✵✶✺

p22 ✵✳✾✵✵ ✵✳✽✽✽ ✵✳✵✸✷ ✵✳✵✸✽ ✵✳✵✷✾ ✵✳✽✾✼ ✵✳✵✷✶ ✵✳✵✷✸ ✵✳✵✶✽

θ10(τ) ✷✳✵✵✵ ✶✳✾✾✼ ✵✳✵✽✺ ✵✳✵✹✸ ✵✳✵✸✺ ✶✳✾✽✽ ✵✳✵✺✺ ✵✳✵✷✽ ✵✳✵✷✷

θ11(τ) ✵✳✷✵✵ ✵✳✶✾✻ ✵✳✵✷✽ ✵✳✶✹✷ ✵✳✶✶✷ ✵✳✶✾✽ ✵✳✵✷✶ ✵✳✶✵✻ ✵✳✵✽✺

θ20(τ) ✲✷✳✵✵✵ ✲✷✳✵✺✼ ✵✳✷✵✾ ✵✳✶✵✽ ✵✳✵✽✾ ✲✷✳✵✹✶ ✵✳✶✶✾ ✵✳✵✻✸ ✵✳✵✺✷

θ21(τ) ✵✳✹✵✵ ✵✳✸✽✷ ✵✳✵✻✹ ✵✳✶✻✺ ✵✳✶✸✾ ✵✳✸✽✽ ✵✳✵✸✼ ✵✳✵✾✼ ✵✳✵✽✵

τ = 0.75

p11 ✵✳✾✵✵ ✵✳✽✾✶ ✵✳✵✸✺ ✵✳✵✹✵ ✵✳✵✸✵ ✵✳✾✵✸ ✵✳✵✶✾ ✵✳✵✷✷ ✵✳✵✶✽

p22 ✵✳✾✵✵ ✵✳✽✽✹ ✵✳✵✸✷ ✵✳✵✹✵ ✵✳✵✸✶ ✵✳✽✾✹ ✵✳✵✷✶ ✵✳✵✷✹ ✵✳✵✶✾

θ10(τ) ✷✳✸✸✼ ✷✳✸✷✸ ✵✳✵✽✼ ✵✳✵✸✽ ✵✳✵✸✶ ✷✳✸✶✶ ✵✳✵✺✼ ✵✳✵✷✼ ✵✳✵✷✶

θ11(τ) ✵✳✷✵✵ ✵✳✷✵✸ ✵✳✵✷✾ ✵✳✶✹✹ ✵✳✶✶✻ ✵✳✷✵✻ ✵✳✵✷✶ ✵✳✶✵✼ ✵✳✵✺✹

θ20(τ) ✲✶✳✸✷✻ ✲✶✳✹✾✾ ✵✳✷✸✶ ✵✳✶✶✽ ✵✳✶✼✷ ✲✶✳✹✻✾ ✵✳✶✹✽ ✵✳✶✵✺ ✵✳✶✷✺

θ21(τ) ✵✳✹✵✵ ✵✳✸✺✽ ✵✳✵✼✺ ✵✳✶✼✼ ✵✳✶✼✸ ✵✳✸✻✺ ✵✳✵✹✼ ✵✳✶✹✵ ✵✳✶✶✺

τ = 0.95

p11 ✵✳✾✵✵ ✵✳✽✽✹ ✵✳✵✹✵ ✵✳✵✹✽ ✵✳✵✸✺ ✵✳✽✾✻ ✵✳✵✷✹ ✵✳✵✷✼ ✵✳✵✷✶

p22 ✵✳✾✵✵ ✵✳✽✻✸ ✵✳✵✸✻ ✵✳✵✺✼ ✵✳✵✹✻ ✵✳✽✼✹ ✵✳✵✷✺ ✵✳✵✹✵ ✵✳✵✸✸

θ10(τ) ✷✳✽✷✷ ✷✳✼✼✾ ✵✳✶✷✸ ✵✳✵✹✻ ✵✳✵✸✼ ✷✳✼✼✷ ✵✳✵✽✵ ✵✳✵✸✹ ✵✳✵✷✼

θ11(τ) ✵✳✷✵✵ ✵✳✷✶✼ ✵✳✵✹✷ ✵✳✷✷✺ ✵✳✶✽✽ ✵✳✷✶✺ ✵✳✵✸✸ ✵✳✶✽✶ ✵✳✶✹✽

θ20(τ) ✲✵✳✸✺✺ ✲✵✳✹✺✸ ✵✳✶✷✹ ✵✳✶✹✹ ✵✳✸✽✵ ✲✵✳✹✺✶ ✵✳✶✵✸ ✵✳✶✷✸ ✵✳✸✷✷

θ21(τ) ✵✳✹✵✵ ✵✳✸✸✼ ✵✳✵✽✻ ✵✳✶✽✼ ✵✳✷✶✺ ✵✳✸✷✽ ✵✳✵✻✼ ✵✳✶✹✺ ✵✳✷✵✹

❘▼❙❊ ❛♥❞ ▼❆❉ ❛r❡ t❤❡ r♦♦t ♦❢ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦rs ❛♥❞ t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥ ❡rr♦rs✳
✷✸



✭✷✮ t3 ❡rr♦rs

❚r✉❡
N = 200 N = 500

P▼ ❙t❞ ❘▼❙❊ ▼❆❉ P▼ ❙t❞ ❘▼❙❊ ▼❆❉

τ = 0.05

p11 ✵✳✾✵✵ ✵✳✽✼✾ ✵✳✵✸✶ ✵✳✵✹✷ ✵✳✵✸✸ ✵✳✽✽✺ ✵✳✵✷✶ ✵✳✵✷✾ ✵✳✵✷✷

p22 ✵✳✾✵✵ ✵✳✽✽✵ ✵✳✵✹✶ ✵✳✵✺✵ ✵✳✵✸✼ ✵✳✽✾✷ ✵✳✵✷✹ ✵✳✵✷✽ ✵✳✵✷✷
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❘▼❙❊ ❛♥❞ ▼❆❉ ❛r❡ t❤❡ r♦♦t ♦❢ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦rs ❛♥❞ t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥ ❡rr♦rs✳

✷✹



✭✸✮ ▼✐①❡❞ ❡rr♦rs

❚r✉❡
N = 200 N = 500

P▼ ❙t❞ ❘▼❙❊ ▼❆❉ P▼ ❙t❞ ❘▼❙❊ ▼❆❉
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p22 ✵✳✾✵✵ ✵✳✽✺✻ ✵✳✵✸✹ ✵✳✵✻✷ ✵✳✵✺✵ ✵✳✽✻✻ ✵✳✵✷✷ ✵✳✵✹✺ ✵✳✵✸✾

θ10(τ) ✷✳✽✷✷ ✷✳✽✶✸ ✵✳✶✺✸ ✵✳✵✺✹ ✵✳✵✹✷ ✷✳✼✾✽ ✵✳✵✾✺ ✵✳✵✸✺ ✵✳✵✷✽

θ11(τ) ✵✳✷✵✵ ✵✳✷✵✹ ✵✳✵✺✽ ✵✳✷✶✽ ✵✳✶✻✼ ✵✳✷✵✽ ✵✳✵✸✺ ✵✳✶✽✶ ✵✳✶✹✺

θ20(τ) ✲✵✳✻✹✶ ✲✵✳✻✵✵ ✵✳✶✵✸ ✵✳✶✼✸ ✵✳✶✸✺ ✲✵✳✻✵✶ ✵✳✵✽✼ ✵✳✶✷✽ ✵✳✵✾✽

θ21(τ) ✵✳✹✵✵ ✵✳✸✺✺ ✵✳✵✻✷ ✵✳✶✾✷ ✵✳✶✻✵ ✵✳✸✺✹ ✵✳✵✹✹ ✵✳✶✺✽ ✵✳✶✸✸

❘▼❙❊ ❛♥❞ ▼❆❉ ❛r❡ t❤❡ r♦♦t ♦❢ ♠❡❛♥ sq✉❛r❡❞ ❡rr♦rs ❛♥❞ t❤❡ ♠❡❛♥ ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥ ❡rr♦rs✳

✷✺



❚❛❜❧❡ ✷✿ ❙✉♠♠❛r② ❙t❛t✐st✐❝s ❢♦r t❤❡ Pr❡❞✐❝t❛❜✐❧✐t② ♦❢ ❙✐♠✉❧❛t❡❞ ❘❡❣✐♠❡s✳

◆♦r♠❛❧ t3 ▼✐①❡❞

◗P❙ ❆P❙ ▲P❙ ◗P❙ ❆P❙ ▲P❙ ◗P❙ ❆P❙ ▲P❙

N = 200

τ = 0.05 ✵✳✵✶✾ ✵✳✵✷✺ ✵✳✵✹✻ ✵✳✵✹✾ ✵✳✵✹✷ ✵✳✷✺✶ ✵✳✵✹✸ ✵✳✵✹✷ ✵✳✷✵✻

τ = 0.25 ✵✳✵✶✸ ✵✳✵✶✹ ✵✳✵✷✺ ✵✳✵✶✽ ✵✳✵✶✺ ✵✳✵✹✵ ✵✳✵✶✸ ✵✳✵✶✶ ✵✳✵✸✶

τ = 0.5 ✵✳✵✵✻ ✵✳✵✶✶ ✵✳✵✶✹ ✵✳✵✶✹ ✵✳✵✶✶ ✵✳✵✸✽ ✵✳✵✶✵ ✵✳✵✶✵ ✵✳✵✷✾

τ = 0.75 ✵✳✵✸✸ ✵✳✵✸✷ ✵✳✵✻✺ ✵✳✵✸✹ ✵✳✵✷✻ ✵✳✶✵✶ ✵✳✵✸✵ ✵✳✵✷✺ ✵✳✵✽✽

τ = 0.95 ✵✳✵✺✺ ✵✳✵✺✷ ✵✳✶✸✽ ✵✳✵✺✻ ✵✳✵✺✵ ✵✳✸✵✺ ✵✳✵✹✽ ✵✳✵✹✹ ✵✳✷✽✻

N = 500

τ = 0.05 ✵✳✵✶✾ ✵✳✵✷✺ ✵✳✵✹✻ ✵✳✵✹✺ ✵✳✵✸✽ ✵✳✶✾✻ ✵✳✵✸✽ ✵✳✵✸✽ ✵✳✶✸✻

τ = 0.25 ✵✳✵✶✷ ✵✳✵✶✸ ✵✳✵✷✹ ✵✳✵✶✻ ✵✳✵✶✷ ✵✳✵✸✽ ✵✳✵✶✷ ✵✳✵✶✶ ✵✳✵✸✵

τ = 0.5 ✵✳✵✵✻ ✵✳✵✶✶ ✵✳✵✶✸ ✵✳✵✶✹ ✵✳✵✶✶ ✵✳✵✹✵ ✵✳✵✶✵ ✵✳✵✶✵ ✵✳✵✷✺

τ = 0.75 ✵✳✵✸✶ ✵✳✵✸✶ ✵✳✵✻✸ ✵✳✵✸✸ ✵✳✵✷✺ ✵✳✶✵✷ ✵✳✵✸✵ ✵✳✵✷✹ ✵✳✵✽✻

τ = 0.95 ✵✳✵✺✷ ✵✳✵✺✵ ✵✳✶✹✵ ✵✳✵✺✹ ✵✳✵✹✽ ✵✳✷✾✼ ✵✳✵✹✻ ✵✳✵✹✷ ✵✳✷✼✹

◗P❙✱ ❆P❙ ❛♥❞ ▲P❙ r❡♣r❡s❡♥t q✉❛❞r❛t✐❝✱ ❛❜s♦❧✉t❡ ❛♥❞ ❧♦❣ ♣r♦❜❛❜✐❧✐t② s❝♦r❡s✱ r❡s♣❡❝t✐✈❡❧②✳

❚❛❜❧❡ ✸✿ ❉❛t❛ ❙✉♠♠❛r② ❙t❛t✐st✐❝s

▼♦♥t❤❧② ❙✫P ✺✵✵ ❲❡❡❦❧② ❙✫P ✺✵✵ ❘❡❛❧ ●❉P ❘❡❛❧ ❚❲❊❘

❙❛♠♣❧❡ P❡r✐♦❞s ✶✾✷✻✿✵✶✲✷✵✶✸✿✵✷ ✵✶✴✵✾✴✶✾✺✵✲✵✷✴✷✺✴✷✵✶✸ ✶✾✹✽◗✶✲✷✵✶✸◗✷ ✶✾✼✹◗✶✲✷✵✶✸◗✷

★ ♦❢ ♦❜s✳ ✶✵✹✼ ✸✷✾✹ ✷✻✸ ✶✺✾

▼❡❛♥ ✵✳✹✻✶ ✵✳✶✸✻ ✸✳✷✻✸ ✲✵✳✶✸✷

▼❡❞✐❛♥ ✵✳✾✵✼ ✵✳✷✽✷ ✸✳✷✵✵ ✵✳✷✵✶

❙t❞✳ ❞❡✈✳ ✺✳✺✵✺ ✷✳✵✾✶ ✷✳✻✼✺ ✼✳✵✽✼

❙❦❡✇♥❡ss ✲✵✳✺✷✺ ✲✵✳✺✻✼ ✵✳✵✵✹ ✲✵✳✷✺✻

❑✉rt♦s✐s ✶✵✳✼✺ ✽✳✼✹✹ ✵✳✻✾✷ ✲✵✳✵✹✹

❏❛rq✉❡✲❇❡r❛ ❁✵✳✵✵✶ ❁✵✳✵✵✶ ✵✳✵✺✽ ✵✳✹✶✷

◆♦t❡✿ t❤❡ p−✈❛❧✉❡s ❛r❡ r❡♣♦rt❡❞ ❢♦r ❏❛rq✉❡✲❇❡r❛ st❛t✐st✐❝s t❡st ♦❢ ❞❛t❛ ♥♦r♠❛❧✐t②✳

✷✻



❚❛❜❧❡ ✹✿ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts ❢♦r ❙✫P ✺✵✵ ■♥❞❡① ❘❡t✉r♥s

▼♦♥t❤❧② ❙✫P ✺✵✵ ❲❡❡❦❧② ❙✫P ✺✵✵

τ = 0.05 τ = 0.25 τ = 0.5 τ = 0.75 τ = 0.95 τ = 0.05 τ = 0.25 τ = 0.5 τ = 0.75 τ = 0.95

p11 ✵✳✾✵✷ ✵✳✾✷✺ ✵✳✾✽✺ ✵✳✾✽✼ ✵✳✽✹✷ ✵✳✽✺✵ ✵✳✽✻✽ ✵✳✾✽✺ ✵✳✾✹✼ ✵✳✼✽✼

✭✵✳✵✶✽✮ ✭✵✳✵✺✺✮ ✭✵✳✵✶✵✮ ✭✵✳✵✵✾✮ ✭✵✳✵✶✻✮ ✭✵✳✵✶✼✮ ✭✵✳✵✸✹✮ ✭✵✳✵✶✶✮ ✭✵✳✶✵✷✮ ✭✵✳✵✶✾✮

❬✶✳✹✹✵❪ ❬✲✵✳✹✹✼❪ ❬✲✵✳✹✵✺❪ ❬✵✳✵✻✷❪ ❬✲✵✳✷✼✹❪ ❬✵✳✻✸✶❪ ❬✵✳✵✻✺❪ ❬✶✳✷✼✸❪ ❬✵✳✻✽✺❪ ❬✲✶✳✽✸✷❪

p22 ✵✳✺✼✷ ✵✳✻✷✺ ✵✳✾✶✹ ✵✳✾✶✼ ✵✳✸✽✶ ✵✳✸✽✾ ✵✳✻✹✶ ✵✳✾✹✺ ✵✳✽✽✵ ✵✳✹✶✺

✭✵✳✵✹✺✮ ✭✵✳✵✻✸✮ ✭✵✳✵✹✸✮ ✭✵✳✵✸✾✮ ✭✵✳✵✻✻✮ ✭✵✳✵✹✻✮ ✭✵✳✵✸✼✮ ✭✵✳✵✷✼✮ ✭✵✳✶✹✻✮ ✭✵✳✵✹✹✮

❬✲✵✳✻✽✺❪ ❬✲✵✳✺✼✵❪ ❬✲✷✳✹✵✺❪ ❬✲✵✳✹✽✸❪ ❬✲✵✳✷✹✹❪ ❬✲✵✳✷✼✻❪ ❬✵✳✹✹✻❪ ❬✲✵✳✽✵✸❪ ❬✵✳✺✻✽❪ ❬✲✵✳✺✵✾❪

θ10(τ) ✲✹✳✶✷✶ ✲✵✳✶✶✹ ✶✳✵✹✺ ✸✳✺✷✷ ✹✳✾✼✶ ✲✶✳✻✶✾ ✲✵✳✵✸✾ ✵✳✸✹✻ ✶✳✵✻✻ ✶✳✻✹✼

✭✵✳✵✽✾✮ ✭✵✳✵✺✶✮ ✭✵✳✵✻✹✮ ✭✵✳✵✻✷✮ ✭✵✳✵✻✸✮ ✭✵✳✵✸✾✮ ✭✵✳✵✹✶✮ ✭✵✳✵✹✵✮ ✭✵✳✶✸✷✮ ✭✵✳✵✸✺✮

❬✲✷✳✹✹✹❪ ❬✲✵✳✹✻✹❪ ❬✵✳✻✹✽❪ ❬✲✵✳✶✵✽❪ ❬✵✳✽✸✻❪ ❬✲✵✳✸✷✷❪ ❬✲✵✳✼✹✼❪ ❬✲✶✳✻✼✽❪ ❬✵✳✼✷✸❪ ❬✲✶✳✵✵✼❪

θ11(τ) ✵✳✵✽✹ ✵✳✵✸✺ ✵✳✵✷✻ ✲✵✳✵✽✼ ✲✵✳✵✽✷ ✵✳✵✽✺ ✵✳✵✶✺ ✵✳✵✸✺ ✲✵✳✵✷✺ ✲✵✳✵✸✷

✭✵✳✵✹✷✮ ✭✵✳✵✷✻✮ ✭✵✳✵✷✼✮ ✭✵✳✵✸✶✮ ✭✵✳✵✹✷✮ ✭✵✳✵✸✻✮ ✭✵✳✵✷✻✮ ✭✵✳✵✷✷✮ ✭✵✳✵✽✶✮ ✭✵✳✵✷✵✮

❬✶✳✽✸✺❪ ❬✲✵✳✸✵✼❪ ❬✲✵✳✺✶✽❪ ❬✵✳✵✾✽❪ ❬✵✳✵✻✹❪ ❬✲✵✳✸✷✽❪ ❬✶✳✷✹✻❪ ❬✲✵✳✼✽✽❪ ❬✲✵✳✻✶✻❪ ❬✲✵✳✶✷✻❪

θ20(τ) ✲✶✺✳✼✼ ✲✸✳✾✼✽ ✲✷✳✶✷✹ ✺✳✼✽✹ ✶✷✳✵✺ ✲✺✳✽✻✺ ✲✶✳✾✺✷ ✲✵✳✵✾✹ ✷✳✹✷✷ ✹✳✽✺✶

✭✵✳✶✹✼✮ ✭✵✳✵✹✼✮ ✭✵✳✸✶✽✮ ✭✵✳✶✼✹✮ ✭✵✳✷✵✵✮ ✭✵✳✵✾✹✮ ✭✵✳✵✹✵✮ ✭✵✳✶✹✼✮ ✭✵✳✶✹✼✮ ✭✵✳✵✽✵✮

❬✲✵✳✹✼✽❪ ❬✵✳✶✵✶❪ ❬✲✶✳✻✶✺❪ ❬✲✵✳✷✶✷❪ ❬✵✳✶✻✾❪ ❬✲✵✳✷✾✻❪ ❬✶✳✹✵✹❪ ❬✵✳✾✻✺❪ ❬✲✵✳✽✸✺❪ ❬✲✵✳✻✻✺❪

θ21(τ) ✵✳✸✼✽ ✵✳✶✶✺ ✵✳✵✽✺ ✵✳✵✹✷ ✵✳✵✸✷ ✵✳✷✵✼ ✵✳✵✶✵ ✵✳✵✶✻ ✲✵✳✶✾✻ ✲✵✳✷✺✶

✭✵✳✵✸✾✮ ✭✵✳✵✹✺✮ ✭✵✳✵✹✽✮ ✭✵✳✵✺✹✮ ✭✵✳✵✹✻✮ ✭✵✳✵✸✽✮ ✭✵✳✵✶✼✮ ✭✵✳✵✺✻✮ ✭✵✳✵✻✾✮ ✭✵✳✵✶✽✮

❬✲✵✳✷✷✹❪ ❬✲✵✳✸✹✷❪ ❬✵✳✽✽✾❪ ❬✵✳✸✾✺❪ ❬✵✳✻✷✶❪ ❬✵✳✸✶✼❪ ❬✵✳✸✹✽❪ ❬✵✳✶✷✹❪ ❬✵✳✻✶✼❪ ❬✵✳✺✸✽❪

❱❛❧✉❡s ✐♥ ♣❛r❡♥t❤❡s❡s ❛r❡ ♥✉♠❡r✐❝❛❧ st❛♥❞❛r❞ ❡rr♦rs ❛♥❞ t❤❡ ●❡✇❡❦❡ ✭✶✾✾✷✮ t❡st st❛t✐st✐❝ ✐♥ sq✉❛r❡ ❜r❛❝❦❡ts✳

❚❤❡ t❡st ❞✐str✐❜✉t✐♦♥ ❢♦r ●❡✇❡❦❡ ✭✶✾✾✷✮ st❛t✐st✐❝ ✐s st❛♥❞❛r❞ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥✳

✷✼



❚❛❜❧❡ ✺✿ ❊st✐♠❛t✐♦♥ ❘❡s✉❧ts ❢♦r ▼❛❝r♦❡❝♦♥♦♠✐❝ ❱❛r✐❛❜❧❡s

❘❡❛❧ ●❉P ●r♦✇t❤ ❘❛t❡s ❘❡❛❧ ❚r❛❞❡✲✇❡✐❣❤t❡❞ ❊①❝❤❛♥❣❡ ❘❛t❡s

p11 p22 θ10(τ) θ11(τ) θ20(τ) θ21(τ) p11 p22 θ10(τ) θ11(τ) θ20(τ) θ21(τ)

τ = 0.1 ✵✳✾✷✼ ✵✳✻✹✼ ✲✵✳✶✼✽ ✵✳✼✽✶ ✲✷✳✸✶✵ ✵✳✻✷✸ ✵✳✼✽✾ ✵✳✺✵✵ ✲✷✳✸✶✽ ✵✳✼✼✹ ✲✼✳✾✹✾ ✵✳✼✻✶

✭✵✳✵✷✸✮ ✭✵✳✵✹✻✮ ✭✵✳✵✽✼✮ ✭✵✳✵✸✷✮ ✭✵✳✶✻✷✮ ✭✵✳✵✾✾✮ ✭✵✳✵✺✻✮ ✭✵✳✵✾✸✮ ✭✵✳✷✾✶✮ ✭✵✳✵✺✺✮ ✭✵✳✷✻✹✮ ✭✵✳✵✼✾✮

❬✲✶✳✵✽✺❪ ❬✶✳✶✾✸❪ ❬✵✳✻✾✾❪ ❬✲✶✳✸✽✷❪ ❬✵✳✼✸✼❪ ❬✶✳✵✾✵❪ ❬✲✶✳✶✶✵❪ ❬✵✳✹✵✾❪ ❬✶✳✹✸✹❪ ❬✲✶✳✵✻✼❪ ❬✶✳✵✽✸❪ ❬✲✶✳✷✵✺❪

τ = 0.2 ✵✳✾✷✻ ✵✳✻✻✼ ✵✳✶✾✻ ✵✳✼✼✾ ✲✶✳✼✸✹ ✵✳✻✻✽ ✵✳✽✶✶ ✵✳✺✼✸ ✲✶✳✶✹✾ ✵✳✼✼✼ ✲✻✳✶✾✾ ✵✳✼✽✽

✭✵✳✵✷✶✮ ✭✵✳✵✹✼✮ ✭✵✳✵✽✺✮ ✭✵✳✵✸✼✮ ✭✵✳✵✽✾✮ ✭✵✳✵✹✼✮ ✭✵✳✵✻✻✮ ✭✵✳✵✺✸✮ ✭✵✳✷✵✾✮ ✭✵✳✵✹✼✮ ✭✵✳✸✷✼✮ ✭✵✳✵✹✼✮

❬✵✳✸✼✺❪ ❬✲✶✳✵✼✼❪ ❬✲✷✳✶✵✼❪ ❬✵✳✵✻✼❪ ❬✲✶✳✵✶✺❪ ❬✲✵✳✺✸✺❪ ❬✶✳✸✻✽❪ ❬✲✵✳✽✸✼❪ ❬✲✶✳✹✸✾❪ ❬✶✳✷✾✹❪ ❬✲✶✳✶✶✵❪ ❬✲✵✳✺✽✺❪

τ = 0.3 ✵✳✾✸✵ ✵✳✻✸✽ ✵✳✸✶✵ ✵✳✽✵✶ ✲✶✳✺✻✶ ✵✳✼✶✻ ✵✳✽✸✷ ✵✳✺✽✷ ✲✵✳✻✷✵ ✵✳✼✽✹ ✲✺✳✶✺✻ ✵✳✼✽✶

✭✵✳✵✹✸✮ ✭✵✳✵✻✸✮ ✭✵✳✵✹✽✮ ✭✵✳✵✸✶✮ ✭✵✳✶✹✸✮ ✭✵✳✵✼✻✮ ✭✵✳✵✺✹✮ ✭✵✳✵✹✶✮ ✭✵✳✶✵✸✮ ✭✵✳✵✺✶✮ ✭✵✳✷✶✶✮ ✭✵✳✵✺✼✮

❬✵✳✺✺✾❪ ❬✵✳✵✽✺❪ ❬✵✳✷✷✼❪ ❬✲✵✳✹✵✼❪ ❬✲✶✳✶✾✸❪ ❬✲✶✳✶✷✼❪ ❬✲✵✳✸✾✷❪ ❬✲✵✳✼✾✹❪ ❬✵✳✼✵✵❪ ❬✵✳✾✶✶❪ ❬✲✵✳✵✽✸❪ ❬✵✳✹✽✾❪

τ = 0.4 ✵✳✾✹✸ ✵✳✻✽✼ ✵✳✻✸✵ ✵✳✼✽✹ ✲✶✳✶✷✺ ✵✳✼✺✽ ✵✳✽✹✾ ✵✳✺✺✹ ✲✵✳✸✷✸ ✵✳✼✾✾ ✲✸✳✹✽✽ ✵✳✽✸✷

✭✵✳✵✺✹✮ ✭✵✳✶✸✹✮ ✭✵✳✶✽✷✮ ✭✵✳✵✺✺✮ ✭✵✳✷✼✻✮ ✭✵✳✷✵✽✮ ✭✵✳✵✹✻✮ ✭✵✳✵✻✻✮ ✭✵✳✶✶✵✮ ✭✵✳✵✹✽✮ ✭✵✳✶✾✸✮ ✭✵✳✵✺✽✮

❬✲✵✳✶✷✺❪ ❬✵✳✵✼✻❪ ❬✵✳✶✶✸❪ ❬✵✳✷✾✷❪ ❬✵✳✵✹✼❪ ❬✵✳✶✼✺❪ ❬✶✳✷✾✺❪ ❬✲✶✳✺✼✾❪ ❬✲✵✳✽✵✹❪ ❬✵✳✼✼✶❪ ❬✲✵✳✽✺✽❪ ❬✲✵✳✹✺✸❪

τ = 0.5 ✵✳✾✸✾ ✵✳✼✵✻ ✵✳✽✾✵ ✵✳✼✼✾ ✲✵✳✻✷✾ ✵✳✽✽✸ ✵✳✾✷✻ ✵✳✹✽✾ ✲✵✳✶✾✻ ✵✳✽✷✵ ✲✷✳✸✵✼ ✵✳✼✼✵

✭✵✳✵✶✺✮ ✭✵✳✵✸✾✮ ✭✵✳✵✻✽✮ ✭✵✳✵✸✹✮ ✭✵✳✶✶✹✮ ✭✵✳✵✺✹✮ ✭✵✳✵✸✸✮ ✭✵✳✵✺✻✮ ✭✵✳✵✾✷✮ ✭✵✳✵✷✺✮ ✭✵✳✷✷✷✮ ✭✵✳✵✺✷✮

❬✲✵✳✾✷✺❪ ❬✵✳✷✷✾❪ ❬✵✳✵✹✸❪ ❬✲✵✳✶✼✽❪ ❬✶✳✷✹✺❪ ❬✲✵✳✽✷✺❪ ❬✵✳✹✺✼❪ ❬✲✶✳✷✼✻❪ ❬✲✶✳✷✸✶❪ ❬✵✳✸✺✼❪ ❬✲✵✳✺✶✹❪ ❬✵✳✹✻✵❪

τ = 0.6 ✵✳✾✻✺ ✵✳✻✵✾ ✵✳✾✶✼ ✵✳✼✾✵ ✸✳✸✵✷ ✵✳✾✸✽ ✵✳✽✵✽ ✵✳✹✽✻ ✵✳✹✽✺ ✵✳✽✷✾ ✷✳✽✾✸ ✵✳✽✸✶

✭✵✳✵✷✺✮ ✭✵✳✵✹✸✮ ✭✵✳✵✸✷✮ ✭✵✳✵✶✻✮ ✭✵✳✷✷✷✮ ✭✵✳✵✹✸✮ ✭✵✳✵✻✻✮ ✭✵✳✵✻✺✮ ✭✵✳✶✸✵✮ ✭✵✳✵✺✽✮ ✭✵✳✷✾✾✮ ✭✵✳✶✷✻✮

❬✲✶✳✵✹✶❪ ❬✲✵✳✻✹✸❪ ❬✵✳✽✼✹❪ ❬✲✵✳✻✸✼❪ ❬✲✵✳✷✹✷❪ ❬✲✶✳✹✺✻❪ ❬✲✶✳✶✺✵❪ ❬✵✳✶✻✵❪ ❬✲✶✳✷✷✷❪ ❬✲✵✳✻✺✹❪ ❬✲✵✳✷✹✶❪ ❬✲✵✳✶✵✵❪

τ = 0.7 ✵✳✾✺✺ ✵✳✻✵✾ ✵✳✾✼✹ ✵✳✽✵✾ ✸✳✺✶✹ ✵✳✾✺✽ ✵✳✼✾✷ ✵✳✹✻✺ ✵✳✾✾✺ ✵✳✽✶✵ ✹✳✻✻✵ ✵✳✽✼✽

✭✵✳✵✶✽✮ ✭✵✳✵✸✾✮ ✭✵✳✵✸✻✮ ✭✵✳✵✷✵✮ ✭✵✳✵✺✼✮ ✭✵✳✵✶✸✮ ✭✵✳✵✾✹✮ ✭✵✳✵✽✾✮ ✭✵✳✶✼✼✮ ✭✵✳✵✺✸✮ ✭✵✳✹✶✾✮ ✭✵✳✶✸✺✮

❬✲✶✳✷✶✼❪ ❬✵✳✺✽✾❪ ❬✵✳✵✺✶❪ ❬✲✵✳✼✹✺❪ ❬✵✳✹✹✶❪ ❬✲✵✳✸✹✺❪ ❬✵✳✻✻✻❪ ❬✲✷✳✾✺✷❪ ❬✲✵✳✶✸✷❪ ❬✲✵✳✶✵✾❪ ❬✶✳✸✵✶❪ ❬✶✳✶✶✺❪

τ = 0.8 ✵✳✾✹✵ ✵✳✺✾✷ ✶✳✶✶✸ ✵✳✽✸✹ ✸✳✻✷✻ ✵✳✾✼✶ ✵✳✼✼✾ ✵✳✹✹✵ ✶✳✻✼✻ ✵✳✼✾✶ ✺✳✾✻✸ ✵✳✾✵✵

✭✵✳✵✷✸✮ ✭✵✳✵✺✹✮ ✭✵✳✵✹✷✮ ✭✵✳✵✷✵✮ ✭✵✳✵✼✹✮ ✭✵✳✵✶✺✮ ✭✵✳✵✼✸✮ ✭✵✳✵✽✽✮ ✭✵✳✷✸✵✮ ✭✵✳✵✼✹✮ ✭✵✳✸✵✸✮ ✭✵✳✵✾✻✮

❬✶✳✹✷✼❪ ❬✲✵✳✸✶✶❪ ❬✵✳✵✸✷❪ ❬✲✵✳✹✻✺❪ ❬✵✳✹✷✶❪ ❬✲✵✳✸✵✶❪ ❬✵✳✸✼✵❪ ❬✶✳✺✷✷❪ ❬✲✵✳✺✽✵❪ ❬✶✳✶✷✵❪ ❬✵✳✵✾✺❪ ❬✲✵✳✷✺✸❪

τ = 0.9 ✵✳✾✷✹ ✵✳✺✼✾ ✶✳✸✼✺ ✵✳✽✼✹ ✸✳✼✻✷ ✵✳✾✼✾ ✵✳✽✵✽ ✵✳✹✶✷ ✷✳✼✾✾ ✵✳✼✺✹ ✽✳✸✸✺ ✵✳✽✷✵

✭✵✳✵✷✾✮ ✭✵✳✵✺✽✮ ✭✵✳✵✻✺✮ ✭✵✳✵✷✼✮ ✭✵✳✶✼✺✮ ✭✵✳✵✶✸✮ ✭✵✳✵✽✻✮ ✭✵✳✵✻✾✮ ✭✵✳✷✷✻✮ ✭✵✳✵✸✸✮ ✭✵✳✺✵✻✮ ✭✵✳✶✵✷✮

❬✵✳✹✸✼❪ ❬✲✵✳✶✷✹❪ ❬✲✵✳✷✽✽❪ ❬✶✳✶✽✷❪ ❬✵✳✹✷✸❪ ❬✶✳✵✼✷❪ ❬✲✶✳✵✺✼❪ ❬✲✶✳✶✻✷❪ ❬✲✵✳✶✶✹❪ ❬✵✳✵✷✾❪ ❬✲✶✳✵✺✹❪ ❬✵✳✾✾✶❪

✷✽



❚❛❜❧❡ ✻✿ ❘❡❛❧ ●❉P ●r♦✇t❤ ❘❛t❡s✿ Pr❡❞✐❝❛❜✐❧✐t② ♦❢ ❘❡❣✐♠❡ ✷

◗P❙ ❆P❙ ▲P❙

τ = 0.1 ✵✳✶✸✺ ✵✳✶✶✶ ✵✳✷✽✶
τ = 0.2 ✵✳✶✸✶ ✵✳✶✶✼ ✵✳✷✸✺
τ = 0.3 ✵✳✶✸✹ ✵✳✶✶✾ ✵✳✷✷✸
τ = 0.4 ✵✳✶✸✷ ✵✳✶✸✷ ✵✳✷✶✾
τ = 0.5 ✵✳✶✺✶ ✵✳✶✼✾ ✵✳✷✺✾
τ = 0.6 ✵✳✹✵✸ ✵✳✷✷✼ ✶✳✵✸✾
τ = 0.7 ✵✳✹✸✾ ✵✳✷✹✾ ✶✳✵✼✺
τ = 0.8 ✵✳✹✽✶ ✵✳✷✼✼ ✶✳✶✸✹
τ = 0.9 ✵✳✺✶✻ ✵✳✷✾✽ ✶✳✸✼✵

✷✾



❋✐❣✉r❡ ✶✿ P♦st❡r✐♦rs ♦❢ t❤❡ P❛r❛♠❡t❡r ❊st✐♠❛t❡s ✇✐t❤ t❤❡ tr✉❡ ♣❛r❛♠❡t❡rs ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❧✐♥❡s ❢♦r τ = 0.05, 0.5, 0.95✳

0.70 0.75 0.80 0.85 0.90 0.95

0
5

1
0

1
5

p11

τ = 0.05

D
e

n
s
i
t
y

0.75 0.80 0.85 0.90 0.95

0
2

4
6

8
1

2

p22

τ = 0.05

D
e

n
s
i
t
y

1.0 1.2 1.4 1.6

0
.
0

1
.
0

2
.
0

3
.
0

θ10τ

τ = 0.05

D
e

n
s
i
t
y

0.05 0.10 0.15 0.20 0.25 0.30

0
2

4
6

8
1

0

θ21τ

τ = 0.05

D
e

n
s
i
t
y

−4.5 −4.0 −3.5 −3.0 −2.5

0
.
0

0
.
4

0
.
8

1
.
2

θ20τ

τ = 0.05

D
e

n
s
i
t
y

0.1 0.2 0.3 0.4 0.5 0.6 0.7

0
1

2
3

θ21τ

τ = 0.05

D
e

n
s
i
t
y

0.75 0.80 0.85 0.90 0.95

0
4

8
1

2

p11

τ = 0.5

D
e

n
s
i
t
y

0.75 0.80 0.85 0.90 0.95

0
4

8
1

2

p22

τ = 0.5

D
e

n
s
i
t
y

1.7 1.8 1.9 2.0 2.1 2.2 2.3
0

1
2

3
4

θ10τ

τ = 0.5

D
e

n
s
i
t
y

0.10 0.15 0.20 0.25

0
5

1
0

1
5

θ21τ

τ = 0.5

D
e

n
s
i
t
y

−3.0 −2.5 −2.0 −1.5

0
.
0

0
.
5

1
.
0

1
.
5

θ20τ

τ = 0.5

D
e

n
s
i
t
y

0.2 0.3 0.4 0.5 0.6

0
1

2
3

4
5

θ21τ

τ = 0.5

D
e

n
s
i
t
y

0.70 0.75 0.80 0.85 0.90 0.95

0
2

4
6

8
1

0

p11

τ = 0.95

D
e

n
s
i
t
y

0.70 0.75 0.80 0.85 0.90 0.95

0
2

4
6

8
1

0

p22

τ = 0.95

D
e

n
s
i
t
y

2.4 2.6 2.8 3.0 3.2

0
1

2
3

θ10τ

τ = 0.95

D
e

n
s
i
t
y

0.05 0.10 0.15 0.20 0.25 0.30

0
2

4
6

8
1

0

θ21τ

τ = 0.95

D
e

n
s
i
t
y

−0.8 −0.6 −0.4 −0.2 0.0

0
.
0

1
.
0

2
.
0

3
.
0

θ20τ

τ = 0.95

D
e

n
s
i
t
y

0.1 0.2 0.3 0.4 0.5 0.6

0
1

2
3

4

θ21τ

τ = 0.95

D
e

n
s
i
t
y

✭✶✮ τ = 0.05 ✭✷✮ τ = 0.5 ✭✸✮ τ = 0.95

✸✵



❋✐❣✉r❡ ✷✿ ❉❛t❛ ❢♦r ▼♦♥t❤❧② ❛♥❞ ❲❡❡❦❧② ❙✫P ✺✵✵✱ ◗✉❛rt❡r❧② ❘❡❛❧ ●❉P ●r♦✇t❤ ❘❛t❡s ❛♥❞ ❘❡❛❧ ❚r❛❞❡✲✇❡✐❣❤t❡❞ ❊①❝❤❛♥❣❡ ❘❛t❡s

Monthly S&P 500 Returns

 

 

1940 1960 1980 2000

−3
0

−2
0

−1
0

0
10

20
30

Weekly S&P 500 Returns

 

 

1950 1960 1970 1980 1990 2000 2010

−2
0

−1
5

−1
0

−5
0

5
10

Quarterly Real GDP Growth Rates

 

 

1950 1960 1970 1980 1990 2000 2010

0
5

10

Quarterly Real Trade−weighted Exchange Rates

 

 

1980 1990 2000 2010

−2
0

−1
0

0
10

20

✸✶



❋✐❣✉r❡ ✸✿ ◗✉❛♥t✐❧❡ P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥✿ ❙✫P ✺✵✵

0.2 0.4 0.6 0.8

0
.5

0
.7

0
.9

p11

τ

 

0.2 0.4 0.6 0.8

0
.3

0
.5

0
.7

0
.9

p22

τ

 

0.2 0.4 0.6 0.8

−
4

0
2

4

θ10τ

τ

 

0.2 0.4 0.6 0.8

−
0

.1
5

−
0

.0
5

0
.0

5

θ11τ

τ

 

0.2 0.4 0.6 0.8

−
1

5
−

5
5

θ20τ

τ

 

0.2 0.4 0.6 0.8

−
0

.1
0

.1
0

.3
0

.5

θ21τ

τ

 

0.2 0.4 0.6 0.8

0
.5

0
.7

0
.9

p11

τ

 

0.2 0.4 0.6 0.8

0
.3

0
.5

0
.7

0
.9

p22

τ

 

0.2 0.4 0.6 0.8

−
2

0
1

2
3

θ10τ

τ

 

0.2 0.4 0.6 0.8

−
0

.0
5

0
.0

5

θ11τ

τ

 

0.2 0.4 0.6 0.8

−
6

−
2

2
4

θ20τ

τ

 

0.2 0.4 0.6 0.8

−
0

.3
−

0
.1

0
.1

0
.3

θ21τ

τ

 

✭✶✮ ▼♦♥t❤❧② ❙✫P ✺✵✵ ❘❡t✉r♥s ✭✷✮ ❲❡❡❦❧② ❙✫P ✺✵✵ ❘❡t✉r♥s

✸✷



❋✐❣✉r❡ ✹✿ ❙♠♦♦t❤❡❞ ❚r❛♥s✐t✐♦♥ Pr♦❜❛❜✐❧✐t②✳ ❚❤❡ s❤❛❞❡❞ ❛r❡❛s ❛r❡ ◆❇❊❘✲❞❛t❡❞ ❜✉s✐♥❡ss ❝②❝❧❡s

τ = 0.5

 

 

1940 1960 1980 2000

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

τ = 0.05

 

 

1940 1960 1980 2000

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

✸✸



❋✐❣✉r❡ ✺✿ ❚❤❡ ❊st✐♠❛t❡❞ ◗✉❛♥t✐❧❡s ❢♦r Qyt
(τ = 0.05|st = 1) ✭t♦♣ ❧✐❣❤t ❧✐♥❡s✮✱ Qyt

(τ = 0.05|st) ✭❞❛r❦ ❧✐♥❡s✮✱ Qyt
(τ = 0.05|st = 2)✭❜♦tt♦♠ ❧✐❣❤t ❧✐♥❡s✮

Monthly S&P 500 Quantiles

 

 

1940 1960 1980 2000

−30
−25

−20
−15

−10
−5

Weekly S&P 500 Quantiles

 

 

1950 1960 1970 1980 1990 2000 2010

−10
−8

−6
−4

−2

✸✹



❋✐❣✉r❡ ✻✿ ◗✉❛♥t✐❧❡ P❛r❛♠❡t❡r ❊st✐♠❛t✐♦♥s ❢♦r ▼❛❝r♦❡❝♦♥♦♠✐❝ ❱❛r✐❛❜❧❡s

0.2 0.4 0.6 0.8

0
.7

0
0

.8
0

0
.9

0
1

.0
0

p11

τ

 

0.2 0.4 0.6 0.8

0
.3

0
.5

0
.7

0
.9

p22

τ

 

0.2 0.4 0.6 0.8

−
0

.5
0

.5
1

.5

θ10τ

τ

 

0.2 0.4 0.6 0.8

0
.7

5
0

.8
5

θ11τ

τ

 

0.2 0.4 0.6 0.8

−
3

−
1

1
2

3
4

θ20τ

τ

 

0.2 0.4 0.6 0.8

0
.5

0
.7

0
.9

θ21τ

τ

 

0.2 0.4 0.6 0.8

0
.5

0
.7

0
.9

p11

τ

 

0.2 0.4 0.6 0.8

0
.0

0
.4

0
.8

p22

τ

 

0.2 0.4 0.6 0.8

−
4

−
2

0
2

4

θ10τ

τ

 

0.2 0.4 0.6 0.8

0
.7

0
0
.8

0
0
.9

0

θ11τ

τ

 

0.2 0.4 0.6 0.8

−
1
0

0
5

1
0

θ20τ

τ

 

0.2 0.4 0.6 0.8

0
.2

0
.6

1
.0

θ21τ

τ

 

✭✶✮ ❘❡❛❧ ●❉P ●r♦✇t❤ ❘❛t❡s ✭✷✮ ❘❡❛❧ ❚r❛❞❡✲✇❡✐❣❤t❡❞ ❊①❝❤❛♥❣❡ ❘❛t❡s

✸✺



❋✐❣✉r❡ ✼✿

❙♠♦♦t❤❡❞ ❚r❛♥s✐t✐♦♥ Pr♦❜❛❜✐❧✐t② ❢♦r ❘❡❛❧ ●❉P✳ ❚❤❡ s❤❛❞❡❞ ❛r❡❛s ❛r❡ ◆❇❊❘✲❞❛t❡❞ ❜✉s✐♥❡ss ❝②❝❧❡s

τ = 0.1

 

 

1950 1960 1970 1980 1990 2000 2010

0.0
0.2

0.4
0.6

0.8
1.0

τ = 0.5

 

 

1950 1960 1970 1980 1990 2000 2010

0.0
0.2

0.4
0.6

0.8

τ = 0.9

 

 

1950 1960 1970 1980 1990 2000 2010

0.0
0.2

0.4
0.6

0.8
1.0

✸✻



❋✐❣✉r❡ ✽✿ ◗✉❛♥t✐❧❡ ▼♦♥♦t♦♥✐❝✐t②✳ ❚❤✐s ✜❣✉r❡ ♣❧♦ts ❞②♥❛♠✐❝ q✉❛♥t✐❧❡ ❢♦r ❡❛❝❤ s✐♥❣❧❡ r❡❣✐♠❡✳

●
●

●
●

● ●

●●

●

● ●

●

●

●
●

●

●

●

●●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●●
●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●●
●

●

●

●
●

●●

●

●●

●

●
●

●

●
●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●●
●

●

●

●

●

●

●

●

●

● ●

●●

●

● ●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●

●

●

●

●
●

●

●

●

●
●

●

●

●
●

●

●
●●●

●

●

●

●

●

●
●

●

●
●

●●

●

●

●

●
●

●

●
●

●

●

● ●

●

●

●●

●

●

●
●

●
●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●
● ●

●

●

●●●

● ●

●

●

●

●

●●

●
●

●

●

●

●
●

●

●

●
●

●

●

●

●

●

●

●

●

●

●●

●

●
●

●
●●●

●
●

●

●

●

●

●●

●

●

●
●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●

●
●

●
● ●

●
●

●●

●

●

●

●

●

● ●
●

●
●

●

●

●●

●

●●●

●

●

●

●

●

●

● ●
●

●

●

●●

● ●

●

●

●

●

● ●
●

●●

●
●

●

●
●

●

●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

● ●
●●

●●●●

●

●

●
●

●

●

●
●

●

●

●

●
●

●●

●
● ●

●●

●

●

● ●

●

●

●

●●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

●

●

●●

●

●

●

●

●

●

●

●

●
●

●

●●

●

●

●

●
●

●

●

●

●

●
●

●

●
●

●

●
●

●

●

● ●

●

●

●

●

●

●

●

●

●●

●●
●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●●

●
●●

●

●
●

●

●

●

●

●

●

●

● ●●

●

●
●

●

●

●

●

●

●

●●

●

●●

●

●
●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●
●

●

●
●

●

●

●

●
●

●

●
●

●
●

●
●

●

●

●

●

● ●

●

●

●

●

●
●

●
●

●

●

●

●

● ●

●

●

●●

●

●
●

●

●

●

●

●●
●

●

●

●
●●

●

●
●●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

● ●
●

●

●

●

●

●●

●

● ●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●

●

●

● ●

●

●
●

●

●

●●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

● ●

●

●●●
●

●

●

●●

●

●

●

●

●

●

●
●

● ●

●

● ●

●

●

●

●
●

●
●●

●
●

●

●

●

●

●

●
●

●●●
●

●

●

●

●

●

●

●

●

●

●

● ●
●

●

●

●

●

●

●●

●

●

●

●

●

●

●

●
●

●●
●

●

● ●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●●

●

●

●

●●

●

●

●

●

●

●
●

●

●

●

●●●

●

●

●

●

●●

●●

● ●

●

● ●●

● ●

●

●

●●

●

●

●

●
●

●

●

●

●

●
● ●

●

● ●
● ●●

●●●

●

●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●●●

●
●

●

●
●

● ●
●

●

●

●

●●●

●

● ●

●

●
●

−30 −20 −10 0 10 20 30

−
3
0

−
2
0

−
1
0

0
1
0

2
0

3
0

Monotonicity in Regime 1: Monthly S&P 500
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Monotonicity in Regime 2: Monthly S&P 500
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