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Most developing countries are small open economies; they have quite limited
absorptive capacity for new physical and human capital;, face credit constraints in
international financial markets; and, last but not least, they are usually far from the
steady state. Thus, transitional dynamics starting from actual initial conditions matters,
and matters a lot. To account for these features in the simplest way, we develop a small
intertemporal model suitable for growth analysis in developing countries. We discuss
each model equation, variable and parameter from an empirical point of view; we
analyze the model’s main dynamic features; and we present illustrative simulations for
a “typical” developing economy.

We find a rich transitional dynamics induced by the existence of absorptive capacity
functions and a foreign debt constraint. We also find that for many relevant variables
and parameters there are still problems of lack of data and estimates. Thus, a good deal
of empirical work on these issues is needed to make growth analysis in developing
countries operational for applied policy analysis.
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1. Introduction

Contrasting with the numerous advances in growth and development theory, applied
long run growth analyses and policymaking in many developing countries are still
mostly based on qualitative judgments or discussions, or quantitatively grounded on
accounting type models with ad-hoc -if any- intertemporal dynamics.! In the past, a
number of constraints accounted for these shortcomings: the lack of enough and
reliable data, the high cost of computational capacity, and the relative lack of domestic
technical capacity.?

Some of these constraints have become less binding over the years. While still lacking,
data collection, quality and availability has improved thanks to lower processing costs
and also to the efforts of national official agencies and international organizations.> The
cost of computers has fallen and their processing speed has increased dramatically,
while the quality and diversity of software for economic modeling also improved
significantly. And technical capacity also improved in developing countries, since they
have now more economists trained in quantitative analysis and, to a lesser extent, in
computational economics, a relatively new field of economic analysis.*

From a practical policymaking point of view, the most general starting point to engage
in growth analyses and projections has to do with generating, in a systemic way, long
and very long run growth scenarios for highly aggregate variables such as per capita
output, consumption and investment; human and physical capital; and the foreign
debt, the current account and the trade balance.

! For decades, one of the most influential accounting type models has been the World Bank’s Revised
Minimum Standard Model (RMSM).

2 Also, the relatively frequent structural change and the lack of institutional continuity in strategic
planningbodies in developing economies - mostly due to political volatility - arein some cases problems
for empirical modeling. To cope with them, it may be wise to avoid working with large models. Instead, a
modeling strategy focused on small size models such as the one presented below would pay off, since
they are easier to modify, re-estimate or re-calibrate; their main features are relatively easy to
communicate to policymakers; and they do not require many resources to be maintained and in that
sense they may be easier to sustain in a changing institutional and political environment.

> A number of international data bases on growth, health, education and the environment are now
readily available from international organizations such as the UN, UNDP, The World Bank, OECD, IADB,
ECLAC, etc., as well as from now classical references as the Penn World Tables, Angus Maddison, and
Barro and Lee.

4 Kendrick, Mercado and Amman (2006).



The canonical way of performing these exercises in a consistent manner -that is, taking
into account intra and inter-temporal trade-offs and transversality conditions- is to
frame them within a Ramsey-Cass-Koopmans model. However, most of the empirical
work using this framework sets out closed economy steady-state models, thus missing
some very basic features of developing countries: they are small open economies; have
quite limited absorptive capacity for new physical and human capital; are credit
constrained in international financial markets; and, last but not least, they are usually
far from the steady state. Thus, transitional dynamics starting from actual initial
conditions matters, and matters a lot.

To account for those features in the simplest way, in what follows we present an
intertemporal Ramsey-Cass-Koopmans small open economy model with physical and
human capital accumulation, with relatively simple absorptive capacity functions and a
straightforward foreign debt constraint. We discuss each model equation, variable and
parameter from an empirical point of view, paying particular attention to problems of
information availability and parameter estimation issues for developing economies. We
derive the equations of motion and the steady state conditions of the model, and we
analyze its main dynamic features while performing illustrative simulations for a
“typical” developing economy.’

2. The growth model: variables, equations and empirical issues

Scheme 1 shows the main features of the model in a snapshot. We can see that the
stock of factors of production (capital (K), labor (L), human capital (H) and technology
(A)) generates a flow of output. Part of this output is consumed (C) by the workforce,
and the part that is not consumed (i.e., saved) can be invested in physical capital (/) or
in human capital (/4). Both types of investment are mediated by absorptive capacity
functions (Gx and Gy) to determine the proportion of each that can be transformed
effectively in increases in the stock of physical and human capital. The expansion of the

> This model is meant as a starting pointfor longrun applied counterfactual policy analysis in developing
economies. It attempts to capture in a relatively simple way some basic dynamic features of those
economies. Developing countries display, of course, other relevant features (Agenor and Montiel, 2008;
Ray, 1998; Ros, 2001) and a number of them (i.e. poverty traps, structural imbalances, or the significant
role played by natural resources) can be accommodated within the model. For instance, natural
resources such as land can be easily incorporated as fixed factors in the production function, and non
renewable resources such as oil can be represented by means of depletion equations; structural
imbalances can begenerated using multi-sectoral and multi-stage production functions, including input-
output matrices; and poverty traps can be generated using production functions with increasing returns
to scale.



stock of physical and human capital in turn helps to increase output in the next period,
and so on. Since this is an open economy, a share of output takes the form of net
exports (XN) (the difference between exports and imports), and the sign of the same
means either an increase or a decrease in foreign debt (D), whose dynamics also
depends on the international interest rate (R).

Scheme 1
The Growth Model in a Snapshot
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We turn now to the mathematical representation of the model, as well as to the
empirical issues related to the measurement of variables and the estimation of

parameters.
2.1 The production function

Output Y; is produced with physical capital K;, human capital H, and raw labor L,,
given the stock of technology A, :

2.1) Y = KEHP (A,L)*F

where a and B are the shares of physical and human capital in value added,
respectively.

The production function is a Cobb-Douglass function with constant returns to scale
(shares add up to one), and technical change increases the efficiency of labor (it is labor
augmenting, or Harrod-neutral). These assumptions are widely used in growth studies,



since they play a crucial role in generating a growth behavior consistent with the
famous Kaldor's stylized facts.® Recent influential studies (Acemoglu, 2003; Jones,
2005) claim that a proper specification for the production function is that of a constant
elasticity of substitution (CES) with a less tan unitary elasticity of substitution. However,
they show also that even if in the short run the production function is CES, in the long
run it will resemble a Cobb-Douglass function with constant returns to scale.

The measurement and estimation of the variables and parameters in this function
presents some specific features in the case of developing countries, as seen in what
follows.

2.1.1 Measurement of the capital stock

By and large, two methods can be employed to estimate reproducible capital stocks
(i.e., non natural and non-human): an evaluation of the stock of capital through direct
surveys, or the more indirect perpetual inventory method (PIM). The first method is
more expensive to implement. Furthermore, in the absence of accurate market
information on rental and second hand prices, it is not clear whether surveys are more
accurate than indirect procedures (Nehru and Dhareshwar, 1993). Thus, the PIM is the
method adopted by most OECD countries and researchers to estimate capital stocks
(World Bank, 2011).

In essence, the PIM argues that the stock of capital is the accumulation of the stream of
past investments. Analytically,

2.2) K,=%0L . (1-6) +K,(1-6)"

where K, is the aggregate physical capital stock value in year t, I, is the value of
investment at constant prices, &, is the depreciation rate, and K, is the initial stock of
capital. The PIM requires data on the assets service life or accumulation period and
depreciation patterns. Unfortunately, data on the depreciation rate is scant and is
available for only a few countries. Similarly, data on the service life of capital assets is
equally scarce. In equation 2.2, following the standard practice, a geometric
depreciation pattern is assumed. In Nehru and Dhareshwar (1993) some alternatives
for estimating the initial capital stock are reviewed.

® Remember that those facts are: the investment to capital ratio, the capital output ratio, the rate of
return of capital, and the shares of capital and labor are all constant; and the capital labor ratio, the
output labor ratio, and the real wage all grow ata constant rate.



In World Bank (2011) total wealth for 152 developed and developing countries is
computed as the discounted value of a 25 year consumption stream.’ In turn, physical
capital stocks (i.e., machinery, equipment, and structures) are estimated by using the
PIM. The World Bank estimates assume that the accumulation period (or service life) is
20 years, and to avoid comparability problems, do not use data on initial capital stocks
(World Bank, 2011). In addition, the depreciation pattern is assumed to be geometric
with 6, = 0.05, constant across countries and over time.

2.1.2 Measurement of labor and the human capital stock

Population stocks and growth rates can be easily obtained from national sources or
from international organizations like the UN Population Division.® However, in order to
make our growth model operational, along with the initial stock of physical capital, the
initial stock of human capital or human capital wealth is needed. The measurement of
the value of human capital entails the valuation of the knowledge obtained through
education and accumulated experience. Generally speaking, there are no official
statistics referred to the stock of human capital, despite being one of the main
components of a nation wealth (see Barro, 1999).

The estimation method used for measuring human capital is quite different from that
conventionally used for physical capital, where in the latter the directly available
information covers the quantity of new capital goods added to the existing capital
stock. Thus, as explained above, the magnitude of the stock can be indirectly derived
using the PIM. For human capital, it is the value of labor services that is directly
observable (from labor market transactions), and the stock of human capital can be
directly estimated from the present value of discounted lifetime labor income streams.

The measurement of human capital can be done following the lifetime labor income
approach methods proposed by Jorgenson and Fraumeni (1989, 1992a, 1992b). The
Jorgenson-Fraumeni lifetime labor income approach measures human capital per
capita for a given sex/education/age group as the discounted present value of
expected lifetime labor income per capita for that group. The expected income streams
are derived from using current cross-sectional information on labor incomes,
employment rates, and school participation rates. The lifetime labor incomes are
projected by backward recursion, which works as follows: an individual's present value
of his lifetime income is equal to the current period income plus the present value of

7 See <http://data.worldbank.org/data-catalog/wealth-of-nations>.

8 see <http://www.un.org/esa/population/>.



his lifetime income in the next period. Of course, the present value of his lifetime
income in next period is not readily available and has to be estimated. By working
backwards from the lifetime income of individuals with the highest level of education
and oldest working age, the present value of an individual's next period income can be
derived.

The Jorgenson-Fraumeni model assumes that the value of time spent in unpaid
household production or at leisure for any given age/sex/education group is the same
as the value of time spent working. This choice attracts understandable criticism.
Consequently, in order to avoid these complications, most authors provide estimates of
human capital that are confined to market labor activities. This makes comparison with
physical capital stock measures easier.

Recently, there has been an increase in the number of countries for which estimates of
human capital exist, primarily because of the OECD human capital project, which has
constructed Jorgenson-Fraumeni human capital stocks estimates for eleven countries
(see Lui, 2011). On the other hand, in World Bank (2011) a residual approach is used to
estimate the size of the human capital stock. For non-OECD countries, the Jorgenson-
Fraumeni approach was implemented for Argentina (Coremberg, 2010), China (World
Bank, 2011), India (Goldar, 2010), among others. In general, studies find that the
human capital stock is larger than the stock of physical capital.

So far we dealt with the measurement of the total stock of human capital. However, in
production function 2.1 we distinguish between raw labor and “pure” human capital.
The former can be computed as the unskilled labor (for example, an individual with less
than completed primary education) lifetime income times the size of the unskilled
labor force. In turn, the stock of “pure” human capital can be computed as the
difference between the total human capital stock and the stock of raw labor.

2.1.3 Measurement of shares

The (total) labor and capital shares of the production function can be directly estimated
from National Accounts data, under the assumption that the social marginal products
can be measured by observed factor prices. In fact, these shares are reported in a
portion of the national income and product accounts (NIPA) often referred to as the
“functional distribution of income”. Specifically, in the national accounts, gross
operating surplus is the portion of income derived from production by incorporated
enterprises that is earned by the capital factor. It is calculated as a balancing item in
the generation of income account of the national accounts.

A similar concept for unincorporated enterprises (e.g., small family businesses like
farms and retail shops or self-employed taxi drivers, lawyers and health professionals)



is gross mixed income, a very relevant category for developing countries. Since in most
such cases it is difficult to distinguish between income from labor and income from
capital, the balancing item in the generation of income account is "mixed" by including
both, the remuneration of the capital and labor (of the family members and self-
employed) used in production. Consequently, in order to allocate the mixed income
between labor and capital, Gollin (2002) proposes estimating the labor share as

2.3)

(employee compensation total WOT‘ka‘I"CQ)/GDP

number of employees

where the implicit assumption is that self-employed individuals earn the same wages as
salaried workers.’® The author finds that the mean labor share for a sample of 31
developed and developing countries ranges between 0.745 and 0.654, depending of
the adjustment performed.

As discussed, production function 2.1 decomposes total human capital into raw labor
and “pure” human capital. Consequently, the labor share estimated from the NIPA has
to be further decomposed into the corresponding two components. The raw labor
share is the share of unskilled labor income in total labor income; this component can
be computed using a household or labor force survey. In turn, the share corresponding
to “pure” human capital is computed as a residual.

Rodriguez and Ortega (2006) estimated labor and capital shares for 112 countries using
UNIDO (United Nations Industrial Development Organization) and OECD data, which
are based on corporate manufacturing enterprise and establishment surveys and
censuses. The UNIDO database includes measures of aggregate value added and wages
and salaries for 136 countries, allowing estimating capital shares defined as one minus
the ratio of wages and salaries to value added. In addition, the UNIDO database
excludes self-employed and unincorporated enterprises. The authors find that
developed economies have manufacturing capital shares that are on average
approximately 10 percentage points higher than middle income economies and 20
percentage points higher than low income economies. On average, the capital share in
developing countries is 0.7, compared to 0.54 in developed countries. In fact, the
authors find a significantly negative cross-sectional relationship between capital shares
and per capita income. In contrast, conventionally estimated capital shares in
developing and developed countries are, on average, 0.38 and 0.58, respectively.*°

® The author also proposes two more methods to estimate the portion of value added thatis earned by
the labor factor.

1% See Barro and Sala-i-Martin (2004) and the references therein.



2.1.4 Measurement of technological progress**

By and large, given the impossibility of measuring technological progress directly, the
growth rate of technology is measured “indirectly” as the growth rate in GDP that
cannot be accounted for by the growth of the observable inputs, that is, as “residual
growth.” The growth accounting methodology allows for the breakdown of observed
growth of GDP into components associated with changes in factor inputs and in
production technologies. The basics of growth accounting were presented in Solow
(1957), Kendrick (1961), and Jorgenson and Griliches (1967). Certainly, the accounting
exercise does not attempt to explain the forces that drive the growth rates of each of
the inputs or factor shares. The growth rate of output can be partitioned into
components associated with factor accumulation and technological progress. For a
simple model with two factors (labor and physical capital) the growth accounting
equation can be written as

AY

AK AL
S =5, +s, =+
K g L7 7Y

2.4) Y

where y is real GDP, K is real capital stock, L is employed labor force, sy is the share of
capital in output, s, is the share of labor in output, and g is total factor productivity
growth. Thus, the growth accounting exercise is related to the computation of factor
shares and stocks described previously, while the growth rate of GDP and factor inputs
can be computed empirically. Then, the contribution of technological progress to
growth can be calculated from equation 2.4 as a “residual” or difference between the
actual growth rate of GDP and the part of the growth rate that can be “accounted for”
by the growth rate of capital and labor. In the Cobb—Douglas case, the factor shares
would be constant over time, and would correspond to the exponents in the
production function.

The early applications of the growth accounting methodology used a weighted sum of
the growth rate of capital and the growth rate of hours worked. The weights equaled
the shares of each input in total income and were often assumed to be constant over
time. The subtraction of the weighted sum of input growth rates from the growth rate
of aggregate output then yielded an estimate of the TFP growth rate. In more recent
applications of the growth accounting methodology, changes in the quality of factor
inputs are taken into consideration (Hulten, 2010). For example, the literature
proceeds to decompose the wage bill between the component representing the

" The relationship between the rate of growth of the efficiency of labor (A) and the growth rate of total

factor productivity (g) is given by 4 = 1—3—;3'




payments to “raw” labor and the component representing the payments to the quality
or “human capital” component. Accordingly, recent TFP growth estimates represent a
direct implementation of equation 2.4 but extended to include multiple types of capital
and labor.

The KLEMS Framework aims at estimating growth and productivity accounts for
different countries; it was first applied at 25 countries of the European Union (Timmer,
Inklaar, O'Mahony and van Ark, 2010).*? Currently, the KLEMS Framework has been
extended to other regions such as Latin America (Argentina, Brazil, Chile, and Mexico),
China, Russia, and India.

In the case of Asia, Young (1995) reports TFP growth rates for the period 1966-1990
that range between 0,2% (Singapore) and 2.6% (Taiwan). For Latin American countries,
Elias (1990) reports TFP growth rates for the period 1940-1990 between -0.6% (Peru)
and 1.38% (Chile). In Gutierrez (2005), the growth accounting exercise for the period
1960-2002 is performed for the six largest Latin American countries: Argentina, Brazil,
Chile, Colombia, Mexico, and Venezuela. The author uses annual shares of labor and
physical capital for each of the six countries during 1960-2002; his estimates range
from -1.13% (Venezuela) to 1.35% (Chile).

2.2 Physical capital accumulation
The accumulation of physical capital is given by
2.5) K, = Gy, — 6K,

where §, the rate of depreciation of the physical capital stock, and indicates the
decline in the aggregate capital stock arising from its use in production; and where G,
is the absorptive capacity, that is the level of investment that can be transformed into
effective additions to the capital sock.

In general, it is not feasible to increase the capital stock in large proportions within a
given period of time. This is especially true in developing countries. Thus, from a
modeling perspective, it is necessary to constrain how much investment (Ii,) -financed
by domestic savings or by foreign savings in the form of capital inflows or development
aid- can be transformed into effective additions to the capital stock K, within a single

12 gee <http://www.worldklems.net>.
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time period. One way of doing this in a very simple way is by means of a concave
absorptive capacity function of the form®?

26) G = I (1+ ) '
mg K¢

The m, parameter controls the asymptotic value, and m;, = 0. Graph 1 shows some
examples. The forty-five degree line represents the case of perfect absorption, while
the other two lines show functions with different asymptotic value parameters (m, =
0.5 and my = 0.1). The last case shows that while an increase in the capital stock of
about 5% is likely to be achieved with no serious problems of absorption -say, within
one year-, increases beyond 10% within a year will likely be impossible no matter how
much investment is made since the absorptive capacity of the economy would be
saturated.

Graph 1
Absorptive Capacity Function

1.0
0.9
0.8
0.7
0.6
0.5

x

S 0.4
0.3
0.2
0.1
0.0

G(lk,K, m=0.1)

0 0102030405060.70809 1
1k/ K

'* Notice that we are modelingabsorptivecapacityinsuchawaythatitapplies to gross investment. This
is a simpler version (with curvature parameter equal to one) of the absorptive capacity function

Exlir ) ek

Gee =myK, | 1— (1 oK,

where the ¢, parameter controls the curvature of the function, while the my parameter controls its
asymptotic value. This function was first introduced by Kendrick and Taylor in their pioneering dynamic
multisectoral growth model (Kendrick and Taylor, 1970; Mercado, Lin and Kendrick, 2003).
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Most studies and models of investment behavior in developed countries use
adjustment cost functions, following the pioneering work of Eisner, Abel, Hayashi, and
others (for a survey, see Kahn and Thomas, 2008). While from a mathematical point of
view the adjustment cost and absorptive capacity functions are mostly equivalent, the
concept of absorptive capacity is closer to the tradition of analysis and modeling of
developing economies. During the golden years of development theory and planning
(1950s and 1960s), there were a number of discussions around the problem of
absorptive capacity leaded by scholars such as Chenery, Eckaus, Rosenstein-Rodan and
others (for a survey, see Eckaus, 1987). These discussions dealt with a range of
development issues well beyond the microeconomic problem of adjustment cost at the
level of the firm. Those issues involved institutional, complementarities and
coordination problems. Thus, the concept of absorptive capacity has a stronger link to
problems and discussions on growth and development in developing countries.

We have to mention that besides being useful to formalize a sensible limitation in the
process of capital accumulation, absorptive capacity or adjustment cost functions are
used also to mitigate the problem of infinite velocity of adjustment typical of small
open economy Ramsey models such as the one we are dealing with. Indeed, unless
there is a restriction on investment, in these models the capital stock will
instantaneously jump from any initial condition to its steady-state level due to the
unlimited supply of foreign savings at the given interest rate.

2.2.1 Measurement of absorptive capacity

A simple way of measuring a country’s absorptive capacity function would be to
compare the historical (and effective) increases in the path of the capital stock against
the historical path of investment. However, the capital stock is usually computed by
means of the perpetual inventory method, being itself a result of accumulated
investment.

Anyway, a very simple and rough way to determine the upper limit of the absorptive
capacity function would be to look at the highest rate of increase in the capital stock
which a country can achieve on a sustained basis. A proxy for that could be the average
growth in the capital stock observed during the past five or ten years in that country or

' From the 1990s and on, the use of the concept of absorptive capacity has come back but mainly in
connection with issues related to learning, innovation and knowledge spillovers at the firm level (see
Cohen and Levinthal, 1990; see also Keller, 1996 and Leahy and Neary, 2007). Also recently, there has
been a renewed interest on the issue of the absorptive capacity of foreing aid or a windfall of natural
resource revenues (see Bourguignon and Sundberg, 2007; Guillaumont and Guillaumont Jeanneney,
2007; Van der Ploeg and Venables, 2010).
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in a group of best performing countries analogous to the one being modeled. In their
pioneering work, Chenery and Strout (1966) found that a 15% to 20% increase in
investment was a plausible upper limit. However, the measurement of absorptive
capacity has been controversial (for a survey, see OECD, 1983), and it is an area where
a good deal of creative empirical work is yet to be done to find good proxies.
Alternatively, there is some work done to estimate adjustment cost functions at the
level of the firm.>> However, most of the empirical work on adjustment cost functions
has been carried out for developed countries and the results are also controversial (for
a survey, see Kahn and Thomas, 2008).

2.2.2 Estimation of the depreciation of physical capital

The economic depreciation can be measured as the change in the market value of
capital over a given period; the market price of the capital at the beginning of the
period minus its market price at the end of the period.

The traditional methodologies for measuring economic depreciation rates use market
transaction data on asset resale or rental prices. A large number of studies (Hulten and
Wykoff, 1981; Oliner, 1996; Fraumeni, 1997), which were based on vintage asset prices,
estimated the economic depreciation rates for various classes of assets in different U.S.
and Canadian industries. However, these approaches require the existence of thick
resale or rental markets, which is lacking for most developing countries.

On the other hand, Bu (2006) estimates manufacturing physical capital depreciation
rates using manufacturing firm level data from seven developing countries. He finds
that fixed capital stocks depreciate at higher rates in developing than advanced
industrial countries. Combining his estimates with those from the Penn World Table for
non-manufacturing capital stocks, Bu estimates aggregate capital stocks depreciation
rates in the range of 9.2% (Kenya) (1993-1994), 23% (Philippines) (1996-1999) and
60.7% (Indonesia) (1997-98).

In Nehru and Dhareshwar (1993) and World Bank (2011), 4 and 5 percent depreciation
rates are used to estimate capital stocks of several countries using the PIM,
respectively. In a recent paper, Schundeln (2007) estimates depreciation rates of
physical capital in the Indonesian manufacturing sector, using establishment-level data.
He finds the depreciation rate to be between 8 and 14 percent, a range that is
comparable to estimates for the U.S.

" |n Section A.6 of Appendix 1 we present a convex adjustment cost function that could be used in the
model as an alternative to the concave capacity function, and follow through the corresponding model
modifications.
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2.3 Human capital accumulation
The accumulation of human capital is given by
2.7) H, = Gy, — 6,Hy,

where &), is the rate of depreciation of the human capital stock and G/ is the level of
investment (in education and skill acquisition) that can be transformed into effective
additions to the stock of human capital.

As in the case of physical capital we dealt with above, here is also sensible to assume
that it will not be feasible to increase the stock of human capital in large proportions
within a given period of time. Thus, in the same fashion as in the case of physical
capital, we use a very simple absorptive capacity function to determine how much of
each unit of investment in human capital (I;,) will become an effective addition to the
stock of human capital. Here too the m, parameter controls the asymptotic value and
m, = 0.

_ 11y \ 7!

28) Gy = Iy (1+ m)

While data on investment in physical capital are readily available from the national
accounts, that is not the case with investment in human capital. From a conceptual
point of view, this kind of investment includes expenditures in skill accumulation such
as formal education, informal education and on the job training. While data on
informal education and on the job training are not usually available, most countries
have data on formal education, in general as an item of government expenses, and
they can be used as a proxy for investment in human capital.

Concerning the estimation of human capital absorptive capacity functions, empirical
work is lacking. However, it is likely that the absorptive capacity for human capital will
be much more limited for human than for physical capital since, as pointed by Barro
and Sala-i-Martin (2004), the educational process cannot be greatly accelerated
without encountering a significant falloff in the rate of return of investment.*®

The depreciation parameter §, opens the door to an interesting and relatively new link
between health and economic growth.17 Indeed, in this parameter we can include the

'® For a line of work that points to estimate human capital adjustment cost using Tobin’s g theory see
Kam-Ki Tang and Yi-Ping Tseng (2004).

Y Fora comprehensive coverage of the subject, see Lopez-Casasnovas, Rivera and Currais (2007).
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mortality rate of the population: the higher this rate the higher the investment in
human capital necessary to replace the loss knowledge and skills that goes away with
the deceased. We can also include the burden of disease, since when people are sick
they are temporarily out the stock of usable human capital.

2.3.1 Measurement of the human capital depreciation rate

The human capital depreciation rate can be estimated from the mortality rate
combined with a quantification of the burden on people imposed by diseases. For
instance, in Barro (1996) a higher mortality rate is related to a higher human capital
depreciation rate.

To account for the mortality rate we can use the Crude Death Rate (CDR), which is the
total number of deaths per year per 1000 people. In addition, two alternative measures
can be used to account for the burden on people imposed by diseases. The years of
potential life lost (YPLL) is an estimate of the number of years that a person's life was
shortened due to a disease. However, the YPLL indicator does not account for how
disabled a person is before dying, so the measurement treats a person who dies
suddenly and a person who died at the same age after decades of illness as equivalent.
The disability-adjusted life years (DALY) indicator is similar, but takes into account
whether the person was healthy after diagnosis. In addition to the number of years lost
due to premature death, this measurement adds part of the years lost to being sick.
Thus, unlike YPLL, DALY shows the burden imposed on people who are very sick, but
who live a normal lifespan. The World Health Organization (WHO) provides health
statistics, including YPLL and DALY, for its member countries.'®

The human capital depreciation rate for our growth model can be computed as the
mortality rate plus the human capital depreciation induced by decease. In turn, the last
can be computed as the ratio between the DALY per capita and life expectancy. In
terms of data, the WHO provides estimates on the DALY, while the UN provides
estimates on the other required pieces of information.® The human capital
depreciation rates computed in this fashion range between 0.3 percent for the United
Arab Emirates and 3.3 percent for Zimbabwe.

% See <http://www.who.int/healthinfo/global_burden_disease/estimates_country/en/index.html>.

9 See <http://esa.un.org/wpp/unpp/panel_population.htm>.
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2.4 Foreign debt accumulation and foreign debt constraint

The foreign debt D, evolves according to

2.9) D,=rD,— NX,

where 7 is the international interest rate and NX, are net exports.

Strictly speaking, D, should account for the resident’s stock of net assets. However,
here we interpret it in a more restricted way as the country’s foreign debt. For many
developing countries, residents hold a substantial amount of their wealth in the form of
assets abroad, usually in real estate property, banks accounts and even as foreign
currency they keep “under the mattress”. They hold these assets as stores of value due
to a number of reasons (lack of confidence in their domestic institutions, tax evasion,
etc.), and they are unlikely to ever bring them back to their country. Thus, concerning
the country’s macroeconomic dynamics, these assets in fact “do not exist”, and cannot
be netted out from the country foreign debt. In view of what we just said, the term rD,
represents interest payments.?°

Unlike developed countries, developing country access to international financial
markets is quite constrained, permanently or periodically. From a modeling
perspective, this feature can be introduced in several ways. We choose one that is at
the same time very simple and consistent with one of the most common criteria used
to characterize the debt burden: the debt/output ratio, and assume that this ratio
cannot exceed a certain ceiling y. Then we add to the model the following inequality
constraint:

2.10) %ﬁ <y
t

Unlike other variables and parameters examined above, the measurement of debt
stocks, interest rates and net exports flows does not present particular challenges since

20 Having to restrict the scope of net assets to the foreign debt leaves us with a current account
composed by interest payments and net exports only. However, foreign direct investment profit
remissions to home countries may be a substantial part of the current account in many developing
countries.To accountfor this feature, a simplebut ad-hoc procedure could be used, consisting in adding
into the debt equation the term w K, (where the w parameter represents the ratio of profit remissions
to the physical capital stock), so that the new term amounts to the remissions’ flow. The implicit
assumption would be that stock of foreign direct investment increases in the same proportion as the
overall capital stock, and so does the remissions’ flow. Thus, by adding this term to the debt equation,
changes in the foreign debt would reflect changes in the current account more properly.
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it is readily available from the national accounts or from international organizations
such as the International Monetary Fund.

2.5 Intertemporal welfare

So far we presented the production and accumulation equations that characterize the
dynamics of the economy. Now we need an optimization criterion to deal with intra
and intertemporal tradeoffs implicit in the many possibilities of allocation of resources
in this economy. Following the standard procedure in growth models, we set as the
optimization criterion the maximization of an additively separable intertemporal
welfare function W of the form

1-6
S (l%) -1 nt ,—pt
2.11) W = ft=0 1 e e dt
where p is the rate of time preference?®!; n is the rate of growth of the labor force or,
equivalently, of the population®?; and where the elasticity of intertemporal substitution

(EIS) in per capita consumption % at any two points in time is constant and equal to
t
1/0.7

2.5.1 Estimation of p and the EIS

One of the most important and most contentious parameters in an empirical growth
model is the elasticity of intertemporal substitution. The EIS reflects the sensitivity of
consumption (and therefore savings) to changes in intertemporal prices (i.e., the
consumption interest rates), with higher values indicating greater sensitivity. On one
hand, empirical investigations of the EIS using aggregate consumption data, such as
Hall (1988), generally indicate that the EIS is very small, perhaps near zero. On the

*! The use of this parameter is controversial. From an ethical point of view, thereis no reason to treat
successive generations differently. However, from an empirical point of view, estimated values are
mostly positive. Finally, from a technical point of view, for the welfare function integral to be convergent
p has to be greater than zero.

2 Including n as a parameter in the welfare function means that the size of the future generations is
taken into account when maximizing welfare.

% Thus utility derives from consumption through a constant elasticity of substitution function. This
functional form, together with the Cobb-Douglass form for the production function, ensures that the
“canonical” form of the Ramsey-Cass-Koopmans model has a steady state.
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other hand, many proponents of real business cycle models argue that the EIS is closer
to one - see Gunning et al. (2008) and the references therein.

In Ogaki et al. (1996), the EIS is estimated for 85 countries, including 67 low and middle
income countries. The authors find that the EIS rises with the level of income when low
and middle income countries are compared; the estimates for middle and high income
countries show less of a difference. The range of variation for the EIS is wide, from a
low value of about 0.05 (e.g., Uganda and Ethiopia) to a high of about 0.64 (e.g., USA).
For the case of Argentina, Ahumada and Garegnani (2004) estimate an EIS in the range
between 0.204 and 0.345. For the case of Brazil, Isser and Piqueira (2000) found, using
annual data, the EIS to be in the range between 0.192 and 0.217.

A related parameter, the rate of time preference or, equivalently, the discount factor,
describes the preference for present consumption over future consumption. There is
little empirical evidence on the appropriate choice for this parameter. The available
estimates for high-income countries range between 0.001 (Ziliak and Kneisner, 2005)
and 0.02 (Jorgenson and Yun, 2001). In turn, Fullerton and Rogers (1993) select a value
of 0.005 in order to generate a realistic capital stock. For Argentina, Ahumada and
Garegnani (2004) estimate a rate of time preference ranging between 0.0264 and
0.0482.

2.6 The resource constraint

Finally, a resource constraint establishes that within each time period output hast to be
equal to consumption, investment and net exports:

212) Y, =C,+ Ly + Ly, + NX,

3. The complete model in efficiency units

We transform all model’s variables and equations into intensive form?*, and we
eliminate time subscripts to save notation. The equations of the full model are listed
below.

** Given the assumption of Harrod-neutral technical change, each variable X is transformed such that

X
AL,

X¢ =
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3.1) M W—foo&‘”tdt

. axW=J_ Q¢

subject to the accumulation equations

3.2) k= ge.—vik 3.3) h= gn—vnh 3.4) d= @d —nx

and the resource and foreign debt constraints
3.5) y=c+i,+ i+ nx

3.6)

< |2
IA

X
given the production function
3.7) y = k% hf

and the concave absorptive capacity functions

. —1 L Nv—1
— 1 — 1
38) gk = lk (1+ — k) 39) 9n = lp (1+mh h)
and where
3.10) v=p—-n—(1-6)1 3.11) Ve =0 +n+21
3.12) Yh=0p+n+1 3.13) p=r—m-—2»1

where A, and L, are the efficiency and the stock of labor respectively. By the same token, each variable
X, becomes

X +x,(n+2)

where n is the population growth rate and A is the growth rate of the efficiency of labor. Finally, the
expression

1-6 1-0 4 A(-0)t
0

becomes c; , Where 4, is notrelevantsinceit’s a constant.
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with initial conditions
3.14) ko=k 3.15) ho=h 3.16) do=d

and transversality conditions

317) liInt—mo 251 k e v =0 318) limt_,oo 125 heVt=0

3.19) lim;, e pzd et =0

and where, from 3.7, 3.8 and 3.9, we have the following derivatives:

3.20) ‘;—Z = ak®1hP 3.21) % = BhB-1k

3.22) 2% (1+— "—")_2 3.23) 99n _ (1+ 2 "—”)_2
Ok my k din mp h

3.24) kL ("—")2 (1+= i—")_2 35 2om_ L (i—h)2 1+ i_h)_z
ok my \k me k ah  mp \h mp h

We assume that condition r > n + A applies, otherwise the intertemporal welfare
integral will be unbounded; and condition r < p 4+ A6 applies also, otherwise the
country would eventually accumulate enough assets to violate the small economy
assumption.

4. Steady-states and dynamics

The model displays “two step" transitional dynamics: it has two different steady-states
and Euler equations depending on whether the foreign debt constraint is or not binding
(see Appendix 1 for the derivations). When the constraint is not binding, the dynamics
of consumption is ruled by the following Euler equation (equation A9 in Appendix 1),
which is typical in standard open economy models:

4.1) S==[r—(p+10)]
We can see that the rate of growth of consumption is constant, since it is a function of
a set of parameters supposed to be constant. The steady-state equation for physical
capital is (equation A14 in Appendix 1)
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— 190y L 99k _
4.2) r = q16k+ o Oy

“" ”

where the variable g, is Tobin’s (see equation A10 in Appendix 1). Remember that
in a standard model all assets must yield the same return in equilibrium. Thus, the
interest rate and the return on capital (i.e., the marginal productivity of capital net of
depreciation) must be equal. Here we can see that the existence of an absorptive
capacity constraint implies some adjustments to the return of capital. The right-hand
side of the equation is the total rate of return for paying q, to hold a unit of physical

capital. This in turn is equal to the marginal productivity of capital ( ) deflated by g,

(which is equal to (ﬁ) , that is the inverse of the marginal increase in absorptive
k

capacity when i increases given k); plus % , that is the marginal increase in absorptive

capacity when k increases given i; minus the depreciation rate (§,,).

The steady-state equation for human capital is (equation A17 in Appendix 1)

— 19 09 _
4.3) r = . o T on oy,

where the variable g, is the analogous of Tobin’s “q” but in this case for human capital,
and where the equation interpretation is similar to the one just given for physical
capital. When the constraint is binding, the Euler equation for consumption becomes a
more complex expression (see equation A20 in Appendix 1):%°

24) $={p+20 +5, -2+ 16y[1+x(p+/19—r)] }(‘%)(17%" Z_z)_l

and the steady-state equations for physical and human capital become respectively
(equations A21 and A25 in Appendix 1)

a
4.5) p+,19= 2147 (p+ 20 — )]+ 2k -5,

10 a
4.6) p+/'l€———y[1+;((p+/'l€—r)]+ =5,

23 Alternatively, in terms of human capital the expression for the Euler equation when the constraintis
binding is (see equation A24 in Appendix 1)

- {pr a0, 22114 1o 4a0- 01 -2 () (1- 2, 2)
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Comparing the steady-state equations for physical and human capital for the
constrained case (equations 4.2 and 4.3) against the ones for the unconstrained case
(equations 4.5 and 4.6) there are two differences. Equations 4.5 and 4.6 contain an
extra term (between brackets) which depends on the credit constraint parameter y.
But notice also that the left hand sides of the equations differ. In equations 4.2 and 4.3
is the exogenous international interest rate r the value that the total rate of return in
the right hand side has to be equal to. However, in equations 4.5 and 4.6 we find
p + A0 in place of the interest rate. Thus, when the constraint is binding, the steady
state capital stocks in the small open economy behave, in a way, in a similar fashion as
in the case of a closed economy, where the discount rate is the determinant of the rate
of return on assets.

We will now analyze the dynamics of the economy in two cases: when r = p + A6,
and when r < p+ A6. To do so, we parameterized the model choosing parameter
values that could be roughly assimilated to those of a “typical” developing country. In
that sense, we use a relatively high capital share since it includes small scale informal
activities, a low elasticity of intertemporal substitution in consumption, and low
absorptive capacity parameters in physical and human capital accumulation.
Specifically, we assume that

a=0.5 B =0.15 A =0.025

6 =233 p = 0.025 n=0.02
6, = 0.075 6 =0.015 my = 0.5
my, = 0.35 r =0.06 x=20.6

In addition, we assign the following initial values (in efficiency units):
ko = 8 ho == 8 do =1

Thus, we will assume that the economy starts from a situation in which the foreign
debt constraint is not binding.

Studies of the empirical values of the elasticity of intertemporal substitution (8), and of
the time preference parameter (p), are particularly lacking in developing countries. The
same applies to the values of m; and m,, the parameters of the absorptive capacity
functions for physical and human capital, respectively. To mitigate these problems, we
perform stochastic simulations assuming standard deviations of 20% for each of those
parameters. The panels in the following sections report the results corresponding to
the average trajectories and the average standard deviations of each model variable
values for one thousand runs.
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Case 1: = p+ A0

The steady-state values for k,h,i, ,i, are obtained by solving the steady-state
equations for k and h (equations 4.2 and 4.3) simultaneously with their accumulation
equations (equations 3.2 and 3.3, setting k and h equal to zero) and the absorptive
capacity equations 3.8 and 3.9. Then y can be obtained from the production function
equation 3.7. (See Appendix 2 for a complete list of steady state values).

Still we have to solve for three variables: ¢, nx and d, but inspecting the model
equations in Section 3 we see that we are left only with two equations to do so
(equations 3.4 and 3.5). However, following the standard procedure for small open
economy models, we can obtain ¢ as follows.

Since r = p + A8, from the Euler equation 4.1 we obtain

4.7) =0

Thus, we get the well known result that consumption is constant along the optimal
path, and its optimal level is reached immediately (consumption “jumps” into it) thanks
to the possibility of unconstrained borrowing from abroad.?®

To get consumption’s optimal level, integrating the debt accumulation equation 3.4
and using the debt transversality condition (equation 3.19) we obtain

4.8) foooce_”tdt=f0°°(y—ik—ih)e"”tdt—dO = nw,

Thus, consumption present discounted value is equal to net wealth at time zero (nw,),
that is, the present discounted value of net output minus initial debt. Since we know
that consumption is constant along the optimal path, we solve the left hand side
integral in the equation above to obtain

26 Jumps are a well known problematic feature of standard small open economy models. Capital stocks
jump to the steady state immediately, unless some constraints are imposed for example as absorptive
capacity or adjustment cost functions. Jumps are also problematic in models with production functions
with physical and human capital like the one we are dealing with: these variables will jump to their
steady-state ratio immediately, unless some constraints are imposed, once again using absorptive
capacity or adjustmentcost functions, or restrictinginvestment in physicaland human capital to be non-
negative. Finally, if we want to simulate the transitional dynamics of the economy starting from actual
initial conditions for all its variables, jumps in consumption may also be problematic if they imply
instantaneous and unfeasible large changes in that variable. This could be dealt with in an ad-hoc
fashion, introducingan upper limit to the rate of growth of consumption, or in a more sophisticated way
using a “habit” function (see Fuhrer, 2000).
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49) c=cy=vnw,

Once we get ¢, we can obtain nx from equation 3.5, and finally obtain d from equation
3.4 (setting d equal to zero).

Notice that from equation 4.8 nw, is a function of the initial level of debt d;, and also
of the initial levels physical and human capital, since from the production function
(equation 3.7) y, depends on k, and h,,. Thus, the steady-state is “hysteretic”, a typical
feature of standard intertemporal small open economy models.?’

Panel 1 displays the behavior of the main model’s variables expressed in efficiency
units. We can see from the debt/output ratio (Panel 1.9) that the foreign debt
constraint becomes binding in period 13. Up to that period, k and h (Panel 1.6 and 1.7)
increase towards the unconstrained steady-state. At the same time, ¢ reaches its
steady-state constant level immediately and stays there until the constraint becomes
binding (Panel 1.2).

As it is well known, in a simple standard open economy model investment jumps up in
the first period so that the capital stock reaches its steady state immediately. In the
next period, investment falls down to its steady state level. In our model, we can see
from Panel 1.3 and 1.4 that the behavior of investment in physical and human capital is
more complex due to the existence of absorptive capacity functions and a foreign debt
constraint.

Panel 1
Casel: r= p+ 10
Figure 1.1: output Panel 1.2: consumption
Avg.STD=0.86 Avg.STD=0.32
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27 See Heijdra and Van der Ploeg (2003) and Giavazzi and Wyplosz (1984) (in this article, see also the
suggesting comments by Paul Krugman concerning the relevance of transitional dynamics).
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Panel 1.3: investment in physical capital Panel 1.4: investment in human capital
Avg.STD =0.37 Avg.STD=0.18
1.65 0.74
1.60 072 /__._————'-"
155 /_— 0.70 _—
0.68
150 0.66 \ /
145 N \Vd
’ v 0.64
1.40 0.62
1.35 0.60
O " N M ST !N OMNOWOHO = NMSST LW ON NN O N O =" N M T N OMNOWWOOHOO = NMSST W OO N
TRmsmeree SREEREESSSRE S TRmsmeNe e SRR T8RS 8SRNRY
Panel 1.5: net exports Panel 1.6: physical capital stock
Avg.STD =0.01 Avg.STD=2.45
0.15 12.0
010 {—— 100
0.05 I 8.0
0.00
:’HvammeO\Oﬁvamwl\meﬁN 6.0
ﬂmI”N“*mw“wmszmzﬂﬁzzzamm:
-0.10 I 40
-0.15 2.0
-0.20 0.0
O =" N M ST N OMNOWWOOHOO = NMSST WM OO O N
2025 H N M ST NONONANMNT N ON®XONO N M
SoAIas52ag38Y
Panel 1.7: human capital stock Panel 1.8: debt stock
Avg.STD =2.52 Avg.STD=0.51
12.0 3.5
100 30 1 —
— 25
8.0
o 1
6.0 15 I
4.0 10
2.0 05
0.0 0.0
O =" N M ST !N OMNOWOHOO = NMSST LW ON N0 O N OO0 0000000000000 00O00O0O0O0O0O0 0o
TRNmsmeree SREEREESSSRE SNMSAErSagOSRI N8 aERNRIY
Panel 1.9: ratio d/y
Avg. STD =0.00045
0.7
0.6 /
0.5 I
0.4 I
0.3 ,
0.2
0.1
0.0
0000000000000 00O0000O000O0 00O
SNPSAErSagIS RIS a8 RNRIY




25

Once the foreign debt constraint becomes binding in period 13, the dynamics of the
model will “switch” and all model variables will move towards the constrained steady-
state. The constrained steady-state values for k, h,i, ,i, are obtained, in a similar
fashion as before, by solving equations 4.5, 4.6, 3.2, 3.3, 3.8 and 3.9 simultaneously,
and then y is obtained from 3.7.%% However, solving for the remaining variables is in a
way simpler that in the case of the unconstrained model. Indeed, from the foreign debt
constraint (equation 3.6) we can obtain d, then from equation 3.4 (setting d equal to
zero) we obtain nx and finally from equation 3.5 we obtain c.

Notice also that the constrained steady-state is not hysteretic: it does not contain
variables whose steady-state values depend on initial conditions. The steady-state is a
function of the model parameters only (including the y parameter). Thus, we can see
that the existence of a foreign debt constraint induces a non-hysteretic steady state
once the constraint becomes binding. However, notice that we do not introduce that
constraint into the model as an artifact to get rid of hysteresis. We just do so because a
foreign debt constraint is a fact faced by most developing countries.?®

We can see from Panel 1.6 and 1.7 that the behavior of k and h changes once the
constraint becomes binding in period 13. We can also see (Panel 1.2) that after that
period c is no longer constant since the Euler equation 4.7 will not rule its behavior
anymore; its dynamics will derive from the more complex Euler equation 4.4.

Case 2: < p+ A0

The equality r = p+ A8 is very unlikely to be observed in practice, since there is no
reason for the international interest rate to coincide with a specific combination of
structural parameters of a small economy. Thus, it is worth considering a case like this
one. For this case, we assign the value 0.06 to r, which is lower than the value of
p + A6 (which is 0.08325) derived from the values assigned previously to the
corresponding parameters.

*® Notice that since r = p + 16, the binding constraint steady-state equation for physical capital (4.5)
becomes identical to the not binding constraint equation 4.2, and the same happens with the human
capital steady-state equations 4.6 and 4.3.

29 Hysteresis is a matter of concern for computing business-cycledynamics is the way thatis done in RBC
type stochastic macro models, since it means that variables such as assets or consumption are non-
stationary (their unconditional variance is infinite). Thus, to obtain a stable stochastic s teady statein a
stochastic small open economy model, a number of additional assumptions or restrictions are
sometimes imposed (see Schmitt-Grohe and Uribe, 2003), and a credit constraint may well be one of
them.
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Panel 2.9: ratio d/y
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The steady-state values for k, h, i, ,i, are obtained solving simultaneously 4.2, 4.3, 3.2
(setting k equal to zero), 3.3 (setting h equal to zero), 3.8 and 3.9, and y is obtained
from 3.7. We can see from Panel 2.9 that the constraint becomes binding in period 8,
and also from Panel 2.3 and 2.4 that up to that period k and h increase towards their
unconstrained steady-state levels. However, given that r < p+ 16, from the Euler
equation 4.1 we now obtain

4.10) f <0

Thus, starting from the initial value ¢, consumption will decrease and move
asymptotically to zero, as can be seenin Panel 2.2. Since it is an “impatient” country, it
will borrow from abroad in order to have a high level of consumption early on, at the
cost of low consumption growth later on. Also, given this behavior for consumption,
from equation 3.5 we can infer that nx will reach a steady state value asymptotically,
and from equation 3.4 so will d..

Once the foreign debt constraint becomes binding in period 8, the dynamics of the
model will “switch” and its variables will move to the constrained steady-state. Also as
in Case 1, the steady-state values for k, h,i; ,i; are obtained simultaneously from 4.5,
4.6, 3.2, 3.3, 3.8 and 3.9, then y is obtained from equation 3.7, d from equation 3.6, nx
from equation 3.4 (setting d equal to zero) and finally ¢ from equation 3.5. That change
in dynamics for k and h can be clearly appreciated from Panel 2.6 and 2.7.

Notice from Panel 2.2 that once the constraint becomes binding, consumption stops
moving asymptotically to zero and begins to move to its steady-state value. This is so
because consumption follows now the dynamics dictated by the Euler equation 4.4,
since it is no longer possible to continue borrowing at will to enjoy a high level of
consumption early on.

In short, when r = p + A8 (Case 1), the economy will move towards the unconstrained
steady state, while at the same time the level of consumption will jump immediately to



28

its steady-state level. Once the foreign debt constraint is reached, the economy will
move towards the constrained steady state, while consumption will move gradually
towards the constrained the steady state level. When r < p + 16 (Case 2) the
economy will move towards the unconstrained steady state, while consumption will
move gradually to zero. Once the foreign debt constraint is reached, the economy will
move towards the constrained steady state, while consumption will move gradually to
its constrained steady state level.3°

5. Concluding comments

We presented a small open economy growth model to capture the main long run
dynamic interactions and transitional dynamics amongst flow variables such as output,
investment, consumption and net exports, and stock variables such as physical capital,
human capital and the foreign debt. We introduced into the model absorptive capacity
functions and a foreign debt constraint, and we tried to do so in the simplest possible
ways. We derived analytic results and we simulated the model parameterized with
values roughly similar to those of a “typical” developing economy. We found a rich
transitional dynamics induced by the existence of absorptive capacity functions and a
foreign debt constraint.

A number of basic experiments can be carried out with this model, linking parametric
changes to institutional or policy changes. The most obvious one is to simulate an
improvement in the national system of innovation as an increase in the rate of growth
of technological change. As it is well known, for this kind of models the steady state
growth rate of per capita output will be equal to the rate of growth of technological
change. However, it is most interesting to explore the impact of this experiment in the
transitional dynamics. Also, changes in perception from international creditors can be
simulated as changes in the foreign debt constraint; improvements in infrastructure or
in the management capacity of the country as increases in the absorptive capacity of
physical capital; improvements in the educational system as increases in the absorptive
capacity of human capital; and improvements in the health system as reductions in the
depreciation rate of human capital.

%% Notice that the previous analyses correspond to the dynamics of the model’s variables expressed in
intensive form. If we analyze their behavior in per capita or in absolute levels, steady-states become
balanced growth paths, and changes in direction of motion may well become changes in the speeds of
growth.
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We also discussed data availability and empirical estimates for each model’s variables
and parameters, with particular interest in those for developing countries. We found
that for many relevant variables and parameters there are still problems of lack of data
and estimates, or plausible ranges or variation for them. Thus, a good deal of empirical
work on these issues is still needed to make growth analysis in developing countries
operational for applied policy analysis.
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Appendix 1

A.1 First Order Conditions

35

Given de model equations in Section 3 of the article, the present value Lagrangean for

the problem is

cl-9 —1

L=——- p; (g —vik) + 1, (g, — vyh) + p3 (d ¢ — nx)

1-0

+ w, (Y—c—ip—ip—nx)tw, (xy—d)

From the set of derivatives of L w.r.t. the controls equalized to zero (Z—f =0,

oL oL . .

P 0, and P 0) we obtain, respectively

Al wy=c? A2.
dg

From the set of equations of motion for the co-states (p, ,1t,, L3 ) we have

99k
w1 —#16_1.](
w1 = — U3

. oL
thus,

, . dg dy dy
AS. = (SEm v v) m e g - oy
and substituting A2 into A5’ we obtain

12 | = — aﬂ — — aﬂa_y) j— a_y
AS™. = “1(ak Vi 1]+aikak W2 X 3k
We also have

. oL

thus,

3
iy,

0,



, . ag dy dy
A6ty = =i (v —v) —wy w5
and substituting A3 into A6’ we obtain

12 | = aﬂ_ — %a_y) — a_y
A6 K2 = '“2( on  YnTV dip oh W2X 3

And finally we have
. aL
thus, we obtain

A7’ s = —uz(@ —v) + w,
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Equations A5”, A6 and A7’, together with the accumulation equations 3.2, 3.3 and 3.4
form the “canonical system” of first order differential equations that characterizes the

motion of the model’s variables.3?

In what follows, we will solve for the steady-state conditions of the model. Since it’s
simpler, we will begin by the unconstrained case and later move on to the constrained

one.

A.2 Solving for the steady-state when the debt constraint is not binding

If the constraint is not binding, then w, = 0. Thus, we set w, = 0 in A7’ to obtain

A8. oy
Us v ¢

Substituting for p; using Al and A4, and substituting for v and ¢ using 3.10 and 3.13,

we obtain the Euler equation for consumption:

A9. S==[r—(p+10)]

|+

*! The firstorder conditions are completed with the set of equations of motion for the states (setting the
derivatives of L w.r.t. the co-states equal to the derivatives of the states w.r.t. time, which yields
equations 3.2, 3.3 and 3.4); the set of derivatives of L w.r.t. to the Lagrange multipliers w,,w, equalized
to zero, which yields constraints v and vi; and the set of transversality conditions (equations 3.17,3.18

and 3.19).
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We will now redefine some co-state variables in order to obtain results that can be
interpreted in a more familiar way. We substitute —q,u; for u,, and from A2 and A4
we obtain

A10.  q,= ("’ﬂ)_1

3y,

and we substitute —q,u, for u,, and from A3 and A4 we obtain

All. g, = ("’ﬂ)_1

diy,

Thus, g, is Tobin’s g for physical capital while q, is the equivalent of Tobin’s g for
human capital.3?> In what follows, we will apply the same trick when obtaining the
steady-state for physical and human capital.

Steady-state for k

Substitute —q,u; for p,; in A5” and use A10 (and remember that w, = 0 for the
unconstrained case), to obtain

A12. b=y pp— L2 20 4

Equalizing A8 and A12, substituting for v, y,, and ¢ using 3.10 and 3.11 and 3.13, and
simplifying we obtain

10y , 009k , 41
Al3. r=——=+4 =<4 1
3 q, 0k * ok + a 5k

Finally, to obtain the steady-state equation for k set g, = 0:

— 19y 99k _
Al4. r= T 5,
Steady-state for h

Substitute —q,u; for u, in A6” and use A1l (and remember that w, = 0 for the
unconstrained case) to obtain

32 Notice that we are modeling absorptive capacity in such a way that it applies to gross investment.
Thus, Tobin’s g will not be equal to one in the steady-state.
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Equalizing A8 and A15, substituting for v, y,,, and ¢ using 3.10 and 3.12 and 3.13, and
simplifying we obtain:

_ 10y ,09n 92
Al6. = q26h+ on T o . -4,
Finally, to obtain the steady-state for h set g, = 0:

— 10y, 99n
M7 r= T8,

A.3 Solving for the steady states when the debt constraint is binding
Steady-state for k
Substituting A2 and A4 into A7’ and rearranging:
dg 9g
Al8. w, = — (u1 al") tg, (9—v)

Substituting A18 into A5” and rearranging:

a9k ay
Ha (“lal)xﬁ F) dg, 0 dy dy d
Ji Ji 0Y Y 09gk 0y 09k

A19. o Ok kg g oy 206DV 0P 00k,
1y ak Ve i, 0k ok iy X 3k iy

Substituting —q, u5 for p, in A19, using A10 and Al and A4, and substituting for y,, and
v and ¢ using 3.10 and 3.11 and 3.13, we obtain an alternative expression for the
“Euler” equation for consumption:

A0, = {p+/19+5—aﬂ+1ng[1+x(p+/19—r)] 1}(—l)(l—
-1

Setting ¢ and ¢, equal to zero, equalizing to zero the term between curly brackets, and
rearranging we obtain the steady-state for k when the foreign debt constraint is
binding.

A21. p+/19——— [1+ 7% (p+ 20 — )]+ 2 -5,

Steady-state for h
Substituting A3 and A4 into A7’ and rearranging:

7]
A22. w; = (.Uz a€h> — U PTN b (g —v)
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Substituting A22 into A6”” and rearranging:

: %) 2y
.u'Z_(H'Z aly Xah — 6gh

Ha oh

9gp 9y 0y 0gn 9y 0gy

A23.
dip oh oh dh oh oh

Substituting —q,u5 for u, in A23, using A10 and Al and A4, and substituting for y,, and
v and ¢ using 3.10 and 3.12 and 3.13, we obtain another alternative expression for the
“Euler” equation for consumption:

A245 = {p+/19+5h—%+;—zz—i[1+x(p+19—r)]_%}(_%)(1_q1_2X %)-1

Setting ¢ and ¢, equal to zero, equalizing to zero the term between curly brackets, and
rearranging, we obtain the steady-state for h when the foreign debt constraint is
binding.

19 _ 99n _
A25. p+/’l€—qzah [1+y (p+416 r)]+ah h

A.4 An alternative model with convex absorptive capacity functions

If instead of the concave absorptive capacity functions

2.8) G = i (1 + L i_k)_l 3.9) gn = ip (1 + L i_h)_l

mg k mp h

we use the convex functions>3

38)  ze= i1+ %% 39)  zp=ip(1+22)

(where a; =0 and a;, =0) then we have to introduce some modifications in the
model specification. First, the physical and human capital accumulation equations

33 This quadratic form is the most popular mathematical form for the convex adjustment cost function,
because instandardinvestment models ityields linear decision rules for firm’s investment. However, the
concave absorptive capacity function has one parameter (m) which allows us to control the asymptotic
value, thus generating plausible functions such as the case m = 0.1 in Graph 1 (see Section 2 in the
article). This is equivalent to say that beyond a given value of the investment/capital ratio, the
adjustment cost becomes infinite, something impossible to obtain with a quadratic function.
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become
32') k = ik - )/kk 33') h = ih - ]/hh

Second, the resource constraint equation
3.5) y=c+ip+ i+ nx
becomes

3.5') y=c+z,+ z, + nx

Finally, the derivatives of the adjustment cost functions are

, 97k ik , 97n _ in
3.22') alk_1+“k . 3.23) 6ih_1+ah -

, %__ﬂ(i_h)z , %__a_k(i_k)z
3.25') on = S 4, 3.24') Pyl l (s

The Lagrangean is then

cl-f —1
L=——gt =l + p, (=yph)+ s (d o —nx)
+ w0, (y—c—z,—z,—nx)+w, (xyy—4d)

Given the previous changes, to capture their impact in the model dynamics we have to
proceed as follows: in Tobin’s q equations A10 and Al1l, in the steady-state equations
Al14, Al17, A21 and A25, and in the Euler equations A9, A20 and A24, we have to

99k

0z
k and
K

-1
substitute 22« a k and 220 by ( ) and (Z%) respectively, and the terms —
h

alh alk

-1
ag" by the terms + —% az" (Zj") and +—= azh (Zzih) respectively.
k h



Appendix 2

Table of steady state values (in efficiency units)

computed for the mean values of model parameters
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Variable Case 1 Case 1 Case 2 Case 2
Unconstrained Constrained Unconstrained Constrained
y 4.966 4.966 8.631 5.129
c 2.403 2.576 0.000 2.699
" 1.574 1.574 3.335 1.649
in 0.702 0.702 1.658 0.735
nx 0.286 0.114 3.633 0.046
k 9.971 9.971 21.125 10.443
h 9.690 9.690 22.891 10.148
d 7.823 2.980 242.208 3.078




