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An existence theorem for restrictions on the mean
in the presence of a restriction on the dispersion

Alexander Harin
aaharin@yandex.ru

Modern University for the Humanities

This article analyzes, from the purely mathematical point of view,
a general practical problem. The problem consists in the influence of the scatter
of experimental data on their mean values (and, possibly, on the probability)
near the borders of intervals. The second central moment, the dispersion is a
common measure of a scatter. Suppose, for instance, a nonnegative random
variable X takes values in a finite interval [A,B]. Write M for its mean. If

there is a non-zero restriction on a central moment |E(X-M)"|>|"pispn|>0 under

rn isp.n rn isp.n
the condition 2<n<o, then A<[A+ﬁ]§ M S(B—ﬁ]< B.

" isp.
—(|B _Di)nn_t >0 s the width of a non-zero “forbidden zone” for the

mean M near a border of the interval. Here, in the case of N=2, this non-zero
restriction is a restriction on the dispersion E(X-M)*>rpisp2=0°min>0. S0, if
there is a non-zero restriction on the dispersion, then a non-zero “forbidden
zone” exists for the mean near a border of the interval.

That is,

Keywords: Mean, dispersion, scatter, scattering, noise, probability, economics,
utility theory, prospect theory, decision theories, human behavior,


mailto:aaharin@yandex.ru

1.
2.

3.

4

5

Contents

INErOAUCTION L..ee e e e e e
Preliminary NOTES ......ccovii e e e e e e e e e

2.1. The function
2.2. Analog of the moment

3.1. Pairs
3.2. Limiting

Maximality ......cooorin it

functions

3.3. Derivatives. Search for the maximum
3.3.1. Differentiation with respect to xa
3.3.2. Differentiation with respect to xg
3.3.3. The maximum
3.4. Representation by pairs. Succession of situations

341. P
34.2. S

reliminary considerations
ituations

3.5. General limitations
3.5.1. Weights
3.5.2. The general limiting function

. Two notes

4.1. The mean is in the center of the interval
4.2. The mean is near a border of the interval

. Theorem ..

5.1. Lemma about the tendency to zero for central moments
5.2. Existence theorem for restrictions on the mean

8. REMAIKS ...t e,
T CONCIUSIONS . .ne et e e e e e e e e e e e e,
RETEIENCES ... e e e e e,

33



1. Introduction

This article analyzes, from the purely mathematical point of view, a general
practical problem. The problem is the influence of a scatter, scattering of
experimental data on the mean value of a characteristic of a real object. One of the
next goals of the research is to extend this consideration to the probability.

The second central moment, the dispersion is a common measure of a
scattering. The scattering can be caused by noise and/or uncertainty, measurement
errors, etc.

Suppose that a characteristic of a real object is described by the values of a
function f whose domain consists of a set of points within a finite interval of the
real numbers. Suppose further that f is non-negative, a dispersion of f is defined
and is non-zero. It is proved that there are certain geometric non-zero restrictions
which the mean of f must satisfy.

By a “non-zero restriction on the mean,” we will refer to the existence of a
non-zero distance from a border of the interval. Within this distance, it is
impossible for the mean of the function to be located. In other words, this distance
is the width of a non-zero “forbidden zone” near a border of the interval. The
“restriction” for one border and the “restriction” for another border constitute the
“restrictions” for the borders.

Here, the non-zero dispersion of the function models the consequence of
existence of real scattering. More rigorously, the non-zero dispersion signifies that
the minimal dispersion of the function is limited (restricted) from below by a non-
zero value. In other words, this signifies “a non-zero restriction on the dispersion.”

The size of the non-zero “forbidden zone” for the mean of the function is
determined by the value of this minimal dispersion (restriction on the dispersion) of
the function. The greater the scattering (due to noise and/or uncertainty,
measurement errors, etc.), for a minimal dispersion, the larger the “forbidden zone.”



The article presents the first part of a whole research program. The reasons
that initially motivated this research were practical problems of decision, utility and
prospect theories, and human behavior.

These problems play a fundamental part in utility and prospect theories. Their
analysis was started by Bernoulli in [1] in 1738. Examples include the Allais
paradox [2], the Ellsberg paradox [3], etc. In 2002 Kahneman received the Prize in
Economic Sciences in Memory of Alfred Nobel for research in this field. In 2006,
Kahneman and Thaler [4] pointed out that preference inconsistencies in such
problems have still not been adequately explained.

One possible way to explain these problems has been widely discussed, e.g.,
in [5], [6]. Its essence consists in a proper attention to the widespread noise,
imprecision, and other reasons that may cause scattering of real data.

The essential feature of these problems is their intense manifestation near the
borders of the scale of probability (see, e.g., [7]). Steingrimsson and Luce [8] and
Aczél and Luce [9] emphasized a fundamental question: whether Prelec’s
weighting function is equal to 1 at the border p=1 of the probability scale). This
question opens one more way which consists in paying proper attention to borders,
boundaries and interfaces.

The presented research program synthesizes these two ways. That is, it
considers the influence of a scattering of the data on the mean and probability near
the borders of intervals, particularly near the borders of the scale of probability.

An analysis of the synthesis of these two ways has led to purely mathematical
purposes. The purely mathematical purposes lead to possible explanation of not
only the initial particular problems but of a general practical problem (of the
influence of a scattering of experimental data on the mean value of a characteristic
of a real object) as well.



The ultimate particular practical objectives are possible explanations of the
problems of utility and prospect theories. Human behavior is a very complicated
phenomenon. To be more thorough and unbiased, the objective of the research is to
explain the problems by methods as purely mathematical as possible.

This article is an applied one. Its general methods are analytical ones.

The data used in the research are extracted from the literature on economic
experiments, and are of a very general character. In essence, they evidence that
there is an inalienable non-zero scattering of data (due to noise and uncertainties)
and that a wide use of probability takes place in economic researches, especially in
utility and prospect theories.

In this article, these data are used to appropriately choose the general
properties of the function (to use it further for the probability estimation and
probability) and the condition of the existence of a non-zero dispersion of the
function. The methods for drawing conclusions are mainly mathematical proofs.

This article deals with the existence theorem for non-zero restrictions on the
mean of a nonnegative function defined on a discrete set within a finite interval in
the presence of a non-zero analog of a central moment of the function.

The immediate purely mathematical particular result of the article is this
existence theorem. The theorem can and should be applied in both mathematics and
practice. Applications are possible in probability theory, general science, industry
and business, utility and prospect theories.



2. Preliminary notes
2.1. The function

Let us specify the properties of the main function of this article.
Definition 2.1. Let us suppose given:
a) an interval X=[A, B] satisfying
0 < Const,,;, 5 < (B—A) <Const,,,, ss »
b) asetof points {x} : 4<x<B, k=1, 2, ... K: 2<K<wo,
c) afunction fx (aset of values {fc(xq)}), defined on {x}, satisfying
K
0< fK (Xk) and Z fie (%) =W,
k=1
where Wy (the total weight of fx) is a constant satisfying
0<W,.
This function fx will be referred to as the “original” function or the “original” set.
Note, for the first sketches of the theorem, a continuous function was
preliminary considered (see, e.g., [10]). A discrete function is preferable for the
purposes of the first parts of the whole research.
Without loss of generality, f< may be and is normalized so that Wg=L1.
Under this condition, this function will be referred to as a unitary function.



2.2. Analog of the moment

Let us define an analog of a moment.
Definition 2.2. An analog of the moment of n™ order of the function f«
relative to a point Xo is the expression
K K
E(X~Xo)" =3 (4~ %) F () = D (% %) Fi (6,).
WK k=1 k=1
From now on, for brevity, | refer to this analog of the moment of n™ order as
simply the moment of n™ order.
Further, let us suppose the moment of first order, the mean M=E(X) of the
function fx exists
1 K K
E(X)E_Zxk fK(Xk):ZXk f (%) =M.
WK k=1 k=1
Furthermore, let us suppose at least one central moment E(X-M)" : 2<n<co,
of the function fx exists

E(X -M)" :WLZ(Xk -M)" fK(xk):Z(xk ~M)" f (%),



3. Maximality

Let us search for a function which attains the maximal possible modulus of a
central moment. It is intuitively evident that the maximal possible absolute value of
a central moment is obtained for the function which is concentrated at the borders of
the interval. Nevertheless, for the sake of mathematical rigor, this statement must
be proved.

3.1. Pairs

Let us consider two possible values of f.
Consider three points xa, Xs, M satisfying A<Xx, <M <Xz <B. Consider
two values fx(xa) and fx(xg) such that (M —x,)f, (x,)=(xs—M)f.(x;) and
f (X4)+ f (xg) =w=_Const,.
Definition 3.1. Given a constant point M as above, two values fx(xa) and
fc(xg) of fx are called a “pair” or a “couple,”
fPair(XA’ XB) E{fz(XA)v fZ(XB)} '
if they satisfy:
a)
A<Xx, <M <x,<B,
b)
(M - XA) fK (XA) = (XB -M ) fK (XB) '
c) and for a given constant total weight wpair or simply w, we have
fe (%) + i (Xg) = Wpp, =W
Further, the values of the pairs can be also referred to as “elements” and “elements
of pairs.”

It is evident that the pair (or couple) {fc(xa), fk(xg)} is an example of the
original function fx, defined in Chapter 2, with K=2 and wpai:=Wx.
The central moment Epqir(X-M)" of this pair is
Epgie (X =M)" = (x, =M)" f,(x,) + (x5 =M)" f,(x5).
Its absolute value is limited by the sum of the absolute values of their elements
| Epie (X =M)" < (X, = M)" £,(¢) [ +] (Xg = M)" f,(xg) |=
=(M =x,)" f,(x4) +(Xg =M)" f,(X5) .

Pair



3.2. Limiting functions

Let us determine a limiting, bounding function for Epgi(X-M)".  After
replacing fx(xg) from the expressions of the weight wp,; and mean point M by

M —x
fK (XB) = Xg — N/; fK (XA) = Wpyir — fK (XA)
and
M—-X,+X,—M
fK (XA) + fK (XB) = X: _ I\/T fK (XA) =
X. — X ’
= XB _ '\/I; fK (XA) = WPair
B
one may replace fx(xa) and fx(xg) by functions of xa, M, Xg and Wpair
o) =22 M, and 1, (x) = e,
B~ A B~ A
and obtain
| EPair(X - M)n |S (M _XA)n fK (XA)+(XB - M)n fK (XB) =
= (M _XA)nuWPair +(XB - M)n M _XA WPair =
B~ A B~ A
=(M-x,)" %o M w+(xB—M)”MW
B~ A XB - XA

Definition 3.2. One may define a limiting function Lpair(Xa, M, Xg, N, Wpair)
or, abbreviated, L(Xa, M, Xg, n, w) which depends only on Xa, M, Xg, N, Wpair
Loair (Xas M, X5, N, Wpyi ) = L(X,, M, X, N, W) =

Xg —M M —x,

W,

= (M - XA)n Weair + (XB -M )n

B A B A

Pair

Note, here M, n, and w are parameters, and Xa, Xg may range over the interval.
The absolute value of a central moment, say |Epair(X-M)"|, of the pair is,
evidently, limited (bounded) by this limiting function Lpair(Xa, M, Xg, N, Wpair)
|E (X_M)n |< LPair(XA’M’XB'n’WPair) .

Pair



3.3. Derivatives. Search for the maximum
Let us find the maximum of the limiting function Lpair(Xa, M, Xa, N, Wpair) for
Xa and Xg.
3.3.1. Differentiation with respect to Xa

Let us differentiate Lpair(Xa, M, Xg, N, Wpair) With respect to xa
OL(X,, M, X, n,w)
aXA

a[(M -x,)" Xg =M W+ (Xg —M)“M_XAWJ

B~ Xa Xg = Xp

OX
{[_n(XB o XA) + (M - XA)](M - XA)W1 +

[0t =)+ (M = x,)](x, ~ M) Ce = M) )2 w=
(XB _XA)
={[(M —x,)—n(X; =X, )](M —x,)"" = (% —M)"} (X —M )2
(XB _XA)

At n>1, if (M-xa)<(Xg-Xp), thatis, if xg=>M, then
(M - XA)_n(XB - XA) <0
and (keeping in mind Xxg-xa>0)
OL(X,, M, X5, N, W) <0.
OX

So, at n>1, for M<xg<B (and, as can easily be seen, for 4<xpa<M) the first
derivative with respect to xa is strictly less than zero. That is, for A<xa<M<xg<B
or for [A, B] except for the specific point M, we have

L(A/M, Xg,n,w) > L(X,,M,Xg,n,W) .
If (M-xa)=(Xg-Xa), thatis, if xg=M, then from
(M - XA) fK (XA) = (XB -M ) fK (XB) )
we obtain
(M =)= (M M) £ 2 =0
K A
or Xa=M.

10



To include the specific point M into the ranges of variation of the arguments
Xa and xg of this inequality, let us estimate the derivative oL(Xa, M, Xg, N, W)/0xa
for both xa=>M and xg—->M. One may impose some natural conditions of finite
values of elements: 0<Constyin<fk(Xa)<Constyax and 0<Constyin<fx(Xs)<Constyax
(and, hence, of finite value of their sum w).

Let, say, M-xa be the basic term. Then

_ Re(X) g
(XB_M)_ fK(XB)(M XA)

and

Xg —Xp = (Xg =M)+(M _XA)Z(%'”-J(M _XA):%(M —X) -

If xa=M then the derivative

UM =)=t X JIM =x,)" = ~M)}-0e M)y

(XB _XA)2

—{_l_n w __[ fK (XA)] }(M _XA)n fK (XA)( fK (XB)j W(M —XA)_l _
L Te(e) ] UT(Xe) f (xg)\ W

_{H w __( wm]”} fi e i ) gy .
L fK (XB)_ fK (XB) w n>1 x,—M

So (at n>1, if M-xp tendsto O, then the derivative)
OL(X,, M, X5, N, W) .0
X, T

n>1, x,—M

Therefore, for A<xa<M<xg<B, the derivative oL(Xa, M, Xg, N, W)/0xa <O0.

11



Let us include the point M into the ranges of variation of the arguments Xa
and xg of the inequality L(A, M, xg, n, W)>L(Xa, M, Xg, N, W). Let us consider an
intermediate point, say Xa=(A+M)/2.

If, for A<xa<M<xg<B, the derivative JL(Xa, M, Xg, N, W)/0xa<0, then, for
A<xp<M<xg<B, the function L(xa, M, Xg, n, w)>L(M, M, Xg, n, w)=L(M, M, M, n,
w) (and L((A+M)/2, M, Xg, n, w)>L(M, M, M, n, w)).

If, for A<xa<M<x<B, the derivative JL(Xa, M, Xg, N, W)/0xa<0 then, for
A<xa<M<xp<B, the function L(A, M, xg, N, W)>L(Xa, M, xg, N, w) and L(A, M, Xg,
n, W)>L((A+M)/2, M, Xg, N, W).

Therefore,

L(A,M,XB,n,w)>L(A+M

,M,XB,n,sz L(M,M,M,n,w)

or
L(A M, Xg,n,w)>L(M,M,M,n,w) .

We have included the specific point M into the ranges of variation of
arguments of the inequality L(A, M, xg, n, w)>L(Xa, M, xg, n, w) and the inequality
is true for A<Xa<M<xg<B.

So, at n>1, the limiting function Lpair(Xa, M, Xg, N, Wpaiy) has a maximum
Lrair(A, M, Xg, N, Wpair) for xa at xa=A for the total interval [A, B].

12



3.3.2. Differentiation with respect to Xg

Let us differentiate Lpair(Xa, M, Xg, N, Wpair) With respect to Xg
OL(X,, M, X5, n,W)
aXB

8((M -x,)" Xs =M W+ (Xg —M)“LI ~Xa W]

g~ Xa Xg — X

OXg
={(xe —Xa) = (Xg =M)I(M —x,)"" +

+[n(Xz —X,) — (Xg — M)](Xg M)nl}((M A))

=M )" D00 —5,) (5 =M M)}
A
At n>1, if (Xg-Xa)>(Xg-M), thatis, if xa<M, then
N(Xg —X,)—(Xg —M)>0
and (if xg-xa>0)
OL(X,, M, X, N, W) 20
OXg

If (Xg-Xa)=(Xg-M), thatis, if xa=M, then xg=M (see above).

So, at n>I, for A<xa<M<xg<B the first derivative with respect to xg is
strictly greater than zero. That is, for 4<xa<M<xg<B or for [A, B] except for the
specific point M, we have

L(X,, M, Xg,n,W) < L(x,,M,B,n,w) .

To include the specific point M into the ranges of variation of the arguments
Xa and Xxg, let us estimate the derivative OL(Xa, M, Xg, N, W)/0xg for both xg>M
and xa—=M under the same natural conditions of finite values of elements as we
imposed before: 0<Constyin<fk(Xa)<Constyax and 0<Constyin<fx(Xs)<Constmax
(and, hence, of finite value of their sum w).

Let, say, Xxg-M be the basic term. Then

_h0e) oy
(M —x,) = 5506 = M)

and

(1 fe) Cw
“_“‘@ f(uyx M= e

13



If xg=2M, then the derivative

LM =x,)" +[N(%g = X,) = (X = M) (Xq M)”l}((M A)) _

[ fo)Y W] fK<xB>(fK(xA>) WX — M)
) L) Tl Rl w ;

_ {( fK(xB)J” oow 1} 0 gy .

fi (X,) fi (X,) e

So (for n>1, if xg (and xa) tend to M, then)
OL(X,, M, X5, N, W)
OXg

n>1 xgo>M 7

Let us include the specific point M into the ranges of variation of the
arguments x, and xg of the inequality L(xa, M, B, n, w) > L(Xa, M, Xg, N, W). Let
us consider an intermediate point, say xg = (M+B)/2.

If, for A<xa<M<xg<B, the derivative oJL(xa, M, xg, n, w)/Oxg > 0 then, for
A<xa<M<xg<B, the function L(xa, M, M, n, w) = L(M, M, M, n, w) <L(Xa, M, Xg, N,
w) (and L(M, M, M, n, w) <L((Xa, M, (M+B)/2, n, w)).

If, for A<xa<M<x<B, the derivative JL(Xa, M, Xg, N, W)/0xg>0 then, for
A<xp<M<xg<B, the function L(xa, M, Xg, n, w) < L(Xa, M, B, n, w) and
L((A+M)/2, M, Xg, N, W) < L(Xa, M, B, n, w).

Therefore,

A+M

L(M,M,M,n,w) < L[XA,M ,—,n,wj< L(X,,M,B,n,w)

or
L(M,M,M,n,w) <L(x,,M,B,n,w) .

We have included the specific point M into the ranges of variation of
arguments of the inequality L(Xa, M, Xg, n, w) < L(xa, M, B, n, w) and the
inequality is true for 4<xa<M<xg<B.

So, at n>1, the limiting function Lpair(Xa, M, Xg, N, Wpaiy) has a maximum
Lpair(Xa, M, B, n, wp,ir) for xg at xg=B for the total interval [A, B].

So, at n>1, the limiting function Lpair(Xa, M, Xg, N, Wpaiy) has a maximum
Lrair(A, M, B, n, wp,ir) for xa at xa=A and for xg at xg=B for the total interval
[A, B].

14



3.3.3. The maximum

So, at n>1, for A<xa<M<xg<B, the limiting function
L(X4, M, Xg,n,W) = (M —X,)" Xg =M W+ (Xg —M)"
B~ A B8~ Xa
attains its maximum at the borders of the interval [A, B]
I\/Ia‘X(LPair (XA’ M XB’n’WPair)) = I—Pair(A M B’ n’WPair) =
_(M A) B '\:WPalr+(B M) M A
So, the absolute value |Epair(X-M)"| of a central moment of the pair of values
{f2(xa), f2(xg)} is limited by the maximal limiting function, that is concentrated at
the borders xa=A and xg=B of the interval [A, B]
| E (X _M)n |< LPair(A1M’B’n WPair):

B M M A
Pall‘ (B M)

M —X,

Pair

=M -A)"——-

Pair

15



3.4. Representation by pairs. Succession of situations
3.4.1. Preliminary considerations

Let us analyze whether the total weight and central moments of any original
function fx of Chapter 2 can be exactly represented by those of a set of pairs.

In fact, the function fx defined in Chapter 2 is a set of values {fc(xx)}
defined on the set of points {x}. A pair fpair(Xa, Xg) = {f2(Xa), f2(Xg)} defined in
this chapter is the original function fx defined in Chapter 2 and satisfying K = 2.
This pair is also the set of two values {f»(xa), f2(xg)}. If there are P pairs then one
can denote the p™ pair as

fp.Pair(Xp.A’Xp.B) E{fz (Xp.A)7 fz (Xp.B)} .
(The multiple notation, e.g. Xpa, is used to avoid numerous three-storey indices in

the text).

Let us analyze whether the total weight and central moments of any function
fc of Chapter 2 as of a set of values {fx(x)} : k=1, ..., K : K>2, can be exactly
represented by the total weight and central moments of a set of some P pairs of
values {fy.pair(Xp.a, Xp8)}={f2(Xp.A), f2(Xp8)} : p=1, ..., P - P>1, of the same function.

Let us mention the linearity of the total weight and moments.
The total weight

K
Wy = Z fK (Xk) )
k=1
and the moments
K
E(X - Xo)n = Z(Xk - Xo)n fK (Xk) .
k=1

of a set {fx(xx)} depend linearly on the values fx(xx) of the members of this set.
The sum is a linear function also. Therefore:

1) the total weight of the sum equals the sum of the weights and

2) a moment of the sum equals the sum of the moments.

16



Therefore, the total weight and moments of the set {f,pair(Xp.a, Xp.8)} Of pairs
are equal to the corresponding sums of the weights and moments of the pairs of this
set. The sum of the central moments of the pairs fy pair(Xp.a, Xp.g) IS limited by the
sum of the maximal limiting functions L, pair(A, M, B, N, Wypair) (those are linear
functions of fx(xk) as well) of these pairs. One can see, indeed, that if for one pair

| EpAPair(X -M )n |S Lp.Pair(A’ M ' B’ niwp.Pair) '
then for P pairs
P.Pair P.Pair
Zl Ep.Pair(X - M )n |S Z Lp.Pair(A! M ’ B1 n’Wp.Pair) '
p.Pair=1 p.Pair=1

The final goal of this chapter is to exactly represent the modulus of any central
moment of any original function fx of Chapter 2 by a sum of moduli of central
moments of such pairs of the same function and to estimate this sum by the limiting
functions.

3.4.2. Situations

Let us divide the points xi into three groups:
1) Xka<M,
2) Xxm=M (zero central moment(s)),
3) Xkg=>M.

Let us introduce the numbers K.A, KM and K.B, such that kA<K A,
k.M<K.M, k.B<K.B and
K.A+K.M+K.B=K.
Owing to xxm-M=0, an arbitrary non-zero central moment depends only on
K.AA and K.B. Let us consider in turn situations with various numbers
K.AB=K.A+K.B from K.AB=0 to the general situation.

17



Situation K.AB=0

Due to the condition K>2 of Chapter 2 and K.M</, the case K.AB<l1
cannot exist.

Nevertheless, let us consider optionally more general (or fictitious) cases of
K=1 and of mutually coincident points {xxm=M}: kM=1, ..., KM : K M>2.

If K.AB=0, then only one point M (or mutually coincident points {xxm=M})
and the corresponding value fx(M) (or the values fx(xxm)) can exist. Evidently,
the value f«(M) (or the values fx(xkwm)) do not contribute to the non-zero central
moments.

All the mutually coincident points {xxm=M} (or the single point) may be
represented as only one aggregated point Xaggrm=M and the corresponding value

K.M
fK.Aggr(M)E Z fK(Xk.M) .
k.M=1
We may formally divide the value fx aggr(Xaggrm)=fk(M) into two parts fx1 (M)
and fxo(M) satisfying fx1(M)=fx 2(M)=fc(M)/2. The two values fx1(M) and
fc2(M) are the required pair fpair(M, M) of the previous subchapters of this

chapter. The balance formally remains
(M - M)fK,l(M) = (M - M)fK,Z(M)

or

-2 - -y 8.

Evidently, the total weight of the formal pair fp.ir(M, M) equals the total
weight of the value fx(M) (or the values fc(xxm)). The central moments equal zero
for both the pair fpair(M, M) and the value f<(M) (or the values fx(xxm)). So, the
total weight and central moments of the value fx(M) (or the values fx(xxm)) can be
exactly represented by a pair of the previous subchapters.

Further, as a rule, we will not consider the point(s) xx=M and corresponding
value fx(M) (values fx(Xkm))-
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Situation K.AB=1

Here, only two possible cases can take place: the case K.A=1 and K.B=0 or
the case K.A=0 and K.B=1.

Generally, the first central moment
K

Z(Xk -M)f(%)=0
k=1
may be transformed to

Z(Xk - M) fK(Xk) = Z(Xk.A_ M)fK(Xk.A)+

k.A<K.A

Y e M) Fe )+ 3 0o ~M) e (%) =0

k.M<K.M k.B<K.B
where the limits of the sums kA<K.A, kM<K.M and k.B<K.B denote, that K.M
or KA or K.B can equal zero. That is, generally, there can be cases with no
members of the sum(s) of kM or k.A or k.B.
Now, since
Xy —M=0,
this central moment may be transformed to the balance

Z(M - Xk.A) fK (Xk.A) = Z(Xk.B -M) fK (Xk.B) :

k.A<K.A k.B<K.B

Suppose K.A=1 and K.B=0. Then
Z(M _Xk.A) fK (Xk.A) =0,

k.A<K.A

There are only two possible cases: fk(xka)>0 and fx(xca)=0. Evidently, for
K.AB=1, the case fx(xxa)>0 cannot exist. If fx(xxa)=0 then the balance can
formally hold, but this case does not contribute to the non-zero central moments
E(X-M)">0.

The consideration of the case K.A=0 and K.B>!/ is fully analogous to the
preceding one.

So, the case K.A=0 and K.B>/ and the case K.A>/ and K.B=0 either
cannot occur or do not contribute to the non-zero central moments E(X-M)">0.

So, Situation K.AB=1 cannot occur or does not contribute to the non-zero
central moments.

Further, as a rule, we will not consider those cases that do not contribute to the
non-zero central moments, namely fx(xx)=0 and fx(M).
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Situation K.AB=2

Here, the only possible case which contributes to the non-zero central
moments, is the case K.A=1 and K.B=1.

If K.LA=1 and K.B=1, then

(M - Xl.A) fK (Xl.A) = (X1.B -M ) fK (Xl.B) .
Therefore, fc(x14) and fx(x1g) are the required pair of the previous subchapters.

Here, the set of values {fk(xv.a), fu(x1g)} Of the pair fipair(x1a, X18) and the
set of values {fx(x1a), fk(x1g)} of the original function fx are the same sets.
Therefore, the total weight of the pair is the same as that of the function.

Moreover, the set of values {fx(X1.4), fk(x18)} of the pair fipair(X1.a, X1.8) and
the set of values {fx(x1.a), fk(x1.8)} Of the original function fx are the same sets of
values defined on the same sets of points {x;a, Xx18}. Therefore, an arbitrary total
moment of the pair is the same as that of the function.

This can be seen, indeed, in more detail for an arbitrary total moment:

E(X -M)"=
= D06 MY" () + X (%o =M fi(55) =
= Z_(Xk.A =M)" f (%) + Z_(Xk.B -M)" i (%) =

= (X0 = M) i (% 0) + (X =M)" f (X5) =
= El.Pair(X - M)n
So, the total weight and central moments of Situation K.AB=2 can be exactly

represented by the total weight and central moments of a pair of the previous
subchapters.

Remark 3.3
Let us further, for definiteness, enumerate the points xxa and xgg, for

example, from those furthest from M and with maximal weights, to those closest to
M and with minimal weights.
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Situation K.AB=3

Here, there are only two possible cases those can contribute to the non-zero
central moments: the case of K.A=2 and K.B=1, or the case of K.A=1 and
K.B=2.

If, for example, K.A=2 and K.B=1, then the value fk(x1g) can be exactly
divided into two parts fg1(x18) and fk(x1s) satisfying

(M - Xl.A) fK (X1.A) = (Xi.B -M ) fK,l(Xi.B)
and

fK,Z(Xl.B) = fK (Xl.B) - fK,l(Xl.B) .

Definition 3.4. We will define a “divided” or “exactly divided” set.
Let us suppose given an original, initial set of values {fx(x«)}, as in Chapter

A divided or exactly divided set (with respect to the initial set) is defined as a
modification of the initial set such that at least one value fx(xx) is exactly divided
into, at least, two parts fx1(xs) and fx (k) satisfying

f (%) = fK,l(Xk) + fK,Z(Xk)
or
f (%) = fK,l(k) (%) + fK,z(k)(Xk)

or, more generally,
D(k)

f (%) = sz,d(k)(Xk) ,

d(k)=1
where 2<D(k)<co.

More generally, every member fx(xx) (that will be either divided or not
divided in the divided set) of the initial set {fx(xx)} may be written via the members

fk.ag(Xc) of the exactly divided set {fx aa)(X)}, by definition, as
D(k)

f (%) = sz,d(k)(Xk) ,

d(k)=1
where 1<D(k)<co.

Note, that a divided set can serve as the new initial set for a subsequent
division, i.e., modification.

Definition 3.5. A “divided member” is defined as one of the members of the
divided set. A “divided value” is defined as the value of one of these members.
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Let us consider the total weight and moments of an exactly divided set
{fk.ato(x)}-
A weight is a sum of values. The sum of the divided values fk q4(xx) for a

value fyx(xy)
D(k)

fK (Xk) = z fK,d(k)(Xk)

d(k)=1
is a linear function with respect to the values fk 4q(Xx). Due to the linearity of the
total weight for fkqg(xx) (see the Preliminary consideration above), the total
weight of the sum of divided values fx qu(Xx) is equal to fi(Xk).

The sum of moments of the divided values fx qu(Xx) for a value fk(xy) is a
linear function with respect to the values fxqu(Xx). The divided values fk qgo(X«)
for an initial value fx(xc) are defined on the same point x¢ as the initial value
fu(xk). Therefore, the moments of the whole divided set {fx qa(Xx)} are equal to
those of the whole initial set {fx(x)}

D(k) D(k)
Z(Xk - Xo)n fK,d(k)(Xk) = (Xk - Xo)n Z fK,d(k)(Xk) = (Xk - Xo)n fK (Xk) .
d(k)=1 d(k)=1

One can see, indeed, that, by definition, the total weight Wp of the exactly
divided set is

K D(K) K
W, = Z Z fK,d(k)(Xk) = Z fi (%) =W,
k=1

k=1d(k)=1
and the total moment Ep(X-Xo)" of the exactly divided set is
Ep(X=X,)" =
K D(k) K
= Z Z(Xk - Xo)n fK,d(k)(Xk) = Z(Xk - Xo)n fK (Xk) =.
k=1d(k)=1 k=1
=E(X - X,)"

So, we have specified the properties of the divided sets: the total weight and
moments of a divided set are equal to the total weight and moments of the initial
set.
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Let us recur to Situation K.AB=3.

The above considerations as to divided sets are true, in particular, when the
value fk(x1g) is exactly divided into two parts fxi1(x1.g) and fx2(x1.8). Namely, the
total weight and moments of the divided set are equal to the total weight and
moments of the initial set.

Let us make the first step of the representation of the total weight and central
moments of the set of values of the function by the total weight and central
moments of the set of values of the pairs.

Since

(M - Xl.A) fK (Xl.A) = (Xl.B -M ) fK,l(Xl.B) )

two values fx(xia) and fxi(xpg) of the divided set are the required pair of the
previous subchapters. The portion {fk(X1a), fk1(x18)} of the set of values of the
pairs and the portion {fx(x1.a), fk 1(x1.8)} of the divided set of values of the function
are the same portions defined on the same points x; o and x;g. So, the total weight
and moments of these portions are the same.

This can be seen for the total weight: the weights of the same sets are the
same weights. This can also be seen for the central moments. The moments of the
same sets defined on the same points are the same moments. In more detail

E(X-M)"=
= DU0%a M) (%) + 2 (s = M) (%) =
= Z(Xk.A = M) e (Xea) + Z(Xk.B ~M)" e (Xep) =

= (Xl.A -M )n fK (Xl.A) + (Xl.B -M )n fK,l(Xl.B) + (Xl.B -M )n fK,Z (Xl.B) +

£ 3 (ha - MY (%) =

k.A=2

= (X = M) f (X 2) + (X g —M)" fra(Xg) +

+ 3 (Kea = M) fi (X ) + (g = M) (% 5) =

k.A=2

= El.Pair(X -M )n +

+ (XZ.A -M )n fK (XZ.A) + (X1.B -M )n fK,Z(Xl.B)
So, the first step of the representation has been done.
The balance remains

(M =X ) e (X 2) + (M =X, 4) i (X,0) =
= (X5 —M)f (X)) + (X5 —M) Fy ,(X5) ’

and we come to Situation K.AB=2 for fx(X2.a) and fx(X1g)
M - X2.A) fK (XZ.A) = (Xl.B -M) fK,Z(Xl.B) :
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As has been proved above, the total weight and central moments of Situation
K.AB=2 can be exactly represented by the total weight and central moments of a
pair of the previous subchapters. So, this is the final situation.

For the central moments in the scope of Situation K.AB=3, this can be seen,
indeed, in more detail

E(X — M)n =
= El.Pair(X - M)n +
+ (X0 =M)" i (X,0) + (X 5 —M)" fK,Z(Xl.B) =
=E e (X =M)"+E, i, (X =M)"
So, in Situation K.AB=3, at K.A=2 and K.B=1,
E(X - M)n = El.Pair(X - M)n + E2.Pair(X - M)n =

2
= Z Ep.Pair(X -M )n

p.Pair=1

Let us resume the consideration of Situation K.AB=3, at KA=2 and
K.B=L1.

There are three initial values: fx(x14), fk(X2.4) and fx(X1g).

One should divide the value fx(x;g) of the initial set into two values fx 1(X1.8)
and fk(x1g) such that fgi(xis) constitutes the pair with fg(x14). Due to the
properties of divided sets, the total weight and moments of the divided values
fk1(x1.8) and fx2(x1.8) are equal to those of the initial value fx(x1 ).

Then one should perform the first step of the representation of the total weight
and moments.

The values fx(xpa) and fci1(x1g) Of the pair fipair(X1a, X1.8) and the values
fu(x1.a) and fx1(xyg) of portion of the divided set {fk qu(Xx)} are the same values
defined on the same points. Therefore, the total weight and moments of the pair are
the same as those of the portion of the divided set.

As a result of the first step, the number of unpaired values is diminished by
one and we come to the resulting Situation K.ABpininishea=K.AB-1=2. As it has
been proved above, the total weight and moments of Situation K.AB=2 can be
exactly represented by the total weight and moments of a pair and, hence, this is the
final situation.

So, Situation K.AB=3, at K.A=2 and K.B=1, can be represented by the
sum of the first step and the final situation. Both the total weight and moments
depend linearly on the values of the members of the sets. Therefore, the total
weight and moments of the sum are equal to the sum of the constituent weights and
moments correspondingly.

If K.LA=1 and K.B=2, then the consideration is analogous to the preceding
one.

So, the total weight and central moments of Situation K.AB=3 can be exactly
represented by the total weight and central moments of a set of pairs of the previous
subchapters.

24



General Situation K.AB

General Situation K.AB. Suppose K.4B>4, K.A>] and K.B>I (according
to the consideration of Situation K.AB=1, the case of K.A=0 and K.B>/ and the
case of K.B=0 and K.4>I cannot exist or do not contribute to the non-zero central
moments).

Let us consider fk(x1.a) and fk(xig). There are only two possible variants:
Variant 1 (inequality)

(M =% 2) fe (X 0) = (X g = M) f (X, 5)
and Variant 2 (equality)
(M =X ) fic (X ) = (X5 = M) i (X,5)

Let us make a general step of the representation of the total weight and
moments. Evidently, this general step may be implemented in one of the two forms
depending on whether Variant 1 (inequality) or Variant 2 (equality) takes place.

Variant 1 (inequality). If

(M =% ) fic (X 0) # (X g = M) fi (X,5)
then there are only two possible cases as well:

(M =% 2) fe (X 0) < (X g —=M) fe (%)
and

(M =X ) fic (X ) > (X5 = M) i (X,5)

Suppose, for example, that

(M =X 2) fie (X.2) < (g =M) fie () -
Then one should divide the value fx(x1g) into two parts fci(xig) and fi2(x1g)
satisfying

(M - Xl.A) fK (Xl.A) = (Xl.B -M ) fK,l(Xl.B)
and

fK,Z(Xl.B) = fK (Xl.B)_ fK,l(Xl.B) :
The value fx(xyg) is exactly divided into two parts fx1(x18) and fi2(X1g).
Due to the properties of the divided sets, the total weight and moments of the
divided set {fi1(x18), fk2(x18)} are equal to the total weight and moments of the
initial set {fx(x1.8)}.
Due to the above

(M - Xl.A) fK (X1.A) = (X1.B -M ) fK,l(Xi.B) '

two values fk(x1a) and fxi(xig) of the divided set are the required pair of the
previous subchapters.

Here, the set of values of the pair and the portion of the divided set of values
are the same sets defined on the same points. Therefore, the total weight and an
arbitrary total moment of the pair are the same as those of the portion of the divided
set.
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This can be seen for the total weight: the weights of the same sets are the
same weights. This can be seen for the central moments. The moments of the same
sets defined on the same points are the same moments. In more detail

E(X -M)" =

=S MY () + D (ks ~ M) i (e0) =

k.A=1 k.B=1

= (Xl.A -M )n fK (Xl.A) + (Xl.B) -M )n fK,l(Xl.B) + (Xi.B -M )n fK,Z(Xi.B) +

+ KZIA(Xk.A M) i (%) + KZ%(Xk.B -M)" i (X8) =

k.A=2 k.B=2

= El.Pair(X -M )n +

+ KZA(XK.A = M) fi (X a) + (X g =M)" fy o (X8) + KZEi(Xk.B ~M)" fi (Xg)

k.A=2 k.B=2

As a result of this general step within the scope of Variant 1 (of the inequality
and divided set), the number of unpaired values is diminished by one (taking into
account the part of the other value) and we come to Situation K.ABpiminishea=K.AB-
1. Note, that the number K.AB is composed of 1, ..., KA and 1, ..., K.B. And
here, the number K.ABpiminishes=K.AB-1 is composed of 2, ..., K.A and 2, ..., K.B
plus one.

If

(M =% 0) f (X 0) > (X g = M) f (X, 5)
then the argument is analogous to the preceding one.
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Variant 2 (equality). If
(M - Xl.A) fK (X1.A) = (Xl.B -M ) fK (Xl.B)
then the two values fx(x1.a) and fx(xig) are the required pair (couple) of the
previous subchapters.

Here, the set of values of the pair and the portion of the initial original set of
values are the same sets defined on the same points. Therefore, the total weight and
an arbitrary total moment of the pair are the same as those of the portion of the
initial set.

This can be seen for the total weight: the weights of the same sets are the
same weights. This can be seen for the central moments: the moments of the same
sets defined on the same points are the same moments. In more detail,

E(X-M)"=
= Z_(Xk.A =M)" f (X ) + Z_(Xk.B -M)" f (X5)=

= (Xl.A -M )n fK (Xl.A) + (Xl.B -M )n fK (Xl.B) +

S MY () (s~ M) () =

k.A=2 k.B=2

=E pair (X =M)" +

S MY O )+ D (s~ M) i (%)

k.A=2 k.B=2
As a result of this general step within the scope of Variant 2 (of the equality
and initial set), the number of unpaired (uncoupled) values is diminished by two and
from Situation K.AB we come to Situation K.ABpiminishea=K.AB-2. Here, the
number K.ABpiminishea=K.AB-2 is composed of 2, ..., K.A and 2, ..., K.B.

So, we have considered the general step of diminishing the number K.AB for
general Situation K.AB>4 within the scopes of both parallel variants. It diminishes
K.AB by one or two. Evidently, this general step may be repeated as many times as
needed to reach the final Situations K.ABpiminished=3 0O K.ABpiminished=2.
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Let us resume the consideration of general Situation K.AB>4, at K.A>] and
K.B>I. There are at least four initial values: fx(Xpa), ... and fx(Xrg), ...

One should perform the general step of the representation of the total weight
and moments. One should consider two first values fx(xya) and fx(xyg) of the
initial set {fx(xx)} of the function fx. There are only two possible variants:

In Variant 1, these values are not the pair. Therefore, one should divide one
of the values fk(x1a) or fx(xig) into two values such that one of them constitutes a
pair with the remaining other value out of fk(x;a) and fk(xig). Due to the
properties of divided sets, the total weight and moments of the divided values are
equal to those of the initial value. This pair may be a portion of the representation.

In Variant 2 these two initial values are the pair. This pair may be a portion of
the representation as well.

The values of the pair (in both variants) and the divided (or initial) values are
the same values defined on the same points. Therefore, the total weight and
moments of the pair are the same as those of the first portion of the divided (or
initial) set.

As a result of this general step of the representation, the number of unpaired
values is diminished by one or two and we come to one of the resulting Situations
K.ABpiminishea=K.AB-1 0or K.ABpiminished=K.AB-2. There are onIy two pOSSib'G
cases: one case IS K.ABpiminished<3 (K.ABpiminished=3 O K.ABpiminishes=2 and they
are the final Situations) and another case is K.ABpiminishea™>3 (they are the
intermediate Situations).

If an intermediate Situation takes place, then one should repeat the general
step of the representation as many times as it needs to reach the final Situations
K.ABpiminishea=3 0OF K.ABpiminished=2.

Both in Situation K.AB=3 and Situation K.AB=2, the total weight and central
moments of the set of the initial values can be exactly represented by the set of
values of the pairs, as has been shown above.

So, the total weight and central moments of the general Situation can be
represented by the sum of those of all the portions and of the final Situation. Both
the total weight and moments depend linearly on the values of the members of the
sets. Therefore, the total weight and moments of the sum are equal to the sum of
the constituent weights and moments correspondingly.

So, in the general Situation K.AB : K.AB>4, at K.A>1 and K.B>I, the total
weight and central moments of an arbitrary original function of Chapter 2 may be
exactly represented by the total weight and central moments of the pairs of this
chapter.
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One can see in more detail that the total weights

P.Pair. AB K.A K.B
Wosir ag = pr.Pair.AB = Z fi (X ) + Z f (Xee)
p.Pair.AB=1 k.A=1 k.B=1

and central moments (keeping in mind that the central moments of fx(M) equal
zero)

E(X M) =3 (% - M) (%) =

K.A K.B
= > (a=M)" f () + D0 (e = M) i (%) =
k.A=1 k.B=1
P.Pair.AB
= ZEp.Pair.AB(X _M)n
p.Pair.AB=1

of the arbitrary original function and of the set of pairs are equal to each other.

So, the exact representation of the total weight and central moments of an
arbitrary original function of Chapter 2 by the total weight and central moments of a
set of pairs of the previous subchapters of this chapter has been performed.
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3.5. General limitations
3.5.1. Weights

Let us consider the weights of groups of values of the function and general
limitations on them.
Remembering
KA+KM+KB=K
of the preceding subchapter, the total weights of these groups may be denoted as
Wa, W and Ws

W, = Z f (Xea) , Wy = ZfK(Xk.M) , Wi = Z f (Xce)

k.A<K.A k.M<K.M k.B<K.B
and the sum of the weights is
W, +W,, +W, =W, .

Let us denote the total weight of the total set of the pairs as Wp,ir, the weight
of the pair fpairm(M, M) as Wpairm and the total weight of the pairs fy pair.as(Xp.a,
Xp8) aS Whairas. By this definition, the weight of, e.g., a p-th pair fppair.as(Xp.A,
Xp.g) IS denoted as Wp pair.aB,

P.Pair P.Pair.AB
pr.Pair E\NPair ) pr,Pair,M EV\/Pair_M ) pr.Pair.AB E\NPair.AB
p.Pair=1 p.Pair.M <P.Pair.M p.Pair.AB=1
and we have
WPair :WPair.M +WPair.AB .
Evidently,
Wosirm =Wy
Wogir pg =W, + W,
and
WPair :WK .
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3.5.2. The general limiting function

Let us consider the central moments
P.Pair

E(X-M)"= > E pq(X-M)"=
p.Pair=1
P.Pair.AB

- ZEF’-P&‘"-M (X =M)"+ ZEP.Pair.AB(X -M)"=

p.Pair.M <P.Pair.M p.Pair.AB=1

P.Pair.AB

Z Ep.Pair.AB(X -M )n
p.Pair.AB=1

The maximal limiting functions L, pair(A, M, B, n, Wppair) satisfying

| Ep.Pair.AB (X -M )n |S I-p.Pair.AB (A, M ’ B1 r.\’Wp.Pair.AB) '
allow estimating the central moments of the original function fx:

P.Pair.AB
| E(X _M)n |S| zEp.Pair.AB(X _M)n |S
p.Pair.AB=1
P.Pair.AB
z I-p.Pair.AB (A’ M ' B’ n'Wp.Pair.AB)
p.Pair.AB=1

This estimate can be easily simplified. From
Lp.Pair.AB(A M B n, Wp.Pair.AB) =
B-M M-A

= (M A) B_A p pair.AB T (B -M )n B_A Wp.Pair.AB =

B |\/| M-A
|:(M A) I (B_ ) ﬁ:lwp.Pair.AB

there follows

P.Pair.AB

z Lp.Pair.AB (A’ M ’ B’ n, Wp.Pair.AB) =
p.Pair.AB=1

P.Pair.AB
-y {(M A St B-my B A}wppmf
p.Pair.AB=1 -A . .
_ P.Pair.AB
TR =GR el 1 ST
B-A p.Pair.Ale. .
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Since
P.Pair.AB

Wy pair.ag = Wosir ag »
p.Pair.AB=1

using
Wogir g =Wy + W5 W,
it follows for a unitary function f¢ (i.e., assuming Wg=1) that

WPair.AB <1
and
P.Pair.AB
Z I-p.Pair.AB (A1 M ’ B! r]’Wp.Pair.AB) <
p.Pair.AB=1
<(M _A)"ﬂJr(B_M)nM
B-A B-A
and
|E(X -M)"[€
<(M _A)"ﬂ+(|3_|\/|)”u '
B-A B-A

So, we have proved that the maximal possible modulus of a central moment of
any function fx of Chapter 2 is obtained for the function which is concentrated at
the borders of the interval. We have also found this general limiting function: for
any unitary function fx of Chapter 2, the modulus of any central moment of fx is
not greater than

(3.1). |E(X—M)”|§(M—A)“B_M+(B—M)”M

B-A B-A
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4, Two notes

One may denote the unitary function
M-A
M-A)'——+(B-M)'——
( ) +( ) 5 A
as a general, total Ilmltlng function L(A, M, B, n, 1)=L(A, M, B, n) or L(M, n).

Let us analyze the total limiting function L(A, M, B, n) for

MoB—A

and for

4.1. The mean is in the center of the interval

Let us analyze the total limiting function L(A, M, B, n) when

M=B—A
2

Let us differentiate L(A, M, B, n) with respectto M:
1 o((M-A)"(B-M)+(B-M)"(M-A)

B-A oM
L ~[n(M — A)"(B- M)~ (M — A)" -

—n(B—M)n M -A)+(B-M)"]
and, at M:(B A)/2,
[N(M —A)"(B-M)—(M - A)" -

B-A
—n(B—M)"’l(M ~A)+(B-M)"]=

__ L [B- AY [n-1-n+1]=0
B—Al 2
So, at M=(B-A)/2, forany n>2 there is an extremum or a point of inflection.
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Let us differentiate L(A, M, B, n) once more
1 &°L(AM,B,n)
B-A  oM? -
1 n-2 n-1

B_A[n(n—l)(M—A) (B-M)-2n(M - A)"" +

+n(n-1)(B-M)"*(M —A)-2n(B-M)""]
and, at M=(B-A)/2,

1 n-2 n-1
B_A[n(n—l)(M—A) (B-M)-2n(M - A)"" +
+n(n-1)(B-M)"*(M -=A)-2n(B-M)""]=

1 (B-A"
ZE(TJ [n(n-1)-2n+n(n-1)—2n]=

= (#]n_ n(n-23)

That is, at M=(B-A)/2:

For n=2 there is a well-known maximum, the moment of inertia of two
material points whose weights are equal to each other

2 2 2
L(A,H,B,ij B-AY1l (B-AYy1 (B-A}
2 2 )2 2 )2\ 2

For n=3 there is a point of inflection.

For n>3 there are minima.
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4.2. The mean is near a border of the interval

Let us search for maxima which are close to the borders of the interval.
Let us differentiate the total limiting function L(A, M, B, n) with respect to M
for M~A and n>>1
1 o((M-A)"(B-M)+(B-M)"(M-A)
B-A oM -
1

[D(M - A" (B-M)-(M-A)" -

B-A
—n(B-M)"'(M -A)+(B-M)"]~
1
"B-A
For oL(A, M, B, n)/oM =0 we obtain

L ®-M)y —nB-M)" (M- A)]=

[(B-M)"—n(B-M)"*(M - A)]

B-A
_(B=M)" M Ay
= [(B-M)-n(M - A)]=
_(B-M)" e Ay A=
R—— [(B-A)—(n+1)(M -A)]=0
and
3 ~B—A
T+l

The second derivative is
1 0°L(A/M,B,n) 3
B-A oM ?

o[n(M — A" (B-M)—(M —A)" -
oM
~n(B—M)" (M -A)+(B-M)"] _

oM B

[n(n-1)(M — A" 3(B-M)—-2n(M — A)"* +

1
B_A
+n(n-1)(B-M)™2(M — A)—2n(B — M)™]
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For M=A and n>>1,
! A[n(n ~D(M -A)"*(B-M)-2n(M - A"+

+n(n-1)(B-M)"*(M - A)-2n(B-M)"]~

onB=M) M A (B - M=

adlr—y [(n-D)(M - A)-2(B-M)]=
(BB—M)“[(nJrl)(M A)—2(B— A)]

and, for M~A4+(B-A)/(n+1) and n>>1,

nw[(n+l)(M ~A)-2(B-A)]~
B—A

< B-M)"* B-A_ _

SN[+ D) 2B )=

=n(B-M)"?[1-2]<0
So, the second derivative is negative and there are maxima at the points
M=A+(B-A)/(n+1).
The total limiting function

L(AM,Bn)=(M-A 2=M  g_pmyM=A
B-A
and the maxima at the points MzA+(B-A)/(n+1) and for n>>1 may be taken as
L(A,MB—A j TM-A (B_A_B—A 1
n+1 -A n+l1) n+1
_[1_ 1 )"(B—A)”
n+1 n+1
For n>>1

n n+1 -1
TR R T I T R
n+1 n+1 n+1 e

So, for M=A+(B-A)/(n+1) and n>>1, the maxima (those can be attained by
E(X-M)" for even n) of L(A, M, B, n) are, curiously, with a coefficient =//e

L[A,A+ B_A,B,nszM,
n+1 e n+1l

Evidently, for M=B-(B-A)/(n+1), at n>>1, the maxima (those can be attained by
E(X-M)" for even n) of L(A, M, B, n) are analogously

L A,B—B_A,B,njle.
n+1 e n+1
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5. Theorem
5.1. Lemma about the tendency to zero for central moments

Lemma 5.1. If, for the nonnegative function fx defined in Section 2,
M=E(X) tendsto A orto B, then, for n:2<n<ow, E(X-M)" tends to zero.

Proof 1. For M—2A, the estimate (3.1) gives

B-M M-A
E(X-M)"|<(M-A)"——+(B-M)"
[E(X M) S (M - A ==+ (B-M)' =

<
(M-A)(B-M) _

B-A
<2(B-A)"*(M - A)———0.

<[(B-A)""+(B-A)""]

This rough estimate is already sufficient for the purpose of this article. But a more
precise estimate may be obtained:
Proof 2. Let us transform

n-1 n-1 (M - A)(B— M) _
[(M-A)"+(B-M)"] Y -
{(Mj (B }(B_ e (M= AB-M)

B— A B—A B_A

Let us consider the terms (M-A)/(B-A) and (B-M)/(B-A). Keeping in mind that
A<M<B we obtain 0<(M-A)/(B-A)<1l and 0<(B-M)/(B-A)<l. For n>2 we have

M—A n-1 B—M n-1
— 2 4= <
B-A B-A

M-A B
< = =1
B-A B-A B-A
So,
{(M—Aj“+(B—MJH}B_MWJM—AXB—M)S
B—A B_A B—A |
1 (M —A)(B-M) n1
<(B-A) A <(B-ATM-A)
So,
|E(X =M)" < (B=A)"(M - A)———>0 (5.1).

For M->B, the proof is similar and gives
|E(X-M)"|<(B-A)"(B-M)———0 (5.2).

So, if (B-A) and n are finite and M=A or M=B, then E(X-M)"->0.
The lemma has been proved.
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5.2. Existence theorem for restrictions on the mean
Let us define two terms for the purposes of this article:

Definition 5.2. A “non-zero restriction on the mean ryean” (or, simply, a
“non-zero restriction”) signifies the impossibility for the mean to be located closer
to a border of the interval than some non-zero distance.

In other words, a non-zero restriction designates the existence of a non-zero
distance from a border of the interval. Within this distance, it is impossible for the
mean to be located.

This restriction may be denoted also as a “forbidden zone” for the mean near a
border of the interval.

The “restriction” for one border and the “restriction” for another border
constitute the “restrictions” for the borders.

The value of a non-zero restriction (or the width of a non-zero “forbidden
zone”) signifies the minimal possible distance between the mean and a border of the
interval. For brevity, the term “the value of a restriction” may be shortened to “the
restriction.”

Definition 5.3. At the beginning, let us define a “non-zero restriction on the
dispersion pispersion2=Ipisp2=0"min” 10 be the minimal value of the analog of the
dispersion E(X-M)? satisfying E(X-M)">r?pis2>0.

Let us define analogously a general “non-zero restriction on the n™ order
central moment |r"pispn|” to be the minimal absolute value of the analog of the n™
order central moment E(X-M)" satisfying |E(X-M)"| > |r"pispn|>0.

Theorem 5.2. If, for a nonnegative function fx as in Section 2, such that its
mean M=E(X) and its analog of the n™ : 2<n<co, order central moment E(X-M)"
exist, there exists a non-zero restriction on this analog of the n™ order central
moment  |r"pispn] = Constpispn > 0 : |[E(X-M)"| > [r"pispnl, then a non-zero
restriction on the mean ryean=Constuean>0 exists and

A<(A+r1,,,)<M=E(X)<(B-r,)<B.

Mean ean
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Proof. From the conditions of the theorem and from Lemma (5.1), for M 2A,

we have
0 <| r"pispn [<| E(X =M)" < (B=A)"*(M - A)
and

o< omnl ooy py.
(B-A)

So,

|rnDisp.n |
5.3 M-A2>r, =——>0
( ) ( ) Mean (B_A)n—l

For M-B, the proof is similar and gives

|rnDisp.n |
5.4 B-M)>r, =——>0.
( ) ( ) Mean (B_A)n—l

The results (5.3) and (5.4) may be rewritten as

| rnDisp.n | | r”Disp,n |
| P W L. L0 i PV - L I
(5.5) [ oA O

So, as long as (B-A) and n are finitt and |r"pispn|=CoOnstpisyn>0, then
'viean=CO0NStpean=>0 and A<(A+riean) <M<(B-I'viean)<B, which proves the theorem.
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6. Remarks
Remark 6.1

The estimation of a probability possesses the properties assumed for the
function f of Chapter 2. In fact, these properties have been chosen to be those
satisfied by the estimation of a probability. This opens prospects to develop the
theorem to the probability.

Sketches of the proof of the existence theorem for non-zero restrictions on the
probability were made (see, e.g., [11]-[12]) and used in particular practical cases in
items connected with utility and prospect theories. Some well-known old problems
of utility and prospect theories were explained, at least partially, with the help of
these sketches (see, e.g., [12]-[14]).

Remark 6.2

For n=2 the analog of the central moment is the analog of the dispersion,
and rvean at A may be rewritten for the minimum oy, of the analog of the
standard deviation o, i.e., 6>omin=rpisp2>0, as

rzDisp.Z O'2Min
ean = = >

(B-A) (B-A)

The value of the restriction ryvean at B may be also rewritten for the minimum
omin Of the analog of the standard deviation ¢ as
2 2
I Disp.2 O Min
(B-M)>r1,.,, = = >
(B-A) (B-A)

These results may be rewritten as

2 2
A<|A+Z M I cpm<iB-Z M 1B
B-A B-A

(5.6) A<(A+0Min%j3|\/| S(B_an O min j<B .

(M-A)>r,

or
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Remark 6.3

The estimates (5.3)—(5.6) are rather reliable ones, especially the estimate

(5.6) for % — 0 . They are, in a sense, as reliable as the Chebyshev inequality.

Preliminary calculations [15] which were performed for real cases such as the
normal, uniform and exponential distributions with the minimal values ¢yi, of the
analog of the dispersion, gave much stronger restrictions ryean On the mean of the

function (for %—)O, for the unitary interval [A, B] : (B-A)=1) which are not

worse than

O,
rMean - —
3

So, the inequalities A<(A+ryiean)<M<(B-rvean)<B for these cases may be
rewritten as

(5.7) A<(A+%}sm S(B—%]<B .
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7. Conclusions

The possibility of the existence of non-zero restrictions on the mean in the
presence of a non-zero restriction on the dispersion has been analyzed.

It has been proved that there are non-zero restrictions on the mean of a
nonnegative function defined on a discrete set of points within an interval [A, B]
when there is a non-zero restriction on the analog of some central moment of the
function. Suppose |r"pispersionn| =|"pisp.n| =CONstpispn>0 is @ non-zero restriction on
the modulus of the analog of n™ central moment |E(X-M)"| of a nonnegative
function, where 2<n<oo. That is, |E(X-M)"|>|r"pispn|=Constpispn>0. Then other
non-zero restrictions ryean 0N the mean M of this function exist at the borders A
and B of the interval [A, B], satisfying

A<(A+r,,,)<M=E(X)<(B-r,

or (see (5.5))

A<| At |r Disp.n7|l <M<lB- |r Disp.n7|1 <
(B-A) (B—A)

For n=2 the analog of the central moment is the analog of the dispersion.
So, restrictions on the mean M may be rewritten in terms of the minimum oy, of

)<B,

ean ean

the analog of the standard deviation o, i.e., 6>omin=rpisp.2>0, as
O'ZM' O'ZM'
A<|A+——|<M<|B-——|<B .
B-A B-A

The above estimates are, in a sense, as reliable as the Chebyshev inequality.

o Opi _
For real cases such as the normal distribution, for B—N“TA—>0, the preliminary

calculations of [15] gave much stronger restrictions ryea, 0N the mean (see (5.7)).
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Sketches of the proof of the existence theorem for non-zero restrictions on the
probability were made from 2010 to 2014 and were used to explain, at least
partially, some problems of utility and prospect theories (see, e.g., [11]-[16]).

Additionally, properties of the accessory limiting function
.B—-M “M-A
L(A,M,B,n)=(M - A) ﬁ+(B—|\/|) Y
were analyzed near the center of the interval [A, B] at M=(B-A)/2 and near its
bordersat A and B.
Near the center of the interval [A, B] at M=(B-A)/2 one can obtain:
For n=2 there is a well-known maximum, the moment of inertia of two

material points whose weights are equal to each other

(w2052

For n=3 there is a point of inflection. For n>3 there are minima.

Near the borders of the interval [A, B] at A and B, one can obtain:

For M=A+(B-A)/(n+1) and n>>1, there are the maxima of L(A, M, B, n)
(those can be attained by E(X-M)" for even n). Curiously, they have a coefficient

~]/e
L(A,A+ B_A,B,nszM,
n+1 e n+l

For M=~B-(B-A)/(n+1), at n>>1, the maxima (those can be attained by E(X-M)"
for even n) of D(A, M, B, n) are analogously

L(A,B_B_A,B’ngEM,

n+1 e n+l
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