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Abstract

The most common approach for default dependence modelling is at present copula
Junctions. Within this framework, the paper examines factor copulas, which are the industry
standard, together with their latest development, namely the incorporation of sudden jumps
to default instead of a pure diffusive behavior.

The impact of jumps on default dependence — through factor copulas — has not been
Jully exploredyet. Our novel contribution consists in showing that modelling default arrival
through a pure jump asset process does maiter, even whenthe copula choice is the standard,
Jactor one, and the correlation is calibrated so as to match the diffusive and non diffusive
case. An example from the credit derivative market is discussed.

Keywords: Credit risk, correlated defaults, structural models, Lévy processes, copula
Junctions, factor copula
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1. INTRODUCTION

Modelling credit risk poses extreme challenges, since one has to care al the same
time about providing an adequate description of default arrival at the single firm
level and about dependence modelling. Research on both topics. but especially on
default dependence, has been very active in the last years.

This paper starts by reviewing the most common approach for dependence
modelling, namely copula functions. It examines factor copulas, which are the in-
dustry standard, together with their latest development, namely the incorporation
of sudden jumps to default. Indeed, jumps in the assct value. whose deterioration
is assumed to trigger default, are economically sound and statistically helpful in
model calibration. On the one side they give leptokurtic asset distributions, on the
other they can correct for lack of totally unpredictability of detault of diffusive
models, as discussed in Fiorani Luciano and Semeraro (2007).

The impact of jumps on default dependence - through factor copulas - has not
been fully explored. Earlier works include Baxter {20006}, Albrecher, Ladoucette
and Schoutens (2006), Moosbrucker (2006), who focus on CDO pricing. We
examine joint default prediction instead. Our aim is to show that the process
choice does matter, even when the copula choice is the standard, factor one, and
default correlation - through asset correlation - is matched across models.

The present paper is structured as follows: section | reviews the copula no-
tion. section 2 justifies their application to credit risk, by introducing structural
credit risk models. 1t presents also the notion of factor copula. Section 3 extends
structural models to the case of pure jumps in asset values and represents them
through factor copulas. Section 4 shows the joint default probability evaluations
which diffusions and pure jumps provide, when calibrated to the same names and
equalizing assel correlation. The conclusions follow.

2. COPULA FUNCTIONS

Copula functions are joint distribution functions of standard uniform margins.
They have been introduced by Sklar (1959), but are closely related to Hoefld-
ing's sstandardized distributions” and have been studied under different names
(t norms, dependence functions, uniform representations). The standard intro-
ductory textbook for copulas is Nelsen (1999), while applications in Finance are
presented in Cherubini, Luciano, Vecchiato (2004).

. - o . s . - 3 -
Let us consider, for the sake of simplicity, the bivariate case™. Define as f

2 For the definition and properties in the n-dimensional case see for instance Nelsen (1999).
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the unit interval, 7 = [0, 1].

Definition I A nwo-dimensional copula C(

E . . - 2
.2} s a real function defined on 12,

C: 7 —1

sweh that, for every v,z € 1

i)

ft)

Civ )=y, Cil.z)y==

ii) for every rectangle |vy, va| x lz1.22] whose vertices lie in . and such that

Example 2 The functions max{u + v — L0V uvomin{u. v) are copula functions.

Thev are called respectively the minimum, product and maximum copula, and are
denoted as C~,C~,C*t,

Example 3 Consider the finction

C¥(rz) = By (@7 (1) 07 (2)

where Oy is the joint distribution of a bi-dimensional standard normal, with lin-
ear correlation coefficient p.while @' is the inverse of the univariate standard
normal distribution ®. CY% is a copula: it is called the Gaussian copula’.

Example 4 Consider the function

£
== fp'\! (\{‘,

vt (=)

3
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; 2 - - dsdr
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where 1, — 2 is the (central) univariate Student's t distribution fitnetion, with

v degrees of freedom (dof)

feix) = /

U is the usual Evler funciion. while 15 the bivariate Stuedlent s 1 distribution with

correlation p and v degrees of freedom (dof):

The finetion C* is called the Sivdent or t copula.

Copulas are satisfy the so-called Fréchet inequality, which states that each
copula function is bounded by the minimum and maximum one:

S min{yz) = C vz (1)

C vz =max{vHz— 10} < Clvz)

The uscfulness of copula functions in applications relies on the following
theorem. which clarifies the link between copulas and joint distribution functions
of non uniform variables. Let X ¥ be two continuous random variables (v s)
Theorem 5 (Sklar (1959)) Ler F{x) = Pr{X < x). 2y} = Pr(Y < v} be (given)
continuois marginal distribution finctions. Ilma /m every (X3} ¢

i) i C iy any copila,
ClR (x). (v

is a joint distribution function w nh marging Fii ARTARE

i) Conversely, if Fix,y}=Pr{X <x Y <l y) is a joint distribution function w ith

margins Y (x), Fa(y). there exists a mziquef copiela C such that

Fix.y) = ClR(x).Fay)) (2)

Based on Sklar's theorem, the copula € - which we will call the copula of X
and ¥ - represents only the dependence between the rv's. While writing

Fix.v) = ClF(x). Faiv))

one splits the joint probabilily into the marginals and dependence. From this
modelling se ;azmtmn it follows that also in the estimation one can identify the
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marginals and, at a second stage, specily the copula function. Current method-
ologies for copula identification indeed include the joint estimate of the copula
and margin parameters: this is the case for instance of the traditional maximum
likelihood approach. However, they allow also for separate identification of the
margins, al a lirst stage, and the copula, at a second stage (inference lunction for
margins). Or for the use of empirical margins in the likelihood function for the
copula {canonical maximum likelihood). In addition, a number of identification
approaches for copulas relies on dependence measures.

Copula functions are related to non parametric measures of association or
dependence, such as Kendall's tau, 7. or Spearman’s rho, ps. which generalize the
notion of linear dependence of the usual linear correlation coelficient, p. They
represent the difference between the probability of concordance of X and ¥ and
the one of discordance (respectively per se and with respect to the independence
case) and can be written as

r—4 / ClnzidClvz) — | (3)
NANTE ‘
py = 12 / / Clvzhdvdz—3 = 12/ / vodClv z) — 3
: dode J oA S
They range between -1 and +1, and are equal to zero when X and ¥ are inde-

pendent. It [ollows [rom the above expressions that the copula parameters can be
written (although not always in closed form) in terms of the dependence measures.

Example 6 The minimun copula corresponds to T = pg = —1. the prodict one to
T py = 0. the maximun one 1o T = ps = 1. These copulas vepreseils therefore
perfect (non linear) negative dependence. independence and perfect (non linear)
positive dependence.

The representation in Sklar's theorem on one side, and the correspondence
between copulas (or their parameters) and association on the other are extremely
fruittul for applications. Indeed. Sklar's theorem becomes a very powerful ool
when, as in credit risk modelling, the usual joint normality assumption can be
questioned,

































