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Abstract

The Lucas and Romer production functions are currently the two most popular descriptions of the new growth
theories in which knowledge is endogenous to economic growth and technological change. However, in both
production functions the relationship between technology and human capital is implicit, and human capital
is measured as an area. The latter is inconsistent with common understanding by which knowledge can be
deep and wide and evolving over and in time, meaning human capital is 3D. This paper takes human capital
as being 3D and frames it in Lucas and Romer production functions. Both functions bunch knowledge
together, i.e., human capital and technological knowledge are strictly inseparable. Analysis and intuition find
that if we take human capital to be a volume, the Lucas production function is most appropriate for use at the
micro-economic fevel where emphasis is on production knowledge. At the macroeconomic level the Romer
production function appears more reasonable, as knowledge is far more than just production knowledge. A
limitation of the paper is how to actually calculate human capital as a volume and then to estimate the
production functions empirically. The limitation represents a fruitful direction for future research.

Keywords: Knowledge, technology, 3D human capital, Lucas production function, Romer production
function

JEL Code: Y1, C80, D60, D83, 015, 043



1. Intreduction

Standard economic theory holds that the production possibilities of any economy depend on its
technical capability. In turn technical capability depends on the current state of technology (A) and
productive resources, primary among them land (R) and other natural resources, like the human
population (N), labor (L), physical capital (K), human capital (H), and enirepreneurship (E). In
classical and neoclassical theories of economic growth, R is fixed in quantity (Malthus, 1960) and
quality (Ricardo, 2004), and thercfore imposes a cost on variable factors in terms of diminishing
marginal products (returns) - see Richard A. Easterlin (1977), Chad Jones (2004), Kosobud and
O’Neill (1974), and Pretiner (2011).” Although economists have known for a long time the role
economic organizations play in economic activities as apparent from both Karl Marx (1906) and
Max Weber (1947), it was not until Frank Knight’s (1921) Risk, Uncertainty and Profit that
economic theory appreciated fully the importance of E to long-run economic performance. But even
then many continued to view E as an embodiment of L and K in alliance with management,
ownership, and A. Since for the sole propriatorship the entreprencur was often the worker, owner,
and manager such a view was understandable.

As Eagly (1974) shows, the same blindspot occurred with regard to A despite the fact that A featured
prominently in Karl Marx and F. Engels’ Communist Manifesto (1848). In the classical production
function Y depended on K made by L, which grew out N. From the physiocrats and early
mercantalists N depended on the fixed supply of R. The Marxist L theory of value then suggested
that the presence of diminishing returns implied an unavoidable struggle between K and L, a
struggle, which L would win because L has a class consciousness that K did not have. The resulting
class revolution would culminate into a ‘proletariat dictatorship’ (socialism), and begins another
political confrontation this time between the State and workers. The worker-State struggle is
necessary for a classless society (communism) to emerge according to Marx and Engels’s stages
(epochs) of historical development.

It took many years of development for neoclassical economic growth theory to introduce the direct
role of A in the production function. Even so, the introduction viewed A only as exogenous “manna
from the heaven” — so to speak (Solow, 1956, Swan, 1956, 2002). Moreover, while the concept of
exogenous A was straightforward, issues surrounding its precise definition, measurement, the
specific channels through which it affects Y, and how it is transmitted (transferred and diftused) have
remained difficult. These issues became even more pronounced in light of the empirical findings that
showed that the effect of A on Y was larger than the effects expected a priori of K, L, and R (Solow,
1957). Such findings stimulated research activities into two avenues. In one avenue researchers
considered whether A was really more important to the production process than other factors, or its
strength was a fluke due in part or whole to some specification bias (¢.g., incorrect functional forms),
or some mis-specification bias (i.e., a correct functional form that included incorrect variables and/or
excluded correct variables). The second research looked into whether neoclassical growth theory

%in the Malthusian sense population is not biologically fixed. In fact, because of the “passion between the
sexes” population expands uncontrollably, and it is like weed which can overwhelm crop.



itself neglected to consider the endogenous nature of the growth process (cf. Cass, 1965, Koopmans,
1965).

As Nelson (1996, 2005) tells us the research activities taking place along the avenues just mentioned
form the basis of at least two current versions of the new growth theory. One version, deriving from
Solow (1960) and Arrow (1962), focuses on human capital (1) as a factor of production that has
positive side-effects (externalities) on labor productivity — see, e.g., Solow (1997). Lucas (1988)
is a fine example of this, although he has moved away at bit in Lucas (1993, 2009, 2011). The
second version treats H, total factor productivity (TFP), and technological change interchangeably.
In that case H is “disembodied knowledge as manifested in technology” (Messinis and Ahmed, 2008,
p. 1).The view of H as a positive knowledge externality draws upon Schumpeter (1934, 1939,1942,
2005), among others. Paul Romer (1990), Aghion and Howitt (1992), along with extension that
utilize the Nelson and Phelps (1966) channels like Benhabib and Spiegel (1994), provide recent
interpretations. Since there is already a huge literature review on that such as Tamura, Dwyer,
Devereux, and Baer (2011), Jones (2004), Rogers (2003), Islam (2004), Parente (2001), and
McCallum (1996 ), I use my time and space here to create an impression about the things that I find
important {at least to me].’

For example, in a Solow economy growth beyond investment and capital is determined by
exogenous technical change, the so-called Solow-residual, or technological constant, see, e.g.,
R.G.D. Allen (1967, Chapter 13), Phelps (1964, 1969), and Frank Hsiao (1968). Learning-by-doing
models such as those by Solow (1960), Arrow (1962), Sheshenski (1967), Shell (1967), Kaldor
(1966, 1961), and Kaldor and Mirrlees (1962) modified Solow originale. However, in these
modifications too diminishing returns to net K ultimately occur. Barro and Sala-i-Martin (1990,
1991), and Mankiw, Romer, and Weil (1992), Romer (1986), all attempted to differentiate H from
Solow’s ‘effective labor” and the Arrow learning effect. However, the process of K-accumulation
continued to depend on the saving rate, and H-accumulation remained largely unexplained (see
Tamura, 1988, Romer, 1989). Consequently the technological spill-overs and “spill-ins” suggested
by these models tended to zero with convergence to some steady-state equilibrium.*

On the one hand, Neo-Solow growth models emphasized the determinants of technical change,
especially where these postponed the onset of diminishing returns to K by way of H externalities,

3The historical and current state of the growth theory is reviewed by prominent economists in the Winter
1994 issue of the Journal of Economic Perspectives, the May 1991 issue of the Quarterly Journal of Economics, as
well as in Volume 32, No. 3 of the Journal of Monetary Economics, 1993. A good review of the traditional growth
theory is Grossman and Helpman (1991, Chapter 2). Before these recent reviews I strongly recommend Sidney
Weintraub’s (1977) Modern Economic Thought, especially the essays in that book by Daniel Hamberg, Karl Sheil,
and A. Asimakopulos (see, pp. 329-393).

L am making liberal use of the term “spill-ins” that is due to James Buchanan (1979, pp.115-142),
“Spillouts™ are outward externalities such as the effects of economics on “its scientific neighbors” and “spillins” are
effects of neighboring sciences on economics. This is a nice way of indicating the direction of external effects
without giving it an arithmetic sign.



taking place through trade for example or through the general policy environment {Grossman and
Helpman, 1991). On the other hand Post-Solow or Neo-Schumpeter models considered technological
change, technical progress broadly, to be endogenous with respect to intermediate goods and services
(Romer, 1989, 1990, 1992, 1993, 1994, Grossman and Helpman, 1991, Lucas, 1993,2009, cf. Lucas
and Moll, 2011, Aghion and Howitt, 1992). A key difference between Solow and neo-Solow models
on one side, and the post-Solow or neo-Schumpeter models on the other side is a matter of both

focus and perspective. For instance, given a Solow Cobb-Douglas ¥=4e *L “K P, traditional theory

stresses of, whereas endogenous models would emphasize the determination of de , the direction
of factor bias, if any present, and the implications for factor substitutability and complementarity.
So, from Neo-Solow models like Mankiw, Romer and Weil, Y=F(K, 4e ®L H); for Arrow, Jones, and

other and Barro, and others Y=F(K,4e “(K)L,H).Further discussion of these specifications are
beyond the scope of this paper.

Again, since 0Y/d4>3Y/0X, many in the endogenous growth community have interpreted such a
finding as meaning that A can be measured as total factor productivity, the latter itself a function of
some stock of unknown knowledge — “measure of our ignorance” (Abramovitz, 1986, cf. Choi,
1983).° Because a significant part of A is acquired through investment in knowledge building
activities and processes like education, experience, and training, knowledge can be thought of as a

function K', where K *=f{K,H)=H""K"%, so that

Y=ALK "B =AL “H"K %= AL %(s Y =AL (s ;))(s, V%, 5,=1-5,, (1)

where s is the Keynesian saving rate. In per capita terms, (1) depends mainly on K", i.e.,y=4k*¥, and
this version is often called an AK model (Galor and Weil, 2000).

We assume that K depreciales at 8, rate, but H appreciates at a net rate 8,; so that

Y=AL %(s,¥ -8 K *)F <AL (s, V£8 ,H) (s, ¥ -5, K)%. )

Normailzing (2) leads to y=A(sy-8%*P, = oy/dk *=pdsf,.-8,-By-8,.Hence, neoclassically the
steady-state growth rate of y (gy) equals to the growth rate of k (gk), i.e.,

STt is to say whether unknown knowledge is knowable or unknowable. However, Arrow (1969) says that
“knowledge arises from deliberate seeking, but it also arises from observations incidental on other activities [such
that production and investment may lead to increases in productivity without any identifiable allocation of resources
to that end” (30).



gy=gk=A(s,—8)=A(s 06, )(s,~0,) =f(4.5), (2"

where 3. is either according to Harold Hotelling (1925), or according to Trygve Haavelmo (1960).
Regarding Haavelmo, K is a fraction of actual Y devoted toward the production of potential ¥ — an
idea well espoused by Kalecki (1971). As such K has a maintenance cost and a replacement cost, in
that its accumulation can increase maintenance cost and/or reduce replacement cost. The net effect
may be to reduce the volume or quantity of K available for use in production. Hence, depreciation is
really a function of use, and use depends on both technical factors such as resistence to wear and tear
(accounting depreciation), and economic considerations such as the price of K, prices of what K
produces, and the state of the general economy.® This is the foundation of the so-called “perpetual
inventory method” by which K =1, +(1-8)K,_,, implying that

1 L . L *
b= K Ko thy - K)=1+ig — k"=yK(®), 1=K,_|/K, , ig=l/K, ,, k*=KIK |, (3)
-1

where all variables are dated and v, K(#)is Equation 23.3 in Haavelmo (1960, p.127). This perspective
is consistent with H. Hotelling’s (1925) theory of depreciation by which

t n
K, (M despS() = 8= [M0 dr+pS(o )
{

h

and ®@ is the surplus value of K net of its cost, and A and p are discount factors, and pS(rn) 1s the
salvage value of K. Thus, given the values of A and p, one can demonstrate that

i
§ *:g}[ f AD df], pS(n)=(1-k "), such that
d. s \
8,;5[ [m dt+pS(m)]=ig+(1-k*). (5)

It is then logically tempting to think that H=I+(1-6,)H,_, so that
8, =(H_,+I,-H)H,_ =1+ w—h "=y, H.However, while the processes behind investment in physical

capital (1} and human capital (I,;) are alike, they are not identical. The rate of investment in capital

*This view suggests that depreciation is accounting plus economic depreciation.



K (ig) is mainly private, and the rate of investment in H (i ) can be either private, public (social),

or both. Moreover, K largely depreciates, while H appreciates more than it depreciates and that is
why we can write 18, in (2).

Amavilah (2014) shows that from the works of J. Mincer (1958, 1974, 1981, T.W. Schultz (1961,
1981, 1979), W.A. Lewis (1965), M. Biaug (1977, 1976), G.S. Becker (1993), and many others the
appropriate foundation for H is N, but we return to that later. Now, let’s step back to note that (1) and
(2) derive from Frankel’s (1962) specification in which A is the “development modifier” (cf. De la
Croix and Michel, 2002, p. 1241f, Rebelo, 1991, Romer, 1989). From there Lucas (1988) interchanges
A and H, and proxies I with years of schooling. However, since Lucas finds the effects of Jower
educational levels stronger than those of higher educational levels, the results suggested an inverted-U
relationship between economic growth and H. Thus, the solution described in “On the Mechanics of
Economic Development” raised more questions than it solved, and these led Lucas to a new and
different model in which it is the proportion pH of H actually spend in production that matters rather
than H measured as vears of schooling.” This is comparable to the difference Hanushek and Kimko
(2000), and Hanushek and Woessmann (2008) make between cognitive skills and affective skills. In
this light the Lucas production function (LPF) would be,

Y = AL'K"@H)™, o + By +By < 1, ©)

where pH if the fraction of L actually engaged in production. From this understanding Lucas
concluded that there was no such thing as miraculous growth in East Asia, because pH had larger and
statistically stronger impact on economic growth there than H. In other words miracles were man-
made.

The second version of the new growth theory, also deriving from Frankel’s (1962} insight, assumes
that A =H is driven by innovations. Paul Romer (1990) used the Dixit-Stiglitz (1977) production
function to frame that idea by representing innovations as product varieties (cf. Dingel, 2009, Foltyn,
2012). This led him to the following Romer production function (RPF)

A

Y = LyHy [x()'"*Vdd = (AL (H)dr) * ¥, %)
0

where(nx) = K, 1-a-B=p,, and A modifies all factors of production — in that strict sense it is a true

Frankel’s “development modifier.” Dinopoulos and Thompson (1996) suggested an implementable

7Presumably people with good years of schooling, but who are not currently producing are not part of H.
This presumption raises guestions about what constitutes production.



version of the RPF, which confirmed that divergence is not only possible, it may be the only outcome
of the endogenous growth process. However, Mankiw, Romer, and Weil (1992), and Barro and Sala-
i-Martin (1992) found convergence, not divergence, and they concluded that the new growth theory
does not work, or does not work as well as advertized.

One troubling aspect of the RPF was its assumption of unchanging product varieties. Grossman and
Helpman (1991), and Aghion and Howitt (1992) modified Romer by allowing A to vary and to
improve, and thus make possible the “creative destruction” among varieties, such that the modified
RPF becomes

1
Y=L} fA(i)ﬁx(i)l’“’ﬁdi. (®)
0

This version was flexible enough to capture both convergence and/or divergence, but it also seemed
to imply that economies are simply independent innovation monopolies made possible by the
existence of scale effects. For Grossman and Helpman convergence happened because one economy
has access to a larger A; than another that has A,, i.c.; A; > A,. However, Jones (1995) tested that
hypothesis using data for the OECD countries relative to the US data and was not able to confirm
convergence. He argued that the hypothesis that A;> A, is in fact unrealistic because competition
equalizes the A’s. Aghion, Akcigit, and Howitt (2013) picked up from Jones by allowing A; = A,
transfer via trade, for instance, and instead of convergence they found parallel long-run growth. Given
this literature Stephen Parente (2001) is justified in questioning the performance record of the
endogenous new growth theory, and for concluding that the endogenous theory “... has not proven
usefu} for understanding the most important questions why the whole world is not rich, [even as it]
may prove useful for understanding growth in world knowledge over time” (p. 1).

Grossman and Helpman (1991, Chapters 1 and 2) provide an excellent description of the differences
between the Lucas and Romer versions of the endogenous new growth theory, especially how each
treats A and H. In both models A and H are clearly endogenous, and the H formulations are consistent
with empirical work, see, e.g., Bils and Klenow’s application (2000, Equation 4, p. 1163). However,
while the modeling efforts are novel and even groundbreaking, the ideas about the endogeneity of A
and H are not so new. For example, according to Arrow (1969) “knowledge arises from deliberate
seeking, but it also arises from observations incidental on other activities” such that “production and
investment may lead to increases in productivity without any identifiable allocation of resources to
thatend” (p. 30) — “learning-by-doing,” as shown by Arrow (1962}, Kaldor (1961, 1966), Haalvamo
(1960}, Fellner (1969), and many others. Hence, the production or investment activity generates Y
as well as A and H that influence future activities, which to Arrow means that “deliberate ...
expenditures [on the production of A and H] are actual steps in the [ Y] production process” (p. 30).



In other words, A, H, and physical Y are simultancously created (cf. Nicholson, 2002).® This insight
is consistent with the Parente and Prescott’s (1994, cf. Amavilah, 2014) characterization of world
knowledge as general knowledge plus scientific knowledge’

2. Theoretical Stuff

Using firm-level data Stephen Parente and Edward Prescott (1994) found that technology and
technological change are key factors in long-run economic growth and development (cf. Nelson,
1996, 2005). However, technological change depends on investment in technology, and “the amount
of investment required by a firm to go from one technology level to a higher technology level depends
on two key factors: the level of general and scientific knowledge in the world and the size of barriers
to adoption in the firm’s country” (p. 299). They dubbed the sum of general knowledge and scientific
knowledge “world knowledge” and assumed it to be given and “to grow exogenously.”

Characterizing A and H
Assume there exists a Parente-Prescott (1994) world knowledge (A), consisting of general knowledge
(A,) and scientific knowledge (A,). A is made up of technological knowledge (A,) and human capital

(H). Following Amavilah (2014) we can say that A, depends on N, which is a function of R and time
(1), .., 4,=AANR,Y) , so that™®

A =Ag+AS =4 g+(1 +4 )H. (9)

However, we know from Hayek (1937, 1945, 1974) that A and A are interrelated. To account for
the interactions between A, and A_, let (9) be multiplicative, i.e.,

A=]4 (1+4 )H=De "H=f(A,H). 9.1}

As described in Amavilah (2014) Bowles and Gintis (2000, 2002) have shown conceptually that A
has inherited and self-acquired components and that, because A, growth rate is n, (9) can be rewritten
as

$Both Haalvamo and Nicholson state that I building is one of those activities that is both consumption and
production; one has to consume knowledge in order to build it.

“The italics are Parente and Prescott’s terms.

A1 variables are timed, but for convenience often I have ignored the time subscript.



A=[(A, A +o PN ™H[(1+A ) H] =[(1+4 J(AN, e "JH=0e " H, o)
D=(1+4)A,~(1+4 )4 N)). '

where A_g is the mean initial stock of A, , w is the intergenerational coefficient of A, inheritance,

and 1 -y is the coefficient of the distanceAg—fi_g. An alternative to (9.2) is to say an economy’s A is
a product of the level of A att =0 (A,) and the cumulative human development index (HDI), or

A= Aoefmdt=A0e * x=fma’t = HDI. (10)

Then from Anand and Sen (1994), and Sen (1997, cf. Temple and Johnson, 1998) we know
thatx= HDI=H °Y ¢, where H is the human capital index of the population, Y is the material conditions
of the population, and ¢=2/3 and d=1/3 are weights. Algebraically

Y=(x-H ) ¢d>0. (11.1)
Now we can think of x=f{L,K)=A4L K ® such that
Y=[AL*KPH <]\M, (11.2)
From (9.2) A=0exp(nt), and assuming H = pH, (11.2) becomes the following LPF:

Y=[@e™L *KFpH) 74, (12.1)

Dividing through by L and taking the natural logarithms of both sides of (12.1) we get per worker Y
as

Y=yt +Pk+B, [uh], (12.2)

wherey=In(Y/L), ¢,=1/dln®, n=n/d, B, =p/d, B,=(1-c)/d, k=In(K/L) and ph=In(pH/L). Similarly,
the RPF would be

10



Y:[(d)e nt)a+B4cL aKﬂHa+B—2c]l/d, (]3 1)

which upon normalizing and natural-logging gives per labor Y as

Y=o N t+Bek " +Bh
(13.2)
0y =(a+B-c)/dn®, 0’ =[(a+B-c)nl/d, B,=B/d. B,(a+p-2c)/d.

If we let k= h =1, from (12.2) and (13.2)gy=n-+B,+B, (Lucas), and gy=n"+B, +B, (Romer), for §
= 0. Alternatively, gy=n+(1-8)(B,+B,)(Lucas), andgy=n"+(1-8)(B;+B,) (Romer), for & > 0.
Moreover, we can see that A=®exp(nf)=Ag,  is a Hicks neutral Solow technological constant
(residual), A=[®exp(nr)]V¢=4 Lucas
technological constant is A=[®exp(nf)]*P V=4

&Y 1ucas * EY romer- 10KEN as a technological constant (residual), and without any interpretation

is a pH-biased Lucas technological constant, and the Romer

romers A0 it isK ™ —leaning. All this means

Ao AL cas” ARomer CELETiS paribus.
Characterizing L and K

We do not delve into the processes behind L and K. The latter remains controversial as demonstrated
by the socalled “Cambridge K controversy.” A number of famous authors outline the controversy in
a 2003 issue of the Journal of Economic Perspectives (cf. Amavilah and Newcomb, 2004, Taylor,
2000, Eatwell, Milgate, and Newman, 1990). The literature on the nexus between N and economic
growth 1s also as clear as it is plentiful, see, e.g.,Chad Jones (2001), Richard Easterlin (1977), P.
Banerjee (2011), K. Prettner (2011), P.F. Peretto (1998), Pitchford (1972), Galor and Weil (2000),
and Simon (1977). So, we can assume L and K to increases at rates of growth of N and investment
() in K, respectively, so that

f t
L= f Lje™dr, K= f K e"dr, (14)
0 0

which means L =N(1-e 7, ne0 = L=[N(1-e Hn, N,=N at 1=0.Hence, at the aggregate

level we can plug the above into the LPF and/or RPF. However, doing so would complicate our
interest in per capita growth rate; it is easy and practical to assume full L. employment, i.e., L=1, so
that givendl/dt=ri=I=Ie", att =0 K,=[I,(1-e "Vr=K=[I(1-e "t-OV/r, #(+0. Again, theoretically

11



one can plug (14) into (12) and (13), and the result would be Post-Keynesian, more precisely it would
be Keleckisque, suggesting that K is actual ¥, produced by L and devoted towards the production of
potential ¥."

Characterizing H Based on L

Amavilah (2014) illustrates that much of the current H measures are flawed. They over-emphasize
the education (years of schooling = 8), training, and experience of L, and thereby suggesting that

)
H=e%L=e% f Lye™dt=e [N, (1-e"“ /n. (15)
0

However, in that sense (15) views H as just another Solow’s “effective labor” — labor is just a smart
machine. Hence, it over-estimates the value of H in production and under-states its value in the
creation, accumulation, and transfer of all knowledge. Not only is L too narrow a foundation for H,
it also overlooks essential interactions and intra-actions between A and H, and among all factors of
production. A second problem has been that these measures nearly all represent H as an area.

Characterizing H based on N

The ‘true’ Mincerian measure of H must have a base larger than L in order to capture both the
production and innovation aspects of all knowledge as opposed to just production knowledge.
Drawing upon the original theory of H, Amavilah (2008, 2014) has argued that H depends, at the very
least, on the quality (g) of the working-age population (N¥), if not on all N, developed through
investment in education, training, experience, health, migration, among many possibilities.'* Thus,
instead of (15)

Hr:e q)iqr'.!N: =g ‘PﬂﬁNO*e nt:No*e q)iqir+nt’ (16)

where N, isN,” att=0, . <N* <N, and N* is growing at the same rate n over time as N. Now if we

insert (16) into (12) and (13) above, and do some careful manipulations, normalizing using N as the
numeraire, and taking natural logs, we obtain the intensive forms of LPF and RPY as follows:

Uowever, doing that is unnecessarily complicated for practical purposes. This is one reason why
Amavilah (1997), Amavilah and Newcomb (2004}, Newcomb (1976), Harris (1992), and others favor (10) above.

“Itisa separate issue that investment itself may be of domestic source, FDI, foreign aid, and/or other
transfers. If investment is of a foreign source, a variety of H and A transfer models exist such as Javanovic and

Nyarko (1997), Arrow (1969), and my personal favorite is Leontief (1966).

12



y=0,+ijt+B £+8¢, y=In(¥IN),
0o =1/d[In® +In(un)]=In(4,, ), 8=(-c8)Vd, H=-(c(m+8)-n)/d,
(17)
y=¢"+it+BET+87, ¢ =In(d,,,.);
B =B*/d, 8§ =(p(a+B-20))dn"((w+B-2c)n+8))/d.

Interms of growth rate, assuming &, /2, and g are all constant, gy, =1 +Bk+(b #ZY pomer=1 B ,: +¢". And

again, scrutinizing (9) above would show that A, is a declining function of time. Since A, depreciates
fast, its level is falling even with positive learning, i.e., the effect of the rate of depreciation are larger
than the effect of the rate of learning. On the other hand, (1+4 )H appreciates more than it depreciates,

although we understand from Arrow (1969) that its expansion cannot be infinifely exponential.

Characterizing the Interactive and Intra-active Nature A and H

Following W.A. Lewis (1965) and P.M. Romer (1993), Amavilah (2003) shows that resource
intra-actions and inter-actions are important to technological change and long-run economic growth.
Economies with strong positive resource intra- and inter-actions perform better than those that are
weakly interactive and intra-active. This is not entirely new; Becker’s (1993) earnings function is
clearly interactive (see Equations 76, p. 104, and 2, p. 261). As a further example, Robin Grier (2002,
2005) estimates the impact of K on H to be about (.48 and that of H on X to be about 0.21 for Sub-
Saharan African countries, and in Latin American countries he finds that uneducated people fare worse
than educated people at learning, innovating, and assimilating new knowledge. Similarly, Paul Romer
(1993) predicts that interactions characterize the flow of ideas from industrialized countries to
developing countries via multinational corporations. There are other researchers on this same topic of
resource interactions like Philippe Aghion and Howitt (2006), Chad Jones (2006), and Jones and
Romer (2009), Graca, Jafarey, and Philippopoulos (1995), and Benhabib and Spiegel (1994, 2002),
Gemmell (1995), and so on. However, in all of these brilliant efforts H is measured as an area and the
interactions and intra-actions are not explicit. Leaning for support on Harris and Pan (2000, pp. 134-
137), Amavilah (2005) claims that technological change can be represented as a any-variable
correlation coefficient like p,,, . =KNHNANN, where any is four, signifying resource interactions and

intra-actions such that A=e f L +Constant, where Constant=A 2 € P =(1+4)H, see
Amavilah (2014).

H is a volume, nof an area
One incomprehensible fact remains that economists continue to measure H as an area under the curve
of either the quantity of L skills, or the quality of L skills. Representing H by years of schooling is an

example of the quantity measure of H, call it X(t), and using cognitive skills is an example of the
quality dimension of H, name it Z(t). In this way H is either the area under X(t) or Z(1) , i.e.,
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wherea >0, b,#0, and the subscripts 1 and 2 are for X and Z, respectively.

Clearly (18) is both imprecise and inconsistent with the common understanding and language of
knowledge, because kmowledge is multidimensional — it is at least 3D. We commonly speak of solid
knowledge, deep knowledge, wide/broad knowledge, and even intimate knowledge."*In other words,
solid knowledge has depth, width (breadth), and the time over and ir which it evolves. Over time the
quantity and quality of knowledge evolve semi- independently. Inn fime there exists a negative
correlation between the quantity and quality dimensions of H. Hence, estimating H as an area over-
states its importance in production over time, and under-states its role in other related spheres in
time.

The idea of H as a volume is natural, commonsensical, and demonstrable. Building H is just like
developing a mineral [ore deposit] (Amavilah, 2008, 2014). In both cases one starts with a stock of
inherited knowledge about the existence and extraction of the mineral. We have knowledge inheritance
of varying degrees of quantity and quality. Thus, H building is really mining the fraction N" of N for
quality (q), and that quality accumulates into H -- not unlike accumulating gold flakes into gold bars.
This perspective 1s consistent with early theories of H like those of Schultz (1961), Blaug (1979),
Becker (1993), and others, al of which suggest that the basis for H is population —not L. Again, H as
a function of L. overestimates its importance in production over fime, and underestimates its role in H
creation and diffusion in time (cf. Batro and Lee, 2013, Barro, 1991). In fact, this may be the reason
why H is found to be low in developing countries where L is a tiny fraction of N'. Obviously, just
because a large part of L in developing countries is unemployed, should not necessarily mean H is
low. It is possible, indeed likely, that H accumulation happens under conditions of high
unemployment, even as its rate may slow down under such conditions.*

The analogy between mining population and mining land is also appropriate because it makes it
possible for us to utilize quantity-quality models familiar to mining and geological engineering as well

W. Arthur Lewis (19635) saw little economic value in intimate knowiedge, because “knowledge does not
grow rapidly if it is kept as a secret for the few” (p. 167). However, Leonardi and Meyer (2014) have shown that
knowledge can be sticky sometimes so that initimate knowledge facilitates networks which serve as “social
lubricant” in the process of knowledge transfer,

"It is known that unemployment many people go back to school, retrain, and/or migrate such that they gain
additional H via education, training, and migration cven as they do not get H through work experience.

14



as mineral economics (DeVerle P. Harris ,1976, 1984, 1985, 1992a, b, 1993). The Lasky (1950)
among such models is particularly commonsensical in associating average quality (grade) with the log
of cumulative quantity of a resource . In the case in point,

logH=pq-+nt-+logh; - q=LlogH-"t-1logN". (19)
¢ o 9

Eq. (19)=(17), and it allows us to view H in its 3D in which on one axis we have X(t), the other axis
has Z(1t), and X(t) and Z(t) evolve semi-independently over, and interact interdependently in, time under
a constraint imposed by the nature and structure of the economy in line with Arrow (1969, cf. Rogers,

2003, Young, 2004, 2005, 2007, Amavilah, 2003, 2007, 2008, Jovanovic and Nyarko, 1995 Andersen
and Jensen, 2013, Mansfiled, 1971, Kamien and Schwartz, 1977, Buchanan, 1979)." The constraint
itself can be shifted outwards and w1th1n it an economy accumulates H over time, but the upper limit
still constrains the logistic growth of X(t) and Z(t).

In other words, (19) is still an inadequate description of H, because H grows logistically over time, but
in time X(t) and Z(t) are 1nversely related in that the higher the average quality (q) of N', the smaller
the cumulative quantity of N*, and hence H, is needed for the economic activity. The functlonal form
of the inverse relationship can be either quadratic, linear (Lasky), or power. Here let us say it is of the
general form Z{H)=fX(),)=X()=AZ(f),?). Then H is a volume rather than an area, and to compute that
volume we assume that X(t) and Z(t) follow logistic growth curves, each with an upper limit, say, L,
=1L, =1, imposed by the economic constraint. Some fraction of H would be inherited (folk = ordinary)
quantlty of A,, some would be inherited quality of A,. Again, unlike conventional theory of H we
assume that the quantity and quality of knowledge evolve semi-independently over time, but
interdependently in time."® Using the Lasky set-up, in which

(@ +bie B
ZxN=1 kX’(t)w———c;—, (20.1)
(a,+be )

and assuming the interactions between X(t) and Z(t), we can find the volume of the area under Z(X(t})
= 1~ kX(t) as

T read the working paper versions of Young’s papers, and I advise the reader to find out if
newer, perhaps cleaner, versions of the same papers were published since then.

%The specific functional forms themselves may not be identical, i.e., one may be a simple
logistic such as the Pearl-Reed, others may be Gompertz, or any other in the same family of exponential
functions, see, e.g., D.W. Thompson (1992{1942]).
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Further V(X(1))- V(Z(1))-V(Z(X(1)) interactions lead to the true H is a volume, H, as

-ct _

——= i+ [ A K
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In brief: The precise nature and magnitude of H would depend on the volumes of'its components, their
interactions , functional forms, and whether such forms are independent, identical, and/or symmetrical.
Obviously, such things are conceptually easier to imagine than to describe rigorously. Economically
thinking, because interactions and intersections are important, it is quite reasonable for the whole
volume to be equal to, greater, or smaller than the sum of'its parts. However, that should not discourage
estimating H in a commonsensical way as the following approximate solution to (21):

C1t+b 10 eclt+b +b
H=Constant *+[ (e Vlogla, D 1)]

al2 c(ae c‘t+bl)

: ((aye ' +b,)log(a,e ¥ +b,) +b2)]
N

(22)
a22 cy{aye c2t+b2)

- b k? k(k-2a,)log(a,e " +b ) +f)
+[=( + 5

372 ey
a,c(ae V+b) a ¢

Ik

Looking at (22) one may ask where the last term of (21) went. The answer is that, whereas X(t) and
Z(t) evolve independently over a common time, the relationship between X(t) and Z(t) takes place
interdependently in time. In that case the last two terms of (21) are constants and as such parts of the
term Constant™. So, Constant” has three components: (i) the inherited quantity of H, (i) the inherited
quality of H, and (iii) the relevant interactions and intersections between the two.
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3. Practical Stuff: Production Functions with H as H

The preceding section mainly showed that H#H. Plugging H into the LPF or RPF would give us

Y=[®L°KPH 1", i=Lucas, Romer. (23)

This means that even if we assume that Constant* = 0, H= H only under two unlikely scenarios. One,
in which the second, third, and fourth terms of (22) are zero and H measures only the quantity
dimension of H. The other scenario would require the first, third, and fourth terms of (22) to be zero.
I let the reader examine the equilibrium stability of factor marginal productivities in (23). Here I add
quickly and in passing that for specific Lucas and Romer technological constants and ‘H, the LPF and
RPF with conventional H change to:

Yl L KPHY 9P (@)

(24)
Y= [ARgmerL ap BW+B—2C] 1/id (b)

Eq.(24) can be estimated with some ease, but there are only a number of empirical issues to consider.
First, is finding common units of measurement of say cognitive skills and years of schooling. This is
not an impossible issue to deal with as skills can be expressed in years. Second, calculating H would
be a little problem for lack of readily available data. Third, at the production level the foundation for
H based on L, and the LPF appears more appropriate than the RPF. At the national aggregate level when
N is the basis for H, the RPF is more suitable than the LPY. In both cases, though, the precise measure
of H is H. Fourth, statistical problems are likely the most challenging, but they are common to all
aggregate production functions.

5. Concluding Remark

Measuring H as an area is a mistake. The proper way of measuring H is to think of it as a volume, with
its own depth, breadth/width, and the time over and in which depth and width evolve. This paper
explores H as a volume and frames it in the Lucas and Romer production functions. We conjecture from
analysis that numerically H as a volume may be equal to, smaller, or greater than H as an area.
However, the implications are quite different. The Lucas framework stresses H primarily as production
knowledge, whereas in Romer H is more than just technological knowledge, although knowledge is
clearly endogenous to the processes of economic growth and technological change in both cases. A
weakness of all of this that the validity of the conjecture remains untested empirically, and that is the
direction for further research.
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