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This paper is dedicated to the Memory of my Beloved Mother Hlima 





 











𝐶𝑝 𝐴

𝑈 𝑢 𝐶𝑝 𝜙 𝐴𝑢 𝜙
′ 𝑢” 𝜙′ 𝜙𝑢 𝑌𝑝𝐶𝑝𝑇 𝑇 ≥𝐶𝑝 𝑌𝑝 𝑇

𝑕



𝑤𝑕𝐶𝑘 𝐶𝑘 = 𝑤𝑕𝑣 𝐶𝑘 = 𝑤𝑕 𝑣𝑣 ′ 𝑣 𝑉0

𝑉0 = 𝑣(𝑤𝑕)

 𝑤 𝑕 −  1 + 𝑥 𝐴 

𝐶𝑘 = 𝑇(𝐴) + 𝑤 𝑕 −  1 + 𝑥 𝐴 𝑉1



𝑉1 = 𝑣 𝑇(𝐴) + 𝑤 𝑕 −  1 + 𝑥 𝐴  
𝑐 =  1 + 𝑥 𝑤

𝑤 𝑥

𝑤 ∈  0,𝑤 𝑥 ∈  0, 𝑥 𝑐𝑐 ∈  0, 𝑐 𝑐 ∈  0, 𝑐 

𝑇 𝐴
𝑉 ≥ 𝑉



𝑇

𝑉 = 𝑉1 − 𝑉0 > 0

max𝐴 𝑉 = 𝑣 𝑇(𝐴) + 𝑤 𝑕 − 𝑐𝐴  − 𝑣(𝑤𝑕)

𝑈

Max𝐴,𝑉 𝑈 =  u (𝐶𝑝)   +   ϕ (A)𝑉 ≥ 0 , 0 ≤ 𝐴 ≤ 𝑕



𝑇
𝑈

𝑈 = u  𝐶𝑝  +   ϕ  A + βV1𝛽 ∈

𝑐 𝑤𝑥

𝜙 ′ (.)𝑢′(.)
< 𝑐



𝜙 ′ (.)𝑢′(.)

𝐴 𝑇𝑇

 𝐴 𝑐 =      𝑕              𝑖𝑓   0 ≤ 𝑐 ≤ 𝑐1−1(𝑐)       𝑖𝑓  𝑐1 < 𝑐 ≤ 𝑐2

0              𝑖𝑓 𝑐2 < 𝑐 ≤ 𝑐  
  𝑇 𝑐 =     𝑤 𝑕              𝑖𝑓   0 ≤ 𝑐 ≤ 𝑐1𝑐𝐴(𝑐)       𝑖𝑓  𝑐1 < 𝑐 ≤ 𝑐2

0              𝑖𝑓 𝑐2 < 𝑐 ≤ 𝑐  
=

𝜙 ′ (.)𝑢′(.)
 h = 𝑐1  0 = 𝑐2



 𝑣′ 𝑇(𝐴) + 𝑤 𝑕 − 𝑐𝐴   𝑇′(𝐴) − 𝑐 = 0𝑇′ 𝐴 = 𝑐𝑇 𝑇 𝐴 𝑐𝐴 𝑐𝑣 𝑇(𝐴) + 𝑤 𝑕 − 𝑐𝐴  − 𝑣(𝑤𝑕)𝑉
𝑈𝑉

ℒ = u  𝐶𝑝  +   ϕ  A + βV𝑉 ≥ ≤ 𝐴 𝑐 ≤ h 𝜆𝐶𝑝 𝑌𝑝 𝑇 𝑇 𝐴 𝑐𝐴 𝑐 𝑉𝑈 𝑢 𝑌𝑝 𝑐𝐴 𝑐 𝜙 𝐴 𝑐
𝑢 𝑌𝑝 𝑐𝐴 𝑐 𝜙 𝐴 𝑐

 𝐴 𝑐  =
𝜙′(𝐴(𝑐)))𝑢′(𝑌𝑝  −  cA(c))

= 𝑐
𝐴 𝑐 = −1 𝑐 𝜙 ′ (𝐴(𝑐)))𝑢′(𝑌𝑝  − cA (c))

= 𝑐𝐴′ 𝑐 𝐴′ 𝑐 < 0 𝑢 𝜙𝑐 ∈  0, 𝑐 𝑐𝜕ℒ 𝜕𝐴 𝜙 𝐴 𝐴  h 𝐴 𝑐𝑐1  h = 𝑐1 𝑐2



𝑐2 ′ 𝑇 𝐴 𝑐 𝑐𝐴 𝑐

𝑐 ≤ 𝑐1 𝐴 𝑐  h𝑢 ∈ 𝑐1

𝑐1 < 𝑐 ≤ 𝑐2𝐴′ 𝑐 𝑐1 < 𝑐 ≤𝑐2

𝐴 𝑐 𝑐 ≥𝑐2



𝑇𝑐 ∈  0, 𝑐 𝑐 𝑐 𝑥



≤ 𝑐 ≤ 𝑐1 𝑠𝑔𝑛 𝑇′ 𝑐𝑐1 ≤ 𝑐 ≤𝑐2 𝑠𝑔𝑛 𝑇 ′ 𝑐 𝑠𝑔𝑛 𝜎𝜎 𝐴𝛷′ 𝐴 𝛷 𝐴
𝑇

≤ 𝑐 ≤ 𝑐1 𝑇
≤ 𝑐 ≤ 𝑐1 𝑇 𝑐 𝑐𝑇 𝑐 𝑐1 ≤ 𝑐 ≤𝑐2 𝑇 𝑐 𝑐𝐴 𝑐𝑇 ′ 𝑐 = 𝐴 𝑐 + 𝑐𝐴′(𝑐)𝑢 𝑌𝑝 𝑐𝐴 𝑐𝜙 𝐴 𝑐  𝐴 𝑐  =

𝜙 ′ (𝐴(𝑐)))𝑢′(𝑌𝑝  − cA (c))𝐴 𝑐 𝑐 𝐴 𝑐−1 𝐴 𝑐  = 𝐴′(𝑐) 𝑐 𝐴 ′ 𝑐𝑇′ 𝑐 = 𝐴 𝑐 + 𝑐𝐴′ 𝑐 = 𝐴 𝑐 (1 +
 𝐴 𝑐  

′′  𝐴 𝑐  𝐴 ′ 𝑐 ) = 𝐴(𝑐)  1 − 1𝜎 𝑆𝑖𝑔𝑛 𝑇′ 𝑐 = 𝑆𝑖𝑔𝑛 (1 − 𝜎) 𝑇′ 𝑐 𝑇 𝑐𝜎 𝐴 ′ 𝐴 𝐴 𝑟



𝑇′ 𝑐
≤ 𝑐 ≤ 𝑐1

𝑐1 ≤ 𝑐 ≤𝑐2

 T A c  =  𝐴 𝑐  𝐴(𝑐) 𝑐𝐴 𝑐
T A c  =  𝐴 𝑐  𝐴(𝑐)𝑇 ′ 𝐴 𝑐  =  𝐴 𝑐  + 𝐴 𝑐 ′′ ′ ′ ′ ′ ′ 𝐴 𝑐  𝑆𝑖𝑔𝑛 𝑇 ′ 𝑐 = 𝑆𝑖𝑔𝑛 (1 − 𝜎) 𝑇′ 𝑐𝑇 𝑐 𝜎 𝐴 ′ 𝐴 𝐴 𝑟

𝜎 𝑇′ 𝑐
𝐴𝜎 𝑇 𝑐



𝜎 𝑇′ 𝐴 𝑐
𝜎𝑇′ 𝑐

𝑐1 ≤ 𝑐 ≤𝑐2

𝑇 𝑐 = 𝑐𝐴(𝑐)
𝜕𝑇 𝑐 𝜕𝑌𝑝  = 𝑐 𝜕𝐴𝜕𝑌𝑝𝑢 𝑌𝑝 𝑐𝐴 𝑐 𝜙 𝐴 𝑐 𝑠𝑔𝑛 𝜕𝐴𝜕𝑌𝑝𝑠𝑔𝑛 𝑐𝑢𝑢












