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GERD WEINRICH

NONDEGENERATE INTERVALS OF NO-TRADE PRICES
FOR RISK AVERSE TRADERS

ABSTRACT. According to the local risk-neutrality theorem an agent who has
the opportunity to invest in an uncertain asset does not buy it or sell it short iff its
expected value is equal to its price, independently of the agent’s attitude towards
risk. Contrary to that it is shown that, in the context of expected utility theory
with differentiable vNM utility function, but without the assumption of stochastic
constant returns to scale, nondegenerate intervals of no-trade prices may exist.
With a quasiconcave expected utility function they do if, and only if, the agent is
risk averse of order one.

KEY WORDS: Portfolio choice, Risk aversion of order one, No-trade prices

1. INTRODUCTION

This paper is concerned with the existence of nondegenerate inter-
vals of no-trade prices. This is a problem because, according to the
well-known local risk-neutrality theorem (Arrow 1965), an agent
who starts from a position of certain wealth will not trade in a given
risky asset if, and only if, the expected (present) value of the asset
coincides with its price. For any price less than the expected value
the agent will buy some amount of the asset whereas for any higher
price he will wish to sell it short. This holds in the absence of trans-
actions costs whenever it is possible to buy small quantities of the
asset, independently of the agent’s attitude towards risk.! Observed
investment behavior, on the other hand, suggests that there is typi-
cally an interval of prices within which the agent neither buys nor
sells the asset short.

This fact has recently aroused increasing interest as is docu-
mented by a number of works seeking to explain inertia in investor’s
behavior in terms of their preferences and/or perceptions of risk and
uncertainty. One possibility is to assume that the agent’s behavior is
representable by uncertainty aversion and nonadditive (subjective)
probabilities.” This has been shown by Dow and da Costa Werlang
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(1992) building on an axiomatic approach of nonadditive probability
measures due to Schmeidler (1982, 1989), Gilboa (1987) and Gilboa
and Schmeidler (1989). Dow and da Costa Werlang’s work can be
seen as a generalization of the local risk-neutrality theorem.

Another possibility, as shown in this paper, is obtained by means
of risk aversion of order one. This concept, introduced indepen-
dently and in an essentially equivalent fashion by Montesano (1988)
and by Segal and Spivak (1990), is defined by the condition that
the risk premium 7 (s) that the agent is willing to pay to avoid the
lottery s X, where X is a given random variable and s a real num-
ber, is a kinked function at s = 0. As the above authors show, in
the context of expected utility theory or nonexpected utility theory
with a Fréchet differentiable functional and local utility functions
(see Machina 1982), this cannot be obtained with differentiable von
Neumann-Morgenstern utility functions; however, anticipated util-
ity theory (i.e. expected utility with rank dependent probabilities),
first presented by Quiggin (1982), is also compatible with first order
risk aversion if the utility function is differentiable.

That risk aversion of order one yields intervals of no-trade prices
will follow in a natural way from the formalization presented here.
In fact it will be shown that, in the context of expected utility theory,
first-order risk aversion occurs if, and only if, the expected utility
function is kinked at the no-trade point. If it is also quasiconcave,
this in turn is equivalent to the existence of nongenerate intervals of
no-trade prices.

More precisely, in the present paper’s model I have retained
the assumptions of additive probability as well as expected utility
(with rank independent probabilities and) with a differentiable von
Neumann—Morgenstern utility function. To have this be compatible
with first order risk aversion I give up what Arrow (1965) calls sto-
chastic constant returns to scale (and which Montesano (1988) and
Segal and Spivak (1990) have implicitly adopted), by which is meant
that the distribution of the asset’s rate of return is independent of the
amount invested. Doing this permits the function which associates
with each amount invested the variance of the agent’s subjective
probability distribution over the asset’s random return to have a kink
at zero. For a risk neutral agent this is of no importance but if he is
risk averse, the kink in the variance function is equivalent to a kink
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in his expected utility function and consequently to inertia in his
investment behavior. Finally, it turns out that being risk averse and
having a kinked variance function is the same thing as being risk
averse of order one.

The remainder of the paper is organized as follows. In Section
2, I introduce the model for the case in which the probability distri-
butions have finite supports and present the fundamental technical
results. Section 3 contains their application to the existence of non-
degenerate intervals of no-trade prices. How this is linked to risk
aversion of order one is shown in Section 4. Section 5 discusses the
relation between the existence of intervals of no-trade prices and
convergence concepts of probability measures. In Section 6 I extend
the analysis to the case in which the distributions are given by means
of density functions. Section 7 contains concluding remarks.

2. THE MODEL AND TECHNICAL RESULTS

Assume that an agent can trade an asset the uncertain return of
which depends on the quantity s he buys (s > 0) or sells short
(s < 0). Thus for each s the asset can be seen as a lottery X (s). Its
‘objective’ distribution is unknown to the agent but he has some
beliefs about it, captured by a subjective probability distribution
n(s) € A(R), where A(R) is the set of probability measures
over R. The distributions w1 (s) are assumed to satisfy the following
conditions.

(Al) There is a number n € N such that for all s € R the
distribution gt (s) is of the form

sy =21 (), q1()); .-Gy gaGVT;

with x;(-) continuously differentiable and ¢; (-) nonnegative,
continuous, d1fferentlable for s # 0, and such that there exist

limg_, g+ g;(s) = ql and lim,_, - g; = > tor all 'r =
I,... .7 mereover, ) @ g;(s) = 1 Tor ai's.

(A2) n(0) = 8(0), where 6(x) € A(R) is the degenerate distribu-
tion concentrated in x € R.

(A3) The expected value function s — x(s) = f xd[u(s)](x) is
continuously differentiable.

























































