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Abstract

This paper aims to solve two fundamental problems on finite or infinite horizon
dynamic games with perfect or almost perfect information. Under some mild
conditions, we prove (1) the existence of subgame-perfect equilibria in general
dynamic games with almost perfect information, and (2) the existence of pure-
strategy subgame-perfect equilibria in perfect-information dynamic games with
uncertainty. Our results go beyond previous works on continuous dynamic games
in the sense that public randomization and the continuity requirement on the
state variables are not needed. As an illustrative application, a dynamic stochastic

oligopoly market with intertemporally dependent payoffs is considered.
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1 Introduction

Dynamic games with complete information and subgame-perfect equilibria are
fundamental game-theoretic concepts with wide applications'. For games with
finitely many actions and stages, Selten (1965) showed the existence of subgame-
perfect equilibria. The infinite horizon but finite-action case is covered by
Fudenberg and Levine (1983).

Since the agents in many economic models need to make continuous choices, it is
important to consider dynamic games with general action spaces. For deterministic
continuous games with perfect information where only one player moves at each
stage and all previous moves are observable by the players, the existence of
pure-strategy subgame-perfect equilibria is shown in Harris (1985), Hellwig and
Leininger (1987), Borgers (1989, 1991) and Hellwig et al. (1990). However, if
the deterministic assumption is dropped by introducing a passive player - Nature,
then pure-strategy subgame-perfect equilibrium need not exist as shown by a four-
stage game in Harris, Reny and Robson (1995, p. 538). In fact, Luttmer and
Mariotti (2003) even demonstrated the nonexistence of mixed-strategy subgame-
perfect equilibrium in a five-stage game. Thus, it has remained an open problem
to prove the existence of (pure or mixed-strategy) subgame-perfect equilibria in
(finite or infinite horizon) perfect-information dynamic games with uncertainty
under some general condition.

Harris, Reny and Robson (1995) considered continuous dynamic games with
almost perfect information. In such games, there is a finite number of active players
and a passive player, Nature. The players (active and passive) know all the previous
moves and choose their actions simultaneously. All the relevant model parameters
are assumed to be continuous in both action and state variables (i.e., Nature’s
moves). Harris, Reny and Robson (1995) showed the existence of subgame-perfect

2 and also

correlated equilibria by introducing a public randomization device,
demonstrated the possible nonexistence of subgame-perfect equilibrium through
a simple example with two players in each of the two stages. This means that the
existence of subgame-perfect equilibria under some suitable condition is an open
problem even for two-stage dynamic games with almost perfect information.

For dynamic games with perfect or almost perfect information, the earlier
works have focused on continuous dynamic games. The purpose of this paper
is to solve the two open problems for (finite or infinite horizon) general dynamic
games in which the relevant model parameters are assumed to be continuous in

actions, but only measurable in states.® In particular, we show the existence of

1See, for example, Part IT of Fudenberg and Tirole (1991).
2See also Mariotti (2000) and Reny and Robson (2002).
3While continuity in terms of actions is natural and widely adopted, the state continuity requirement



a subgame-perfect equilibrium in a general dynamic game with almost perfect
information under some suitable conditions on the state transitions. Theorem 1
(and also Proposition 2) below goes beyond earlier works on continuous dynamic
games by dropping public randomization and the continuity requirement on
the state variables. Thus, the class of games considered here includes general
stochastic games, where the stage payoffs are usually assumed to be continuous
in actions and measurable in states.* Proposition 1 also presents some regularity
properties of the equilibrium payoff correspondences, including compactness and
upper hemicontinuity in the action variables.® As an illustrative application of
Theorem 1, we consider a dynamic oligopoly market in which firms face stochastic
demand/cost and intertemporally dependent payoffs.

We work with the condition that the state transition in each period (except
for those periods with one active player) has a component with a suitable density
function with respect to some atomless reference measure. This condition is also
minimal in the particular sense that the existence result may fail to hold if (1) the
passive player, Nature, is not present in the model as shown in Harris, Reny and
Robson (1995), or (2) with the presence of Nature, the reference measure is not
atomless as shown in Luttmer and Mariotti (2003).

For the special class of continuous dynamic games with almost perfect
information, we can weaken the atomless reference measure condition slightly.
In particular, we simply assume the state transition in each period (except for
those periods with one active player) to be an atomless probability measure for
any given history, without the requirement of a common reference measure. Thus,
the introduction of a public randomization device as in Harris, Reny and Robson
(1995) is an obvious special case.

For dynamic games with almost perfect information, our main result allows
the players to take mixed strategies. However, for the special class of dynamic
games with perfect information®, we obtain the existence of pure-strategy subgame-
perfect equilibria in Corollaries 2 and 3. When Nature is present, the only known

general existence result for dynamic games with perfect information is, to the

as in continuous dynamic games is rather restrictive. The state measurability assumption is the minimal
regularity condition one would expect for the model parameters.

4Proposition 2 implies a new existence result on subgame-perfect equilibrium for a general stochastic
game; see Remark 2 below.

5Such an upper hemicontinuity property in terms of correspondences of equilibrium payoffs, or
outcomes, or correlated strategies has been the key for proving the relevant existence results as in
Harris (1985), Hellwig and Leininger (1987), Borgers (1989, 1991), Hellwig et al. (1990), Harris, Reny
and Robson (1995) and Mariotti (2000).

6Dynamic games with perfect information do have wide applications. For some examples, see Phelps
and Pollak (1968) for an intergenerational bequest game, and Peleg and Yaari (1973) and Goldman
(1980) for intrapersonal games in which consumers have changing preferences.



best of our knowledge, for continuous games with public randomization. On the
contrary, our Corollary 2 needs neither continuity in the state variables nor public
randomization. Furthermore, our Corollary 3 provides a new existence result for
continuous dynamic games with perfect information, which generalizes the results
of Harris (1985), Hellwig and Leininger (1987), Borgers (1989), and Hellwig et al.
(1990) to the case when Nature is present.

We follow the standard three-step procedure in obtaining subgame-perfect
equilibria of dynamic games, namely, backward induction, forward induction,
and approximation of infinite horizon by finite horizon. Because we drop public
randomization and the continuity requirement on the state variables, new technical
difficulties arise in each step of the proof. In the step of backward induction, we
obtain a new existence result for discontinuous games with stochastic endogenous
sharing rules, which extends the main result of Simon and Zame (1990) by allowing
the payoff correspondence to be measurable (instead of upper hemicontinuous)
in states. For forward induction, we need to obtain strategies that are jointly
measurable in history. When there is a public randomization device, the joint
measurability follows from the measurable version of Skorokhod’s representation
theorem and implicit function theorem respectively as in Harris, Reny and Robson
(1995) and Reny and Robson (2002). Here we need to work with the deep
“measurable” measurable choice theorem of Mertens (2003). Lastly, in order
to obtain results for the infinite horizon case, we need to handle various subtle
measurability issues due to the lack of continuity on the state variables in our
model.” As noted in Subsection 5.5 below, a considerably simpler proof could be
obtained for the case of continuous dynamic games.

The rest of the paper is organized as follows. The model and main result are
presented in Section 2. An illustrative application of Theorem 1 to a dynamic
oligopoly market with stochastic demand/cost and intertemporally dependent
payoffs is given in Section 3. Section 4 provides several variations of the main

result. All the proofs are left in the Appendix.

2 Model and main result

In this section, we shall present the model for an infinite-horizon dynamic game
with almost perfect information.

The set of players is Iy = {0, 1,...,n}, where the players in [ = {1,...,n} are
active and player 0 is Nature. All players move simultaneously. Time is discrete,
and indexed by t =10,1,2,....

"We cannot adopt the usual method of approximating a limit continuous dynamic game by a sequence
of finite games as used in Hellwig et al. (1990), Borgers (1991) and Harris, Reny and Robson (1995).



The set of starting points is a closed set Hy = Xg X Sy, where X is a compact
metric space and Sy is a Polish space (that is, a complete separable metric space).®
At stage t > 1, player i’s action will be chosen from a subset of a Polish space Xy;
for each i € I, and X; = [[;;
Si. Let X' = [[y<pe; Xk and S* = [[y<p<; Sk. The Borel o-algebras on X; and
Sy are denoted by_BZXt) and B(S), resgec_tively. Given t > 0, a history up to the

stage t is a vector

Xy;. Nature’s action is chosen from a Polish space

t t
hy = (I‘o,So,l‘l,Sl,...,l‘t,St) € X" xS

The set of all such possible histories is denoted by H;. For any ¢ > 0, H; C X x S*.
For any t > 1 and ¢ € I, let Ay be a measurable, nonempty and compact
valued correspondence from H;_j to Xy; such that (1) Ay is sectionally continuous
on X719 and (2) Ag(hi_1) is the set of available actions for player i € I given
the history hy_1.10 Let A; = [[,o; Asi- Then H; = Gr(A?) x Sy, where Gr(A?) is
the graph of A’.
For any = = (zg,21,...) € X, let ' = (z0,...,7;) € X! be the truncation of

el

2 up to the period ¢. Truncations for s € S*° can be defined similarly. Let H, be
the subset of X°° x S such that (z,s) € Hy if (2, s') € H; for any ¢ > 0. Then
H,, is the set of all possible histories in the game.!!

For any ¢ > 1, Nature’s action is given by a Borel measurable mapping fig from
H; 1 to M(S;) such that fig is sectionally continuous on X*~1, where M(S;) is
endowed with the topology induced by the weak convergence.'? For each t > 0,
suppose that A; is a Borel probability measure on S; and ); is atomless for ¢ > 1.
Let A = @p<g<t ¢ for ¢ > 0. We shall assume the following condition on the state

transitions.

Assumption 1 (Atomless Reference Measure (ARM)). A dynamic game is said

to satisfy the “atomless reference measure (ARM)” condition if for each t > 1,

1. the probability fio(-|hi—1) is absolutely continuous with respect to A\ on Sy

8In each stage t > 1, there will be a set of action profiles X; and a set of states S;. Without loss of
generality, we assume that the set of initial points is also a product space for notational consistency.

9Suppose that Y;, Yo and Y3 are all Polish spaces, and Z C Y7 x Y5. Denote Z(y1) = {y2 €
Ya: (y1,y2) € Z} for any y; € Yy. A function (resp. correspondence) f: Z — Y3 is said to be sectionally
continuous on Y3 if f(yi,-) is continuous on Z(y;) for all y; with Z(y;) # 0. Similarly, one can define
the sectional upper hemicontinuity for a correspondence.

10Suppose that Y and Z are both Polish spaces, and VU is a correspondence from Y to Z. Hereafter,
the measurability of ¥, unless specifically indicated, is with respect to the Borel o-algebra B(Y') on Y.

A finite horizon dynamic game can be regarded as a special case of an infinite horizon dynamic
game in the sense that the action correspondence A;; is point-valued for each player i € I and ¢t > T for
some stage T > 1; see, for example, Borgers (1989) and Harris, Reny and Robson (1995).

12For a Polish space A, M(A) denotes the set of all Borel probability measures on A, and A(A) is
the set of all finite Borel measures on A.



with the Radon-Nikodym derivative oy (hs_1, ) for all hy_1 € Hy_1;*3

2. the mapping py is Borel measurable and sectionally continuous in X', and
integrably bounded in the sense that there is a Ai-integrable function ¢.: Sy —
Ry such that @u(hi—1, ) < ¢u(se) for any hy—1 € Hi—1 and s; € Sy.

For each ¢ € I, the payoff function u; is a Borel measurable mapping from H,
to R, which is sectionally continuous on X* and bounded by v > 0.

When one considers a dynamic game with infinite horizon, the following
“continuity at infinity” condition is standard.'® In particular, all discounted
repeated games or stochastic games satisfy this condition.

For any T' > 1, let

Wl = sup Juie,s) — wi@ ). (1)
el
(z,8)€Hoo
(E»E)GHOO
T—1_zT-1
GT—1_35T—1
Assumption 2 (Continuity at Infinity). A dynamic game is said to be “continuous

at infinity” if wT — 0 as T — 0.

For player i € I, a strategy f; is a sequence {f:}+>1 such that fi; is a Borel
measurable mapping from H;_; to M(Xy;) with fi;(Ay(hi—1)|hi—1) = 1 for all
hi—1 € Hy—q1. A strategy profile f = {f;}icr is a combination of strategies of all
active players.

In any subgame, a strategy combination will generate a probability distribution
over the set of possible histories. This probability distribution is called the path

induced by the strategy combination in this subgame.

Definition 1. Suppose that a strategy profile f = { fi}ier and a history hy € Hy are
given for somet > 0. Let 7, = 6y, , where &y, is the probability measure concentrated
at the one point hy. If 7y € M(Hy) has already been defined for some t' > t, then

let

To41 = T © (Qiery [ 11)i)-°

13Tt is common to have a reference measure when one considers a game with uncountable states. For
example, if S; is a subset of R!, then the Lebesgue measure is a natural reference measure.

14Since u; is bounded, we can assume that the value of the payoff function is strictly positive without
loss of generality.

15See, for example, Fudenberg and Levine (1983).

6Denote ®icl, f('4+1)i as a transition probability from Hy to M(Xy41). Notice that the strategy
profile is usually represented by a vector. For the notational simplicity later on, we assume that
®iero f(t'+1)i(|he) represents the strategy profile in stage ¢’ + 1 for a given history hy € Hy, where
®iero f(tr+1)i(|he) is the product of the probability measures fiy1y;(-|he), @ € Io. If X is a finite
measure on X and v is a transition probability from X to Y, then A ¢ v is a measure on X x Y such
that Ao v(A x B) = [, v(B|z)A(dz) for any measurable subsets A C X and BC Y.

7



Finally, let 7 € M(Hy) be the unique probability measure on Ho, such that
Margg, T = T for all ¥ > t. Then T is called the path induced by f in the
subgame hy. For allv € 1, wa w; A7 is the payoff of player i in this subgame.

The notion of subgame-perfect equilibrium is defined as follows.

Definition 2 (SPE). A subgame-perfect equilibrium is a strategy profile f such
that for alli € I, t > 0, and \-almost all hy € Hy,'" player i cannot improve his
payoff in the subgame hy by a unilateral change in his strategy.'®

The following theorem is our main result, which shows the existence of a
subgame-perfect equilibrium under the conditions of ARM and continuity at

infinity. Its proof is left in the appendix.

Theorem 1. If a dynamic game satisfies the ARM condition and is continuous at

infinity, then it possesses a subgame-perfect equilibrium.

Let E¢(hi—1) be the set of subgame-perfect equilibrium payoffs in the subgame
h:_1. The following result demonstrates the compactness and upper hemicontinuity

properties of the correspondence Ej.

Proposition 1. If a dynamic game satisfies the ARM condition and is continuous
at infinity, then E} is nonempty and compact valued, and essentially sectionally

upper hemicontinuous on Xt~1.19

3 Dynamic oligopoly market with sticky prices

In this section, we consider a dynamic oligopoly market in which firms face
stochastic demand/cost and intertemporally dependent payoffs. Such a model is
a variant of the well-known dynamic oligopoly models as considered in Green and
Porter (1984) and Rotemberg and Saloner (1986), which examined the response of
firms for demand fluctuations. The key feature of our example is the existence of
sticky price effect, which means that the desirability of the good from the demand
side could depend on the accumulated past output, and hence gives intertemporally

dependent payoff functions.

17 A property is said to hold for Af-almost all by = (2%, s*) € Hy if it is satisfied for Af-almost all s € S*

and all 2 € Hy(s").

8When the state space is uncountable and has a reference measure, it is natural to consider the
optimality for almost all sub-histories in the probabilistic sense; see, for example, Abreu, Pearce and

Stacchetti (1990) and Footnote 4 therein.

9Suppose that Y7, Y5 and Y3 are all Polish spaces, and Z C Y; xY5 and 7 is a Borel probability measure
on Y7. Denote Z(y1) = {y2 € Ya: (y1,y2) € Z} for any y; € Y1. A function (resp. correspondence)
f: Z — Y3 is said to be essentially sectionally continuous on Y3 if f(yi,-) is continuous on Z(y;) for n-
almost all y;. Similarly, one can define the essential sectional upper hemicontinuity for a correspondence.

8



We consider a dynamic oligopoly market in which n firms produce a homoge-
neous good in an infinite-horizon setting. The inverse demand function is denoted
by P(Q1, ..., Q¢ st), where Q; is the industry output and s; the observable demand
shock in period t. Notice that the price depends on the past outputs. One possible
reason could be that the desirability of consumers will be influenced by their
previous consumptions, and hence the price does not adjust instantaneously. We
assume that P, is a bounded function which is continuous in (Q1,...,Q;) and
measurable in s;. In period ¢, the shock s; is selected from the set S; = [at, by].
We denote firm i’s output in period ¢ by ¢y so that Q¢ = > | gi. The cost of
firm 4 in period ¢ is ¢i(qs, s¢) given the output gy and the shock s, where ¢; is a
bounded function continuous in ¢ and measurable in s;. The discount factor of
firm i is 5; € [0, 1).

The timing of events is as follows.

1. At the beginning of period ¢, all firms learn the realization of s;, which
is determined by the law of motion ky(-|s1,Q@1,...,8t-1,Q¢—1). Suppose
that k¢(-|s1,Q@1,...,81-1,Q¢—1) is absolutely continuous with respect to the
uniform distribution on S; with density ¢¢(s1, @1, .., St—1, Qi—1, 5¢t), where

¢¢ is bounded, continuous in (Q1,...,Q:—1) and measurable in (si,...,s;).

2. Firms then simultaneously choose the level of their output ¢; = (g1, - -, Gtn),
where q; € Agi(s;,Qi—1) € R! for i = 1,2,...,n. In particular, the
correspondence Ay; gives the available actions of firm ¢, which is nonempty

and compact valued, measurable in s;, and continuous in Q¢_1.

3. The strategic choices of all the firms then become common knowledge and

this one-period game is repeated.

In period ¢, given the shock s; and the output {g;}i<k<¢ up to time ¢ with
qrx = (qr1, - - -, Qkn), the payoff of firm i is

n n
ui(qi, - -5, St) = Pt(z qijs- - - ,Z%]’, st) — cti(quis St) | Qui-
j=1 j=1
Given a sequence of outputs {¢}+>1 and shocks {s;}+>1, firm i receives the payoff

o0
uri(qrs1) + Y B wi(ar, - aqrs st).
=2

Remark 1. Our dynamic oligopoly model has a mnon-stationary structure. In
particular, the transitions and payoffs are history-dependent.  The example
captures the scenario that the price of the homogeneous product does not adjust

instantaneously to the price indicated by its demand function at the given level



of output. For more applications with intertemporally dependent utilities, see, for
example, Ryder and Heal (1973), Fershtman and Kamien (1987) and Becker and
Murphy (1988). If the model is stationary and the inverse demand function only
depends the current output, then the example reduces to be the dynamic oligopoly

game with demand fluctuations as considered in Rotemberg and Saloner (1986).

By condition (1) above, the ARM condition is satisfied. It is also easy to see

that the game is continuous at infinity. By Theorem 1, we have the following result.

Corollary 1. The dynamic oligopoly market possesses a subgame-perfect equilib-

TiUm.

4 Variations of the main result

In this section, we will consider several variations of our main result.

In Subsection 4.1, we still consider dynamic games whose parameters are
continuous in actions and measurable in states. We partially relax the ARM
condition in two ways. First, we allow the possibility that there is only one
active player (but no Nature) at some stages, where the ARM type condition
is dropped. Second, we introduce an additional weakly continuous component on
the state transitions at any other stages. In addition, we allow the state transition
in each period to depend on the current actions as well as on the previous history.
Thus, we combine the models for dynamic games with perfect and almost perfect
information. We show the existence of a subgame perfect equilibrium such that
whenever there is only one active player at some stage, the player can play pure
strategy as part of the equilibrium strategies. As a byproduct, we obtain a new
existence result for stochastic games. The existence of pure-strategy subgame-
perfect equilibria for dynamic games with perfect information (with or without
Nature) is provided as an immediate corollary.

In Subsection 4.2, we consider the special case of continuous dynamic games
in the sense that all the model parameters are continuous in both action and
state variables. We can obtain the corresponding results under a slightly weaker
condition. All the previous existence results for continuous dynamic games with
perfect and almost perfect information are covered as our special cases.

We will follow the setting and notations in Section 2 as closely as possible. For
simplicity, we only describe the changes we need to make on the model. All the

proofs are left in the appendix.

10



4.1 Dynamic games with partially perfect information

and a generalized ARM condition

In this subsection, we will generalize the model in Section 2 in three directions.
The ARM condition is partially relaxed such that (1) perfect information may be
allowed in some stages, and (2) the state transitions have a weakly continuous
component in all other stages. In addition, the state transition in any period can
depend on the action profile in the current stage as well as on the previous history.
The fist change allows us to combine the models of dynamic games with perfect
and almost perfect information. The second generalization implies that the state
transitions need not be norm continuous in the Banach space of finite measures.
The last modification covers the model of stochastic games as a special case.

The changes are described below.

1. The state space is a product space of two Polish spaces; that is, S; = S, x 5,
for each t > 1.

2. For each i € I, the action correspondence Ay; from H; 1 to Xy; is measurable,
nonempty and compact valued, and sectionally continuous on Xt~1 x §t=1,
The additional component of Nature is given by a measurable, nonempty
and closed valued correspondence Ay from Gr(4;) to St, which is sectionally
continuous on X! x §t~1. Then H; = Gr(flto) x Sy, and Hog is the subset of
X x S such that (z,s) € Hy if (2,s") € Hy for any t > 0.

3. The choices of Nature depend not only on the history h;_1, but also on the
action profile z; in the current stage. The state transition fio(hi—1,2¢) =
fto(ht,l, xy) © fto(ht,l, x¢), where fto is a transition probability from Gr(Ay)
to M(St) such that fto(flto(ht_l,a:t)\ht_l,xt) =1 for all (hy—1, ) € Gr(4,),
and fy is a transition probability from Gr(A;) to M(S,).

4. For each ¢ € I, the payoff function u; is a Borel measurable mapping from H,

to R4 which is bounded by v > 0, and sectionally continuous on X x Soo,

We allow the possibility for the players to have perfect information in some
stages. For t > 1, let

1, if fio(hi—1, ) = 05, for some s; and
Ny = |{i € I: Ay; is not point valued}| = 1;

0, otherwise,

where | K| represents the number of points in the set K. Thus, if Ny = 1 for some
stage t, then the player who is active in the period ¢ is the only active player and

has perfect information.

11



We will drop the ARM condition in those periods with only one active player,

and weaken the ARM condition in other periods.

Assumption 3 (ARM'). 1. For any t > 1 with Ny = 1, Sy is a singleton set
{ét} and )\t - 5ét'

2. For eacht > 1 with N; =0, fto is sectionally continuous on X' x St=1. The
probability measure ﬂo(~\ht_1,mt, St) is absolutely continuous with respect to
an atomless Borel probability measure Ay on Sy for all (hy_1, x4, 8;) € Gr(/ltg),

and pi0(hi_1, 4, 8¢, 3¢) is the corresponding density.?"

3. The mapping i is Borel measurable and sectionally continuous on X* x
St and integrably bounded in the sense that there is a Ai-integrable function
¢r: St — Ry such that pu(hi—1,Tt, 8¢, 5t,) < de(5e) for any (hi-1, T, 8¢).

The following proposition shows that the existence result is still true in this

more general setting.

Proposition 2. If an infinite-horizon dynamic game satisfies the ARM condition
and is continuous at infinity, then it possesses a subgame-perfect equilibrium f. In
particular, for j € I and t > 1 such that Ny = 1 and player j is the only active
player in this period, fi; can be deterministic. Furthermore, the equilibrium payoff
correspondence E; is nonempty and compact valued, and essentially sectionally

upper hemicontinuous on X' 1 x §t—1.

Remark 2. The proposition above also implies a new existence result of subgame-
perfect equilibria for stochastic games. Consider a standard stochastic game
with uncountable states as in Mertens and Parthasarathy (1987). Mertens and
Parthasarathy (1987) proved the existence of a subgame-perfect equilibrium by
assuming the state transitions to be norm continuous with respect to the actions in
the previous stage. On the contrary, our Proposition 2 allows the state transitions

to have a weakly continuous component.

Dynamic games with perfect information is a special class of dynamic games
in which players move sequentially. As noted in Footnote 6, such games have
been extensively studied and found wide applications in economics. As an
immediate corollary, an equilibrium existence result for dynamic games with perfect

information is given below.

Corollary 2. If a dynamic game with perfect information satisfies the ARM
condition and is continuous at infinity, then it possesses a pure-strategy subgame-

perfect equilibrium.

20Tn this subsection, a property is said to hold for A-almost all hy € Hy if it is satisfied for Af-almost
all §* € S* and all (2%, 8") € Hy ().

12



4.2 Continuous dynamic games with partially perfect

information

In this subsection, we will study an infinite-horizon dynamic game with a
continuous structure. As in the previous subsection, we allow the state transition
to depend on the action profile in the current stage as well as on the previous

history, and the players may have perfect information in some stages.

1. For each ¢ > 1, the choices of Nature depends not only on the history h;_1, but
also on the action profile x; in this stage. For any ¢t > 1, suppose that Ay is a
continuous, nonempty and closed valued correspondence from Gr(A4;) to S;.
Then Hy = Gr(Ay), and H is the subset of X x S such that (z,s) € Heo
if (2%, s') € Hy for any t > 0.

2. Nature’s action is given by a continuous mapping fio from Gr(A;) to M(St)
such that ftO(AtO(ht—l,l't)‘ht—hxt) =1 for all (ht_l,xt) € Gl"(At).

3. For each t > 1, let

1, if fio(hi—1,2¢) = ds, for some s; and
Ny = |{i € I: Ay is not point valued}| = 1;

0, otherwise.

Definition 3. A dynamic game is said to be continuous if for each t and i,
1. the action correspondence Ay is continuous on Hy_q;
2. the transition probability fy is continuous on Gr(A);

3. the payoff function u; is continuous on Hys.

Note that the “continuity at infinity” condition is automatically satisfied in a
continuous dynamic game.

Next, we propose the condition of “atomless transitions” on the state space,
which means that the state transition is an atomless probability measure in any

stage. This condition is slightly weaker than the ARM condition.
Assumption 4 (Atomless Transitions). 1. For any t > 1 with Ny =1, S¢ is a
singleton set {$;}.
2. Foreacht > 1 with Ny =0, fio(ht—1) is an atomless Borel probability measure

for each hy_1 € Hy_1.

Since we work with continuous dynamic games, we can adopt a slightly stronger
notion of subgame-perfect equilibrium. That is, each player’s strategy is optimal

in every subgame given the strategies of all other players.
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Definition 4 (SPE’). A subgame-perfect equilibrium is a strategy profile f such
that for alli € I, t >0, and all hy € Hy, player © cannot improve his payoff in the

subgame hy by a unilateral change in his strategy.
The result on the equilibrium existence is presented below.

Proposition 3. If a continuous dynamic game has atomless transitions, then it
possesses a subgame-perfect equilibrium f. In particular, for j € I and t > 1
such that Ny = 1 and player j is the only active player in this period, fi; can
be deterministic. In addition, E; is nonempty and compact valued, and upper

hemicontinuous on Hy_1 for any t > 1.

Remark 3. Proposition 3 goes beyond the main result of Harris, Reny and Robson
(1995). They proved the existence of a subgame-perfect correlated equilibrium
i a continuous dynamic game with almost perfect information by introducing a
public randomization device, which does not influence the payoffs, transitions or
action correspondences. It is easy to see that their model automatically satisfies the
condition of atomless transitions. The state in our model is completely endogenous
in the sense that it affects all the model parameters such as payoffs, transitions,

and action correspondences.

Remark 4. Proposition 8 above provides a new existence result for continuous
stochastic games. As remarked in the previous subsection, the existence of subgame-
perfect equilibria has been proved for general stochastic games with a stronger
continuity assumption on the state transitions, namely the norm continuity. On

the contrary, we only need to require the state transitions to be weakly continuous.

Remark 5. The condition of atomless transitions is minimal. In particular, the
counterexample provided by Luttmer and Mariotti (2003), which is a continuous
dynamic game with perfect information and Nature, does not have any subgame-
perfect equilibrium. In their example, Nature is active in the third period, but the
state transitions could have atoms. Thus, our condition of atomless transitions is

violated.

The next corollary follows from Proposition 3, which presents the existence

result for continuous dynamic games with perfect information (and Nature).

Corollary 3. If a continuous dynamic game with perfect information has atomless

transitions, then it possesses a pure-strategqy subgame-perfect equilibrium.

Remark 6. Harris (1985), Hellwig and Leininger (1987), Bérgers (1989) and
Hellwig et al. (1990) proved the existence of subgame-perfect equilibria in contin-

uous dynamic games with perfect information. In particular, Nature is absent in
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all those papers. Luttmer and Mariotti (2003) provided an example of a five-stage
continuous dynamic game with perfect information, in which Nature is present
and no subgame-perfect equilibrium exists. The only known general existence
result, to the best of our knowledge, for (finite or infinite horizon) continuous
dynamic games with perfect information and Nature is the existence of subgame-
perfect correlated equilibria via public randomization as in Harris, Reny and Robson

(1995). Corollary 3 covers all those existence results as special cases.

5 Appendix

5.1 Technical preparations

In this subsection, we present several lemmas as the mathematical preparations for
proving Theorem 1. Since correspondences will be used extensively in the proofs,
we collect, for the convenience of the reader, several known results as lemmas.

Let (S,S) be a measurable space and X a topological space with its Borel o-
algebra B(X). A correspondence ¥ from S to X is a function from S to the space
of all subsets of X. The upper inverse ¥* of a subset A C X is

TU“U(A)={s e S: U(s) C A}.
The lower inverse W' of a subset A C X is
VA ={s€S:U(s)NA#0().

The correspondence W is
1. weakly measurable, if ¥/(O) € S for each open subset O C X;
2. measurable, if U/(K) € S for each closed subset K C X.

The graph of ¥ is denoted by Gr(¥) = {(s,z) € S x X:s € S,z € ¥(s)}. The
correspondence ¥ is said to have a measurable graph if Gr(¥) € S ® B(X).
If S is a topological space, then ¥ is

1. upper hemicontinuous, if ¥*(0) is open for each open subset O C X;

2. lower hemicontinuous, if ¥!(0) is open for each open subset O C X.

Lemma 1. Suppose that X is a Polish space and K is the set of all nonempty
compact subsets of X endowed with the Hausdorff metric topology. Then K is a
Polish space.
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add

of. By Theorem 3.88 (2) of Aliprantis and Border (2006), K is complete. In
ition, Corollary 3.90 and Theorem 3.91 of Aliprantis and Border (2006) imply

that C is separable. Thus, K is a Polish space. O

Lemma 2. Let (S,S) be a measurable space, X a Polish space endowed with the

Borel o-algebra B(X), and KC the space of nonempty compact subsets of X endowed

with its Hausdorff metric topology. Suppose that V: S — X is a nonempty and

closed valued correspondence.

~

. If U is weakly measurable, then it has a measurable graph.
. If U is compact valued, then the following statements are equivalent.

(a) The correspondence ¥ is weakly measurable.

(b) The correspondence ¥ is measurable.

(¢) The function f: S — K, defined by f(s) = U(s), is Borel measurable.
Suppose that S is a topological space. If U is compact valued, then the
function f: S — K defined by f(s) = V(s) is continuous if and only if the

correspondence U is continuous.

Suppose that (S, S, ) is a complete probability space. Then VU is S-measurable

if and only if it has a measurable graph.

For a correspondence W: S — X between two Polish spaces, the following
statements are equivalent.

(a) The correspondence ¥ is lower hemicontinuous at a point s € S.

(b) If s, — s, then for each x € W(s), there exist a subsequence {s,,} of

{sn} and elements xy, € ¥(sy, ) for each k such that xj — x.

For a correspondence ¥: S — X between two Polish spaces, the following

statements are equivalent.

(a) The correspondence ¥ is upper hemicontinuous at a point s € S and
U(s) is compact.

(b) If a sequence (Sp,xy,) in the graph of U satisfies s, — s, then the sequence
{zn} has a limit in V(s).

Given correspondences F': X —Y and G: Y — Z, the composition F' and G

is defined by

G(F (7)) = Uyer@)G(Y)-
The composition of upper hemicontinuous correspondences is upper hemicon-

tinuous. The composition of lower hemicontinuous correspondences is lower

hemicontinuous.
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Proof. Properties (1), (2), (3), (5), (6) and (7) are Theorems 18.6, 18.10, 17.15,
17.20, 17.21 and 17.23 of Aliprantis and Border (2006), respectively. Property (4)
is Theorem 4.1 (c) of Hess (2002). O

Lemma 3. 1. A correspondence ¥ from a measurable space (S,S) into a topo-
logical space X is weakly measurable if and only if its closure correspondence
U is weakly measurable, where for each s € S, U(s) = W(s) and V(s) is the
closure of the set ¥(s) in X.

2. For a sequence {W,,} of correspondences from a measurable space (S,S)
into a Polish space, the union correspondence W(s) = Upm>1Upn(s) is weakly
measurable if each ¥, is weakly measurable. If each V., is weakly measurable
and compact valued, then the intersection correspondence ®(s) = Npy>1Yp(s)

1s weakly measurable.

3. A weakly measurable, nonempty and closed valued correspondence from a

measurable space into a Polish space admits a measurable selection.

4. A correspondence with closed graph between compact metric spaces is mea-

surable.

5. A nonempty and compact valued correspondence V from a measurable space
(S,8) into a Polish space is weakly measurable if and only if there exists

a sequence {11,v9....} of measurable selections of VU such that ¥(s) =
{Y1(8),v2(s),...} for each s € S.

6. The image of a compact set under a compact valued upper hemicontinuous

correspondence is compact.>’ If the domain is compact, then the graph of a

compact valued upper hemicontinuous correspondence is compact.

7. The intersection of a correspondence with closed graph and an upper hemi-

continuous compact valued correspondence is upper hemicontinuous.

8. If the correspondence V: S — Rl is compact valued and upper hemi-
continuous, then the convexr hull of ¥ is also compact valued and upper

hemicontinuous.

Proof. Properties (1)-(7) are Lemmas 18.3 and 18.4, Theorems 18.13 and 18.20,
Corollary 18.15, Lemma 17.8 and Theorem 17.25 in Aliprantis and Border (2006),
respectively. Property 8 is Proposition 6 in Hildenbrand (1974, p.26). O

Lemma 4. 1. Lusin’s Theorem: Suppose that S is a Borel subset of a Polish

space, \ is a Borel probability measure on S and S is the completion of B(.S)

21Given a correspondence F: X — Y and a subset A of X, the image of A under F is defined to be
the set Uzeca F' ().
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under A. Let X be a Polish space. If f is an S-measurable mapping from S to
X, then for any € > 0, there exists a compact subset S1 C S with A(S\51) < €

such that the restriction of f to S1 is continuous.

2. Let (S,S) be a measurable space, X a Polish space, andY a separable Banach
space. Let W: S x X =Y be an S ® B(X)-measurable, nonempty, convex
and compact valued correspondence which is sectionally continuous on X.
Then there exists an S ® B(X)-measurable selection 1p of ¥ that is sectionally

continuous on X.

3. Let (S,8,\) be a finite measure space, X a Polish space, and Y a locally
convez linear topological space. Let F: S — X be a closed-valued corre-
spondence such that Gr(F) € S ® B(X), and f: Gr(F) — Y a measurable
function which is sectionally continuous in X . Then there exists a measurable
function f': S x X — Y such that (1) f' is sectionally continuous in
X, (2) for M-almost all s € S, f'(s,x) = f(s,x) for all x € F(s) and
1(5, X) C cof (s, F(s)) >

Proof. Lusin’s theorem is Theorem 7.1.13 in Bogachev (2007). Properties (2) and
(3) are Theorem 1 and Theorem 2.7 in Fierro, Martinez, and Morales (2006) and
Brown and Schreiber (1989), respectively. ]

The following lemma presents the convexity, compactness and continuity

properties of integrals of correspondences

Lemma 5. Let (S,S,)\) be an atomless probability space, X a Polish space, and

F a correspondence from S to R!. Denote

/F(s))\(ds) = {/ f(s)A(ds): f is an integrable selection of F' on S} :
S S

1. If F' is measurable, nonempty and closed valued, and \-integrably bounded by
some integrable function 1: S — R, in the sense that for A-almost all s € S,
lyll < ¥(s) for any y € F(s), then [4F(s)\(ds) is nonempty, convex and

compact, and

/S Fs)M(ds) = / coF (5)A(ds).

S

2. If G is a measurable, nonempty and closed valued correspondence from S x
X — R such that (1) G(s,-) is upper (resp. lower) hemicontinuous on X
for all s € S, and (2) G is A-integrably bounded by some integrable function
¥: S — Ry in the sense that for A-almost all s € S, ||y|| < ¢ (s) for anyxz € X
and y € G(s,z), then [ G (s, z)A(ds) is upper (resp. lower) hemicontinuous
on X.

22For any set A in a linear topological space, coA denotes the convex hull of A.
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Proof. See Theorems 2, 3 and 4, Propositions 7 and 8, and Problem 6 in
Section D.I1.4 of Hildenbrand (1974). O

The following result proves a measurable version of Lyapunov’s theorem, which
is taken from Mertens (2003). Let (5,S) and (X, X) be measurable spaces. A
transition probability from S to X is a mapping f from S to the space M(X) of
probability measures on (X, X') such that f(B|-) : s — f(B|s) is S-measurable for
each B € X.

Lemma 6. Let f(-|s) be a transition probability from a measurable space (S,S)
to another measurable space (X, X) (X is separable).® Let Q be a measurable,
nonempty and compact valued correspondence from S x X to RY, which is f-
integrable in the sense that for any measurable selection q of Q, q(-,s) is f(:|s)-
absolutely integrable for any s € S. Let [ Qdf be the correspondence from S to
subsets of R defined by

M(s) = < / Qd f> (s) = { /X o(s,2) f(dz|s): q is a measurable selection of Q} |

Denote the graph of M by J. Let J be the restriction of the product o-algebra
S ® B(RY) to J.
Then

1. M 1is a measurable, nonempty and compact valued correspondence;

2. there exists a measurable, R'-valued function g on (X x J,X ® J) such that
g(x,e,s) € Qz,s) and e = [y g(w, e, s)f(dx|s).

Suppose that (S7,81) is a measurable space, Sy is a Polish space endowed with
the Borel g-algebra, and S = S x S3 which is endowed with the product o-algebra
S. Let D be an S-measurable subset of S such that D(sq) is compact for any
s1 € S1. The o-algebra D is the restriction of S on D. Let X be a Polish space,
and A a D-measurable, nonempty and closed valued correspondence from D to X
which is sectionally continuous on S3. The following lemma considers the property

of upper hemicontinuity for the correspondence M as defined in Lemma 6.

Lemma 7. Let f(-|s) be a transition probability from (D,D) to M(X) such that
f(A(s)|s) = 1 for any s € D, which is sectionally continuous on Sz. Let G be a
bounded, measurable, nonempty, conver and compact valued correspondence from
Gr(A) to R!, which is sectionally upper hemicontinuous on S x X. Let JGAf be
the correspondence from D to subsets of R' defined by

M(s) = ( / Gdf) (s) = { /X g(s, ) f(dz|s): g is @ measurable selection of G} .

23 A o-algebra is said to be separable if it is generated by a countable collection of sets.
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Then M is S-measurable, nonempty and compact valued, and sectionally upper

hemicontinuous on Ss.

Proof. Define a correspondence G: S x X — Rl as

- G(s,x), if (s,x) € Gr(A);

{0}, otherwise.

Then M(s) = (fé’df) (s) = (J Gdf) (s). The measurability, nonemptiness and
compactness follows from Lemma 6. Given s; € S; such that (1) D(s1) # 0,
(2) f(s1,-) and G(s1,-,-) is upper hemicontinuous. The upper hemicontinuity of
M (s1,-) follows from Lemma 2 in Simon and Zame (1990) and Lemma 4 in Reny
and Robson (2002). O

Now we state some properties for transition correspondences.

Lemma 8. Suppose that Y and Z are Polish spaces. Let G be a measurable,
nonempty, convex and compact valued correspondence from'Y to M(Z). Define a

correspondence G' from M(Y') to M(Z) as

G'(v) = {/Yg(y)u(dy): g is a Borel measurable selection of G} .

1. The correspondence G' is measurable, nonempty, conver and compact valued.

2. The correspondence G is upper hemicontinuous if and only if G’ is upper

hemicontinuous. In addition, if G is continuous, then G’ is continuous.

Proof. (1) is Lemma 19.29 of Aliprantis and Border (2006). By Theorem 19.30
therein, G is upper hemicontinuous if and only if G’ is upper hemicontinuous. We
need to show that G’ is lower hemicontinuous if G is lower hemicontinuous.

Let Z be endowed with a totally bounded metric, and U(Z) the space of
bounded, real-valued and uniformly continuous functions on Z endowed with the
supremum norm. Pick a countable set {fy,}m>1 € U(Z) such that {f,,} is dense
in the unit ball of U(Z). The weak* topology of M(Z) is metrizable by the metric

d,, where

/Z fon(2) 111 (d2) — /Z Fn(2)pi2(d2)

=1
da(p, pi2) = ) om
m=1

for each pair of p1, pue € M(Z).

Suppose that {v;};>0 is a sequence in M(Y") such that v; — 1y as j — oo.
Pick an arbitrary point ug € G'(1p). By the definition of G’, there exists a Borel
measurable selection g of G such that po = [} g(y)vo(dy).
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For each k > 1, by Lemma 4 (Lusin’s theorem), there exists a compact subset
Dy C Y such that g is continuous on Dy and v(Y \ Dy) < ﬁ Define a
correspondence Gj: Y — M(X) as follows:

{9(v)}, vy € Dy

Gr(y) =
G(y), ye€Y\Dy.

Then G} is nonempty, convex and compact valued, and lower hemicontinuous.
By Theorem 3.22 in Aliprantis and Border (2006), Y is paracompact. Then by
Michael’s selection theorem (see Theorem 17.66 in Aliprantis and Border (2006)),
it has a continuous selection gy.

For each k, since v; — vy and g, is continuous, [y gx(y)v;(dy) = [ gx(y)ro(dy)

in the sense that for any m > 1,

/Y/me(z)gk(dz|y)Vj(dy)—)/Y/me(z)gk(dzly)yo(dy)'

Thus, there exists a point v, such that {ji} is an increasing sequence and

([ atwmictan. [ ammian) < g

In addition, since gj coincides with g on Dy and (Y \ D) <

i ([ atomn. [ swmian) < o7

L
3k

Thus,
([ atwwitan, [ smian) < 1.

Let pj, = [y 91(y)v;, (dy) for each k. Then uj, € G'(vj,) and pj, — po as k — oo.
By Lemma 2, G’ is lower hemicontinuous. O

Lemma 9. Let X, Y and Z be Polish spaces, and G a measurable, nonempty and
compact valued correspondence from X to M(Y'). Suppose that F is a measurable,
nonempty, convex and compact valued correspondence from X XY to M(Z). Define

a correspondence II from X to M(Y x Z) as follows:

II(z) = {g(z) ¢ f(x): g is a Borel measurable selection of G,

f is a Borel measurable selection of F'}.

1. If F is sectionally continuous on Y, then Il is a measurable, nonempty and

compact valued correspondence.
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2. If there ezists a function g from X to M(Y') such that G(z) = {g(x)} for any
x € X, then Il is a measurable, nonempty and compact valued correspondence.

3. If both G and F are continuous correspondences, then 11 is a nonempty and

compact valued, and continuous correspondence.**

4. If G(x) = {\} for some fixed Borel probability measure A € M(Y) and F is
sectionally continuous on X, then Il is a continuous, nonempty and compact

valued correspondence.

Proof. (1) Define three correspondences F': X xY — M(Y x Z), F: M(X xY) —
MY x Z)and F: X x M(Y) = M(Y x Z) as follows:

F(l‘,y) = {5y®ﬂi UEF(xvy)}a

F(r)= {/ f(z,y)7(dz,y)): fis a Borel measurable selection of F} ,
XXY

F(x,p) = F(6, ® p).

Since F' is measurable, nonempty, convex and compact valued, F is measurable,
nonempty, convex and compact valued. By Lemma 8, the correspondence F is
measurable, nonempty, convex and compact valued, and F (x,-) is continuous on
M(Y) for any x € X.

Since G is measurable and compact valued, there exists a sequence of Borel

measurable selections {gy}r>1 of G such that G(z) = {g1(z), g2(x),...} for any
r € X by Lemma 3 (5). For each k > 1, define a correspondence II* from X to
M(Y x Z) by letting I*(z) = F(x, gx(2)) = F(x® g (x)). Then II* is measurable,
nonempty, convex and compact valued.

Fix any x € X. Tt is clear that II(x) = F(x, G(z)) is a nonempty valued. Since
G(x) is compact, and F(z,-) is compact valued and continuous, II(z) is compact
by Lemma 3. Thus, {IT!(z),11?(x),...} C II(x).

Fix any x € X and 7 € II(z). There exists a point v € G(x) such that

7 € F(z,v). Since {gi(2)}x>1 is dense in G(z), it has a subsequence {gs, ()}
such that g (x) — v. As F(x,-) is continuous, F(z, gx, (z)) — F(z,v). That is,

€ {F(z,91(2)), F(x,g2(x)), ...} = {T}(x), T12(z),...}.

Therefore, {II*(z),11%(z),...} = I(z) for any x € X. Lemma 3 (5) implies that IT

is measurable.

2In Lemma 29 of Harris, Reny and Robson (1995), they showed that II is upper hemicontinuous if
G and F' are both upper hemicontinuous.
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(2) As in (1), the correspondence F is measurable, nonempty, convex and
compact valued. If G is a measurable function, then II(z) = F(z ® G(z)), which

is measurable, nonempty and compact valued.

(3) We continue to work with the two correspondences F': X xY — M(Y x Z)
and F: M(XxY) = M(Y x Z) as in Part (1). By the condition on F, it is obvious
that the correspondence F is continuous, nonempty, convex and compact valued.
Lemma 8 implies the properties for the correspondence F. Define a correspondence
G: X - M(X xY) as G(z) = 0, ® G(x). Since G and F are both nonempty
valued, II(z) = F(G(x)) is nonempty. As G is compact valued and F is continuous,
IT is compact valued by Lemma 3. As G and F are both continuous, IT is continuous
by Lemma 2 (7).

(4) The lower hemicontinuity is from Proposition 4.8 in Sun (1997). The
nonemptiness and compactness follow from Corollary 18.37 of Aliprantis and
Border (2006) while the upper hemicontinuity follows from the compactness

property easily. O

The following result presents a variant of Lemma 6 in terms of transition

correspondences.

Lemma 10. Let X and Y be Polish spaces, and Z a compact subset of ]RZ_F.
Let G be a measurable, nonempty and compact valued correspondence from X to
M(Y). Suppose that F is a measurable, nonempty, convexr and compact valued
correspondence from X XY to Z. Define a correspondence Il from X to Z as

follows:

II(z) = {/ f(z,y)g(dy|x): g is a Borel measurable selection of G,
Y

f is a Borel measurable selection of F'}.

If F is sectionally continuous on Y, then

1. the correspondence F: X x M(Y) — Z as F(z,v) = [y F(z,y)v(dy) is

sectionally continuous on M(Y); and
2. 11 is a measurable, nonempty and compact valued correspondence.
3. If F and G are both continuous, then Il is continuous.
Proof. The upper hemicontinuity of F(:J;, -) follows from Lemma 7, and the proof

for the lower hemicontinuity of F (x,-) is similar to that of Lemma 8. The proof of

(2) and (3) follows a similar argument as in the proof of Lemma 9. O
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Lemma 11. Let S, X and Y be Polish spaces endowed with the Borel o-algebras,
and A a Borel probability measure on S. Denote S as the completion of the Borel
o-algebra B(S) of S under the probability measure \. Suppose that D is a B(S) ®
B(Y')-measurable subset of S x Y, where D(s) is nonempty and compact for all
s € S. Let A be a nonempty and compact valued correspondence from D to X,
which is sectionally continuous on'Y and has a B(S x'Y x X)-measurable graph.
Then

(i) A(s) = Gr(A(s,)) is an S-measurable mapping from S to the set of nonempty
and compact subsets Ky xx of Y x X;

(i1) there exist countably many disjoint compact subsets {Sp tm>1 of S such that
(1) AN(Up>15m) = 1, and (2) for each m > 1, Dy, = DN (S, X Y) is compact,

and A is nonempty and compact valued, and continuous on each D,y,.

Proof. (i) A(s,-) is continuous and D(s) is compact, Gr(A(s,-)) € Y xX is compact
by Lemma 3. Thus, A is nonempty and compact valued. Since A has a measurable
graph, A is an S-measurable mapping from S to the set of nonempty and compact
subsets Ky« x of Y x X by Lemma 2 (4).

(ii) Define a correspondence D from S to Y such that D(s) = {y € Y: (s,y) €
D}. Then D is nonempty and compact valued. As in (i), D is S-measurable.
By Lemma 4 (Lusin’s Theorem), there exists a compact subset S; C S such that
A(S\ 51) < 3, D and A are continuous functions on S;. By Lemma 2 (3), D and
A are continuous correspondences on Sy. Let Dy = {(s,y) € D: s € S1,y € D(s)}.
Since S; is compact and D is continuous, D; is compact (see Lemma 3 (6)).

Following the same procedure, for any m > 1, there exists a compact subset
Sm C S such that (1) Sy, N (Ur<g<m—15k) = 0 and D,,, = DN (Sy, xY') is compact,
(2) A(Sm) > 0and A (S'\ (Ui<k<mSm)) < 5=, and (3) A4 is nonempty and compact

valued, and continuous on D,,. This completes the proof. O

Lemma 12. Let S and X be Polish spaces, and A a Borel probability measure on

S. Suppose that {Sk}r>1 is a sequence of disjoint compact subsets of S such that

AUg>1S5k) = 1. For each k, define a probability measure on Sy as (D) = ;‘(%;))

for any measurable subset D C Si. Let {vm}m>0 be a sequence of transition
probabilities from S to M(X), and 7, = Ao vy, for any m > 0. Then 1, weakly

converges to 1o if and only if A\g © vm weakly converges to A ¢ vg for each k > 1.

Proof. First, we assume that 7, weakly converges to 79. For any closed subset
E C Spx X, we have limsup,,,_,.. Tm(E) < 70(E). That is, lim sup,,,_, ., Aovm (E) <
Aoyy(E). For any k, ﬁ lim sup,,, oo Ao vy (E) < ﬁA o1y(E), which implies
that limsup,, .o Ak © Um(E) < A\ o vp(E). Thus, A\ ¢ v, weakly converges to
A o g for each k > 1.
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Second, we consider the case that A\ ¢ v, weakly converges to A\ ¢ 1 for each
k > 1. For any closed subset £ C Sx X, let By, = EN(SkxX) for each k > 1. Then
{E}} are disjoint closed subsets and lim sup,,,_, o Ak © Vi (Ex) < Ao vo(Ey). Since
A o vm(E') = ﬁ)\ o v (E") for any k, m and measurable subset E' C S x X,
we have that lim sup,,, .o A © Um(Ex) < Ao vy(Ey). Thus,

Zlimsup)\o Um (EBf) < Z)\OV@(Ek> = Aoy (E).
E>1 M E>1

Since the limit superior is subadditive, we have

Z limsup A ¢ v, (E)) > lim sup Z Ao Uy (Eg) = limsup A o v, (E).

Therefore, limsup,, o, A ¢ Vm(E) < X o 1y(E), which implies that 7, weakly

converges to 1. [

Lemma 13. Suppose that X,Y and S are Polish spaces and Z is a compact metric
space. Let \ be a Borel probability measure on S, and A a nonempty and compact
valued correspondence from Z x S to X which is sectionally upper hemicontinuous
on Z and has a B(Z x S x X )-measurable graph. Let G be a nonempty and compact
valued, continuous correspondence from Z to M(X x S). We assume that for any
z € Z and T € G(z), the marginal of T on S is X and 7(Gr(A(z,-))) = 1. Let F be a
measurable, nonempty, convex and compact valued correspondence from Gr(A) —
M(Y') such that F is sectionally continuous on Z x X. Define a correspondence
IT from Z to M(X x S xY) by letting

II(z) = {g(z) ¢ f(2,-): g is a Borel measurable selection of G,

f is a Borel measurable selection of F'}.

Then the correspondence Il is nonempty and compact valued, and continuous.

Proof. Let S be the completion of B(S) under the probability measure A. By
Lemma 11, A(s) = Gr(A(s,-)) can be viewed as an S-measurable mapping from
S to the set of nonempty and compact subsets Kzxx of Z x X. For any s € §,
the correspondence Fy = F(-,s) is continuous on A(s). By Lemma 4, there exists
a measurable, nonempty and compact valued correspondence Ffrom Zx X x S
to M(Y') and a Borel measurable subset S’ of S with A\(S’") = 1 such that for each
s € 8', Fy is continuous on Z x X, and the restriction of F} to /Nl(s) is Fj.

By Lemma 4 (Lusin’s theorem), there exists a compact subset S; C S’ such
that A is continuous on S; and A(S7) > % Let K1 = A(Sl). Then K1 C Z x X is

compact.
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Let C(K1, Kaqy)) be the space of continuous functions from Kj to Kayy,
where Kpqy) is the set of nonempty and compact subsets of M(Y'). Suppose
that the restriction of S on S; is S;. Let F} be the restriction of F to Ky x Sy.
Then F) can be viewed as an Sj-measurable function from S; to C(K1, K MY))
(see Theorem 4.55 in Aliprantis and Border (2006)). Again by Lemma 4 (Lusin’s
theorem), there exists a compact subset of Sp, say itself, such that A(S;) > %
and F) is continuous on S;. As a result, Fl is a continuous correspondence on
Gr(A) N (S1 x Z x X), so is F. Let A\; be a probability measure on S; such that
A(D) = ;\\((SDl)) for any measurable subset D C 5.

Fix any z € Z and 7 € G(z). By the definition of G, there exists a transition

probability v from S to X such that A o v = 7. Define a correspondence G from
Z to M(X x S) as follows: for any z € Z, G1(z) is the set of all 74 = A\ o v such
that 7 = Ao v € G(2). It can be easily checked that G is also a nonempty and

compact valued, and continuous correspondence. Let

IIi(z) ={mio f(z,)): 1 = A1 ov € Gi(2),

f is a Borel measurable selection of F'}.

By Lemma 9, II; is nonempty and compact valued, and continuous. Furthermore,

it is easy to see that for any z, II1(2) coincides with the set
{(A1ov)o f(z,:): Aov € G(z), f is a Borel measurable selection of F'}.

Repeat this procedure, one can find a sequence of compact subsets {S;} such
that (1) for any t > 1, 5; C S, S;N(S1U...S—1) =0 and A\(S1U...US;) > t%,
(2) F is continuous on Gr(A)N(Sy x Z x X), A is a probability measure on S; such

that \(D) = i((g)) for any measurable subset D C Sy, and (3) the correspondence

IL(z) ={(Mov)o f(z,)): Aov € G(2),

f is a Borel measurable selection of F'}.

is nonempty and compact valued, and continuous.

Pick a sequence {zx}, {vx} and { fx} such that (Aovg)o fi(zk, ) € II(2k), 2k — 20
and (Aovg) < fr(zk, ) weakly converges to some k. It is easy to see that (A ovg) o
fre(zk, ) € I;(2) for each t. As II; is compact valued and continuous, it has a
subsequence, say itself, such that zj converges to some zp € Z and (A\jovg)o fr(2k, -)
weakly converges to some (A o ul)o f1(20,-) € II1(20). Repeat this procedure, one
can get a sequence of {u} and f™. Let u(s) = u™(s) and f (20, s,x) = f™(20, s, )
for any = € A(zp,s) when s € S,,. By Lemma 12, (Ao u) o f(z0,) = K, which

implies that II is upper hemicontinuous.
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Similarly, the compactness and lower hemicontinuity of II follow from the

compactness and lower hemicontinuity of II; for each t. O

Lemma 14. Let S and X be Polish spaces, and A a measurable, nonempty and
compact valued correspondence from S to X. Suppose that A is a Borel probability
measure on S and {vp}i1<n<oo 15 a sequence of transition probabilities from S to
M(X) such that v, (A(s)|s) =1 for each s and n. For eachn > 1, let 7, = Ao vy,.
Assume that the sequence {1,} of Borel probability measures on S x X converges
weakly to a Borel probability measure Too on S x X. Let {gn}1<n<co be a sequence

of functions satisfying the following three properties.

1. For each n between 1 and oo, gn: S x X — Ry is measurable and sectionally

continuous on X.

2. For any s € S and any sequence T, — Too N X, gn(S,Tn) = goo(S, Too) as

n — Q.

3. The sequence {gn}1<n<oo i integrably bounded in the sense that there exists

a A-integrable function ¢ : S — Ry such that for any n, s and x, g,(s,z) <
P(s).

Then we have

| omlsams) > [ gl ainaldsa))

SxX SxX

Proof. By Theorem 2.1.3 in Castaing, De Fitte and Valadier (2004), for any
integrably bounded function g: S x X — R which is sectionally continuous on

X, we have

/ 9(s, 2)7a(d(s, z)) — 9(s, 2)Too(d(s, ). (2)
SxX

SxX

Let {yn}1<n<oo be a sequence such that y, = % and Yoo = 0. Then y, — Yoo-

Define a mapping g from Sx X x{y1, ..., Yoo} such that g(s, x,yn) = gn(s,x). Then
g is measurable in S and continuous in X X {y1, ...,y }. Define a correspondence
G from S to X X {y1,...,Ys0} X Ry such that

G(s) ={(z,yn,c): c € g(s,z,yn),x € A(s),1 <n < o0}.

For any s, A(s) x {y1,...,Yoo} is compact and §(s,-,-) is continuous. By
Lemma 3 (6), G(s) is compact. By Lemma 2 (2), G can be viewed as a measurable
mapping from S to the space of nonempty compact subsets of X X {y1,..., Yoo} X
R, . Similarly, A can be viewed as a measurable mapping from S to the space of

nonempty compact subsets of X.
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Fix an arbitrary ¢ > 0. By Lemma 4 (Lusin’s theorem), there exists a compact
subset S7 C S such that A and G are continuous on 51 and A\(S'\ S7) < e. Without
loss of generality, we can assume that A(S \ S1) is sufficiently small such that
f5\51 Y(s)A(ds) < §. Thus, for any n,

/ 0(8)7 (d(s, 7)) = / B(3)vm(X)A(ds) <
(S\S1)x X

(S\S1)

(=2 e

By Lemma 3 (6), the set £ = {(s,x): s € Si,z € A(s)} is compact. Since G
is continuous on S, § is continuous on E X {y1,...,Ysc}. Since E X {y1,..., Yo}
is compact, ¢ is uniformly continuous on F X {y1,...,Ys}. Thus, there exists a
positive integer N1 > 0 such that for any n > N1, [gn(s,7) — goo(s, )| < § for any
(s,z) € E.

By Equation (2), there exists a positive integer N2 such that for any n > Na,

Wl m

[ otsomtasa - [ Xxgoo@,x)%(d(s,x))‘ <

Let No = max{Ni, Na}. For any n > Nj,

/Sxxgn(svx)%(d(saw)) —/ oo (8, ) Too (d(s, )

SxX

<| [ omtsomsa) - [ gl (dsa)

[ amlsamso) - [ g amldsn)

<|[  mbonsn- [ 1XXgoo<s,x>Tn<d<s,x>>\

+ /(S\Sl)xX gn (s, )7 (d(s, ) — /(S\Sl)xX goo(sax)Tn(d(sax))‘
#| [ omlsarm@s o) = [ g a)mlden)

< /E 100 (5,) — goo(5,2) | Ta(ds, 2)) + 2 /( (5)m(d(s, 7))

S\S1)x X

_l’_

[ otsomtasa - [ Xxgm<s,x>foo<d<s,x>>\

€ €
<42
3776

= €.

L€
3

This completes the proof. O

The following result is Lemma 6 of Reny and Robson (2002).
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Lemma 15. Suppose that H and X are compact metric spaces. Let P: H X
X — R™ be a nonempty valued and upper hemicontinuous correspondence, and
the mappings f: H — M(X) and p: H — A(X) be measurable. In addition,
suppose that u(-|h) = p(h,-) o f(-|h) such that p(h,-) is a measurable selection of
P(h,-). Then there exists a jointly Borel measurable selection g of P such that
w(-|h) = g(h,-) o f(:|h); that is, g(h,z) = p(h,x) for f(-|h)-almost all x.

5.2 Discontinuous games with endogenous stochastic

sharing rules

Simon and Zame (1990) proved the existence of a Nash equilibrium in discontinuous
games with endogenous sharing rules. In particular, they considered a static
game with a payoff correspondence P that is bounded, nonempty, convex and
compact valued, and upper hemicontinuous. They showed that there exists a
Borel measurable selection p of the payoff correspondence, namely the endogenous
sharing rule, and a mixed strategy profile a such that « is a Nash equilibrium when
players take p as the payoff function.

In this subsection, we shall consider discontinuous games with endogenous
stochastic sharing rules. That is, we allow the payoff correspondence to depend on

some state variable in a measurable way as follows:

1. let S be a Borel subset of a Polish space, Y a Polish space, and A a Borel

probability measure on S

2. D is a B(S) ® B(Y)-measurable subset of S x Y, where D(s) is compact for
all s € Sand A({s € S: D(s) #0}) > 0;

3. X = ngign X, where each X; is a Polish space;

4. for each i, A; is a measurable, nonempty and compact valued correspondence

from D to X;, which is sectionally continuous on Y;
5. A=Tli<i<, Ai and E = Gr(A);

6. P is a bounded, measurable, nonempty, convex and compact valued corre-
spondence from FE to R™ which is essentially sectionally upper hemicontinuous
onY x X.

A stochastic sharing rule at (s,y) € D is a Borel measurable selection of the
correspondence P(s,y,-); i.e., a Borel measurable function p: A(s,y) — R"™ such
that p(z) € P(s,y,x) for all x € A(s,y). Given (s,y) € D, P(s,y,-) represents the
set of all possible payoff profiles, and a sharing rule p is a particular choice of the
payoff profile.

Now we shall prove the following proposition.
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Proposition 4. There exists a B(D)-measurable, nonempty and compact valued
correspondence ® from D to R™ x M(X) x A(X) such that ® is essentially
sectionally upper hemicontinuous on'Y , and for A\-almost all s € S with D(s) # ()
and y € D(s), ®(s,y) is the set of points (v, «, u) that

1. v = [y p(s,y,x)a(dx) such that p(s,y,-) is a Borel measurable selection of
P(Say) ');25

2. a € RictM(Ai(s,y)) is a Nash equilibrium in the subgame (s,y) with payoff
p(s,y,-) and action space A;(s,y) for each player i;

3 p=p(s,y,-)oa?®

In addition, denote the restriction of ® on the first component R™ as ®|gn, which
is a correspondence from D to R™. Then ®|gn is bounded, measurable, nonempty

and compact valued, and essentially sectionally upper hemicontinuous on Y .

If D is a closed subset, P is upper hemicontinuous on F and A; is continuous
on D for each i € I, then Proposition 4 is reduced to be the following lemma (see
Simon and Zame (1990) and Reny and Robson (2002, Lemma 4)).

Lemma 16. Assume that D is a closed subset, P is upper hemicontinuous on E
and A; is continuous on D for each i € I. Consider the correspondence ®: D —
R™ x M(X) x A(X) defined as follows: (v,a,p) € ®(s,y) if
1. v = [y p(s,y,x)a(dx) such that p(s,y,-) is a Borel measurable selection of
P(s,y,);
2. o € ®ierM(A;(s,y)) is a Nash equilibrium in the subgame (s,y) with payoff
p(s,y,-) and action space A;(s,y) for each player i;

3. 1% :p(s7y7 ) o .

Then ® is nonempty and compact valued, and upper hemicontinuous on D.
We shall now prove Proposition 4.

Proof of Proposition J. There exists a Borel subset S C S with A(S” ) = 1 such that
D(s) # () for each s € S , and P is sectionally upper hemicontinuous on Y when it
is restricted on D N (5’ x Y). Without loss of generality, we assume that S=8.
Suppose that S is the completion of B(S) under the probability measure .
Let D and & be the restrictions of S @ B(Y') and S® B(Y) ® B(X) on D and E,
respectively.
Define a correspondence D from S to Y such that D(s) = {y € Y: (s,y) € D}.

Then D is nonempty and compact valued. By Lemma 2 (4), D is S-measurable.

Z>Note that we require p(s,y, ) to be measurable for each (s,y), but p may not be jointly measurable.
*6The finite measure p = p(s,y,-) o a if u(B) = [ p(s,y, z)a(dz) for any Borel subset B C X.
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Since D(s) is compact and A(s, -) is upper hemicontinuous for any s € S, E(s)
is compact by Lemma 3 (6). Define a correspondence I' from S to ¥ x X x R”
as I'(s) = Gr(P(s,-,-)). For all s, P(s,-,-) is bounded, upper hemicontinuous and
compact valued on E(s), hence it has a compact graph. As a result, I' is compact
valued. By Lemma 2 (1), P has an S ® B(Y x X x R")-measurable graph. Since
Gr(I") = Gr(P), Gr(I') is S®B(Y x X x R™)-measurable. Due to Lemma 2 (4), the
correspondence I' is S-measurable. We can view I' as a function from S into the
space K of nonempty compact subsets of Y x X x R". By Lemma 1, K is a Polish
space endowed with the Hausdorff metric topology. Then by Lemma 2 (2), I' is
an S-measurable function from S to K. One can also define a correspondence A;
from S to Y x X as A;(s) = Gr(4;(s,-)). It is easy to show that A; can be viewed
as an S-measurable function from S to the space of nonempty compact subsets
of Y x X, which is endowed with the Hausdorff metric topology. By a similar
argument, D can be viewed as an S-measurable function from S to the space of
nonempty compact subsets of Y.

By Lemma 4 (Lusin’s Theorem), there exists a compact subset S; C S such
that A(S \ S1) < %, I, D and {Ai}lgign are continuous functions on S;. By
Lemma 2 (3), T, D and A; are continuous correspondences on S;. Let D; =
{(s,y) € D: s € S1,y € D(s)}. Since S is compact and D is continuous, D; is
compact (see Lemma 3 (6)). Similarly, £y = EN(S1xY x X) is also compact. Thus,
P is an upper hemicontinuous correspondence on E7. Define a correspondence ®4
from D; to R” x M(X) x A(X) as in Lemma 16, then it is nonempty and compact
valued, and upper hemicontinuous on D;.

Following the same procedure, for any m > 1, there exists a compact subset
Sm C S such that (1) Sy N (Ui<g<m—15k) = 0 and D, = DN (S, xY) is
compact, (2) A(Sp) > 0 and A(S\ (Ui<k<mSm)) < 5=, and (3) there is a
nonempty and compact valued, upper hemicontinuous correspondence ®,, from
Dy, to R" x M(X) x A(X), which satisfies conditions (1)-(3) in Lemma 16. Thus,
we have countably many disjoint sets {Sy,}m>1 such that (1) AN(Up>15m) = 1,
(2) @, is nonempty and compact valued, and upper hemicontinuous on each Dy,
m > 1.

Since A; is a B(S) ® B(Y)-measurable, nonempty and compact valued corre-
spondence, it has a Borel measurable selection a; by Lemma 3 (3). Fix a Borel
measurable selection p of P (such a selection exists also due to Lemma 3 (3)).
Define a mapping (v, ag, to) from D to R” x M(X ) x A(X) such that (1) a;(s,y) =
Oai(s,y) and ao(s,y) = Ricrai(s,y); (2) vols,y) = p(s,y,a1(5,y)....,an(s,y))
and (3) po(s,y) = p(s,y,-) oag. Let Dy = D\ (Up>1Dp) and Po(s,y) =
{(vo(s,y),a0(s,y), po(s,y))} for (s,y) € Do. Then, @ is B(S) ® B(Y')-measurable,

nonempty and compact valued.
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Let ®(s,y) = ®m(s,y) if (s,y) € Dy, for some m > 0. Then, ®(s,y) satisfies
conditions (1)-(3) if (s,y) € Dy, for m > 1. That is, ® is B(D)-measurable,
nonempty and compact valued, and essentially sectionally upper hemicontinuous
on Y, and satisfies conditions (1)-(3) for A-almost all s € S.

Then consider ®|gn, which is the restriction of ® on the first component R™.
Let ®,,|rn be the restriction of ®,, on the first component R with the domain D,,
for each m > 0. It is obvious that ®g|g» is measurable, nonempty and compact
valued. For each m > 1, D,, is compact and ®,, is upper hemicontinuous and
compact valued. By Lemma 3 (6), Gr(®,,) is compact. Thus, Gr(®,,|r») is also
compact. By Lemma 3 (4), ®,,|g~ is measurable. In addition, ®,,|g» is nonempty
and compact valued, and upper hemicontinuous on D,,,. Notice that ®|gn(s,y) =
D, |rn(s,9) if (s,y) € Dy, for some m > 0. Thus, ®|gn is measurable, nonempty
and compact valued, and essentially sectionally upper hemicontinuous on Y.

The proof is complete. ]

5.3 Proofs of Theorem 1 and Proposition 1
5.3.1 Backward induction

For any ¢ > 1, suppose that the correspondence @41 from H; to R™ is bounded,
measurable, nonempty and compact valued, and essentially sectionally upper

hemicontinuous on X*. For any h; 1 € Hy;_1 and x; € Ay(hy—1), let

Pi(hi—1,2¢) = [ Qug1(hi—1, x4, st) fro(dse|he—1)
St

= [ Qur1(he—1, 2, 5t)pr0(hi—1, 5¢) Ae(dsy).
St

It is obvious that the correspondence P; is measurable and nonempty valued. Since
Q11 is bounded, P, is bounded. For A-almost all st € St Q;41(-, s?) is bounded
and upper hemicontinuous on H(s'), and ¢ (s', -) is continuous on Gr(Af)(s?). As
10 is integrably bounded, P;(st~1, ) is also upper hemicontinuous on Gr(A%)(s*~1)
for A\*~1-almost all s‘=1 € S'~! (see Lemma 5); that is, the correspondence P; is
essentially sectionally upper hemicontinuous on X!. Again by Lemma 5, P; is
convex and compact valued since )\; is an atomless probability measure. That is,
P;: Gr(AY) — R" is a bounded, measurable, nonempty, convex and compact valued
correspondence which is essentially sectionally upper hemicontinuous on X?.

By Proposition 4, there exists a bounded, measurable, nonempty and compact
valued correspondence ®; from H;_; to R™ x M(X;) x A(X;) such that &, is
essentially sectionally upper hemicontinuous on X*~!, and for A\~!'-almost all
hi—1 € Hi—1, (v,a, ) € Oy(hy—q) if
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1. v = fAt(htil)pt(ht,l,x)a(dx) such that pi(hy—1,:) is a Borel measurable
selection of Py(hi—1,-);

2. a € ®jegM(Ay(hi—1)) is a Nash equilibrium in the subgame h;—; with payoff
pi(hi—1,-) and action space [[,c; As(hi—1);
3. pw=pi(hi—1,) o .
Denote the restriction of ®; on the first component R" as ®(Q¢+1), which is
a correspondence from H;_; to R™. By Proposition 4, ®(Q+1) is bounded,
measurable, nonempty and compact valued, and essentially sectionally upper

hemicontinuous on X*t~1.

5.3.2 Forward induction
The following proposition presents the result on the step of forward induction.

Proposition 5. For any t > 1 and any Borel measurable selection q; of ®(Q¢+1),
there exists a Borel measurable selection g1 of Qi+1 and a Borel measurable
mapping fi: Hi_ 1 — QicrM(Xy;) such that for Ne~1-almost all hy_1 € Hy_ 1,

1. ft(ht—l) € ®i€]M(Ati(ht—l));'
2. qt(h—1) = [4,(n, 1) Js, @1(he—1, 2t 5¢) fro(dsel 1) fe(dae|he—1);

3. fi(:|ht=1) is a Nash equilibrium in the subgame hy_1 with action spaces
Agi(hi—1),1 € I and the payoff functions

/ Gi+1(hi—1, -, 5¢) fro(dse|he—1).
St

Proof. We divide the proof into three steps. In step 1, we show that there exist
Borel measurable mappings f;: Hi—1 — ®;erM(Xy;) and py: Hi—1 — A(Xy) such
that (g, fr, pe) is a selection of ®;. In step 2, we obtain a Borel measurable selection
g of P; such that for AX*“'-almost all h;_1 € Hy_1,

L q(h—1) = fAt(ht—l) gt(hi—1, z) fr(dz|hi—1);
2. fi(h4—1) is a Nash equilibrium in the subgame h;_1 with payoff g;(h;—1,-) and

action space A¢(hi—1);

In step 3, we show that there exists a Borel measurable selection ¢;y1 of Q1 such
that for all hy—1 € Hy—q and x4 € Ai(hy—1),

gt(htlaxt):/ Qi1 (hi—1, 24, 5¢) fro(dse|he—1).
St

Combining Steps 1-3, the proof is complete.
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Step 1. Let U;: GI‘(@t(QtJrl)) — M(Xt) X A(Xt) be

\I/t(ht—hv) = {(CV,,U,)Z (U,(X,/,L) € (I)t(ht—l)}'

Recall the construction of ®; and the proof of Proposition 4, H;_1 can be divided
into countably many Borel subsets { H/" ; },,>0 such that

A (U1 PrOge—1 (H{%4)) :
— m = S t—1 — m
1. Hi—1 = Up>oH™, and N (Projg (o) = 1, where projg:—1(H;";)

and projg:-1(H;—1) are projections of H/™; and H;_1 on St

2. for m > 1, H, is compact, ®; is upper hemicontinuous on H;", and F; is

upper hemicontinuous on
{(he—1,m¢): hyoy € Hy"y, 20 € Ag(he—1) }5

3. there exists a Borel measurable mapping (vg, g, o) from HY ; to R™ x
M(X;) x A(Xy) such that ®¢(hs_1) = {(vo(he—1), ao(he—1), po(hi—1))} for
any h;—1 € Hto_l.

Denote the restriction of ®; on H"; as ®*. For m > 1, Gr(®}") is compact,
and hence the correspondence U7 (hi—1,v) = {(a, p): (v,a, ) € @} (hs—1)} has
a compact graph. For m > 1, ¥}" is measurable by Lemma 3 (4), and has a
Borel measurable selection 1" due to Lemma 3 (3). Define 99 (hs—1,v0(hi—1)) =
(co(hi—1), po(he—1)) for hy—1 € HY ;. For (hy—1,v) € Gr(®(Q41)), let Py (hi—1,v) =
Y (he—1,v) if hy—y € H{™,. Then 9 is a Borel measurable selection of U;.

Given a Borel measurable selection ¢ of ®(Q¢+1), let

¢t(hi—1) = (qt(ht—1), Ye(he—1, gt (hi-1))).

Then ¢; is a Borel measurable selection of ®;. Denote JEIt_l = Um>1H",.
By the construction of ®;, there exists Borel measurable mappings fi: H;—1 —
®1'GIM(X“') and ot - Hi{ 1 — A(Xt) such that for all h;_1 € ﬁt—la

L ¢(h—r) = fAt(ht,l)pt(ht—lvx)ft(d$|ht—1) such that p;(hi—1,-) is a Borel
measurable selection of Py(hi—1,-);

2. fi(hi—1) € ®ierM(Asi(hi—1)) is a Nash equilibrium in the subgame h;_; with
payoff p;(hi—1,-) and action space [[;c; Ati(ht—1);

3. ,ut("ht—l) = Pt(ht—h ) ° ft('|ht—1)'

Step 2. Since P, is upper hemicontinuous on {(h¢—1,z¢): hy—1 € H" |, x4 €
Ai(hi—1)}, due to Lemma 15, there exists a Borel measurable mapping ¢" such
that (1) ¢"(ht—1,2¢) € Pi(hi—1,2¢) for any hy—y € H™ and z; € A¢(hs—1), and
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(2) g™ (he—1,x¢) = pe(hi—1, ) for fi(-|hy—1)-almost all x;. Fix an arbitrary Borel
measurable selection ¢’ of P;. Define a Borel measurable mapping from Gr(4;) to
R™ as
9" (hi—1,x¢) if hy—y € H™{ for m > 1;
g(hi—1,m¢) =
g’ (ht—1,2¢)  otherwise.
Then g is a Borel measurable selection of P;.

In a subgame h; 1 € ﬁ[t,l, let
Byi(hi—1) = {yi € Asi(hi—1):

/ Gi(he—1,Yi, Ty (—3)) fo—i) (AT (—iy [he—1) > / pri(hi—1, z¢) fr(dwe|he—1) }.
Ay—iy(ht—1) Ag(he—1)

Since g(h¢—1,x¢) = pr(hi—1, z¢) for fi(-|hi—1)-almost all zy,

/ ( )g(ht—laxt)ft(dxt’ht—l):/ pt(ht—laxt)ft(dl'tmt—l)-
Ai(hi—1

A¢(hi—1)

Thus, By; is a measurable correspondence from H;_1 to Ayi(hi—1). Let Bf;(hi—1) =
Ati(hi—1) \ Bti(he—1) for each hy—y € Hy—;. Then By, is a measurable and closed
valued correspondence, which has a Borel measurable graph by Lemma 2. As a
result, By; also has a Borel measurable graph. As fi(h;—1) is a Nash equilibrium
in the subgame hy_1 € Hy_, with payoff pe(he—1,+), fti(Bei(hi—1)|hi—1) = 0.
Denote B;(hi—1,2z:) = min Py;(h¢—1,x;), where Pi;(hi—1,x¢) is the projection
of Pi(hy—1,x¢) on the i-th dimension. Then the correspondence P is mea-
surable and compact valued, and (; is Borel measurable. Let A;(hi—1,2:) =
{Bi(ht—1,2¢)} x [0,9]""!, where v > 0 is the upper bound of P;. Denote
A(hi—1,2¢) = ANi(hi—1,2¢) N Py(hi—1,2¢). Then Al is a measurable and compact
valued correspondence, and hence has a Borel measurable selection ;. Note that

3} is a Borel measurable selection of P;. Let
gt(ht—hxt) =

Bi(hi—1,2¢) if hy—1 € Hy_1, 24 € Byi(hy—1) and 245 ¢ Byj(hi—1),V] # i;
g(ht—1,2;)  otherwise.

Notice that

{(he—1,2¢) € Gr(Ay): hy—1 € Hy_1, 345 € Byi(hy—1) and a4j & Byj(hy—1),Vj # i; }

= Gr(A;) N Uier | (Gr(Bu) x [ X)) \ (Uj(Gr(By) x ] Xw)) |
G ki
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which is a Borel set. As a result, g; is a Borel measurable selection of P;. Moreover,
gt(he—1, ) = pr(he—1,x¢) for all hy_; € H,_; and fi(-|ht—1)-almost all x;.

Fix a subgame hy_1 € Hy_1. We will show that ft(:|ht=1) is a Nash equilibrium
given the payoff g;(h;—1,-) in the subgame h;_1. Suppose that player i deviates to
some action Ty;.

If Z4; € Byi(hi—1), then player i’s expected payoff is

/ Gti(ht—1, Tti, Ty(—4)) fi(—i) (AT (i) | Pt—1)
Ay—iy(ht—1)

Gei(hi— 1,$tu$t )ft (dxt( |ht71)
i1 Bij(he-1)

5(ht 175675275515( z))ft (dxt ’ht 1)
g Bj(he—1)

IN

Pri(he— 1, Tty Ty(— z)ft (dl“t z)‘ht 1)
i1 Bij(he-1)

;\:]\:]\:1\

pri(he—1, Teis Ty(—i)) fo(—i) (dzy( i) [Pe—1)
t(—i) (he—1)

pri(he—1, x¢) fe(dzehe—1)
t(ht—1)

= / Gri(hi—1, ) fr(da| he—1).
A¢(he—1)

<

T

The first and the third equalities hold since f;;(B¢j(ht—1)|hte—1) = 0 for each j,
and hence fyi)(I]; Bfj(he—1)|he—1) = fo—i)(As—iy(he-1)|he—1). The second
equality and the first inequality are due to the fact that gu(hi—1,Tu, Te—s)) =
Bi(ht—1, Tti, vy(—s)) = min Py(he—1, Tei, Ty—i)) < prilhe—1, Tei, Ty—s)) for xy_y) €
[1;2; Bf;(ht—1). The second inequality holds since fi(-[h¢—1) is a Nash equilibrium
given the payoff p;(hi—1,-) in the subgame h;—1. The fourth equality follows from
the fact that gt(htfl, .’Et) = pt(htfl, SUt) for ft(-|ht,1)—almost all Tt.
If Z4; ¢ Byi(hi—1), then player i’s expected payoff is

/ Gti(he—1, Teis o)) Fo(—iy (d@g iy |Pu—1)
Ag—iy(he—1)

Il
}\:1\:1\

gtz(ht 1,£Um,l't z))ft( —1) (dxt |ht 1)
j#i By (he—1)

B (b gi(hi— 1, Tty Ty(— )ft z)(dxt |ht 1)
g# DAl

9i(hi—1, Tei, (i) fr(—i) (dog—iy | e—1)

t(—i)(hi—1)

pti(ht—b l‘t)ft(dfl?t\ht—l)
t(hi—1)

<

—
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= / gti(htfla xt)ft(dl'tmtfl)-
At(hi—1)

The first and the third equalities hold since

Fomiy | TI B (hee)[har | = Fumiy (Ag—iy(he—1) | hun).
J#i

The second equality is due to the fact that gii(hi—1, Tei, To(—s)) = gi(hi—1, Tei, Ty(—s))
for 4 € [, Bfj(hi—1). The first inequality follows from the definition of By;,
and the fourth equality holds since g;(hi—1,x) = pi(hi—1, z¢) for fi(-|hi—1)-almost
all ;.

Thus, player ¢ cannot improve his payoff in the subgame h; by a unilateral
change in his strategy for any i € I, which implies that fi(-|hs—1) is a Nash
equilibrium given the payoff g;(h;—1,-) in the subgame h;_1.

Step 3. For any (hy—1,x) € Gr(A),
Pi(hi—1,2¢) = /S Qt41(ht—1, ¢, 5¢) fro(dsg|hi—1).
t

By Lemma 6, there exists a Borel measurable mapping ¢ from Gr(P;) x S; to R"™
such that

1. q(hi—1,x¢,e,8¢) € Qey1(hi—1,, 8¢) for any (hy—1,x¢,€,8:) € Gr(FPy) x Sy;

2. e = fSt q(hi—1, e, e, 8¢) fro(dse|he—1) for any (hi—1,z¢,e) € Gr(P;), where
(htfl,l‘t) S GI"(At)

Let
Q1 (hi—1, ¢, 8¢) = q(he—1, ¢, ge(he—1, 2¢), S¢)
for any (hy—1,x¢,s¢) € Hy. Then g1 is a Borel measurable selection of Q¢41.

For (hi—1,2¢) € Gr(4y),

gt(htlal't):/ q(he—1, e, g (hi—1,2¢), S¢) fro(dse|he—1)
St

:/ Qi1 (hi—1, ¢, 5¢) fro(dse|he—1).
St

Therefore, we have a Borel measurable selection q;11 of (41, and a Borel
measurable mapping fi: Hi—1 — ®;erM(Xy;) such that for all by € H,_4,
properties (1)-(3) are satisfied. The proof is complete. O

If a dynamic game has only T stages for some positive integer T' > 1, then let
Qri1(hr) = {u(hy)} for any hp € Hp, and Q; = ®(Qy41) for 1 <t < T — 1. We
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can start with the backward induction from the last period and stop at the initial
period, then run the forward induction from the initial period to the last period.

Thus, the following corollary is immediate.

Corollary 4. Any finite-horizon dynamic game with the ARM condition has a

subgame-perfect equilibrium.

5.3.3 Infinite horizon case

Pick a sequence £ = (&1,&2,...) such that (1) &, is a transition probability from
Hy,—1 to M(X,,) for any m > 1, and (2) &n(Am(hm—1)|Am—1) =1 for any m > 1
and h,,—1 € Hy,—1. Denote the set of all such £ as T.

Fix any ¢ > 1, define correspondences =! and Al as follows: in the subgame
hi—1,

Ei(htfl) - M(At(htfl)) ® )\t7

and

Af(hi—1) = M(Ay(hi—1)) ® fio(hi-1).

For any m; > t, suppose that the correspondences Z/" ~* and A"~ have been de-

fined. Then we can define correspondences Zy"': H;_1 — M (HtSmSml (X % Sm))

and A" Hy_y — M (Htéméml (X X Sm)> as follows:

E" (he—1) ={g(ht-1) o (Emy (he—1,) @ Ay ):
g is a Borel measurable selection of E;'”_l,

&m, 1s a Borel measurable selection of M(A,,,)},

and

A (he—1) ={g(he—1) © (&my (hi—1,) ® fimgo(he—1,)):
g is a Borel measurable selection of A7 ™1

&m, 1s a Borel measurable selection of M(A,,,)},

where M(A,,,) is regarded as a correspondence from H,,,_1 to the set of Borel
probabilities on X,,,. For any m; > ¢, let p’&ﬁihs) € =" be the probability
on Ht§m§m1 (Xm x Sp) which is induced by {A\n}t<m<m, and {&m <m<m,, and
Qgi_hé) € A" be the probability on [[,<,,<p, (Xm X Sm) which is induced by
{fmo}tt<m<m, and {&m}i<m<m,. Then Z"'(h,_1) is the set of all such pT(Tlei—L&)’
and A" (hi—1) is the set of all such 97(7;117176)‘ Notice that Q?ZLLE) € A" (hy—y) if

and only if p?}z ) € =" (hi—1), and g?;iil ¢ and p?ﬁil ¢) can be both regarded

1
t—1,§
as probability measures on H,,, (hi—1).
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Similarly, let pgp,_,¢) be the probability on [],,5,(X;n X Sp) induced by
{Am}m>e and {&m tm>t, and O(h,_,,¢) the probability on HmZt(Xm X Sp) induced
by {fmo}m>t and {&m, }m>t. Denote the correspondence

Her Hy g — M(H(Xm X Sm))

m>t

as the set of all such p(,_, ¢), and

Ay Hiy — M(H(Xm X Sm))

m>t
as the set of all such o(,_, ¢)-

Lemma 17. For any m1 >t and hy—1 € Hy_1,

B 27
it o= | T1 emnthnsd) oo

t<m<m;

Proof. Fix £ € T, and Borel subsets C,,, C X, and D,, C S, for m > t. First, we

have

leht—hf) (Ct X Dt)
= &(Cylhi—1) - fro(Dg|hi—1)

= /X < dcyx Dy (Tt 5t)pto(hi—1, 5¢) (e (he—1) @ M) (¢, 5t)),

which implies that Q'éht_hg) = @0(ht—1,") 0 pfht—lyf).

2

Suppose that 9?;2_1,5) = (Htgmng ©mo(hi—1, )) o p?;n_h&) for some mo > t.
Then

mo—+1
dtie | I (Cox D)

t<m<mao+1

=00, &) © (Emat1(le—1,) © fmoynyo(he-1,-)) H (Cp X Dpn)

t<m<ma-+1

For m >t >1and hy_; € H;_1, the function ,,0(hs_1, ) is defined on H,,_1(h;_1) X Sy, which is
measurable and sectionally continuous on Ht<k<m71 X. By Lemma 4, ©,,0(ht—1, ) can be extended to
be a measurable function ¢,,0(hi—1,-) on the product space [[,<c,n_1 Xk X [1;<x<m Sk, which is also
sectionally continuous on Htgkgm—l Xk. Given any & € T, since p?}btihg) concentrates on H,,(hi_1),
©mo(hi—1,-) 0 Plh, 1 6) = Gmo(hi—1,-) 0 Plh,_1.¢)- For notational simplicity, we still use Ymo(hi—1,"),
instead of $,,0(hi—1, ), to denote the above extension. Similarly, we can work with a suitable extension

of the payoff function u as needed.
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= 51—[ C (ZE xT 1,8 s 1).
t<m< +1( ' X D )\ Lty + + oy Lmg+15 5ty - -+ 5 Smig+
/I_Itﬁmﬁmz (XmXSm) /)\(m2+1 XSm2+1 <m<mqy
£m2+1 ® f(m2+1)0(d($m2+1, Sm2+1)|ht71, Tty yTimgs Sty -+ sz)
m2
O, (d@ts s Ty St Sy )| P—1)
= / / / 5Ht<m<m2+1(CmXDm)(‘rt7' -y Tmo+1, St - "7Sm2—|—1)'
[e<memy (XmXSm) v Smayt1 J Xmgy 41 ==
90(m2+1)0(ht—17 Tty oy Lmogy Sty -+ - 7Sm2+1)§m2+1(dxm2+l|ht—17 Lty ooy Loy Sty e v vy sz)

)‘(m2+1)0(d8m2+1) H meo(ht—h Ttye ooy Tm—1,Sty- -+, Sm)
t<m<mao

p?;lj—lvf)(d(xta <o Tmgy Sty e e e sz)’h‘t—l)

- /H (X X Sim) Ol Ty momy 41 (O x D) (Tt -+ Eima15 855 Sma+1)-

t<m<mo+1 m m

H SDmO(htflaa:ta"'7l‘m7178t7"' ) n;j+11§)(d(xta"'7xmz78t7"'aSMQ)’ht71)a

t<m<mag—+1
which implies that
+1 +1
QE;LLi 175) - H Som()(hjt_l’ .) © p?;;’i 175)
t<m<mao+1

The proof is complete. O

Lemma 18. 1. For any t > 1, the correspondence Ay"™ is nonempty and

compact valued, and sectionally continuous on X*=! for any my > t.

2. For anyt > 1, the correspondence Ay is nonempty and compact valued, and

sectionally continuous on X'

Proof. (1) We first show that the correspondence E;"* is nonempty and compact
valued, and sectionally continuous on X!t for any mq >t

Consider the case m1 =t > 1, where
Ei(ht—l) = M(At(hi—1)) @ M.

Since Ay; is nonempty and compact valued, and sectionally continuous on X!,
Z! is nonempty and compact valued, and sectionally continuous on X1,
Now suppose that =;"? is nonempty and compact valued, and sectionally

continuous on X! for some mgy >t > 1. Notice that

BT (he1) ={g(hi-1) © (Gmar1(hi—1,7) @ A1) :

g is a Borel measurable selection of Z*?
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&mo+1 18 a Borel measurable selection of M(A,,,+1)}-

Define a correspondence Al from H; 1 x S; to Xy as Al(hi—1,8¢) = Ae(hi—1).
Then A! is nonempty and compact valued, sectionally continuous on X;_1, and has
a B(X! x S')-measurable graph. For any (si,...,s;), since Hy_1(s1,...,8;_1) is
compact and Ay(-,s1,...,5,1) is continuous and compact valued, AL(-, s1,...,5¢)
has a compact graph by Lemma 3 (6). For any h;—; € H;_1 and 7 € Z¢(hy_1), the
marginal of 7 on S is \; and 7(Gr(A4L(hi—1,-))) = 1.

For any my > t, suppose that the correspondence

AP Heox [T Se— [ Xm

t<m<mi—1 t<m<mi—1

has been defined such that
1. it is nonempty and compact valued, sectionally upper hemicontinuous on
X;_1, and has a B(X"™ ! x §™~1)_measurable graph:;
2. for any (s1,....-Sm;—1)s A?”_l(-, S1,....Smy—1) has a compact graph;

3. for any hy.1 € Hy; 1 and 7 € E;nl*l(ht,l), the marginal of 7 on

HtSmSml—l S 18 @t<m<mi—1Am and T(Gr(A;nl_l(htflv )) =1

mi
We define a correspondence A;"': Hy_1 X Ht§m§m1 Sm — Htgmgml X, as

follows:
AT (he—1, Sty ooy Smy) ={(@ty oo Ty )
Tm, € Am1 (htfla Tty-oosLmg—1,5ty--- 7Sm1*1)7
(xtv s axﬂ’n*l) € A;nlil(htfb Styee e Sm1*1)}‘
It is obvious that AJ"' is nonempty valued. For any (si,...,Sm,), since
AT sy, ... 8m,—1) has a compact graph and A, (-, 81, ..., Sm, 1) is continu-
ous and compact valued, Ay (-, s1,....8my,) has a compact graph by Lemma 3 (6),

which implies that A;"™ is compact valued and sectionally upper hemicontinuous on
Xi—1. In addition, Gr(A}"") = Gr(Am,) X Sm,, which is B(X™ x S™ )-measurable.

For any h;—1 € Hy_; and 7 € E?“(ht_l), it is obvious that the marginal of 7 on

Ht§m§m1 Sm 18 @t<m<my Am and T(Gr(A" (h-1,-))) = 1.
By Lemma 13, E;"QH is nonempty and compact valued, and sectionally

continuous on X*t1.

Now we show that the correspondence Ay is nonempty and compact valued,

and sectionally continuous on X*~! for any m; > t.

t—1

Given s'~! and a sequence {zf,2%,... 2 |} € Hi_1(s'™1) for 1 < k < oo. Let
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hF | = (st71 (xf, 2, ..., 2F ). It is obvious that A}™ is nonempty valued, we
first show that A;™ is sectionally upper hemicontinuous on X t=1 Suppose that
Q?flé“_l,ék) € AP (hF ) for 1 <k <ooand (zf, 2k, ... 2f ) — (28,25, ..., 2%°,),
we need to show that there exists some £>° such that a subsequence of Q?’fb}c )
t—17

M1 mi mi o)
weakly converges to O(noe | £ and O(noe | ey € AT (he ).
Since 2} is sectionally upper hemicontinuous on X*~1, there exists some &>
such that a subsequence of p?;:}C ek SAY itself, weakly converges to pz’;l}x) £0) and
t—1> t—17

)
i gy € S (21, Then 0l ey € AT (2,).

For any bounded continuous function ¢ on [[,<,,,<n, (Xim X Sm), let

Xk (Tty ooy Ty s Sty v o vy Sy ) =
k
(g ooy Tongy Sty e v vy Sy ) * H Omo(Rf_1, Tty oy Tn—1, Sty -y Sm)-
t<m<m;

Then {xx} is a sequence of functions satisfying the following three properties.

1. For each k, x; is jointly measurable and sectionally continuous on X.

2. For any (s, ..., Sm,) and any sequence (zf,...,zF ) — (2°,...,2% ) in X,
k k
Xk(TF oo T Sty Smy) = Xoo(TES, oo Ty 5 Sty -+, Smy ) @S k — 00.

3. The sequence {xk}1<k<oo is integrably bounded.

By Lemma 14, as k — oo,

m
/ Xk:(xtw~'al‘m1a5ta-~'a5m1)p(h}c gk)(d(xtv"'7xm178t7"')8m1))
Ht§m§m1 (XmXSm) L
m
— Xoo (Tt v vy Tinyy Sty e ey sml)p(hi.i,176(,0)((](33,57 e s Tmyy Sty e vy Smy))-
Ht§m§m1 (XmXSm)

Then by Lemma 17,

/ w(CUt;...7xm173t7...73m1)g7£}g ey (A, Ty 5t 5y )
Ht§m§m1 (Xm xSm) t—1>
— w(xta-.-7xm17$t7..-78m1)g7(‘2100 £oo)<d(xt,...,xml,St,...jsml))7
Htgmgml(XmXSm) t—1)
which implies that ¢} ., weakly converges to g/t .ooy. Therefore, A" is
(hi_1:6%) (hg21,6%)

sectionally upper hemicontinuous on X*~!. If one chooses hi_; = h%_l =... =

h°,, then we indeed show that Ay™ is compact valued.
mi
(h_1.6%)
mi m1 1
Plhzo ) then Q(h,’f,l,g’c) weakly converges to O(hoe | £%0)-

In the argument above, we indeed proved that if p weakly converges to

The left is to show that AJ"' is sectionally lower hemicontinuous on X'~1.
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Suppose that (zf, =% ... 2F |) = (25°,25°,...,2°;) and Q(hoo £ € AT (h$24),

we need to show that there exists a subsequence {( a;lfm,. xfml)} of
k .k km

{(zf, ok, ..., 2F )} and g(hkm ehm) € A" (hy™) for each k,, such that ‘Q(h’“ k)

weakly converges to Q(hoo &)

Since g(hoo =) € Aml( 1), we have 'O?fg’il,é‘x’) € Z/"(h°;). Because

E/" is sectionally lower hemicontinuous on X*®~! there exists a subsequence of
{(xh,2%,...,2F )}, say itself, and Prok € :;’”(hk ,) for each k such that

(hy_1.6%)

weakly converges to p(hoo £00)° As a result, g weakly converges to

mi
Pk _.e9) (hl_, &)
QZLLLO g0 which implies that A}"! is sectionally lower hemlcontinuous on Xt 1
t—1>
Therefore, A{"™ is nonempty and compact valued, and sectionally continuous

on X't for any mq > t.

(2) We show that A; is nonempty and compact valued, and sectionally
continuous on X1,

It is obvious that A; is nonempty valued, we first prove that it is compact
valued.

Given h;_1 and a sequence {7%} C A;(h;_1), there exists a sequence of {(Sk}/@l
such that &% = (¢F,¢5,...) € Y and 7% = O(h;_, ¢¥) for each k.

By (1), Z¢ is compact. Then there exists a measurable mapping g; such that (1)

=(¢,... ,§t_1,gt,§t+1, ...) €Y, and (2) p! Pl 1 g% weakly converges to p(ht,l,gt)'
Note that {€f;} is a Borel measurable selection of M(A;11). By Lemma 13, there
is a Borel measurable selection g;+1 of M(Ay4+1) such that there is a subsequence
of {pl“rl .gk)}7 say itself, which weakly converges to p’éztl_hgtﬂ), where ¢it! =
(& 7§t—17gtygt+la§tl+27 ) ET.

Repeat this procedure, one can construct a Borel measurable mapping g such
that p(,_, ¢) 1s @ convergent point of {p(htil’gk)}. Thus, o, _,,4) is a convergent
point of {0, | er}-

The sectional upper hemicontinuity of A; follows a similar argument as above.

In particular, given s‘~! and a sequence {zf,z% ... 2F } C H; 1(s*71) for
k> 0. Let hF | = (s*1 (f,2,...,2F |)). Suppose that (zf,2%,...,2F ) —
(28,29, ... 20 1) If {7*} € Ay(hF_|) for k > 1 and 7% — 79, then one can show

that 7° € A¢(hY_;) by repeating a similar argument as in the proof above.
Finally, we consider the sectional lower hemicontinuity of A;. Suppose that
79 € Ay(hY ;). Then there exists some & € T such that 70 = Ono_,¢)- Denote

g(ho ¢ € AT(RY ;) for m > t. As AT is continuous, for each m, there
19
exists some " € T such that d(o” ,7™) < L for ky, sufficiently large, where

Then 7 weakly converges to 70,

% myem)’

d is the Prokhorov metric. Let 7" = = Ophm emy-
t—1>

which implies that A; is sectionally lower hemicontinuous. O
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Define a correspondence Q7 : Hy—1 — R"} | as follows:
Q7 (hi—1) =

{mezt(Xmem) U(ht—17$78)9(ht,1,5)(d(337 s)): O(hi_1,8) € Ai(hi—1)}; t>T;
(Q741)(he—1) t<T.

Denote Q7° = Nr>1Q7 .

Lemma 19. For any t,7 > 1, Q] is bounded, measurable, nonempty and compact

valued, and essentially sectionally upper hemicontinuous on X'~ 1.

Proof. We prove the lemma in three steps.
Step 1. Fix t > 7. We will show that ()7 is bounded, nonempty and compact
valued, and sectionally upper hemicontinuous on X1,

The boundedness and nonemptiness of ()7 are obvious. We shall prove that

Q7 is sectionally upper hemicontinuous on X*~!. Given s'~! and a sequence
{ak ok o aF |} C Hyq(s7h) for k > 0. Let b | = (s71, (ak, 2%, ... 2F ).
Suppose that a® € Q7 (hF_,) for k > 1, (af, 2%, ... ,2F ) — (23,29,...,29 ;) and

a® — a®, we need to show that a® € Q7 (hY_,).
By the definition, there exists a sequence {¢¥};>1 such that

ak:

/ u(hf 1,2, 8)0pp ooy (d, 5)),

[Tm>¢(XmXxSm)

where ¢F = (¢F,¢k,...) € Y for each k. As A; is compact valued and sectionally

continuous on X'~!, there exist some Ono_, 0y € A¢(hY_,) and a subsequence of

O(nh_, gkys SAY itself, which weakly converges to Q(ho_, £0) for 0= (£9,€9,..) e 1.
We shall show that

a’ = u(hi_y,, S)Q(hgfl,g())(d(ﬂfa s))-

‘/1;1m>t(Xm><S’m)

For this aim, we only need to show that for any § > 0,

(10—

u(hY_y, 2, 5)0pg_, co)(d(x, 5))| <. (3)

/HmZt(meSm)

Since the game is continuous at infinity, there exists a positive integer M >t
such that w™ < %5 for any m > M.

For each j > M, by Lemma 4, there exists a measurable selection &} of M(A;)
such that f; is sectionally continuous on X7~1'. Let u: Hy — [Lnsn (X x
Sm) be the transition probability which is induced by (&34, 40,---) and
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{f(M+1)0, J(m+2)0 - - .}. By Lemma 9, p is measurable and sectionally continuous
on XM, Let

VM(ht_l,mt, ooy TNy Sty .,SM) =

W1y Xy oo s TN Sty e vy SM X, S) Ape(, S| Hp—1, Ty ooy TNL, Sty - -5 SM)-

/Hm>M(Xm XSm)

Then Vj; is bounded and measurable. In addition, Vjs is sectionally continuous
on XM by Lemma 14.
For any k£ > 0, we have

|/ ulhf 1,2, 8)ops , eoy(de, )
Hmzt(X'"L XS’"L)

_ / VM(hllfc—:l:xt; ceesTM, Sty - -75M)Qé\}{k 17€k)(d(wt, ooy TNy Sty ,SM))‘
HtgmgM(XmXSm) t—

< M+
1

< =0.
)

Since O(nk_ | &k weakly converges to Q(ho_, £9) and Qé\}/{k £k)
1 - t—1

Ok, eky ON HtgmgM(Xm X Sy,) for any k > 0, the sequence Q?f{f_pé’“)

is the marginal of
also weakly

converges to Q?ZO . By Lemma 14, we have
t

_1:69)
| Ht<m<M(Xm><5m)VM(hf—laJJt,...,$M,8t,...,SM)Q?}{filvgk)(d(xt,...,.Z'M,St,...,sM))
_ /1—[t<m<M(mesm) VM(h?—la-Tt, e s My Sty ey SM)Q%?,l,SO)(d(xt’ N Y T ,sM))’
< éé

for k > K7, where K; is a sufficiently large positive integer. In addition, there
exists a positive integer Ky such that |a® — a%| < %5 for k > K,. Combining the
inequalities above, we prove inequality (3), which implies that Q] is sectionally
upper hemicontinuous on X*~! for t > 7.

Furthermore, to prove that ()] is compact valued, we only need to consider
the case that {1:’8,3:’1“, L = {x8,29,...,29 |} for any k > 0, and repeat the

above proof.

Step 2. Fix t > 7, we will show that ()] is measurable.

Fix a sequence (£1,&3, .. .), where &} is a selection of M(A;) measurable in sI1
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and continuous in 7! for each j. For any M > t, let

M
Wi (Rt—1, @ty o ooy TN, Sty ooy SM) =

u<ht—17 Lty oy My Sty SM> T, S)Q(ht_1,xt,...,x]\/[,st7...,sM7E’) (d(i[f, S))

/Hm>M(Xm><Sm)
sar,€) 18 measurable from H s to M (Hm>M(Xm X Sm)),

and sectionally continuous on X™. Thus, sz‘/f[ is bounded, measurable, nonempty,

By Lemma 9, o, a,..

LM Sty

convex and compact valued. By Lemma 14, W]\]% is sectionally continuous on XM

Suppose that for some ¢ < j < M, Wy, has been defined such that it is bounded,
measurable, nonempty, convex and compact valued, and sectionally continuous on
X7, Let

j—1 —
WM (ht_l,xt, ey L1, Sty ey Sj_l) =

—~a.

{ ng(ht—laxt,---,xj,St,... )Q

X;xS; ht—1,@t, s Tj—1,5t,...,8j—1,E) (d<mj78j))

J ) .
thtq,mt,wwj—l7St7~.~,sj—17€) = Aj(ht_l’ Tty ooy Tj=15 8ty - - s Sj_l)’

wg\/[ is a Borel measurable selection of W]JV[}

Let S'j = S5;. Since
J Jj
[){ s, WM(ht—17 TtyeooyLjySty-eny Sj)Q(htfl,$t,..~,fﬂj—1,St,~~75]’—1,£) (d(xjﬂ Sj))
%S

J
/ /X XS W ht 15Tty ey Ljs Sty ey S )tht 13Tt yeeesTj— 1,8t peeerSj— 175)((1(.%'],8]))
"Pj()(ht—lymta-'-al'j—last,---asj))\j(dsj)a
we have

Jj—1 —
ht 15Tty ooy Lj—1,Sty-- .,Sj_1> =

Wi,
. Ny 3
/ /X XS ht 1Lty e o5 Lgy Sty v ey Sj)’O(ht—l,It,m@jfl,st,nqufl75) (d(xjv 5]))

. (Pj()(ht—l,mt, e ,J}j_l, Styeeny sj))\j(dsj):

=J ) )
’O(htﬂ,It,~~~733j—1,St,~~~,8j—17§) € Hj(ht_l’ Tty oo Tj=158t, - - - ’S]_l)’

wg\/[ is a Borel measurable selection of W]Jw}
Let

I —
WM(htfl, TtyoooyLj—1yStye-- ,Sj) =
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{/ W (Pt s TS S5 Py e s e (AT 85)):
X]'XS]'

J

=J ) .
p(ht—l,It7~--7xj—l75t,--~7sj—1,§) € ‘—‘j(htfla TtyeooyLj—1,8ty-- -5 ijl)a

w), is a Borel measurable selection of WJJW}

Since WJJ\'/[(ht,l,azt, ..y Tj, S, ...,85) is continuous in x; and does not depend on
§;, it is continuous in (x;, §;). In addition, WJJ\/[ is bounded, measurable, nonempty,
convex and compact valued. By Lemma 10, WJJM is bounded, measurable,
nonempty and compact valued, and sectionally continuous on X7~

It is easy to see that

J—1 —
WM (ht—laxt; vy Lj—15 Sty .- ,Sj_1) =

/ WJJ\/[(ht_l,I‘t, e ,l‘j_l, Styeeny Sj)@jo(ht_l,xt, e ,.Tj_l, Styeny Sj))\j(dsj)-
S

By Lemma 5, it is bounded, measurable, nonempty and compact valued, and
sectionally continuous on X771,

Let W = UMZtW}i/;l. That is, W is the closure of Up>Wjs, which is
measurable due to Lemma 3.

First, W C Q)] because W]’i/fl C @f for each M >t and ()} is compact valued.
Second, fix hy—1 and q € Q] (ht—1). Then there exists a mapping £ € T such that

¢= / wlheor, 7, 8) e (i, 9)).
[15 ¢ (Xm>xSm)

For M > t, let
VM(ht—lvxtv'”7$M7st7"')SM) -
/ w(hi—1, Tty ... L, Sty - - .,sM,a:,s)g(ht_l@tw’IM75t7”.7SM’£)(w,s)
Hm>1\4(Xm><Sm)
and
qm = Var(he—1, 2,800, ¢(d@, s)).
HtgmgM(XmXSM)

Because the dynamic game is continuous at infinity, gy — ¢, which implies that
g € W(hi—1) and Q] C W

Therefore, W = )7, and hence )] is measurable for ¢ > 7.

Step 3. For t < 7, we can start with QT ;. Repeating the backward induction
in Section 5.3.1, we have that )] is also bounded, measurable, nonempty and

compact valued, and essentially sectionally upper hemicontinuous on X‘~!. ]

The following three lemmas show that Qf°(hs—1) = ®(Q21)(hi—1) = Et(h¢—1)
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for Nt~ 1-almost all hy_q € H;_.%8

Lemma 20. 1. The correspondence Q° is bounded, measurable, nonempty and

compact valued, and essentially sectionally upper hemicontinuous on X'~ 1.

2. For anyt > 1, Qf°(hi—1) = ®(Q5%1)(hie—1) for X'=1-almost all hy—1 € Hy_.

Proof. (1) It is obvious that Q¢° is bounded. By Lemma 3 (2), Q¢° is measurable.
It is easy to see that if 71 > 79, then Q7' C Q}?. Since Q7 is nonempty and compact
valued, Q7° is nonempty and compact valued.

Fix any s'~! € S*! such that QJ(-,s"!) is upper hemicontinuous on
H;_1(s'71) for any 7. By Lemma 3 (7), Q°(-,s'"!) is upper hemicontinuous on
H;_1(s'™1). Since Q7 is essentially upper hemicontinuous on X!~! for each 7, Q°

is essentially upper upper hemicontinuous on X*~1.

(2) For any 7, ®(Qf%1)(ht—1) S ®(Q71)(he—1) € Qf(hs—1), and hence
Q51 (he1) € Q¥ (hi-r).

The space {1,2,...00} is a countable compact set endowed with the following
metric: d(k,m) = |3 — & for any 1 < k,m < co. The sequence {Q7,}1<r<oo
can be regarded as a correspondence Q11 from Hy x {1,2,...,00} to R™, which
is measurable, nonempty and compact valued, and essentially sectionally upper
hemicontinuous on X* x {1,2,...,00}. The backward induction in Section 5.3.1
shows that ®(Q¢1) is measurable, nonempty and compact valued, and essentially
sectionally upper hemicontinuous on X* x {1,2,...,0c0}.

Since ®(Qy41) is essentially sectionally upper hemicontinuous on X¢x{1,2,...,cc},
there exists a measurable subset S*~' C S*~! such that A\*~'(S*™') = 1, and
®(Qt41)(-,-,571) is upper hemicontinuous for any 5! € S*~'. Fix 5! ¢
St=1. For hyq = (21571 € Hy 1 and a € Q°(hs_1), by its definition,
a € Qf(hi—1) = ®(Qf,1)(ht—1) for 7 > t. Thus, a € (Q7%,)(hi—1).

In summary, Q¢°(hi—1) = ®(Q51)(h¢—1) for M~ Lalmost all hy_q € Hi—y. O

Though the definition of Q)] involves correlated strategies for 7 < ¢, the
following lemma shows that one can work with mixed strategies in terms of
equilibrium payoffs, due to the combination of backward inductions in multiple

steps.

Lemma 21. If ¢; is a measurable selection of ®(Q ), then ci(hi—1) is a subgame-

perfect equilibrium payoff vector for X't -almost all hy_1 € H;_;.

28The proofs for Lemmas 20 and 22 follow the standard ideas with some modifications; see, for
example, Harris (1990), Harris, Reny and Robson (1995) and Mariotti (2000).
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Proof. Without loss of generality, we only prove the case t = 1. Suppose that ¢ is
a measurable selection of ®(Q5°). Apply Proposition 5 recursively to obtain Borel
measurable mappings {fi;}icr for & > 1. That is, for any k > 1, there exists a
Borel measurable selection ¢, of Q3° such that for A\;_;-almost all hy_1 € Hj_q,

1. fx(hg—1) is a Nash equilibrium in the subgame hj_1, where the action space

is Ag;(hg—1) for player i € I, and the payoff function is given by

/s Crt1(Pi—1, -, sk) fro(dsk|hr—1)-
k

Ck(hk—l):/ / Chip1(hi—1, T, 5k) fro(dsk|hr—1) fr(deg|hr—1).
A (hip—1) J Sk

We need to show that ¢;(hg) is a subgame-perfect equilibrium payoff vector for
Xo-almost all hg € Hy.

First, we show that {fi;}icr is a subgame-perfect equilibrium. Fix a player j
and a strategy g; = {grj}r>1. By the one-step deviation principle, it suffices to
show that for any ¢’ > 1, A\’ “L-almost all hy_1, and any § > 0,

wi(hy_1,2,8)0n,, T,
/Hm>t/(Xm><Sm) ]( v=1 ) (hy _1,f)(d( ))

> wi(hy_1,2,8)0(h,, o x,8)) — 0,
Ji sy 000250201 :5)

where g; = (g15,-- -, 9> far+nis far+2)is - -

Since the game is continuous at infinity, there exists a positive integer
M > t' such that w™ < %5 for any m > M. By Lemma 20, cgx(hx—1) €
@(inl)(hk_l) = on(hk—l) = ﬂ721Q};(hk_1) for Ap_i-almost all hy_1 € Hp_q.
Since Qf = @7 FNQT, ) for k < 7, cp(he—1) € N1 @ F(QT 1) (hy—1) C
PM—k+1 (Q%H)(hk_l) for A\j_1-almost all hy_1 € Hj_1.

Thus, there exists a Borel measurable selection w of Q% 41 and a strategy profile
& such that for A\ps_q-almost all hpy—1 € Hyp—1,

1. fam(har—1) is a Nash equilibrium in the subgame hjy;_1, where the action
space is Apsi(hpr—1) for player ¢ € I, and the payoff function is given by

/w(hM—la‘aSM)fMO(dsM“LM—I)'
S
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M(hM—l):/ / w(hyr—1, 2, Snr) faro(dsarlhar—1) far(dxar[hoar—1)-
Ap(har—1) Y Swm

3. w(har) = me2M+1(Xm><Sm) u(ha, @, S)Q(hM@ (d, 5))-

Therefore, we have

1. for Ag-almost all hy € Hy,

e1(ho) = / w(ho, 2. 5) o1 (A, 5)),
Is1(XmxSm)

where f; is fi if kK < M, and &, if k> M +1;

2. for 1 <k < M, fi(hg_1) is a Nash equilibrium in the subgame hj,_1 for A\¥~1-
almost all hy_1 € Hy_1, where the action space is Ag;(hg_1) for player i € I,
and the payoff function is given by

// (A1, Thy Sk> Ty 8)O((hy_1,,50), /) (AT, 8)) fro(dsk hi—1)-
Sk m>kt1(Xm X Sm)

Let §; = (glj, N T f(t’Jrl)ja R ,fMj, f(MJrl)j, .. ) By (2), for A~ almost
all hy_1 € Hy_q,

/ R PN E)
[Lnse (XmxSm)

> u-h/,,ZC,SQ , T, s
/1;[m>t’(X X,S'm) J(t 1 ) (ht 17f,J,QJ (d( ))

In addition, for any hy_1,

wi(hy—1,2,8)0(h,, - 8
/1;[m>t’(X'm><Sm) j( =1 ) (ht —17(fijgj))(d( ))

>/ uj(ht/_l,:c,s)g(ht, L) n(d, s)) —
[1>4 (XmXxSm)

and
U(h /_ afL‘,S)Q , - p (d(l‘,S))
/l;[mZt’(XmXSnl) gVl (ht 711(]“ ]7f]))

1
> wi(hy_1,2,5)0n,, rp x,8)) — =0.
S e et 5D —
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Therefore, for A\ ~1-almost all hy_; € Hy_1,

wi(hy_1,2,8)0(h,, - r T,s
Ji sy 02000050229

> wi(hy 1,2, 8)0(h,, oy z,s)) — 6,
/HmZt/(Xmem) (1 ) (hyr—1,(f Jﬁgg))(d( )

which implies that {fx;}ier is a subgame-perfect equilibrium.
Then we show that for Ag-almost all hg € Hy,

1 (ho) = / u(ho, 2, )0y, (A, 5)).
H'mzl (Xm XSm)

As shown in (1), for any positive integer M, there exists a strategy profile £ such
that for Ag-almost all hy € Hy,

c1(ho) = u(ho, T, 8)0(hy, ) (A, 5)),

/]_[m21(Xm><Sm)
where f] is fi if k < M, and &, if K > M +1. Since the game is continuous at infini-

ty, me>1(Xmem) u(ho, T, 5)0(he, ) (d(x, 5)) and me>1(meSm) u(ho, T, 8)0(he, 1y (d(, 5))
are arbitrarily close when M is sufficiently large. Thus, for Ag-almost all hg € Hy,

e1(ho) = / ulho, 2. 5) o, ().
Hle(XmXSm)

This completes the proof. O

For t > 1 and hy—1 € Hy_1, recall that E;(h,—1) is the set of payoff vectors of
subgame-perfect equilibria in the subgame h;_;. Then we shall show the following

lemma.
Lemma 22. For anyt > 1, Ey(hi—1) = Q°(hy_1) for X!~ -almost all hy_1 € H;_1.

Proof. (1) We will first prove the following claim: for any ¢ and 7, if Epy1(h) C
Q741 (ht) for M-almost all hy € Hy, then Ey(hy_1) C QF (hy—1) for A= !-almost all
hi—1 € Hy_1. We only need to consider the case that t < 7.

By the construction of ®(Q7, ;) in Subsection 5.3.1, there exists a measurable
subset S'1 C S71 with A"1(S*1) = 1 such that for any ¢; and hy; =
(211,871 € Hy_y with §71 e §t=1if

Loce = [a,0n ) Js, @r1(he1, 21, 5¢) fro(dse|he—1)a(dz), where ge1(he—1,-) is
measurable and g41(hi—1, 24, 5¢) € Q7,1 (ht—1, x4, 5¢) for Ag-almost all s; € Sy
and x; € At(ht_1>;
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2. a € ®jerM(Ay(hi—1)) is a Nash equilibrium in the subgame h;—1 with payoff
fs, @t+1(hi-1, -, 5¢) fro(dsi|hy—1) and action space [T;c; Ati(fi—1),

then ¢; € ®(Q7F,1)(he—1).

Fix a subgame h;_; = (27!, 4!) such that §~! € S~ Pick a point
¢t € Ey(8871). There exists a strategy profile f such that f is a subgame-perfect
equilibrium in the subgame h;_; and the payoff is ¢;. Let ¢iq1(hi—1, x4, s¢) be the
payoff vector induced by { fii}ier in the subgame (h¢, 24, s¢) € Gr(A;) x S;. Then

we have

Loce = [4, 1) Js, ctr1(he1, @t s¢) fro(dselhe—1) fi(dwe|he—1);
2. fi(:|ht—1) is a Nash equilibrium in the subgame h;—; with action space

At(hy—1) and payoft [g crr1(he—1,, 5¢) fro(dse|hi—1).

Since f is a subgame-perfect equilibrium in the subgame h;_1, ¢t1(hi—1, ¢, St) €
Eip1(hi—1, 76, 8¢)) € Q1 (hi—1,2¢,5) for A\p-almost all s; € Sy and z; € Ag(hi—1),
which implies that c¢; € ®(Q7, 1) (hi—1) = QF (ht—1).

Therefore, Ey(hy_1) € QF (hy—1) for AX*~1-almost all hy_1 € Hy_;.

(2) Forany t > 7, Ey C Qf. If t < 7, we can start with E; 1 C Q7 and repeat
the argument in (1), then we can show that E;(h;_1) C QF (hy—_1) for AXf~1-almost
all hy_1 € Hy_1. Thus, Ey(h;—1) € Q°(hs—1) for X'~ -almost all by 1 € H; ;.

(3) Suppose that c; is a measurable selection from ®(Qf%;). Apply Proposi-
tion 5 recursively to obtain Borel measurable mappings { fi;}icsr for &k > ¢t. By
Lemma 21, ¢;(h¢_1) is a subgame-perfect equilibrium payoff vector for Af~!-almost
all hy_1 € Hy;—1. Consequently, ®(Q%,)(hi—1) C Ei(hi—1) for X' 1-almost all
hi—1 € Hy_1.

By Lemma 20, Ey(hi—1) = Q°(hi—1) = ®(Q73)(hy—1) for X'~ !-almost all
hi—1 € Hy_q. L]

Therefore, we have proved Theorem 1 and Proposition 1.

5.4 Proof of Proposition 2

We will highlight the needed changes in comparison with the proofs presented in
Subsections 5.3.1-5.3.3.

1. Backward induction. We first consider stage ¢ with Ny = 1.

If Ny = 1, then Sy = {s;}. Thus, P,(h—1,2) = Qit1(hi—1,x¢, st), which is
nonempty and compact valued, and essentially sectionally upper hemicontinuous
on X' x §=1. Notice that P, may not be convex valued.

We first assume that P; is upper hemicontinuous. Suppose that j is the player
who is active in this period. Consider the correspondence ®;: H; 1 — R" X
M(X;) x A(Xy) defined as follows: (v, ) € ®y(he—q) if
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1. v = pt(ht,l,At(_j)(ht,l),:c;fj) such that p;(h¢—1,-) is a measurable selection
of Pt(ht—h ‘)?29

2. xy; € Ayj(he—1) is a maximization point of player j given the payoff function
ptj(hi—1, Ay—j)(ht—1),-) and the action space Ayj(hi—1), @i = 64,,(n,_,) for
i# jand a; = 51;,;
30 1= Oy A (hen)ary)-
This is a single agent problem. We need to show that ®; is nonempty and compact
valued, and upper hemicontinuous.

If P, is nonempty, convex and compact valued, and upper hemicontinuous,
then we can use Lemma 16, the main result of Simon and Zame (1990), to prove
the nonemptiness, compactness, and upper hemicontinuity of ®;. In Simon and
Zame (1990), the only step they need the convexity of P; for the proof of their main
theorem is Lemma 2 therein. However, the one-player pure-strategy version of their
Lemma 2, stated in the following, directly follows from the upper hemicontinuity

of P, without requiring the convexity.

Let Z be a compact metric space, and {z, }n,>0 C Z. Let P: Z — Ry be
a bounded, upper hemicontinuous correspondence with nonempty and
compact values. For each n > 1, let ¢,, be a Borel measurable selection
of P such that g,(z,) = d,. If z, converges to zy and d,, converges to
some dy, then dy € P(2).

Repeat the argument in the proof of the main theorem of Simon and Zame
(1990), one can show that ®; is nonempty and compact valued, and upper
hemicontinuous.
Then we go back to the case that P, is nonempty and compact valued,
and essentially sectionally upper hemicontinuous on X* x St=1 Recall that we
proved Proposition 4 based on Lemma 16. If P; is essentially sectionally upper
hemicontinuous on X? x §'~!, we can show the following result based on a similar
argument as in Subsections 5.2: there exists a bounded, measurable, nonempty
and compact valued correspondence ®; from H;_; to R™ x M(X;) x A(X;) such
that ®; is essentially sectionally upper hemicontinuous on X*~1 x St_l, and for
M~Lalmost all hy_1 € Hy_1, (v,a, i) € ®4(hy_1) if
L. v = pr(hi—1, Ay—j)(he—1), 7;) such that pi(hi—1,-) is a measurable selection
of P(hi—1,-);

2. xy; € Agj(he—1) is a maximization point of player j given the payoff function
ptj(ht,l,At(_j)(ht,l),-) and the action space Agj(hi—1), ; = O Ayi(he_y) Tor
i #jand a; = 555;_;

29Note that Ay(—j) is point valued since all players other than j are inactive.
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3. p= 5pt(ht71714t(—j)(htfl),zrj)'
Next we consider the case that Ny = 0. Suppose that the correspondence
Qt+1 from H; to R™ is bounded, measurable, nonempty and compact valued, and

essentially sectionally upper hemicontinuous on X! x St. For any (hi_1,x¢,8;) €
Gr(4y), let

Ri(h—t1, 24, 5) = | Qu1(hi—1, 24, 3¢, 5¢) fro(dBe|he—1, 24, 1)
St

= /g Qt+1 (ht—h Tt, S¢, §t)S0tO(ht—17 Tt, ¢, §t))\t(d§t)~

Then following the same argument as in Section 5.3.1, one can show that R,
is a nonempty, convex and compact valued, and essentially sectionally upper
hemicontinuous correspondence on X? x St

For any hy—1 € H;—1 and z; € Ay(hi—1), let

Py(hi—1,74) 2/ Ry(hi-1, e, 3¢) fro(del hu1, 7).
Ago(ht—1,2t)

By Lemma 7, P, is nonempty, convex and compact valued, and essentially

sectionally upper hemicontinuous on X! x St=1" The rest of the step remains

the same as in Subsection 5.3.1.
2. Forward induction: unchanged.

3. Infinite horizon: we need to slightly modify the definition of ="' for any
my1 >t > 1. Fix any t > 1. Define a correspondence Eft as follows: in the subgame
hi-1,

Ei(hi1) = (M(Ai(hi-1)) © fro(hi1,-)) @ Ar.

For any m; > t, suppose that the correspondence E;”l_l has been defined. Then we

can define a correspondence ="' : H;_1 — M (Ht§m§m1 (X X Sm)> as follows:

27 (he—1) ={g(he—1) © ((fml(ht—l, o fro(hi_1,-)) ® )\ml) :

g is a Borel measurable selection of =™ 1,

&m, is a Borel measurable selection of M(Ap,)}.

Then the result in Subsection 5.3.3 is true with the above Zj"'.

Consequently, a subgame-perfect equilibrium exists.
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5.5 Proof of Proposition 3

We will describe the necessary changes in comparison with the proofs presented in
Subsections 5.3.1-5.3.3 and 5.4.

1. Backward induction. For any ¢ > 1, suppose that the correspondence
Qty1 from H; to R™ is bounded, nonempty and compact valued, and upper
hemicontinuous on X*.

If Ny = 1, then S; = {s}. Thus, P/(hi—1,7¢) = Qu+1(ht—1,x¢,5;), which
is nonempty and compact valued, and upper hemicontinuous. Then define the
correspondence ®; from H;_; to R" x M(X;) x A(X}) as (v, a, p) € Py(hy—q) if

L. v = pi(ht-1, At(—j)(ht—l),frfj) such that py(hi—1,-) is a measurable selection
of Py(hi—1,-);

2. aj; € Ayj(hi—1) is a maximization point of player j given the payoff function
pej(hi—1, Ay_jy(hi—1),-) and the action space Agj(hi-1), o = da,n,_,) for
i # j and a; = 8y ;

3o 1= Opy(hem, Aujy (her)a,)-

As discussed in Subsection 5.4, ®; is nonempty and compact valued, and upper

hemicontinuous.
When N; =0, for any hy—1 € Hy—1 and x¢ € Ay(hi—1),

Py(hi—1,2¢) Z/ Qev1(hi—1, 21, 5¢) fro(dse|hy—1, x).
Ato(he—1,2¢)
Let coQ¢+1(ht—1, ¢, s¢) be the convex hull of Quy1(hi—1, %, s¢). Because Q11 is
bounded, nonempty and compact valued, coQyy1 is bounded, nonempty, convex
and compact valued. By Lemma 3 (8), coQ¢+1 is upper hemicontinuous.
Notice that fio(:|hi—1,2¢) is atomless and Q41 is nonempty and compact

valued. By Lemma 5,

Pi(hi—1, 1) = / c0Qt+1(hi—1, 71, 5¢) fro(dse|he—1, ).
Ago(ht—1,2t)

By Lemma 7, P; is bounded, nonempty, convex and compact valued, and upper

hemicontinuous. Then instead of relying on Proposition 4, we now use Lemma 16

to conclude that ®; is bounded, nonempty and compact valued, and upper

hemicontinuous.

2. Forward induction. The first step is much simpler.
For any {(h¥ 1,v%)}1<k<oo € Gr(®:(Q+1)) such that (h¥ ;, v¥) converges to
(h$2,v™), pick (), u¥) such that (v*, ¥, u¥) € ®4(hF ;) for 1 < k < oco. Since

®; is upper hemicontinuous and compact valued, there exists a subsequence of

%)



(v*, aF, 4F), say itself, such that (v*,a*, u¥) converges to some (v, >, u>®) €
®;(hg®,) due to Lemma 2 (6). Thus, (a™, u>°) € V(h,,v>), which implies that
U, is also upper hemicontinuous and compact valued. By Lemma 3 (3), ¥, has a
Borel measurable selection ;. Given a Borel measurable selection ¢; of ®(Q¢41),
one can let ¢¢(hi—1) = (qt(hi—1), Ye(hi—1,qi(hi—1))). Then ¢, is a Borel measurable
selection of ;.

Steps 2 and 3 are unchanged.

3. Infinite horizon. We do not need to consider Z"* for any m; > ¢t > 1.
Instead of relying on Lemma 13, we can use Lemma 9 (3) to prove Lemma 18. The
proof of Lemma 19 is much simpler. Notice that the boundedness, nonemptiness,
compactness and upper hemicontinuity of )7 for the case ¢ > 7 is immediate. Then
one can apply the backward induction as in Lemma 19 to show the corresponding
properties of Q)7 for the case t < 7. Following the same arguments, one can show
that Lemmas 20-22 now hold for all h;_1 € H;_1 and all ¢t > 1.

References

D. Abreu, D. Pearce and E. Stacchetti, Toward a Theory of Discounted Repeated
Games with Imperfect Monitoring, Econometrica 58 (1990), 1041-1063.

C. D. Aliprantis and K. C. Border, Infinite Dimensional Analysis: A Hitchhiker’s
Guide, Springer, Berlin, 2006.

G. S. Becker and K. M. Murphy, A Theory of Rational Addiction, Journal of
Political Economy 96 (1988), 675-700.

V. 1. Bogachev, Measure Theory, Volume I, II, Springer-Verlag, Berlin Heidelberg,
2007.

T. Borgers, Perfect Equilibrium Histories of Finite and Infinite Horizon Games,
Journal of Economic Theory 47 (1989), 218-227.

T. Borgers, Upper Hemicontinuity of The Correspondence of Subgame-Perfect
Equilibrium Outcomes, Journal of Mathematical Economics 20 (1991), 89-106.

L. Brown and B. M. Schreiber, Approximation and Extension of Random
Functions, Monatshefte fiir Mathematik 107 (1989), 111-123.

C. Castaing, P. R. De Fitte and M. Valadier, Young Measures on Topological
Spaces: with Applications in Control Theory and Probability Theory, Vol. 571,
Springer Science & Business Media, 2004.

C. Fershtman and M. I. Kamien, Dynamic Duopolistic Competition with Sticky
Prices, Econometrica 55 (1987), 1151-1164.

56



R. Fierro, C. Martinez, and C. H. Morales, Caratheodory Selections for Multivalued
Mappings, Nonlinear Analysis Theory, Methods and Applications 64 (2006),
1229-1235.

D. Fudenberg and D. Levine, Subgame-Perfect Equilibria of Finite and Infinite-
Horizon Games, Journal of Economic Theory 31 (1983), 251-268.

D. Fudenberg and J. Tirole, Game Theory, MIT Press, Cambridge, 1991.
S. Goldman, Consistent Plans, Review of Economic Studies 47 (1980), 533-537.

E. J. Green and R. H. Porter, Noncooperative Collusion under Imperfect Price
Information, Econometrica 52 (1984), 87-100.

C. Harris, Existence and Characterization of Perfect Equilibrium in Games of
Perfect Information, Econometrica 53 (1985), 613-628.

C. Harris, The Existence of Subgame-Perfect Equilibrium with and without Markov
Strategies: A Case for Extensive-Form Correlation, Discussion Paper No. 53,
Nuffield College, Oxford.

C. Harris, P. J. Reny and A. Robson, The Existence of Subgame-Perfect
Equilibrium in Continuous Games with Almost Perfect Information: A Case
for Public Randomization, Econometrica 63 (1995), 507-544.

M. Hellwig and W. Leininger, On the Existence of Subgame-Perfect Equilibrium
in Infinite-Action Games of Perfect Information, Journal of Economic Theory
43 (1987), 55-75.

M. Hellwig, W. Leininger, P. J. Reny and A. J. Robson, Subgame-Perfect
Equilibrium in Continuous Games of Perfect Information: An Elementary
Approach to Existence and Approximation by Discrete Games, Journal of
Economic Theory 52 (1990), 406-422.

C. Hess, Set-Valued Integration and Set-Valued Probability Theory: An Overview,
Handbook of Measure Theory, Chapter 14, North Holland, 2002, 617-673.

W. Hildenbrand, Core and FEquilibria of o Large Economy, Princeton University
Press, Princeton, NJ, 1974.

E. G. J. Luttmer and T. Mariotti, The Existence of Subgame-Perfect Equilibrium
in Continuous Games with Almost Perfect Information: A Comment,
Econometrica 71 (2003), 1909-1911.

T. Mariotti, Subgame-Perfect Equilibrium Outcomes in Continuous Games of
Almost Perfect Information, Journal of Mathematical Economics 34 (2000),
99-128.

J.-F. Mertens, A Measurable ‘Measurable Choice’ Theorem, in Proceedings of the
NATO Advanced Study Institute on Stochastic Games and Applications, ed. by
A. Neyman and S. Sorin. NATO Science Series. Dordrecht: Kluwer Academic,
2003, 107-130.

57



J.-F. Mertens and T. Parthasarathy, Equilibria for Discounted Stochastic Games,
Research Paper 8750, CORE, 1987.

B. Peleg and M. Yaari, On the Existence of a Consistent Course of Action When
Tastes Are Changing, Review of Economic Studies 40 (1973), 391-401.

E. Phelps and R. Pollak, On Second Best National Savings and Game Equilibrium
Growth, Review of Economic Studies 35 (1968), 185-199.

P. J. Reny and A. J. Robson, Existence of Subgame-Perfect Equilibrium with
Public Randomization: A Short Proof, Economics Bulletin 24 (2002), 1-8.

J. J. Rotemberg and G. Saloner, A Supergame-Theoretic Model of Price Wars
during Booms, American Economic Review 76 (1986), 390-407.

H. E. Ryder and G. M. Heal, Optimal Growth with Intertemporally Dependent
Preferences, Review of Economic Studies 40 (1973), 1-31.

R. Selten, Spieltheoretische Behandlung Eines Oligopolmodells Mit Nachfragetra-
heit, Z. Gesamte Staatwissenschaft 12 (1965), 301-324.

L. K. Simon and W. R. Zame, Discontinuous Games and Endogenous Sharing
Rules, Econometrica 58 (1990), 861-872.

Y. N. Sun, Integration of Correspondences on Loeb Spaces, Transactions of the
American Mathematical Society 349 (1997), 129-153.

58



	Introduction
	Model and main result
	Dynamic oligopoly market with sticky prices
	Variations of the main result
	Dynamic games with partially perfect information and a generalized ARM condition
	Continuous dynamic games with partially perfect information

	Appendix
	Technical preparations
	Discontinuous games with endogenous stochastic sharing rules
	Proofs of Theorem 1 and Proposition 1
	Backward induction
	Forward induction
	Infinite horizon case

	Proof of Proposition 2
	Proof of Proposition 3

	References

