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Abstract

This paper investigates efficient estimation of heterogeneous coefficients in panel
data models with common shocks, which have been a particular focus of recent theo-
retical and empirical literature. We propose a new two-step method to estimate the
heterogeneous coefficients. In the first step, the maximum likelihood (ML) method is
first conducted to estimate the loadings and idiosyncratic variances. The second step
estimates the heterogeneous coefficients by using the structural relations implied by the
model and replacing the unknown parameters with their ML estimates. We establish
the asymptotic theory of our estimator, including consistency, asymptotic representa-
tion, and limiting distribution. The two-step estimator is asymptotically efficient in
the sense that it has the same limiting distribution as the infeasible generalized least
squares (GLS) estimator. Intensive Monte Carlo simulations show that the proposed

estimator performs robustly in a variety of data setups.
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1 Introduction

It has been long recognized and well documented in the literature that a small number
of factors can explain a large fraction of the comovement of financial, macroeconomic and
sectorial variables, for example, Ross (1976), Sargent and Sims (1977), Geweke (1977)
and Stock and Watson (1998). Based on this fact, recent econometric literature places
particular focus on panel data models with common shocks. These models specify that
the dependent variable and explanatory variables both have a factor structure. A typical
example can be written as

Vit = o + T Bi + N fi + €t

1.1
a:it:vi—i—fy;ft—i—vit, 1=1,2,...,N; t=1,2,....T. (1.1)

where y;; denotes the dependent variable; x;; denotes a k x 1 vector of explanatory variables;
and f; is an r x 1 vector of unknown factors, which represents the unobserved economic
shocks. The factor loadings ; and A; capture the heterogeneous responses to the shocks.
A salient feature of this paper is that the coefficients of z;; are assumed to be individual-
dependent. Throughout the paper, we assume that the number of factors is fixed. For the
case where the number of factors can increase when the sample size increases, see Li, Li
and Shi (2014).

Due to the presence of factor f;, the error term of the y equation (i.e., ,f; + €;) is
correlated with the explanatory variables. The usual estimation methods, such as ordinary
least squares method, are not applicable. The instrumental variables (IV) method appears
to be an intuitive way to address this issue, but the validity of IV is difficult to justify in
practice. A remarkable result from recent studies is that, even without IV, model (1.1) can
still be consistently estimated. The related literature includes Pesaran (2006), Bai (2009),
Moon and Weidner (2012), Bai and Li (2014), Su, Jin and Zhang (2014) and Song (2013),
among others.

Bai (2009) proposes the iterated principal components (PC) method to estimate a
model with homogeneous coefficients. His analysis has been reexamined and extended by
the perturbation theory in Moon and Weidner (2012). Su, Jin and Zhang (2014) propose a
statistic to test the linearity specification of the model. The three studies find that a bias
arises from cross-sectional heteroscedasticity. Baiand Li (2014) therefore consider the quasi
maximum likelihood method to eliminate this bias from the estimator. All these studies
are based on the assumption of homogeneous coefficient. If the underlying coefficients are
heterogeneous, misspecification of homogeneity would lead to inconsistent estimation (see
the simulation of Kapetanios, Pesaran and Yamagata (2011)).

There are several studies on the estimation of heterogeneous coefficients. Pesaran (2006)
proposes the common correlated effect (CCE) estimation method to estimate the hetero-
geneous coefficients (1.1). The intuition of his method is approximating the unknown
projection space of the factors f; by the space spanned by the cross-sectional average of
the observations (y;,«},)’. To this end, some rank condition is needed. Song (2013) alter-
natively considers the iterated principal components method, which extends the analysis
of Bai (2009) to the case of heterogeneous coefficients. In this paper, we propose a new
method to estimate (1.1). Our estimation method is motivated by both Pesaran’s and



Song’s methods having their limitations in estimating the heterogeneous coefficients for
some particular data setups. The CCE estimator has a reputation for computational sim-
plicity and excellent finite sample properties. However, we note that in some cases rank
condition alone is not enough for a good approximation. When good approximation breaks
down, the CCE estimator would perform poorly. With Song’s method, although his theory
is beautiful, the minimizer of the objective function is not easily obtained, especially for
the data with heavy cross-sectional heteroscedasticity. As far as we know, there is no good
way to address this issue. The limitations of the CCE method and the iterated principal
components method are manifested by simulations in Section 6.

Our estimation method is a two-step method. In the first step, we use the maximum
likelihood (ML) method to estimate a pure factor model. Next, the heterogeneous coeffi-
cients are estimated by using relations implied by the model and replacing the parameters
with their ML estimates. The proposed estimation method aims to strike a balance between
efficiency and computational economy. We note that in model (1.1) the computational bur-
den cannot be ignored due to a great number of s being estimated, especially when N
is large. This problem is made worse because we can only compute 3; (i = 1,2,..., N)
sequentially, instead of all §; simultaneously by matrix algebra. As a result, the iterated
computation method, which requires updating 3; one by one in each iteration, may not be
attractive because of the heavy computational burden. Our estimation method overcomes
this problem by using the iterated computation method to estimate a pure factor model,
delaying the estimation of 3; to the second step. Nevertheless, as we will show, the two-step
estimators are asymptotically efficient.

The rest of the paper is organized as follows. Section 2 illustrates the idea of our
estimation. Section 3 presents some theoretical results of the factor models, in which
the covariance matrix of idiosyncratic errors are block-diagonal. These results are very
useful for the subsequent analysis. Section 4 presents the asymptotic properties of the
proposed estimator. Section 5 extends our method to the case with zero restrictions on
the loadings in the y equation. We show that when zero restrictions are present, the
loadings contain information for 5. We propose a minimum distance estimator to achieve
the efficiency. Section 6 extends the model to nonzero restrictions. Section 7 conducts
extensive simulations to investigate the finite sample properties of the proposed estimator
and provides some comparisons with the competitors. Section 8 concludes. Throughout
the paper, the norm of a vector or matrix is that of Frobenius; that is, || A|| = [tr(A’A)]"/2

for matrix A. In addition, we use @ to denote vy — Z:l vg for any column vector v and

T
M, to denote % Zthl wyvy for any vectors wy and vy.

2 Key idea of the estimation

To illustrate the idea of our estimation, first substitute the second equation of model (1.1)
into the first one. Then
[yit] _ H Bivi + X
= + ,
Lit Vi

7

!
Bivit + €t

+
fi i




Let zit = (Yit, 25)’s i = (i, V), wie = (Bjvie +e€ie, v},)" and AL be the factor loadings matrix
before f; in the above equation. Now we have

Zit = pi + N fy + wie. (2.1)

Let €; be the covariance matrix of v; and a?l- the variance of ¢;;. Throughout the paper,
we assume that €; is independent of v, for all 7, j,¢,s. This assumption is crucial to the
models with common shocks and is maintained by all the related studies; for example, Bai
(2009), Bai and Li (2014), Pesaran (2006), and Moon and Weidner (2012). The covariance
of u;¢, denoted by X;;, now is

Y11 X2 BiuB + o By
. — % ’ — 7 €1 1 . 2.9
" [Zi,Ql Ei,22‘| [ Q;8; Q; (2:2)
This leads to
Y228 = Xi01. (2.3)

Suppose that we have obtained a consistent estimator of ¥;;, 5; is then estimated by
Bi = S721221‘,21 (2.4)

We call the above estimator CoVariance estimator, denoted by Blcv since the estimation
for B; only involves the covariance of w;.

The remaining problem is to consistently estimate ¥;;. A striking feature of the model
(2.1) is that the variance matrix of its idiosyncratic errors is block-diagonal. So we need
to extend the usual factor analysis to accommodate this feature.

3 Factor models
Let : =1,2,...,N,t =1,2,...,T. Consider the following factor models
Zit = pi + Ajfr + wi, (3.1)

where z; is a K x 1 vector of observations with K = k+1; u; is a K x 1 vector of error terms;
A; is an 7 x K loading matrix; and f; is an r x 1 vector of factors. Let 2; = (2];, 2y, - - -5 Zhvt)’s
po= (s, ), A= (A1, Ag, ..., AN) and wp = (uly, uly, ..., uly,), then we can
rewrite (3.1) as

ze = b+ Afe + ug. (3.2)

Without loss of generality, we assume that f = T! Z?zl ft = 0 throughout the paper
since the model can be rewritten as z; = p 4+ Af + A(fi — f) +up = p* + Aff + up with
p* = p+Af and ff = f; — f. To analyze (3.2), we make the following assumptions:

Assumption A: The factor f; is a sequence of constants. Let My = T-1 Zthl fi f{
with fy = fy —T7! Z?:l ft. We assume that M g = Tlim My is a strictly positive definite
— 00

matrix.

Assumption B: The idiosyncratic error term u;; is assumed such that



B.1 u; is independent and identically distributed (i.i.d) over ¢ and uncorrelated over i
with E(uy) =0 and E(||u]|) <coforalli=1,--- ,Nandt=1,---,T. Let ¥; be
the variance of u;; and ¥ = diag(311, X992, ..., Xyn) be the variance of u;.

B.2 f; is independent of u;s for all (4,t,s).

Assumption C: There exists a positive constant C sufficiently large such that
Cl ||All<Cforalli=1,---,N.
C2 C7!' < 1in(Zii) < Tinae(Bi) < C for all i = 1,--- . N, where Tin(-) and Tpaz(*)
denote the smallest and largest eigenvalues of its argument, respectively.
C.3 There exists an r x r positive matrix @ such that @ = A}gnoo N~'AW~TA, where

A= (A1, Ag,...,AN)" and U is the variance of uy = (u)y, uhy, ..., uy,) .

Assumption D: The variances ¥;; for all 7 are estimated in a compact set; that is, all
the eigenvalues of 3;; are in an interval [C~1, O] for sufficiently large constant C.

Assumptions A-D are usually made in the context of factor analysis; for example, Bai
and Li (2012a, 2014). Readers are referred to Bai and Li (2012a) for the related discussions
on these assumptions.

3.1 Estimation

The objective function used to estimate (3.2) is

1 1

where 0 = (A, ¥, M) and X, = AMy AN +9; M., = %Zle %%, is the data matrix where
2y =2z — % Estl zs. Suppose that f; is random and follows N (0, M), the above objective

tr[M.. 2 (3.3)

function is the corresponding likelihood function after concentrating out the intercept u.
Although the factors f; are assumed to be fixed constants, we still use the above objective
function and call the maximizer = (A, U, M #t), defined by

0 = argmax In.Z(0),
0€O©

the quasi maximum likelihood estimator, or the MLE, where © is the parameter space
specified by Assumption D.

It is known in factor analysis that the loadings and factors can only be identified
up to a rotation. To see this, let § = (A,@,Mff) be the maximizer of (3.3), then #f =
(AM }J{ 2, 0, I,.) is also a qualified maximizer. From this perspective, it is no loss of generality
to normalize that

1 T
My = Tzftft/ =I,.
t=1

Under this normalization, X, is simplified as X,, = AA’ + .
Maximizing the objective function (3.3) with respect to A and ¥ gives the following
two first order conditions.

N YM, -5.)=0 (3.4)



Bdiag(M.. —3..) =0 (3.5)

where Bdiag(-) is the block-diagonal operator, which puts the element of its argument to
zero if the counterpart of ¥ is nonzero, otherwise unspecified. A and U denote the MLE
and 3, = AN’ + .

3.2 Asymptotic properties of the MLE

This section presents the asymptotic results of the MLE for (3.3). Since we only impose
My = I, in (3.2), the loadings and factors still cannot be fully identified. We adopt the
treatment of Bai (2003), in which the rotational matrix appears in the asymptotic repre-
sentation. This treatment has two advantages in the present context. First, it simplifies
our analysis. Second, it clarifies that the estimation and inferential theory of 3 is invari-
ant to the rotational matrix. Alternatively, we can impose some additional restrictions to
uniquely fix the rotational matrix; see Bai and Li (2012a) for full identification strategies.
The following theorem, which serves as the base for the subsequent analysis, gives the
asymptotic representations of the MLE.

Theorem 3.1 Under Assumptions A-D, as N,T — oo, we have

. 1 L
A — R\ = R/f Z fruly + 0p(T~1/2)

T
Z (wiryy — Big) + 0p(T )

where R = AU 1A(AT-1A)~1

Remark 3.1 Notice that the rotational matrix R only enters in the asymptotic representa-
tion of A;. This is consistent with only loadings and factors having rotational indeterminacy
and idiosyncratic errors not having such a problem.

Remark 3.2 By the above theorem, we immediately have A; — R'A; = 0,(T~/?) and
i — Y = Op(T_l/ 2). These two results continue to hold when N is fixed since the model
falls within the scope of traditional factor analysis. But the asymptotic representations will
be more complicated when N is finite. An implication of this result is that the covariance
estimator 5V is consistent even when N is finite.

4 Asymptotic results for the covariance estimator

Now we use the results in Theorem 3.1 to derive the asymptotic representation of Bf v,
Notice BlCV = (22'722)_121'721 and f§; = (Ei722)_122‘721. Given iu =Y+ Op(l) by Theorem
3.1, the consistency of B; is immediately obtained by the continuous mapping theorem.
Furthermore, by Theorem 3.1,

T
Z Uztuzt u + @) ( )



Then it follows
T

A 1

Yol — Yio1 = T > lvitlei + vjyBi) — QL] + Op(T™); (4.1)
t=1

. 1 &

io2 — i = T Z[vitvz’-t — Q]+ Ou(T7H). (4.2)
=1

Notice that

Bi—Bi= (21,22)_121,21 - EZ§221,21

A

. . | (4.3)
= (X 22) [(21,21 —Yi21) — (Bi22 — 21,22)2@2221',21}

Substituting (4.1) and (4.2) into (4.3) and noting that f]i,gg 5 Q;and B = 2521221-721, we
have the following theorem on @0 v,

Theorem 4.1 Under Assumptions A-D, when N, T — oo, we have
1 X
ACV -1
VTV - Bi) = (ﬁ ;Uitfit) + 0p(1) (4.4)

Remark 4.1 The above asymptotic result implies that our estimator is asymptotically
efficient. To see this, suppose that the factors f; are observed, then the GLS estimator has
the asymptotic representation:

T
\/T(BZGLS —B;) = Qi—1<\/1T Zuiteit) + 0p(1), (4.5)
t=1

which is the same as that of Theorem 4.1, implying the asymptotic efficiency of the CV
estimator.

Remark 4.2 Although the asymptotic result of BZCV is derived under Assumption B,
we point out that the proposed method works in a very general setup given the results
of Bai and Li (2012b), which show that the quasi maximum likelihood method can be
used to estimate approximate factor models (Chamberlain and Rothschild, 1983). More
specifically, let 3 ; be the variance of u;;, where the covariance matrix has an additional
superscript ¢ to indicate that it is time-varying. Partition ¥;; ; as

X Xiig2
Yiig = .
Diit21 i t,22
Under the assumption that €;; is independent of vy, we have ;¢ 208; = Xy ¢ 21 for all ¢,
which implies that

1 & 1 &
72 :Z”H 6':*5 Z",, .
(T ot .t 22) 7 T et 2,t,21

To consistently estimate [3;, it suffices to consistently estimate % Z?zl Yiit. As shown in
Bai and Li (2012b), if the underlying covariance is time-varying but misspecified to be
time-invariant in the estimation, the resulting estimator of the covariance is a consistent
estimator for the average underlying covariance over time, that is, % Zthl Y+ happens to
be estimated by the MLE.



Remark 4.3 For the basic model, the CCE estimator of Pesaran (2006) and the iterated
PC estimator of Song (2013) have the same asymptotic representations as in Theorem
4.1 and hence are asymptotically efficient. However, different methods require different
conditions for the asymptotic theory. Except for the rank condition, the CCE estimator
potentially requires N be large, otherwise the average error over the cross section cannot
be negligible. The PC estimator is derived under the cross-sectional homoscedasticity.
If heteroscedasticity is present, a large IV is needed to ensure the consistency. For the
CV estimator, the consistency can be maintained for a fixed N even in the presence of
the cross-sectional heteroscedasticity. So the CV estimator requires the least restrictive
condition for the consistency.

Remark 4.4 With slight modification, our method can be used to estimate the homoge-
neous coefficient. Suppose 3; = 3 for all i. Now we have ;908 = ;91 for all 4, which
leads to

N N
( > Ei,22>/8 =) Sia
i=1 i=1

So a consistent estimator for § is
~ N A —1 N A
B=(> Siz) (O Zia). (4.6)
i=1 i=1

The asymptotic properties of 5’ will not be pursued in this paper. In section 6, we conduct
a small simulation to examine its finite sample performance.

Corollary 4.1 Under the assumptions of Theorem 4.1, we have

VT(BEY — 8;) & N(0,020;7Y),

2

Z s the variance of €;; and €); is the variance of vy;. The variance 0621-91-_1 can be

v,

where o
consistently estimated by 521‘2;212: where 6627; =X — BgV’Emg

5 Models with zero restrictions

In this section, we consider the following restricted model:

Yit = a; + 5B + Wigr + €

(5.1)
zit = vi + ¥ g + 7 by + vit

where the dimensions of g; and h; are 1 x 1 and ro X 1, respectively. A salient feature of
model (5.1) is that the explanatory variables include more factors than the error of the y
equation. This specification aims to accommodate that both endogenous and exogenous
shocks exist in the economic system. Endogenous shocks such as unexpected monetary
supply would directly affect all economic variables. Exogenous shocks such as oil prices
would first affect the energy-related industries and then gradually affect other economic



variables. In model (5.1), g; denotes the endogenous shocks that directly affect y and =z,
and h; denotes the exogenous shocks that affect first  then y®.
The y equation of (5.1) can be written as

Vit = a; + T3 + Vigr + dihe + €t

with ¢; = 0 for all i. Let f, = (g}, h})', i = (¢}, ¢}) and v; = (7', 7})’, we have the same
representation as (1.1). From this perspective, model (5.1) can be viewed as a restricted
version of model (1.1). This implies that the two-step method proposed in Section 4 is
applicable to (5.1). However, this estimation method is not efficient. Consider the ideal
case that g; is observable. To eliminate the endogenous ingredient 1).g;, we post-multiply
Mg = I —G(G'G)~'G’ on both sides of the y equation. The remaining part of z;; includes
vy and v (hy — H'G(G'G)™1g;), which both provide the information for 3. However, as
shown in Theorem 4.1, only the variations of vy are used to signal 3; in BF V. Therefore,
partial information is discarded and the two-step method in Section 4 is ineflicient.

The preceding discussion provides some insights on the improvement of efficiency. To
efficiently estimate model (5.1), we need to use information contained in the common
components of x;;. Rewrite model (5.1) as

Yit | _ 5;%9/4/‘1% B
Tt 9

o o
We use A} to denote the loadings matrix before f; = (g, h;)’. The symbols p;, zy and w;

/
Bivit + €t
(%77

Qg
v

gt

+ hy

+ (5.2)

are defined the same as in the previous section. We then have the same equation as (2.1).
Further partition the loadings matrix A; into four blocks,

Aiir Ao Vi +Bi ]
A = ’ ’ = ? [ 5.3
[Ai,zl Ai,22‘| %hﬁi ’Yzh (5:3)
So we have A;220; = Aj21. This result together with (2.3) leads to
A 20 A1
’ P = ’ 5.4
[Ei,m] P [Ei,zl (54)

Given the above structural relationship, a routine to estimate f3; is replacing A; 22, Aj 21, 2 22
and ¥; 21 with their MLE and minimizing the distance on the both sides of the equation
with some weighting matrix. While this method is intuitive, it is not correct since /A\i’QQ
and Aml are not consistent estimators of A; 922 and A; 21, as shown in Theorem 3.1. Let
Af = R'A; represent the underlying parameters that the MLE corresponds to, where R is
the rotation matrix defined in Theorem 3.1. Then

AY = [ Z’k,’n 2‘721] —AR= [ ;,11 A;,zll [Ru Rm] _ [@{’Yfﬂg‘f Y 51{%?”] lRll R12]

*/ */ / / ht
i,12 1,22 i,12 Ai,22 Ro1 Ra Yi Yi Ro1 Ry

® Another way to see this point is as follows. Notice that the z equation can always be written as
i = vi+ (7 + 3 H'G(G'G) ge + 7" (he = H'G(G'G) " go) + vie = vi + 7" g0 + %" hi + vie.

In the last equation, g; is uncorrelated with h;. Given this expression, it is no loss of generality to assume
that h; is uncorrelated with g;. Now we see that g; causes the endogeneity problem but h; does not. So
we say that g: represents endogenous shocks and h: represents exogenous shocks.



implying

Afg = (Ri9y) + Ry B + Rigthi (5.5)
Aj 9y = Rigy) + Ry (5.6)

From (5.5) and (5.6), we see that unless ¢; = 0, Aj9f; = Aj does not hold. But
when ¢; = 0, we see from (5.1) that the model is free of the endogeneity problem and
the ordinary least squares method is applicable. The preceding analysis indicates that the
existence of the rotational indeterminacy for loadings impedes the use of the underlying
relation A;228; = A; 21 in the estimation of ;.

Although this result is a little disappointing, we now show that with some transforma-
tion, A;220; = Aj21 can still be used to estimate ;. First by AY = ALR,

A1 = (R + Ry Bi + Rigdi (5.7)
A9 = Ry + Ryt (5.8)

By the expressions (5.5)-(5.8), we have the following equation:

(A:‘:m - Af,225i) = ,12R/ﬁl( Zn - A;‘k,uﬁi) = V(Azn - Af,lzﬁi) (5-9)
where V = R}, R'7', an r9 x r{ rotational matrix. The preceding equation can be written
12411
as
( ?,22 - VAZH)ﬁi = 2(,21 - VAZH (5~10)
Given the above result, together with (2.3), we have
Afo — VAT _ A VA,
[ 222 bi = 221 (5.11)

If V' is known, then we can replace A 11, A 19, A 91, A 95 with the corresponding estimates,
and f; is efficiently estimated. Although V is unknown, it can be consistently estimated
by (5.9) since f; can be consistently (albeit not efficiently) estimated by 5¢V = i; Pl
Given the above analysis, we propose the following estimation procedure:

1. Use the maximum likelthood method to obtain the estimates f]n-, /A\i, ft for alli and t.

2. Calculate BZCV = 2521222-721 and

N N
V= [Z(/A\i,m—Ai,zzﬁicv)(&,11—/&@',123?‘/)/} [Z(Ai,n—/A\i,lzﬁiov)(&,11-&,123?‘/)/}
i=1 =1

3. Calculate Bl = (A;W;lﬁi)*A;Wi—lSi, where W; is a predetermined weighting ma-
triz that is specified below, and

A, = Ai,22 - VAi,lQ ’ 5, = Ai,Ql - VAi,ll (5.12)
222 221

where we call the resulting estimator the Loading-coVariance estimators, denoted by
Y.

10
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Remark 5.1 We can iterate the second and third steps by using the updated estimator
of B; to calculate V. We call the estimator resulting from this iterating procedure the
Iterated-LV estimator, denoted by B{ LV The iterated estimator has the same asymptotic
representation as the LV estimator, but better finite sample performance; see the simulation
results in Section 6.

5.1 The optimal weighting matrix

To carry out the estimation procedure, we need to specify the weighting matrix W;. It can

be shown that the theoretically optimal weighting matrix is

/ —1
Wwert — Ryg1 My, g B221 OT2><1€]
4 - )

Ok o 222

where Roo.q1 = Rog — R21R1_11R12 and Mhh-g = My, — thMgz]lMgh' This weighting matrix
can be consistently estimated by

A

.. . 4 R
W, = [{(% ST b)) — (7 Sy i) (7 Sy Heft) (7 Y Wthg)} 07’2xk] (5.13)

Ok Y22
with A = g + V'hs, where §; and hy are given by
Gt TV V2P
li}] = (CASFA) (A ).
t i=1 i=1
5.2 The asymptotic result

The following theorem gives the asymptotic representation of the LV estimator with some
remarks following.

Theorem 5.1 Under Assumptions A-D, when N, T — oo, we have
3 - -1
VT(BFY = Bi) = (4 (Mun, — Myg Mg Mp)y) + )

1 & , L.
X 3 [0 e = Mg M, ) + v e+ 0p(1)

Given Theorem 5.1, we have the following corollary:

Corollary 5.1 Under the assumptions of Theorem 5.1, we have
5 d - _
VI(BEY = Bi) = N (0,020 Mungni* + ) 7).

where Mhh.g = plim (Mp;, — thMé;lMgh). The above asymptotic result can be presented
T—oo
alternatively as

\/T(/@LV - Bi) 4 N (0, o2 [pliml

X M=X;17H.
T—>ooT ‘ G J )

with G = (17, G), where 11 is a T-dimensional vector with all the elements equal to 1.

11



Remark 5.2 Consider the “y” equation, which can be written as
Y, =o;17 + X;6; + G, + E; (5.14)

where Y; = (vi1, Yi2, - - -, vir)', Xi = (X1, T2, - .., xi7)’, and E; is defined similarly as Y;. If
the factors g; are observable, the infeasible GLS estimator for §; is

BELS = (XIMzX) T (X[ MgY;).
By (5.14), we have
B — B = (X[ MzX;) (X[ MgE;).
Notice var(E;) = o2 Ir. Thus the limiting distribution of BAiGLS — B3; conditional on X is

VT (RS — B) % N (0,02 [plim%X{MéXi]_l).

T—00

the same as that of Corollary (5.1). This means that the LV estimator va is asymptotically
efficient.

Remark 5.3 Consider the following model, in which zero restrictions exist in both the x
equation and the y equation:

Yit = i + Ty Bi + Vigs + €ir (5.15)
it = vi + 71" he + vig

where g; and h; are assumed to be correlated. Model (5.15) is a special case of (5.1)
in view that 7/ is restricted to zero. So the loading-covariance two-step method can be
directly applied to (5.15). We note that the LV estimator is efficient even in the presence
of additional zero restrictions 7/ = 0. To see this point, notice that A; in model (5.15) is

A — A Agpa| _ | i 0
Y Ao Aiae B AR

The coefficient 8; can only be estimated by the relations of A;21 and A; 22, which is the
same as Model (5.1). By the same arguments, we conclude that the model

Yit = i + T3 Bi + ige + dihe + €ir,
it = Vi + 7" he + vt
is efficiently estimated by the CV method.

Remark 5.4 If the underlying coefficients are identical, we can also use the information
contained in the loadings to improve the efficiency. Let

. Aizo = VAix Aior = VA
(v, 8) = [ L Vi) g Bean =V R
&(V. ) [ i 22 ] ’ [ 2i21 ]
Given equation (5.11) (notice that now g; = 8 for all i) we can consistently estimate 5 by
A A N ~
(B*V,V) = argmin Y 5i(V, B) Wi~ gi(V, B). (5.16)
V=1
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where W; is defined in (5.13). Notice that if A is identified, we can estimate 8 by (5.4),
replacing the unknown parameters with their estimates. So the additional estimation of
V' can be regarded as the cost we pay for the rotational indeterminacy. The finite sample
properties of the above LV estimator will be investigated in Section 7.

6 Discussions on models with time-invariant regressors

In some applications, it is of interest to include some time-invariant variables, such as
gender, race, education, and so forth. In this section, we address this concern. Consider
the following model with time-invariant variables:

Yir = a; + 23, + bige + dihe + € (6.1)
zit = v + 77 gt + Y he + v .

where ¢;’s are observable and represent the time-invariant regressors. Model (6.1) specifies
that the coefficients of ¢; are time-varying. We believe that this is a sensible way to make
the model flexible enough. Now we show that our estimation idea can be used to estimate
(6.1). As in the previous section, rewrite model (6.1) as

lyﬂ _ Bivd' + Vv Bl + ¢
- g
Tit ;

o ht
Let A} be the loadings matrix before f; = (g;, h;)" and partition it into four blocks, we have

Vi
ANir Ao
A; = ’ ’ =
[Ai,m Ai 22

/
Bivit + €5t
Vit

Qg
Vi

gt

+ hy

+ (6.2)

93 Y
e 63

Let Af = R'A; be the underlying parameters that the estimators correspond to. So we
have

*/ */ / /
A = [ i oy N1 Ajor| |Run Rao
7 T */ */ I - / A/ R R
1,12 1,22 1,12 1,22 21 22

This leads to
= (B + Ry Bi + Riyvi + Ry, ¢, Afp =Ry + Ry (6.4)
2121 = (R,12’7{q + RIQQ%h)Bz’ + Rt + Ry, Af,22 = Rlu%‘g + R,22%h (6.5)

From (6.4)—(6.5), we have

R, R T11 = Af12Bi) + Ryg 0 = (Af oy — Af203) (6.6)
where Roo.1 = Roo — RQlRilng. Given (66) together with Ei7226i = Eiygl, we have
Afoo = VAo B, = To1 = VAT — Rogq & (6.7)
i 22 221

where V = R[,R[7". If V and Rgp are known, we can use (6.7) to efficiently estimate 5;.
Similarly as in the previous section, we can use BAZC V' to get a preliminary estimators for V'
and Roo.1. This leads to the following estimation procedures:
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1. Use the mazimum likelihood method to obtain the estimates EAJM,/A\, and ft for all i
and t.

2. Calculate BAZCV = 2521222-721 and V and Rgg.l by

N R . N -1
Rl 4] [Z 21 — Ai,22ﬁicv)5i] {Z EzE;}
i=1 i=1

where =; = [(IA\Z‘,H — 4\ 1250‘/) i’

3. Caleulate BV = (AW, LA) AW, 15, where

A Aiga — VA1 A = Aio1 — VAi11 — Ry ¢
1T & 9 1T &
222 Yi21

and W; is the predetermined weighting matriz, which is the same as (5.13).

Similarly we can iterate Steps 2 and 3 by replacing BZC V' with the updated LV estimator.
This leads to the iterated LV estimator. Under the same conditions of Theorem (5.1), we
can show

VT(BEY - i) = (M, thM;;Mgh)v? + )"

T
! Z { thM gt) + Uzt} €t + Op( )

The above asymptotic result can be interpreted in a similar way as in Remark 5.2. So the
LV estimator is asymptotically efficient.

7 Finite sample properties

In this section, we run Monte Carlo simulations to investigate the finite sample proper-
ties of the proposed estimators. The model considered in the simulation consists of one
explanatory variable (K = 1) and two factors (r = 2), which can be presented as

Yit = 0 + Tt Bi + Vigr + dihy + €5,

(7.1)
Tit = Vi + ) g + Y he + vit,

where g; and h; are both scalars. We consider the following different specifications on the
models (M), loadings (L), errors (E) and coefficients(C):

Ma1: ¢; and ¢; are random variables for all i;

M2: ¢; is zero for all i and 1); is a random variable.

L1: ¢; and ¢; (if not zero) are generated according to ¢; = 2 + N(0,1) and ¢; =
1+ N(0,1); similarly 4/ and 4% are generated by 7/ = 1+ N(0,1) and v/ = 2+ N(0, 1).

L2: ¢; and ¢; (if not zero) are generated from N(0,1); 7 and 4/ are generated
according to 7Y = 1; + N(0,1) and v = ¢; + N(0, 1).

E1l: Let = be a N(K + 1) dimensional vector with all its elements being 1. Let
T = diag(Y:,Ye,...,Tn) be an N(K + 1) x N(K + 1) block diagonal matrix, where
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T; = diag(1, (M/M;)~Y/2M;) with M; being a K x K standard normal random matrix.

Let ¢t = (€,vie) and ¢ = (14,9 ---,Sne)- Then ¢ is generated according to ¢ =
diag(Z)Yey, where g4 is an N(K + 1) x 1 vector with all its elements generated i.i.d from
N(0,1).

E2: Let

Yi @i .
Ll‘: N 121,2,...,N
lwg o

and L = (L}, L5, ..., L) an N(K + 1) x 2 matrix. ¢ is generated as in E1 except that

i

Si=014+ gt i=12 N(K+1)

i

where ¢} is the ith row of L, and n; is drawn independently from Ulu, 1 — u] with v = 0.1.
C1: 5; =1+ N(0,0.04) for all i.
C2: §; =1 for all 4.

Remark 7.1 Two specifications in M denotes the two models considered in the paper.
M1 corresponds to the basic model, and M2 corresponds to the model with zero restric-
tions. We consider two different sets of loadings, L1 and L2. Both specifications give rise
to the endogeneity problem in the y equation, but as will be seen below, the CCE esti-
mator performs quite differently in the two setups. We also consider the cross-sectional
homoscedasticity and heteroscedasticity in the simulation, which correspond to E1 and E2,
respectively. When generating heteroscedasticity, we add 0.1 to the expression, avoiding
the variance being too close to zero. Our approach to generating the idiosyncratic errors is
similar to Doz, Giannone and Reichlin (2012) and Bai and Li (2014). We also consider two
specifications for the coefficients. While we mainly focus on the performance of the esti-
mation of heterogeneous coeflicients, we also use simulations to examine the finite sample
properties of the two estimators proposed in Remarks 4.4 and 5.4.

The other parameters including gy, h¢, o, v; are all generated independently from N (0, 1).
To evaluate the performance of estimators, we use the average of the root mean square
error (RMSE) to measure the goodness-of-fit, which is calculated by

\J | SN "
~< 2> (B =B
NS s=11i=1

where ﬁAi(S) is the estimator of the ¢th unit in the sth experiment, and §; is the underlying
true value. § is the number of repetitions, which is set to 1000 in the simulation.

7.1 Determining the number of factors

We now discuss the determination of the number of factors, which is a relevant issue in
the factor-analysis-based method. In the basic model, determining the number of factors
is relatively easier. In the first step, we estimate a pure factor model. So the existing
determination methods, such as Bai and Ng (2002), Onatski (2009) and Ahn and Horenstein
(2013), can be used. Although these methods do work well in the present setup, to be
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consistent with the theory established in Section 3, we instead consider the following MLE-
based information criterion in the simulation

7= argmin IC(m)
0<m<rmax

(7.2)

where _
M Inmin(NK,T).
NTK

1 A m A m/ T m

IC(m) = ﬁln\A A+ 9" +m
where A™ and U™ are the respective estimators of A and ¥ when the number of factors
is set to m and K = K + 1. For the model with zero restrictions, we need to determine
the factor numbers in the y equation and the x equation, respectively. Following Bai and
Li (2014), we consider a two-step method to determine them. First, we use (7.2) to obtain
the total number r = 1 + ro, denoted by 7, and the associated CV estimator 5’{’ ; we then
use (7.2) again to determine the factor number of the residual matrix #Z = (%) with
Rt = Vit — jc;t Af , which we use 71 to denote. Then 7, = 7 — #;. In the simulation, we set
Tmax = O-

In practice, the basic model and the model with zero restrictions cannot be differenti-
ated. We therefore suggest estimating the two models in a unified way. More specifically,
for a given data set, we calculate r and r1. If # = 71, we turn to the basic model; if 7 > 71,
we turn to the model with zero restrictions.

Table 1 reports the percentages that the number of factors is correctly estimated by
(7.2) based on 1000 repetitions. From the table, we see that the number of factors can be
correctly estimated with very high probability. This result is robust to all combinations of
listed specifications on loadings, errors and models.

Table 1: The percentage of correctly estimating the number of factors

M1

|

M2

|

T | 50

100 150

200 | 50

100 150

200 |

L1+E1

L1+E1

50 | 99.9
100.0
150 | 100.0

N 100

100.0  100.0
100.0  100.0
100.0  100.0

100.0
100.0
100.0

100.0
100.0
100.0

100.0  100.0
100.0  100.0
100.0  100.0

100.0
100.0
100.0

L1+E2

L1+E2

50 | 100.0
100.0
100.0

N 100
150

100.0  100.0
100.0  100.0
100.0  100.0

100.0
100.0
100.0

100.0
100.0
100.0

100.0  100.0
100.0  100.0
100.0  100.0

100.0
100.0
100.0

L2+E1

L2+E1

50 | 99.8
100.0
150 | 100.0

N 100

100.0  100.0
100.0  100.0
100.0  100.0

100.0
100.0
100.0

99.9
100.0
100.0

100.0  100.0
100.0  100.0
100.0  100.0

100.0
100.0
100.0

L2+E2

L2+E2

50 | 100.0
100.0
100.0

N 100
150

100.0  100.0
100.0  100.0
100.0  100.0

100.0
100.0
100.0

100.0
100.0
100.0

100.0  100.0
100.0  100.0
100.0  100.0

100.0
100.0
100.0
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7.2 Finite sample properties of several estimators

In this section, we examine the performance of the CV and LV estimators. For the purpose
of comparison, we also calculate Pesaran’s CCE estimator, Song’s PC estimator, and the
infeasible GLS estimator. The infeasible GLS estimator, which is calculated by assuming
that the factors are observed, serves as the benchmark for comparison. Since the previous
subsection has confirmed that the number of factors can be correctly estimated with high
probability, we assume that the number of factors is known in this subsection.

Tables 2-3 report the performance of the CCE, PC, CV and infeasible GLS (denoted by
INF) estimators under different loading and error choices in the basic model. In summary,
we see that the CCE estimator performs well under L1, but poorly under L2; the PC
estimator performs well under E1, but poorly under E2; the CV estimator performs well
under all setups.

First consider the different loading choices. Under L1, the performance of the CCE
estimator is considerably good and very close to that of the CV estimator. The performance
of these two estimators is only slightly inferior to the infeasible GLS estimator regardless
of homoscedasticity or heteroscedasticity. However, under L2 the performance of the CCE
estimator is poor. Not only does it have a large average RMSE, but it also exhibits a slowly
decreasing rate for the average RMSE. In contrast, the CV estimator performs closely with
the infeasible GLS estimator. The average RMSE of the CV estimator decreases almost at
the same speed with that of the infeasible estimator.

Table 2: The performance of the four estimators in the basic model

y | L1+El \ L2+E1 \
| N T [ CCE PC CV._ INF | CCE  PC CV._ INF |

50 50 | 0.1517 0.1596 0.1537 0.1501 | 0.3980 0.1603 0.1533 0.1492
100 50 | 0.1499 0.1538 0.1512 0.1494 | 0.3985 0.1543 0.1508 0.1489
150 50 | 0.1491 0.1519 0.1500 0.1489 | 0.3961 0.1526 0.1503 0.1492
50 100 | 0.1052 0.1087 0.1049 0.1024 | 0.3868 0.1095 0.1051 0.1026
100 100 | 0.1034 0.1058 0.1040 0.1029 | 0.3855 0.1060 0.1037 0.1025
150 100 | 0.1029 0.1046 0.1033 0.1025 | 0.3863 0.1049 0.1034 0.1026
50 150 | 0.0857 0.0878 0.0848 0.0830 | 0.3819 0.0883 0.0847 0.0828
100 150 | 0.0839 0.0855 0.0841 0.0832 | 0.3826 0.0858 0.0841 0.0832
150 150 | 0.0834 0.0846 0.0836 0.0831 | 0.3819 0.0848 0.0836 0.0830
50 200 | 0.0749 0.0760 0.0733 0.0717 | 0.3832 0.0763 0.0732 0.0716
100 200 | 0.0723 0.0737 0.0723 0.0715 | 0.3815 0.0741 0.0726 0.0718
150 200 | 0.0719 0.0729 0.0720 0.0716 | 0.3813 0.0731 0.0722 0.0717

The reason for the different performance of the CCE estimator under different loading
sets is that the space spanned by % = + SNz with 2 = (9i,4%) provides a good
approximation to the space spanned by f; under L1, but a poor approximation under L2.
To see this point more clearly, consider (2.1), which can be written as Z; = Al f; + .
Taking the average over ¢, we have z; = N ft + 1y, where A and @ are defined similarly to
Z;. With some transformation, we have f; = (AA)~'A(Z — @;). So a good approximation
requires two conditions. First, Z, dominates @ so that @ is negligible. Second, AA’ is
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invertible when N goes to infinity®. The loadings in L1 satisfy these two conditions, but
the loadings in L2 violate the first one. In fact, the terms A ft and 4; are of the same
magnitude under L2. So a good approximation fails. There are cases in which the second
condition breaks down. For example, if all rows of A share the same mean, then A is of
rank one asymptotically, which in turn leads to A'A being singular asymptotically. The
simulation results confirm that the CCE estimator performs poorly in this case.

Consider then the different choices of the errors. Table 3 shows that the PC estimator
performs poorly in the presence of cross-sectional heteroscedasticity (E2). In addition,
we find that the performance of the PC estimator is improved marginally under E1, but
significantly under E2, when N becomes larger. According to the theory of Song (2013), the
PC estimate is v/T-consistent, implying that the performance of the PC estimator should
be closely related to T and loosely related to N. This theoretical result is supported
by Table 2 but contradicted in Table 3. We think that the underlying reason is due to
the computation problem of the minimizer of the objective function in the iterated PC
method, as mentioned in Section 1. The extent of this problem depends on the strength of
heteroscedasticity. In our simulation, we generate heavy heteroscedasticity, which magnifies
the computational problem of the iterated PC method. ®

Table 3: The performance of the four estimators in the basic model

y | L1+E2 \ L2+E2 \
| N T [ CCE PC CV._INF | CCE PC CV_ INF |

50 50 | 0.35056 3.4677 0.3667 0.3581 | 0.4079 2.2194 0.2456 0.2377
100 50 | 0.3426 2.7550 0.3592 0.3545 | 0.4084 1.6894 0.2390 0.2362
150 50 | 0.3470 2.6504 0.3569 0.3543 | 0.4128 1.2141 0.2382 0.2363
50 100 | 0.2515 2.8863 0.2494 0.2427 | 0.3870 2.0866 0.1672 0.1630
100 100 | 0.2380 2.5816 0.2430 0.2399 | 0.3856 1.5579 0.1630 0.1616
150 100 | 0.2417 2.6489 0.2447 0.2430 | 0.3864 0.9734 0.1644 0.1630
50 150 | 0.2141 2.9851 0.2008 0.1956 | 0.3773 1.9264 0.1333 0.1302
100 150 | 0.2029 2.7919 0.1996 0.1977 | 0.3804 1.4195 0.1340 0.1326
150 150 | 0.1973 2.4904 0.1988 0.1973 | 0.3791 1.0475 0.1319 0.1310
50 200 | 0.1944 3.5289 0.1763 0.1718 | 0.3769 1.8067 0.1168 0.1141
100 200 | 0.1781 3.0194 0.1715 0.1694 | 0.3787 1.1939 0.1142 0.1131
150 200 | 0.1726 2.4151 0.1717 0.1705 | 0.3771 0.8777 0.1128 0.1122

Tables 4-7 report the simulation results for the models with zero restrictions and het-
erogeneous coefficients. Overall, these tables reaffirm the result that the CCE estimator
performs poorly under L2, and the PC estimator performs poorly under E2. Besides this re-
sult, there are several additional points worth noting. First, the CCE and CV estimators are

®The rank condition in Pesaran (2006) is a necessary but not sufficient condition for invertibility of AN,

®In the case of a homogeneous coefficient, this computational problem does not exist. First, as shown in
the next subsection, the PC estimator generally has a better convergence under a homogeneous coefficient.
Second, as pointed out in Moon and Weidner (2012), the objective function of the PC method can be
written into a trace form, which only depends on 8. So we can first use the method suggested by Bai
(2009) to obtain a preliminary estimator, and then turn to the Newton-Raphson algorithm to get a better
estimator.
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inefficient. Under the L1+E1 setup, even when N and T are large, say N = 150,7 = 200,
the average RMSEs of these two estimators are considerably larger than the remaining four
estimators. This is not surprising since the two estimation methods do not use the infor-
mation contained in the zero restrictions; see the discussion in Section 5. Second, several
iterations over the LV estimator indeed improve the finite sample performance, especially
when N and T are small or moderate. In all combinations of N and 7', the ILV estimator
outperforms the LV one. Third, under homoscedasticity, the PC, LV and ILV estimators
are seen to be efficient since their performance is very close to that of the infeasible GLS
estimator, especially when N and T are large.

Table 4: The performance of the six estimators under M2+L1+E1

N T []CCE PC CV LV IV INF

50 50 || 0.1486 0.0811 0.1527 0.0891 0.0822 0.0790
100 50 || 0.1483 0.0797 0.1503 0.0868 0.0808 0.0787
150 50 || 0.1488 0.0792 0.1501 0.0862 0.0803 0.0785
50 100 || 0.1023 0.0560 0.1046 0.0588 0.0564 0.0546
100 100 || 0.1026 0.0552 0.1039 0.0575 0.0555 0.0545
150 100 || 0.1024 0.0549 0.1032 0.0571 0.0552 0.0545
50 150 || 0.0831 0.0454 0.0849 0.0470 0.0456 0.0443
100 150 || 0.0831 0.0449 0.0840 0.0463 0.0450 0.0443
150 150 || 0.0828 0.0445 0.0834 0.0457 0.0447 0.0442
50 200 || 0.0718 0.0391 0.0732 0.0404 0.0392 0.0382
100 200 || 0.0717 0.0387 0.0725 0.0396 0.0388 0.0382
150 200 || 0.0715 0.0384 0.0720 0.0392 0.0385 0.0381

Table 5: The performance of the six estimators under M2+L2+E1

N T |]CCE PC CV IV IV INF

50 50 || 0.2716 0.1231 0.1533 0.1215 0.1210 0.1193
100 50 || 0.2673 0.1218 0.1512 0.1210 0.1209 0.1200
150 50 || 0.2674 0.1205 0.1504 0.1201 0.1200 0.1194
50 100 || 0.2532 0.0849 0.1047 0.0838 0.0836 0.0825
100 100 || 0.2563 0.0835 0.1034 0.0830 0.0829 0.0823
150 100 || 0.2562 0.0833 0.1033 0.0829 0.0829 0.0825
50 150 || 0.2469 0.0691 0.0849 0.0681 0.0680 0.0672
100 150 || 0.2500 0.0683 0.0845 0.0679 0.0678 0.0674
150 150 || 0.2476 0.0676 0.0836 0.0673 0.0673 0.0670
50 200 || 0.2475 0.0595 0.0732 0.0588 0.0587 0.0580
100 200 || 0.2474 0.0586 0.0725 0.0582 0.0582 0.0578
150 200 || 0.2476 0.0584 0.0720 0.0581 0.0581 0.0579
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Table 6: The performance of the six estimators under under M2+L1+E2

N T |CCE PC CV LV IV INF

50 50 || 0.2794 0.7402 0.3002 0.2293 0.2172 0.2103
100 50 || 0.2905 0.2507 0.3020 0.2223 0.2130 0.2081
150 50 || 0.2980 0.3511 0.3053 0.2282 0.2201 0.2159
50 100 || 0.2017 0.5204 0.2100 0.1531 0.1495 0.1462
100 100 || 0.1993 0.1610 0.2081 0.1517 0.1487 0.1468
150 100 || 0.2057 0.1871 0.2112 0.1524 0.1496 0.1481
50 150 || 0.1665 0.4558 0.1727 0.1220 0.1198 0.1170
100 150 || 0.1645 0.3249 0.1675 0.1196 0.1180 0.1166
150 150 || 0.1641 0.1282 0.1669 0.1202 0.1184 0.1174
50 200 || 0.1463 0.3222 0.1461 0.1064 0.1048 0.1027
100 200 || 0.1462 0.1510 0.1484 0.1050 0.1039 0.1027
150 200 || 0.1447 0.1128 0.1472 0.1043 0.1032 0.1023

Table 7: The performance of the six estimators under under M2+L2+E2

N T |CCE PC CV LV IV INF

50 50 || 0.2891 1.2307 0.1940 0.1606 0.1600 0.1554
100 50 || 0.2913 0.7183 0.1910 0.1570 0.1567 0.1545
150 50 || 0.2894 0.4762 0.1879 0.1567 0.1567 0.1557
50 100 || 0.2710 0.9264 0.1310 0.1091 0.1080 0.1062
100 100 || 0.2748 0.6029 0.1306 0.1097 0.1097 0.1086
150 100 || 0.2720 0.4254 0.1297 0.1079 0.1078 0.1070
50 150 || 0.2567 0.7998 0.1057 0.0895 0.0882 0.0865
100 150 || 0.2615 0.5410 0.1061 0.0894 0.0890 0.0880
150 150 || 0.2654 0.3370 0.1057 0.0887 0.0887 0.0881
50 200 || 0.2593 0.7218 0.0900 0.0754 0.0748 0.0734
100 200 || 0.2603 0.5082 0.0901 0.0766 0.0766 0.0759
150 200 || 0.2566 0.3009 0.0898 0.0749 0.0749 0.0742

7.3 Homogeneous coefficient

In this subsection, we investigate the finite sample properties of the CV and LV estimators
suggested in (4.6) and (5.16). We also compute the iterated PC estimator of Bai (2009)
and the ML estimator of Bai and Li (2014) for comparison. For simplicity, only the setup
“L24E2” is considered. Table 8 presents the simulation results. Overall, we see that the
CV (LV) estimation method gives a consistent estimation for the homogeneous coefficient.
Additionally, we see that the performance of the CV(LV) estimator is superior to that of the
iterated PC estimator, but inferior to that of the ML estimator. This result is consistent
with the ways that the three methods deal with the cross-sectional heteroscedasticity. The
two-step method partially takes the cross-sectional heteroscedasticity into account, while
the iterated PC method does not take it into account and the ML method fully takes it
into account.
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Table 8: The performance of the CV(LV), PC and ML estimators
under L2+E24C2

CV(LV) PC ML

N T Bias RMSE  Bias RMSE Bias RMSE
[ M1 |
50 50 || 0.0004 0.0216 -0.0002 0.0259 -0.0004 0.0102
100 50 || 0.0004 0.0151 0.0000 0.0159 0.0002 0.0066
150 50 || 0.0007 0.0118 0.0008 0.0121 0.0004 0.0052
50 100 || 0.0006 0.0146 0.0005 0.0194 -0.0000 0.0071
100 100 || 0.0000 0.0108 -0.0000 0.0117 0.0002 0.0047
150 100 || -0.0003 0.0081 -0.0003 0.0086 -0.0002 0.0036
50 150 || -0.0000 0.0122 0.0005 0.0181 -0.0000 0.0052
100 150 || 0.0004 0.0084 0.0002 0.0101 0.0001 0.0037
150 150 || -0.0000 0.0067 -0.0002 0.0072 0.0000 0.0031
50 200 || 0.0008 0.0105 0.0006 0.0173 -0.0001 0.0047
100 200 || 0.0001 0.0073 0.0002 0.0089 0.0000 0.0033
150 200 || 0.0000 0.0060 0.0001 0.0065 0.0000 0.0025

| M2

50 50 || 0.0003 0.0140 0.0088 0.0224 -0.0001 0.0053
100 50 || -0.0002 0.0097 0.0023 0.0111 0.0000 0.0037
150 50 || -0.0000 0.0080 0.0012 0.0085 0.0000 0.0030
50 100 || 0.0003 0.0098 0.0077 0.0185 -0.0001 0.0043
100 100 || -0.0001 0.0068 0.0022 0.0086 -0.0001 0.0026
150 100 || -0.0001 0.0057 0.0008 0.0063 0.0000 0.0022
50 150 || 0.0001 0.0075 0.0071 0.0172 0.0002 0.0029
100 150 || 0.0002 0.0053 0.0025 0.0079 0.0000 0.0021
150 150 || 0.0000 0.0044 0.0010 0.0052 -0.0001 0.0017
50 200 || 0.0001 0.0066 0.0075 0.0166 0.0000 0.0026
100 200 || 0.0001 0.0047 0.0023 0.0071 -0.0000 0.0018
150 200 || 0.0001 0.0039 0.0010 0.0046 0.0000 0.0015

8 Conclusion

This paper considers the estimation of heterogeneous coefficients in panel data models with
common shocks. We propose a two-step method to estimate heterogeneous coefficients, in
which the ML method is first used to estimate the loadings and variances of the idiosyn-
cratic errors in a pure factor model, and heterogeneous coefficients are then estimated
based on the estimates and structural relations implied by the model. Asymptotic prop-
erties of the proposed estimators including the asymptotic representations and limiting
distributions are investigated and provided.

In addition, we extend our method to the models with zero restrictions on the partial
loadings in the y equation. We point out that efficiency can be gained by using the infor-
mation contained in the loadings. The asymptotic representation and limiting distribution
of the new two-step estimator are studied. We also consider the model with time-invariant

regressors.
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The proposed estimators are asymptotically efficient in the sense that they have the
same limiting distributions as the infeasible GLS estimators. Monte Carlo simulations
confirm our theoretical results and show encouraging evidence that the two-step estimators
perform robustly in all data setups.
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Appendix A: Proof of Theorem 3.1

Throughout the appendix, we use C' to denote a generic finite constant large enough, which
need not to be the same at each appearance. In addition, we introduce following notations
for ease of exposition.

H=WAvN A=A R=MpN I ANTTA)!
We first show that R = O,(1). The following lemma is useful.

Lemma A.1 Under Assumptions A-D,
(a) R= !\N1/2ﬁ1/2|| -0p(1)

11 A _
(b) R'M' thut UIAH = [NV2AY?|2. 0 (T~ V)
NP | PN . 3
() BT [23" (uf = 0)] 07 A = |NVZEP|P - 0,(071?)

(d) HA’@*(@—@)W*AI?:HNl/Qﬁl/?HZ.o( ZHEZZ Siil? 1/2)

PROOF OF LEMMA A.1: Consider (a). By the definition of R and H, we have
R= MffA/\ifflA([\ G ./A\) Mff(A/\iJflf\ﬁl/z)ﬂlﬂ

By the Cauchy-Schwarz inequality,

N
IR AY2) — HZA SUALY?|| < (ZHAE 1/2)2 ) (Z|yi;”2/1§fﬂ/2ll2)l/2

=1 i=1 i=1
However,
N N
SIS PAE V2 = o[ Y AVPAS A AV = e [HVPETVHY?) = (A.1)
i=1 i=1

Given (A.1), together with the boundedness of f]fl/z and A;, we have
HA/ IAHI/ZH N1/2)

Then (a) follows.
Consider (b). We first show

N
fzut@ By z

t 1

tuztz CNH = |INVEEVR| 0TV (A2)

IIMH

By the Cauchy-Schwarz inequality,

1Y 1 X

d I (=147 1o 12\ M2
TZthUitEii NH < C(NZHfotuitH )
i=1 t=1

i=1t=1

N 1/2
A—1/24 A A
x (SIS AR P) TN
=1
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So (A.2) follows by (A.1). Given (A.2) together with result (a), we have (b).
Consider (c), which is equal to

The above expression is bounded in norm by
_ o\ 1/2
INVZEY2)1%( Z (o 1/2A'H1/2|| (N2 Z Z || Z wipwly — E(ugufy)]|| )
i=1 i=1j=1 t 1
which is || NY/2HY2| - O,(T~'/2) by (A.1). Then (c) follows.
Consider (d), which is equal to

Y AS (S0 — Su) S5 AL

The above epression is bounded in norm by
NP Z VA PRSP 185 (R - ma) S5 )
=1

By (A.1), we have SN | | AY/2A, 2_1/2H2 r, which means Hﬁlm&f);lmﬂ < /r for all i.
Given this result, together with the boundedness of S
is bounded by

5 » we have that the above expression

CvrINY2E 2R L ZHH”?AE )8 — Sl
=1

which is further bounded by
CVr | NY2E|( Z ARSI Z 155 — Sal®) 2,
implying (d). O

Proposition A.1 Under Assumptions A-D,

IN2EY| = 0,(1), R=0,(1).

A A~

PROOF OF PROPOSITION A.1: By (3.4), we have AU~ (M., — 3..)&~'A = 0. By

1
MZZ_AMffA’JrA thut—i- ZutftA’Jr Zutut U) + ¥
tl

and 3, = AA’ + ¥, we have

Iy = R'My R+ R'My' Z faul AR + AA L Z ur f{M ' R
t 1
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T
{TZutut U)| 6 AH — AN S8 - 0) ' AH (A.3)
t=1

Consider the right hand side of (A.3). By Lemma A.1, the first term is || NY2HY2|2-0,(1)
and the 2nd-4th terms are all ||[N'/2H'/2||2. 0,(T~"/?). The last term is equivalent to

N
VRS AYRRS (S5 2 (S — ) S5 85 A2 2

1 0
=1

which is bounded by

SINREY (PRSI 1552 - 25 )
i=1
which is || NY2H1/2|12.0,(N=1) by |5 %(S5 — 2i) 82| = 0,(1) and (A.1). So the last
term is |[NY/2H'/2||2. O,(N~1). However, by the equation (A.10) of Bai and Li (2012a),
we have

N N 1
||N1/2H1/2||2 =tr(NH) = tr[R’MJ:fI(NA’\IJ‘IA) M R] + 0p(1).

Given these results, we have that the first term dominates the remaining four terms. If R
is stochastically unbounded, the right hand side of (A.3) will also be unbounded. However,
the left hand side is an identity matrix. A contradiction is obtained. So R = O)(1), which
means |[NY/2H'/? = 0,(1)|| by Lemma A.1(a). This completes the proof. []

Lemma A.2 Under Assumptions A-D with |NY/2HY?|| = O,(1), we have

&
=zl =

<
Il
—_
o+
Il

1 a AA/A—ll a / -1
() ~>|ake qutftAJH 0,(T1)
j=1 t=1
1 N '\A,’*,ll T 2 —1
(c) Nzl AN Tzl[utuﬁ E(uadyy)]|” = 0p(r7)
= t=
]. N A A_l S
@ [ aR55 G - 20| =05 Zuzﬂ %)

<
Il
—

Proof of Lemma A.2. Consider (a), which is bounded by
o 1N 2 9
ARG 5 37 |7 D S
j=1 " t=1

By Lemma A.1(a) and Proposition A.1, we have |[HA'U~!A| = Op(1). So we have (a).
Consider (b), which is bounded by

PP IR gl 2
|HA"Y Tzutftﬂ (NZHAju )
=1

t=1

26



which is O,(T~1!) by (A.2). Then (b) follows.
Consider (c). The left hand side of (c) is bounded in norm by

N

C||N1/2ﬁ1/2||2(z HH1/2A E 1/2H <N2 Z Z ||— Z uztu E(uztu;t)]HQ)

1=1 i=1j=1 t1

which is O,(T~!) by Proposition A.1. Then (c) follows.
Consider (d). The left hand side of (d) is bounded by

N
A~ 1 N ~oal1/2 A
CIEIP S (12 REP - 185 - 41°)
j=1
Since Z;-V:l ||I§T1/2/A\jf3;1/2||2 = r, the above expression is bounded by
. 1 X
CrlIN'2E2P 53 (1125 - Z51P)
j=1
which is % Z;-V:l 125 — 2412 - Op(N~1) by Proposition A.1. Thus we have (d). OJ
Proposition A.2 Under Assumptions A-D, we have

1 X _ 1 X . _
NZHAJ‘ — RAj|? = 0p(T7), NZH% = 5j[? = 0p(T 7).
j=1 Jj=1

PROOF OF PROPOSITION A.2: Consider (3.4), which is equivalent to

(AITA)A; = (ADTTA) My A; + (AT Z fody (A.4)
1 & A
AP 11 ZutftA + A 1TZ[utth E(utu Ol —Aj Dy ( ji — 2jj)
t 1 t=1
So we have
Aj— R'A; = R' M} TZ fodyy + HANO™ 11 z:lutft (A.5)
t
1 & NS
+HA,‘I/_1T ;[utugt = Eupug,)] - HAJ'Z;<2J'J' - Xj)

where R’ = (A’@_IA)_I(A’@_IA)Mﬁ and H = (NMU~1A)~1. We use a;1, a2, a3 and a4
to denote the right hand side of (A.5). By triangular inequality,
1A; = R'Aj|| < llajull + llajzll + llazsll + llajall

Then we have

N

N
1 A 1
N 2 I - RAIF <43 (a2 + -+ llagal)

=1
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Using the results in Lemma A.2, we have

A
A = B = 0T + o Zuzﬂ 511°) (A.6)
j=1

Consider (3.5), which can be written as

1 &, , 1,
—Xi =5 ;(uituit i) + A ( Z ftun) + (f ;uitft)f\z‘ (A7)
—NR(A; — R'A)) — (Aj — RIA)RIA; — (A — R’A,-) (A; — R'A;) — AY(RR' — Myy)A,

We use b;1, b9, ..., b7 to denote the seven terms on the right hand side. By the Cauchy-
Schwarz inequality, we have

1 & . 1 g
= 2l — Sl < 7 > (bl + -+ + o) (A8)
i=1

i=1

The first three terms are all O,(T~!). Consider the fourth term, which is bounded in norm
by

1N
CIIRHQNZHAJ‘—R’AJ‘HQ:O( +0p( ZHEJJ jo2)

by R = Op(1) and (A.6). The fifth is just the transpose of the fourth. The sixth is
Op(T~2)+0,(+ Zévzl |24 — 251?), which can be verified by substituting (A.5) in it. Con-
sider the last term. Since the last term is bounded in norm by || RR'— M |12 & SV || A ]|, it
suffices to consider the term RR'—M s, which we will show to be Op(T~Y/2)+0, ([ N Is—
¥iil2]*/?). For ease of exposition, we use S to denote the last fourth terms of (A.3). By
Lemma A.1 together with | NY/2H/2|| = O,(1), we have

S = 0,(T™Y2) + 0,(] an” Sall2]M).

Now equation (A.3) can be written as I, = R'M 1R+S which is equivalent to RR'— My =
—RSR™'Mys. Since R = O,(1), if R # 0,(1), then R~! = 0,(1). However, R is impossible
to be op(1) since I, = R’M]?R + 0p(1). So we have

RR' — Mgy = Op(T~%) + 0y | Z 1% — Sall?)'72), (A.9)

implying that the last term is Op(T 1) +0,(4 SN, 12 — Si]|2). Given the above results,
we have

1.
NZHZn‘—EiiHQZO( )+ 0p(+= ZHEM Ziill?)

which implies & SN, |3 — $4(|2 = O,(T~"). Substituting this result into (A.6), we have
the remaining result of the proposition. This completes the proof of this proposition. [

To prove Theorem 3.1, we further need the following two lemmas.
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Lemma A.3 Under Assumptions A-D,
(a) HNO™ 12 Zutft Op(N _I/QT_1/2)+OP(T_1)
=

[y, — E(ugdyy)] = Op(N~V2T7Y2) + 0,(T7)

(o) HASG (55 — By) = Op(NT'T72) 4 Op(T7") + [|A; — R'A;| - 0p(1)
(d) ARG (g — 0)] 5 AR = O,(N'TY2) 4 0,(17)

(U — W)U 'AH = O,(N~V2171/2)

Proor or LEMMA A.3: Consider (a). The left hand side of (a) is equal to

N T
HY (A - R'A)S; TZuztft +HR'ZA ;U%Zuitﬂ
=1 i=1 t=1

HR' AN i
+ R ; ii T Z’U, tft
The first term is bounded in norm by
~ 1 2 1 2
CINVEE (L S 1, - Rl Z I Zuztftu /
=1
which is O,(T~!) by Proposition A.1 and A.2. The second term is bounded in norm by
- 1 & 1/2 1/2
CSHNl/QHl/zHQ(NZHEu—Eu‘H ZH*ZuztftH
i=1

which is also O,(T~") by Proposition A.1 and A.2. The third term is O,(N~/2T-1/2) by
Proposition A.1. So we have (a).
Consider (b). The left hand side (b) is equal to

ﬁi( - RS XTj [uiewyy — E(uiuy)]
z=1N t=1 .
+HR' S A3 Z wirwyy — E(uiu,)]
A 2;1 i =
+HR Z; A T ;[unuﬁ E(uizuy,)].

The first term is bounded in norm by

T
ClINY2 212 ZHA — R Z Zunu E(uidi))|*)"?
11 =1 t=1
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which is O,(T~!) by Proposition A.1 and A.2. The second term is bounded in norm by
- 1 X e 1/2 2,1/2
C3||N1/2H1/2||2(N D 1% — Zall?) Z H* Z uirly — Eugul,)]|”)
i=1

which is also O,(T~") by Proposition A.1 and A.2. The third term is O,(T~/2T-1/2) by
Proposition A.1. Given these results, we have (b).
Consider (c). The left hand side of (a) is equal to

H(A; — RA)SZN (S, — By) + HRIA S (S5 — 55) (A.10)

By the boundedness of ¥, %, and H = O,(N~!) (since |[NY2H'?|| = 0,(1)), we have
the first term is HlL — R'Aj]| - 05(1). Consider the second term of (A.10). Substituting
(A.7) into the second term, we obtain an expression consisting of 7 terms. The first three
terms are all O,(N~'T~1/2) by the boundedness of ¥; and H = O,(N~'). The fourth
and fifth terms are both ||A] — RAj|| - 0p(1). The sixth term is equal to

ARASTH A — RA) (A — R'A)

which is bounded by

N
INVEEV2| RIS ZHAJ—R'AJII2
j:

By Propositions A.1 and A.2 and the boundedness of 3;;, the above expression is O,(T71).

The seventh term is O,(N~'T~1/2) since S = O,(T~'/?). Given these results, we have the

second term of (A.10) is Op(N~'T~1/2) 4+ O,(T~1) +||A; — R'A;|| - 0,(1). Then (c) follows.
Consider (d). The left hand side of (d) is equal to

R N N o 1 T R o
H Azzglf > luiruje — Eugfy)]3; A H
i=1j=1 t=1
which is equivalent to
. N N R T R o
HY S (A — RIS = uauly, — B(uguy,) S5 A H
i=1j=1 t=1
N N 1 T .
HR'Y > A,E;lf > lwauly, — B(uiufy)| S5 (A — RIA;)H
i=1j=1 t=1
. N N .y . 1 T oy .
HRY > NS - 55 >T > luirulyy — B(uirufy)]S 5 Ay RH (A.11)
i=1j=1 t=1
R N N 1 T R R
HR'Y Y A3 o > iy — Buiy)) (350 — S5 A RH
i=1j=1 t=1
R N N 1 T
HR’ZZAiEileZ[unuﬁ E(uguly)| S A RH
i=1j=1 t=1
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The first term is bounded in norm by

C-|NVREE ZHA - RA %) an—w H'2|)
=1

NZZZH S laty — Bt )2 = 0p(1)
i=17=1 t=1

by Proposition A.1 and (A.1). The second term is bounded in norm by

N 1 N 12 12
O INRIR (3 S I ZHA ~ R

ZZH Zunu — Bluguy)]|[)"* = 0,(T7Y)

i=1j=1 tl

by Propositions A.1 and A.2. The third and fourth terms are both bounded in norm by

. 1 X . 12 12
CINVER PRI (5 318 = Zal) ZHA %)

Z Z ||* Z iy — Bugidy)]||P)? = 0,(T 1)

=1 j5=1 tl

by Propositions A.1 and A.2. The last term is O,(N~'T~/2). Given these results, we
have (d).

Consider (e). The left hand side of (c) is equal to
A N ~ ~ A . . R R R
H1/2(ZH1/2AiZi—i1(Eii — )5 A H1/2)H1/2.
i=1

The above expression is bounded in norm by

CINY2 Y2 Z VRSP — Zall).
i=1
Since YN | || HY/2A, I 1/2H2 = r, then |[HY/2A, I 1/2H < /r uniformly in i. So the above

expression is further bounded by

CVr NV Z |AAEE 10 — Sal).
By the Cauchy-Schwarz inequality, the preceding expression is bounded by

- 1N omr o 1/2 12
OVRINYZE PP (0 SNV RS ) (18— 5al)
i=1

which is O,(N~1/2T~1/2) by Propositions A.1 and A.2 and (A.1). Then (e) follows. [J
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Lemma A.4 Under Assumptions A-D, we have
RR' — My = Op(N~'V2T712) + 0, (T7)
Proor oF LEMMA A.4. Consider (A.3). Given the results in Lemma A.3, we have
RM;'R=1,+ Op(N2T712) + O,(T)
Taking inverse on the both sides yields
RIMyR™Y = I + O,(N~Y217Y2) 1 O,(T7)

Pre-multiplying R and post-multiplying R’, together with R = O,(1), we have Lemma A 4.
g

PROOF OF THEOREM 3.1: Consider (A.5). The last three terms of the right hand side
of (A.5) are summarized in Lemma A.3(a)-(c). So we have

. 1L
Aj— R'A; = R'M! thu]t—i—HA — R'Aj|| - 0,(1) + 0,(T~?). (A.12)
t 1

The first term of the right hand side is O,(T~/2). The second term is of smaller order
term than the left hand side and hence negligible. Given this result, we have

Aj— R'Aj = 0,(T7V/?). (A.13)

Substituting (A.13) into (A.12), we have
Aj— R'A; = R'Mp' thuﬁ +0p(T72).
Now consider (A.7). Substituting (A.5) into (A.7), we have
T A A~
Yy = Z wiry — Xii) — (A — R'A) (Ai — R'A;) — Ay(RR' — Myg)Ai

_T Z Uitft,Mf}l (RR, — Mff)Ai — A;(RR/ - Mff ff T Z ftuzt

T

1
—ANRANT- 115y, A — N RHANG! wth, — E(ugd A.14
tzl S} 7 D e — Eura) (A14)
/1T 135—11X 71 p/ 1T / NS —1 A 77 o/
_Aifg fruy U AHRAZ-—fE [wiruy — E(uuy) [V AHR'A;
= t=1

+A;RFAI/A\,2;1(2” — Eii) + (i“ — Eii)ii_il]\;I:IR/Ai

The second term is O,(T~") by (A.13). The third term is O,(N~Y2T~1/2) 4 0,(T~') by
Lemma A.4. The fourth and fifth terms are both O,(N~Y/2T~1) 4 0,(T~3/?) by Lemma
A.4. The sixth and eighth terms are both O,(N~'/2T~1/2) 4 0,(T~') by Lemma A.3(a).
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The seventh and ninth terms are also O,(N~Y/2T~1/2) 4 0,(T~') by Lemma A.3(b). The
last two terms are of smaller order terms than the left hand side and hence negligible.
Given these results, we have

T
Z (uiryy — Big) + 0p(T )

This completes the proof of Theorem 3.1. [J

Appendix B: Proofs of the results in Section 4

Lemma B.1 Under Assumptions A-D, we have

1 X
N STNBEY = Bill = 0p(T 7).
=1

Proor or LEMMA B.1. Notice
BV — B, = 252122@21 — X%
= ﬁ:;glg [(Bio1 — Dio1) — (Bioe — Ez‘,Qz)E;glgzml]
By the boundedness of 3, ¥y, we have ||§A];212|| <C, HE;2122@21H < C. Then
I1BEY = Bill® < Cl1Bi21 — Sian|* + Cl18s 22 — Sizall® < 2C|85 — Taa)?

So 3 N Z =1 H/BCV _BZH =0 ( ) by N Z =1 qu - uH2 = Op(T_l)- O

Lemma B.2 Under Assumptions A-D, we have

(Az’,21f\;,11 — Ay Ay) = Op(N_l/zT_l/Q) +O0p(T7)

&
z[ =
'Mz

.
I
—

(A i,22/§iovf\;,11 — Af 9o BiN]}y) = Op(Nfl/QTfl/Q) +O0p(T)

=zl -
.MZ

@
I
-

(A 21 V/A Aj 91 BiAT o) = Op(NTY2T=12) 4 O,(T ™)

=]~
Mz

@
I
—

(A; 22510‘/510‘/,/\1 12 — N 99BiBiN12) = Op(N_l/QT_l/Q) +0,(T7)

S
2| =
‘Mz

@
Il
N

where A} = R'Aj and A7, is defined similarly as A pq.
Proor or LEMMA B.2. By (A.5), we have

A~

NP
A1 —Af =0 R ffTthezt+vl A‘IJ_1<TZUtft,Ai’U—71)
=1

T
+ ’UlﬁA\ilflf Z[uteit — E(uteit)} — 1)1]?[1&12;1(2“ — Eii)'wl
t=1

N~
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. . 1z R B
Aig1 — Ajgy = ,UQR,Mfflf > frei + va HAU™! <T > utft,Aiw1>
t=1 t=1
T (B.2)
+ ’UQHA\I’_IT Z[uteit — E(uteit)} — ngAiEgl(E“ — E“)wl
t=1
a 1 T A 1 T
Ai,12 — A;!(,12 = ’UlR,ME}T Z ftvgt + ’l)lHA\If_l (T Z utft'Al’wg)
t=1 t=1
- (B.3)
A1 L / / A s —1/%
+ o HAU ™ > ugvly — E(uy)] — vi HASS (S5 — Si)ws
t=1
a 1 T A 1 T
Nigo — Aj 9 = ’UzR/Mﬁlf > frvi + v HAW! <T > utft/Ai'lUQ)
t=1 t=1 B.A
1 T ( N )
+ UgHAqlilf Z[utvgt — E(utvgt)] — UQHAZ'E;Z-I(ZZ‘Z‘ — Eii)wg
t=1
where v; and vy are defined as I, = [v1,v2] with v an r x 71 matrix and ve an r X ry

matrix, respectively. wj and ws are defined as [x11 =

[w1, ws] with wy an (K +1) x 1

vector and wg an (K + 1) x K matrix. In addition, e;; = €; + v},5;.
Consider (a). The left hand side of (a) is equivalent to

72 4,21 —
1 N
AT 7,21 —
NZ

*I * !/
o)A+ ZAz 91( 111 Aj 1)
=1

* / .. .. ..
A9 (Ai711 — A7) =iy +dip +di3  say

Consider ii;. By (B.2), we have

’UQR ff NT Z Z fteztAZ 11+ voH A

i=1t=1

saa 11 1
+v2HA\IJ*1—Zutft’ —
T (N

= 1991 + %2 + 9103 — ity

A

E(ugeir)| AT

N
Z Azw1A2:/11) —v
=1

x/
- Eii)wlAi,ll

o p / p
Consider #idy. By Ay = Aj 11 Ri1 + A 5y Ro1, we have

iii; = voR'M

which is O, (N~

which is bounded in norm by

N
CHNl/ZJfIl/ZH ) [Z ||H1/2A 2_1/2H } /2[

<NT Z Z freal\] 11>R11 +voR'M

i=1t=1

l/QT—l/Q) by R =

1 N
NT 2

=1

i (

Op(1). Consider iiia, which is equivalent to

Z eztAZ 21) Rop

T
t
t=1

[Uztejt E(Uitejt)]A;,/n

1/2
E(Uzte )A*/nH }



!/ !/ !/
y Aj]k,ll = Aj711R11 + AJ,21R217 we have

N T N T
1
NT Z Z[Uitegt E(uzte]t ] 11 Z Z uztejt Uztejt)]f\;',anl
j=11t=1 j=1t=1
N T
+ 1 ZZ[ et — Euge;r)]N; 5y Ro1 = O (N—l/2T—l/2)
NT Uit€jt Uit€jt )| 35214121 = Up .
j=1t=1
Given this result, together with || N'/2H'/2|| = O,(1) and (A.1), we have i = O,(N~Y/2T~1/2).
Consider 7ii3. Notice that
1Y 1Y
N Z Ai'wlA;",’H = (N Z AiwlAng)Rll + ( Z AszlAl 21)R21 =0 (1)
i=1 i=1 i=1
Given the above result, together with Lemma A.3(a), we obtain iiiz = O,(N~Y/2T~1/2) 4

O,(T71).
Consider iii4, which is equal to

+ S wfIhS:

=1
Consider the first term of the above expression.
bracket is bounded in norm by

1,4 N A12R em1/2 el
SIEIS (AR )15
which is further bounded by

N
1 N N A A
SINVEE (YRS 155

N
(f]ii—Eii)wlAé,n}Rll—k{ Z .F[Ai] iu Eu)wlA221]R21 (B5)

Ignore Ry; and wvs, the expression in the

2 A
Pl Ay |- (156 — Sal)

N
[|wi A 1l ) ﬂ(% Z ”iu — Zz’z’||2) v
i=1

The above expression is O,(N~'T~1/2) by ||Z_1/2|| < C, [|lwiA} 1;]| < C and Propositions

A1l and A.2 as well as (A.1).
first term of (B.5) is O,(N~'T~1/2). The second

Given this result,

together with R = O,(1), we have the

term can be proved to be O,(N~1T~1/2)

similarly as the first term. So we have iiiy = O,(N~'T~/2). Summarizing all the results,

N71/2T71/2) + Op(
Term iy can be proved to be Op,(N

).
1/2T—1/2)

we have i1y = Op(

O, (T~

1y similarly as 7i; and the details

are omitted. For term i3, notice that it is bounded in norm by

(3 S - 5al?) (3
i=1

However, we have ||Ai,21 —
[|As
R'A|?

1M
= > Il -
Ni:l
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Aol < IA—=AF] = A
— R'A;||. Given this result, the preceding expression is bounded by

N . 1/2
>R = A7)
=1

—R'Ai|| and [[A;11—Af || < JAi—Af] =

= Op(T_l)



by Proposition A.2. Summarizing the results on iy, ii3 and i3, we obtain (a).
Consider (b). The left hand side of (b) can be written as

1 s
(N Z Ai’zgﬁicVA;’n Z Az 22ﬁCVA;/11)
i=1

( ZAZ 2250‘/1\@ 11— Z A7 20BN 11) =1ilq + Ul5, say

Consider ii4, which is equal to

*Z 0,22 — z2250 A+ ZA225 111—/\211)/

=l

N
AC"/ N /
— Z i22 — N 90) B (Ain — A qy)" = ddis + it + ddi7, say

2

Consider iii5. By (B.4), we have

a1 &
ACV -1 ACV
iiis = va R M, NT ; 1: t§ 1: Jeoig BTV A + o HAT ! ;:1: w ft< ; 1: Awa BV AT

N T
+voH HAU™ NT Z Z utvzt utvlt)]ﬂcVAz 11
i=11t=1

—’UQH

1N
NZAQJ“l(Zu— ”)’wgﬂ VAZH (BG)
=1

Consider the first term of (B.6), which can be written as
1 NoT 1 NoT
vo R Mff Z Z frouBif + va R Mff Z Z Feol (BEY = Bi) TR (B.7)
NT i=1t=1 NT i=1t=1
Treating v}, 5; as a new e;, the first term of the above expression can be proved to be
O,(N~1/27=1/2) similarly as the iii;. By Ay = A} Rin + Aj 51 Roi, the second term is
equal to

1 N T 1 N T
vaR'M ;! NTE;; Fe0iy (BEY —Bi) Al 1y Ruy +va R M, NTE;tzlftvzt (BEY = Bi) A} 91 Rax.

The first term of the above expression is bounded in norm by

_ 1 12,1 &L 1 & 2\ 1/2
v || - HMffIH Al - [ Raall - (N; Hﬁz’cv - 51’”2) (N; HT;ftU;tH ) )

which is O, (T~ ') by Lemma B.1 and R = O,(1). The second term can be proved similarly
as the first term. Given these results, we have the expression of (B.7) is O,(N~1/2T771/2) 4
O,(T~1). So the first term of (B.6) is O, (N~Y2T~1/2) + O,(T~").

Consider the second term. First note that

BV <C,  Wi<N (B.8)
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The above result is due to the boundedness of i“ and ,5’ZC V= 21_ 212531-,21. Given this result,

we have
721\@250%\/ = 0,(1).
=1

Given the above result, together with Lemma A.3(a), we have the second term of (B.6) is
O, (N"V2T112) 1 0,(T 1),
Consider the third term, which is equal to

1 . R T
v2ﬁHZ Z A Z itV — E(ugv) )]ﬁCV'AJ 1 (B.9)

i=1j= 1 t=1
L 5 ’N - s —1 -1 ¢ ACV1
SR YD M =S5 Y iy — Euind}))3 A
i=1j=1 =1
1A'NN flT ! 1 \JACVI A%t
WHR ZEZ;AZEH ;[Uitvﬁ_E(u”Uﬁ)wy Ajn
1=19)= =

The first term is bounded in norm by

1 N

X 1 & 1/2
CINV2EY?. (NZ 1A - Ra)” (NZ 18TV A1)

(N2 Z Z HT 2 ultv E(ui“};t)}HQ) 1/2,

i=1j=1

By the boundedness of 3¢V and Ay = A Ran + A gy Ran,
1N
N2 185 A 1P < o~ Z 1A5: 117
j=1

N
§2C(HR11||2 ZHAJMHZJFHR%HQ > 1A 21l%)
N3

] 1

Given this result, we have that the first term is O,(T~1) by Propositions A.1 and (A.2).
The second term is bounded in norm by

. 1/2
CINYZEV)2 R - ( HZM—EM-HQ) ( Z\IﬁCV’A hll?)

L
N

||M2 ™=

TES e stusa )"
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which is O,(T~!) by the same arguments. The last term is bounded in norm by

N 1 w1 12)1/2
INV2E R - (5 ACYAON
] 1

[N N 1 s
(7 2 g 20 20 A% [warwye — E(warv)]°)

which is O, (N~1/2T~1/2). Given these results, we have the third term of (B.6) is O,(N~1/27~1/2)4
O,(T71h).

Consider the fourth term. Ignore vg, this term is bounded in norm by
el (- Z ARSI 180 - mal?) (4 Z 187V Az )"
Notice SN, ]\1:11/2&2;1/2]]2 =r. So ]\1:11/2&2;1/2]]2 < r for all 4. This leads to
5 Z VARSI 120 = Sl < v Z 185 — Sl

Given the above result, together with H = O,(N~!), we have the fourth term is O,(N~1/27-1/2),
Summarizing all the results, we have iiis = O,(N~Y2T~1/2) 4 O,(T™).

Term iiig can be proved to be O,(N~Y2T=1/2) + O,(T~") similarly as iii5 and the
details are omitted. Consider iii7, which is bounded in norm by

1 AR * 2 121 al ACV |12 A * 2
(5 2 iz = A5aol?) (5 IACVIP - IAian = Az l?)
=1 =1

1/2

By the boundedness of 3ZY, together with ||A;20 — A%y, < [A; — Af|| = [|A; — R'A]|
and ||Ai,11 Al < |A; — A¥|| = ||A; — R'A;|, we have that the preceding expression is
bounded by

N
1 N _
O IR = AP = 0,(T7)
i=1
by Proposition A.2. Summarizing the results on iiis, iiig and iii7, we have
iy = Op(NTV2T=Y2) L O, (T 7).

We proceed to consider #¢5, which is equal to

*Z 522( Bi)A; 211

/ / / / / :
By Aj 90 = Riglin2 + RyoAi0o and A}y = Aj 11 Ri1 + Aj 5y Ra1, the above expression can
be written as

1Y ; L ¢
/12(N > A (BFY - Bz')A;,ll)R“ * RllQ(N > A (B - Bi) ’21>R21
i=1 =1
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1N A 1 N R
5 (N > N2 (BFY - ﬁi)Aé,ll)R” + R, (N > M (B - @-)Aé,m)Rm
im1

The derivations on the above four terms are almost the same. So we only choose the first
one to illustrate. Ignore R}, and Rj;. By

BEY = Bi = Sl (Bi21 — Biar) — (B2 — Si22)Bil,

we can rewrite the expression in the bracket as

1 o
D A28 (Bi21 — Si2)Af 1y — Z i 195555 (Zi 22 — Si02) Bilk] 11
=1 =1

Again, the derivations on the above two terms are almost the same. So we only choose the
first term to illustrate. This term is equal to

~ Z Ai12(5705 — Big0) (Bior — Bip)Afy + — ZAz 125595 (Zi21 — Si21)Af ;. (B.10)
=1

The first term of the above expression is

—— Z Ai12%7 22(21 922 — 21,22)22-_,212@@',21 — Y1) A% 11,
=1
which is bounded in norm by C Z MY ||E“ Yiill? = Op(T71) by ||Aio1] < C,||Ai1] <
C, ”EZ,QQH < C, sz,22|| < Cas Weﬂ as [|Zi22 — Digal < [|Bi — Dl and [|Si21 — il <
|3 — Ziill. So the first term of (B.10) is O,(T~"). Consider the second term, which, by
(A.14), be be written as

N T
Z Z A; 1221 29 'Uztezt - E(Uiteit)]A;,ll
i=1t=1

3l-

1
N

Mz

Az 1222 22w2(A R/A ) (Az - R,Ai)wlA;ll

=1

1 _
—N Z Ai,122i7212w/2A;(RR, — Mff)Aiw1A2-711

1 N
_NzAi,mz;gz( Zvnft)Mff (RR' — Myp)Aqwi Al

t=1

T
_fZAl 125 whAJ(RR' — Myp)M ! ( Z fteit)Ale

_ caa 1
-~ Z A 1% 3 wh A R(HA'D 2 Z uef}) Arwr Ay (B.11)
i t=1
1 T
- Z Al 1221 22w2A'RHA'\II 1 T Z[uteit — E(uteit)]A;H
=1 t=1
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N T
1 _ 1 A qn o
_N Z Ai7122i’212w/2/\; (T Z ft’uélll IAH) R/Ai’UJ1A§’11

T
- Z Al 122z 22T Z[Uitu; — E(’Uitu;)]\I’_IAHR/AiwlA;Jl

+—= Z A; 1221 22’(1)2A/RIA{[\121_11(2“ — Zii)wlA;H
=1

+— ZAznzﬂQwQ(z“— Sii) S5 AL R Ajwr A .
=1

where wy and ws are defined as Ix 1 = [wi, ws] where w; and ws are (K + 1) x 1 and
(K+1)x K, respectively The first term is O,(N~/27~1/2). The second term is bounded
in norm by C+ SN A — RA1? = ,(T~1) by Proposition A.2. The third term is
C||RR — MffH which is O,(N~Y2T-Y2) + 0,(T~') by Lemma A.4. The fourth term is
bounded in norm by

1 _ 1 & _
(% 2 IAia2Zil - [ Do vl - I AvwonAf ) - M - | R = Myl
i=1 t=1

which is Op(N~Y2T~1) +0,(T~%/?) by Lemma A.4. The fifth term is also O,(N~Y/2T~1)
+0,(T =3/2) by the similar arguments in the fourth. The sixth and eighth terms are both
bounded in norm by

e 1
CIA|- [ANEZ 5w

which is O,(N~Y27~1/2) 4 0,(T~") by Lemma A.3(a). For the seventh term, we tem-
porarily use L; to denote Ai71222212w’2Ag. Notice the left hand side of the seventh term is
an r1 X r1 matrix. So it suffices to show its the (p, ¢)th element (p,q =1,2...,71), which

is equal to
T

— Z L; pRHA’\IJ 11 T Z[Uteit — E(uiei)| Mg
i=1 t=1

where L; , is the pth row of L; and A; 11,4 is the gth element of A; 11. The above expression
can be rewritten as

N

[RHA/ 1( NT Z i [urei — ut@z‘t)]Ai,quLi,p)]

i=11t=1

The expression in the trace operator is bounded in norm by
1/2 £71/2 Y S—1/2% £71/22 1/2
C N2 RY - (1S, AR A2

J=1
2\ 1/2
Z?p ‘ )
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which is O,(N~Y/2T71/2). So the seventh term is O,(N~Y2T~/2). The ninth term can
be proved to be Op(N_l/QT_l/z) similarly as the seventh. Consider the tenth term, which
is bounded in norm by
1/2) F71/2 A 1/22 13 e 2\ /2
CNTV2H)| - ||R| - (Z 1RE12) (S 30 18— al?)

N i=1

which is O,(N~'T7Y2). So the tenth term is O,(N~'T~Y2) 4 O,(N~Y2T~1). The
eleventh term can be proved to be Op(N~'T~1/2) 4 O,(N~Y/2T~1) similarly as the tenth.
Summarizing all the results, we have the second term of (B.10) is O,(N~1/2T7-1/2) 4
O,(T~1). This leads to ii5 = Op(N~/2T=1/2) + O, (T~ ).

Given the results on ii4 and ii5, we have (b).

Result (c) can be proved similarly as (b) and the details are omitted.3,

Consider (d). The left hand side of (d) can be written as

N
<% Z AinQBZ‘CV,égV/A;J2 Z A* 22IBC’V6C'V/A*I )

( Z Af9oBPYV BEVIAY, — Z A} 90 BiBiA; 12) = iig + iy say

We first consider 4ig, which is equal to
~ Z 022 — Aj99) 5CV50V/A*I + ZAz 2BV BEV (A 2 — A po)
i=1

N
1 A
¥ Z 122 = N oo)BCY BTV (Kia — Af 1) = iiis + diig + diiyg sy

Consider iiig, which is equal to

1 N T

iiig = vo R Mff NT Z Z It vgtBiCVBiCV’AZ’H
1=1t=1

+'v2HA\IJ ! Zutft(]if ZAzw 5CV50V/A1 12)

1 XL L e s .
_”2Hﬁ Z Aiziil(zii - Ez‘z‘)'w1 ﬁzCVﬁ@CVIAi,Im (B-12)

1 N T ov 1 N T
NT f z( 61)( 52) + f 7,B’LBZ 7,
NT;; tVit 12 NT;; tUs¢ 12
N T
+$22ftvzt(ﬁcv B:)6; /12+ ZthUztﬁz (BEY — B o
i—1t=1 i=1t=1
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The first term is bounded in norm by

1 al ACV 4 1/2
C(szl”ﬁi —ﬁz‘H) ( ZHT tvlt)

However, by the boundedness of BZC Voand B; ( BCV is bounded due to the boundedness of
21‘1‘ and BZCV = 22-_721222'721), we have

1 & oy 4 1 X aov 2
N 2B =Bl < o5 3TNBTY il
i=1 =1

Given the above result, we have the first term is O, (T~"). The second term is O,(N~1/27-1/2).
The third and fourth terms are both bounded in norm by

N N T
(3 LI = 81P) " (5 3 |5 X fok
=1 =1 t=1

Given these results, we have the first term of (B.12) is O,(N~/2T~1/2) + O,(T~'). The
second term is also O,(N~1/2T~1/2) + 0,(T~') by Lemma A.3(a) and the fact

2 1/2 _
) IR = 0p(T 7).

1Y ,
& 2o AiwaBY BTN = Op(1).

The third term can be proved to be O,(N~Y2T-Y/2) 4 O,(T~!) similarly as proving
(B.9) by replacing BCVAZ 11 with BZCVBZ-CV’ AY}5 . The last term of (B.12) can be proved
to be O,(N~1/2T71/2) similarly as the last one of (B.6). Given these results, we have
itig = Op(N~V2T=1/2) 1 O,(T~1). Term iiig is also O,(N~/2T=1/2) 4 0,(T~"), which
can be proved by the same arguments in deriving iitzg. Term iiz19 can be shown to
be O,(T~!) similarly as iii7. Summarizing the results on iiig, iiig and iiijp, we have
iig = Op(N~Y2T=12) 1 O,(T7).
Consider ii7, which is equal to
1 N ACV /A k! 1 o * ACV
N Zz:l 120877 — Bi)BiNi 12 + N 221 A 9o Bi(B7Y — Bi) Ao

+ ZA122 (BEY = Bi)(BEY - By) P

Treating BjA}}, as a new AY),, the first term can be proved to be Op(N~1/2T-1/2)
O,(T~") similarly as ii5. The second term is also O,(N~Y2T~Y/2) + O,(T~") by the same
arguments. The third term is bounded in norm by

1 _
CIRIP D_NBTY = Bill* = 0p(T7).
i=1
Given the above results, we have ii; = O,(N~Y/2T~1/2) + O,(T~'). Summarizing the

results on iig and ii7, we have (d).
This completes the proof of Lemma B.2. [J
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Lemma B.3 Under Assumptions A-D, we have

1 Y R o )
() & 2oy = AL ATY) = Op (V2T 7Y2) 4 0y(T7Y)
=1
1Y O
(0) 5 S (RiaBV AL — A pBilin) = Op (NPT 712) 4 0y(T )
=1
1 N
(c) N Z( BV A — A} 11BN g) = Op(NTYV2T712) + O, (T71)

z‘i

(d) Z 11280V BEYVIA 15 — A 1oBiBiIAT ) = Op(N V2T 712) 4 0, (T 1)

Proor or LEMMA B.3. The proof of Lemma B.3 is quite similar as the one of Lemma
B.2. So we omit it. [J

Lemma B.4 Under Assumptions A-D, we have
V-V =0,(N"V217V2) L 0,(T7)

PrROOF OF LEMMA B.4. By the definitions of V and V,ie.,

. N . N o 1
V= [Z(Aml Ai22BEY ) (A1 — z‘,12ﬁicv)/} [Z(Ai,ll — A 1288V ) (A1 — Ay 12BEYY }
=1 =1
and
N N 1
V= [ D (Afar = AlaaB) My — AoB) | | 3o (Afs — A28 (Afy — AL e8]
i=1 =1

together with the fact that AB~' — AB~!' = ((A — A) — AB~*(B — B))B~', we have

. 1N . -1
V-V=_>h- VJz)[N Z(Ai,ll — K288V (Ain - i,lZ/BiCV),} ;
i=1
where
1 N o 1 N
Ji= 55 2R = AioBEY) (Rin = MioBY) = 5 30 (Alan — Ao (Af1y — A 1261)
i=1 i=1
1 & LN
Jy = N > (Aigr — A, Ai12BEY ) (Nia1 — i 12BEYY — N S (Af = AF B (A — Af1eB)
i=1 i=1

Consider Ji, which is equal to

2

1 ~ ~
CV A1 * */
i 21Az 11— A 21Az 1) TN - Z 12287 N1 — A 92 BiA 1)

||Mz
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N

N
1 1
N Z( T 21IBCV/AZ 12 7 434 21Bz i, 12) N Z( % 22510‘//80‘//‘/\2 12 — 22B261 ) 12)
P i=1
By Lemma B.2, we have J; = O,(N~Y2T~1/2) + O,(T~'). Consider Jp, which is equal to
AN 1
N D (AiniAiy — Af A — N D (Rig2Bf Y Ay — A aBihT)
i=1 i=1
1 X
ACVTIA AC C
N Z( i,llﬁi V/A;', z 11 7434, 12 + = Z % 125 Vﬁ V/Az 12 — £, 126162 i, 12)

By Lemma B.3, we have Jo = O,(N~/2T=1/2) 1-0,(T~"). Given J; = O,(N~Y2T-1/2) ¢
Op(T~1) and Jo = O, (N~Y2T~1/2) 4 O,(T~"), together with V = O,(1), we have V -V =
O,(N~Y27=1/2y y O, (T~1). O

Lemma B.5 Under Assumptions A-D, we have

R s 1 &
(a) Ai,22 - VAi,lQ - (A;QQ — VAle) = /22~1f Z h:vgt + Op(T_l/Q)
t=1

A~

. . ) 1 &, _
(b) Aj21— VA1 — (Ai,21 - VAi,ll) = Réz-lf Z hieit + op(T 1/2)

where Rap.1 = Rag — Ro1 Ry Ria, f = Mﬁrlft lg7 1)) and ey = € + Blvi.
Proor or LEMMA B.5. The left hand side of (a) is equal to
(Aig2 — Afgp) = V(Ai12 — Afyo) — (V = V)As 1o (B.13)

The last term is O,(N~Y2T~Y2) 4 O,(T~') by /A\i,lg = Ajj5 + 0p(1) and Lemma B.4.
Substituting (B.3) and (B.4) into (B.13), we can rewrite the first two term of (B.13)
(denoted by i1) as

, 1 <
it = (v2 = Vo) R M/ Z Fivly + (vo — Vo )HAD ( Zut 1! ng)
A A A T A A A A
+ (’02 - V’l)1 HAV™ Z utvzt utvgt)] — (’UQ - V’Ul)HAZ'Ei_il(EZ‘Z‘ - Eii)wg

By Lemma A.3, the last three terms are O,(N~Y/27~1/2) 4 O,(T~'). However,
(v2 — Vvl)R/ = [07’2><T17R/22~1]'

So we have
i1 = [0T2><7"17 R/22 1 ff T Z ftvzt + O ( 1/2T_1/2) + OP(T_l)

implies (a).
Result (b) can be proved similarly as (a). The details are omitted. O
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Lemma B.6 Under Assumptions A-D, we have, for all i

Wi =W, + Op(l).

Proor or LEMMA B.6. Let

T T _ T 1
i = {[7 Zm;af] [T;mg} [}tzlﬁm;] 1[;;%;}}

We first show that

Wit = Wi +op(1) (B.14)
where

Wii1 = R Mjy Rao1 = Rooq (T7 Y hihy') Ragy = Ry (Mpn — Mg M, M) ™' Rao
t=1

with Ro9.1 = Rgg — R21R1_11R12 The last equation of the above expression is due to the
definition of f7, i.e., ff = (gt Jhi) = Mﬁlft.

Let ff = [gf ,h*’] =R fy and nf = gf + V'h}. By ff = R f;, we have

9 = (Ry' + Ryy RiaRyy Rot R ) g — Ry RiaRoy

B.15)
hi = —Ryy1Ro1Riy g1 + Rypi (B.16)

From (B.15) and (B.16), together with V = Ry}! Ria, we have
n =g/ +V'hi = Rij'g:. (B.17)

Thus,

1o 1 & -1 & -1
{[T;h:h:/] _[ Zh* */] {T;ni‘nf’] {T ;nfhf’]} (B.18)

- {R?_?l‘l(Mhh - thMsﬁlMgh)Rz_;./l} = Ryoq (Mpp, — thMgﬂylMgh)_lez 1=Win

So to prove (B.14), it suffices to prove

1 X T
TZ thhi"—op

(B.19)
t=1

1.

72 heif = th‘nz"—op (B.20)
t=1

1 T

= e — Zn?n?’—op (B.21)

Tt:l

Notice that
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Then we have

N
fom 17 = = (O ASEA) T (D A A - RN
. =l (B.22)
N A
+ (A T (A )
i=1 =1
where f; = R™!f,. Equation (B.22) leads to
1 d n *\ pk
TZ(ft _ft>ft,:0p(1>a (B.23)
T
Z - )= op(1). (B.24)
To see this, notice the left hand side of (B.23) is equal to
N . 1y .
Z YA, — R'A;Y th (TZZAE Yuif),
i=1 i=1t=1

where H = (XN, Azflz_zlf\;)*l The second term is O, (N~V/2T71/2) + 0,(T~') by Lemma
A.3(a). The first term is bounded in norm by

— 1 2 1 2
CINV2E 2 ( ZHHV?AE 1/2)2)1 ZHA ~RA|)Y IIfot

=1

which is O,(T~'/2) by Proposition A.2. So we obtain (B.23).
Proceed to consider (B.24). The left hand side of (B.24) is bounded in norm by

A 1 d * 1 4 > N T S—
2| H Z R/Ai)/HQ(f SO + 2= > HHZAz‘Eiiluz'tHQ-
=1 s

The first term is O,(T~1/2) since

LA X a1j2h e 1/2

Y ASG R - R |- (I PRS2
i=1 i=1

2
Z 1A, — R'A %)Y

=1

which is O,(T~1/2). Ignore 2, the second term is equal to
N N T A N o . o
tr {HZ ZA Z uztu ultu;»t)]zj A } +tr[ ZA P ii)EglAiH}
i=1j=1 t=1 i=1

which is Op(N~1/2T~1/2) 4 0,(T~") by Lemma A.3(d) and (e). So we have (B.24).
Given (B.23) and (B.24), we have

T
lthft/ th "=op(1 (B.25)
T
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From (B.25), we immediately obtain (B.19). Now consider (B.20). By the definition of 7,

1 T N T A
Tz;ht” th G+ V'hy) = th thh;)v
t=

t_l t:1
T T o 1 T R
TZ thhg)v+ (7> huhy)(V =V)
t=1 t:l t=1
From (B.25), we have
1 & 1 &
S gy =53 higl +op(1)
T t=1 T t=1

Given the above result, together with (B.19) and Lemma B.4, we have

1&. , 1& . i .
thmi:thtgt’+ thhthJrop th i+ op(1)
t=1 t=1

Equation (B.21) can be proved similarly as (B.20) and the proof is omitted. Given (B.19),
(B.20) and (B.21), we have (B.14).

Given (B.14), in combination with f)igg = Y 22+ 0p(1), we have W, =W, +o0p(1). This
completes the proof. [

PROOF OF THEOREM 5.1. The consistency of va is implied by the asymptotic ex-
pression. So we only focus on the derivation of the asymptotic expression. Notice that

BEV is defined by
BEY = (AW A) T AT,
By A;B; = 9;, we also have
Bi = (AW Ay TH (AT 16,

From the two preceding equations, we have

WA — AWTEA) 6]
- A8} (B.26)

+ AW A) (A — AW 1(&—&)—(5 — A)WHA - 208 |

!/
7

(ALW, A~ [(A'.Wfls»—A'.W—la) (A
= LAV A) AW (8 — 63) — AJTHA,

By Lemma B.5 and Theorem 3.1, we have

A o R/22.1 0 1 T ht Uzt 12
Az - Az - l 0 IK T ; vitvit E(Uztvl{t) + OP(T ) (B27)
and i
5 : 0|1 h*e:
s |12 1 reit 12
b= [ 0 IK‘| T ; L}iteit — E(vire) +op(T777) (B.28)

where e;; = €;; + Svi. Equations (B.27) and (B.28) implies that A; = A+ Op(T_l/Z) and
5 =6 + Op(Tfl/ 2). Given these results, together with Lemma B.6, we have

AQWflAi - A;WflAi = op(l), A;Wfl - AQWJI = Op(l),
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(A = A)WH0 = 6:) = Op(T7Y), (A = D)WHA — A) = Op(T )

Then we can simplify the expression of B{JV — fB; as

T *
BEY = B = (AW A T AW [Rm 0]12[@ e +op(T71%)  (B.29)
1

0 Ik Vit

By definition of Wj;, together with

A= Aoy = VAf1s| _ |Ropqlipa| _ Rhy )
21722 2@22 Z:i,22

we have
VT(BEY - i) = (31 (M, — thMg;]lMgh)Vfl + Qi)_l
T
— Z { h’(ht — MM, gt) + vzt] €it +0p(1)

This completes the proof of Theorem 5.1. [J
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