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If government revenues from & flat—rate income tax ars spent on public factors and public
factors are used for human capitel production and human cepital 15 used for the production
of technical progress, then & higher rats of tezation will lead o e higher rate of technical
progress if steady states are not unsteble. If humen cepital producing households heve
different abilities they will hawe different desived (Lindahl) tax rates and & golden rule is no
longer an acceptabls welfare function. Therefore tax policy determines the rate of technical
progress without a generslly accepted welfars function. People with lower abilities want
lower tax rates at least 1n the shord run. When the rate of time preference is larger then the
rate of fechnical progress people with greater abilitiss want higher levels of public factors
and texes also in the long run if indirect marginal utility is inelastic with respect to net
ncome. The outcome of this political decision will determine the rete of technicel progress.
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Endogences Crowih with Foblic Factors snd Heberogensows Huwnan Capitel Producers

1. Introduction

Evelusting cmpirical svidence the World Benk (1990, 1991), Larre and Torres (1991),
Stern (1991), Reynolds (1983), Hughes (1982) and Adelmen (1980) have put much
¢mphasis on education, health end infrastructure as & justification for & sirong role of
government in growth and development policy becauss of their public goods properties. An
sarly non—formal theorstical justification for gowernment nterference was given by T.W,
Schultz (1964). He argued thet technicel progress depends on humen capitel end the
production of human capitel requires public factors such as basic education end basic
gcigntific ressarch: because the provigion of public factors is opposed in the political sphere
the levels of human cepitel and technicel progress are very low. In the development
literature this opposition to the provision of public factors is often discussed under the
topic of "tax resistance' (see, e.g., Mutén, 1985).

This paper provides & formal model to interpret the theory of T.W. Schultz. In the
contributions to the literature, 8t least one of the essential clements, technical progress,
heterogeneous (human capitel) production functions, public factors and tazation, s abgent.

The reletion between technical progrees snd humen capitel has been modelled in
different ways by Lucas (1988), Romer (1990) and Ziesemer (1991). In these contributions
public factors are absent. Endogsnous techonicel progress and texes are relsted m Mino
(1989), Lucas (1950) and Rebelo (1991) but in these papers government spending dogs not
enter (margioel) utility or production functions. Public fectors in growth modsls can be
found in Shell (1967), Romer (1986), Barro (1990) and Ziesemer (1990). In the latter two
modals with publicly provided public factors there is no production of technical progress. In
Romer (1986) with privetely provided public factors there is no technical progress without
externalitiss. In Shell {1967) eand Barco (1930) users of public factors bawe identical



production functions and therefore public factors do not produce the problems of defining
welfare functions and designing tex systems. However, the literature marrying endogenous
growth theory with the theory of endogenocus policy has deelt with such problems {see
Pergson and Tabsllini, 1992, Perotti, 1992, and the text below for brief surveys). To locate
the contribution of this paper within the body of literature on endogenous growth with
public sconomics features we briefly discuss this literature end summarize the discussion in

Scheme 1,

Scheme 1

Endogenouve Crowih Models in Public Economics
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The contributions in this field can best bs distinguished with respect to two
properties. Firstly, individuals in the various models are cither identical or heterogensous;
if they ere heterogensous they either differ with respect to lmutiel endowments or with
regpech to paremetrically given abilifies or beth. This differentiation goes across rows In
Scheme 1. Secondly, models contein sither public investment or they don't. This
differentiation goes across columng in Scheme 1. The reagons for putting the papers nto
their respective categories are as follow.

In Romer (1986) and (1990), Lucas (1988) and Ziesemer (1931), individuals are
identical and there ere no public investments. Lump—sum taxes are raised to correct for
private sxternalities; in Lucas (1988) this is only implicit. In Mino (198%), Lucas (1990),
Rebelo (1991) and Trostel (1993) individuels ere identical and there is no public
investment. Distortionary texes are reised to finence some government consumption (or
transfers in Trostel's peper) thet enters neither the uiility nor the production functions.
Lucas (1990) and Trostel (1993) analyze tax reform propossls. In Justmen (1992)
indivisible infrastructure is supplied by o regulated monopolistic privete firm.

In Shell (1967) users of & public, non—rivalrous stock of technolegy ere identical. A
flat—rete lncome tax s reised to finance the change in the public stock of knowledge. The
expenditurs effsct of the tax Incresses growth bub the distortion through capital incoms
tazation decrsases it (sse also Grossman and Helpmen, 1991, Cheap. 2.4). In Barro's (1880)
models identical firms use non—cumulsted government factors which are also financed by &
flat—rate incoms teax with the same propertiss as in Shell's paper. Sorensen (1993) extends
Lucas' (1988) model to includs public investments which are financed by capitel and labour
income tazation as well as fuition fess.

In Creedy and Francois (1990) houscholds differ in initiel incomses which algo
determine an individual's productivity in forming humen cepitel. Educstion is peid for
partly privetely end in pert by fthe government who finances the subsidies through e

flat—rate incoms tex. The lerger the portion payed by the government, the grester the



number of people who get an education and the higher the growth which benefits all in the
gecond period. Even the median voter who receives no education and therefore no subsidy,
may vote for redistributive taxes because he benefits from the growth effect generated by
other peoples investment in human capitael. The tex revenues are also used for other
government expenditures which enter neither the utility nor the production functions. No
public fectors are considered and the model is constructed only for two periods. Perottl
(1990) considers individuals who differ in their initial pre—tax incomes. There are no public
investmente. In order to vey for indivisible mvestment m education without access to o
capital merkes, subsidies which are equal scross individuels pald out of income tex
revenues mey be needed to give poor families access to finance end education. A median
voter chooses an optimal tax rate which depende both on his income and on the average
income of the population because the lather determines the value of the subsidies recelved
in the seme period. Depending on the incoms of the median voter and the average value of
incoms in the economy this redistribution may be conducive or dameaging to growth.
Alesine and Rodrik (1992) modify the model of Barvo (1990) to allow for houscholds
differing in their initiel holdings of cepitel and taxzation of cepitel, e higher rete of which
generates lower growth. The more capitel poor is en individuel, the higher his preferred tax
on capitel. A poorer medien vober therefors generetes lower growih end in & democracy
income inequality is unfaveurable for growth rates. In Clomm end Ravikumer (1992)
individuals differ in their initiel valves of human capital. In the public education regime of
their model, revenues from & flat~rebe tex on human capital income sre spent on the
quality of public education which is sn argument in the utility funciion, As the latter are of
the additively separable type, all individuals prefer the same tax rate. In Saint—Paul and
Verdier (1993) households differ in their initial ¢ndowments of human capitel. They pay &
flat—rete income tax, the revenues of which are spent on public educetion which is not a
public good but en egelitarisn supply of education. This supply 15 & non—cumulative factor

that benefits all individuals identically because it enters the production functien for humen



capitel in sn additively separable way. Therefore poorer people will prefer higher taz rates.
When human capitel levels converge, preferred fax rates converge as well. The impact of
political rights, democracy and inequality on growth are analyzed.

In Persson and Tabellini (1991) individusls differ in their paremetricelly given
gbilities. A flat—rate income tax is ralsed, the revenus of which is rebated ab equal amounts
%0 all households. A higher rate of tazation yields lower growth because of the distortion of
capital accumulation. The higher the abilities of the median vober the lower the tax he
prefers and the higher the growth rate will be.

Differsnt endowments and abilities have been treated in Zissemer (1920). Having
more cepitel provides e disincentive to higher taxation but higher abilities make public
factors more desirable. A median vober wante higher taxee than the average individual. The
growth effscts of & higher tax rate sre transitional. In the long run only the level of the
growth path cen be changsd bscause, as in Arrow's (1962e) learning by doing model, the
rate of growth is proportional to thet of population growth. This is in accordance with
Koester and Kormendi (1982) who find in & crose—country study, that tax rates have only
level effects but no growth rebe sffects. Howsver, thet study is only loosely related to
growth theory and in view of the argumenie presented in the theory and empirics of the
politicel—equilibrium literaturs (see Persson and Tabellini 1992, and Alssine and Rodrik,
1992) and their time—series cheracter, the question is whether or not this is the final word
on. the subject. The literature discussed here triez %o Improve the basis for such
investigations through endogenization of the growth rate.

From the state of the art discussed so far it is quite straightforwerd to look ab the
growth rete effects of chengee in tex rates when individuals have different levels of
appreciation of public factors due to different abilities. Scheme 1 indicates that this has not
been done. It therefore will be the subject of this peper. It provides & model which
combines all the necessary elements contained 1n Schultz' theory. Houssholds heve different

production functions to produce huroen capitsl using public factors and therefore have



conflicting views on individually optimel taxation. Humen capitel is used 1n the production
of output snd technical progress. Therefore this s the fizgt model of growth with
endogenous technical progrese that takes the standard justification for government activity —
public goods or factors in individually different utility or production functions — explicitly
mto account. This chenges the source of the distributional conflict in the litersture. In the
Litereture discussed above the source of distributionel conflict is the taxzation of people with
different endowments, with the exception of Glomm and Ravikumer where the desired tax
rates are identical and the distributional conflict lies in the choice of the public or private
education system. Moreover, In Creedy and Francois only people getting an education
receive the eubsidy. In this peper they have different tax burdens end they benefis
unequeally from public mvestment in public factors. Tractability of the model depends on
the neglect of capitel income. However, the contributions of Shell, Barre, Alesina end
Rodrik, Seint—Paul end Verdier, Lucas (1990) and Trostel, all cited above, make it rether
unlikely anyway that sorecthing new on capitel could be leerned. Whenever the results
would have to be modified In view of this knowledge, we indicate this only verbally and the
infegration of capital is left to future research.

The regults sre that
i) at sufficiently low rates of taxetion there are two steady states one of them saddle point
stable and the other wostable; for higher rates of taxation the existence of a unigue, no or
moze than two steady etate(s) is also possible;
ii) vnder a higher flat—rate income taz, which is excess burden fres in this simple model,
the rate of technical progress at the saddle point stable steady state will be higher;
ii) & median voter will prefer & lower steady state rate of tezation than that of a golden
rule if he hes lower Income end indirect merginel utility from net income is inelastic,
mplying lower technical progress as well;
Iv) under each sllocation there are individuals who hawe higher or lower preferred

(Lindahl-) tax rates than the actual ome because they have higher or lower abilities,



implying thet there is no optimeal tax rate unless perfect government information would
allow perfect compensation which is equivalent o setting Lindahl prices and is generally
held to be infessible becauss the informational requirements would bz equivalent to those
of central plenning, As & conssquencs the rate of technical progress and other growth rates
are gxplained as ths outcome of a politicel distributionel conflict and not a8 & result of
different parameters or different government choices of taxes and subsidiss that merely
convert x—best into first best growth paths (see Barro and Sala 1 Martin, 1992, for &
discussion of this type of policy) and not as & result of unfavourable con‘stell&,tiom of time
preference and merginal productivity of knowledge due to low initis] velues of knowledge
which produce a lock—in (see Becker, Murphy end Tamura, 1990). The redistributional
effects may be differsnt once capital income is introduced (see section 5) or if indirect
marginal wiility ie strongly decreasing in net income (ses section 6).

The structure of the paper is as follows, o the next section the basic model is set up.
In section 3 decisions of individuals are presented. Merket equilibrium end & definition of
the sbeady state are given In section 4. Ths existence, multiplicity and stability of steady
shates and the mmpact of taxation on the steady state allocation axe the subject of section 5.
Section 6 shows thet people with higher abilities and low (high) elasticity of indirect
marginal utility with respect to net income have higher (lower) shadow prices for public
factors and technology if they act a5 selfish persons in the poeition of the government (in a
dual approach %o » government decision where they meximize thelr indirect utility
function) and the discount rate is higher than the rets of technical progress; these higher
(lower) shedow prices lead to a desired decision of higher (lower) tax rates. However, the
tax rate chosen 1s & matter of how the distributional conflict implied by the infeasibility of
Lindehl prices s solved. One of these possible outcomes ie thet of & median vober

democracy.



2. A model with three fomme of Inowledge

The crucisl factor in Schultz' theory is human capital H, which is defined s the knowledge
people heve personally a¢ & result of schooling. It is assumed here that human capital and
lsbour Ly are the factors which produce output Y under conditions of labour saving
technological progress with level A(r) st time r, the firm epecific knowledge, The

production functicn used here is of the Cobb—Douglas type:

¥ = B(H, AL) = HA (AL (1)

Increases in fivm specific knowledge, fwxs are asgumed to be produced uging human capltal
and the accumulated knowledge A itself. However, knowledge has to be trangferred from
those who produced it (humen cepitel) in the research divigion to thoss who use it (labour
L1) in the production division. The more workers ghere sre In the production division the
more human capital will be needed to tramsfer the knowledge and the lower the
productivity of human capital in the production of knowledge. Therefore the number of
workers exerts & negative influence on the production of firm—specific knowledge. The
production and tremsfer function for firm-—specific knowledge s assumed to be Lnearly
hemogenous in H/Ly and A (a dot on e varieble indicetes a derivative with respect %o

time):
A = G(H/Ly, A) = g(h)A with h=H/ALylmg=¢g < w (2)
G0, A) = G(H/Ly, 0) = G{H/L1, 0 ) = Ga(0, A) = 0,

Gy, o > 0for H/Ly > 0and A > 0, Gi(0, A) € o Gu < 0, Gu > 0.

It is essumed thet the factors used in innovetion are the same as those in production, an



sgeumption indicating that close coopsration between production and innoveblon 1s
sdvantageous for success in providing the production division with adequsaie technical
progress. Freemen (1988, p. 335) and Mowery and Rosenberg (1989, chep. 6) report
rsgearch results on the higher efficiency of closely coopersting production end ressarch
divigions which in Japanese firms sometimes goes so far that the divisions are almost
indistinguishable. Humean capitel is a crucial factor in nnovetion because & good education
is & precondition for good ideas in research, whereas capital (ignored here) and labour can
contribute only indirectly (see also Nelson, 195% on this point; for & different interpretation
see footnote 1.). Making use of H/Lj as en ergument is mainly done to ensure sero profits
and & constant rate of technical progress independent of ¢xogenous employment growth as
in Uzawe (1865), Lucas (1988), Neumenn (198%) and Ziesemer (1991); the latter result
cannot be obtained in modsls thet use specifications like Arrow (1962a), Phelps (1966) or
Shell (1967). This specification can be justifisd as follows: The relation between F and G
could best be interpreted as follows: Oneg could think of H used in technology production,
G, and exerting e positive externslity on outpui production F when itraunsferring the
knowledge %o the production division, which 1n furn hinders technology production further
the mors workers L1 heve to take over ths nsw knowledge thus exerting & negative
externality on G as 2xplained above,

The ultimate reeson for dividing H by Li 15 nevertheless technical and meakes use of
gome degree of freedom which slways remains in the specification of fechnology production

functions. There is nothing in the literature which excludes any of the diverse specifications

used in different models. The upper limit on g, g, ensures that A cannot go $o Infinity and
therefore A cennot jump as it would, ¢.g., under & Cobb—Deougles specification.

Humen capital is produced by & constant number of familiss (I = 1,..., N) using
lebour services L;;, bagic scientific research results B, which are public factors, ¢.g., the

information contained in lbraries, different paremetrically given labour sugmenting



abilities a%‘i gnd the knowledge A of the firm where he works. Abilities wzei can stem either
from genetic inheritance or sociglization or both. As they are exogenous thelr explanation
has no impact on the argument of this paper. Human capital 1s completely depreciated each
period because — unlike basic scientific research results and firm specific knowledge, which
cen be inherited in written form — it cannot be hended over to the next generation if an
individusal dies, becauss Hi is contained in his brein. Morsover, humen capitel must always
be updated by the latest research results to be able to have an ides for inventions.
Complete depreciation is the simplest wey to capture both &rgum!sms‘g It has the
adventage of limiting the number of differemtial equetions to a minimum. Teking it
liverally it implies thet each individuel lives ome period, l.e. infinitely short lived
mmdividuals mnstead of mﬁn.i't@ly long lived individuels often used in this type of model. The

production function for & family or clan which contains these assumptions is
H = H (£ALY BY = (¢fALDBY% =10 (3)

B is public knowlsdge and A is knowledge costlessly taken over from the fixm simply
becange family members work there and there is no market for services of A by assumption,
Therefore A is an externality here. As long as the firo j& & price taker it cannot internalize
thig externality., "A" in (3) poses therefore a similar public goods problem ss E. The
difference in the treatment is that the change in the stock of B ie provided publicly whersas
changes in A sre provided privately and, ss in Romer (1986) it is sssumed that no publc
action i¢ taken to influence its gupply. This role of A also mirrors the fact thet there is not
always o clear dividing line between privete and public knowledge in the reel world. Using
the Cobb—Dougles function implies an sssumption that without public knowledge no
production of human capital i possible.

The gtock of public knowledge B is enhanced at some costs that are covered by taxes

on hougeholds income Y which sum up to Y



Bssic education in practice has an excludability property. Howewer, this is due to the
transaction costs involved in its trensfer to pupils. The knowledge i¥self is non—rivalrous
snd we concentrate on its public factors character here. Equilibrium in the humen capital

mearket requires thet firm demand H eguals households supply, 1.¢. the swm over all Hi:
H=3 H (5)

Lebour supply, which may differ in levels across familiss, 15 assumed to heve identical

growth rates ¢
Li(r) = L}(0)et”

A families labour endowment can either bs suppled to the firm, Lf; or used for educetion,

Lg‘i:
Li - Lii + Lgi
The sum ovar femilizs' labowr supply is totel labour supply

H o )
L(r)=% L0’
1=1

which in equilibrium equels labour demend of the firm, Ly = 2 Lli; plus houssholds own

demend, the sum over Li:



L=Ti+ % L (6)

Due to the simplifying sssumption of complete depreciation of Hig it is used in (2) at the
same moment when 1t 16 produced by L:ig pergons according to (3).

(1) — (6) contain some basic sssumptions of the model (those on behaviour follow in
the next section) with three types of knowledge supplied by firms, households and the
government resepectively a6 represented by equations (2) — (4). In Unawa (1965) "A" was
interpreted to contain all three types of knowledgs. Many pepers still only deal with one of
theee forme of knowledge, slthough in sll developed societizs it is obvious that all of these
are pressnt to quite & lerge sxtent. The distinction however is cruciel, because housshold
knowledge venishes with the death of persons, whereas firn snd public knowledge can
gurvive n writhen form but have different propsrtiss concsrning epproprisbility (see also
Arrow, 1962b and Deosi, Pavitt and Soste, 1990, ».82/83, on this point). Schultz
emphesized the role of the household &5 & humen capitel preducing firm and the role of
public factors in producing it and the role fizm technology in using it. Thus this distinction
is contained in his work although in en unformslized way, What has besn added here is the
tax resistence srgument replacing the role of landowners in Schultz' (1964) argumentation,
becanse the role of sgriculture mey diminish in the long run whereas the problems of
digtributional conflict from families' different benefite from public goods or factors and
redisteibutional taxation remain. The public provision of the public factors 15 only public
with respect to their financing but not necesserily so with respect to ownership of

knowledge producing organizations.

2, The dynemic entreprensur and the hovsehold e¢ & human capitel produciog brm



The representstive firm is assumed to mazimize profits over an mfinite horizon, discounted
at some rate p subject to (1) end (2) while acting as & price—taker. The latter sssumption is
made here because it seems to ba still the simplest of sll market structures used in models
which include production of technical progress. All householde are assumed to have ths

game digcount rete p. These essumptions lead to the current value Hemiltonian

T = F(H, AL1) — qH —wli + ¢ G(H/Ly, A)

where w is the wege rate and g the price for the use of & unit of H and 4 & costate variable.

The necessary conditions for 8 marimum are (2) and

AT/0H =F1—q+ ¢CGyfLi=0 (M)
~6M /88 = ~Fily— ¢Ca = ¢ — o4 (8)
@1 /0Ly = Fah —w + $G4H(-1)LP = 0 ©
lime " ¢ =0 (10)
Fhad e

A lower indez 1 or 2 in connection with functions ¥, G and H indicates the denvative with
respect to the fivst or second ergument. (7) means thet the marginal product of humen
capitel in output production, Fi, plus thet in production of technical progress, #Ci/Ly,
raust equal the rentel g of humen capitel. (8) says thet the marginsl product of a stock
unit of A on output, Fsly plus that on technology production, #Cg, must equel the
negative of the current value of the rate of change of the discounted shadow price, ge P7,

(9) tells thet the marginal product of lebour in output production, FoA, plus its (negative)



marginel product in technology production, gé@iH(wl)Lfg, must equal the wage rate.
Finelly, (10) means that the discounted shadow price of technology must go to sero as time
goes to mfinity. As (8) implies ¢ —p < 0, (10) holds,

Multiplying (7) by H snd (2) by L1 and replacing w end ¢ in the Hamiltonlan, yields
gero current profite, The velue of the fivm is the velue of technicel change. Here price
teking behaviour inspive of incressing retums im H, A end Li is possible because the
function F is linearly homogeneoue in the control variables which leads to & horizontal cost
function at each point in time which is driven down over time through the change in
technology Abe

Assuming the sbsence of e capibsl merket and complete depreciation of human
capital both for the mere sake of simplicity, households have no intertemporal consumption
gllocation problem end therefore can be viewed as pure human capitel producers withoud
making any assumption about how long they live. The households' problem then is & purely
static one. They are sssumed to maximize consumption (equel to after tex income), (1 — t)
o= (1 - '(:)[qu + W(Li - L:ig_)]s equeting the marginel velue product of human capitel to

wages:
11
w=q Hie'A (11}

Applying Euler's theorem to (3), inesrtion of w/q according to (11) and division by B

yields
H/B = [(w/A)/qJALL/B + H]
INSERT FIGURE 1 OVER HERE

This it drawn &6 & tangent to the production functione in Figure 1 with slope w/q and



vertical imbercept Hz‘; , which indicates the families willingness %o pey per unit of public
factors which by essumption is unknown to the government and therefors mekes Lindabl
prices impossible, Families choose the same Hi}' Lﬁ ratios dug o the labour sugmenting
differences ei in families ebilities, which implies that familics with higher abilities choose
higher L% and H‘i and have higher willingness to pay, Hi, per unit of public factors. Putting
it the other way round, & higher level of public goods and & higher rate of taxation is more
in the interest of people with higher sbilities. Howewer, if the ei gie percelved to be
constent for eternel time preferrsd tex rates have to consider the long run as well (see
section 6).

As the H%@iA in (11) are identical for all houssholds, beceause they are all faced with
identical market prices w/g, the merginal products of A, H%,eiL;i;, will be higher for families
with higher sbilities who choose higher L,lg Again Lindabl-prices would be necessary to
reach an optimum. Therefore & can be viewed as a privetely supplied public good, whersas

B is s publicly provided one (in the sense of financing through taxation).

4, Market squilibriom and definition of the steady state

In %his section market squilibrium conditions are snalysed by elinunsting market prices
and steady states are defined.
As sll individuals choose the same ratioc H'/L3 due to the labour saving property of ¢

in (3) this must equel the aggregate ratio H/ L
H/Ly = H:‘/L% (12)

Insertion of (3) on the right—band side, division of both sides by A, multiplication by La/Ls
end (using h = H/ALy, 13 = LyfL, b = B/AL) division by /(1 — L) vields the modified



human capital production function

L=h-HEE, by o (121
1 Lﬂg'{LQ

Increasing 1y reduces H per unit AL: whersas higher b increases . Ashls & macro—variable
the value of the H(.) function must be identical for &ll individuals. L% fLs Toust be constant
for the following reason. ng muet be identicel for all individusls because with constant
slagticity of production o for the first axgument of (3) one may write (3) in growth rates

uging (12):

€

(i~ 1 =) Lo = (A + 1Y) + (1 — 0)B ~ L

As only the L} in the second squetion are variables concerning the individual, the Li are

N o s i
equel for all i, Togsther with BLifLs = 1 it follows that L4 = Ly. Therefore Li/Lyin (127)
=1 o

is constant, although dependent on g,

Equating w/q from (11) with its value from (7) eand (9) yields:

Foh — $CHLY

= - (13)
Fi + ¢C1/Lg

The marginal product of labour in humen cepitel production on the left side of (13) must
equal the ratio of the marginel products of lebour and humen capital In output end
technology production on the right side of (13). As o is the constent elasticity of the first
srgument of (3), the left side of (13) msy be written a5 ogHi/ Lf; As all households choose
the same ratio H' j'Lé one may again replace 1t by H/La. Therefore the left side of (13), after

division by A, may be writhen 88 «H/(ALs) = ohli/(1-4). Defining # = 4/L and replacing




# by #L, the result of all these trensformations is

Fa — $Cih/l
g =
Fo -+ #CG/ 1

—anlif(1 1) =0 (139

(13') has the same interpretation as (13) end was given there. (12') and (13') are two
squations in h end 1y yielding & solution h = h(b, ¢) and i = ly(b, #) which can be wsed in
differential equations for b and ¢, which we consider next.

Dividing (4) by B end subiracting the netursl rete of growth g(h) + ¢ and
multiplying by b yields

b= thF(h 1) —[g) + b (=0=J1) (3"

Finelly, using 4 = oL in (8) the system is completed by

b=[o—c—Ca(h)d—Fals (= 0= Jy) (8")

b =0 and ﬁ!ﬁ = 0 define the stsady state. One can consider Ji and Jg 88 & system in the two
voriables b and ¢ with b and 1; depending on b snd ¢ sccording to equations I; and o In
the steady stete Iy, Is, Ju and Jg arve four equations for the four variables b, 13, b and ¢, all
of them depending on %, ¢ and p. This will be used in the following enelysis of the impact of

8 change in the rete of taxzation on the four variables.

5. Exstence, multiplicity and #tability of steady ebates and the sconomic effecte of reducing
18E registance



The reduction of tax resistance is defined here as dt > 0. In the following we procesd in
three stepe. Firetly, we show for given 1y (for merely didactical purposes) thet & higher rate
of taxation leads to higher valuss of public knowledge per labour efficiency wnit, b, and
higher human cepital per efficient labour unit uvsed in the firm and therefore to higher
technical progress. Secondly, we show that there swiste either no steady state or at least
two steady shates, one of which supports the firet result but the other does not. Thirdly, we
show in the analysie of the dynamics that the steady state at which the first result holds 18
stable in the saddle point sense wherses the other is unstable.

In the first (merely didactical) sbep Ji is solved for b which yields

b= %&..lllé (@;n')
g(h) + ¢ -

The interpretation ie that ¢.p. & higher tex rate ¢ leads to higher steady state levels of
public factors per efficiency unit of lebour. A higher share of employment in output
production, 1, slso leads to higher b. Higher employoent growth leads ¢.p. to lower steady
gtate levels of public factors per efficiency unit, which s quite enslogous to the Solow
growth model. The c.p. impact of higher b on b s analyzed as follows. (4") is drawn as Iy

in Figurs 2. It's slope 16

INSERT FIGURE 2 OVER HERE

gbjoh = (EXeE'E — gty _ eF% 4 b gF(ER/F — g'h/E)) ot P/F > gh/e

(g + ¢ (g + ¢)°

This condition iz sufficient o ensure & positive slope. The mterpretation is that b always
has & stronger influence on output then on technical progress and thersfore leads to higher

steady state values of the public facter stock per labour sfficiency unit. Taking the second



derivative of (4") with respect to h it can be shown that
#ujen)® <o i (FR/F)/(g'n/g) > |g"n/g'|/|F n/F|

Therefore b(h) is concave if (sufficient) [for § = Fu/F, #(b) = g'b/g, # -1 = F'h/F' and
«h)—1=g'"h/g, ell from the Evler theorem applied to f,g and F',g' respectively]

(1=8F> (1 -7

iz fulfilled. This means that elagticities of production in output must bs more belanced
than thoss for technology production. For each given h, & higher ¢ (higher ¢) requires
higher (lower) levels of b which is indicated by Ji' drawn &s & dashed line in Figure 2.
Higher 13 shifts the curve to the right.

The second curve drewn in Figure 2 is Iy [equation (12')], the modified production
function for humen capitel production. Here b 15 & concave function of b for each given 1.
A higher 1y decreases both arguments in the H function of Iy end therefors shifts the cuive
down, which is drawn &s the dashed Iy' curve in Figure 2. A higher 13 therefors leads to &
lower (higher) b and b if the h—shift in Li(]1) is stronger and therefore to lower (higher)
rates of tachnicel progress. Here the incraase of 1; with respect to the li—curve represents
the impact of the labour allocation on higher human capital production which leads to &
decrease in the rate of technical progress. The effect of higher Iy on the Ji—curve mirroers
the impact of the allocation of labour on cutput which increases b and therefore h. Which
of these two effects is sironger ic an open question. Formelly, [1 and Ji determine h and b

depending on s, ¢ and ¢

h=h(t1 ¢) and b =b(t, 1y ¢) with dh/dt, db/8t > 0 and Sh/fd¢, 8bfde < 0



Existence of an intersection of Iy and Ji for each 11¢{0,1) is guaranteed by the assumption
that F and H are both Cobb—Dougles functions. This gusrantees that the curveture is
sufficiently strong to let the functions intergsct.

Figure 2 gives & preliminary formulation of Schults' theory: Given ly, a higher valus
of tazation t leads to & higher value of public factors b and humen capital h, both in labour
efficiency units, and thersfore to e higher rate of technical progress. So what remains to be
derived are conditions that movements in 1 do not change this result.

The following enalysis is less mtuitive but more exsct because li is no longer kept
comstant. The cendition of more balanced elssticities of production in eutput then m
technology production will not be needed here. In the next step we teke also Is end Jg Into
account to ghow through elimination of # and b that steady steie vaelues for h and 11 are
not unigue,

Solving Jg for # end inserting it info Iy yields

: Falg 3 1
Fo — wmemmeeetiot Gih/la

Iz —— b=l a1 -1 =0 (13")
Fi + p— € - (:}';1(}1) c»..?’:!/].l

The interpretation was already given in connection with equation (13). In the first term the
1, terme can be cancelled. Multiplying successively by the denominator of the large fraction,

1/F2 and (1 —11) we obtain after some simple rearrangements

| Gih)h o |
1 "“‘11""p R (}g(h) (1 "‘“li -+ C'%’].j_) == (F}Mh‘/Fg) 93’11 (13“')

Using the Clobb—Dougles function assumption F/(1 — f) = Fih/Fy, it can be shown that
this equation i & falling line in the h—{i—plans that intersects both axes as drawn m Figure

3 (gee appendix B.1 for a derivation). The 1y axis e intersected at value



Li=(1-0/01-5+ef <1

INSERT FIGURE 3 OVER HERE

The second curve of Figure 3 — which approaches the vertical axis 25 11 goes to zero —

is based on (12') after insertion of (4") to eliminats b:

k 1 -1 tF (h) 3 |
L= h-—H{ T, r=190 (1;),”‘)
W7 remy) 4+ qui/ie

The slope of b with respect to 1y is

1 2
d.]l/‘ﬂj,: —-eHl/li {0

1-(Q -a)f - ﬁ‘%{g}]

with (h) = g'h/g < f = F'h/F. For 13+ 0 we heve h + w and dh/dls + (—w) (for & proof ses
appendix B.2). Moreover, (12") existe on the whols intervall s ¢ [0, 1] and as 11 is one, h is
gero. Therefore in Figure 3 (12") cuts (13'"') twice or not &t all. The first cut at low values
of 15 is such thet (12'') comes from sbove and becauss (13'"') ends &t 13 < 1 but (12'') goss
to 1y = 1 there is & second cut from below. In Figure 3 this case 15 drewn. An ezceplional
case could be that the curves are tangential to gach other, yielding & unique solution. A
higher rate of tazetion © shifts (12"") upwards and to the right because it requires & higher
value of 11 (or h) for any given value of h (or 1), [n the limit for t-0 it follows from (12')
that b goes towards zero for all i, This implies that there are always sufficiently low fex
rates at which two steady stotes exist whereas the case of & unigue or no steady state ab
high tex rates cannot be proven but also not excluded. These unproven cases will only be
treated In eppendices B, If there are two steady states, the impact of t on h 15 thet h
decreases with higher § at the steady stete with the higher h and lower 1y thus contradicting




the ides of this peper end increasss with t at the one with higher s end lower h thus
gupporting the idea of this paper.
In the third step we show that the eteady stete with lower (higher) h and higher

(lower) Li is (un—)steble. Therefore at the eteble steady state higher taxes will lead to

higher growth rates. In appendiz A It s shown that the corves for b = 0 and ¢ = 0 and the

arrows for the dynarmics can be drawn es in Figure 4 below. The slopes can be understood
INSERT FIGURE 4 OVER HERE

intuitively ss follows (for the full complications of & rigorous anelysis see appendix A). For

the b=0-line the vertisl derivetive of b = 0 with respact o ¥ 16 negative because the
higher the shadow price of technology the higher the growth rete of technolegy and
therefore the higher the growth rate of the denominstor of b. This effect dominates the

output enhencing effect of the increese in humen capitel which incressss the numerator of

b vie taxetion. The pevtial sffect of b on b =0 is embiguove. Higher b also mcreases
technicel progress and therefore the denominator of b. One can show that for low welues of

b the impact is negative snd for higher values of b it must become positive. Therefore the

}szf}mlin& mugt be u—sheped. This bears some similerity to the stationary line for the
capital-labour retio in the stendsrd ueoclessicel growth model. What differs from the
stenderd modsl is the line for a constant shadow price. It ie not vertical as 1t would be
the standard model, Society can invest in A and B now. Ite simplicity 16 lost in & maodel

with three production functions. For the locus of a constent shadow price we have the ueual

unstable effect of the shedow price # on ite vate of change and o higher b decresses ¢,
becsuse it mduces & higher rate of technical progress and output and therefore decreases

the shadow price of technology. Therefore this slope must be positive. Arrows follow quite




snalogously form 5’%’;/&1@ < 0 and c”i‘{b/@b < 0, The steady state at the higher level of b is
completely unstable. The steady sbate st the lower level of b ie (un—) steble in the saddle
point sense. The unique stable trajectory has & positive slope. A higher shadow price of
technology provides an incenfive for preducing more technology and demanding more
humen cepital (per labour efficiency unit) and & higher stock of public knowledge provides
an incentive for households to produce more human capital (per lsbour efficiency unit
supplied to firms). This generates a higher equilibrium value of h which leads to & higher
rate of technical progress.

Starting from the saddle peint stable steady state one can see from (4') that & higher

velue of tazstion t leads to b > 0. This meens that the economy 18 balow the b = 0 line

efter such a shift in taxation, The b = 0 line is therefore shifted vpward. The new steady
state will be et higher values of b and ¢ and therefore at higher values of humen capital, h,
and technicel prograes. Moveover, the snelysis in the h~li-plane showed thet higher b is
associated with lower 1. Labour will be shifted to education. Other movements than those
of saddle point stable trajectory ave discussed in connaction with the possible case of no
existence of steady states in sppendiz B. In the models by Shell (1967), Barro (1990) and
Saint—Faul and Verdisr {1993) there is also a distortionsry effect from taxetion which
biases ageinet the formatien of (humen) capitel. Whether or not this effect cutweighs the
effact presented above is en smpirical guestion. The evidence on this distortion is weak
until now. Easterly end Hebelo (1993) find & nsgative but insignificant impact on growth
rates in 8 cross—saction study. Kosster and Kormendi (1989) find that thers is an negative
end significant effsct om the lewel of the path but not om the growth rate. But Otani and
Villanusva (1990) find a positive effect of the share of public expenditure on human capitel
per unit of GDP on growth rates. Given the simplicity of the model 1% 15 rather
straightiorward to interpret the tax rate t s that share because the distorfionsry sffect of

texzation is absent. What vemains s the expenditure effect. Putting 1% differently, the reult



by Koester and Kormendi (1989) suggests sbsence of effects of texation on growth rates
wheress the result of Oteni and Villanueva (1930) euggeste that the way of spending
matters. The result that & higher shere of output ghould be shifted to public educational
purposes to resch more growth beare great similarity with the World Benk's (1990, 1991)
suggestion to further education. The World Bank suggests to take the resources from the
military complex which may be considered as part of consumption from which 1% is teken in
this model. In view of this model thie policy is of the "redistribution with growth" type
(pee Chenery eb.8l, 1974) because the increase in the tax rate is & permanent one.

Finally, the impact of higher discount rates and the rate of employment growth is
analyzed. A higher rate of time preference used by the firm will lead to gﬁ > 0 from ('),

The ?;’;‘ = { line will be shifted downwards. The new steady state will therefore be st lower o
end higher b. The firm hes & weaker Incentive o produce technicel progress end demands
¢.p. less human capitel but households have a higher incentive to supply humen cepital
because of more public knowledge available. Higher b and lower # lsad to higher li because
it wes shown above thet dla/db > 0 and dlif@% < 0. The snalysis in the h—li—plane as
summoerized in Figurs 3 showed that st the stable steady stete higher 1y 1s associeted with

lower h and thersfors less technicel progress. Higher impatience will thus lead to less
technical progress. Higher employment growth will have the opposite effect, shirting e;:=0

line up leading ¢.p. to higher technical progrees, but the b=0 line will be shifted downward
through higher employment and therefore has the opposite effect on technical progress. The
net effect of employment growth on technical progress is thus unclear. Figure 2 contained

only the latter effect,

6. If i were the government: Housshold preferences for optimal teration levels




Up to this point of the snalysis the tex rate t hes been exogenously varled. The question
then is whether or not the different willingness to psy tazes also exists in the long run
(stendy state) or only in the ehort run. Growth theory has provided some sxamplss of
gffects that ere present in the short run but may be irrelevant 1n the long run. This 1s the
reagon why we consider individuals' optimal choices of steady states. In particuler,
differences in individuels' willingness to pay teazes may be smell if compared to the incoms
incrzasee from higher technical progress. We want to show the conditions under which even
in the long run, the shadow prices of tschnology, & and public knowledge, b, and thersfore
the rate of technological progress é is higher for individusls with higher abilities if they
heve identical preferences. A second objective of this section is to relate the willingness to
pey of en individusl with average income to thet of & median voter as it is done in the
literature on political equilibrivm 1o sendogenous growth models discussed in  the
introduction. In this gection the individual cholcs of the taz rate is treated under the
assumption that the ndividual takes the working of the whole sconomy info account
without expecting eny transactions like compensations between government snd housshold
gxcept taxation.

The individuel is assumad to maximize his utility from consumption which equels net

income:

tm%}{ 0 [® e“"WUi[Gi( ntdr=f ¢ P U‘i[‘f"i‘(fj(l —t)] dr
by L3y

= o7 Ui( {wl! -1 + qALE O 101 /L0 ) T (1~ 1) ]dr

where H' is the production function (2) after having divided its arguments by AL. The time
index has been dropped in the last equation. Here w is an abbreviation for FsA + $ARG /N

according to (%) and q is an aebbrevistion of Fi + $CGifli according %o (7). The



meximization is subject to (4", (8') end g(h)A = A with b = h(y, b) and Iy = Ly, b). A
gpecial case of this meximizetion is thet of an individual with sverege income and abilities.
His problem is identical to thaet of maximizing wiility from psr capite comsumption. If
transfers could correct the result of the flat—rate income tax such thet each individuel
would be in the same position as under Lindehl prices this aggregate congumption
maximizetion would be & reasonable objective. If information to find Lindehl prices ie not
svailsble, sggregate consumption maximization becomes & dubious goal. It seems equally
plausible then to assume thet no compensation tekes place and each individual ¢xpects no
trensfers and ceres only for his ideal tax rete in the political process. This case 18
considered here. Two of the necessary conditions for an optimurm (with Ai*ﬁ‘ and Ai’b a8

co—gtate variables for A and b respectively and ¥ for the Hamiltonian) are
o0 gt = Uy + AP LF = 0 (14)
which lmpliss
Abb = gl pyp (15)

An individual with higher income weighted with marginal utility has & higher shedow price

for public factors.
— 0uijaA = — UMY A) (1 - 1) = ABg(m) = AVA - b A (16)

implies for & steady rbate with SRLS L | . o(g+e) with o = — U“Yi(lwt)/U’

A = U - Y/ - g)a an)



(17) means thet sn individual with higher net income (_'.!.--»‘t)“{i welghted with marginal
utility will give a higher steady—state value to technology A expressed through higher Ai?A
if o » g. Given an initial value A(0) this is an incemtive to have & higher A in the future
which requires higher technical progress g(h). Therefore individuals with higher abilities ei
who have higher shadow prices of technology W their function es hypothetical governments
prefer to have higher technicel progrees which they can achisve through higher tazetion as
LA

wes shown in the previous section. Deriving sieady—state valuss of Al’b and with

regpect to ! shows that they are higher (lower) for higher ¥ (from higher abilitiss) if
o= — Uy Ul ¢ ()1 (18)

In determining desired tex rates not only does the maerginel product of public factors in
humoan capital formation meatter bub the elasticity of marginal ufility from consumption as
well. The suggestion thet more able people want higher tex rates and higher levele of public
factors and technical progress only holds if marginal utility has & low elasticity with respect
to net income (if » > g) which means that merginal utility doss not dacrease strongly as
consumption grows. In this case preferences can be viewed as very materialistic. The reason
iz thet the willingness to pay as expressed by the mearginal product of public capitel in
humen capital formation indicates the corrent benefis from an existing stock of public
capitel, The tex rate, snalogous to the saving rate in the standard optimasl growth model,

determines how much will be invested in the stock of public capital. In this modsl without
capital market this is the only form of sevings which feeds public lnvestment B directly

snd privete investment A mdirsctly by baving o negalive impact on the cost of forming
hurnen capital. The households prefersnce for high or low tax retes I the dusl problem
dsfined above thersfore are quite snalogous to those of privete savings: low (high) ¢

indicates & preference for high (low) sevings or texes. If the elasticity ¢ is zero under an



assumaption of linear wtility ot income or congumption meximizetion ae i Cresdy and
Francois (1990) and Perotti (1390), preferences do not appeer expliveitly in the formula for
the desived tax vete. If this elasticity eguals unity all households went the same
sieady—state tax rate in this model s in Glomm and Revikumar (1992) where log—linear
preferences have been used and edncstion of the future generstion for which the tex
revenues are used is an argumsnt of the utility function. In Alesing end Rodrik (1992) we
gleo find & umnit clasticity velue of the ubility funcéion, but the revenues do not go
completely back into current utility. They are used for public investment which increases
cutput which in turn ie only pertly congumed. Therefore, the more capital poor the voter
the less he is damaged by & distortion snd the higher the tex rete he desires. Saint—Faul
and Verdier (1993) alsc use a log—linear uiility function but its ergument, 'childrens
income' consists of two additively separable perte one of which is government expenditure.
The regult here is alse that poorer people prefer higher tex rates. However, inequality and
poblic support for education vanigh in their model. This 15 not the cese i thie paper
becsuse individuale differ with respect 6o abilities and nob with respeset o initisl
endowments, In Fersson and Tabellini (1991) preferences are homothetic with the
implication that indirect utility is linear in households abilities. The result is that degired
tax ratee depend on the abilities of votere such that their impact cannot be outweighed by
properties of preferences: less able (pocrer) people want higher taxes. In suim, the only
regult where the expected outcome of poorer people wanting higher tax rates does not hold
is that of Glomm and Ravikumar (1992) and in the case of sn elasticity larger than or
equal to one &nd p > g in this model. As & consequence, if & median voter who is poorer
then the sverage citisen he will desive a higher tax rate in thie model (as in all other
modals except that of Clomm and Ravikumar, 1992), if he has inelastic marginel utilivy.
The last result may be different once capital income is introduced and teaxed at the
game rate becsuge the distribution of capital then matters as well. An individual who 1s

"medign'' with respect to abilities may have & high capitel wealth and therefore a low



willingnese to pay income texes, also leading %o tex resistance. The impact of both,
different sbilities and capital endowments on the level of the growth path has been
analyzed in Zissemer (1990). The analysis of their joint impact on growth retes would
require introduction of cepitel merkets in to this model which would make it rather
complicate. Whether & person is on the favoured or the disfavoured side of a digtributional
conflict will alweys depend on all the sources of heterogeneity and all the public goods and
factors modelled as well as on the tex system used. Up %1l now &ll the papers with
endogenous long--run growth retes contain only one of the sources of inequallty and very
gimple tax sysbems. Future work will hopefully be sble to comstruct models with both
gources of inequality (or even more s land endowments emphassized by Fersson and

Tabellini, 1992) and less simple tax syslems.

7.5 axy and conclugion

In section 3 we have shown that individusls prefer different tax rates from the point of
view of thsir temporary privete decisions, becauss families with higher ei have higher
marginel products of public factors B. In the previous section we have shown that the same
results can be supported for the steady state from the point of view of & duel approach in
which the tax rate is viewed as a governmental decision variable snd an indirect ufility or
consumption function is maximized, provided that marginal ntility is inelastic with respect
to net income in the case thet the rete of discount iz higher then the raie of technical
progress. [n section 5 we have shown that higher tax rates or shares of public expenditurs
on education in the GDFP lead to & higher level of public factors and higher fechnical
progress in & seddle—point stable steady state. As households with higher abilities will
prefer higher tax rates snd rates of technicel progress than houssholds with lower abilities,

the crucial gquestion 15 which of these distributionsl Imtevests sre Implemented by




politiciane. In this view the political regolution of conflict is as mportant es corractive
taxation or historical accidents determining lock—in or lock—out. In this paper the conflict
hee besn modeled in & more sstisfactory way than m others because i) unlike the paper by
Glomm and Revikumar (1992) the conflict has not been guppressed by too narrowly
modelling special cases, ii) unlike the paper by Alesine and Rodrik (1992) public factore are
modeled rigorcusly &6 nep-zivelrous and iii) unlike Saint—Paul and Verdier (1993) the

conflict does not vanish.

Foolnotes

1 An alternstive interpretetion of the technicel progress function could start from a

learning—by—doing assumption A=b_[*Y(s)/Li(s)ds, with b > 0 50 thet A = bY/Ly s in

Conlisk (19267). Ingertion of the production function (1) elso yields the technicsl progrees
funetion (2). However, lsarning—by—doing also ends with the life of & worker.
Intergenerationel knowledge transfer is partly the task of & firm (see aleo Prescott and
Boyd, 1987 on this point) and partly of public libreries and schooling institutions 8¢ in this

papsar. A pure learning—by—doing view ignores both.

9 This is of course quite the opposite of the essumption in Lucae (198%), who assumes that
sach generation inherits more humen capital than the previons one. Howewer, Luces must
do go because he identifies technology (A in our model) with human capitel owned by the
households. A rigorous formulation of human capital accumulation with finite lifetimes of &
confinuum of generstions can be found in Imhoff (1289). Thers human cspitsl does not

have the same effecte as technical progress becauss there 1s no growing legacy of knowledge.




3 This is & special case of the more general form B= 7wl + tYgH, where w is the wage
rate and g s the price for the use of & unit of H, both 1o terms of output. The flat—rate
income tex used in (4) is the excess burden free form of this more genersl tax scheme.
Under this more general tax system the left side of (11) would have to be multiplied by (1 -
’cw) and the right side by (1 — ‘tq)x Unfortunately this leads to complications in the model

which make 1t unsolvable.

% To see that & corner solution L1 = 0 15 not superior, rewrite the Hamiltonian as [I =
AL F(h,1) — qh — w/A] + $Ag(h). First order conditions can then be written as 611/6h =
ALy(F1~q) + ¢Ag' & 0 (7a); O11/0Ly = AF(R,1) — qh — w/A) £ 0 (38), —0I1/0A = ~Lu(F

— gh ~w/A) — wlLifA — ¢g = é — o9 (88). For an interior solution the Hamilbonian was
shown to be II*} = éﬁﬁﬁgw in the text. For & corner solution it is I = #°gAS, where g = 2
because JlI/8h = 4Ag' > 0 for L1 = 0 and guaraniees that I1€ is finite. If both solutions
have finite values in the beginning, their growth rates determine which one 1s higher in the
long run. From (8s) we get ;SC = p — g for L1 = 0. Therefore e = p. For steady states it 1s
ghown later that ;* = ¢, Thersfors f[ = ¢ + gﬁi F < ¢+ gm 16 therefore & sufficient
condition to meke sure that the Hamilbonian is lerger for apn interior solution at least in the
long run. As the interior solubion yields zero profits, lossss of en Li1=0 phese f H > 0

cennot be regamed later. Therefore the inberior solution given above 15 the only possible

one under the sssumption of price taking behaviour.

5 In the Solow model with szogenous technicel progress and consiant returns to scale ome
can either fix the number of firms or the size of the firm the other of the two variables
being determined by equilibrium demesnd. In the model of this peper with endogenous
technical progress one must make additionel essumptions on knowledge. If there is only one

firm thet cen keep the knowledge invented secret, c.., through pstents with mhmte



duration, then one receives & horigontal cost function for each point in time which is driven
down over time as A Incresses. If patents can expire or knowledge has leaked out some

way, then the knowledge i1s public and there mey be many firme j vsing the same

knowledge, sach heving the ssme production function F(H), ALy) but net producing A.

Agein perfect competition 1z no problem. But then one makes s distinction between the

innovetor with production function A = G( 2 / L:Lj, A) and the imitetors who may have no
such fonction but for exsmple imitete cosilessly becsuse knowledge con't be kept secret.
Both are meking zero profits If they behave as price takers as it is optimal for snd thus
required by households. So price "takership" s logicslly possible in this setting. Only if
thers 15 an vnequel distribution of sherss of & fizm owners may be Interested 1n firms vsing
monopoly power. However, distribution of capitel ownership s going bevond the scope of

this paper.
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Appendix A

I; and Iy are two equations for b and 1y depending on % and b, Total differentiation with

regpect to I, 13, b and ¢ yields a system of the following sbructure:

Ilh 1111- ‘.'?lh _
dlyf —

Igh 1211




The derivatives of Iy and Ip with respect to b snd Ii are ae follows (for details of the

derivations see appendix B.3):
Il}.l = 1

Iﬁh =[1 -1 —afly/(1 = )] (Fala/h)# - 7(h)] > ©

=11 =1 4 aly
Ill_!’_' hll 1_- ii & O

In the neighbourhood of @‘a = 0 we have

Ty = @Glh
L0 S p (1 -1 - el

{—a}<0

The denominstor is positive becsuse the existence of steady states requires Iy < (1 — /(1 -

f + «f) which hed been derived sbove from (13').

it F > 4th)

The first metrix of the system then hes ths determinant

|D| = Iih'lﬁh‘”lahllh < 0
+ -+ o+

The elements of the second matrix sre




I% =—Gh{l—-li+ al) <0
The relation between h, 1; snd b, ¥ can then be calculated as

i = — Ilbfgzhﬂ]:}l >0

o e ..«ﬁn. p—

- + - -

A —

The explicit form of the differentiel equetions then is
b= tly(b, §)Fh(b, 9), 1] — {g[h(b,#)] + ¢}b (= 0 = J1)

b= {p— ¢ — Gu[h(b, p)| 1 — Fa[b(b,#)a(b,#) (= 0 = Ja)

Ag we know from [y that h approaches zero as b approsches zero we can see from Ji that all

terms approach zero ss b spproaches zero. Thersfore the b = 0 line must be in the

neighbourhood of the vertical axis a5 b approaches zero. To determine the slope of the b =

0 Line we compute



B Ilbb
(ﬂf}/&b = —TE-"' -

G114 eli)(f—1 — Cuh/C)(g + )/la+

_ , +i#Gia o _
+ [(g + €)Fab/F — g'h](l_ﬁ) (T=ly=api; + ~ (&t ¢)

I, b : et g7l
As !gl = = (1|DT o)la/L3 pocomes zero as b and h approach zero and there is no

reason for the term in brackets to go to infinity and g(0) = 0 we have

lim 35/3%3=—a (a)
b0

Moreover we have

. -~ I
&b /o9 = ’l'l‘;rg F (1~ Lily F1/F) — g'boh /29 < 0 (®)
- -+

if the term in brackets is positive which can easily be shown,

From (a) and (b) it follows that

dfdb) == (b/b)/(d/$) <0
b=b=0

Thus the b = 0 curve is falling in the neighbourhood of the vertical axis.

The derivatives of Jq are



5?;’/8%3’3“(}31%”%$“F21%%l1mF3%{}jﬂj‘{0
b 4 = 4 =+

3&;/@@:(5««<::W(Eg)mﬁﬁglgﬁ%aﬂ*FﬁiaﬁlimFggli
+ -+ 4+ =+ + =+ -

This term unfortunatsly hes sn unclear sign. Becsuse dh/@y% depends on Fy, Ig&, and 1111,

which all spproech zero for h = 0 and this is the case for b = 0, we have

Therefore in the neighbourhood of b = 0 we have

ap/dd) = — (3] (/) > O

§ o=

Thus the aﬁ = 0 line hae & positive slope in the neighbourhood of b = 0. Moreover, for ¢+ 0

we have

i.iméf)m — Foly < 0
= 0

Thus in the neighbourhood of the horizontal axis ¢ is falling ae indicated by arrows in

Figure 4 end the ¢ = 0 line can't converge o the horizontel axis. Furthermore, for b0 as

b0

lim @fs =(p—e)p >0
b+ 0



Thug ¢ is increasing in the nelghbourhood of the vertical sxis and the ’?,}J = 0 line can't

converge to the vertical axzis. As the gb = 0 line can't converge to the axes for b-0 or ¥-0

separately and has positive slope for b0 1t must coms from fhe origin,
Becauss &7!:/ éb < 0impliee that ¢ is fallmg to the right of y‘: = 0 and to ths left of t;b
= 0 it is increasing, the g() = 0 line can't becoms falling for higher b because then ¢ wounld

have to increase to the left of the falling part but also would heve to decrease below ;}; =10

which would imply opposite directions of the arrows on the same side of the curve which is

s contradiction. Therefore the gl! = 0 curv¢ must have & posifive slope throughous,
As we know from the steady state anelysis in the h—li—plene summasrized in Figure 3

that there are either {at lsast) two steady states or no sbeady state, we cen conclude that

the b = 0 line must be u—shaped as mdicated ln Figure 4.



APPENDIN B (NOT FOR PUBLICATION)
Appendiz B.1 (Derivetion of Figure 3 from (13'")

If 1y ig gern in (13'") ite right hand side is zero, Therefore the left hand side must also be

zero, Imlying

Gah)

T mam T 0 o Gilbh =l - e - Gad)

The functions of the lagt equation are drewn in Figure 5. If h is positive (zero), Gu is
INSERT FIGURE 5 OVER HERE

positive (zero) too. The right hand side is a falling function of h with vertical intercept p—e.
The left hand side starte from the crigin and is incressing in b if Guh/Gs + 1 » 0 and
must therefore intersect the curve of the right hend side, Thus, for 13 = 0 there 1s & unique
salution hY.

The elops of the (13'") ie

dly/dh =

(g — ¢ — C‘fz)ng[(ﬁ - ¢ —Ge){Guih + Gy) — Gih(~Ga)] (1 — 11 + als)
10 _ _ - af

-1 = e (1 b @) -

g o— & - \3,}; 1 - ﬁ




For b = 01t is negative because

(p — e:)_g[(ﬁ - G = 11 4+ el)
dla/dh = <0
lamo a2~ ap/(1- 7))

end for b = 1 (at 1y = 0) it becomes also negetive

dly/dh =
lp=n?

(0 — ¢ — G’a)-g[(.ﬁ — ¢ — Gg)CGuih + CGi) — CGih(-Ca)](1 — h + i) ,
Gih - of <0
——— Me———cg u\}-
p— & - Gy 1 - F

becauge p — ¢ — Gy > 0 for ¥ > 0, Guh 4 Gi1 > 0, As the denominator of the slope 5 a
monctonicelly ncreasing function of h and indspendent of 11 and the slope 15 negative for
the highest possible value of b = h the denominetor csnnot changs sign between h = 0
and h% Iy = 1 (13") leads to a contradiction. This shows that the function intersects the
sxes abh = O where Lo ¢ 1. At b = O we hawe j = [1 + aff(1 — A . This is the

meximum valae for i It impliss thet

113:115::{(1 + ng_ ) — 19 hm&z + 1(-3 llm&}?: - -1} 0=1— 11mt591{ . 1&_@ llm&:ﬁ

S0 in the neighbourhood of steady states we heve that 11 must be such that

1—13.—1—':&%—?;1120.



Appendiz B.2 [Slope of (1”“\ gt 1y = 0]

The slope can be rewritten ag

1-l1.1 h

: -1 . b i1
b/ dly = Bl e T e

1 —(1-a) [f- T F {T’(‘_ﬁ)] 1=l —a) [ﬁ“‘l

Ag 13-+ 0 we have h -+ «, and therefore Z]le dhfdly = —
1~ 0

Appendix B.3

To derive the errows drawn in Figure 4 we rewrite Iy, and lg:

Ilf}l H( 11 lb/ll)
La/Ls

Fg — 9Gib/fls
Ip = - — ohly/(1 — 11} =0
+ #Gi/ 1y

Multiplication of (13') by the denominator of the fraction yields

— Gl — (Fy + $CGi/l)ebly/(1—1) =0

Using Fih/Fy = #/(1 — f) this can be rewritten as

Iy = Fa(b)fl — i~ efli/(1 — F)] — 9CG(h)h(l =L + oly) = 0

i 1
+ ¢/glh)

(12)

(131)

(13"




From (12') it follows that b = 0if either b = 0 ar i = 1. From (IBW) i = 0 wonld imply Iy
=(1-2/(1 -8 + of) < 1. This value had already been derived as & limit for i in
sppendiz B.l. A positive ¥ therefore requires that 1 be smallsr than that value,

I; end Iy are two equations for b and 1; depending on ¥ and b. Totel differentiation with

respsct S0 b, 1y, b and o vields & system of the following structure:

[hh Ilh] [d.h} o [hb Iig& {d“b}
O | e N ) M J a
The derivetives of [1 and I with respect to h and 1y are as follows.

Iy, =1

Iy = Faali[l ~li— afla/(1 — )] — $(Guh + Go)(1 —1a + ol)

Using Iy = 0 to eliminate o yields

Iy = Faalafl =l — efla/(1 = A)] = Falaf1 =l — efla/(1 = A))( Gash/Ga + 1) =
[1—1i— eflaf(1 = F)} [Fasly — (Fola/b)(Gub/Ge+ 1)] =

[1=li— afly/(1 = £)) (Feli/b)[Faab/Fs — (Gub/C1 4+ 1)) =

[1-li—afly/(1 -] (Fali/n)f - #R)] >0 iff> ¢(h)



111_1 S Hmihwg[h(mlj ~1(1 —11)] — Hs f%/—i- (~1 )11“9

= el % 4 2 [/ (&L + (- o)kl

1 2

(1 -aX1 — L) _ hllwl 1 -1 A+ el w0

S S PYCTEE Iy pe iy R R P ‘{“1 — T- 11

To find the sign of Jp, we consider I3 only in the neighbourbood of dj = 0, Elimmeating the
: 2, g g

Fo—terro in Iy = 0 using :!J = () yields

Ip=(p — ¢ =Gl —li— afaf(1 — )] — $Gah(l — L + ely) = 0.
Derivation with respect to 1y vields

Iy, = (p — ¢ — Ga)g[~1 — eBf(1 — F)] — $CGh(-1 + o)

Using Iz = 0 agein to eliminate the first term in brackete yields

[, = $Cah(1 — i+ aly) ) a1 = B — G & o) =
L [1 -1 —Laf/(1 - ﬁ)][ /( )] , )

JCih “
1 -1 - Liaf/(l — f)

{(1 -l + el = «ff(1 =] + [1 = b —Lof/(1 =PI ~ o)

Multiplying the denominator and the second row of the product by (1 — f), doing the

multiplication in the second line and cancelling terms yields



3 1h
1 - 8)(1-1) — afha

Igh = ( {—a}<0

From ( 13') one can see that the denominator is positive for # >

derive the npper limit for v

The firet matrix of the system then hae the determinant

‘Dl = Ilh'lgll“":[ﬁhllh " 0
+ -+ 4

The slements of the second matrix are

I:zg, =-—-CGh(l-li4 ah) <0
The relation between b, 11 and b, ¥ cen then be calenlated as

h/db =— hblgll/lD! =0

— — + po—

fy/8b = ~ Loy (14 )/ID| > 0
—_ + —_— —

0. This was used above to



A = Iih(:mliz%)”]:)l <0
4 o

The explicit form of the differential squations then 1s
b = tly(b, B Fa(b, #), 1] — {glh(b,p)] + ¢} (= 0= J1)

§ = {p — ¢ — Cof(b, P} — Fala(b, )b, ¥) (= 0 = Ja)

The following mformation will be collected in Figure 6.

Ag we know from I; thet h approaches zero as b approaches zero we can see from Jy that all
terme approach zero ag b approaches zero. Therefore the b = 0 line must be in the

neighbourhood of the vertical axis as b approaches zero. To determine the slope of the b=

0 line we compuie
8o/db = t{Fdl1 /@b + LiF18h /b} — (g + ¢) — g'b@h /&b
+ L

L SR o) b
= i S L - I
BT + (t14Fy T g+ ¢)

1 ‘ . i ~
- TD—%’_ {$1ay F + (thaF1— g'b)(~Izy )} = (g + ¢)

Ingerting the results for Lgh and Igh and using b=0 one gets

. Ilbb
/% = pr -



{91~ 11+ al)(f ~ 1 — CGuh/G)(g + ¢)/h+

. +Gae o
+ e+ OFD/F = gl yrr=yapm } ~ 6 )

Ly P 1 - ok .
As 5] = 5] bacomes zero 86 b and h approach zero and thers 18 no reason

for the term in brackets to go to infinity end g(0) = 0 we have

lim db/db = — ¢ (8)
0

Moreover we have

b/ 3% = t(F /34 + L,F 13N/ 34) — g*baﬁ /39
- + —

iy Iy Ill ""IQ,_ ) .
= tF -rD—[Jé + thFy T%T_l — b0/ = —p57d (&F ~ thFily ) — g'b /3

-1,
- —l-fy‘;% tF (1= Lily F1/F) — g'b0h /69 < 0 (b)
= - 4

if the term in brackets ie positive. This will be shown next through lnsertion of 1111.

(1 —111111}?1/?) =1-hl I %11"1' ey FifF =1 _51 i‘ %1'2' el

= 1= [(1 =100 = 8) - efl) = %‘E—‘% [1-Li—ef/0-5)>0

The last result of appendix B.1 was that In the neighbourhood of & steady state with # » 0,




. - . o IV
1y must be emall enough to meke the last term positive. This can also be seen from ng‘“’ )

From (a) and (b) it follows that

a/db) = — (Gb/8b)/(Fb/aP) < 0
b=b=

Thus the b = 0 curve is falling in the neighbourhood of the vertical axis.
INSERT FIGURE 6 OVER HERE

The derivatives of Jy are

8@2}/fv}»~~(_xr;1drg¢ Fmg%hmlf'gg%}{i’
e s I R S S
é’%b/d‘#!"—"— mu“(:},;)""(_z,ltl %‘g‘iﬁ F?iﬂ"FJ&ll
+ e T T S Sl

This term unfortunstely has an unclear sign. Because dh/dy depends on Fy, Lo " and 1111,

which sll spprosch zezo for h = 0 and this 15 the case for b = 0, we have

lim d9/dp = (p—¢) > 0
b, h-0

Therefore in the neighbourhood of b = 0 we have



/i) = —(39/30)/(@] &) > 0

Thus ths a!: = 0 linz has & positive slops 1n the neighbourhood of b = 0. Moreover, for 4=+ 0

we have

11mgln=—F‘311 <0
=0

Thus in the naighbourhood of the horizontal axie ¢ is falling as indicated by arrows in

Figure 6 and the zb = 0 line can't converge fo the horizontel axis. Furthermore, for h-0 s8

b0

lim ¢ = (p— e} > 0

b0

Thus # is increasing in the neighbouwrhood of the vertical sxie and the yb = 0 line can't

converge to the vertical axis, As the ¢ = 0 line can't converge to the axes for b=0 or -0

separately and hes positive slope for b=0 it must come from the origin.

Because cs’zb/d‘b < 0 implies that to the xight of g& = 015 ¢ is falling and to the laft of ;(a =0
It is Increasing, the f;; = 0 lins can't become falling for higher b because then o would have

to Increase fo the left of the falling part but also would have to decreass below w,du = 0 which

would imply opposite directions of the arrows on the same side of the curve which is &

contradiction. Therefore the ?21 = 0 curve must heve & positive slope throughout. This is

indicated by the deshed line in Figure 6.



As we know from the steady state analysiz in the h~li—plene suramerized in Figure 3 that

there are either (at lenst) two steady states or no steady state, we can conclude that the b
= 0 line must be u—shaped as indicsted in Figure 6, If there were three steady states which
we can't exclude in view of Figure 3, the u—curve wonld have to go down agein, if there

were four it would go up again and so on.

In gum, the analysis of the existence of a steady state in the h—ly—line together with soras
regults for the conventional analysis of the dynamics allowed to find the dynamic properties

of the model.

Figure 7 contains the dynamics of the case where there is no steady state. These arrows can

be concluded from

a/8b < 0 snd b/ < 0

INSERT FIGURE 7 OVER HERE

To the right of # = 0 the values for ¥ must decrease and to the left they must increase,

Above b = 0 the values for b muet decrease &nd below b = 0 it must increase. The dashed
linee indicate possible paths for ¢ and b. On the path where b and ¢ are Increasing we see

from #h/f¢% > 0 and Gh/db » O that h will be incressing as long ss we are in the

neighbourhood of the ¥ = 0 line, because the sign for Igh could only be derived for the
sgsumption of being in thet nelghbourhood. If b is felling end s incressing this induces 1y
to fall and if b is increasing and ¢ le falling thie indnces 1y o increase. This movement of Iy

it limited by its upper bound derived in eppendiz B.1. The case for two steady states is




surnmarized in Figure 4 in the text,

If such & case of no steady state existe then betwesn thet one and the proven case of
two steady states there must be a case where the curves are tangential to sach other. This
case would be stable in the saddle point sense from the left and unstable from the right.

Here the rate of technical progress would be higher than in all other stable stsady states. If
there are more than two steady states those with & falling b=0 line will be stable in the

saddle point sense and those with increasing b=0 line will be unstable,
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