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Abstract

This paper considers the maximum generalized empirical likelihood (GEL) estimation and inference
on parameters identified by high dimensional moment restrictions with weakly dependent data when
the dimensions of the moment restrictions and the parameters diverge along with the sample size. The
consistency with rates and the asymptotic normality of the GEL estimator are obtained by properly
restricting the growth rates of the dimensions of the parameters and the moment restrictions, as well
as the degree of data dependence. It is shown that even in the high dimensional time series setting,
the GEL ratio can still behave like a chi-square random variable asymptotically. A consistent test for
the over-identification is proposed. A penalized GEL method is also provided for estimation under
sparsity setting.

JEL classification: C14; C30; C40
Key words: Generalized empirical likelihood; High dimensionality; Penalized likelihood; Variable selec-
tion; Over-identification test; Weak dependence.

1 Introduction

In economic, financial and statistical applications, econometric models defined with a growing number of
parameters and moment restrictions are increasingly employed. Vector autoregressive models, dynamic
asset pricing models, dynamic panel data models and high dimensional dynamic factor models are specific
examples; see, e.g., Bai and Ng (2002), Stock and Watson (2010) and Fan and Liao (2014). Due to the
desire to better capture large scale dynamic fundamental relations, these models with large number of
unknown parameters of interest are typically used to for time series data of high dimension due to a large
number of variables (relative to the sample size).

The unconditional moment restriction models are the inferential settings of the Generalized Method
of Moment (GMM) of Hansen (1982), which is perhaps the most popular econometric method for semi-
parametric statistical inference. There are two dimensions that play essential roles in this method: the
dimension of the moment restrictions and the dimension of the unknown parameters of interest. When
both dimensions are fixed and finite, there is a huge established literature on inferential procedures, which
include but not restrict to Rothenberg (1973) for the minimum distance, Hansen (1982) and Hansen and

*Department of Mathematics and Statistics, The University of Melbourne, Parkville, VIC, 3010, Australia

fCorresponding author. Guanghua School of Management and Center for Statistical Science, Peking University, Beijing,
100871, China. Tel.: +86 10 62760736; fax: +86 10 62760736. E-mail address: csx@gsm.pku.edu.cn

tDepartment of Economics, Yale University, New Haven, CT, 06520, U.S.A.



Singleton (1982) for the GMM, Owen (1988), Qin and Lawless (1994) and Kitamura (1997) for the em-
pirical likelihood (EL), Smith (1997), Newey and Smith (2004) and Anatolyev (2005) for the generalized
empirical likelihood (GEL). Among these methods, some members of the GEL (especially the EL) have
the attractive properties of the Wilks’ theorem (Owen, 1988, 1990; Qin and Lawless, 1994), Bartlett cor-
rection (Chen and Cui, 2006, 2007), and a smaller second order bias (Newey and Smith, 2004; Anatolyev,
2005). See Owen (2001), Kitamura (2007) and Chen and Van Keilegom (2009) for reviews.

This paper investigates high dimensional GEL estimation and testing for weakly dependent obser-
vations when the dimensions of both the moment restrictions and the unknown parameters of interest
may grow with the sample size n. Let p and r denote the dimension of the unknown parameters and the
number of moment restrictions, respectively. When r > p, we investigate the impacts of p and r on the
consistency, the rate of convergence and the asymptotic normality of the GEL estimator, the limiting
behavior of the GEL ratio statistics as well as the overidentification test. To accommodate the potential
serial dependence in the estimating functions induced by the original time series data, the blocking tech-
nique is employed. This paper establishes the consistency (with rate) and the asymptotic normality of
the GEL estimator under either (fixed) finite or diverging block size M under some suitable restrictions
on 7, p, M and n. It is demonstrated that in general the blocking technique with a diverging block size
delivers the estimation efficiency. We also discuss the impact of the smallest eigenvalue of the covari-
ance matrix of the averaged estimating function on the consistency and the asymptotic normality of the
GEL estimator. We show that, even in high dimensional nonlinear time series setting (with diverging
M), the GEL ratio still behaves like a chi-square random variable asymptotically, which echoes a similar
result by Fan, Zhang and Zhang (2001) for nonparametric regression with iid data. A GEL based over-
identification specification test is also presented for high dimensional time series models, which extends
that of Donald, Imbens and Newey (2003) for iid data from increasing dimension of moments (r) but
fixed finite dimension of parameters (p) to both dimensions are allowed to diverge (as long as r —p > 0).
Finally, when the parameter space is sparse, a penalized GEL method is proposed to allow for p > r, and
is shown to attain the oracle property in the selection consistency as well as the asymptotic normality of
the estimated non-zero parameters.

There are some studies on the EL and its related methods under high dimensionality of both the
moment restrictions and the parameters of interest. Chen, Peng and Qin (2009) and Hjort, McKeague and
Van Keilegom (2009) evaluated the EL ratio statistic for the mean under high dimensional setting. Tang
and Leng (2010) and Leng and Tang (2012) evaluated a penalized EL when the underlying parameter is
sparse in the context of the mean parameters and the general estimating equations, respectively. Fan and
Liao (2014) considered penalized GMM estimation under high dimensionality and sparsity assumption.
These papers assume independent data. Recently, by allowing for dependent data but losing the self-
standardization property of the EL, Lahiri and Mukhopadhyay (2012) proposed a modified EL method by
adding a penalty term to the original EL criterion for estimating the high-dimensional mean parameters
with » = p > n. Lahiri and Mukhopadhyay (2012) did not implement data blocking in their modified
(penalized) EL for the means despite the moment equations are serially dependent. The EL ratio statistic
based on their modified EL method is no longer asymptotically pivotal. As a result, any inference based
on this modified EL has to use data blocking or other HAC long-run variance estimation. The rationale in
our paper is to preserve the attractive self-standardization property of the GEL in high dimensional time
series setting; doing so makes our allowed dimensionality smaller than that in Lahiri and Mukhopadhyay
(2012) but maintains simple GEL inference.

The rest of the paper is organized as follows. Section 2 introduces the high dimensional model
framework and the basic regularity conditions. Sections 3 and 4 establish the consistency, the rate of
convergence and the asymptotic normality of the GEL estimator. Sections 5 and 6 derive the asymptotic
properties of the GEL ratio statistic and the overidentification specification test respectively. Section 7
presents a penalized GEL approach for parameter estimation and variable selection when the unknown



parameter is sparse. Section 8 reports some simulation results and Section 9 briefly concludes. Technical
lemmas and all the proofs are given in Appendix.

2 Preliminaries

2.1 Empirical Likelihood and Generalization

Let {X:}}_, be a sample of size n from an R?%—valued strictly stationary stochastic process, where d
denotes the dimension of Xy, and 8 = (6;,...,6,) be a p-dimensional parameter taking values in a
parameter space ©. Consider a sequence of r-dimensional estimating equation

g(Xtv 0) - (gl(Xt7 9)7 s 7gT<Xt7 0)>/

for » > p. The model information regarding the data and the parameter is summarized by moment
restrictions

E{g(X¢,60)} =0 (1)

where 6y € © is the true parameter. As argued in Hjort, McKeague and Van Keilegom (2009), the
moment restrictions (1) can be viewed as a triangular array where r,d, Xy, 0 and g(x,0) may all depend
on the sample size n. We will explicitly allow r and/or p grow with n while considering inference for 6y
identified by (1). Although there is often a connection between d and r which is dictated by the context
of an econometrical or statistical analysis, the theoretical results established in this paper are written
directly on the growth rates of r and p relative to n. Hence, we will not impose explicit conditions
on d which can be either growing or fixed. Certainly, when d diverges, it would indirectly affect the
underlying assumptions made in Section 2.3, for instance the moment condition and the rate of the
mixing coefficients.

We assume the dependence in the time series {X;} satisfies the a-mixing condition (Doukhan, 1994).
Specifically, let .#! = (X, : u <t < v) be the o-field generated by the data from a time u to a time v
for v > u. Then, the a-mixing coefficients are defined as

ax (k) = sup sup |P(ANB) — P(A)P(B)| for each k > 1.
d AeZF0 _ ,BeFx

The a-mixing condition means that ax (k) — 0 as k — oco. When {X;} are independent, ax (k) = 0 for
all k > 1.

We employ the blocking technique (Hall, 1985; Carlstein, 1986; Kiinsch, 1989) to preserve the de-
pendence among the underlying data. Let M and L be two integers denoting the block length and

separation between adjacent blocks, respectively. Then, the total number of blocks is @ = |(n —
M)/L| + 1, where [-] is the integer truncation operator. For each ¢ = 1,...,Q, the ¢-th data block
By = (X(g—1)141>- - - » X(¢—1)L+m)- The average of the estimating equation over the g-th block is

1

Mz

¢ Btpe g X(q 1 L+m70) (2)

m:l

Clearly, E{¢n(By,60)} = 0. For any n and 6 € O, {qu(Bq,O)} ", is a new stationary sequence. The
blockwise EL (Kitamura, 1997) is defined as

)= { [T,

g=1

Q Q
w0 >0, 7w =1, mdn(By,0) = 0}. (3)

g=1 q=1
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Employing the routine optimization procedure for the blockwise EL leads to

Q
L(G):ql;[l{l ! } (4)

Q1+ A(8)9r(B,. )

where A(8) is a stationary point of the function g(\) = — Zqul log{1 + N¢r(By,0)}.

The EL estimator for 8y is O, = arg maxgee log L£(0). The maximization in (3) can be carried out
more efficiently by solving the corresponding dual problem, which implies that 8g, can be obtained as

Q

Op = argmin  max log{1+ )\ B,,0 5
EL g%@AeA (0)2 g{ ¢ (Bq, 0)}, (5)

where 7\”(0) ={ANeR" : Noy(By,0) €V,g=1,...,Q} for any @ € © and V is an open interval con-
taining zero.

The link function log(1 + v) in (5) can be replaced by a general concave function p(v) (Smith, 1997).
The domain of p(-) contains 0 as an interior point, and p(-) satisfies p,(0) # 0 and py,(0) < 0 where
pu(v) = Op(v)/Ov and pyy,(v) = 0?p(v)/Ov?. The GEL estimator (Smith, 1997; Newey and Smith, 2004)
is

0, = (Na1(By, 0 6
arg pin max Zp é(Bq, 0)), (6)

which includes the EL estimator 87, of Owen (1988), the exponential tilting (ET) estimator of Kitamura
and Stutzer (1997) and Imbens, Spady and Jonson (1998) (with p(v) = — exp(v)), the continuous updating
(CU) GMM estimator of Hansen, Heaton and Yaron (1996) (with a quadratic p(v)), and many others as
special cases. Define

Q
Z (Ng(6) (7)
Then §n and its Lagrange multiplier A satisfy the score equation
VS (0n,A) = 0.

By the implicit function theorem lTheorem 9.28 of Rudin (1976)], for all  in a || - [|2-neighborhood of
6, there is a )\(0) such that V,.5,(0,A(0)) = 0 and )\(9) is continuously differentiable in 6. By the
concavity of S, (8, A) with respect to A, S, (6, A(6)) = max, i g Sn(0, ). From the envelope theorem,

0 = Vo5.(0,(0))|y_5. = szv (A(02)'64(0:)){Voby(8) Y A(B,). (8)

The role of the block size M played in the consistency and the asymptotic normality of the GEL estimator
0,, will be discussed in Sections 3 and 4, respectively.
2.2 Examples

We illustrate the model setting of high dimensional moment restrictions framework through three exam-
ples.



Example 1 (High dimensional means): Suppose {X;}}"; is a stationary sequence of observations,
where X; € R? and 8y = F(X;). For high dimensional data, d diverges and g(X;,0) = X; — 6 constitutes
the simplest high dimensional moment equation, which implies the dimension of observation d, the number
of moment restrictions r and the number of parameters p all are the same. Under this setting and for
independent data, Chen, Peng and Qin (2009) and Hjort, McKeague and Van Keilegom (2009) considered
the asymptotic normality of the EL ratio, that mirrors the Wilks’ theorem for finite dimensional case.

This framework can be used in other inference problems. For instance checking if two univariate
stationary time series {Y;} and {Z;} have identical marginal distribution. Let

fr(s) = B(e™") and fz(s) = E("?)

denote the characteristic functions of the two series, respectively. Suppose all the moments of Y; and Z;
exist, then the characteristic functions can be expressed as

2 (is)k 2 (is)*
fre() =143 B a0y and o0 =143 Wz
k=1 k=1

Let Xy = (Y3, Z;) and g(X¢,0) = (a1 (Y — Zy — 61),...,a,. (Y] — Z] — 6,)) for some nonzero constants
ai,...,a,. Here 0 measures E(Y}) — E(Z}) for | = 1,...,r, and the a;’s are used to account for the
potential diverging moments case, i.e, either E(Y}) or E(Z!) may diverge as [ — co. Then, the test for
whether Y; and Z; having the same marginal distribution can be conducted by testing if 8y = 0 via the
growing dimensional moment restrictions E{g(X¢, 00)} = 0 by letting r — oo.

Example 2 (Time series regression): We assume a structural model for s-dimensional time series
Y; which involve unknown parameter 8 € RP of interest as well as time innovations with unknown
distributional form. Specifically, assume

(Yi, .. Yiomi00) = &, € R” (9)

where m > 1 is some constant. In this model, we can view X; = (Y/,..., Y/ ) € R? with d = sm and
9(Xt,0) = h(Yy,...,Yiom;0). If E(e) = 0, it implies

E{g(Xt7 00)} =0.
For conventional vector autoregressive models
Yi=AYi 1+ +AnYim+m (10)

where Aq,..., A,, are some coefficient matrices needed to be estimated and n; is the white noise series.
This model is the special case of (9) with

h(Ye, o Yiem; 00) = (Vi — ArYie1r — - = ApYim) @ (Y, Y,,)

In modern high dimensional time series analysis, we always assume the dimensionality of Y; is large in
relation to sample size, i.e., s — oo as n — oo. Under such background, the numbers of estimating
equation and unknown parameters are both s?m. If we replace (Y/,..., Y/ ,,)" by (Y/,...,Y/ ) for
some fixed [ > 1, the model will be over-identified. The phenomenon of over-parametrization in such
model is well known (Liitkepohl, 2006). Davis, Zhang and Zheng (2012) considered the estimation of (10)
under the sparsity assumption on A;’s. Under the sparsity, the penalized method proposed in Section
7 can be applied. Some other models share the form (9) can be found in Section 3.1 of Nordman and
Lahiri (2013).



Example 3 (Conditional moment restrictions): Let {X; = (Y}, Z])'}}; be a set of observations, and
p(y, z,0) be a known J-dimensional vector of generalized residual function. The parameter 8y is uniquely
defined via the following conditional moment restrictions

E{p(Y:, Z;,00)|Y:} = 0 almost surely. (11)

By different choices of the functional forms of the generalized residual function p(y, z, @), the conditional
moment restrictions (11) include many existing models in statistics and econometrics as special cases.
The popular generalized linear models are special cases of (11). To appreciate this point, let u(y) =
E(Z|Y =y) and h(u(y)) = y'0p for an increasing link function h(-). Then the generalized linear models
are special cases of (11) with p(y, z,60) = z — h™1(y/6y).

Let ¢®(y) = (qux(y), - .., axx (y)) denote a K x 1 vector of known basis functions that can approxi-
mate any square integrable functions of Y well as K — oo, such as polynomial splines, B-splines, power
series, Fourier series, wavelets, Hermite polynomials and others; see, e.g., Ai and Chen (2003) and Donald,
Imbens and Newey (2003). Then, (11) implies

E{p(Yi, Z:, 60) © ¢ (Y1)} = 0. (12)

Moreover, the unknown parameter 6y is a solution to this set of increasing dimensional (r = JK) uncon-
ditional moment restrictions (12). The dimension K will increase with n to guarantee the consistency
of the estimator for @y and its asymptotic efficiency. Define g(X;,0) = p(Ys, Z;,0) @ ¢ (Y;), then (12)
is a special case of (1). The number of moment restrictions r = JK increases as K does. For this
model with iid data, Donald, Imbens and Newey (2003) apply the GEL method to the increasing number
of the unconditional moment restrictions (12) to obtain efficient estimation for finite fixed dimensional
6o. They find that the diverging rate of the moment restrictions r = JK depends on the choice of the
basis functions ¢’ (y). For example, if ¢/(y) is a spline basis then r = JK could grow at the rate of
K = o(n'/3).

2.3 Notations and Technical Conditions

Throughout the paper, we use Cs, with different subscripts, to denote positive finite constants which does
not depend on the sample size n. For a matrix A, we use ||A| r and ||Al|2 to denote its Frobenius-norm
and operator-norm respectively, i.e., ||A]|p = {tr (A/A)}l/2 and [|A|l2 = {Amax (A’A)}1/2. If a is a vector,
|lal|2 denotes its Lo-norm. Without causing much confusion, we denote the i-th component of g(x,8)
by g¢i(z,0); and simplify g(X;,8) and ¢nr(Bg, @) by ¢:(0) and ¢4(0), respectively, where ¢pr(Bg, 0) is
defined in (2). Furthermore, we use g; ;(0) and ¢, ;(0) to denote the j-th component of g;(0) and ¢,(0)
respectively. Let g(6) = n=t> "1, g:(0) and $(8) = Q! 23:1 ¢¢(0). Additionally, define

Vir = Var{M2¢,(80)} and V, = Var{n'/?5(8y)}

which are the covariance of the averaged estimating functions over a block and the entire sample respec-
tively. Clearly Vs = V,, if M = n. The following regularity conditions are needed in our analysis.

(A.1) (i) {X;} is strictly stationary and there exists v > 2 such that > 3>, kax (k)! =27 < oo; (ii)
M > L and M/L — ¢ > 1; (iii) E{g:(60)} = 0 and there are positive functions A;(r, p) and As(e) such
that for any € > 0,
inf E{¢g:(6 > Aq(r,p)A >0,
ool B O}z > A1rp)Aale)

where lim inf;.;, o0 A1 (7, p) > 0; (iv) supgeg [17(0) — E{g:(0)}]|2 = 0p{A1(r, p)}.



(A.2) (i) 6y € int(©) and © contains a small || - [|2-neighborhood of 8y in which g(z, 8) is continuously
differentiable with respect to @ for any xz € X', the domain of X;, and

‘ 0gi(z,0)

o0, ‘STn’,’j(:):) (it=1,....,m7=1,...,p)

for some functions 75, ;;(x) with E{Tiij(Xt)} < C for any i, j; (i) supgeg ||g(, 0)||l2 < /2B, (), where
E{B}(X;)} < C for v given in (A.1)(i); (iii) E{|g:;(80)[*'} < C for all j =1,...,r; (iv) the eigenvalues
of [E{Vgg:(0)}'[E{Veg:(0)}] in a || - ||2-neighborhood of  are uniformly bounded away from zero and
infinity; supgee Amax{n ' > p; 9:(0)g:(6)'} < C with probability approaching to 1.

(A.3) In a || - [|2-neighborhood of 8y, g(z, ) is twice continuously differentiable with respect to 6 for
any = € X, and for some functions K, ;x(z) with E{K? i6(Xe)} < C for any i, j, k,

2
i 70 ; 1
’89(3;) SKn,ijk(m) (t=1,....,m5,k=1,...,p).

06,00,

Condition (A.1)(i) specifies the rate of decay for the mixing coefficients via a tuning parameter 7 as
commonly assumed in the analysis of weakly dependent data. When the data are independent, ax (k) = 0
for all k& > 1 and this condition is automatically satisfied for any v > 2. Kitamura (1997) assumed
S ax (k)77 < oo for fixed finite dimensional EL, which implies M~ Zﬁl kax (k)'=2/7 — 0 by
Kronecker’s lemma. In the current high dimensional setting, we need stronger condition on the mixing
coefficients in order to control remainder terms when analyzing the asymptotic properties of the GEL
estimator and the GEL ratio. If {X;} is exponentially strong mixing (Fan and Yao, 2003) so that
ax (k) ~ o for some o € (0,1), then (A.1)(i) is automatically valid for any v > 2. (A.1)(ii) imposes
a condition regarding the two blocking quantities M and L, which is commonly assumed in the works
of block bootstrap and blockwise EL. (A.1)(iii) is the population identification condition for the case of
diverging parameter space. A similar assumption can be found in Chen (2007) and Chen and Pouzo
(2012). The last part of (A.1) is an extension of the uniform convergence. If p is fixed, under the
assumption of the compactness of © and some other regularity conditions, following Newey (1991),
supgeo [1G(0) — E{g:(0)}|l2 = 0p(1) which is a special case of (A.1)(iv) with Aq(r,p) being a constant.

As conditions (A.1)(iii) and (iv) are rather abstractive, we illustrate them via the examples given
in Section 2.2. For Example 1, we can choose Aq(r,p) = 1 and Aa(e) = e. For the conditional mo-
ment restrictions model (Example 3), a common assumption in the literature is that for any a(Y;) with
E{a*(Y})} < oo there exists a K x 1 vector v such that E[{a(Y;) — v (Y;)}?] — 0 as K — oo. For any
6 c{60: 0 06olls > e}, let Tic(6) satisfy E[[|E{p(Yi, Z,0)|Yi} — Tic(6)g" (V)[3] = 0 as K — oo, If
sup, | E{p(Yz, Z1,0)|Y; = y} — T (0)¢" (y)|l2 = O(K~*) for some A > 1/2, then

1E{9:(8)} |2 > [|[E{T K (8)a™ (Y)} @ ¢ (Yo)ll|, — | EHp(Ys, Z:,0) — Tk (8)a™ (Y2)} ® ¢™ (V)]
> Auin(E{g" (V)a™ (Vi) }) D& (0) | — O(K ) ([ (™ (Y)a™ (vi) 1))
Under the assumption that the eigenvalues of E{q® (Y;)¢® (Y;)'} are uniformly bounded away from zero
and infinity, we have

[E{gt(0)}]|]2 > C[ T (8)[| 7 — Kl/?A]

inf inf
{6€6:||6—6¢||2>¢c} {6€6:||6—6¢||2>¢c}

i 1/2-A
= C{{Oe@iﬁl’gfﬂo2Z€}E[HE{p(Yt’Zt’0)|Yt}H2] K ]

7



Hence, as 6y is the unique root of E{p(Ys, Z,0)|Y:} = 0, (A.1)(iii) holds provided that the lower bound
in the above inequality is greater than or equal to Aq(r,p)As(e). In addition, if the generalized residual
function p(y, 2, 0) is continuously differentiable with respect to 8. Then,

|E{p(Yi, Ze, 0)|Y:} ||, > 10 — Ooll2Arl (E[{Vop(Ye. Z1,0°) Y {Vop(Yi, Zi,6%)}Yi))

min

where 6 is on the line joining 6y and 6. If the eigenvalues of E[{Vgp(Y:, Zt,0)}{Vep(Ys, Zt,0)}|Yi]
are uniformly bounded away from zero, Aj(r,p) and Ay(e) can be chosen as some constant C' and ¢,
respectively.

Condition (A.2)(i) assumes that the first derivatives of ¢;(x, @) near 8y are uniformly bounded by some
functions which have bounded second moments. (A.2)(ii) generalizes the moment conditions on g(z, 8) for
fixed dimensional case (Qin and Lawless, 1994; Kitamura, 1997; Newey and Smith, 2004). More generally,
we can replace the factor r'/2 by some function ¢(r) > 0. We let ¢(r) = /2 to simplify the presentation.
(A.2)(iii) is the moment assumption on each g; ;(6o). The first part of (A.2)(iv) is an extension of that
assumed in the EL or the GEL in the fixed dimensional case (Qin and Lawless, 1994 Kltamura, 1997;
Newey and Smith, 2004). The second one of (A.2)(iv) is to bound supgcg )\maX{Q Z "1 04(0)94(0)}.

Our proofs in Appendix can be easily extended to allow for supgcg Amax{ @~ z "1 $q(0)04(0)'} diverging
in probability. Note that we do not assume the eigenvalues of Vj; or V, belng bounded away from zero
and infinity, but rather leave it open for specific treatments in Sections 3 and 4 for the consistency and
the asymptotic normality of the GEL estimator. Our subsequent analysis shows that, to obtain the
main results of the paper, Ayin(Vas) is allowed to decay to zero at certain rates by properly restricting
the diverging rates of r and p. Condition (A.3) ensures the second derivatives of g;(z,0) near 6y are
uniformly bounded by functions which have bounded second moments.

3 Consistency and Convergence Rates

To study the consistency of the GEL estimator é\n defined by (6), we need the following conditions
regarding the dimensionality r, the block size M and the sample size n:

TQMQ_Q/’YnQ/Fy—l _ 0(1) and r2M3n_1 — 0(1) (13)

Theorem 1. Assume conditions (A.1), (A.2) and that the eigenvalues of Vi are uniformly bounded
away from zero and infinity. Then, if (13) holds, ||6, — 6|2 2, 0. If in addition, r*pM?n~" = o(1), then
16, — Bol|2 = Op(r'/2n=1/2) and |A(8,)l|2 = Op(r'/2Mn~1/2).

This theorem provides the consistency of the GEL estimator é\n for both independent and dependent
data when the blocking size M is either finite or diverging. For independent data, Vi = E{g1(00)g1(60)'}
for any M > 1. Thus, to make r have a faster diverging rate, we select the block size M = 1. For
dependent data,

M-1

Vir = E{g1(60)1(680)'} + ) <1 - ) [E{91(60)91+x(00)'} + E{g1+4(60)91(80)'}]-
k=1

However, if {g:(0p)}_, is a martingale difference sequence, then Vi; = E{g1(60)g1(0p)'} for any M > 1
and M = 1 should be used to make r have a faster diverging rate. Furthermore, if the eigenvalues of Vj,
are uniformly bounded away from zero and infinity for some fixed M, (13) is simplified to

rPp?t = o(1).



Here 7 determines the number of moments of the estimating equation as specified in (A.2)(ii) and
(A.2)(iii). Then, r = o(n'/?~/7) ensures the consistency of the GEL estimator 6,,. For large enough v,
r will be made close to o(n'/2), which is the best rate we can established.

Theorem 1 encompasses the existing consistency results for the GEL estimator in the literature.
Indeed, if r is fixed and the data are independent, Theorem 1 implies that both ||8,, — 8|2 and [|A(6),)]
are O,(n~1/2), which are the same as the rates obtained in Qin and Lawless (1994) for the EL and
Newey and Smlth (2004) for the GEL. If r is fixed but the data are dependent, Theorem 1 means that
10,, — 0o]2 = Op(n~'/?) and H)\( 2)|l2 = Op(Mn~=Y/2), which coincides with the result of Kitamura (1997)
for the EL estimator. If r is diverging and the data are independent, both HB — 0|2 and H)\( n)||2 are
O,(r'/?n=1/2)  which retain the results in Donald, Imbens and Newey (2003) and Leng and Tang (2012).

The following is an extension of Theorem 1 by allowing Vs to be asymptotically singular, namely
Amin (Var) — 0 as 7 — oo, with M being either fixed or diverging.

Corollary 1. Assume conditions (A.1), (A.2), and that )\/@in(VM) =" for some 11 >0 and )\maX(VM)
is uniformly bounded away from zero and infinity. Then ||0,, — 6|2 = Op(r1+1)/2n=1/2) and ||)\( )2 =
Op(r(1+3L1)/2Mn71/2) provided that p243u pr2=2/vp2/v—1 — 0(1)’ r2+2L1M3 -1 _ 0(1) 2+3L1pMn71 _
o(1) and r*T1pM?3n~! = o(1).

This corollary shows that when the smallest eigenvalue of Vi, is not bounded away from zero, the
convergence rates for 0 and the Lagrange multiplier )\(0 ) become slower. Theorem 1 can be viewed as
a special case of Corollary 1 with ¢; = 0.

The convergence rate of ||@,, — 0y||2 attained in Theorem 1 is dictated by r, the number of the moment
restrictions, rather than by p, the dimension of 8. Under slightly stronger conditions the next proposition
improves the convergence rate to Op(pl/ 2n=1/2),

Proposition 1. Under conditions (A.1)-(A. BQ assume that the eigenvalues of Vs and V,, are uniformly
bounded away from zero and infinity. Then |0, — 62 = Op(p'/>n=Y2) provided that r3M?>~2/1n?/7~1 =
o(1), M3n=t = o(1), r*pMn~1 = o(1) and r3p*n~"! = o(1).

4 Asymptotic Normality

We now turn to the asymptotic normality of the GEL estimator é\n We are in particularly interested
in the effect of the block size M on the estimation efficiency. Based on the consistency of 8;, and A(65,)
given in Theorem 1, expanding VS, (0, \(6,)) = 0 for >\(0 ) around A\ = 0 gives

1 Q
= Q;mom(

oo (N 6g(6))0q(0n) b (0,)N(8,), (14)

i M@

where A is on the line joining 0 and X(é\n) From (8) and (14), it yields

[Zm (381 64(6:)){Vo (B, ]{ me, (Vy(8.))64(62)64(B, >}_1<5<6n>=0. (15)

Based on (15), we can establish the following proposition which is the starting point in our study of the
asymptotic normality of 6,,.

Proposition 2. Under conditions (A.1)-(A.3), assume that the eigenvalues of Vs and V,, are uniformly
bounded away from zero and infinity. If r’pM?*n~1 = o(1) and (13) holds, then for any vector av, € RP



with unit Ly-norm,

Ve, ([E{V09:(00)}]' Vas ViV 1E{V 09:(00)}]) ~/*[E{V09:(80) ]V, [E{V69:(80)}] (B, — o)
= — V1o, ((E{Veg:(00)}]' Vi Vi Vis [E{V69:(80)})) /> [E{V09:(80)}]' Vs, 9(60)
+ Op(r3/2p1/2M1/2n71/2) + Op(T3/2pn71/2) + Op(r3/2M171/'yn1/771/2) + Op(r3/2M3/2n71/2)‘

Proposition 2 covers both the finite and diverging M cases. When M is diverging, [|[Var — Va|l2 = 0
provided that » = o(M). We can replace V]\? Van\zl on the left-hand side of above asymptotic expansion
by V,~! via adding an extra high order term on the right-hand side of the asymptotic expansion. Let

B =~V [E{Vegu(00)]([E{V 091 (60)}]' Vi, Vi Vi [E{ Vg (60)}]) ey (16)

and U, ; = n_l/Qﬁ;lgt(Oo) for t =1,...,n. From Proposition 2, a major point of interest is under what
conditions Y ;" ; Up+ is asymptotically normal.

Let us first consider the easier case where the observations { X;}" ; are independent. From Lindeberg-
Feller theorem (Durrett, 2010), to attain the asymptotic normality of >~} | Uy, it suffices to verify the
following two conditions,

n
i) ZE(UT% ) — 1 and (ii) ZE{ t1(Unsl>e)} = 0 as n— oo for any > 0.

Actually, V,, = Vs = E{g1(60)g:(60)'} in this case. Hence, Y ;' E(UZ;) = 1. Note that |82 <

)\;}I{Q(Vn) which is uniformly bounded away from infinity if Apin(V;,) is uniformly bounded away from

zero. Hence, by (A.2)(ii),
(n'2e) 2 E(181,9:(00)* 1 31,4, (99) 5 n1/267] < E{|B9:(00)["} < Cr772,

which implies that part (i) holds if rn?/7~! = o(1). Therefore, 37 | Ups LN N(0,1) provided that
rn?/7=1 = o(1) for any selection of v, € RP with unit Ly-norm.

For dependent data, we need to assume sup,, E{|8.,9:(00)|>T"} < oo for some v > 0, namely |3.,9:(0o)|
has a higher than two uniformly bounded moment. This is required in the central limit theorem for
dependent processes as carried out in Peligrad and Utev (1997) and Francq and Zakoian (2005). It is
used to guarantee the limit of Var{n=1/2 37" 3/g:(69)} can be well defined as n — oo. More specifically,
notice that

n n—1
{nll/? Zﬂ;gtwo)} = E{|B,1(00)"} +23 (1 - fj)E{ﬁ;g1<90>gl+k<eo>'ﬂn},
t=1 k=1

to define the limit of above sum of series, we need that Var{n=1/23"" | B/ g;(60)} is absolutely convergent,
ie.,

n—1 k
lim [E{\,B;gl(ao)\Q} +2 Z (1 - n) !E{ﬁégl(90)91%(90)//371}@ < 00.
k=1

By Davydov inequality (Davydov, 1968; Rio, 1993), the absolute convergence of Var{n=1/23"" | 3 g,(6¢)}
will hold by requiring sup,, E{| ,Bngt(Bo)\“”} < oo for some suitable v.
For high dimensional moment equation g(x, ) with diverging r, we need

Sup E{187,9:(60)["} < o0 (17)
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for B3,, defined via (16) and v > 2 specified in (A.1)(i). A sufficient condition for (17) is to restrict
B € D(K) = {(1)1,1)2,...) € R*>: Z |Uk| < K},
k=1

where K is a given finite constant. To appreciate this, write 8, = (8n.1,- .., 0nr) andlet k, = Zgzl |Bn.jl-

Then,
.
>
j=1

where the last step is based on the Jensen’s inequality and (A.2)(iii). If >%_, |By;] — o0 as n — oo,

we can construct a counter-example such that sup,, E{] B9:(00)|*T?} — oo for any v > 0. The following
theorem establishes the asymptotic normality of 6,,.

i“ﬂsign(ﬁn,j)gt,j(go)

T

E{|8,0:1(00)"} = /{ZE{

Y
} <K,

Theorem 2. Under conditions (A.1)-(A.3), assume that the eigenvalues of Viy and V,, are uniformly
bounded away from zero and infinity. For dependent data, if

P M2> 22 = 0(1), M = 0(1), rPpMn~t = o(1) and rPp*nT! = o(1), (18)
then for any a, € RP with unit La-norm such that (17) holds,

Ve, ([E{Vg:(00)})'Viy VaVis [E{V09:(80)})) ™2 [E{V09:(80)}]' Vi [E{V09:(60)})(Bn — 60)
converges to N(0,1) as n — oo.
For finite block size M, the above asymptotic distribution holds provided that
P27 =o(1) and rPp’n~t =o(1).
Since

([E{V9:(80)}]'Vi;' [E{V0:(80)}]) " ([E{V69:(60)}] Vi; Ve Viys [E{ V9 g:(60) }])
x ([E{V0g:(00)}'Vy;' [E{Veg:(00)})) ™" > ([E{Vag:(60)}]'V,, '[E{Vg:(60)}]) ",

the GEL estimator is asymptotically efficient if ||Vas — Vp|l2 — 0, which implies V,,'V,,V,," is asymp-
totically equivalent to V,; 1. This means that if {g:(6y)}}; is a martingale difference sequence, as
Ve = Vi, = E{91(00)91(69)'} for any M > 1, selecting M = 1 will lead to the efficient GEL estimation.
In a general case where the nature of the dependence in the estimating function is unknown, letting
M — oo at some suitable diverging rate, so that (18) is satisfied, will lead to the efficient estimation.
Specifically, as

M
IVar = Vallz < CrM™1> " kax (k) 2/,

k=1
under (A.1)(i) and (A.2)(ii), choosing M — oo such that r = o(M) produces the asymptotically
efficient GEL estimator 8,. According to (18) and r = o(M), the divergence rate in M is M =
O(nt=2/Gy=2301/6) while r = o(nt(r=2)/Gr1=2IA/6) " regardless p being fixed or diverging. Under
such setting, the best growth rate for r is r = o(nl/ 6) when ~ > 10. In comparison with the case of finite

M, while letting M — oo can guarantee the efficiency, it does slows the divergence of r.

If the smallest eigenvalues of Vi and V,, decay to zero as r — oo, we assume A\pin(Var) < 77* and
Amin (Vi) =< 772 for some positive ¢1 and to. Based on Corollary 1, by repeating the proof of Proposition 2

11



in Appendix, it can be shown that the leading term in the asymptotic expansion of Proposition 2 remains
while the four remainder terms become

Op(T(3+6L1+L2)/2p1/2M1/2n71/2) +Op(r(3+4L1+L2)/2pnfl/2)
+ Op(,,,_(3+5L1+L2)/2M1*1/’\/n1/’yfl/2) + Op(r(3+5L1+L2)/2M3/2n71/2)

provided that the conditions governing r,p, M and n assumed in Corollary 1 hold. By the central limit
theorem established in Francq and Zakoian (2005), the leading term in the asymptotic expansion of
Proposition 2 converges to N(0,1) regardless Apmin(Var) — 0 and Apin(Vn) — 0 or not. Hence, the
asymptotic normality of the GEL estimator 0,, is valid free of the statue of the eigenvalues of V; and
Vi. The difference is that when A\pin(Var) — 0 and Apin(Vy,) — 0, the growth rate of r and/or M are
reduced.

To put the growth rate of r into perspectives and to highlight the impacts of data dependence, we
consider the independent analogue of Theorem 2 in the following, whose proof is obtained by assigning
ax (k) =0 and M =1 in Proposition 2.

Corollary 2. Under conditions (A.1)-(A.3), assume that the eigenvalues of E{g1(00)g1(600)'} are uni-
formly bounded away from zero and infinity. For independent data, if r3p?n=" = o(1) and r*n?/7~1 = o(1),
then for any a, € RP with unit La-norm,

\/ﬁa;([E{VOQt(OO)H/VnA[E{Vegt(eo)}])lm(é\n —6y) LN N(0,1) asn — oo.

The above corollary shows that under independence, the growth rate for r is o(nl/ 3-2/ (37)) if p is fixed.
If v is sufficiently large, the rate of r can be close to o(n'/?). If p grows with 7 and p/r — y € (0,1], then
r = o(n{l/3=2/GMIN/5) " n particular, if v > 5, = o(n'/®) which retains Theorem 2 in Leng and Tang
(2012) for the EL estimator. Comparing the growth rates for » under the dependent and independent
settings, when M is diverging, we see a slowing down in the rate under dependence from o(n'/?) to o(n'/%)
if the best moment conditions hold.

If p, the dimension of 0, is fixed, as in a case of conditional moment restrictions in Example 3, the
asymptotic normality of 8, can be attained with some ease. It can be shown that 3,, is automatically in
D(K) for a large enough K, which implies the condition (17) holds for any o, € RP with unit Lo-norm.
This is summarized in the following corollary.

Corollary 3. Under conditions (A.1)-(A.3), assume that the eigenvalues of Vs and V,, are uniformly
bounded away from zero and infinity. For dependent data, if p is fixed, then for any o, € RP with unit
Lo-norm,

Ve, ([E{V0g:(60)})' Vi, Va Vi, [E{V05:(00) 1)) ™/ [E{ Vag:(80)}]' Vi [E{ Vog: (80)} (6, — 60)
converges to N(0,1) as n — oo, provided that r>M?>=2/7n?/ 7= = o(1) and r*M>*n~" = o(1).

This Corollary with M = 1 recovers that in Donald, Imbens and Newey (2003) for iid data.

5 Generalized Empirical Likelihood Ratios

The EL ratio w,(0) = —21log{Q®L(8)} for £L(0) defined in (4) plays an important role in the statistical
inference. A prominent result for fixed dimensional EL is its resembling the parameter likelihood by
have a limiting chi-square distribution under a wide range of situations, as demonstrated in Owen (1988),
Chen and Cui (2003), Qin and Lawless (1994) and Chen and Van Keilegom (2009) for independent data,
and Kitamura (1997) for dependent data.
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For GEL, we define the GEL ratio as

1w (6) = 2pw(0){

20y | 2e(0) — max Zp Ny (0 >} (19)

AR (8) 1=

which is the extension of the EL ratio in the GEL framework.
We consider the asymptotic distribution of the GEL ratio w,(6p) when both r and p are diverging.
Under such setting, a natural form of the Wilks’ theorem is

(2r) 2w, (80) — r} % N(0,1) as r — oo. (20)

For the case of means where ¢g,(0) = X;—6 with independent observations, Chen, Peng and Qin (2009) and
Hjort, McKeague and Van Keilegom (2009) evaluated the impact of the dimensionality on the asymptotic
distribution (20) for the EL ratio by providing various diverging rates for r. For parameters defined by
general moment restrictions, establishing the limiting distribution of the GEL ratio is far more challenging.
We need the following stronger version of (A.1)(i):

(A.1)’(i) There is some 7 > 8 such that oy (k)'=%/7 < k=" where 7 is given in (A.2).

Condition (A.1)’(i) is used to guarantee the leading order term of (19) has the similar probabilistic
behavior as the chi-square distribution. It is automatically satisfied with n = oo if X; is exponentially
strong mixing or independent. We also need the following conditions:

M
S M2 21 = o(1), r*M3n~'=o(1) and P32t Z kaX(k)1_2/7 = o(1). (21)
k=1
Define
n—-8 2
§= An+4 {8<77<32} + {32<7}<oo} + 1{mdenpendent data}- (22)

The next theorem establishes the asymptotic distribution of w,,(6y).

Theorem 3. Under conditions (A.1)°(i), (A.1)(ii) and (A.2)(iii), assume that the eigenvalues of V,, are
uniformly bounded away from zero and infinity. If (21) holds and r = o(n®) where & is defined in (22),
then

(2r) Y2 {wn(80) — 7} 4 N(0,1) asr — oo.

This theorem is new for dependent data and includes some established results for independent data as
special cases. For independent data, this theorem implies that the asymptotic normality of the GEL ratio
is valid if = o(n'/372/(37)) which is the same as that in Hjort, McKeague and Van Keilegom (2009) for
the EL ratio with independent data. Our result is more general than theirs since we allow for GEL ratio
and for dependent data. For dependent data, the block size is M = O(n(V*Z)/(‘”*Q)) if 2 <~ < 8 and
M = O(n'/5) otherwise, and hence the asymptotic distribution (20) holds if 7 = o(n?) with

. 8 ¥—2
d = min (4 T4 {8<n<32} + {32<77<oo}7 _3 {2<’y<8} + 151{7>8}>

When 7 and ~ are sufficiently large, the best diverging rate is r = o(nz/ 15) for the dependent case, which
is slower than the rate of 7 = o(n!/3=2/(37) for the independence case.
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6 Test for Over-identification

For moment restrictions, it is important to check on the validity of the model by testing the following
hypotheses

Hy: E{g9(X:,00)} =0 for some 6y € © v.s. Hy: E{g(X:,0)} #0 for any 0 € O.

We consider testing the above hypothesis when r > p, namely the moment equation overly identify the
parameter 6. R

We formulate the test statistic as the GEL ratio w,(6,,). For the EL ratio, it has been demonstrated
in the fixed dimensional case by Qin and Lawless (1994) and Kitamura (1997) that

wn(é\EL) 4 X%,p as n — 0o

under Hy. This mirrors the J-test of Hansen (1982)’s GMM with fixed and finite dimensions r and p.

To formulate the GEL specification test allowing for increasing dimensions r and p, we are to study
the asymptotic distribution of wn(én) under Hy first. We only need to consider its leading order
ng(6,) {MQ(6,)} 3(0,,) as the remainder terms in the asymptotic expansion of wy(8y) can be shown
to be of a smaller order. Since én is consistent for 6 undAer Hy, Lelnma 17 in Appendix establishes
the relationship between the asymptotic distributions of n§(0n)’{M§(9n)}*1§(§n) and ng(0o)'V, 15(6o)
under Hy. We need the following conditions:

rPpnt = o(1), prot/?2=o0(1), r*M3*n7t =o0(1),

M
23
P M* 2271 = 5(1) and rP2M! Z kax (k)27 = o(1). (23)
k=1
Compared with the conditions for the asymptotic distribution of w,,(6y) in (21), the first two restrictions
in (23) are the extra ones used to control the remainder terms.

Theorem 4. Under conditions (A.1)°(1), (A.1)(ii), (A.1)(iit), (A.1)(iv), (A.2) and (A.3), assume that
the eigenvalues of Vi, are bounded away from zero and infinity. If (23) holds and r = o(n%), where & is
defined in (22), then

{2(r —p)}71/2{wn(§n) —(r—p)} LN N(0,1) asr — oco.

The asymptotic normality can be used to derive the over-identification test under high dimensionality
and dependence. Specifically, Hy is rejected if

{200 — )} 7V Hwn(0,) — (r —p)} > 21-a

where z1_,, is the 1 — a quantile of N (0, 1).
To show the above GEL test for over-identification is consistent, we assume that under the alternative
hypothesis Hy,
nf | E{g(X0,0)}l2 > . (24)

The following theorem describes the behavior of {2(r — p)}_l/Q{wn(OAn) — (r—p)} under Hj.

Theorem 5. Under conditions (A.1)(i), (A.1)(ii), (A.1)(iv), (A.2)(ii) and (24), if there is a positive
constant € such that r>M'=2/7n? 7" (logn)c~2 = O(1), r'/2Mn~'¢"' = o(1) and Ai(r,p)s~" = O(1),
then

{20r — p)} Y {wn(0n) — (r —p)} B oo asr — oo
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This theorem shows that the GEL test is consistent. Unlike Theorem 4, this theorem does not require
the block size M — oo and assumes the weaker condition (A.1)(i) (instead of the more restrictive one
(A.1)°(i)). From the proof given in the Appendix which follows the technique developed in Chang, Tang
and Wu (2013), the test statistic {2(r — p)} ~'/2{w,(0,) — (r — p)} diverges to infinity at least at the rate
of O(r'/?) under Hj.

7 Penalized Generalized Empirical Likelihood

In high dimensional data analysis, when the dimension of parameters is large, i.e., p — 00, a more
reasonable assumption is that only a subset of the parameters are nonzero. Write 8y = (o1, . .., 0pp)" € RP
and define A = {j : fy; # 0} with its cardinality s = |.A|. Without loss of generality, let 6 = W, 9"y
where 8) ¢ R® and 6@ € RP~5 correspond to the nonzero and zero components respectively, i.e.,
6 = (0(()1)/, 0’)’. Under such sparsity, we can allow the number of parameters is larger than the number
of estimating equations, i.e., p > r. However, we still need to assume s < r, which means that the
“real” parameters can be uniquely identified by the moment restrictions (1). To carry out the statistical
inference on @ under the sparsity assumption, we add a penalty term in (6) and the penalized GEL
estimator is defined as

Q P
6{P®) = argmin max { > p(Nou(By,0) +Q Zp7(|9j|)}
q=1 j=1

0€O \cA,,(0)

where p,(-) is some penalty function with a tuning parameter 7. The following conditions are imposed
on the penalty function p,(-) and the tuning parameter 7.

(A.4) liminf,_oliminfy oy p,(6)/7 > 0.
(A.5) There exists a positive constant C' such that max;e 4 p-(|0o;]) < CT.

Conditions (A.4) and (A.5) hold for many penalty functions such as the one in Fan and Li (2001) and
the minimax concave penalty of Zhang (2010). Define

S(60) = ([E{Vag:(80)})'Vi; [E{Va5:(80)})) ™ ([E{Va5:(80)})'Vi; VaVis ' [B{ Viogi(60)}])
x ([E{V09:(80)})'Vi; [E{Vog:(80)}]) .

We correspondingly decompose S(6y) as
S11(60) Si2(6
S(HO) = < ;1( 0) 12( 0) ) (25)

where S11(0p) and S22(0y) are s x s and (p—s) X (p— s) matrices, respectively. The following restrictions
are needed
strinM~' = 0(1) and 7(r~'n)Y2M! = co. (26)

Write the penalized GEL estimator @Lpe) = (@Ll)/, %2)l)’ and define

Sp(60) = S11(60) — S12(60)S35 (60)S21(6o).

The following theorem describes the basic properties of the penalized GEL estimator.
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Theorem 6. Under conditions (A.1)-(A.5), assume that the eigenvalues of Vs are uniformly bounded
away from zero and infinity. If maxje 4 pl(|6o;]) = o(r=12n=1/2), minje 4 |0oj| /7 — oo and (26) holds,
the following results hold.

1. P{é\,(f) =0} — 1 as n — oo, provided that (13) holds and r*pM?n~! = o(1);

2. In addition, if the eigenvalues of Vi, are uniformly bounded away from zero and infinity, then for
any o, € R® with unit Ly-norm, then

Vnal,S;2(00)(05) — 68Y) & N(0,1) asn — oo,
provided that

(a) for independent data, r*p*n=" = o(1) and r3n?/ 7~ = o(1);
(b) for dependent data, (18) holds and a, satisfies (17) with

Bn= — Vi [E{Veg(80) Y] ([E{V69:(00)})' Va; Vi Vs IE{ V01 (80) 1))
% [E{V09:(00) ' Vi TE{V g 90(80) H{S11(80) — S12(80)S3; (6021 (80)}/2xy.

Similar to the consistency of GEL estimator, if the eigenvalues of E{¢:(60)g:(6o)'} are uniformly
bounded away from zero and infinity, result (i) still holds without blocking technique if 21271 = (1)
and r’pn~! = o(1) are satisfied. Comparing Theorem 6 with Theorem 2 and Corollary 2, since S,(6p) <
S11(6p), the penalized GEL estimator is more efficient in estimating the nonzero components. Leng and
Tang (2012) considered the theoretical results of the penalized EL estimator for independent data by
assuming p/r — ¢ € (0,1). Our results extend theirs to penalized GEL estimator for weakly dependent
data without requiring p/r — ¢ € (0,1).

8 Simulation Results

In this section, we present simulation results to compare the finite sample performance of the GEL
estimators with the GMM estimator in the high dimensional time series setting. Three versions of
the GEL estimators were considered in the simulations: the EL, the ET and the CU estimators. We
experimented two forms of the moment restrictions: one was linear, and the other was nonlinear. The
penalized GEL estimator was also considered in the non-linear case.

We first conducted simulation for the linear moment restrictions with ¢(X;,0) = X; — 6. The
observations {X;}7; were generated according to the vector autoregressive (VAR) model of order 1:
X =9X;1 + e where ey ~ N(0,%.), Xc = (04)pxps 0ii = 1 — ¥?, 05501 = 0.5(1 —1?) and oy ; = 0 for
|i — j| > 1. The stationary distribution of X; is N(0,%,) where ¥, = (6, j)pxp and 7;; = 1, G;+1 = 0.5
and ;; = 0 for |[i — j| > 1. In this model, p = 7 and the true parameter 8y = 0 € RP.

The second simulation model was the generalized linear model. The covariates {Z;}} ; were generated
with the same VAR(1) process as the {X;}}"; in the first model setting. The response variables {Y;}}"
were generated from the Bernoulli distribution such that P(Y; = 1|Z;) = exp(14+Z,00)/{1+exp(1+Z,6p)}

with the true parameter 6y = (0.8,0.2,0,...,0)" € RP. Then
4}—0
In this setting, we have nonlinear moment restrictions

/
ely, - exp(1 + Z;6y)
1+ exp(1 + Z160)

Zy exp(1 + Z;0)
X, 0) = Y —
9(X1,6) <Wt>{t 1+exp(l+2/0) [’
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where Wy = (Z3,,...,22,) for Z; = (Z1y, ..., Zpy)'. This model is over-identified. We considered both
non-penalized and penalized estimators under this model setting.

In both simulation models, we chose n = 500, 1000 and 2000, respectively. The parameter v in
the VAR(1) process capturing the serial dependence was set to be 0.1,0.3 and 0.5, respectively. The
dimension p was pegged to the sample size n such that p = Lcnz/ 15| where ¢ = 10 and 12 in the first
model setting, and ¢ = 5 and 6 in the second model setting, respectively. Simulations results were based
on 200 repetitions. For each repetition of each model setting, we obtained the parameter estimates 0's
based on the four considered estimation methods: EL, GMM, ET and CU under five regimes regarding
the blocking parameters L and M:

Regime (i). L= M = 1; Regime (ii). M = [n'/?| and L = [0.5M |;
Regime (iii). L= M = |n'/®];  Regime (iv). M = [3n'/®] and L = [0.5M|;
Regime (v). L =M = |3n'/?] .

Regime (i) means no blocking. Regimes (ii) and (iv) assigned the block size M to be twice of the
block separation parameter L; and Regimes (iii) and (v) prescribed M = L. For each repetition of the
second model setting, we additionally considered the parameter estimates 0’s based on the penalized
GEL estimation methods. The penalty function p,(u) used in the simulation satisfied:

(aT —u)

pr(u) = T{I(u <7)+ ﬁ[(u > r)}

for u > 0, where a = 3.7, and s, = s for s > 0 and 0 otherwise. This penalty function is given in Fan and
Li (2001). We applied the method given in Leng and Tang (2012) to determine the penalty parameter
7. In each simulation replication, we calculated the Ly distance between 6 and 6 as ||0 — Oyl =
{(6—60)(6 — 69)}'/2.

Tables 1 and 2 report empirical medians of the squared estimation errors for the EL, ET, CU and
GMM estimators in the first simulation model with ¢ = 10 and ¢ = 12, respectively. And Tables 3
and 4 summarize the empirical median for the second simulation model with the extra penalized GEL
estimators. We had also collected the average of the squared estimation errors, which exhibited similar
patterns as the empirical median. Hence, we only report the median of squared estimation errors per the
suggestion of one referee.

It is noted that the performance of each estimator at each given blocking regime was improved
when the sample size was increased, which confirms the convergence of these estimators. For the second
nonlinear model, we observed that the performance of three GEL estimators and their penalized analogues
were improved under the blocking regimes (ii)-(v) which were bona fide blocking since L, M > 1. This was
not that surprising since dependence was presence in both simulated models, and applying the blocking
can improve the efficiency of the estimation. However, the performance of the GMM estimator were
largely similar regardless of the blocking regimes used. The empirical medians of the squared estimation
errors of the GMM estimator were much larger than those of the GEL estimators, which confirmed the
existing research on GMM versus GEL for finite fixed dimensional settings (Newey and Smith, 2004;
Anatolyev, 2005). Among the three GEL estimators, we observed that while they were largely similar
under the first simulation model, the EL and the ET estimators performed better than the CU estimator
for the logistic regression model. This might be due to the multivariate asymmetry in the moment
conditions, which makes the bias term of the CU estimator more pronounced, as shown in Newey and
Smith (2004) and Anatolyev (2005). We note that the estimation efficiency among the GEL estimator
with respect to the different regimes of the blocking width selection was largely comparable to each other
for the simple mean models. However, in the case of the generalized linear model, the regimes (iv) and
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(v), with the block width M = [3n'/%], led to the best performance. We also observed that under
the second model setting where the parameter is sparse, the penalized GEL estimators were much more
efficient than their non-penalized counterparts, which confirmed our Theorem 6.

9 Conclusion

In this paper, we have investigated the asymptotic properties of the GEL estimator, the GEL ratio
statistic and the over-identification specification test for high dimensional moment restriction models
with increasing number of parameters and weakly dependent data. We have also investigated a penalized
GEL approach that is designed for the high dimensional sparse parameter situation with p > r, although
the true but unknown number of non-zero parameters is not larger than r. We establish the oracle
property of the penalized GEL estimator. Both theoretical and simulation studies find the penalization
leads to efficiency gain for the GEL estimators even for dependent data.

We establish the consistency and the asymptotic normality of the high-dimensional GEL and the
penalized GEL estimators allowing for fixed block size M for time series data. However, when the
unconditional moment functions {g(X¢, 0p)}}_; are autocorrelated, the simple limiting distributions of
the GEL ratio statistic and the over-identification specification test are established when the block size
M diverges with the sample size n. How to practically select M is a quite challenging problem. As
indicated in Hall, Horowitz and Jing (1995) and Lahiri (2003), although there has been much research in
determining the order of magnitude of M, there is in general a lack of research for selecting the tuning
parameter, the coefficient of M for general nonlinear time series models. The simulation study reported
in Section 8 shows that M = L?ml/ °] led to satisfactory performance. Instead of blocking, one could
also perform local smoothing of the unconditional moment functions {g(X¢, 60)}}_; to reduce temproal
dependence (Smith, 1997; Anatolyev, 2005; Kitamura, 2007), which introduces an alternative tuning
parameter, however. We leave it to future research about the performance of this local smoothing GEL
approach for high dimensinal time series models.
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Appendix

Throughout the Appendix, C denotes a generic positive finite constant that may be different in different
uses. Forany ¢ =1,...,Q and k = 1,..., M, let B1(q,k) = #{j < ¢ : X(g—1)z+1 € Bj} and Ba2(q, k) =
#{J > q: X(g-1)r4+% € Bj}. These two quantltles denote the times of the k-th element of the ¢g-th block
occurs in the blocks before and after the g-th block, respectlvely Let g(0) = n= Y0, 91(0), ¢(0) =

Q12 94(8), Var = Var{M/26,(80)}, Q(0) = Q7' 2| 64(0)04(8)' and Q(8) = E{,(8)¢4(6)'}.

Some Lemmas I

The lemmas proposed in this subsection are used to prove Theorem 1.
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Lemma 1. (g k) = (a— 1) A (M — K)/L] and Ba(a, k) = (Q —a) A L(k— 1)/L] .
PROOF: Fort = (q—1)L+k, suppose X; € B; where ¢ < g. Then there exists a positive integer k € [1, M]

such that (¢—1)L+k = (§—1)L+k. It means § = q— (k k)/L. From this, we can get k = k+iL for some
i€ {l,...,q—1}. Note that k € [1, M], then i < |(M —k)/L|. Hence, 31(q,k) = (g— 1) A | (M —k)/L].
By the same argument, 52(q, k) = (Q —q) A [(k—1)/L]. O

Lemma 2. Under conditions (A.1)(ii) and (A.2)(ii), supgee ||4(8) — §(8)||2 = Op(r'/2Mn~1).
PRrROOF: By Jensen’s inequality,
— 1
B{sup 160 - 90)12} < o {n-@- D224 ¥ i) +n -y} Bf swlao)l. )
) MQ B (ahr=0 €0

From Lemma 1 and (A.1)(ii), -5, (4x)=0 82(¢; k) < (Q —1)(M — L) for sufficiently large n. Noting that
Q= |(n— M)/L] + 1, then for sufficiently large n

E{ sup 4(6) - §(9)H2} <oLMIQT. E{ sup ||gt<e>u2}.
0cO 6cO

Hence, (A.1)(ii) and (A.2)(ii) lead to the conclusion. O
Lemma 3. Under conditions (A.1)(i) and (A.2)(iii), ||Q(80) — Q6)||r = Op(rM*2n=1/2)
ProoF: Note that
E{[[©(80) — 2(80)[I7} = Q" E(tr{[¢4(80)dq(60)' — 2(60)]°})
+Q7 Y B(tr{[94,(80)94: (0)' — 280)][64. (80) b (80)' — 2(60)]})

q17G2
=: A + As.

As Ay < Q7TE{||¢4(80)||3}, by Jensen’s inequality and (A.2)(iii), A1 = O (r?Mn~'). At the same time,

= sz Z Z E{[¢q1,u(00)¢qhv(00) - Quﬂ}(go)][¢q27v(00)¢qz7U(00) - Qvu(go)]}a

u,v=1 q17q2
where €, ,(0p) denotes the (u,v)-element of Q(6y). By Davydov inequality and (A.2)(iii), |A2| <
C’l“QQ’2 qu;éqg ap{ln — ¢2|}'%/7. Hence, by (A.1)(i), A2 = O(r*Mn~"). From Markov inequality,
1€2(80) — 2(80) || r = Op(rMn=172). O
Lemma 4. Under conditions (A.1)(ii), (A.2)(ii) and (A.2)(iv), then supgceo )\max{ﬁ(e)} = Op(1) pro-
vided that rMn~! = o(1).

PRrROOF: Using the same approach as in the proof of Lemma 2,

sup s {51 S dalo) (02 = S0 0)0(0) s

0€O ||z 2=1 q 1 teB,

} = Op(rMn~1).
By Jensen’s inequality, for any ||z|j2 = 1,

Q
Q Zx $q(0)0q(0) x < MIQ SN 2/9,(0)g.(0) .
q=1teBy,

Then supgego Amax{(0)} < SUPgeo Amax{n 1Y r; 9:(0)g:(0)'} + 0p(1). The result can be implied by
(A.2)(iv). O



Lemma 5. Under condition (A.2)(ii), define 6, = o(r=2Q~1/7) and A, = {\ € R" : ||\]|2 < 8.}, we
have sup;<,<g.gco.ren, |\ ¢q(0)] 2, 0. Also w.p.a.1, A, C A,(0) for all @ € ©.

PrROOF: From (A.2)(ii) and Markov inequality, sup;<,<g eco ||¢¢(0)]l2 = O,(r'/2Q'/7). Then,

sup  [Ngg(0)[ <dn- sup [gg(8) ]2 0.
1<q<Q,0€0 N, 1<¢<Q,0€0
It also implies w.p.a.1 X¢4(0) € V for all @ € © and ||A]|2 < 0p. O

Lemma 6. Under conditions (A.1)(i), (A.2)(i) and (A.2)(iii), assume that Amax(Var) is uniformly
bounded away from infinity. If r*M3n~1 = o(1), |0 — 6ll2 = Op(m,) and rpM72 = o(1), then
1€2(8) — ©(60) 12 = Op(r!/2p" /2 M~ 27,).

PROOF: Choose 2 € R” with unit Ly-norm such that Amax{Q(8) — Q(00)} = /{2(8) — Q(6y)}x. Then,

p‘max{Q( ) (00)}‘

1 Q

2
|20 (0) — 2/ dg(00)] - [94(0) — ¢(60)ll2 + Z |2 04(80)] - [|64(8) — ¢4(60)|l2

q=1

Q 1 Q 1/2
-QZ||¢q — 640013 + 2\max {2(60)} 1/2{ > 164(6) — 4 90)!\2} .
q=1

||M©

Note that r2M3n~! = o(1), by Lemmas 3 and Amax(Var) is uniformly bounded away from infinity,

(00} = 0,011 From (3200, @1 2L, 0) =0 @0)IE = 10-O,(10—0l3). 16y —
o(1), then ])\max{Q( ) — Q(80)} = O,(r'/? 1/2M 1/27.)). Using the same argument, |Amin{Q(6) —

Q(00)}| = O,(r'/?p!/2M~1/27,,). This completes the proof. O
Lemma 7. Under conditions (A.1)(i), (A.1)(ii), (A.2)(i), (A.2)(ii) and (A.2)(iii), assume that the
eigenvalues of Var are uniformly bounded away from zero and infinity. If r2M?~2/7p2/7=1 = o(1),

PM3nt = o(1), |0 = 6olls = Op(ra), rpM72 = o(1) and [|g(B)[lx = Op(r'/*n~1/2), then A\(6) =
AIGMAX, ;G )S (0, \) exists w.p.a.1, SUDy R, () 5,(0,)\) = p(0)+0,(rMn~1) and |\(8) |2 = O,(r'/2Mn=1/2)
where S, (6, ) is defined in (7).

PROOF: Pick 8, = o(r~/2Q~'/7) and r'/2Mn~1/2 = = 0(0,), which is guaranteed by r2M?=2/ 21 =
o(1). From Lemma 2 and Triangle inequality, then H¢( 0)|l2 < [9(0)]l2 + O,(r'/2Mn~") which implies

16(8)]|2 = O,(r'/?n=1/2). Let A = argmaxjey, Sn (6,)), where A, is defined in Lemma 5. By Lemmas
3, 5 and 6, noting p,,(0) < 0,

p(0) = 5,(8,0) < 5,(6, 1) = p(0) + ps ()N B(6) + X{ pr Ny (8) <~>¢q<5>'}x

< p(0) + po(O)] - [ All2 - 16(B)[|2 = CIIAII3 - {M +op(M7H)}.

where A lies on the jointing line between 0 and A. Hence, H)\Hg < C \qg( )2 - {1+ op(1)} =
Op(r 1/QMn_l/z) = 0p(d,). Thus X € int(A,,) w.p.a.1. Since A, C A, (6) w.p.a.1, A(8) = XA w.p.a.l by the
concavity of S,(8, ) and A,,(6). Then,

Sn(6,X(8)) < p(0) + |ps(0)] - [XB)[|2 - 6(8)]]2 — C - ML~ [NBO)]I3 - {1+ 0p(1)}

~

leads to sup, .3 ) 5n(0,2) = p(0) + O, (rMn1). O
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Proof of Theorem 1

Choose &, = o(r~/2Q=7) and r'/2Mn=1/2 = 0(8,). Let A = sign{pu(0)} - 6,6(0n)/||(6n)|2, then
A € A,,. By Taylor expansion, Lemmas 4 and 5, noting p,,(0) < 0,

S0, X) = p(0) + pu(0)X 3(6,) + X{ me N g (0, (An)céq(@n)’}A

> p(0) + [po(0)] - 6 - [[B(8) 12 - C'Op()'HMIz-

Meanwhile, by the same way in the proof of Lemma 3, ||g(80) — E{g:(60)}||2 = Op(r'/?>n=1/2). Since
E{g:(80)} =0, [|3(680)|l2 = Op(r*/?>n=1/2). Then, from Lemma 7,

500, 0) < sup (B, A) < sup 5,(60,A) = p(0) +Op(rMn™1).
MM, (By) A€, (80)

Hence, ||¢( 2)|l2 = Op(8,). Consider any &, — 0 and let X = sign{p,(0)} - end(6,,), then ||Al|z = op(0p).
Using the same way above, we can obtain

1po(O)] - £ - 9(Ba)lI3 = C - Op(1) - &5 - 16(0,) 13 = Op(rMn™").

Then, aan)( w3 = Op(rMn=1). Thus, ||q5( 2|3 = Op(rMn=t). From Lemma 2, Hg( )|z = Op(r /2 M /20 =1/2),
If HO — 90H2 does not converge to zero in probability, then there exists a subsequence {(nsey My, pi) }
such that HO .—0o|l2 > £ a.s. for some positive constant . By (A 1)iv), [[E{g:(0n.) }Hl2 = op{ A1 (74, ps) }+

Op(rt/* M '), On the other hand, from (A.1)(iii), | E{g:(8n.)} |2 > A1(r, p.)As(e). Asliminf,, o0 Ar(r,p) >
0, it is a contradiction. Hence, |6, — 6ollz 2> 0. By (A.2)(iv), |§(6n) — G(60)]l2 = C||6n — 62
w.p.a.l. Then, Hé — 62 = Op(r'/2M/2n=1/2). In addition, if r2pM?*n~" = o(1), from Lemmas 3
and 6, AmaX{Q( n)} < CM~! w. p a.l. By repeating the above arguments, we can obtain ||q5( n)lle =
Op(r 1/2 ~1/2) and |6, — 6o|2 = O,(r'/?n=1/2). From Lemma 7, IA(B)]|2 = O (r1/2Mn~1/2). Therefore,
we complete the proof of Theorem 1. O

Proof of Corollary 1

To construct Corollary 1, we need the analogue of Lemma 7 listed below.

Lemma 8. Under conditions (A.1)(1), (A.1)(ii), (A.2)(i), (A.2)(ii) and (A.2)(iii), assume that Amin(Var) <
r— for some 11 > 0.

(a). If P23 N 2=2/12/7=1 = (1), r2t2a )B3p—1 = o(1), |6 — 90||2 = Op(1y), T 21pM72 = 0(1) and
1(0)]]2 = Op(r(+0)/2p=1/2) th(in AO) = argmax, i g 5n(8,\) exists w.p.a.1, SUD, (R, (8 )S (6,)) =
p(0) + O, (P21 Mn=1) and |X(8) |2 = Op(r+3)/20Mn=1/2) where S,,(0, \) is defined in (7).

(b). If r2¥20 ) 2=2/7n2/7=1 = o(1) and 221 M3n~1 = o(1), then () = arg max
exists w.p.a.1, supy 3 g )§ (60, ) = p(0) + Op(rtMn=1).

AEA, (6 )S (OOa)\)

PrROOF: We first prove (a). Pick 6, = o(r~1/2Q~1/7) and r(1+31)/2)[n=1/2 = (¢,,), which is guaranteed
by 231 M2-2/7p2/7=1 = o(1). From Lemma 2 and Triangle inequality, then ||¢(0)]2 < [|g(6)]]2 +
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O,(r'/2Mn~") which implies ||¢(0 0)|2 = O, (rd+u)/2p=1/2) Tet X\ = argmaxyey, §n(§, A), where A, is
defined in Lemma 5. By Lemmas 3, 5 and 6, noting p,,(0) < 0,

p(0) = §n(§70) < §n(97 A) = p(0) + pv(o))‘l + )‘/{ vav )‘/(qu (~)¢q(§)/}>‘

< o)+ 1o I3 - 15V — CIR - {15 + 0, (01151,

where A lies on the jointing line between 0 and . Therefore, |[A||o < C - Mr* - ||p(0 )Hg {1 +o0p(1)} =
O (r(1+3L1)/2Mn_1/2) = 0p(0n). Thus A € int(A,) w.p.a.l. Since A, C A, (6) w.p.a.l, )\(0) = A w.p.a.l
by the concavity of S, (6, \) and A, (). Then,

Su(6,X(8)) < p(0) + |pu(0)] - [A(O)2 - [@(O)]l2 — C - M~ r= - [IA(O)]3 - {1 + 0,(1)}
leads to sup, 3 (g Sn(8, 1) = p(0) + Op(r'™21 Mn=1). The proof of (b) is similar to that of (a). O
Here, we begin to prove Corollary 1. Choose 6, = o(r “12Q=17) and r(1+30)/20 =12 = o(5,,).
Let A = sign{p,(0)} - 6,0(0,)/]|¢(6,)]||2, then A\ € A,. By Taylor expansion, Lemmas 4 and 5, noting
pus(0) <0,

5,600 = p(0) + pOX 3B + 57{ & me, (00(8,)60(8,)0,(6.) b3

> p(0) + |po(0)] - 3, - || 5(6, )Ha—C Op(1) - IA3.

Meanwhile, by the same way in the proof of Lemma 3, ||g(80) — E{g:(60)}|2 = Op(r'/?>n=1/2). Since
E{g:(80)} =0, [|3(680)|l2 = Op(r*/?>n=1/2). Then, from Lemma 8(b),

Sn(Bn, N) < sup_ Sn(6,,A) < sup  Sp(B0,A) = p(0) + Op(r' T Mn™1).
AEAL (Bn) AEAR(60)

Hence, Hgb( w)|l2 = Op(6,). Consider any &, — 0 and let A = sign{p,(0)} - 5ng5(0An), then |||z = op(0p).
Using the same way above, we can obtain

po(O)] - &n - 8(8) 13 = C - Op(1) - 5 - [|6(Bn) |5 = Op(r' 1 Mn~H).

Then, 6n||¢( W3 = Op(rit i Mn=1). Thus, Hgb( 23 = Op(r*tMn=1). From Lemma 2, ||§(§n)\|2 =
O, (ri+)/2 12 =1/2)  1f Hén — 60p||2 does not converge to zero in probability, then there exists a sub-
sequence {(ns, M,,7.,p.)} such that ||8,, — 6y|lz > € a.s. for some positive constant e. By (A. 1)(iv)
IE{g:(Bn.) Hl2 = 0p{ A1 (rs, pi) 1O, (P T2 0201 2) - On the other hand, from (A.1)(iii), | E{g¢(6n.)}]2 >
Ay (re, ps)Ao(e). Asliminf, oo Aj(r,p) > 0, it is a contradiction. Hence, 16, — 6ol & 0. By (A.2)(iv),
15(62) — §(60)ll2 > C||6, — 6|z w.p.a.1. Then, [|8, — 6o||> = Op(r(lﬂl)/QMl/zn*l/Q). In addition, if
r?tupM?n=t = o(1), from Lemmas 3 and 6, )\maX{Q( n)} < CM w.p.a.l. By repeating the above
arguments, we can obtain 16(6n)]2 = O (7 (1+u)/2 n=1/2) and |6, — 6oz = O, (r+1)/2p=1/2) " From
Lemma 8, |A(6,)]|2 = Op(r (1+3L1)/2Mn*1/2). Therefore, we complete the proof of Corollary 1. O

Some Lemmas I1

The lemmas proposed in this subsection are used to establish Proposition 1, Proposition 2 and Theorem
2. The proof of Proposition 1 is based on the asymptotic expansion given in Proposition 2, so we will
first construct the proof of Proposition 2 later.
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Lemma 9. Under conditions (A.1)-(A.2), assume that Amax(Var) is uniformly bounded away from infin-
ity. If r2M?=2/7n2/7=1 = o(1), 2pM?3n~" = o(1) and r2M3n~"' = o(1), then for any x € R?, y,z € R",

= Op(rp'PM' 2012 ||z,
2

Q
H s Zpu (B, 64(8,))V o164 B, Z (0) Voo, (Br)c

‘]QW Zylpvv(xlﬁbq(é ))qu( ) Z - vav y ¢q ¢q(§ )
q=1

= Op(rM =10t/ 7= 12) ly |2 - HZH2,

where /):(é\n) and X are defined in (15).

PRrOOF: From Theorem 1, both A(6,,) and X are O ,(r12Mn=1/2) = 0,(6,) where 6, is defined in Lemma
5. By Taylor expansion and Cauchy-Schwarz inequality,

2

15 2 va 400 6n8) VasBr)s — va (0) Vo4 (Br)2

[

where A lies on the jointing line between 0 and /):(én) From Lemma 5 and )\max{ﬁ(én)} = 0,(M™1)
which is provided by Lemmas 3 and 6, we obtain

2

Q
> (Vo(B,) (7B, 6, H Z /(Y o6a(0)} {Voiy(Br)}x

@ \

Q
Zpgu(}‘/¢q(§n)) /): é\ } < CZ {/\ (§n)}2 A1+ 0,(1)} = Op(rMn~1).
q=1

On the other hand,

Q
QZ ¥ {V00,(6.)} { Voo, (B MLZZ [909:81) - all3 = Ou(rp) - 12l
q=11teB,

Using the same argument, we can obtain the other result. O

Lemma 10. Under conditions (A.1)(i), (A.1)(ii) and (A.5), then Ved(8) — Vod(0*)||F = Op(r/?p
10 — 0*||2) for any @, 0" in a neighborhood of 8y, and ||Vep(0o) — E{Vegi(00)}|r = Op(r'/2p'/2n=1/2)
provided that M = o(n'/?).

PRrooF: Using Taylor expansion and noting (A.3), the first conclusion holds. Using the same method in
the proof of Lemma 3, |Veg(80) — E{Veg:(60)}||r = Op(r'/?p'/>n=1/2). By the same way in the proof
of Lemma 2, |Vo@(80) — Vag(8o)||r = Op(r/?p'/2Mn~1). Hence, by Triangle inequality, we can obtain
IVed(80) — E{Veg:(60)}||r = Op(r'/p?n=1/2). O

Proof of Proposition 2

Define
= ([B{V09:(00)}]'Vi; Vo Vi [E{V09:(60)}]) "/ ex,
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then
1E{Veg:(60)} - B3 = o, (U'U) VUV, 2VEV A PUUD) e,
< Amax(V, 2VEV2) I UU'U) a3 = A (Vi) A (Vi)

min

where U = V2V Vi [E{Vg:(00)}]. Therefore, ||[E{Vgg:(80)} - Bll2 = O(1). Meanwhile,
)

1813 < Aain ([E{V 09:(80)})' Vs Vo Viys [E{V.9:(80)}])
< M (Var) A i ((E{V09:(80)}] [E{V6g: (80) ) A (Var).

Hence, ||B|l2 < C. From Lemma 5,

Q
Z oV 64(01))0q(01)d(0) = puu(0)MQ(B,) - {1 + 0,(1)}.

Noting Lemmas 3 and 6, we know the eigenvalues of M ﬁ(é\n) are uniformly bounded away from zero
and infinity w.p.a.1. Hence, the eigenvalues of MQ~ Zq 1 Pou(N $q(O ))%( )d)q( )" are uniformly
bounded away from zero and infinity w.p.a.1. By Lemma 9 and (15),

. ME I -1
ﬁ’{V0¢<0n>}’{Qprm(e ))6(61) 04 (6,.)' } $(6,) = Op(r*/*p' M 20 1),

q=1
From Lemmas 10 and 9,
B'E{V0g:(80)}] {M(6,)} " 6(6,)
_ Op(r3/2p1/2M1/2n_1) + Op(r3/2M1_1/7n1/7_1) n Op(r3/2pn—1)'
Note that Lemmas 3 and 6,

B'E{V0g:(60)}]' V' $(6,)
= Op(r*2p M) 4 Op (M ) 4 0, (320 ) 4 0, 2pn ).

Expanding qg(gn) around @ = @y, by Lemmas 10 and 2,
B'E{V6g:(60)}'Vis' [E{V69:(60)}](8 — 60)

=— B[E{Veq:(00)1)' Vi 5(00) + O, (r*/?p 2 M 2n=1) + O, (r3/2 M 1/ 1t/ 71
M p p
+ Op(r3/2pn_1) + Op(rg/2 M 3/2n_1).

Hence, we obtain Proposition 2. U

Proof of Proposition 1
From Proposition 2, if we pick au, = (8, — 69)/6, — 6o ||2, we can obtain that
Vi Ad{E{V09:(80)1]' Vi Vi Vi [E{V0g:(80)}]}
Amin{[E{V69:(60)})' Vi, [E{V6g:(60)}]} - [16n — boll2

= Op{lIVnan, ([E{Veg:(00)}]' Vi VaVi; [E{V09:(80)})) /2 [E{V0:(60)}]' Vi 9(60) 12}
+ Op(rg/Qpl/QMl/Qn_1/2) + Op(,r_3/2pn—1/2) + Op(r3/2M1—1/yn1/'y—1/2) + Op(r3/2M3/2n_1/2).
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Note that
At {IE{V 09:(80) 1 Vi Vi Vi, 1E{V 091(60) }} Amin{ [E{ Vg: (60)})' V' [E{ Vo g:(60)}]} > C,

which is assumed in (A.2)(iv) and the eigenvalues of Vj; and V), are uniformly bounded away from zero
and infinity. Therefore, by

E(vna, ([E{Ve9:(60)}]'Var Va Vi 1E{V09:(60)}]) " *[E{V09:(60)}]' V5, §(60)) = p,

we complete the proof of Proposition 1. ]

Proof of Theorem 2

From Proposition 2, it is only need to show

Sn 1= —v/ney ([E{Vog:(00)}]'Vi; ' Va Vs [E{V 05:(60)})) /> [E{Viage(80)}] V3, 3(60) > N(0,1).
Let

Znt = —y([E{V0g:(80) ' Vir Vi Vi IE{V09:(00)}]) V2 [E{V09:(80)}]' Vs, 5(80) =: BL,9:(60),

then S, = n~ Y231 | 2. As restriction (17) holds, sup,, Sup;<t<y E(|7n,t|7) < 0o. On the other hand,
Var(S,) = 1. Note that (A.1)(i), then by the central limit theorem proposed in Francq and Zakolan

(2005), we have S, % N(0,1). O

Some Lemmas III

To prove Theorem 3, we employ the blocking technique by splitting the observations to big blocks of

length h and small blocks of length b. Suppose that B; = (X(_1)(hgb)415- - Xi(htp)) = (Bi1, Bia),
where Bi1 = (X(i—1)(htb)+1> - - - X(i=1)(htb)+h) » Biz = (X(i-1)(hat)+(ht1)s - - - » Xi(htp)) and b < h. Then
n = T(h 4+ b) + m, where m < h 4+ b. Later, we will discuss the selection of b and h. By a similar
argument to those in finding the order of ||g(6y)||2 and the proof of Lemma 2, we can obtain ||g(6y) —
(Th)~'* S, > teB;, 9t(60)ll2 = O, (r'/2T1/2p1/2,71). Furthermore, define V,, = Var{h~1/2 Z?:l g:(60)},
Zri = h V2V S 5 i(B0) and G = Y Zgy, then E(Zr;) = 0 and E(Zr;Zp;) = I. 1t
can be shown that |2/(V,, — V,))y| < Crh~ ZZ:1 kax (k)'=2/7 . ||z|2]|yll2. Define %1 = {@,Q}, r =
o(Zra,.. . Zrg), k=1,...,T,and S, = T*1(2T)*1/2{(Zf:1 Z’TZ)(z:f:1 Zri)—kr}. Erj(-) denote the
conditional expectation given ¥r . Let Dy = St — Srp—1 = T_1(27‘)_1/2(2Z’T7kGT,k_1 + HZTkH% —r).
The following lemmas are used to establish Theorem 3.

Lemma 11. Under conditions (A.1)(i) and (A.2)(iii), assume that the eigenvalues of V,, are uniformly
bounded away from zero and infinity. Then

E{(|Zral3 - )%} < Cr2h2,

h 1/2
zMEMAmeMAmgomM{§)w®+W””},
=1

E{E%,k'fl(HZT,k ‘% - T')} < Cr2h2aX(b+ 1)1_2/,}/7

and for any i # j,
\E{(1Zr:ill3 = ) (|1 Z7
provided that rh™! 22:1 ko (K)'=2/7 = o(1).

3= )} < O R axc{(b+ Wi — j — b+ 120,
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PROOF: Asrh™ ' S0 kax (k)27 = 0o(1), Amax(V;; 1) < C. Then, E(|| Zrk|ld) < Ch=2E{|| 321, 6:(60) 14}
By Triangle and Jensen’s inequalities, E{]| Z?Zl g:(00) |13} < Cr2h*. Hence, E{(|Zr k|3 —7)*} < Cr2h.
By Cauchy-Schwarz inequality,

E{|Erj-1(Z5 1 Gre—1)|} < {E(|Grpo—1[13) 2B Brp—1(Zr) 1312

Using the same method in the proof of Lemma 3, E(||Grx-1]|3) < Crk. On the other hand, note that
1B k-1(Zrp)l13 < C X, |1 Brp-1{9:(60)} |3 Hence,

E{|Bre—(Zr)l3} <C Y Y ElEF, 1{9:;(60)}]

tEBkl ]:1

<Cy. > [E{]g1;(00) "1 ax{t +b— (k—1)(h+b)}' %/ (27)

teBy, J=1

h
=Cr> ax(b+D)7.
=1
This is based on the fact that if F(X) = 0, then (E[{E(X|F)}?)/? =sup{E(XY):Y € F,E(Y?) =1}
for any o-field F (details can be found in Durrett (2010)), and Davydov inequality. Then, E{|Erx—1(Z7 . Grr-1)[} <

Crkl/Q{Zle ax (b4 1)1=2/7}1/2, Using the same argument above, we can obtain E(||ZTk||§7) < Cr7h7.
Then, by the same argument of (27),

E{E}_1(|1Zrll3 = 1)} < Cr?h?ax(b+1)' 721 (28)

For any i # j, by Davydov inequality,

[E{(1Zrl3 = )1 Zr313 = )} < CLE(N1 Zrll3 — )Y ax{(b+ h)li = j| = h+ 1} 727,

Hence, we complete the proof of this lemma. 0

Lemma 12. Under conditions (A.1)(i) and (A.2)(iii), assume that the eigenvalues of Vy, are uniformly
bounded away from zero and infinity. Then

E{||Brp—1(ZriZry) — LlE} < Crhax(b+ 1)/,
E[{G%vk—lETvk—l(ZT,k)p] < CrPhikPax(b+ 1)1
provided that rh~! 22:1 ko (k)1=2/7 = o(1).
PRroOOF: Note that

E{||Erj—1(ZrnZry) — I |3}

< CE(‘ ET,“{ [h—”? EB: gt(eo)] [h‘”? EB: m(%)}/} ~Va ;)
< CU,Z::1 E< ET,kl{ [h_l/z tg‘;kl gtu(OO)] [h_l/Q tezg;kl gtv(e(])] } — Va(u,0) 2>

< Cr*h?ax (b+1)2/7,
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where V, (u, v) denotes the (u, v)-element of V,,. The last step is similar to (28). Then we obtain the first
conclusion. As

IETk—1(Zr)|l3 < {Er k-1 (Zri) Y{Er -1 (Zri 27 1) HEr -1 (Zrk)}
<N Erp1(Zr i) 31 Brg—1(ZrkZry) = Il + | Bra—1(Zow) |13,

then by Cauchy-Schwarz inequality,

E{|Erp-1(Zry)ll3}
< [E{|Erpo1(Zr ) ISP E{| Er o1 (Zrk Zir i) — L1212 + E{|| Er g1 (Z11) 13}

Let U = [E{||Erx—1(Zr1)||3}]*/2, from (27) and the first result in this lemma,
U? < CUrhax(b+1)Y27Y7 4 Crhax(b+1)172/7.
Then, U < Crhax (b + 1)/271/7. Hence, E{|Erx_1(Zr1)|5} < Cr2h2ax(b+1)172/7. Also,
B G Frsr(Zri)Y) < (B(Grpa [} L2 Brs (Zral 3 < OrPRKax (b + 1)1

We complete the proof. O

Lemma 13. Under conditions (A.1)(i) and (A.2)(iii), assume that the eigenvalues of V, are uni-
formly bounded away from zero and infinity. Then r— T2 ZJT:Q(T - j)G’TJleT,j = op(1) provided
that rh~1 Zzzl ko (k)'=2/7 = o(1) and n?h?ax (b +1)2/7 = o(1).
ProoOF: Note that

1 — 2
E( [2 Z(T — NG j-1Z15 — ET,j—l(G/T,j—lzT,j)}] )

r -
Jj=2

T
1 4
= 37 Y (T =)’ ERGr ;1 Zrj — Erj1 (G Zr) ).
j=2

By the first result of Lemma 12,

E{(G7;121;)*} = E(|Gr,j-1l3) + ElGT; 1{Erj—1(Z1; 2% ;) — 1,}G1,j1]
< Crj + {E(|Gr 1)} P IE{|Brj—1(Z1; 27 ;) — L | F}?
< Crj+ Crh?2ax (b4 1)Y/2717,

Using Cauchy-Schwarz inequality and the fact E{|ET7]~,1(G’T7J._1ZTJ)|2} < E{(Gﬁf’j_lZT,j)Q},
1 T
b [7~2T4 S (T = §)*{Grj 1 Zrj — Brj—1(Grj 1 Zr;)}?| < Cr™' + Cnhax(b+ 1)/2717 = 0.
j=2

Then, 172 Z]T:Q(T — G 1Zrj — Erj1(Gr;_1Zr;)} = op(1). From Lemma 11, we have
=172 2522(T — 7)E7,;-1(GT;_1Z71,;) = 0p(1). Hence, we complete the proof. O
Lemma 14. Under conditions (A.1)(i) and (A.2)(iii), assume that the eigenvalues of V,, are uniformly
bounded away from zero and infinity. If rh=1 ZZZI kox (k)12 = o(1), rT Zlh:1 ax (b4 1)=2/7 = o(1)
and rh2ax (b + 1)'72/7 = 0(1), then Zzzl Erp—1(Drk) = op(1).
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PRrOOF: Note that

T T T
2 1
> Erp1(Drg) = @OeT > Eru-1(Z7,Gri-1) + @rT > Erpa(lZrkls 1)
k=1 k=1 =1
=1 + I>.

From Lemma 11,

d h 1/2
2 —
(1)) < Giag 2 Bl Braa(ZrGri-)l} < Cr1/2T1/2{ S ax(b+1)! 2/7} -0
k=1 =1
and
1 T
E(lL]) < (2ni2T Z[E{E%,k—1(\\ZT,kH§ —)NY2 < Orhax (b + 1)V217 0.
k=1
Then, we complete the proof of this lemma. 0

Lemma 15. Under conditions (A.1)(i) and (A.2)(iii), assume that the eigenvalues of V,, are uniformly
bounded away from zero and infinity. If rh™" S 0_ kax (k)'=2/7 = o(1), r2n?h2ax (b + 1)172/7 = o(1)

and rh3n=! = o(1), then St 4, N(0,1).

Proor: We will use the martingale central limit theorem to show St 4 N (0,1). Note that

T T T

Str = Z Dy = Z{DT,k —Erp—1(Drg)} + Z E7—1(Dry).
k=1 k=1 k=1

The first part on the right hand of above equation are the sum of a sequence of martingale difference
with respect to {41, }1_,. From Lemma 14, Sp7 = S p_ {Dry — Erg1(Dri)} + 0p(1).

By the martingale central limit theorem (Billingsley, 1995), in order to show the conclusion, it is
sufficient to show that, letting U%’k = Er;1[{Drk — Erg—1(Dr)}?], as T — oo,

T

T
Vip:=Y o7, 1 and Y E{Dry— Erp_1(Drp)}* — 0.
k=1 h=1

For the first part,

T
P
Vir = s > (Crp1[Bra-1(ZrxZry) — {Erp1(Zrw) HErh-1(Z1) ) Gri-1)
k=1

T
2
+ o > GrplBra{Zow(1 Zekl3 = )} = Bra-1(Zog) - Bra-1(1Zoell3 — )]
k=1

T
1
b oy S B ((1Zrsl — 1))~ B 1120
k=1
= L1+ 1+ Is3.

3= 7))

We will show that I; 2 1,1, % 0 and I3 2 0.
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Note that 0 < Iy < (2r) T2 Erp 1 {(|Zrkl3 — r)?} and E{(||Zz 4|3 — 7)?} < Cr2h2, then
I 50 Using Cauchy-Schwarz, Triangle and Jensen’s inequalities,

| B k-1 {GT 1 Zk ([ Zrk I3 — )}
<ABrs-1(CGr i1 215273 Cri—1) } P Brp—1{(| Zrsll3 — )* 12
<{NGr -1l + 1Grprlls - 1Brn—1(ZraZry) = Ll } P (Bri—o{(1 Z0kl3 = r)*
< OGT-1ll2[Bra1{(| Zr.il3 — 7)WL + | Brger (ZraZig) — LI 2.
Then, by Cauchy-Schwarz inequality and Lemmas 11 and 12,
El|Er k1 {Grp_1Z6(1 Zr x5 — )} )
< C{E(|Gra-1I3)}Y*[B{(|Z1k )13 — r)* />

+ CLE(IGr a1l )} 2B Zr a3 — ) W (B Brp-1 (ZrsZ) — L2 1
< Cr32hk!? + OR3P E o (b 4 1)1 @),

Hence, r'T231_ E[|G, w1 Eri—1{Zr k(| Zr k|3 — r)}] = 0. By the same argument, we can obtain
23T E{|Erk1(Ghy_1Zrk) - Erge—1(1Zrslls — )|} — 0. Thus, I 2, 0. Note that

9 T
_ 2
h=-—m ;;—1 G k112

T

p

+ > Griod Brp(ZrpZyy) — Erg(Zrg) - Bra—1(Z7y) = LYGrp1.
k=1

By Triangle inequality,

9 T

T2 > G A Brp(ZrpZry) = Brg—1(Zrg) - Brg1(Zpy) — LYGrpa
k=1

T T
2 2 ! 2 / 2
<7 ,; |G a1 B Bres (Zrn Zg) = Il + kZ_l{GT,mET,k—ﬂZT,k)} -
By Cauchy-Schwarz inequality and Lemma 12,

E{||Gr-1l3I Ere-1(ZreZry) — Irll p}
< AAB(|Grp-r I E{| Erp-1(ZrpZr ) — I | T2

< Or?h?KPax(b+ 1)Y217,
Then,
9 I
E{TTQ S NGra-1l3I Erg-1(ZrsZry,) — ET\F} < Crnhax(b+1)/2717 = 0.
k=1
On the other hand, by Lemma 12,

T
2 _
E[TT? ) :{G'T,k_lET,k_l(zT,k)}Z} < Crnhax (b +1)Y27Y7 0.
k=1

29



Then, I} = 2r 1T 257 IGra1l3 + 0p(1).
From Lemma 13,

!

Mﬂ

(T = )| Zr4l13 + Z NGrj1 21,

T2 Z IGrr-1l3 =

@
I
-

2

T (T — )| Zr |3 + op(1).

Mﬂ

1

In order to prove I; £ 1, it is only need to show 2r—17—2 ZZT:1(T —)(|Z7il3 — ) & 0. Note that

T

2 .
E{QZ@— (12l - r)} —o,
rT —
it is sufficient to show
4 T
ot | = P B Zel = )+ ST =0T = B2l = 112,15 = )] =0,
i=1 1#]

which can be derived from Lemma 11. Hence, I3 2.
For the second part, we only need to prove Z;{:l E(D%.,) — 0. Note that

Di . < Cr* T H(Gppr Zrae)* + (127l — 7))

and
k—1 r

(GTk IZTk = E § ZT217112T127]2ZT237J3ZTZ4 J4ZT k,ﬂZTszZTk,BZTk,Ju

i1yey8a=1J1,...,ja=1

where Z7; ; denotes the jth component of Z7 ;. By the same way of the Lemma 15 in Francq and Zakoian
(2007), r_zh_zE{(G’T’kleT,k)‘l} < COk%. Then, Y, E(D%k) < Ch2T—' 4 Or?h*T—3 — 0. Hence, we

complete the proof.

Lemma 16. Under conditions (A.1)(i) and (A.2)(iii), assume that the eigenvalues of V,, are uniformly
bounded away from zero and infinity. Then (2r)~Y/2{ng(8o)'V, 'g(8¢) — r} 4, N(0,1) provided that

2SI kax (k)12 = o(1), rbh ! = o(1), r2n2h2ax (b+ 1)12/7 = o(1) and rh3n~! = o(1).
PrRoOOF: Note that

(2r) 72 {ng(80)'V;; 1 (60) — 7}

h
= gpSra+ Op{r?’/?h‘l ) kax(k)1_2/7} + Op(rV/21 21112,
k=1

Then, by Lemma 15, we have (2r)~'/2{ng(0y)' V. 'g(0o) — r} 4 N(0,1).
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Proof of Theorem 3

Let () = argmax, x (g Zqul p(N$y(60)). From Lemma 2, ||¢(80) — §(80)|l2 = Op(r'/>Mn=1).
Hence, [¢(60)|l2 = Op(r'/?n=1/2). Then, by Lemma 7, IA(B0)||l2 = O,(r'/2Mn=1/2).  Meanwhile,
sup; <4< 1A (60)'¢¢(00)| = 0p(1). Expanding max, 3 ;) Z(?:l p(N¢q(8p)) around A = 0,

1

50)+ 9, (OR(00) 94 (00) + (N6 00)) {3606, 00

M@

max p(Npy(00)) =
AeA, (BO)Z ! e

where A\ lies on the line joining /\(00) and 0. On the other hand, from V)5, (6o, (90)) = 0, we have

A6o) = { me) (N 6q(80)) B4 (80)dq(00) } { ZP’U )9q(00) }

for some A lies on the line joining /):(00) and 0. Hence,

max prq 80)) = Qp(0) — Q0 (0)5(B0)/ " 5(80) + 5 Q02 (0)6(B) 23 5(60)

AEAn (00)

where © = Q71 Y%, 9,0 (Adq(80))84(00)64(60)' amd & = Q71T pyu(36y(80))é4(60)q(60)'. Then,
the generalized empirical likelihood ratio can be written as
wn(e()) = 2vav(0)¢_)(90)lﬁ_1¢_5(00) - vav(O)Q_S(GO),Q_lQQ_lQ_S(eO)
= Q(60)' 2" (80)B(60) + Q(00)' {290 (0)1™" — Q71 (B9) — puy (0)2 Q211 6(8y).

By the same argument of Lemma 9,
19 = o (0)280)l2 = Op(rM 70t 7712) = 82 — oy (0)€2(80)

From Lemmas 3 and ||[MQ(6) — Vill2 = O(rM 1), we know the eigenvalues of MQ(6y) are uniformly
bounded away from zero and infinity. Hence,

IUn(OO) = Qé(eo)/ﬁ—l(eo)é(eo) + OP(TQMl—l/«/nl/,y_l/Q)'
By Lemmas 2 and 3, we have

(2r) "2 {wn(80) — 7} = (2r) 3 {ng(00)'V,, 1 g(80) — 1} + Op(r®/2M>~2/ 10?71
+ Op(T3/2M1—1/7n1/%1/2) + Op(r3/2M3/2n*1/2)

M
- Op{r?’/?M—l > kaX(k)l_Q/V}.

k=1

The key step is to show (2r)~/2{ng(8y)'V, ' 5(8¢) — } 4 N(0,1). In the independent case, the require-
ments in Lemma 16 can be simplified as rbh~! = o(1) and rh3n~! = o(1). We can pick b= 0 and h = 1,
then 7 = o(n). In this case, we can regard 7 = oo. In the dependent case with < oo, suppose b < n'1
and h =< n"2 where 0 < k1 < k2 < 1. Note that (A.1)’(i), the requirements in Lemma 16 turn to

r = O(n2ﬁ2/3), r = O(nf‘i2—f€1)’ r = O(n(nm—Q—Qm)/Q) and r = 0(711_3&2),
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where nr1—2—2k2 > 0 and 1—3ky > 0. In the following, we will consider the selection of (k1, k2) to satisfy
these inequalities. From 2xks +2 —nKy < 0, 3k — 1 < 0 and k1 < Ko, we can get 2“3%2 < Kl < Ky < %
In order to guarantee there exists the solution for above inequalities in (0,1)2, it is necessary to require
n>8. If 8 <n<oo,

2 —-2-2
&= sup min (M,ﬂg—fil,w,l—gﬁa)
g <m2<jy 3 2
2H2+2<I€1<K2
2 —2)kg — 2

= sup min{@,(n)@,l—i’mg}
L<I€ <% 3 n+2
n-8 8

In+a Lg<n<s2) + ﬁ1(32§17<oo)'

In the dependent case with n = co where X; is exponentially strong mixing. The requirements in Lemma
16 turn to r3/2h~1 = o(1), rbh~' = o(1) and rh*n~' = o(1). Then,

252/3) 1—3142).

r=o(n R2mRLY

, T=o(n and r =o(n

In this setting,

2 2
£:= sup min </{2,KJ2 — Ky, 1 — 3l€2> =77
O</<2<% 3 1
0<k1<K2

Define

n-38 8
§= dn+4 {8<77<32} + {32<17<00} + 1{1ndenpendent data} -

Hence, if 7 = o(nf), then (2r)*1/2{ng(00)’vnflg(00) —r} 4 N(0,1). If (21) holds, the other terms in (29)
are op(1). We complete the proof of Theorem 3. O

Proof of Theorem 4

In order to establish Theorem 4, we need the following lemma.

Lemma 17. For any 0 € © and r x r matriz V,, such that || — 6|z = O, (p**n=12) and Vi = Vipll2 =
op(r72), if V3(6) — E{Vog:(00)Hl2 = oplp~"") Jor any 6 with 6 — Oz < 8 — oll2, and the
ezgem)alues of [E{Vggt(Bo)}] [E{Vgg:(00)}] and V,, are uniformly bounded away from zero and infinity,
then (2r)~Y2{ng(8)' V., 15(8) — ng(00)'V;,15(680)} 2> 0 provided that p = o(r'/?).

PrOOF: Note that

(2r)"2|ng(8)'V,
= (2r)7%|ng(8)'V,, ' 5(8) — nd(60)'V,; *5(80)| + (2r) " [ng(80)'V,, 'G(80) — nG(60)'V,y ' 5(80)]
=11 + Is.

We only need to show Iy 20 and Iy 0. B
For I, by Taylor expansion, g(0) = 5(60) + Vo3(0) - (6 — 6y). Then,

I < (2r)212n(0 — 60) {Veg(0)}'V, ' (80)| + (2r)""*n(8 — 60) (V63 (0)}'V,  {V03(6)}(6 — 6y)!.
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As the eigenvalues of V}, are uniformly bounded away from zero and infinity, and Hf}n —Vall2 = op(r_l/ 3,
then the eigenvalues of V;, are uniformly bounded away from zero and infinity w.p.a.1. Hence,

1{Ve3(0)}' V" ~ [E{Veg(00)}]'V " |2
< |{Ve(8)} — [E{Vag(80))V,, Mll2 + IIE{V0g(80)} (V" = Vi M)ll2
= 0p(p™"?) + 0, (r71?) = 0, (p™ /).
On the other hand,
E([[E{Ve9(60)}]'V, '3(60)13) = E{tr(V,, '[E{V09(80)}][E{V09(80)}]'V;, '3(80)3(60))'}

= n"'tr([E{Voeg(80)}]'V,  [E{Veg(60)}])
< Cpn~t

Then, R
I{V0g(6)}'V, '3(60)ll2 = Op(p'/*n /%) + 0, (r'/2p~ 120 712).

Therefore,
I < Op(pr_l/Q) +0,(1) 20

provided that p = o(r!/?).
For I,

I = (2r)"2ng(00) (V' — V.7 H3(00)] = O~ ?n)o,(r~ /)0, (rn 1) = 0,(1).
Hence, we complete the proof of this lemma. O

Remark: This lemma is similar to the Lemma 6.1 of Donald, Imbens and Newey (2003). However, we
work on the operator-norm in establishing the consistency results, whereas Donald, Imbens and Newey
(2003) employed the Frobenius-norm. The matrix ‘A/n and 6 are the consistency estimators of V;, and 8y
respectively.

Here, we begin to establish Theorem 4. From Proposition 1, we know ||§n — 0|2 = Op(p*/?n~1/?). By
the same argument of the proof of Theorem 3, we have

wa(6) = Q9(0,)' Q" (0,)6(8,) + Op(r* M~/ 1!/171/2),
Note Lemma 2,
wn(én) = ( ) {MQ( )} g( ) + op(TQlel/vnl/vfl/z) + Op(rMnfl/Z) 4 Op(rManl),

By Lemmas 3 and 6, it yields that

HMQ( —v, Hz 1/2pM1/2 —1/2 4 32, 1/2)4—0 {’I“M Zkax 1 2/7}
k=1
zop(r*1/2).

Noting Lemma 10, for any 6 such that ||0 — G2 < ”é\n — 02 = Op(pl/Qn_1/2),
IV03(6) — E{V0g1(80)Hl1- = Op(r 2520 1/2) = 0,5~ 12).

By Lemma 17, we can get ng(8,)'{MQ(6,)}15(6,) —ng(6) V1 5(80) = 0p(r/?). Then, by Lemma 16,
we complete the proof of Theorem 4. O
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Proof of Theorem 5

We only need to prove that for some ¢ > 1, P{wn( n) > cr} — 1. To prove this, we use the technique
for the proof of Theorem 1 in Chang, Tang and Wu (2013). Let

Y= —pv(0) €
2py,(0)Q% maxi<q¢<qQ H%( ) ll2

where e is a r-dimensional vector with unit Lo-norm, and w > 0 will be determined later. Then,
Xe A, (0 ) when @ is sufficiently large. Note that p,,(0) < 0, by Taylor expansion, we have

wn@) = 2252 Qo(0) - max S NGB 0}

2(0) /\eA(n)q1

\Y

1 Q /¢ )
Yt

= maxi<g<q [[¢g(6n) 2

Pov )\¢q /¢q( )¢Q(§ )
szpvv Z maX1<q<Q||¢q( )H

where A lies on the jointing line between X and 0. By the definition of X, we have

4Q2w Z - )If;x1<q< Q(ﬂq(;q(g) )q‘( e %Ql % wpa. L
Hence, for any ¢ > 1,
P{w,(0,) < cr} < P{ ZQ: '¢4(6,) crQ” + Ql‘“} o(1).
— maxi<4<q || 64 (6, )||2

From (A.2)(ii), we have H¢q( N < r/2M—1 >_tep, Bn(Xt). Then, by Markov inequality,
1 1/2 1/ €/2
P{ s 16,212 > (R QH 1o} 0
for each fixed K > 0, which implies that

Q
P{w,(8,) < cr} < p{ > € pg(0,) < KHrQ¥ + Q1 )r!/2QY (log Q)C/Q} + o(1).

q=1
Let Q¥ = Q% ie., Q¥ = QY/?r~1/2 then

Q
P{w,(8,) < er} < P{ > € pg(0,) < 2K QY7 2(log Q)C/Q} + o(1).

q=1

On the other hand, by Lemma 2 and (A.1)(iv),
ST 64(8,) = Qe'g(0,) + Op(r?) = Q¢ E{gi(8,)} + Op(r'/?) + 0,{QA (r, p)}.
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Select e = E{g1(6,)}/| E{g¢(6)}]|2. Then,
P{w,(0 n) <ecr}
< P[|E{g:(6n)} ]2 < 2K~ QY7712 (10g Q)% + O,(r'/2Q 1) + 0p{ A1 (r,p)}] + 0(1)
< P[c < 2K~ QY772 (1og Q)2 + 0, (r/2Q 1) + 0p{ A1 (1, p)}] + 0(1).

As 2M' 2727 logn)2 = O(1), r'/2Mn~'¢™' = o(1) and A;(r,p)s~! = O(1), we can choose
sufficiently large K to guarantee

Pls < 2K QY772 (log Q)2 + Op(r'/2Q ™) + 0p{ A1 (r,p)}] — 0,

which leads to P{wn( n) < cr} — 0 for any ¢ > 1. Hence, we complete the proof. O

Proof of Theorem 6

Let

Q
SPe) (g, \) Z (N y(8) +Zp7 10;]) for any 8 € © and X € A,,(6).

Then,

0(pe) = argmin max S(pe)(e A) and 6,, = arg min max S, (0, N).
0€6 \cA,(6) 0€O \cA,,(0)

The following lemma will be used to construct Theorem 6.

Lemma 18. Under conditions (A.1), (A.2) and (A.5), assume that the eigenvalues of Vi are uniformly
bounded away from zero and infinity. If (13) holds, r*pM?n=" = o(1) and str~'M~'n = O(1), then
1657 = Boll = Op(r/2n1/2).

Proof: Choose §, = o(r=12Q=1/7) and r'/2Mn=1/2 = 0(5,). Let A = sign{pv(O)}énqg(é\%pe))/H(ﬁ(é\?(zpe))HQ,
then A € A,, where A,, is defined in Lemma 5. By Taylor expansion, Lemmas 4 and 5, noting p,,(0) < 0,
we have

5,089.3) = p(0) + (N80 + | 5 me, Koy B0)en(B)6,07) |2
> p(0) + |pu(0)[8, | H(OP)) |2 — C||>\||2' Op(1).
On the other hand,

SPegPe) Xy < sup  SPI@BP) A< sup 5P (G, \).
AEA, (BP)) XeR, (60)

By Lemma 7 and (A.5), as sr—lrn = O(1),

sup S’\flpe)(OO,A): sup S (6o, A —}—Zp.r 160;)
AR (80) AEA,(60)

= p(0) + Op(rMn~! +s¢)= p(0) + Op(rMn~1).

35



Note that S°(0,)) > 5,(8, ) for any 6 € © and \ € A,(8), it yields ||¢(0FV)|ls = Op(5,). Consider
any &, — 0 and let A = sign{p,(0)}&,6(0 pe)) then HXHQ = 0p(dy). Using the same way above, we can
obtain

05(0)] - £nllG(OP) 3 — Op(1) - £2]|B(6F)) 3 = Op(rMn~1).
Then, &,]|6(0F)|2 = O,(rMn~=1). Thus, |6(OF)|2 = O,(r/2M/2n=1/2). Following the same argu-

ments given in the proof of Theorem 1, we can obtain HOA,(lpe) — 0]z = Op(r/?n=1/2). O

n(pe)

Here, we begin to prove Theorem 6. 68,; ' and its Lagrange multiplier A(pe) satisfy the score equation

0= V)\S'\T(lpe)(é\T(Lpe)’ //\\(pe)) — v)\gn(@(lpe)’ }\\(pe)).

By the implicit theorem (Theorem 9.28 of Rudin, 1976), for all @ in a || - ||2-neighborhood of é\(npe)? there
is a /):(9) such that V,\,/S”\,(lpe) (9,/):(0)) = 0 and X(O) is continuously differentiable in 8. By the concavity
of §,(lpe)(9, A) with respect to A, §§Lpe>(0,X(9)) = max, 3 (g §n(0, A). From the envelope theorem,

Q
1 ~
= =" (MO 64(8F))){ Vo (0P)) } X)) +Zvepf 103D)]g_gewo-

g=1 q=1

For any 6 such that [|@ — 6|2 = O,(r'/?n=1/2) and [|g(0)||2 = O, (r'/?>n=1/2), define

Q
0) = & 3 r(N(6)0,(0){ o0, (6)}'X(6) + S Vo (1)
q=1

q=1

Write h(0) = (h1(0), . ..,h (0))’ From Lemma 7, it yields that [|A(8)]|o = O, (r'/2 Mn=1/2) which implies

SUP1<¢<Q RCRACHES

Q Q 2
1 3 ,8(@1 N 8 ¢q(00) / .
hi(6) = Qgpv(wwo) _ @Z:j 0)MB0)' 55 g (8 = 80) + b (19s)sign(®;)
+ higher order terms.
From (A.4), there exists a positive constant C' such that p.(|0;]) > C7. On the other hand, as
r(rn)12M-1 = oo,

L n s 064(80)
Q;pv@)A(oo) 96,

= Op(rl/QMnfl/Q) = op(7).

max
JEA

Similarly, we can show

max
JEA

Q N 2
22 q; pv(O)A(Go)’m(e - 00)’ = 0,(7).

Hence, p’(|0;])sign(;) dominates the sign of h;(@) uniformly for all j ¢ A. If S 7& 0, there exists some
J ¢ A such that 6, ; # 0. Under our above arguments, we can find

P{h;(6P9) #0} — 1.
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It is a contradiction. Hence, (9\7(12) =0.
Nextly, we consider the second result. From (25), it yields

[E{V09:(00)}]'Vy;' [E{V69:(00) }([E{Vogt(00)})' V3, Vi Vs [E{V 69:(80)}])
(S11 — S12S55°S21) 7! *
X [E{V09:(80)}'Vy;' [E{Vagi(60)}] = * *

Let

U V
[E{V09:(00)})'Vy;' [E{V09:(00) ) ([E{V0g:(00)}) Vo, Vi Vi, [E{Veg(80)}]) 2 = | V' * |,

where U is a s X s symmetric matrix, then UU’' + VV’ = (S;; — 8128521821)_1. For any a,, € R® such
that ||a,|2 = 1, define

~ U’ -1 1/2
a, = \Va (SH — 812822 Sgl) Ay

Then,
&;&n = aﬁl(SH — 81282_21821)1/2(UU/ + VV/)(SH — 81252_21821)1/2an =1.

/\(

Following the same argument for Proposition 2, we know it still holds for anpe)_ Note that
&, ([E{V09:(00)}]'Var Va Vs 1E{Vag: (80) ) /2 [E{V09:(60)}] Vi [E{V 09:(80) }| (B — )
= o, (S11 — S1285,S21) 28V — 6"),

then we establish the second result following Proposition 2. O
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Table 1: Empirical medians of the squared estimation errors (x10?) of the empirical likelihood (EL), the
exponential tilting (ET), the continuous updating (CU) and the optimal GMM for the high dimensional
mean model with p = [10n%/1%].

| Sample size || n = 500 \ n = 1000 \ n = 2000
¥

LM | o=y 01 03 05|01 03 05|01 03 05
() EL 099 1.25 1.69]0.61 0.73 1.04]046 0.56 0.69
ET 098 124 1.68|0.61 0.72 103|044 055 0.71
CuU 099 1.26 170 | 0.62 0.73 1.03 | 0.42 0.54 0.70
GMM 120 142 1.95|0.81 098 1.32 | 057 0.70 0.95
(ii) EL 097 1.23 167 [ 061 0.73 1.00 [ 040 0.51 0.69
ET 097 122 168 |0.62 074 100|042 052 0.69
CuU 098 1.22 167 |0.60 0.72 1.01 | 044 0.51 0.68
GMM 120 141 1.97 | 082 099 132|058 0.72 097
(iii) EL 093 1.21 1.63[059 071 099|040 0.51 0.69
ET 0.95 120 1.63]0.62 0.72 0.99 | 0.41 0.50 0.69
Cu 095 1.21 164 | 058 0.70 1.00 | 0.41 0.51 0.67
GMM 120 140 1.94 | 081 098 1.31 | 057 0.71 0.96
(iv) EL 098 1.25 167|061 072 1.00 [ 0.39 0.50 0.66
ET 098 1.24 168 |0.62 0.71 101 | 040 0.51 0.66
Cu 097 125 1.69 | 0.61 0.71 102|041 052 0.68
GMM 123 145 1.94 | 085 1.03 1.32 | 057 0.72 0.98
v) EL 0.96 121 1.64]0.57 071 098[0.37 0.50 0.66
ET 098 1.20 1.68 | 0.57 0.69 0.99 | 0.39 0.51 0.65
Cu 097 1.22 168|058 0.70 1.00 | 0.40 0.51 0.68
GMM 121 142 1.92 | 085 101 130|057 0.72 097
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Table 2: Empirical medians of the squared estimation errors (x10?) of the empirical likelihood (EL), the
exponential tilting (ET), the continuous updating (CU) and the optimal GMM for the high dimensional
mean model with p = [12n%/1%].

| Sample size || n = 500 \ n = 1000 \ n = 2000
¥

LM | o=y 01 03 05|01 03 05|01 03 05
() EL 079 1.02 139044 057 077030 0.35 0.44
ET 080 0.99 139|045 0.58 0.78 | 0.33 0.36 0.45
CuU 0.79 1.01 140 | 046 0.57 0.79 | 0.32 0.34 0.43
GMM 115 149 2.00|0.79 1.01 1.30 | 055 0.73 0.89
(ii) EL 079 0.97 136|043 054 075]028 035 045
ET 0.78 0.96 138|041 0.53 0.74 | 0.30 0.36 0.44
CuU 0.77 0.98 139 | 040 0.52 0.75 | 026 0.33 0.42
GMM 115 148 1.99 | 081 1.01 1.31 | 056 0.71 0.90
(iii) EL 076 093 133]041 053 075]028 033 043
ET 0.77 094 135|040 052 073|024 033 043
Cu 0.74 092 136|038 051 074|025 0.32 0.40
GMM 114 147 1.99 | 080 1.01 1.29 | 0.54 0.70 0.89
(iv) EL 077 0.98 1.35]041 052 0.71[0.26 0.32 0.42
ET 0.78 0.98 136|041 0.53 0.72 | 027 0.33 0.44
Cu 0.79 0.97 137 ][040 0.51 071|028 0.36 0.43
GMM 115 148 1.99 | 080 1.02 1.31 | 0.56 0.72 0.91
v) EL 0.75 0.95 1.34 040 051 0.69[0.23 0.32 0.40
ET 0.77 0.96 135|038 0.50 0.71 | 026 0.30 0.42
Cu 0.76 0.97 1.36 | 0.39 049 0.70 | 026 0.32 0.41
GMM 114 146 1.98 | 079 1.01 1.27 | 055 0.72  0.90
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Table 3: Empirical medians of the squared estimation errors (x10?) of the empirical likelihood (EL),
the penalized empirical likelihood (PEL), the exponential tilting (ET), the penalized exponential tilting
(PET), the continuous updating (CU), the penalized continuous updating (PCU) and the optimal GMM
for the high dimensional generalized linear model with p = |5n?/1°].

\ Sample size H n = 500 \ n = 1000 \ n = 2000
(0

LM Method 01 03 05101 03 05|01 03 05
(i) EL 3.16 3.59 3.67 | 3.13 342 3.62 | 285 289 3.00
PEL 095 1.05 1.10| 0.84 0.93 1.05| 0.74 0.78 0.89
ET 3.05 3.19 3.38|3.03 3.10 3.20| 270 2.83 2092
PET 0.84 095 1.00| 0.82 0.89 0.95 | 0.67 0.80 0.83
CU 3.77 4.01 435|373 394 4.16 | 3.18 3.30 3.46
PCU 1.14 122 126 | 1.05 1.18 1.22|095 1.01 1.05
GMM 6.72 706 7.12| 630 6.43 6.60 | 5.83 5.88 5.92
(i) EL 3.11 332 348 | 3.07 3.10 3.35]| 263 2.86 2.93
PEL 095 1.05 1.14|0.83 0.89 1.00 | 0.77 0.84 0.87
ET 3.05 3.10 3.11|2.85 295 3.00 | 2.37 253 2.76
PET 0.89 093 095|077 0.85 0.89|0.74 0.82 0.84
CU 3.26 345 377|319 329 3.62| 279 3.02 324
PCU 1.00 1.10 1.14 | 0.95 1.00 1.07 | 0.84 0.95 0.98
GMM 6.80 7.11 734|633 6.55 6.63 | 583 592 5.96
(iil) EL 2.81 290 297|276 285 292|253 270 2.85
PEL 0.77 084 093|071 0.77 0.85]|0.63 0.70 0.77
ET 2.65 270 2.76 | 245 2.65 2.68 | 2.21 241 2.1
PET 0.84 089 093|071 082 0.86|0.66 0.71 0.77
CU 3.16 3.42 3.56 | 3.11 3.32 3.46 | 270 2.83 3.18
PCU 095 1.05 1.10| 0.84 0.95 1.00 | 0.77 0.84 0.89
GMM 6.76 7.06 723|628 6.50 6.60 | 5.81 5.86 5.90
(iv) EL 224 235 243|219 228 239|197 212 226
PEL 0.71 0.75 0.84 | 0.63 0.65 0.71 | 0.55 0.63 0.68
ET 2.14 228 233|207 221 226|192 205 2.12
PET 0.63 0.72 0.79 | 0.60 0.66 0.77 | 0.55 0.57 0.66
CU 2.86 290 3.11| 274 281 3.03]228 243 2.74
PCU 0.90 095 1.00| 0.77 0.84 0.95 | 0.63 0.73 0.82
GMM 716 724 730|630 6.50 6.59 | 5.85 5.92 6.03
(v) EL 219 226 232|207 214 217|161 176 1.84
PEL 0.63 071 077|055 0.63 0.70 | 0.45 0.50 0.57
ET 1.79 194 207|164 179 200|138 152 1.70
PET 0.50 0.55 0.65| 045 0.51 0.63 | 0.32 0.45 0.52
CU 274 2.83 3.08| 253 2.68 290|210 235 2.83
PCU 0.84 087 095|071 0.80 0.84 | 0.55 0.68 0.80
GMM 704 713 720|629 6.47 6.55 | 5.84 5.92 597
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Table 4: Empirical medians of the squared estimation errors (x10?) of the empirical likelihood (EL),
the penalized empirical likelihood (PEL), the exponential tilting (ET), the penalized exponential tilting
(PET), the continuous updating (CU), the penalized continuous updating (PCU) and the optimal GMM
for the high dimensional generalized linear model with p = |6n2/1°].

\ Sample size n H n = 500 \ n = 1000 \ n = 2000
(0

LM Method 01 03 05101 03 05|01 03 05
(i) EL 263 275 282|248 260 2.76 | 2.31 242 254
PEL 0.81 0.84 0.87|0.75 0.78 0.81 | 0.68 0.72 0.77
ET 246 2.60 2.71 235 251 262|219 223 234
PET 0.74 079 085|069 0.76 0.79 | 0.64 0.69 0.71
CU 2.83 296 3.04| 275 283 295|262 271 2.87
PCU 0.88 092 095|082 0.8 093] 0.76 0.80 0.86
GMM 584 593 6.09 | 547 5.53 5.62 | 4.73 4.83 4.99
(i) EL 250 279 2.85| 242 258 266 | 2.18 230 2.39
PEL 0.73 083 0.86|0.66 0.78 0.80| 0.56 0.66 0.71
ET 235 244 259|228 237 245|215 223 2.32
PET 0.65 0.73 0.79 | 0.62 0.67 0.75 | 0.57 0.61 0.66
CU 2.79 282 294|261 2.74 281|258 267 2.73
PCU 0.82 087 093|078 0.86 0.89|0.70 0.73 0.81
GMM 589 596 6.13 | 545 5.56 5.64 | 4.70 4.81 5.05
(iil) EL 237 2.65 269|209 222 242|196 212 231
PEL 0.68 0.76 0.80 | 0.58 0.70 0.73 | 0.46 0.60 0.67
ET 220 236 244|198 215 227|190 199 2.08
PET 061 0.72 0.76 | 0.45 0.57 0.63 | 0.42 0.50 0.57
CU 264 280 284|259 268 276|250 2.58 2.63
PCU 0.76 084 089|074 0.79 0.82 | 0.65 0.73 0.77
GMM 586 592 6.10 | 542 5.50 5.61 | 4.68 4.75 5.02
(iv) EL 221 230 241|199 216 224|173 180 1.97
PEL 0.58 0.67 0.72 | 0.51 0.58 0.63 | 0.40 0.46 0.53
ET 1.92 204 218|182 189 197 | 1.46 1.62 1.83
PET 054 059 061|046 0.52 0.54 | 0.34 0.39 048
CU 2568 2.63 274|231 246 270|223 231 247
PCU 0.68 0.78 0.82|0.65 0.73 0.78 | 0.57 0.66 0.71
GMM 6.04 6.10 6.16 | 5.60 5.64 5.78 | 4.70 4.79 5.01
(v) EL 2.16 225 232|184 202 215|163 1.76 1.92
PEL 0.56 0.60 0.67 | 0.47 0.52 0.61 | 0.37 0.42 0.52
ET 1.90 196 2.06 | 1.71 176 1.84 | 1.34 1.43 1.59
PET 0.54 058 0.61] 043 0.46 0.51 | 0.30 0.32 0.36
CU 2.53 2.58 266 | 224 244 261|217 221 2.29
PCU 0.68 0.72 0.77 | 0.56 0.67 0.75 | 0.56 0.60 0.67
GMM 593 6.08 6.15| 5.52 5.59 5.71 | 4.64 4.72 4.88

44



