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Abstract

The factor-augmented vector autoregressive (FAVAR) model, first proposed by
Bernanke, Bovin, and Eliasz (2005, QJE), is now widely used in macroeconomics and
finance. In this model, observable and unobservable factors jointly follow a vector
autoregressive process, which further drives the comovement of a large number of ob-
servable variables. We study the identification restrictions in the presence of observable
factors. We propose a likelihood-based two-step method to estimate the FAVAR model
that explicitly accounts for factors being partially observed. We then provide an infer-
ential theory for the estimated factors, factor loadings and the dynamic parameters in
the VAR process. We show how and why the limiting distributions are different from

the existing results.
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1 Introduction

Since the seminal work of Sims (1980), vector autoregressive (VAR) models have played
an important role in macroeconomic analysis. Because the number of parameters in a
VAR system increases rapidly with the number of variables, there is a degree-of-freedom
problem when too many variables are included in the system. On the other hand, too few
variables may not fully capture the dimension of the structural shocks. These problems
may explain some puzzling empirical results in the body of VAR research. For example,
various studies commonly find that a contractionary monetary policy often leads to an
increase of the price level, rather than a decrease as the standard economic theory alleges
(see Sims (1992) and Christiano, Eichenbaum and Evans (1999)). Sims (1992) proposes a
plausible interpretation of this puzzle, suggesting that it results from the VAR analysis not
fully capturing the information. Including more series in a VAR model is limited because
of the loss of degrees of freedom.! Furthermore, as Stock and Watson (2005) point out, it
is doubtful that the larger VAR models with some potentially incredible restrictions would
be superior to the smaller ones.

Bernanke, Boivin and Eliasz (2005) propose a factor-augmented vector autoregressive
(FAVAR) model to address the dilemma arising from the information deficiency and the
degree-of-freedom problem in traditional VAR models. In contrast with such models, the
FAVAR model includes unobserved low-dimensional factors in the autoregression. These
factors, which may not be captured by some specific macroeconomic aggregates, are thought
to contain the bulk of information about an economy. With inclusion of these unobserved
factors, the FAVAR model is of rich information, but remains tractable in terms of the
number of parameters, owing to the low dimension of the factors. The FAVAR model is
now widely used in economic applications.? Despite its wide applicability, important issues
remain to be addressed.

We first derive the number of restrictions needed in the presence of observable factors,
and then consider how to impose these restrictions. Two types of restrictions may be
considered. One type involves restrictions on the sample moments of factor process, the
other involves restrictions on the population moments of the factor process. The first
type is more appropriate for factors being a sequence of fixed constants, e.g., Bai and
Li (2012a). The second type is more appropriate for factors being a random sequence.
Similar issue was discussed by Anderson (2003, page 571). In FAVAR models, since the

factors are stochastic processes, restrictions on population variance are more reasonable

!The Bayes method is alternatively considered (Doan, Litterman and Sims (1984), Litterman (1986),
Sims (1993)), and by imposing some prior restrictions, the usual VAR model can accommodate more
variables (e.g., Leeper, Sims and Zha (1996)).

2For example, Boivin, Giannoni and Mihov (2009), Bianchi, Mumtaz and Surico (2009), Forni and
Gambetti (2010), Moench (2008), Ludvigson and Ng (2009), to name a few. Large dimensional factor
models are also increasingly used outside macroeconomics and fiance, for example, Fan, Liao and Mincheva
(2011) and Fan, Liao and Mincheva (2013) and Tsai and Tsay (2010).



than on sample variance. An important result of this paper is that the two types of
restrictions, although asymptotically equivalent, lead to different limiting distributions for
the estimated factors and factor loadings, as well as different limiting distributions for the
estimated parameters in the VAR process.

The second issue is estimation and the related inferential theory. In the FAVAR litera-
ture, Bernanke, Boivin and Eliasz (2005) and Boivin, Giannoni and Mihov (2009) suggest
a two-step method to estimate a FAVAR model, in which the factors are extracted first
and their dynamics are estimated next. There are no studies on the inferential theory
of the FAVAR model. The deficiency in this respect makes it difficult to construct the
confidence intervals for the impulse response function and to interpret the subsequent eco-
nomic analysis. Possibly for this reason, Bernanke, Boivin and Eliasz (2005) also consider a
bayesian method to estimate the model. However, the burdensome computation procedure
of the Markov chain Monte Carlo (MCMC) method in this context is formidable for many
researchers.

In this paper, we consider the identification, estimation, and inferential theory of the
FAVAR models. We contribute to the FAVAR literature in several ways. First, we inves-
tigate the identification problem of the FAVAR model. Due to the presence of partially
observable factors, the identification problem here differs from those in standard factor
models. We consider three sets of identification conditions. Unlike the usual identification
conditions that are imposed on the sample variance of factors, we put the conditions on
the variance of innovations to factors. These conditions are similar to those in the stan-
dard structural VAR literature. Second, we propose a likelihood-based two-step method
to estimate the FAVAR model, which explicitly takes into account of partial factors being
observed. Using maximum likelihood (ML) method instead of principal components (PC)
method in the first step gives a better estimation of unobserved factors.> In addition, we
find that the iterative estimation procedure advocated by Boivin, Giannoni and Mihov
(2009) can be avoided. Third, we establish the statistical theory of the two-step estima-
tors including consistency, convergence rates, and the asymptotic representations. We also
give an inferential theory for the impulse response functions. Based on this theory, the
confidence intervals of the impulse response function can be easily constructed.

There are several studies related to our work. Stock and Watson (2005) consider the
identification and estimation issues in the dynamic factor models. Their identification
strategies share with ours the same feature that partial conditions are imposed on the
variance of innovations. But the remaining conditions are different: their conditions are
imposed on the vector moving average representation and ours are imposed on the orig-
inal factor representation. Which identification strategy is preferred depends on specific

applications. Bernanke, Boivin and Eliasz (2005) suggest a timing-exclusion strategy for

3See Bai and Li (2012b) for a comparison of finite sample performance of the ML and PC methods.



identification. Their strategy may lead to over-identification. Han (2014) proposes a statis-
tic to test the over-identification restrictions. There are additional studies considering the
bootstrap method to construct confidence intervals for factor-augmented models, such as
Goncalves and Perron (2014), Shintani and Guo (2011), Yamamoto (2011). Our theoretical
results also pave ways for future studies in this direction.

The rest of the paper is arranged as follows. Section 2 introduces the FAVAR model
with its identification problem, and examines three sets of identification restrictions; and
presents some regularity conditions. Section 3 states our two-step estimation procedures.
Section 4 presents all the asymptotic properties of our estimators. Section 5 focuses the
impulse response function and its confidence intervals. Section 6 investigates the finite
sample properties of our estimators. Section 7 concludes. Technical proofs are delivered in

the appendix. Throughout the paper, the norm of a vector or matrix is that of Frobenius,

that is, ||A]| = /[tr(A’A)] for vector or matrix A.

2 The FAVAR models

Let g: be a vector of observable factors, and f; be a vector of latent factors, both of low
dimension. The FAVAR model assumes that g, and f; jointly follow a VAR process. That
is, let hy = (f{,g;)’, then h; is characterized by a VAR(K) process for some K,

he = ®1hi—1 + Pohyo+ -+ Prhi_x + us. (2.1)

In general, neither f; nor g; alone is a finite order VAR process. The FAVAR model further
assumes that a large number of observable variables z; = (214, 22¢, ..., 2n¢)’, dimension of
N x 1, is affected by h; through a factor model

Ji

Zt = [A F] i

+ e, (22)

where A and T' are the factor loadings with A = (A1,...,Ax) and T = (71, ...,yn)’, and
et = (e1t, egt...,enr)’ is the idiosyncratic error. Throughout, we assume f; is of dimension
r1 X 1, g of ro x 1 and hy of r = 1 +1r2. We consider estimating the factors (f;) and factor
loadings, the variance of the idiosyncratic errors e;;, and the dynamic parameters in the h;
process, and derive their limiting distributions under various identification restrictions.
Model (2.1)—(2.2) is the FAVAR model proposed by Bernanke, Boivin and Eliasz
(2005). Equation (2.1) is a standard specification of VAR(K') model, except that the vari-
ables f; are unobservable. The inclusion of unobservable factors is crucial to the FAVAR
model. These unobservable factors usually capture the information of some structural
shocks that are important to the economy but cannot be well represented by specific
macroeconomic aggregates. As mentioned before, omitting unknown structure shocks may
be a primary reason for the failure of the traditional VAR model in some empirical appli-

cations. Equation (2.2) specifies that the common factors h; are related to the observable



data z; by a factor model. This approach is a plausible way to model the relation between
observable variables z; and the latent variable f;, given the diffusion nature of common

shocks in hy. The FAVAR model can be considered as a special case of Forni et al. (2000),

but with more structures.

2.1 The number of identification restrictions needed

Model (2.1)—(2.2) cannot be fully identified without additional restrictions. To see this,

for any invertible 71 x 1 matrix My1 and rq X 79 matrix Mio, the model can be written as

2= Afy + Tgi + e = (AMyy) (ML fr — Mt Miggs) + (T + AMys) g¢ + e (2.3)
A* ft* F*

Then we obtain two observably equivalent models. Since the total number of free pa-
rameters of M1 and Mis is 7‘% + riry, we need at least r% + r17ro restrictions to identity
parameters. A subsequent question is whether 72 4+ 179 restrictions are enough. To answer

this question, we first define some notations for ease of exposition. Let

F:(flvaa"-va)la G:(glag%"'agT)lv H:(hth:"'th)/:[FaG]'
The following proposition shows that the preceding question has a definite answer.

Proposition 2.1 Suppose that H is of full column rank, the number of restrictions needed
to fully identify model (2.2)—(2.1) is (r3 + rira).

PROOF. Let M be any invertible r x r rotation matrix, partitioned as

My Mo
M p—
[le MQQ]

where M1, Mo are r1 x 71 and rg X ry square matrices, respectively. Then equation (2.2)

can be written as

ft
gt

fi

Zt = [A F} i

—1
My, Mm] [MH Mul
+€t.

Msy1 Moo Mo Moo

+e=[A F}l

Let h}; = Mhy. If M is a qualified rotation matrix, the lower 7o elements of hI should be

ftT _ | Mu M i
gt My Moz | |ge|”

implying g; = Moy fi + Mosogs, or equivalently

gt. This gives

[Ma1 (Maz — I,)] [z =0,

fort =1,2,...,T. The above result is equivalent to

(Mo, (Mo — I,,)|H' = 0.



If H is of full column rank, by post-multiplying H(H'H)™!, we have My = 0, Moy =
I.,. This result indicates that, to fully identify the parameters, we only need to uniquely
determine the matrix M7 and M3, whose number of free parameters is exactly r% + ri7ro.

This proves the proposition. [

2.2 Identification restrictions

The identification problem brings advantages and disadvantage to the FAVAR model. On
one hand, it causes difficulties in interpreting the model in a universal way; on the other
hand, the model has flexibility to fit specific situations through a careful design of the
identification strategy. In what follows, we consider three sets of identification restrictions,

which we think are of practical relevance. We first introduce the following notations:

_ et o n_ | Elegy) E(epvy)| _ |Qee Qoo
g B n_ |E(fif) E(fig))|  |Apr Ay
ht[gt]’ AE(ht””[E@f{) E(gtgo][Agf Agj

where ¢; and v; are the innovations corresponding to f; and g; respectively. We consider

the following three sets of identification restrictions.

IRa The underlying parameter values 6 satisty: Q.. = I, -, = 0 and %A’ YA =Q,
where () is a diagonal matrix with its diagonal elements being distinct and arranged
in descending order.

IRb The underlying parameter values 0 satisfy: Q.. = I,,Q = 0 and A is a lower
triangular matrix, where A; is the upper r1 X r1 submatrix of A.

IRc The underlying parameter values 6 satisfy: Q., = 0 and Ay = [,,,, where A; is the

upper r1 X r1 submatrix of A.

Each set of identification restrictions imposes 'r% + r1ro restrictions. There are no
restrictions on 2, as v; is the reduced form residual from the observable g;. In the next

subsection, we explain why it is possible to assume ()., = 0.

Remark 2.1 In factor analysis, Anderson (2003, page 571) considers both types of restric-
tions E(fif{) = I, and % SL, fifl = I,. The former restriction is considered population
restriction, and the latter is considered sample version restriction. In our case, since we
have dynamics in h;, the errors ¢; correspond to f;. Because we assume the errors are
random, it is reasonable to make populational assumptions rather than sample version
restrictions. However, as we will show, though E(ee)) = I,, and & 31 e, = I, are
asymptotically equivalent, they imply different distributions for the estimated factor load-
ings and the estimated factors f;. The population version restriction implies larger variance

than the sample version restriction.



2.3 Discussions on the identification restrictions

We give some discussions on the preceding identification restrictions, especially the reason

that we can impose the restriction 2., = 0. Suppose the original FAVAR model is
T
Z = [AT I‘T] [ft] + ey,
gt
hi = ®hl_| + L] o+ + ®Lh] 4]

i 1] i i
where h] = fi and u] = °t | with the variance matrix Qf = E(uul') = Q]‘?a e .
gt Ut | Qe Qoo

Note that this original VAR representation is in a reduced form with Q. # 0. Let A be a

()12 —(al.,)12al,0z1

rotation matrix defined as A = ”U] , then the new FAVAR

0 I,
model after rotation is i
[ et
z=[AT TTA7L. A |t 4e,
A T ~——
fel
gt
Ahf = ABTATY - Ah]_) + ABTAT ARy + -+ ADR ATV AR+ Auf
N Y Y Y/ — —_— —— =
hi $, hi—1 D2 hi—2 D hi— K Ut

where we use the notation without T to denote the new parameters. Note that the observ-

able factor g; and the corresponding innovation v; do not change. Let €2 be the variance

matrix of the new innovation u; = “t , then Q = AQTA’ = Iy 0 ,
Ut 0 vi

innovations satisfy 2., = I, and ., = 0. Consequently our imposed identification re-

where the new

strictions on the innovations as stated in the previous subsection are reasonable. The new
factor f; = (Qla.v)_l/thT — (le.v)_l/zﬂluﬁ,;tl,gt is now a linear combination of fl;r and g.
With some appropriate restrictions on the new loadings [A T, the factor f; can now have
economic meanings with additional identification restrictions.

The three different identification restrictions in the previous subsection can be inter-
preted as follows.

IRa requires that A’Y_'A be diagonal, which is often used in the maximum likelihood
estimation, see Lawley and Maxwell (1971). This identification condition is important
in terms of the statistical analysis, it can also be of economic interest in some specific
cases, as pointed out in Bai and Ng (2013). For example, A is block diagonal such as
A = [m1,0;0,m3], where 7; is a vector (or matrix) of NN; elements with N; + Ny = N. In
this case, the first factor only affects the first Ny variables, and the second factor only
affects the next N, variables. Each variable is affected by only a single factor, but we
do not need to know which variable is affected by which factor; we have A’Y_!'A being

diagonal under arbitrary cross-sectional permutation of individuals.



IRb shares the same feature with IRa by imposing the restrictions on the variance of w;.
In addition, it restricts Ay to being a lower triangular matrix. This allows IRb to endow
economic implications with the unobserved factors. Under IRb, only the first unobservable
factor affects the first variable, the first two unobservable factors affect the second vari-
able, etc. This scheme somewhat resembles the recursive identification in structural VAR
analysis. Through careful selection of the first r; variables, the unobservable factors are
now explainable.

IRc restricts the upper r1 X1 matrix to being an identity matrix. Since more restrictions
are imposed on the factor loadings A, IRc relinquishes the requirement that the innovations
to the unobservable factors be orthogonal and have unit variance. Under IRc, the first
unobservable factor affects only the first series, the second unobservable factor affects only
the second series, etc.

Overall, the identification restrictions considered in this paper share the feature that
they impose restrictions on the loadings A and the variance of the innovations to h;. This is
in contrast with the usual identification conditions in factor models, which impose restric-
tions on the loadings and the sample variance of factors; see Anderson and Rubin (1956)
and Bai and Li (2012a) for traditional identification conditions. Imposing restrictions on
innovations instead on factors themselves is important and reasonable because the compo-
nents of f; are correlated while the innovations e; can be assumed uncorrelated, similar to

structural analysis.

2.4 Assumptions

To analyze model (2.2)—(2.1), we make the following assumptions:

Assumption A. The factor hy = (f{,g;)" admits a VAR representation (2.1), where u;
is an 7.i.d process with E(u;) = 0, var(ug) = 2 > 0 and E(|lu¢]|*) < co. In addition, all the
roots of the polynomial ®(L) = I, — &1L — L% —--- — & LK = 0 are outside of the unit
circle.
Assumption B. There exists a positive constant C' large enough such that

B.1 ||\ < C < oo, ||yl < C < .

B2 C2< a? < C? for all i.

B.3 A}gnoo %A’ Yo'A = Q exists and is a positive-definite matrix, where X is defined in

Assumption C.

Assumption C. E(e;) = 0; E(ese}) = See = diag(o?,03,...,0%); E(e}) < oo for all i
and t. The e;; are independent over ¢ and t. The N x 1 vector e; is identically distributed

over t. Furthermore, e;; is independent with wu for all 7,1, s.
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Assumption D. Variances o? are estimated in the compact set [C~2, C?).

Assumption A makes the regularity conditions on factors. It requires factor h; to be
stationery over t. It also guarantees that H = (hy, ha,...,hy)" is of full column rank. So
under Assumption A, Proposition 2.1 holds. Assumption B is made on the factor loadings.
This assumption is standard. Notice that Assumption B requires the columns of A to be
linearly independent; otherwise, Q will be a singular matrix. Assumption C centers on the
idiosyncratic errors. Under Assumption C, the correlations over time and cross section are
ruled out. Meanwhile, the heteroscedasticity over time is also precluded. This assumption
can be relaxed to a great extent. In fact, the analysis of this paper can be extended to the
approximate factor models (Chamberlain and Rothschild (1983)). Assumption D requires
0? to be estimated in a compact set. This assumption is due to the high nonlinearity of

the likelihood function, and it is common in the literature for nonlinear problems.

3 Estimation

In this section, we propose a two-step method to estimate the underlying structure param-
eters that satisfy IRa, IRb, or IRc. Some alternative methods can also be used. Bernanke,
Boivin and Eliasz (2005) consider the MCMC method. Boivin, Giannoni and Mihov (2009)
consider the iterated PC-OLS method. Our method directly takes into account that g; is
observable, no iteration is necessary. Also, the MLE-based method is more efficient than
that of PC-based.

To gain insight into our method, write (2.2) into matrix form as
Z=AF'+TG +e. (3.1)
Post-multiplying Mg = It — G(G'G) "G, we have
ZMg = AF'Mg + eMg.

Applying the quasi maximum likelihood (ML) estimation method to the model, we obtain
the QMLE A, Y., and F. Let f&=Ru(fi— Ang;glgt), where Rq1 is a rotation matrix.
It can be shown that f; consistently estimate f7. To recover f; from f} and g¢, we only
need to determine Ay, and Rqq, which is achieved by our identification conditions.

The estimation method is formally stated as follows:

1. Apply quasi ML method with Y = ZMg to get quasi ML estimates (QMLE) \;, 57;
then calculate F = V'S 'AANSIA) " and T = (Z — AF")G(G'G)~!, where Y, =

diag(62,...,5%).
2. Let hy = (f],¢})" and run the following regression

hy = ®1hy_q + ®ohyo + -+ + ®ghy_ g + error (3.2)



to get the estimator Py, Dy, ..., Px.

3. Let @; be the residuals of the regression (3.2). Calculate Q = %ZtT: & Uiy, where
T=T-K and K = K + 1. Then Q.., Qs and Qy, are obtained by the definition.
Calculate Qeep = Qe — QEUQ&%QUE.

4. Estimation under IRa: Let V be the eigenvector matrix of Q;g%,(%]\’f)ggﬁ)@;ﬁ,,
whose associated eigenvalues are in descending order. Calculate A= AQ;!?UV, L+
AL Q5L F = (F - GQ;&QW)Q;{PV. Further construct R as

_ ol —valo.,050
0 I,

R

Then <i>p = Ri)pR_l forp=1,2,..., K, and Qoo = Qpo.

Estimation under IRb: Let Q;ﬁ,[&'l = QR be the QR decomposition of Q;ﬁ,]\’l

with @ an orthogonal matrix and R an upper triangular matrix, where A; is the
upper r1 X r1 submatrix of A. The parameters are estimated by A= f\flig/zv ,
[ = AL O3  + T, F = (F — GOgl0ue) 02020, Let
o o0 —oaio.,n]
0 I,

Then <i>p = R&%R’l forp=1,2,..., K, and Qoo = Qpo.
Estimation under IRc: The parameters are estimated by A = AA), T =T+
AL, Q) and B = (F — GO Q0 )AL Let
R = ]\1 _Alﬁsvﬁiul
0 I, '

Then <i>p = R®,R ' forp=1,2,...,K, and Qv = Quvs Qee = A Qe
Remark 3.1 The innovations v; do not involve any identification problem and hence are
the same under different identification restrictions, due to the factors g; being observable.
As a result, the estimator vi is the same under different identification restrictions. How-
ever, for the innovations g;, its variance matrix is restricted to being an identity matrix
under IRa and IRb, so we only need estimate 2., under IRc. The estimator Q would be

useful in the construction of the impulse response function in section 5.

Remark 3.2 We explain how we recover f; from f (how to obtain fy from f:) using
the given formula above. We take IRc as the example to illustrate. By f} = Ri1(fi —
Angg_glgt), we have F' = (F* + GA;glAng{ll)Rﬁl’. From the estimation procedure, it is

seen that ]\1_1 corresponds to Rq1. Also notice that
F| _ B ApgAgg | [ (e | _ B Al et
gt 0 I gt vy 0 I v}

10



(notice that v} = v;), which further implies

Qe Qew| _ % R, + Apg AL,
Que Qo Qo Ry + QA Ayy Qz, '

By Qe = 0, we see that Q3,1 = —A LA R}, So the term —Q; 1y is an estimator
of A;glAngil. This justifies the formula F= (15’ — GQ;&QUE)A’I in IRc.

Remark 3.3 The parameters A,I', Y., P1,..., P, and Q can also be estimated by the
state space method using the Kalman smoother as in Watson and Engle (1983), Quah
and Sargent (1992), and Doz, Giannone, and Reichlin (2012) (though the latter paper
considers homoskedastic e;, it can be extended to heteroskedastic errors). But the state
space method is computationally more demanding than the two-step method here. That
is perhaps the reason that Doz, Giannone, and Reichlin (2011) subsequently also consider
a two-step method. Furthermore, it can be shown that, due to the static relationship
between z;; and hy, there is no asymptotic efficiency gain by using the Kalman smoother.

None of these papers study the limiting distributions of the estimators.

Throughout the paper, we use the symbols with a hat to denote the final estimators (for
example, 5\1-, ft, ﬁ)k) and the symbols with a tilde to denote the intermediate estimators (for
example, \;, ft, (i>k). Since 01-2 does not have the identification problem, the intermediate
estimator and the final estimator are the same. For this reason, we use the two symbols

interchangeably; that is, &1-2 = 62-2 and 2@@ = iee.

4 Asymptotic properties of the estimators

In this section, we deliver the asymptotic results on the two-step estimators. The following

proposition states that the two-step estimators are individually consistent.

Proposition 4.1 Under Assumptions A-D, when N,T — oo, with any one of identifica-
tion conditions (IRa, IRb or IRc), we have

~

ANi—ND0 5i—vdo0 62-02B0 fi-fi B0 d-d. B0,
foreachi=1,2,..., N;t=1,2,...,T;k=1,2,... K.
To give the asymptotic representations for the factor loadings, we introduce the follow-
ing notations. Let V' be a r1 x r1 matrix, which is defined as follows:
BélPlD;ﬁ% Zgzk[et ® ey — vee(l,)], under IRa
vee(V) =3 Dot Y7 ler @er — vee(, )] + D3(Ar © Agg) ' 4 3721 (&4 © ¢), under IRb
—(Ir, ® A&;)% S & ® ¢, under IRc

11



where D, is the r-dimensional duplication matrix such that D,vech(M) = vec(M) for any
rxr symmetric matrix M and D; is its Moore-Penrose inverse; Bg = 2D}, (K7, (I, ®Q)+
Q ® I,,)D}]" where K, is the r-dimensional commutation matrix such that K,vec(M) =
vec(M') for any r x r matrix M and D is the matrix such that veck(M) = Dyvec(M)
for any symmetric matrix, where veck(M) is the operator that stacks the elements of
M Dbelow the diagonal into a vector; Py = [I,,0pxq) with p = (r1 + 1)r1/2 and ¢ =
ri(r1 — 1)/2; Dy = K, D} (D} S.. Sy, Di )"'D S| /2 where D* is the matrix such that
vec(M) = D}vech(M) for any lower triangular r x r matrix M and S,, is the symmetrizer
matrix such that S, = (I,2 + K,)/2; D3 = 2[@257-1 —1,2; A1 is the upper 71 X 71 submatrix
of A; Ayy = E(pu¢t) with ¢y = fr — ApgA Ao & = (61,62, cesert).

Given the consistency, we have the following theorem on the asymptotic representation

of the estimator for loadings \;:

Theorem 4.1 Under Assumptions A-D, when N,T — oo and T/N — 0, under IRa,
IRb or IRc, we have,

T
VTN = X) = VTV + A} <\/1:? 3 ¢te7;t) + 0p(1) (4.1)
t=1

where ¢y = fr — ApgA ] “Lg; and Ayy = E(dr¢}), where Ayy and Ayy are defined in (2.4).

Remark 4.1 Consider the limiting distribution under IRa. The restrictions under IRa
are similar to those for the principal components estimator. The limiting distribution here
is different from that of the usual PC in several ways. First because of the presence of
observable g;, the “regressors” f; is projected onto ¢¢, and the projection error ¢; enters
into the distribution. Second, there is an extra term V in the limiting distribution. To
better understand this term, consider the situation in which g; is absent, and the dynamics
in hy is also absent so that hy = f; = ;. The restriction E(g.e}) = I, becomes E(f,f{) = I,.
The limiting distribution under IRa would be

T _ T
VT(\i — N) = VTV + (% > hifi) 1\/1:7 > freir + 0p(1)
t=1 t=1

where V' depends on %Zle fifi — Ir. If one imposes the sample version restriction
%Zt fifi = I, then the first term disappears. This result is consistent with that of
Bai and Li (2012a), where the sample version restriction is considered. Thus restrictions
on sample covariance and restrictions on population covariance lead to different limiting
distributions for the estimated factor loadings. The former restrictions imply a larger lim-
iting variance for Ai. Third, because we allow dynamics in h¢, the first term V' involves the
innovations of ¢; rather than f;.

Under IRb, the population restriction E(ei}) = I, continues to affect the limiting
distribution. Now V itself is composed of two expressions. The second expression in V is

analogous to a term in Bai and Li (2012a) under IC5 .
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Under IRc, there are no restrictions on the population variance of €;, and instead, the
restrictions are imposed on the factor loadings. The limiting distribution is analogous to
that of Bai and Li (2012a) under IC1.

Remark 4.2 Theorem 4.1 shows that the asymptotic representation for A\ under different
IRs has a similar expression, which justifies our treatment that the asymptotic properties
for \; under different IRs are studied in a unified framework. The symbol ¢; in the asymp-
totic representation is the residual of projecting f; on ¢g;. Hence it is orthogonal with g;.

The expression of V is different under different identification restrictions.

To derive the limiting distribution of 5\1-, we consider the covariance between the first and
second term on the right hand side of (4.1). Under IRa, V only involves the VAR innova-
tions &, then it is independent with the second term which only involves the idiosyncratic
errors e¢;;. Under IRc, we only need to estimate \; with ¢ > r1, so the second term only
involves e;; where i > r1. But V involves & = (e, eat, -+, €r¢), so it is independent with
the second term. Under IRb, for i > r1, these two terms are independent for the same rea-
son as under IRc. But for ¢ < rq, these two terms are correlated. Based on the preceeding

analysis and Theorem (4.1), we have the following corollary.

Corollary 4.1 Under the assumptions of Theorem 4.1, with the normality of uy, we have

Under IRa:
VT(hi = A) SN (0, (N ® I, )2Bg' Py (D}, Dy ) 'PIBG (N ® I,) + JZ?A;(;),
Under IRb: for i > rq,
VIR = X) % N (0, (N @ L) [2DD) + Dy [(M S0 A1) @ Ay D5 | (A © 1) + 07 ALY,
fOT’ 1 S l S 1,
VI = X) 5 N (0, (X @ L, )Da |21, + 45, [(MTgd M) © Agg] 1], Dy (A @ 1)),
Under IRc: fori > rq,
VI(Ri = 2) 5 N (0, (\Beehi + 0D AG)),
where Y¢e = var(&) with & = (eis, €2, ..., ert) . The symbols Bq,P1, Dy, Do, D3, Ay, Sy,
and Ay are defined in the paragraph before Theorem 4.1.

Now we consider the asymptotic results for 4; — ;. We have the following theorem.

Theorem 4.2 Under Assumptions A-D, when N, T — oo and \/T/N — 0, under IRa,
IRb or IRc, we have

T
VT (i =) = VTWA + A (\% Znte“) +op(1)
t=1
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where n; = gy — Ang;}}ft and Ay, = E(nm;) where Agy and Agy are defined (2.4). In

addition,

1 T
W = Q;’;T Z 'UtE;{
t=K

Similar to Theorem (4.1), the asymptotic representation of 4; under different IRs also
has a unified expression. Symmetric to the symbol ¢; in Theorem 4.1, the symbol 7,
here is the residual of projecting g; on f;. The matrix W has a unified expression under
different IRs. If the population restriction E(vie;) = 0 is replaced by the sample version
% ST wiel =0, then the first term W disappears.

Notice that the two terms in the asymptotic representation of 4; — ~; are independent,
since the first term only involves u; but the second term only involves e;;. Then we have

the following corollary.

Corollary 4.2 Under the assumptions of Theorem 4.2, we have
VI =) 5 N (0, (N0 X000 + o2 A L))

where Qee and Qo are defined in (2.4).

After deriving the asymptotic result of loadings, we consider the estimation of the
unobservable factors ft. The asymptotic result of ft — f; involves both V' and W matrices,

which is stated in the following theorem.

Theorem 4.3 Let k = N/T. Under Assumptions A-D, when N,T — oo, we have

N - N
VNG~ 1) = (3 22 20N l(jﬁ 3" Sohvew) — VRV i + VIWg) + 0y(1)
=1 "t =1 "1

Notice in the asymptotic representation of ft — ft, the first term and V and W are
asymptotically uncorrelated with each other. To prove this, first consider V and W. Un-
der IRa, notice E[vec(V)vec(W)'|e] = 0 where ¢ = (£1,...,er)". Thus Elvec(V)vec(W)'] =
E[E(vec(V)vec(W)'|e)] = 0. Under IRc, we also have the same result since E[vec(V)vec(W)'|u] =
0 where u = (uq,...,ur)’. Combining the above two results under IRa and IRb, we have
E(vec(V)vec(W)'] = 0 under IRb. Then we show the first term is asymptotically uncor-
related with both V and W. Since W only involves u while the first term only involves
e, they are independent under all IRs. Under IRa, V is independent with the first term
for the same reason. Under IRc, V involves u;; over t while the first term involves e; over
1, so the covariance between them is asymptotically zero. The previous two cases imply
that under IRb, V is also asymptotically uncorrelated with the first term. Given the above

analysis, we derive the limiting distribution in the following corollary.
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Corollary 4.3 Under the assumptions of Theorem 4.3, with normality of us, we have
Under IRa:
VN(fi = fi) 5 N (0,Q71 + k[ 2F(BG Py (D], Dy T PIBGYFi + 60000122 )
under IRb:
VN(fi = £1) 5 N(0,Q7" + k| F/ (2D9Dh + Da[(A1 S Ar) © Aol D) Fi + gi009:02] ).
under IRc:
VN(fi— f) SN (0, Q'+ H[féA;(;ftzgg + géggggtﬁs€]> ;

where Ft = I, ® fr and Q = A}im Q.
—00

2

For estimator &7, we have the following theorem and corollary.

Theorem 4.4 Under Assumptions A-D, when N,T — 0,

1 T
VT(67 —07) = —= > (e}, — o) + 0p(1).
\/T; t p
In addition, we have
VT(6? — 02) % N(0,01(2 + k1)),

where K; is the excess kurtosis of e;. With the normality of e;, the limiting distribution
reduces to N'(0,207).

Notice e;; does not have the identification problem. Consequently its asymptotic repre-
sentation does not depend on the identification restrictions. We then consider the asymp-

totic representation of P — &, which is stated in the following theorem.

Theorem 4.5 Under Assumptions A-D, when N,T — 0 and /T /N — 0, we have

T T _
VT (&), — ®)) = (\% > wiy) (% > Vi) ik @ 1) = VT BBy + VT®,B' + 0(1)
t=K t=K

where Yy = (R,_1,hy_o, ..., h_x)" and B is defined as B = [V,0; W,0].

If the factors f; were observed, the asymptotic representation of \/T(&Jk — &) would
be

1 & Nl & N
(ﬁ tzl:_( Ut%) (f tzl_( lbt?/)t) (ix @ Ir) + 0p(1).

However, f; is unobservable, the asymptotic representation of \/T(@k — &) then has two
extra terms, —/T B'®;, + VT ®,B’. Theorem 4.5 shows that the inferential theory of the
standard VAR models cannot be applied to the FAVAR model.

Given Theorem 4.5, we have the following corollary.
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Corollary 4.4 Under the assumptions of Theorem 4.5, with normality of uy, we have
\/Tvec(@k — ) 4, N(0, 7% ® Q + DgJDyg),

where ¥, denotes the (k,k)th v x r submatriz of [E(0})] =t and J is the limiting variance
of VTvec(B) and defined as

Under IRa:

J = 2D4BG'P1(D;, Dy,) 'PiBG D) + D5 (Qee © 2,0 Ds,
Under IRb:
J = Dy (2D3D) + Ds[(A] 55 A1) @ Agy] ™D} ) D) + Ds (R @ 20D,
Under IRc:
J=Dy(Tge ® A;C;)]D)g + D5(Qee ® Q30 )Ds,

2

where Dy and Dy are respective r? xr? and r? xr1r9 matrices such that vec(B) = Dyvec(V)+

Dsvec(W); Dg = (I, @ O — P}, @ I,,) K, with K, the r-dimensional commutation matriz.

5 Impulse response function

Impulse response function plays an important role in the VAR analysis. In this section,
we construct the confidence intervals for impulse response function of model (2.1). Let
O = (Pq,Pg,...,Px). Theorem 4.5 gives

T
VTvee(@ ~ @) = [1.@ (7 waﬂ L%??w®wﬂ
— VT (I, ® ®')vec(B) + VT(® @ I, )vec(Ix ® B) + op(1).

Let Dy be a K2r? x 2 matrix satisfying that vec(Ix ® B) = Dgvec(B). Given this result,

we have

VTvee(@ — @) = [1.® (7 meﬂ[ m®%ﬂ

+ [(® @ Iy ) Dy — (I, )]\Fvec( B) + 0,(1).

By definition, it is seen that v/Tvec(B) is asymptotically independent with ﬁ ST (e ®
). Let Dig = (@ @ I )Dg — (I, @ ®'). Under the normality of u;, we have

VTvee( @ — @) 4 N (0,9® [E(u))] ™ + DioJ Dy )

where J is the limiting variance of v/Tvec(B) and Q = E(uzu}).
Under the assumption of stationarity of the process h;, model (2.1) has a vector MA (oc0)
expression
he =up + Vw1 + Youp_o+. ... (5.1)
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Given the asymptotic results of vTvec(®’ — @), the limiting distribution of ¥, — ¥, for
all s can be derived in the standard way (see Hamilton (1994) p.336). The limiting result

is stated in the following theorem.

Theorem 5.1 Under Assumptions A-D, when N,T — oo and T /N — 0,
VTvee(¥, — w)) % N (0, T, [2 @ [E(r))] ™ + DioJDig | T})

where T is defined recursively by

S
T, = Z U@ [, U,y ... ;—z’—KH]
i=1

with Vg = I, and Y5 =0 for s < 0.

We notice that the above impulse response functions are derived from the non-orthogonal
shocks. In the analysis of some structural models, the impulse response functions for or-
thogonal shocks are required. For this, we consider decomposing 2 = var(u;). Let P be
the lower triangular matrix, which is obtained by the Cholesky decomposition of 2. And
let w; be the corresponding structural shocks with the relation that u; = Pw;. Then the

moving average expression (5.1) can be written as
ht = Pwi + U1Pwi—1 + VoPwi_g + -+ = Cowr + Crwp—1 + Cowpo + -+ - . (5.2)

with Cs = W, P being the impulse response function corresponding to the structural shocks

W.-

Remark 5.1 There are some cases in which no Cholesky decomposition is needed. For
instance, in the application of Bernanke, Boivin and Eliasz (2005), g; is a scalar that is the
federal fund rate. Then £, is a scalar and hence a diagonal matrix. So under IRa and IRb,
Q is diagonal implying that the innovations u; are mutually orthogonal and hence can be
interpreted as structural shocks. But under IRc, ) is not diagonal due to the non-diagonal

matrix Q.

Next we aim to derive the limiting distribution of v/T'vec(C,s — C,), on which basis the
confidence intervals of the impulse response function can be constructed.

By definition, Cy is related to both ¥, and P. The limiting distribution of U, — 0,
is given in Theorem 5.1. The limiting distribution of P — P can be derived based on the

following theorem, since by definition, P is related to Q.. and ..

Theorem 5.2 Under Assumption A-D, when N, T — oo, the estimator Qy, is consistent
for Q. With normality of us and /T /N — 0,under IRa, IRb or IRc, we have

VTveeh(Quy — Qo) 5 N(0, 2D, Qe ® Q) D).
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where D,‘; is the Moore-Penrose inverse of an ro-dimensional duplication matriz. In addi-

tion, under IRc, we also have

VTvech(Qee — Q) & N(o, D (290ee ® Qee + 45y, (See ® A;l)SLI)D;’).

Further, based on Theorem 5.1 and Theorem 5.2, we can derive the limiting distribution
of \/Tvec(Cy — C,) as in the following theorem.

Theorem 5.3 Under Assumptions A-D together with normality of ug, when N,T — oo
and \/T/N — 0, we have
Under IRa and IRD,
VTvee(Cy — C) 5 N(0,(P' @ L) K LI 0K (P © 1) + (I, @ U)Drday (I @ W),
Under IRc,
VTvee(C, — Cy) % N (0, (P @ L) K, TV LKL (P @ 1) + (I, © W) Ts (I © W)

with Jy = Q@ [E())] " + DioJ Dy, Jo = 2Wa(Que @ Quw)W) and J3 = DgW1[2(Qee @
Q€€)+4S,,l(25,5®A;;)S;1]W’1Dg+2ﬂ)7w2(9w®QUU)W’2D’7. D7 and Dg are transformation
matrices such that for any My, = [My,0;0, My] where My is 11 X 11 and My is ro X ro
and both are lower-triangular matrices, vec(M) = Dgvech(M;) + Drvech(Ma); W1 and Wo
are defined in Appendiz E.

Then based on (2.2) and (5.2), the impulse response function of the observable variables

z¢ with respect to the structural shocks wy is

0Zitrk v [N
8wt _Ck

for each ¢ and for all £ > 0. Then note that

@ 0zitrk A Ry DYDY
Ows Owy =G =) Vi G i — i

has two components, which arise from estimating the loadings ()\;,;) and the MA (o)
coefficients Cg. From the asymptotic representations of (/A\Z —Ai), (% — ) and ((@k — Cy),
taking into account their covariances, we obtain the following theorem on the impulse

response function.

Theorem 5.4 (Impulse Response Function) Under Assumptions A-D together with nor-
mality of u;, when N, T — co and VT /N — 0, under IRa, IRb or IRc, we have

Oziprk  Ozigrk ) d 0z 11h
T LARC e A ’
VT < o e =N {0, Var( Do, ) ,
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where

—

Avar(aj;*”’“) = (X, %) @ L Ky - Avar(vee(Cp)) - K- (X, %) ® L + Cf, - Avar(X, ) - €
Wt

+ (P' @ L) K. YD1 J[(N, 7)) @ Cr] + [(Af, 7)) @ CL]JD YL KL(P & I,,)

with Avar(X,,4)) = diag(Avar(}\;), Avar(%;)); Avar();), Avar(%;) and Avar(vec(Cy)) are
given in Corollary (4.1), Corollary (4.2) and Theorem (5.3) respectively; K, is the commu-
tation matrix defined as in Section 4; J is the limiting variance of v/T'vec(B) defined as in
Corollary (4.4) and Yy, is defined in Theorem (5.1).

Once estimators for Avar()\;), Avar(%;) and Avar(vec(Cy)) are obtained, the confidence
intervals for the impulse response function can be easily constructed. For example, the

95% confidence interval for the impulse response function az(;’thk is

(Tt s (e )™ (Tt 7 s ()] )

where (azgjjk) = C;C [))z] , and diag{-} stacks the diagonal elements of the argument into
Vi

a column vector, and

Ao (Z50Y 2 (3 5 @ 1 K Rvar(vee(©)) - K- (N, 3 © 1 + - Rar(Y, 50 - Gy
t

+ (P @ L) K, TiDio J[(N A7) © Crl + (N, A7) © ClJD TLKL(P @ 1)

with @(:\;,‘y{) being the estimate of Avar(\},4/) and Avar(vec(Cy)) being the estimate
of Avar(vec(@k)); P, i, Dig and J are the estimates of P, Y, Dio and J respectively.

6 Finite sample properties

In this section, we run Monte Carlo simulations to investigate the finite sample properties
of the two-step estimators. For the sake of space, we only consider IRb and IRc, which are
of more practical relevance. In factor analysis literature, many studies, such as Bai and
Li (2012a,b), Doz, Giannone, and Reichlin (2012), investigate the finite sample properties
of the QMLE; that is, A, F, See. Consequently in this paper we instead focus on the
performance of the estimator d. Notice that ® has a close relation with the impulse
response function, which in many occasions is the primary tool of the economic analysis.
Hence the finite sample properties of ® deserves our special attention.

The factors are assumed to follow VAR(1) and are generated according to

hi = ®hy—1 + s
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where hy = (f{,g;) and u; is an i.4.d. N(0,9) process. Matrix Q is restricted by the
identification IRb and IRc and exhibits the form, respectively,

(IRb) [161 9022] (IRc) [951 9022]

where €211 and 299 are both symmetric positive definite matrices. The symmetric positive
matrix is generated according to @ = MDM', where M = M (M'M)~/? with M being
any r X r standard normal random matrix and D is a diagonal matrix with all its diagonal
elements drawn from (1 + [0, 1])?. Throughout the simulation, the number of unknown
factors and known factors, 71 and rg, are set to 2 and 1 (so r = r1 + ro = 3). In addition,
the parameter ® is fixed to 0.71,.

All the factor loadings are generated independently from A(0, 1) (where A is N x 2 and
I'is N x 1). To make the underlying factor loadings satisfy the identification restrictions,
we set the (1,2)th element of A to be 0 under IRb and the upper 2 x 2 matrix of A to be the
identity matrix under IRc. After the factor loadings are obtained, the data are generated
by

z=Afi +Tg + e

where e; = (e1y, ez, - .., ent) with e;; ~ N(0,02), where o2 ~ 1 + U0, 1].

After the data (Z,G) are constructed, we need to determine the number of unknown
factors r1 before estimation. There are two approaches to determine ;. One approach is
to first estimate the total number of factors based on Z (denoted as 7) by the information
criterion proposed in Bai and Ng (2002), and then get #; = 7 — ry where 73 is the number
of known factors. A better approach is to directly estimate the number of unknown factors
71 through the transformed data ZMg. The second approach is adopted in simulations.
Once r; is determined, we use the method described in the previous section to estimate
the parameters.

The identification conditions IRb have so-called sign problem.* To eliminate this prob-
lem, after the estimated factors F are obtained, we calculate the correlation coefficients
between each column of F' and the corresponding column of F'. If the coefficient is negative,
then multiply -1 to that column of F and the corresponding column of A. In practice, this
treatment is not feasible. However, sign problem can be fixed by other means, see Stock and
Watson (2005). We consider a combination of N = 50,100,200 and 7' = 50, 100, 200, 500.
All the results are obtained in 1000 repetitions.

Table 1 reports the root of mean square error (RMSE) of all elements of ®. The last
element of each row is the average of the left nine elements under IRb. On the whole,
we can see that the RMSE decreases as the sample size becomes larger. More concretely,
Table 1 shows that the RMSE is closely linked with the time length T and little related to

*See Bai and Li (2012a) for an illustration on the sign problem.
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the cross-sectional size N. Take ®1; as an example. When 7" = 200 and N = 50, 100, 200,
the corresponding three RMSEs are 0.0611, 0.0572, and 0.0557, which are roughly equal.
However, when T increases to 500, the corresponding three RMSEs are 0.0373, 0.0343, and
0.0335, which are still roughly equal but dramatically lower in comparison with those of
T = 200. This result is consistent with results in Theorem 4.5.

Aside from the consistency, we are also concerned about the limiting distribution of
\/Tvec(ti)’ — @), which, as seen in the last section, has a direct effect on the confidential
interval of the impulse response function. To this end, we calculate the size of t-test for
every ®;; in each simulation and count the number of times that the absolute value of
t-statistics is greater than the critical value of the 5% significance level for the standard
normal distribution (i.e., 1.96) in 1000 repetitions. Table 2 reports the actual significance
level that corresponds to 5% nominal size for every ®;;. As in Table 1, we average the
result of the nine elements of ® and report the result in the last column. From Table 2,
we find that, unlike in table 1, the actual significance level is related to both N and T'.
When the sample size is small, say N = 50,7 = 50, the size distortion is a little larger, for
®99, the actual significance level is 0.086. However, when the sample becomes larger, the
distortion gradually decreases (see the last column). When N = 200,7 = 500, we can see
that all the elements of ® have a satisfactory size.

The results under IRc are similar to those under IRb and are reported in Tables 3 and

4. We do not repeat the detailed analysis.

7 Concluding remarks

This paper considers the identification, estimation, and inferential theory of the FAVAR
model. Three sets of identification restrictions are considered. We propose a likelihood-
based two-step method to estimate the parameters. Consistency, convergence rates, asymp-
totic representations, and the limiting distributions have been established. The impulse
response function and its confidence intervals are also provided. An important result from
our theory is that if the identification conditions are imposed on the population variance
rather than on the sample variance of the factor process, an additional term, which arises
from the distance between the sample variance and the population variance, would enter
the final asymptotic representations. Consequently the limiting variances of the estimators
are larger. We studied the ways in which this distance affects the limiting distributions.
The finite sample Monte Carlo simulation confirms our theoretical results.

The analysis of this paper assumes constant parameters. In empirical applications with
a long time span, it is likely that a structural change occurs, either in the dynamics of Ay,
or in the factor loadings (A,T"). It is of interest to develop inference procedures allowing
for this possibility, as in Chen, Dolado and Gonzalo (2011), Cheng, Liao and Schorfheide
(2013) and Han and Inoue (2011).
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Table 1. The RMSEs of all the elements of & under IRb

N T D1y Do P13 D1 Do Da3 P31 NED P33 Ave |
50 50 | 0.1360 0.1261 0.0902 0.1318 0.1474 0.0925 0.1804 0.1748 0.1170 | 0.1329
100 50 | 0.1307 0.1177 0.0919 0.1252 0.1351 0.0939 0.1799 0.1722 0.1209 | 0.1297
200 50 | 0.1335 0.1208 0.0894 0.1230 0.1320 0.0885 0.1736 0.1625 0.1218 | 0.1272
50 100 | 0.0933 0.0803 0.0569 0.0846 0.0891 0.0591 0.1179 0.1185 0.0810 | 0.0867
100 100 | 0.0841 0.0788 0.0563 0.0783 0.0848 0.0563 0.1113 0.1133 0.0811 | 0.0827
200 100 | 0.0844 0.0794 0.0554 0.0798 0.0879 0.0538 0.1106 0.1147 0.0816 | 0.0831
50 200 | 0.0611 0.0534 0.0380 0.0560 0.0614 0.0369 0.0787 0.0833 0.0529 | 0.0580
100 200 | 0.0572 0.0563 0.0379 0.0532 0.0600 0.0396 0.0795 0.0799 0.0559 | 0.0577
200 200 | 0.0557 0.0519 0.0370 0.0528 0.0547 0.0369 0.0836 0.0797 0.0551 | 0.0564
50 500 | 0.0373 0.0326 0.0236 0.0328 0.0380 0.0235 0.0495 0.0514 0.0336 | 0.0358
100 500 | 0.0343 0.0335 0.0229 0.0327 0.0350 0.0233 0.0509 0.0495 0.0349 | 0.0352
200 500 | 0.0335 0.0321 0.0233 0.0324 0.0341 0.0235 0.0505 0.0484 0.0322 | 0.0344
Table 2. The empirical size of the t-test (nominal 5%) for all the elements of ® under IRb
N T | o, P12 @13 P21 Do Do @31 P32 P33 | Ave |
50 50 | 0.068 0.060 0.049 0.069 0.086 0.062 0.058 0.052 0.055 | 0.0621
100 50 | 0.063 0.055 0.0565 0.062 0.071 0.066 0.063 0.055 0.055 | 0.0606
200 50 | 0.079 0.069 0.049 0.049 0.065 0.0568 0.049 0.055 0.074 | 0.0608
50 100 | 0.085 0.046 0.044 0.065 0.072 0.060 0.042 0.067 0.054 | 0.0594
100 100 | 0.059 0.055 0.0565 0.051 0.072 0.046 0.044 0.041 0.066 | 0.0543
200 100 | 0.060 0.045 0.050 0.055 0.074 0.040 0.034 0.055 0.060 | 0.0526
50 200 | 0.069 0.042 0.052 0.056 0.072 0.039 0.047 0.062 0.050 | 0.0543
100 200 | 0.058 0.057 0.048 0.058 0.069 0.052 0.042 0.040 0.071 | 0.0550
200 200 | 0.057 0.042 0.043 0.043 0.056 0.055 0.056 0.053 0.058 | 0.0514
50 500 | 0.070 0.043 0.055 0.043 0.081 0.058 0.049 0.064 0.053 | 0.0573
100 500 | 0.054 0.053 0.0563 0.046 0.054 0.052 0.049 0.046 0.064 | 0.0523
200 500 | 0.055 0.047 0.056 0.049 0.046 0.0563 0.057 0.048 0.048 | 0.0510
Table 3. The RMSEs of all the elements of & under IRc
N T D1y D12 P13 D1 Do Pas3 P31 P32 P33 Ave |
50 50 | 0.1407 0.1397 0.1336 0.1354 0.1383 0.1258 0.1359 0.1281 0.1323 | 0.1344
100 50 | 0.1405 0.1403 0.1349 0.1365 0.1443 0.1299 0.1319 0.1419 0.1284 | 0.1365
200 50 | 0.1347 0.1290 0.1350 0.1394 0.1406 0.1295 0.1312 0.1323 0.1261 | 0.1331
50 100 | 0.0878 0.0868 0.0800 0.0897 0.0897 0.0849 0.0842 0.0859 0.0806 | 0.0855
100 100 | 0.0871 0.0869 0.0877 0.0810 0.0843 0.0838 0.0831 0.0871 0.0812 | 0.0847
200 100 | 0.0827 0.0840 0.0874 0.0813 0.0857 0.0852 0.0879 0.0878 0.0843 | 0.0851
50 200 | 0.0586 0.0562 0.0600 0.0571 0.0583 0.0568 0.0538 0.0571 0.0528 | 0.0567
100 200 | 0.0559 0.0566 0.0592 0.0558 0.0560 0.0586 0.0564 0.0567 0.0547 | 0.0567
200 200 | 0.0534 0.0583 0.0554 0.0577 0.0558 0.0565 0.0579 0.0562 0.0541 | 0.0562
50 500 | 0.0348 0.0343 0.0346 0.0334 0.0353 0.0364 0.0346 0.0348 0.0312 | 0.0344
100 500 | 0.0338 0.0337 0.0353 0.0344 0.0347 0.0353 0.0347 0.0359 0.0324 | 0.0344
200 500 | 0.0332 0.0339 0.0347 0.0341 0.0341 0.0369 0.0351 0.0370 0.0328 | 0.0346
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Table 4. The empirical size of the t-test (nominal 5%) for all the elements of ® under IRc

N T [ o P12 P13 Doy P22 Pas P31 P32 P33 | Ave |
50 50 | 0.079 0.064 0.069 0.081 0.081 0.051 0.076 0.073 0.076 | 0.0722
100 50 | 0.088 0.078 0.065 0.071 0.089 0.069 0.074 0.078 0.087 | 0.0777
200 50 | 0.069 0.089 0.061 0.069 0.089 0.064 0.067 0.069 0.077 | 0.0693
50 100 | 0.078 0.064 0.051 0.070 0.074 0.058 0.057 0.050 0.062 | 0.0627
100 100 | 0.073 0.067 0.0564 0.045 0.069 0.053 0.053 0.056 0.047 | 0.0574
200 100 | 0.055 0.055 0.070 0.058 0.068 0.066 0.058 0.066 0.065 | 0.0623
50 200 | 0.058 0.048 0.060 0.055 0.056 0.046 0.043 0.051 0.049 | 0.0518
100 200 | 0.060 0.046 0.067 0.050 0.059 0.058 0.064 0.064 0.066 | 0.0593
200 200 | 0.049 0.060 0.052 0.059 0.052 0.037 0.055 0.057 0.055 | 0.0529
50 500 | 0.055 0.046 0.046 0.046 0.066 0.057 0.058 0.060 0.048 | 0.0536
100 500 | 0.051 0.045 0.050 0.054 0.057 0.050 0.049 0.056 0.052 | 0.0516
200 500 | 0.051 0.051 0.045 0.050 0.058 0.067 0.047 0.060 0.047 | 0.0529

Appendix: Technical materials for the asymptotic results

In this appendix, we provide the detailed derivations for the asymptotic results under IRa.
The derivations for the asymptotic results under IRb and IRc as well as the theorems in
Section 5 are delegated in the supplement. Throughout the appendix, we use K to denote
K +1 and T to denote T — K — 1. To facilitate the analysis, we introduce the following

the auxiliary identification condition (an intermediate step analysis)

AU1 The underlying parameter values 0* = (A*, I, F*, ®* ¥..) satisfy: %A*’EgelA* =
QA fi f =1, and £ 31, ffg, = 0, where Q* is a diagonal matrix, whose

diagonal elements are distinct and arranged in descending order.

Appendix A: The asymptotic results of the QMLE

In this appendix, we show that the QMLE )\;, &2 and f; are respectively consistent estimator
of \f,0? and f; in AUL.

Proposition A.1 Under Assumptions A-D, together with AUI,

. 1 I 4 X

=N = () (2 Sren) + Op(N 72T 1) 4 0y(T7Y), (A1)
t=1 t=1

o, 1 -1,1 &

Yi — i = (ngtgt) (T theit)a (A.2)
t=1 t=1

7 * 1 &1 ayar) (L 21 * —1/27p—1/2 -1

fe—1¢ :(N;U?)\i)\i> (N;ﬁ)\ieit)+op(]v T™77)+0p(T77),  (A3)
T

61'2 - 03 - %Z(e?t - 01'2) + Op<N_1/2T_1/2) + OP(T_l)a (A.4)
t=1
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PROOF OF PROPOSITION A.1 Write z; = A*f + I"*g; + e; into matrix form,
Z=MNF"+T*G +e. (A.5)

Post-multiplying Mg = It — G(G’G)~'G’ on both sides, together with F*'G = 0 by AU,
we have
ZMg = AN F* 4 eMg.

Let Y = ZM¢ and gy denotes the ¢-th column of Y. The above equation is equivalent to
— N} 4 e — eG(G'G) g, (A6)

Bai and Li (2012) derive the asymptotic representations of i, ft, 612 under the case that
g+ = 1. However, when ¢, is a general random variable, as like in the present context,
the derivation is the same since term eG(G'G)™lg; is essentially negligible. Using the
arguments of Bai and Li (2012) under IC3, we obtain (A.1), (A.3) and (A.4). Consider

(A.2). Substituting z;; = A + 77 g1 + e into 7; = (Z?zl gtgg)_l(zg;l gt(zit — S\Qﬁ)),
we have

) -1, T T ., T )
- (tzzlgtgé) (;gteit> - (;gtgé) (;gtft*/>()\i - )
T 4. T
- (thgé) 1(th(ﬁ—f£k)/)5\2
t=1 t=1

The second term of the right hand side is zero by Z;‘FZI gt fi’ = G'F* = 0. Consider the
third term. Notice

- RSN [ (Nl (S 0tt) o
= (MSA)TTAS, [A*ft +ep— (Zesgs) (ngg;)_lgt}
s=1

Then it follows
ft - ft* — A*/ft* (~/~—1A)—1A/~—1
1 (A.7)

— (M) TS Z esdl)( XT: 9:9,) o
s=1

where A* = (A — A*)'SIANSIA) !

Given the above expression, together with Y7, g;f; = 0, we have

1 &
T th(ft —ff) =0 (A-8)
t=1

Then (A.2) follows. This completes the proof. [
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Lemma A.1 Under Assumptions A-D,

1 & - . ) .
(a)?z h:‘/ th phl _ ( 1)+Op(T 1)’ forp,g=0,.... K
t=K
1 & _
(0) T Z(ht—p —hi_h_g=Op(N"1) + O0,(T7Y), forp,g=0,1,...,K
t=
1 & - 1 &
(C) ? Z u:h:‘/,p - f Z h:/,p = Op(N*1/2T71/2)+ Op(Til),fOT’p —1,... K
t=K t=K

where hy = (fl, g0) and h = (f,h})'.

PROOF OF LEMMA A.1 Consider (a). By the definitions of h; and A}, the left hand side

Jin Jio
Jo1 0

of (a) is equal to

where
1 & . N 1 L
Jll:?Z(ftfp*ft*—p)(ftfq*ft>k q ,+?Z ft -p ft p
t=K t=K
1z
t=K
T 1z .
Ji2 = Z — [ D)9 Jo1 = T Z gt—p(fr—qg — fi=g)-
t=K
The first term of Ji1 is Op(N 1) + O,(T~2), as shown in Bai an Li (2012). Consider the
second term. By (A. 7) tT K(ﬁ,p — fip) il is equal to

T ~ o~
ZAEee&g pf /q

’ﬂ \

* 1 * * rYAS
—A /? Z ft—pftiq + (A,E
t=K

/ —1 1 - 1 -
~(NS A ( Z NEclesgl) (2 9594) (? Z 917 y)
s=1 K

The first term of the above expression is O,(N~Y/2T~1/2) 4 Op( h by Z _rfipfily
= 0,(1) and A = O,(N~2T=1/2) +O,(T~") , as shown in Bai and L1 (2012). The
second and third terms are also O,(N~1/2T~1/2) + O,(T~"), which can be proved similarly
as Lemma C.1(e) of Bai and Li (2012). Given these results, the second term of Ji; is
Op(N~1+0,(T~1). The last term can be proved to be the same magnitude by the similar
arguments. Summarizing these results, we have Ji1 = Op(N H40 (T —1). Terms Jio and
Jo1 can be proved to be O,(N~V/2T~1/2) 4+ 0,(T~") similarly as Ji;. Then (a) follows.
Consider (b). The left hand side of (b) is equal to

Et K(f ft*—p)ftl—q % Zzﬂ:f{(f‘t—p - ft*—p)gllf—q
0
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The two none-zero terms of the above are O,(N~1) + O,(T~!), which are shown in (a).
Then (b) follows.
Consider (c). The left hand side of (c) is equal to

[; Sk i (fop = ft*_p>'] ‘
0

So it suffices to consider term % Z’f: o ui( fiop — fi—p)'s which, by (A.7), can be written as

T
Z 1 AT+ = Zutet p eelA > ]\)_1
:f{

T

T
Z Ui gi- p(nggs) ngesﬂeelA AEA) T

Both ﬁ Z;‘F:[( (THCA eelA and <= T | gselX2 1A can be proved to be O,(N~1/27-1/2)
+O0,(T1) similarly as Lemma C.l( ) of Bai and Li (2012). Given these results, together

with A = O,(N~Y2T=1/2) 4 O,(T~") and (N'S'A)~! = O,(N~1), we have

T
Z u} = O,(N7V21=Y2%) 1 O, (T7Y).

t=

H\H

Then (c) follows. O

Proposition A.2 Under Assumptions A-D, together with the identification condition AU1,
for each k=1,2,... K, we have

) T T _1

b — 0 = (3w ) (X viv) (k@ L)+ Op(N7H + 0,(T 7
t=K t=K

where ¥f = (i’ 1, hi’ o, ..., hi &) and iy is the k-th column of the K x K identity matric.

PROOF OF PROPOSITION A.2 Let ®* = (@7, @3, ..., P} ) and ® be defined similarly. Notice

® is obtained by running the regression

iLt = <I>1ﬁt_1 + CI)gth_Q + .-+ @Kﬁt_K + error

So we have
T o T =1
= (32 hety) (2 )
t=K t=K
where oy = (h)_1, b} o, ..., 1) ). By hi = ®*F +uf,

boar = [+ e~ b) - " G- o] [ 3 ]

—K t=K
1 & . . 1l & 2
= {? Z (uf + (he — hy) — @* (v — 7))y } [? Z Qﬁﬂﬂ{t}
t=K t=K
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t=K t=K
By Lemma A.1(a) and (c),
1z 1 T 1 I 1z 1
TZu*l izwtw/ :TZU* */ fZWW’
{Tt:K t t} [Tt:K t} [Tt:K t tHTt:K t t}
+O,(N"1) +0,(T )
Given this result, we have
. T T _
b = () (35 vier) 0 soh
t=K =K

Post-multiplying i, ® I, on both sides gives Proposition A.2. [J

Now we consider the following condition (denoted by AU2), in which the loading re-

strictions are the same as AU1 but factor restrictions are imposed on the population.

AU2 The underlying parameter values 0* = (A*,T'*, F*, ®* ¥,.) satisfy: %A*’Z‘;}A* =
QY E(fff') =1, and E(f}g;) =0, where Q* is a diagonal matrix, whose diagonal

elements are distinct and arranged in descending order.

Note that the superscript “stars” in 8* and 0* are different. Different identification
restrictions imply different notations. Because AUl and AU2 are asymptotically the same
(the former with sample moment restriction % > fef{ = I, and the latter with population
moment restriction E(fif{) = I,), 6* and 0* are also asymptotically the same. That is
why the MLE is also consistent for 6*, which will be proved below.

The following lemma is useful to our analysis.

Lemma A.2 Let QQ be an r X r matriz satisfying

QQI = I
Q'VQ =D
where V' is an r X r diagonal matrixz with strictly positive and distinct elements, arranged in

decreasing order, and D is also diagonal. Then Q must be a diagonal matrix with elements
either —1 or 1 and V = D.
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Lemma A.2 is proved in Bai and Li (2012). The following proposition summarizes the
asymptotic results under AU2. It shows that the limiting distributions under AU2 have

been changed.

Proposition A.3 Under Assumptions A-D, together with the identification condition AU2,
when N, T — 0o, we have

3 * *y* — 1 d * — _ _

Xi— X =V + A (f t}_jl 1 e,-t) + O,(N~Y27=12) L O, (T7Y) (A.9)
1 T

Y= = WA+ Ay, (f thez't) +0,(T7Y) (A.10)

fo—ff ==V —w* +(1§:1 NN 1(1§: 1)\*6)
t t = t gt NZ:1Uz2 Nilazzzt

+Op(NTH) +0p(T7) (A.11)

where W* = A IA of with ALy = E(gif); A%y = E(ff f'); V* is an r1 x 11 matriz,
which is Op(T~ 1/2).

Proor oF PrROPOSITION A.3. Notice that
M= Af= (N = AD (7 - A,

We show A} and A} are close to each other because AUl and AU2 are asymptotically the
same. Different identification restrictions imply different rotations. Let R* be the rotation

matrix, which transform (A}, ~;") to (A, ~;’)’. Then we have

*
=N fF+T"g + e = [A*,T7] ‘gt + e
t
~ (A.12)
*/ */ */ */ f*
=[AST T o il | et s e
12 22 12 22 gt

As mentioned in the main text, due to the fact that the factors g; are observed, matrix

15 is fixed to 0 and matrix R3) is fixed to I,,. So equation (A.12) reduces to

*
e 7] e

Rx */ R*/_l o R*/_l R f*
— A*,F* 11 21 11 11 21 t Te
[ ] l 0 IJ [ 0 I, gt

This gives
X =RiA, of = RuN +f, ff =Ry - R R g (A.13)
The last equation of (A.13) can also be written as

fi = RY1fi + R319:. (A.14)
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Post-multiplying g} on both sides and taking summation over t, by S, g, f# = 0, we have

T 4. T
Ry ==Y agt] |2 ot BRI, (A.15)
t=1 t=1
Substituting (A.15) into (A.14),
T T
fi= T ( - [Z tgt][z tgt} t)-
t=1 t=1

By T-'S°F | f# ' = I,,, the preceding equation implies
1 & 1< 1< 1,1 & N
* px/ * ! / */ */— —
(Tth t ) - (Tth 9t> (ngtgt) (ngtft ) = Ry Rﬁ . (A.16)
t=1 t=1 t=1 t=1
The first equation of (A.13) shows A* = A*R}]. So we have
1 1
RiT'Q Ry Rfl_l(NA*’EgelA*)Rﬁ_l = FA7ELA" = diag. (A.17)

Consider (A.16). By E(f}g;) = 0, we have
1 d * ! 1 d ! 11 d */ -1
(X fra) (7 a9) (72 0efi) = 0p(T™) (A.18)
t=1 t=1 =1

The left hand side of (A.16) converges to I, in probability. Thus R IR & I,
Applying Lemma A.2 to RY7'RTY B I, and RITIQ*RY = = SAYS AT with Q =
RNV =Q*and D = +AYE A% we have R converges to a matrix whose diagonal
elements either 1 or —1. Since we assume that the sign problem is precluded in our analysis,
it follows R};* % I,. Let

U =R 1, (A.19)

Apparently, U* £ 0. Then (A.16) is equivalent to

1 & 1< 1 & 1<
*x ! / */
(T ;[ft - I, ) - (th;ft Qt) (th;gtgt) (f ;gtft ) (A.20)
=U*+U"+U"U".
Also, (A.17) is equivalent to
ng(U*Q* QUM + U*Q*U*’) —0 (A.21)

where Ndg{-} denotes the non-diagonal elements of the argument. Neglecting the terms
U*Q*U* and U*U* since they are of smaller order than U*, we can uniquely determine
matrix U* by solving the equation system (A.20) and (A.21). Let V* be the leading term
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of U*. Tt is easy to see that U* = O,(T~/2), V* = O,(T~/?) and U* = V* + O,(T ™).
This result gives R};* = I, + O,(T~1/2) by (A.19), which, together with (A.15), implies

Ry, = —[igtgé}_l[igtf:’} +O,(T7Y) = —AAY + 0,(TV?)

LW 0y(T ) = O (T 2)

(A.22)

Now consider the asymptotic representation of \; — Ar. Notice
X=X =X = RO = (i = A)) = (Rfy — L)\
y (A.1), the above result is equivalent to
1 X
== w57 |5 Z fren] ~ (B~ 1) X +0,(T~)+0,(N~12T/2) (A.23)
t=1
y (A.14), we have
1 X
Tth* = th 7+ op(1 Aff"'op(l)
t=1
1 T
7 fien =% th*eit +O0p(T7).
t=1 t=1
Notice Rf; = (I, + U*)"' = I, — U*(I,, + V*)~! = I,, — U*R};. Then it follows

—(Biy = LA = U"A;.

Given the above three results, together with U* = O,(T~!) and (A.23), we have

T B T
X=X =V 4 (% SR 1(% > frew) + Op(T1) + Op(NTV2T712). (A.24)
t=1 t=1

We then consider 4; — v;. By (A.13), we have 4; — v} = 4; — v — R5;\f. Then, by
(A.3),

T T
Yi = = —RuA + (thgi) (theit)-
t=1 t=1

Substituting (A.15) into the above equation and noticing Af = Rj;\f, we have

T ., T T
= (X ag) (X guleat X)) =W+ AL (Y greu) +0p(T71). (A.25)
t=1 t=1 t=1

Now consider f; — f. By (A.13),

.]Et_f;:ﬁ_ */ 1ft+R*/ 1 219t
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By R}Y' = I,, + U*, the above equation is equal to
fo—=1F=(fo= 1) = UY ff + BT R

Substituting (A.3) into the above result, we have

- N 1, N
Je — ft* = = U*,ft + Rﬁ 1R21gt + (27)‘?/\?,) (Zﬁ/\fegt)
p— = (A.26)

+Op(N"H) +0,(T7)

However, by (A.13) together with RY; = (I, +U*)~" and U* = O,(T~/?), we have
1 a 1 A*/ _ )\*)\*/ 1
N < Z 7 N Z 7 A+ op(1)

1 i 1 A* ]‘ % 1 )\* + O (N—]./QT—l/z)
N NGt = o7 5N Cit P
NZol " N=o "

In addition, by (A.14), (A.12) and U* = V* + O,(T1) , we have

U*Ift* = V*/ft* + Op(Til)

T T .
R} Ry g = (Z ft*go (thg,i) g =—W"g, 4+ 0p(T7)
t=1 =1

Given the above results, by (A.26), we have the last expression of Proposition A.3. This
completes the proof of Proposition A.3. [J

Proposition A.4 Under Assumptions A-D, together with the identification condition AU2,
we have

. T T -1
b — @f = (3wl ) (Y wier) (i © L) = BY®f + OLBY + Op(N™1) + 0,(T7Y)

t=K t=K

where B* is defined as

PRroor or PROPOSITION A.4. Notice
hi = ®Th;_; + ®5hi o+ -+ + PRh_x + uj,

and
hif = ®Thy_ + ®5h) o+ -+ Pphy_ o + uj.

By hf = R*71hy, it follows that ®; = R*~1®}R*. Thus,

dp — F = & — RV IOFRY (A.27)
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However, by Rj7' = I, + V* + O,(T~!) and Ry, = —W* + O,(T~'), we have
vt _ (BT SRR (VoW =
R _l 0 I, =1+ 0 0 +0,(T7)
=1, +BY+0,(T™")

(A.28)

Given the above result, we have R* = I, — B* 4+ O,(T~!). Substituting the preceding two

results into (A.27), we have
D), — ®} = &), — O} — BYD; + ;. BY + 0,(T 7).

By Proposition A.2, we can rewrite the above result as

T T _
be—0f = (Y i) (X wiwr’) (10 L) — B0} + 1B + 0,(N"1) + O,(T7).
t=K

t=K

By hf = R*7'h}, we have hf = R*h} = hi + (R* — I.)'h}. Given this result, together with
the fact that R* — I, = O,(T~'/2), we have

T T 1 T T 1
(S wwr) (X wiwr) = (X wed) (X wiwr)  +0,(17Y)
t=K t=K t=K t=K

and
BY®; = BY®; + O,(T"),  ®;BY = 0;B” + 0,(T™ ")

Given these results, we have

- T T -1
b — @ = (S wped) (X vied) (k@ L) — BYOf + BB + Op(N 1) + 0p(T )
t=K t=K

This completes the proof. [J
Appendix B: The asymptotic results and their proofs under IRa

As in the main text, we use (A, T, F') to denote the underlying parameters satisfying IRa.

Let R be the rotation matrix which transforms (\’,~’)" into (A\},~/)’. Then we have

2 =ANfy +Tg + e = [AT] gt + e
t
/ / /—1 1—1 o1 * (B’l)
— [A* 1-\*] 11 21 Rll _Rll R21 ft + e
’ 0 17«2 0 ITQ gt
Then we have

Ni=Ru )\, vi=7+Ru)\, fi=R3'ff— R 'Rya. (B.2)

The last equation in (B.2) can be written as
[t = Ry fi + Ry gt (B.3)
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Note that the rotation matrix R is nonrandom. To see this, both AU2 and [Ra impose
restrictions on the loadings and the covariance of h;. So the rotation matrix R, which
transform the underlying parameters from AU2 to IRa, only involves loadings and covari-
ance of hy. Thus it is nonrandom. This is in contrast with R*, which is random since AU1
involves f;.

Post-multiplying g; on both sides and taking the expectation, by E(fg;) = 0, we have
Ro1 = —A, AgsRy.
Define ¢ = R’ﬁl f#. From the above results, ¢ has an alternative expression
bt = fr — ApgAyy gi- (B.4)
The following lemmas will be used in the subsequent proof.

Lemma B.1 For any compatible matrices A and B and their corresponding estimates A

and B, we have
ABTVA — ABTIA = (A— A)BT' A+ ABY(A— A - ABY(B-B)BT'A'+ R
where

R=—(A-AB ' (B-B)B'A +(A-AB(A-A)
+ AB Y (B-B)B Y B-B)B A - AB Y (B-B)B1(A-A).

Lemma B.1 can be proved easily by matrix algebra.

Lemma B.2 Under Assumptions A-D, we have

1 - -1
(a) ?H’M@H - ?H*’M@*H* =Op(N1) +0,(T™)

1 1, X -
(b) ?H*’MW*H* - ?H "My« H* = BYQ* + Q*B* + 0,(T™1)

1 - -1
(c) ?H’M@H — ?H*’MQ*H* = —BYQ* —*B* + O,(N"Y) + 0,(T™)

where %fI’M@ﬁ is defined as

1I~{/MI:I 1T””/ 1T / 1T~”/_11T~”/
FHMgH = 2 37 Ry = (2 3 hedf) (= X0 dndi) (5 X o),
t=K t=K t=K t=K

and %H*’M‘I,*H* and %H*’M\I,*H* are defined similarly.

Proor or LEMMA B.2. Consider (a). By Lemma A.1(a), we have
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1 & ~
- ? Z h:@b?/ = Op(Nil) + OP(T 1)

M) =
gl
<,

Mﬂ \TIMH

Zzbtt— HHO0(TT

M) =

t

[
=i

Given the above results, together with Lemma B.1, we have (a).
Consider (b). By hf = R*'h}, we have v} = (Ix ® R¥~1)y;. This gives

1 1
TH*/M\I/* H* — TH*/M\I/*H*
T T
By H* = H*R*~!, we have
1 */ * _ px/—1 1 */ * *—1
FH My H* = R (?H My H )R
However, (A.28) shows that R*~! = I, + B¥ 4+ O,(T~1). Thus, we have
l—H*/M\II*H* _ l—H*/M\II*H* — R*/—l (l—H*/M\p*H*)R*_l _ l—H*/M\I]*H*
T T T T

1

. (B.5)
_ B*’(?H*’M\I,*H*) + (?

H*' My-H*) B+ 0,(T™")

Now consider 7H * Mg~ H*, which is equivalent to

7 Y = (7 3 i) (7 D vini!) (7 2 vind)

The second term is O,(T~1). The first term, by uf = R*~'u} and R = I, + O,(T~1/?),

is equal to

T T
1
*/ * K/ —-1/2\ _ O* -1/2
R (—T EK ) TtEK uiuy 4+ Op(T™7) = QO + O, (T /7).

Then it follows .
?H*’M\p*H* = O 4 0,(T1/?%) (B.6)

Substituting (B.6) into (B.5), we have (b).
Result (c) is a direct result of (a) and (b). This completes the proof. O

Proposition B.1 Under Assumption A-D, together with the identification condition IR1,

we have
. 1 &
(@) A=A =VA+Ay (T ;1 gbte,-t) +O,(N7Y) + 0,(TY)

. 1 _ _
(b) Yi — Vi = W)\Z‘ -+ Annl (T z;nteit> + Op(N 1) + Op(T 1)
t=
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£ 1 &1 Nl N | / / -1 -1
(c) ft_ft:(NZP)\i)\i) (NZP)\ieit)—Vft—Wgt—kOp(N )+ Ou(T™H)

i=1 "1t i=1 "1t

where vec(V') = BélPlD;rl% ZtT:I—([st®€t—vec(Im)]; or = ft—Angg_glgt; Ayy = E(prd));

W =Qu 1 ST cvihmo= g0 — AgpAG} fii Ay = E(mim}).
ProoF oF ProrPoOSITION B.1. Consider the VAR expression under AU2:
hy = ®Thy_; + ®5hf_ o+ -+ Pihi_ i + up.
Pre-multiplying R'~! gives
h = (RO R by + - + (RO R hy— ke + R}
So we have ®; = R'®rR' for i = 1,2,..., K and u; = R'""'u}. Then we have
et = Ryy'e; — Ry Ry, (B.7)
vy = v},
Post-multiplying v} on both sides and taking the expectation, by E(e;v})) = 0, we have
Ro1 = Q7,0 (B.8)
Substituting the proceeding result into (B.7), by F(ete}) = I,,, we have
O*

gev

= — Q5. = R Ry (B.9)

ev* by
where Qf, = E(efel’), O, = E(vivy) and Qf, = E(ejv}’). In addition, the identification
condition also requires that
L1 L1 p%) o
Q= yAZcA= Rn(ﬁf\ Yee A ) 11-

This is equivalent to

Q" = AV = RiQRY (8.10)
However, our estimation procedure implies that the estimators of Rii, Ro1, denoted by
]:211, ]:221, satisfy

Rar = 05000 (B.11)

Alllf%ll = Qes-v = Qaa - stﬁﬁﬁvg (B.12)
A 1 -2 1<\ &

Rll(NA’E;}A> R}, = diag (B.13)

where QEE, Qm,, QEU are submatrices of Q, which is defined as



with @; being the residuals of the regression
hy = ®1hy_y + Pohy_o+ - + Prchy_i + error

Let Oy = (B, By o... h,_g)'. Thus

t=K t=K
So we have
6= L3 g (53 ) (53 ) (L 3 )
T t=K T t=K T t=K T t=K

t=K t=K t=K t=K
1T**/ 1T**/1T**/711T**/
=S (2 Some) (2 S wer) (X e} Bag)
t= t=K t=K t=K
1 & - * 1T**/1T**/_11T**/
+?Z(utut - Q") (fzut% (fzi/}twt) (?Z%Ut)
t=K t=K t=K t=K
where ¢f = (R}, b} o, ..., ;). The expression in bracket is given in Lemma B.2(c).

Given this result, together with

we have

Q_Q*:_B*/Q*_Q*B*+

The above result implies

~ 1 T
Q€€ - Q;e = _V*IQ;E - W*/Q':a - anV* - Q;’UW* + ? Z (5;52/ - Q;&‘)
t=K
+O,(N7H) +0,(T7H); (B.16)

- 1 L

Dev — Q2 = V7, = WU, + = ) (o’ — Q) + Op(N™H +0(T71); (BAT)

t=K

- 1 I

Qv = Qo = = 3 (VIV} = Q) + O (N7 + 0,(T7). (B.18)

Il
=i

t
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2 0, where Q..., and Q%0

By (B.15), we have Q — Q* % 0. Then it follows Qce.y — .y,
are defined in (B.9) and (B.12). Thus

Ry RuRy Ryt 5 Ly,
which, by the fact that AB = I then BA = I, leads to
(R R (RuRy) B I, (B.19)
Furthermore, by (B.13), we have
(R B[R (%]\'ie}lf\) 1| (R Ry = diag
By LANS A — LAYSIA* = 0,(1) and Rt HAYE AR = £A'S A = Q, we have
(RuRHQ(Ru Ry = diag (B.20)

Notice @ is a diagonal matrix by identification. Applying Lemma A.2 to (B.19) and (B.20),
we have }%HRl_ll converges to a diagonal matrix whose diagonal elements are either 1 or
—1. However, the possibility of —1 is precluded by our sign restrictions. Given this result,
we have ]3211 — R11 5 0. Henceforth, we use Kl\%u to denote 1%11 — Ri11. Apparently
ARy & 0. By (B.9) and (B.12), we have

RIHRH - R/11R11 = Qse -0 - (QEUQ&%QUE - QHQZa)

EV VU

Substituting (B.16)-(B.18) into the above equation, together with Lemma B.1, we have

Z]\?~/11R11 + R/nﬂ%n + @;1@11 =-VYQr ., - Q. V*

ge-v ge-v

_|_7

M=

[(eF = Q2,05 o)) (eF — D 0l) — Q| + Op(N T + 0,(T7Y),

EvV " "vv Ev " "vv

Nl =
Il
=

t
However, by (B.7) and (B.8), we have R} e; = e — Q%, Q5 vF. Given this result, together
with (B.9), we have

ARy, Ri1 + R\yARy; + ARy ARy = —V* R, Ry — R, R V*

1 (B.21)
+ Ry [? > eiel = I | Ry + Op(N71) + 0,(T 7).
t=K

Pre-multiplying R’ﬁl and post-multiplying Rﬁl on both sides, and neglecting the smaller

) —
order term R’l_llARHARHRl_ll, we have

p p-1 * -1 p p-1 * 1)
(ARuR + RuV*R) + (AR R + RuV* Ry}

(B.22)
(eeet — Iry) + Op(N_l) + Op(T_l)-

1
el
M=

i
=
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Now consider

ISR - Lavssiar = ivj L ami i EBWp Y

N N T N & 57 :5
1 &1 ol 11
— 2 =i = AT NN (23 = =)

The last term is O,(N~Y2T71/2) 4 O,(T~!) which is shown in Bai and Li (2012). The
third term is O,(T~"'). The first two terms are V*Q* +Q*V* +O,(N~V2T~1/2) 4+ 0,(T~)
by Proposition A.3. Then it follows

%]\’S;;]\ - %A*’EQA* =V*Q* + Q*'V¥ + O,(N V21712 1 0,(T7Y).  (B.23)
Given the above results, (B.13) is equivalent to
Ndg{ R (@ + V'Q" + V)R f = 0,(N TR 4 0,17
Substituting (B.10) into the proceeding equation, we have

ng{Rn(Rl QRT'+V*R}' QR + R'QR V*’)A’H}:Op(N_l/QT_l/z)—i—Op(T_l).

Replace Ry = 51\311 + Ry1, the left hand side is (neglecting Ndg)
Q + ARLR'Q+ Q(ARuR) + AR R QAR R Q
+Ri VR Q + 51\311V*R1_11Q + 1%11‘/*31_11@(@1131_11),
FQR'VIRI + QR'VYAR) + (ARuRiQR; VYR,
By neglecting the terms of smaller magnitude and noticing that Ndg(Q) = 0, we have

Ndg{ (ARuR;! + RuV*R})Q (B.24)

— /
+Q(ARuBY + RuV*Ry) } = Op(N~V21712) 1 0,(17Y).

Let V = ﬁnRil + R11V*Ry'. Taking the half-vectorization operation vech(-) which
stacks the elements on and below the diagonal of the argument into a vector on both sides
of (B.22), we get

el
™=

i
>

vech(V + V') = Vech[ (e} — Im)} +Op(N"HY +0,(T7).

t

By the definitions of duplication matrix D, and its Moore-Penrose inverse D, , and sym-

T
metrizer matrix S,, = (Ir% + K, )/2, the left hand side of the above equation can be written
as

vech(V + V') = D vec(V + V') = 2D;! S, vec(V) = 2D vec(V),
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where the last equation is due to D;}S,, = D}, we have

T
2D, vec(V) = D;rlvec{% Z (ece} — Irl)} +Op(N"H +0,(T™). (B.25)
t=K
Let veck(M) be the operation which stacks the elements below the diagonal into a vector.
Let Dy be the matrix such that veck(M) = Dyvec(M) for any symmetric matrix M. By
(B.24), we have
veck(VQ + QV') = O,(N~Y21=1/2) . 0, (T7Y).

implying
DIQ & Iy + (I, ® Q) Ky Jvee(V) = O,(N~V2T71/2) £ 0,1, (B.26)
The preceding two equations imply

2D}

1 T /
DI[Q @I + (I ® Q)K ]] VGC(V) = [DZVGC(T Zt:f((ﬁt&t - IT1)) +OP(N_1)+OP(T_1).

0

Let Bg be the matrix before vec(V) and Py = [I,,, 0px4)’, then the above result is equivalent

to

1
vec(V) = EélPl Dy vec {—

N
M=

I|
=i

(21t = Ir) | + Op(N71) + Op(T 7).
t
Define V' by

NI~
M=

II
=

vec(V) = IB%Z?I]P’lD;ivec[— (er8) — ITl)}.

t
Then by the definition of V,

AR\ Ry + RuV*R =V + +0,(N"Y) + 0,(T7). (B.27)
Post-multiplying R;; on both sides of (B.27), we have

ARy = —RiV* + VR + Op(NY) + 0,(T71) = 0,(T~?) + 0,(N ) (B.28)

since V* = Op(Tfl/Q) and V = Op(Tfl/Q).

Now consider 5\, — ). By 5\1 = Ry )\ and )\ = Ri1 A}, we have
S\i — )\i = Rllj\i - Rll)\; = Z]\%ll)\; + Rll(j\i - )\:) + Z]\%H(S\i — )\:)

The last term of right hand side is O,(T™') 4+ O,(N~2) by \; = X = Op(T~1/?) 4+ O,(N~1)
and ARy = O,(T~Y/2) + 0,(N~1). By (B.28) and (A.24), together with \; = Ry X}, we

have

R 1 & 1,1 XL
M= X = Vi Ru (5 0 (50 fiei) + Oo(NTH) + 0,(T7Y).
t=1 t=1
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Using (B.4), the above expression can be rewritten as
3 1o Nl 4 -1 -1
Ai—= A =VA+ <T > ¢t¢t> (f Z¢t6it) +Op(NTH) +0,(T7)
t=1 t=1

T
= (N, ® I, )vec(V) + A;$ (% Z qﬁteit) + Op(Nfl) + Op(Tfl).
t=1

To derive the remaining asymptotic results, we first consider @21 = Rzl — R91. Notice
R21 — Ro1 = Q&%Qva - QZZIQZE = _QZZI(vi - Qfm)QZ;lQZe + Qf};l(ﬂm - Qf;s)
—(Q5 = D) (Qow — Doy JUL X + (R — 1) (e — O5).-

The last two terms of the right hand side are O,(N~2) + O,(T~1). Substituting (B.17)

and (B.18) into the above result, we have

_ 1 I
Rftor = Q' = 37 i — Q07 = W = Q1Y + 0V ) + 0,(T )
t=K

However, by (B.7) and (B.8), we have R} e; = ef — Q%, Qi vr and v; = v}. Given these

results, we have

= Ll
ARy = 5, | =

il

T

> viet| Ru = W = Q5 Q0 VE + Op(N7Y) + Oy (T7Y),

t=K

Notice that Rg; = Q5,1Q%_ by (B.8) and %ZtT:[—( vy = E(vv)) + Op(T71?) = Quy +

O,(T~12) = Ok, + O0,(T~/?), where the last equality is due to v; = v} by (B.7). Thus
ARy = WRy — W* — Ry V* + Op(N~Y) + 0,(T7), (B.29)

where W = Q) (1 ST < wiel). Notice 4; = 4; + Ror i and v; = 7} + Ra1Af. Then

i =% = (i =) + (Rarhi — R\ = (5 =) + ARt Af + Ro1 (A — AF) + ARar (A — AY).

The last term of the right hand side of the above equation is O,(T~!) + O,(N~2). Substi-
tuting (A.25), (A.24) and (B.29) into the above result, we have

1 L a1 & LT i
i — i = {T;%gt} {T;gteit} + WA + Ray [T;ft* ;} [T;ft*eit}
+Op(N"H +0,(T™), (B.30)

by A; = R11A}. Consider the third expression, which, by (B.4), is equal to

-1

-1 1 & N 4 11 d , 1 &
Ro1 Ry Ria (T SO fIE ) (T > ft*ez‘t) = Ra1Ryy (T > ¢t¢t> (T > theit)-
t=1 t=1 t=1 t=1
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Consider the last equation of (B.2). Post-multiplying g; on both sides and taking expecta-
tion, by E(ffg;) = 0, we have

Ro1R| = —A Ay,

The preceding two results imply that the third expression of (B.30) is equal to
1z
_Ag_gl Ang;; [f Z ¢teit} + OP(T_I)'
t=1

Let = = Ay fA;;qZ)t. Given the above result, the asymptotic representation of 4; — 7; can

be rewritten as

T
A — i [ > (g ezthwx +O0,(N"Y +0,(T ). (B.31)
t=1

The above asymptotic representation has an alternative expression. First, we define

Mt =gt — E(gtfz‘{)[E(ftftf)]ilft =0t~ Angf;ft' (B.32)

which implies that
Ay = Agg — Ang Afg

By the Woodbury formula, we have
A=A — ATA(Apr+ Apg AT Agr) T A AL (B.33)

With (B.33) and the relation that g, —Z; = 77t+Ang;} ft —Ang;;gzbt, we can rewrite
the first term of the right hand side of (B.31) as

T

| T
[ Z gt — 624 Al m T Zmezt + A, Ang Z( ;}ft - A;(;@)eit
t=

— A Agp(Agp+ AggAyy Bgr) ApgBy Z e

T
AL A (Agp+ ApgALIAG) T A A AngZ( i1 he— Agidnei

Consider the term (A]T} fi— A(;(; ¢t). From the definition of ¢ = f; — Ay A !¢, we have
Do =By = Argyg Ayy (B.34)
which can be used to derive
Or = fr — DpgBgy (e + AgpATLf) = DggArpfi = ApgAggm
Then

(Afpfi = Aggd) = Mg Agg AL m
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With the above equation, the first term of the right hand side of (B.31) can be further

rewritten as

o

T
Z elt} "7"7 T Zntezt + A Ang Afg gg T Z Nt€it (B35)
t=1 t=1

H\H

—1 —1 —1
_Am] Agf(Aff + Angnn Agf) ApgA Tm T Z"?tezt

— A Agr (Agr + Ay Agr) A AL Agr A A g Ay o Zmen
From the two basic facts that

— -1
Agt= AT+ ATIA L ALIA AT

and
1 _ A-1 -1
Af Angmz = A¢¢Anggg.

we can rewrite the 2nd, 3rd and 4th terms on the right hand side of (B.35) as
-1 -1 1 1
Ay Agf <A¢>¢ - Aff Af AfgBgg Ay A¢¢)Af9 gg T Znt@zt

which equals zero by (B.34). So we can alternatively write the asymptotic representation

of 4; —; as

. arl g _ _
Ji—i = Ay, [T Zﬁteit} + WA+ Op(N7H) + Op(T7H).
t=1

We proceed to consider ft — ft. Notice ft = f?'ﬁlft — R’ljll?élgt and f; = R’l_llft* —
R Ry g;. Then
fi— fe =R fi - R Ry g0 — Ry ff = Ry Roygn
= =R Ry = Ry R+ B (fo— 1) = B (Ry — Ron)ge+ By (R — Rin) RYy Rige
—(Ri = R (R = R R + (R = RO (= f7) — (R = R (R = Rage
+(Riy' = R)(Ry — Ry R Ry

The last four terms of the above expression are O,(N~2) + O, (T 1). Given this result, by
(B.28), (B.29) and Proposition A.3, we have

ft - fi= —V/(R ft lRIngt) - W/gt
1 al / “11 a 1 1
+[NZ AA] <NZ Aen)+op(N— )+ 0, (T
=1 =1
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By f; = R\7' ff — R{{' Rb g1, we have

11 1,1 1 . , . 1
Nei) = V' fo = Wgi + Op(N 1) + O,(T 7).

fi-fi= (3 X ) (32

=1 1 =1

This completes the proof. [J

Proposition B.2 Under Assumptions A-D, together with the identification condition IR1,

we have
. T T
b= 0= (Y wed) (X with) (e L) — B+ 0B + 0, (N ") + 0,(T7)
t=K t=K

PROOF OF PROPOSITION B.2. Consider &, — ®;. Notice &, = R'1®, R’ and &) =
R~1®tR'. Thus

&, —® = R4, R~ R R = R~\0:AR —RAR R~'®:R' + R~ (&), 35)R'+V
where

V= (R'-R VAR +(R R (-0 R — (R —RHAR R+ R~1($,—3:) AR
However, notice

AR B_Re [ARH 0]: “RyV*+VRy O

ARy 0 WRyp —W* =R V* 0
= BR— RB*+O0,(N") +0,(T™) (B.36)

V o « | Vo0
and W = (XL, vv}) 1 (L, viel). Then AR is 0,(T~%/2) since both B and B* are

O,(T~'/?). This result together with & — ®% = O,(T~'/2) +0,(N~') implies V =
Op(N72) + Op(T~1Y). Given this result, together with @ = R'~'®% R/, we have

+O0p(NTH) + 0p(T7)

where

& — Dy = R AR — RIAR @y + RH(d), — O5)R + O, (N72) + 0,(T"Y) (B.37)

Substituting (B.36) into the above equation, together with u; = R'~tu}, hy = R'~'h} and

Proposition A.4, we have

T T _
b — 0 = (D wvl) (X vuvt) (ix® 1) — By + 8B + 0,(N"1) + 0p(T1)
=K

t=K

This completes the proof. [J
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Supplement to “Estimation and inference of FAVAR models”

In this supplement, we provide detailed derivations for the asymptotic results under
IRb and IRc. We also provide the derivations for the asymptotic results of the impulse

response function.

Appendix C: The asymptotic results and their proofs under IRb

In this section, we derive the asymptotic results under IRb. The idea of the derivation is
to find the rotation matrix and its estimate, which transform the parameters under IRa
to those of IRb. For ease of exposition, we adopt the symbols in the previous section to
denote the parameters under IRa, e.g., A,I" and F. We use the symbols with diamond
to denote the parameters under IRb, e.g., A°, T and F°. We also use R® to denote the
rotation matrix which transforms the parameters set (A}, ~/) into (A, ~75")’. We point out

that R°, unlike R* in appendix A, is nonrandom. Then
fO
Zt = [AO, FO] t + (&
gt

_ Rfy RS\ Ry —RYTRSY| |
= [A, F] l 0 IT2 0 ITQ g —{—et.

Using the method in deriving (B.7), we have

o pol—1 Sl—1 ol
g, = Ry et — RY3 21Ut

. (C.1)
By E(gv)) = E(e§vf’) = 0 and E(ge}) = E(e5ey’) = I, we have
51 =0; Ry = I, (C.2)
In addition, the identification conditions require
A1RY) = AT, (C.3)

where Aj, A] are the upper r; x r; submatrices of A, A°, respectively. Accordingly, we have

R<2>1 =0, ]%T/lf?ffl = IT17 (04)
MRS = AS. (C.5)

By (C.2) and (C.4), we have R$ RS, RS\ RS, = I,,,. This implies
( <1>1]%<1>/1)( <1>1R<1>/1)I = I,

Furthermore, notice that both A$ and A$ are lower triangular matrices, then AT*1A<{ is a
lower triangular matrix. By (C.3) and (C.5), we have AS™tAS = RS, AT A RS). However,
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we have already proved that A; — A; £ 0. Given this result, we have RS, RS 2 ASTTAS,
a lower triangular matrix. By (R$,R$,)(R$ RS} = I, we have RS, RS, converges in
probability to a diagonal matrix whose diagonal elements are either 1 or —1. However, our
sign restrictions rule out the possibility of —1. Then it follows ]A%i’l 2, R,

Let ARy, = &, — R,. By R\ RS, = R3, RS, = I, we have

ARy RS, + R ARy, + AR ARy, =0
Pre-multiplying RY; and post-multiplying R} on both sides gives
—0 —0 —=0 =<
(AR R{Y) + (AR RYY) + (AR RYy) (AR R) = 0 (C.6)
Also notice that
AT, - <1>/ = A<1>1]\,1 - <1>1A,1 = Z\RTIAII + RYl(Al - Al)/ + @:1([\1 - Al),
However, term Z]\%TlA’l = (E%jl YD(RSAL) = (ZJ\%L $1AY. Given this result, we have
R — AY = (AR RYDAS + Ry (Ay — Av)' + ARy, (Ay — Ay
Post-multiplying A" on both sides, we have
(A7 = AYIAY™ = (ARV R + Riy(Ar = MYAY ™+ AR (Ar - A)AT

Matrix ([X‘{’ — A$)AY™! is an upper triangular matrix since both /A\f and A{ are lower

triangular matrices. So we have
lower{ (ARy, B$f) + Bf1 (A1 — A )AY " + ARy (A — A)AY !} =0 (C.7)

where lower{-} denotes the elements of the argument strictly below the diagonal.
Consider RS, (A — A1)’AY~!. By Proposition B.1, we have

. T 4, T
HR—A) A = B (s (0 el ) AT RV AAS T 0,(T )0, (N,
t=1 t=1

where & = (eq, ea, ..., en)’. Notice ¢y = fi — E(fi90)[E(9:9,)] *g:- So we have R, ¢ =
2= E(f29)[E(9:t9:)] gi, which we use ¢¢ to denote. So the first term is equal to

(S oe) (S ored)ag?
t=1

t=1

The second term is RS, VR, by AjAS ™ = RSTY = R$). Then it follows

. T ., T
Ry (Ay = M)YAY ™ = ROVES + (Yo 0707) (2606 AY !+ 0p(T7) + Op(N 1)
t=1 t=1
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Given the above result, (C.7) can be written as

over{ (8T + RV ) + (o) (3 i)
=1 t=1

+ AR} (A = M)A 4+ Op(NTH) + 0(T7) } =0

(C.8)

By (C.6), we have
!/ — —
(AR{ B +RY VRN )+ (AR R+ R VRS ) +(ARy R (AR RS = B (V4V)

Notice
T

1
V+V = = Z(&EQ — 1)

t=K

Then, by f = R{, e, we have

(E\RO o 4 OIVRO)+(Z\RO o 4 RYVR® )/

114411 11 11 114411 11 11

ADS P A DS por 1 d o _of

+ (AR RY ) (AR RYy) = T (erey’ —Iry) (C.9)
t=K

=i

For now, define

T

- T /
v—{BRLRS + RVRE + [ oter] S ene]art).
t=1 t=1

By neglecting the smaller order terms (ﬁﬁl Rf’l)’(ﬁzil R$}) and ARH(Al —A)' A we

see that V is an asymptotically lower triangular matrix such that

T T T
VAV = g S b+ [Seier] [ eie]ar
t=K t=1 t=1
T -1
AT Gey | [ D grar| 4+ 0p(TT) + 0p(NTY).
t=1 t=1
Let D} be the matrix such that vec(M) = Djvech(M) for any lower triangular r X r matrix
M, where vech(-) is the operator which stacks all the elements on and below the diagonal
into a vector. It is worth noting that D} is different from the usual duplication matrix
since M is lower triangular, not symmetric. Then taking the vectorization operation on
both sides and noticing that vec(V) = Dvech(V), we have

1 T T
2S,, D} vech(V) = = > [ef@es—vec(I;,)]+25,, (AT ' 0AS ) Z (&2¢2)+0,(TH+0,(N71).
t=K t:1

where S, is the symmetrizer matrix such that S, = ([,2 + K,)/2, with K, being the

r-dimensional commutation matrix such that vec(A’) = K,vec(A) for any r x r matrix A.
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Let V¢ be the leading term of E%il f’l + RY1VRS,. It is easy to see from (C.8) and
(C.9) that V® = O,(T~Y/2). So we have ARy, RS, + R VRS, = Vo4 0,(T~1) + 0y (N7L).
Then by the definition of V,

1 _ _
Vo=V - A;¢1Tz¢§§;Ai' L 0T,
t=1

Taking vectorization operation on both sides, we have
vec(V°) = K, vec(V) — (A;™' @ ASY) Z; & ®¢7) +0p(T)
t:
T
= K,, D}, vech(V) — (A7 ' @ A, Z & @ ¢7) + Op(T ™)
T
t=

— (A @ AL Z&@w )+ 0,(T71)
t:l

’ﬂl\ -
M'ﬂ

?j I

T
[ ® 8 — vee(l,)] + 25, (A @ ALY Z @®g)]  (C10)
t=1

where Dy = K, D} (D} S, Sy, Di )"'D;'S). /2.
Now consider the asymptotic property of 5\? — XY, By 5\3 = ]561’15\, and A = Rj A,

~

X=X = RSN — RN = ARy A+ RS (5 — M) + ARy (A — M)
= ARy RN + RSy (A — M) + Op(T™Y) + O,(N72)

Substituting the first expression of Proposition B.1 into the above equation and noticing
R$161 = ¢, we have

. T T
Ao — X0 = (AR, RS + RS, VRY)) ( Z 7)o (qubfeit) +0,(T ™).
t=1 t=1
By AR, RS + R} VRS = Vo+O,(T~ )40, (N~ Dand £ 3, 6207 S0, (T71/2),
we have
1 T
Xo—XC = VN + A;d)l(T;qbfeit) +0,(T™Y) +0,(N ) (C.11)

1 T
= (A ® L, )vec(V°) + A, (T > dten) + Op(T™1) + Op(N 7).
t=1

Substituting (C.10) into the above expression,

T T
X=X = (N @I, Dg[ N[ @ ef — vee(I,)] + 28, (AT @ ALY Z (& ® 7))
t=K t:l

T T
S(OAT @ A% 15 Y6 © 6) + AL Z@en)w )+ Op(N ).
t=1 t=1
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We discuss the asymptotic representations in two cases.
Case one: i < rq. In this case, A'AS™ = LASAS™ = i/ where ¢; is the ith column of
r1 X r1 identity matrix. Given this result, it is easy to see that the last two expressions are

cancelled. Thus

R 1 T T
=X = (\'®I,,) Dg[ > ey ey —vec(Ir,)|+25,, (AT ©AS ) Z(&@@)} (T~ +0,(N 7!
t:f( t:l

Under the normality of u;, when T /N — 0, we have
VIR = X9) 5 N (0, (A @ L) (20,2 + 48, [(AT ' SeeAS ™) @ A5, )DH(XS @ 1,,) ).

Case two: 7 > r1. In this case, the asymptotic representation can be written as

< 1 &
A=A = (N ®@1,,)D 2% > e @ey — vee(l,, + A%, 1( Z(Z)t elt>
t=K
1 T
+ (A ® I,)(2D2S,, — L2) (AT © A 2;(& ® ¢7) + Op(T~1) + Op(N 7).
t=

Under the normality of u;, when T /N — 0, we have
% d . . _
VI(R3=29) 5 N (0, (XS L, ) (2D5D4+D3 (AT e AT )@ AL DG ) (A ® 1L )+02 A1)

with ]D)g = ZDQSrl -1

2.
1

To derive the asymptotic 45 — 7y, we notice 45 = 4; and 7§ = 7;. Thus, by (B.31),

w—ﬁ:(EyM)(
rae)

where Ef = AJ A lqbt and W° = Q3 1 (% X1 - vief’). By the similar arguments in the

previous section, the above asymptotic results has an alternative expression:

T
> (gt = E)ew) + Wi+ Op(N™1) +0p(T )

Nl
T

(g0 = E9)ea) + WX + Op(N 1) + O,(T7).

~
Il
—

N =
M=

T
37— = [ o] [ wren] + WX + 0N + 0,17
t=1 =

Now consider f? — f¢. By f° = RS, f; and f? = RS, fi, we have

A —_—0 A — A
It =[5 = ARy fe + Ry (fe — fi) + ARy (fe — fo)
= ARan S+ R (fe — fo) + Op(N_l/ZT_1/2) +O0p(T 7).
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Substituting the third expression of Proposition B.1 into the above equation, we have

. _— T T ~1
fo = 7 = (ARL RS = By VRN £ = By (D evn) (Yo wevt)
t=1 t=1

N N
1 -1 1
RS 7)\1)\/ — i€ O,(N~! O, (T~ .
* ll(ggg /) (;Ug cit) + Op(N 1) + Op(T )
First notice that
—=< — 0/
ARy RY) — R}, V'R}) = (ARllR + R{1ARy) — (ARllR R f2.

By (C.6), term @il 1 + Ruﬁﬁ is negligible. In addition, as defined before, V¢ is
the leading term of AR11R° + R, VRS|. Given this results, together with A\ = R \;,

t — Rllet, Ut = V¢ and RllRll — I?”17 we haVe

N N

fto N fto _ _Vo/fto N Wo/gt + (Z ?)\f)\f/> 1(2 %)\feio + Op(N—l) + Op(T_l).

=1 =1

We finally consider the asymptotic result of @2 — ®7. Notice the derivation of (B.37)
does not involve any special value of parameters. So it still holds in the present context.

So we have
B39 = LR TIAR —RYAR” B+ R (B, — D) R+ 0, (N~2)+0,(T ). (C.12)
Notice .
Rolflﬁfy — ROZ\RO/ _ lRTlARll 0‘| )
0 0

By Proposition B.2, together with the above result, we have

0 0| F

A<> _ <> _ ARIIR + R Va/R<1>/1 WO,
k 0 0

[ARHR '+ R, VYRS, WO’] .

+( i ) ( > W) @ 1) + 0N + 0,17,

=K t=K

Let B¢ is defined by

Ve o
o _
B_[WQ 0].

By E%Yl o+ RU VRS = VO + 0,(T™ 1), we have

T T
b — @ = (30 wpud) (Y0 wiu) Gk ® L)+ BB — BG4 Op(N )+ 0,(T ).
t=K t=K

This completes the whole proof. [
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Appendix D: The asymptotic results and their proofs under IRc

Likewise in the previous section, we use the symbols without superscript to denote the
parameters of IRa and the symbols with diamond to denote the parameters of IRc. We
also use R® to denote the rotation matrix, which transforms the parameters set (A, I, F)
into (A®,I'°, F°), i.e

z = [A°, 1] [‘Z] + e

R Ro/ I Rol—l RS f
=[A,T 11 11 21 L
[A.T] l 0 IJ l 0 I, gl "

Using the way in deriving (C.1), we have

= R ey — RSTIRS vy,
e Utl.l 11 1121t (D.1)
By E(ev)) = E(e7vy') = 0, we have
51 =0. (D.2)
By A} = I, we have
o = AL (D.3)

Accordingly, we have RS, = 0 and RS, = A’l_l. Since we have already proved A; — A1 20,
then it follows RS, & R$,. We use E%il to denote RS, — RS,. Apparently ARH 2 0.
Furthermore, Since A} = A' + O ,(T~1/2) by Proposition B.1, we have ARH = RS,

~

RSy = —A7HA — A YA = 0,(T1/2). Now consider A — A2, Notice A% = RS, A; and
A{ = R A Then it follows

A=A = AR+ RS (A — A) + ARy (A — \o).
Notice @il = O0,(T72) + O,(N~1) and A; — \i = O,(T~1/?) + O,(N~1). So the above
result can be simplified as
~ —= ~ _ _
X=X = AR A + By (A — X)) + Op(T71) + Op(N72). (D.4)
However, notice
— ~, ~ _
ARy = —A7 (A — Ay)ATY
AR = A AT = (AT = AT (R - Ay AT
A — A
= —ATHA - A)AT - ARy (A - A)AT
The last term of right hand side of the above equality is Op(T~1) + O,(N~!). Then we

have
AR|y = —A7 Ry — Ay AT+ 0p(T7Y) + 0p(N72). (D.5)
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However, by Proposition B.1, we have
A~ 1 T — 1 T
(i~ M) = VA + (52 66) (22068) + 0, ) +0,(N 7Y, (D)
t=1

t=1

where & = (e, eat, - . ., ery¢)'. Substituting (D.5) and (D.6)into (D.4), together with Propo-
sition B.1 and R$; = A7! and A = RS\, we have

. 1z 1,1 &
N =N =V + (F2o060) (720 dfen) + Op(T )+ 0,(NTY), (D)
t=1 t=1
where V¢ = —Aj;;l(% Z?:l $7¢;) and ¢ = f7 — ?gAgglgt‘

We proceed to consider 45 — ~5. Notice 4y = 4; and 7y = ~. Thus, by (B.31),

1 T 11 T
’%’—ﬁ:%—%:[Tthgi} [ > (e en}+W/\ + O, (N"Y +0,(T ™)
t=1
1< 1,1 &
= (T > 9ut) ( > (o= Eea) + WX + O(NT1) + 0,(T7Y), (D)
t=1 t=1

where 5 = (S/_y e ff)(Ximy 6§67) ' ¢f and W° = (Si_; vfoy) " (T2, viey). By the

similar arguments in Section B, we have the following alternative expression:

T
37— = [ o] [ wren] + WX + 0N + 0,17

t=1 t=1

We further consider f¢ — f¢. Notice fo = RY71f; and f2 = RY71f;. Given these

results, together with RS~! = A; and RSt = Ay, we have

= 1= = A+ M (fe— fo) + (A — M) (fr — fo)

The last term is Op(T~1) + O,(N~2). By (D.6) and Proposition B.1, together with
AN = R\ = A8, we have

- (L

N
AN )1(%2% )=V 2 W0, (N1 +0,(T). (D.9)

SM\H

We finally consider @Z — ®7. Using the way to derive (B.37), we have

B3 = IR IAR —RYTIAR B+ R (D), — D) R +0,(N~2)+0,(TY). (D.10)
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By Proposition B.2 we have
Az . z _ (I)Z(RQI—IZ\RQ/ + Ro/—lB/Ro/) _ (RO/_lﬁfO, + Ro/—lB/Ro/)q)z
T
+ (X wgw )(Zwt ") Yin @) + Oy (N1) + 0T 1),
t=K

However,

-1
~RVRY — (53 &) (£ S adt) RYE O
0 0

RO/— 1 E\RQI —

and

RO/—IB/ROI — [RO/ 1V,R<1>/1 RO/ 1W/‘| .

0 0

Given the above two results, together with ¢f = Rﬁ_lqﬁt, g = Rﬁ_let and the definitions
of V¢ and W¢, we have
RO/*IZ_\RO/ 4 RO/*lB/ROI — B<>/

where

Bo:lw 0].

Thus,

A T T 1
& — @ = (3 wgui) (S wied) (k@ L)+ BB — BB} + O)(N ) + 0,(T7Y).
t=K

t=K
This completes the proof.
Appendix E: Proofs of the theorems in Section 5

In this section, we give detailed proofs of Theorems 5.2 and 5.3. The proof of Theorem 5.1
is almost the same as that of the equation (11.7.4) in Hamilton (1994). Hence this proof
is omitted. As the starting point, we first give a theorem, which is closely related with
Theorem 5.2.

Theorem E.1 Under Assumptions A-D, when N,T — oo and \/T/N — 0, under IRa,
IRb or IRc, we have

_ 1 T
\/f(QUU — = Z 'Ut’Ut Quo +0P( )

In addition, under IRc, we also have

~

_— 1 L
VT(Qee — Q) = . Y (ee) — Qee) + A ¢[
t=

IIMH

tft] + L/lf Z t(bt} ¢ + op(1).

N |
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ProOOF OF THEOREM E.1. Notice that v} = v; and €2}, = Q4. Then the first asymptotic
representation is a direct result from (B.15). We then consider the second one. In this proof,
we use A,T" and F' to denote the parameters under IRb and A® T and F° to denote the
parameters under [Rc. Notice that the rotation matrix R which transform the parameters
set under IRb to the ones under IRc is [AII',O;O,ITQ], ie, A\ = Al_ll)\,;, P = A1 f; and
€9 = Aig;. Given this result, we have Q2. = AjAL. Accordingly, we have Q2. = AjA].
Thus,

0% — Q2 = (Ay = A)A] + A (A — A + (A = A (A — Ay (E.1)

y (C.11), we have
(Ay— A = VA + A‘WT Z ¢t + Op(T™1) + Op(N 7).
Substituting the preceding equation into (E.1),
. 1 &
QL - = M(V+ V)AL + ;&dA(;;A’ +AMA Z $i&t + Op(T™) + Op(N71).

However, as shown in Section C,

T

1
V4V = 7 > (ewey — L) + Op(T7H).
t=1

Given this result, together with ¢y = A;¢; by the definition of ¢;, we have
T 1 T

Qe — Z €2 —Q° )+ — thw’m; +A%! T > 676+ 0T +0,(N 7).
t=1 T t=1

This completes the proof of Theorem E.1. [

Based on the results in Theorem E.1, we can directly derive the limiting distribution

results in Theorem 5.2. Details are omitted.

PROOF OF THEOREM 5.3. We first consider the impulse response function under IRa
and IRb. Let P be the solution of the Cholesky decomposition of 2. Under IRa and IRb,

by the special structure of €2, it is easy to see

L, 0
P [ . P*] |
with P*P* = Q,,. The impulse response function of h; subject to one unit orthogonal

innovation is

ht = Pwi + U1Pwi—1 + VoPwi_g + -+ - = Cowr + Crwi—1 + Cowyo + - - -
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with C; = W P. Notice that Cs = ¥,P. To deliver the limiting distribution of (o C,
we need to derive the limiting distribution of P — P. By the structure of P, it suffices to
consider P* — P*. By Qup = P*P* and Quy = P*P¥, we have

vi o QU’U — 75*75*/ o P*P*/ — P*(ﬁ* o 7)*)/ + (75* o P*)P*l + (75* o 73*)(75* o P*)/

The last term is of smaller order and hence negligible. Therefore, we have (neglecting the

last term)

vee(Quy — Qo) = (P* @ Iy )vec(P* — P*) + (I, @ P*)vec[(P* — P*)]
= [(P* @ I;) + (I, ® P*) Ky, |vec(P* — P*)
where K, is the ro-dimensional commutation matrix. Let Dy, be the duplication matrix
such that Dy vech(M) = vec(M) for any lower triangular matrix M, where vech(-) is

the half-vectorization operator that stacks the elements on and below the diagonal into a

vector. Then the preceding equation gives

~ A

vee(Quy — Qo) = [(P* @ I,) + (I, ® P*)KTQ]ngeCh(P* —P*),

which leads to
vech(75* — P*) = Wavee(Qup — Qo).

with Wy = [D}W,oW, D 171 D3 WY and Wy = (P* ® I,,) + (I, ® P*)K,,. By Theorem

E.1 on Qyp — Quw, we have
VTvech(P* = P*) % N (0,2Wa(Quny ® Q) W5).
Now consider the asymptotic representation of C, — Cs. By definition, we have

Ci—Co=U,P—U,P = (U, — V)P + V(P —P)+ (¥, — U,)(P—P).

Again the last term is of smaller order and hence negligible. Taking vectorization operation

on both sides, we have (neglecting the last term)
vee(Cs — Cy) = (P! @ I)vec(¥y — Uy) 4 (I, @ ¥, )vec(P — P)

Let D7 be the matrix such that vec(M) = D7vech(M;) with M, = [0,0;0, M;] where M;

is an arbitrary ro X r9 lower triangular matrix. Then the above result gives
Vec(@g —-Cy)=(P® Ir)Krvec(\iJ; —U))+ (I, ® \I’S)D7vech(75* — P

Under the normality of uy, it is easy to check that the above two expressions on the right

hand side are asymptotically independent. Given this result, we have

VTvee(Cy = Co) S N (0, (P © L) KX TLKL(P @ 1) + (I @ ) DrJoD(1 @ 0)))
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with J1 = Q @ [E(])] "t + DoJD) and Jy = 2Wa(Quw @ Qe )W),

Now we consider the asymptotic representation under IRc. Let P be the solution of
the Cholesky decomposition of €2. Under IRc, P is of the form

_|Pf O
P= lo P;] '
with PyP; = Q.. and P3Py = Q. Pi — Pj is already given. We only focus on P} — Pj.
By Q.. = PP and PiPY = Q.., we have
Qe = Qe = (PF = PHPY + PE(P} = P1) + (P} — P1)(PF —P1)'.
Neglecting the last term and taking the vectorization operation on both sides, we get
VeC(Qes — Q) =[Pr® L)+ (I, ® PT)KH]VQCUST - Pi)
= [(P{ ® L,) + (I, ® P}) Ky | Dy, vech(P} — Pp).

So we have
vech(P} — P}) = Wivee(Qee — Q.2)

with W, = (DY Wi W, D;,) " D W) with W, = (P} ® I,) + (I, ® P{)K,,. Given this

result, we have
vech(P; — P;) % N (0, W1 [2(0ue ® Qc) + 48, (See @ A7), | W)

where Py = (I, ® A;(;) + (A;(; ® I,)K,. Let Dg is defined as vec(M) = Dgvech(M;) +
D7vech(Ms) for any M such that M, ., = [Mi,0;0, Ms], where M; is 1 X r1 and My is
ro X ro and both are lower-triangular matrices. By these two definitions, we have

vec(P — P) = Dgvech(P} — P;) + Dyvech(P; — Pj),
implying
vec(P—P) % N (0, DsW1 [2(0ec®0ec)+45,, (See @A) ], | WD+ 2D W () WD )

Notice
vee(Cy — Cy) = (P' @ L) K,vee(W, — W) + (I, @ ,)vee(P — P).

Under the normality of uy, it is easy to check that the above two expressions on the right

hand side are asymptotically independent. Given this result, we have
VTvee(C, — Co) % N (0, (P! @ L) K, TV LK L(P @ 1) + (I, @ ) Ts (I, © W)
where
Ts = DgW1 [2(Qee @ Q) + 45y, (Bee @ A))S/, | WD + 27 Wa(Quy © Q) W5 DS

This completes the proof.
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