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ABSTRACT

‘1n this paper, distributlons of items sampled inversely in
clusters wure derived. In partlcular, negatlve binomlal type of
distributtions are obtalned and thelr propertles are studled. A
logarithalc serles. type of distribution is also deflned as a

Jimiting form of the obtained generalized negative binomlal
distribution.

1. INTRODUCTION

In a recent paper, Panaretos and Xekalaki (1886a) Introduced
some generallizallons of existing sampling schemes which lead ta
extended forws of several well known probability distributions.

353

Conytisht © 1959 by Marcel behker, Inc.



356 ' XEKALAKT AND PANARETOS

One of Lhese sampling schemes leads to an inleresting negative
blnomial type of distribution which not only contains the ordlinary
negatlive binomial as a special case but alse 1L pocesses
properties analogous to Lhose of the latler. It was shown there
that approprlate limiting operations on its zero-truncaled form
lead to a generalized log series distrlibutlon through which most
aspects of the exlsting interrelationships between the ordinary
Poisson, logarithmic and negative binomial distributions are
preserved under the transition to the triplet (generalized Poisson
distribution, generalized logarithmic distribution, general tzed
negative binomial distribution).

The generalized neg-ative binomial distribution in question is
defined by the probablility functlon given by

Ix +m-) « 1" I L
Pi{X=x) = Z (1.1}

TR sx xt,....x‘. m-1 kf+x kf+a
1
x=0,1,2,...
and arises in the context of cluster sampling . in particular,

from an urn contalning numbered balls, « marked O and B marked {,
121,2,...,k (k € 1') draws are made at random , one at o time
and with replacement till m balls marked O are observed. Then
(1.1) represents the probability distribution of X, Lhe total sum
of the sampled numbers. This urn scheme could possibly be used to
mode] blological situations where the frequency distribution of
cells forming clusters s of interest.

Restricting X to be non-negative and aliowing m to become
very small (m30) Panaretos and Xekalak] (1988a) obtained the
'genera!lzed logarithmic distribution mentioned before deflined by
the probabllity function

* ' Ix,
(Zx -1n (B/(Bk+x))
PXex) = § (1.2)
Eix =x -In{a/{Bk+a)) x to.x !
x=1,2...

In this paper a sampling scheme that gives rise to a more
general form of (1.1) and subsequentiy of (1.2} is introduced.
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The interrelationship of Lhe thus arising distributions as wt?li as
thelr relatlonshlp to other existing distributicns 1s examined.
Further, a recurrence relationship Is derived for the
probabilities Emf the extended form of {1.1) which can be useful
in applying the distributions Lo actual data.

2. THE CLUSTER NEGATIVE BINOMIAL DISTRIBUTION

Consider an urn contalning balls marked with integer numbers
In the range {0,1,2,....k), k>0. Suppose that « balls are marked
0 and 3'31 balls are marked i, 1=1,2,....k. A ball is drawn at
random, 1ts number Is recorded and the ball s returned to the urn
before the next ball is drawn. let X be the sum of numbers
sampled before the m-th zero. Then the followlng theorem can be
shown to hold.
Theorem 2.1: The probability of the event {x=x} is gliven by

Exi+n-! | *s 8 *x
P{X=x)= Z X . x x . m=1 e |——
rixlwx - S m o EB ‘o . Zﬁi+u

x=0,1,2,... (2.1}

where ¥ stands for summation over all wvalues 1.2,...,k of the
index of the summand.

It can be shown that § P(X=x)=1. Hence the probability of
x=Q
the event lx=x} as given by (2.1) def‘lnes a proper probability

distrlbution. This suggests that a new probablility distribution
can be defined through {2.1). Though here m is an integer, the
argument still holds true for any positive real number m. The
form of the probability function suggests the use of this
distribution for the description of the distribution of the total
number of Jltems whenever these occur in clusters Jointly
distributed in the negative wultlnomial form. Moreover, when k=1
(2.1) reduces to the ordinary negative binomial distribution.
Hence the following definltion 1s in order.
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Definition 2.1: A non-negatlve, integer valued random variable X

is said to have the cluster negative binomial distribution wilh

parameters k, m, 9.9, .9, denoted by NBk (m,q‘,...,qk) if and
only if
P(X=x) = [ Ex'+m—l ] P q?‘ q:2 ...q:h (2.2)
21x;=x xl....,xk.n—l |
x=0,1,2,...; p,ql>0. 1=1.2,....k; qu=1—p, m>0.

Obviously when q‘=q. i=1,2,...,k (2.2) reduces to Panaretos
and Xekalakl's (1986a) generalized negative binomial distribution
while under the transformation x—x+lkal relationship (2.2) gives

rise to a specia) case of Akl's {1885} extended nagative binomial
x 11

distribution for pw-i!}ip‘ and q,= (l-—pil j;‘;[!pJ » O<p <1, 1=1,...,k.

It should be noted that {2.2) can also arise as a limiting form of

a more general distributlion Introduced by Steyn (1958). Also
when ustng stralght sampling the urn scheme consldered in this
section glves rise to the cluster binomial distributlion studied by
Panaretos and Xekalaki {1986b).

It is interesting to note at this point that if m=1 l.e. If
sampling 1s stopped once the first O ball is observed then (2.2)
reduces to a distribution which contalns the ordinary peometric
distributlon as a speclal case. In the sequel, thils dlstrlbution
will be referred to as the cluster gecmetric distribution.
Definition 2.2: A non-negative, integer~valued random varlable X
will be selid to have the cluster geometric distributlon wuith

parameters k, q.,...,q, if and only if 1is probabiiity function is
given hy

PiX=x) 5 p Z L=l q. ...q (2.3)

Iix =
N Y Xy

Theoren 2.3: fet X be B random variable  Thaving the cluster
negaiive blinomial distribution defined by (2.2). Then its
probability generating function is given by

Gyts) = p(1-T qls'I"
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or equivalenily by

=m
k

Cyls) = |1+ _.;!)_ Z q (1-s") (2.4)
=1 .
_ »
GK(S) = E s" }: [ leﬂl-l ] Pt q:l...q:k
x=0 Ilx =x x‘,...,xk,n-l .

~7s

x .....xk.n—l

1

» ]
Z [ Ix, +n-1 ] o" (a8) . g s "
x=0 Eixiﬁx -

Then letting x ax and x+x+L(1-1}x_ we obtain

Cyls) = p° ..?o %’;“L‘ Z [x', .’.‘..xk] [“n’]‘l' " [qtsk]’k
. E4X =%

Hence the result.
Corollary 2.1: let X be defined as tn theorem 2.3. Then

. k
" . :
E(X) = e |§{ 1ql {2.5)

v(X) = = {z_ﬁq‘e % _[{; 1ql]2} |

Theorem 2.4;  Let X.X....,X be non-negative integer vaiued
random variables that are fidentically and independently
distributed acéordlng to a cluster geometric distribution with
probability function as glven by (2.3). Then the random varlaﬁle
X = x|+x2+...+x_ has a cluster mgatlve binonial distribution with

perameters k. m, PPy 'Py
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3. TiE LLUQTLHI(X,ARIIHMIC SERIES UlbIRIBUT]DN

let X be a random varlable defined as in the previous section
and let P”(X=x} denote {ts probability function as glven by
{2.2). Then Lhe llmlting distribution of X conditional on the
event {X>0} as m tends to O leads to an extended version of the

logarithmlc serles distribution t.e.,

(D ~1)t ==
11 =x}%>0} = i .
.d: P_(X=x{X>0} E:: —inp }_-] (3.1)

Eix}=x 1=y
x=1,2,...

When q,~q, l=l.2...f.k 13.1} reduces to Panaretos and
Xekalakl's (1986a) logarithmic serles distribulion of order k
while for k=1 It reduces to the ordinary logarithmlc series
distribution. Since this distribution originates from the cluster
negative binomial distribution, the following definitlon may be
glven.

Definitlon 3.1: A positive, integer-valued random variable X wiil
be sald to have the cluster logarithmic series distribution with
parameters k, ql.....qk if and only if 1ts probability function is

given by

(Zx ~1)1 qi'a q “x
P{X=x) = - (3.2}
~inp xi! x !

Iixl=x
%x=1,2,... ql>0, i=1,2,....k ; p=1-iql>0.

It should be noted at this point that (3.2) can be considered
as a reparameterized verglon of Akl's {1985) extended logratithmic

k 1=1
series distributlon for P =P and q, = (l-pl} ne, 0<p <1,
1=1 1=1

i=1,2,...,k.

Theorem 3.2: Let Gx(s} denote the probability generating function
of a random variable X having the cluster logarithule distributlon
with probabl!ity function given by 3.2 . Then

In(1-Fq,s')

G, (s) = ‘ (3. 3)
In{1-Tq, )
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Proof
= (B -1y &
LX(S)=ZSZ —_— qxl/x1
x=t  Eix = ~Inp t=1
. - "
st I D=l PR | M RN
Y X ... X | )
Inp %=1 zlx.-x Ex. L ! x 1=1

letting x ox  and x*x+[ﬂl—1)xl we obtain from the last

equat ion
1 2. 1 X ’ k 5
(e = - —— E — Z A I I{qls)
. x=1 th=x t=1
1 o | Y
i — 2:: e [E qisj] .
inp -y x

which lgads to (3.3} and establishes the Lheorem .
It is obvious from the form of (3.3) that the cluster

logarithmic serles distribution admits a random sum rFepresentation

Y4
Y,.Yz.... are lndependendent random variables such that Z has the

since X can be represented by the sum Y‘+Y2+...+Y where 2,

ordinary logarithmic distribution with paran?ter 1-p while
Y:'Yz"" are identically distributed on {1,2,...,%k}
according to Hirano's (1986) X-point distribution with
probablility function P(Yl-r} * qp/(!-pl. r=1,2,....k, i=1.2,...

4. THE RELATIONSHIP OF THE CLUSTER NEGATIVE  BINOMIAL

DISTRIBUTION TO  GENERALIZED POISSON OR  MIXTURES oF

GENERALIZED  POISSON DISTRIBUTIONS.

In this section, the cluster negative blnomlal distribution
I1s shown to arise as a mixture of the generalized Poisson
distribution or as a Polsson sum of cluster iogafithuic random
variables. Furthermore, the generalized Poisson distrlibution is
obtalned as a limiting form of the cluster negative blnomlal
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distribution. It is also shown thut mixing latter distribution with
respect to Lhe parameters q, 1=1,2,....%k leads to the stuttering
generalized Waring distribution introduced by Panaretos and
¥ekalaki (1986Gc}) and.studied by Panaretos {1987a,b).

Theores 4.1: let X be a non-negative, integer-valued random
variable Assume that conditional on a positive random variable A
X follows a generallzed Poisson distributlion with probability

generating functlien

k
pr (s) = exp A{ I ultsh‘U}

t=1
A0, al>0; 1=3,2,....k

Assume further that A follows a gamma distribution with
parameters m and v and probability density function

v
Y v-1 -mu
fh(tl) o —i..m L] e L8>0, »v>0, n0 {(4.1)

_ ]
Then the unconditional distribution of X is the cluster negative

-4 «

- 1 K
binowmtal distribution with parameters k, v, —-;;E:—-... .

m+£u:'
Theorem 4.2: Let X‘.Xz,... be a sequence of independent random
variables distributed identically according to a cluster

logarithmic series distribution with perameters Kk, q‘>0.
1=1,2,....k; -} q,=p, 0<p<1 and probability function given by
€3.2). Let N be & non-negative random variable distributed
Independently of xl.xz....- according to the Polsson distributlonJ
with parameter -Alap, A>0. Then the distribution of the random
variable X=X‘*X2+...+Xu is the cluster negative binomial with
parameters k,&, 9o Qe -0 q,- |
The above two theorems demonstrate the fact that the mixing
and random sum representations of the ordinary negative binomial
distribution are preseé_ved underr the Ltransitlon to its
geﬁerallzailon as glven by {2.2) or (2.3). For q,=4. i=1,2,...,k
theorem 4.2 leads to Panaretos and Xekalaki's (1986a) results
highllghting the assoclatlion of (1.1} and (1.2} it should
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perhaps be noted here thal in the statement of the retevanl
result (Panaretos and Xckalaki, (1988), theorem 4.2)° the
expression for the probability function of each of the summands in
'1'1+...+Y should read

N
¥x

(Ex -1 (9/(oke1))

Ex‘=y In{dk+1) x‘!+..‘+xk!

instead of the incorrectly printed expression.

Theoren 4.3: Let X be a non-negative, Iinteger valued random
variable having the cluster negative binomlal distribution wlth
parameters k, m, Q9.+, Then 1If wem and q'-sﬂ so0 that
mqt—rhi for some flixed value JL‘ in (0,+0), i=1.2,... .k, the
distribution of X tends to the generallzed Polsson distributlion
with parameters JLI. i=1,2,...,k.

Proof: Let 1lim stand for limit as mm, ql-)o 50 that mql—nl.
H|
1=1,2,....k and observe that wusing (2.3) the probability

generating function of X can be wrltten as

[
Gx{s} = exp {-nln [l+-—£—- eqil-s') ] } .

i=1
Since

k q
L ' u-s')

151 1 . ' . N )
-n "k 5 = -aln v Lali-s')} = -m E — {(1-8 ),
1+ it (1-5') 1= e
1 P

we have upon taking the limit under H that

K .
lim Cx(s) = exp {}: Al(s'-ll } .

H L]
This establighes the result.

It would now be interesting to examine whether appropriate
mixtures of the generalized form lead to distributions which are
generalizations of the corresponding mixtures of the ordinary
negative binomial distribution. The theorem that follows shows
that this 1s the case. In particular, it is shown that if
(qi,qz,....qtl is a Dirlchlet random vector the resulting mixed
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distribution is the stuttering generallzed Waring distribution
with probability function given by .

“(zb ) R .
GX(S} ¢ o~ ——————— F {(m;b_,b_,...,b ;m+Eb +c; s,8°,...,8 )

(mec) b t B k H

(Zbli
{4.2)

where Fn represents Lauricella’s hypergeometric series of type D
defined by

FD{G; ﬂll...'ﬁ.k; T; z‘..--'zk] =
- ® « (B} co (g) i "
Z Z (Erl)_ 17r ) £ir ) z, | "zk _
r_ =0 ro =0 Yigr ) l.1! rk!
1 k t
(4.3}
K
va- L 820, |z |s1, 1=1.2,....k
I=
Theorem 4.4: let X be a non-negative integer valued random

variable having the cluster negative binomlal distribstion with
paranetei's k.n, 4.9, ---.9, and probability generating functlon
given by .(2.3). Let the purameters 9,:9,.--»4,  be themselves
random vurlables Jointly distributed according to the Dirlchlet
(multivariate beta) distribution of Lhe first kind with
probablltty density function given by

Flc+L b)) .. b -1 k !
Nq‘.....q.l = - q, 1-I q
T(c) fj Ib,) t2) d=1
=1

(4.4)
.
¢, q,,b >0, l=1.2....,k;‘£q1<1
Then the resulting distribution of X is the stuttering generallized

Waring distribution with probability generating functlon given by
(4.2}. _
Proof: Obviously the cluster negative binomial distribution

represents the conditional distribution of X on the random vector
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9.9, - g, - Therefore

F[F+ E b{]

_ 1=1
GX(S) : J e
Fle) g b))

L g«
lat 1 1,-m
a,>o. (1 }:q‘s ) " dq ...dq
i=1,...x
C(Zb!) h = meex ) (B,
LU B g L
k
{’“C}(zb.) x:xo x, 0 [ﬂ + ¥ biﬂ:]
1=t (Exl)
X n
B t s k
x ! x 1
1 k

Using (4.3) the above relatlion leads to (4.2) and hence the
theorem has been established. ‘

For k=1 the result of the treorem reduces to the derivation
of the generalized Warlng distribution as a beta mixture of the
ordinary negatlive binomial distribution.
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