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●♦✐♥❣ t♦ t❤❡ ❉✐s❝♦✉♥t❡r✿

❈♦♥s✉♠❡r ❙❡❛r❝❤ ✇✐t❤ ▲♦❝❛❧

▼❛r❦❡t ❍❡t❡r♦❣❡♥❡✐t✐❡s

▼❛rt✐♥ ❖❜r❛❞♦✈✐ts✯

●♦❡t❤❡ ❯♥✐✈❡rs✐t② ❋r❛♥❦❢✉rt
❈❤❛✐r ♦❢ ❋✐♥❛♥❝❡ ❛♥❞ ❊❝♦♥♦♠✐❝s

❙❡♣t❡♠❜❡r ✸✱ ✷✵✶✺

❆❜str❛❝t

❚❤✐s ❛rt✐❝❧❡ ♣r♦♣♦s❡s ❛ ♥❡✇ r❛t✐♦♥❛❧❡ ❢♦r ❝♦♥s✉♠❡r s❡❛r❝❤ ❛♥❞ ♠✐①❡❞✲str❛t❡❣② ♣r✐❝✐♥❣✿ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠❛r❦❡t ❤❡t❡r♦❣❡♥❡✐t✐❡s✳ ■♥ t❤❡ ♠♦❞❡❧✱ t✇♦ s♣❛t✐❛❧❧② s❡♣❛r❛t❡❞ ♠❛r❦❡ts✱ ❡❛❝❤
❤♦♠❡ t♦ ❛♥ ✐❞❡♥t✐❝❛❧ ❧♦❝❛❧ ♠♦♥♦♣♦❧✐st✱ ❞✐✛❡r ✐♥ s✐③❡ ❛♥❞ t❤❡✐r ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ✭❡✳❣✳✱
❛s ❝❛✉s❡❞ ❜② ❞✐✛❡r❡♥❝❡s ✐♥ ❧♦❝❛❧ ✐♥❝♦♠❡✮✳ ❈♦♥s✉♠❡rs ♦❜s❡r✈❡ t❤❡✐r ♥❛t✐✈❡ ♠❛r❦❡t✬s ♣r✐❝❡ ❛♥❞
❛ ✢❡①✐❜❧❡ s✉❜s❡t ♦❢ t❤❡♠ ♠❛② tr❛✈❡❧ t♦ t❤❡ ♦t❤❡r ♠❛r❦❡t ❛t str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦st✱ ❤♦♣✐♥❣ ❢♦r ❛
❜❛r❣❛✐♥✳ ■ s❤♦✇ t❤❛t ❛s ❧♦♥❣ ❛s t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✐♥ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t
✐s ♥♦t t♦♦ ❧❛r❣❡✱ ❞✐r❡❝t❡❞ s❡❛r❝❤ t♦ t❤❡ ❧♦✇✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✇✐❧❧ ♦❝❝✉r ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ■❢ t❤❡ ❤✐❣❤✲
✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡ ✐♥ s✐③❡✱ t❤❡ ♦♣♣♦s❡❞ ✜r♠ ❢❛❝❡s ❛ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ t❤❛t
✐♥❞✉❝❡s ♥♦♥✲tr✐✈✐❛❧ ♠✐①❡❞✲str❛t❡❣② ♣r✐❝✐♥❣ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs
❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ t❤❡ ♣r♦❞✉❝t ♠❛r❦❡t ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳ ■♥❢♦r♠❛t✐✈❡ ❛❞✈❡rt✐s✐♥❣ ✇✐t❤
♣r✐❝❡✲❝♦♠♠✐t♠❡♥t ♠❛② ❞❡❝r❡❛s❡ ♠❛r❦❡t ♣❡r❢♦r♠❛♥❝❡✳

✯●♦❡t❤❡ ❯♥✐✈❡rs✐t② ❋r❛♥❦❢✉rt✱ ●rü♥❡❜✉r❣♣❧❛t③ ✶✱ ✻✵✸✷✸ ❋r❛♥❦❢✉rt✱ ●❡r♠❛♥②
❡✲♠❛✐❧✿ ♦❜r❛❞♦✈✐ts❅❡❝♦♥✳✉♥✐✲❢r❛♥❦❢✉rt✳❞❡

■ ✇❛♥t t♦ t❤❛♥❦ ❈❤r✐s ❲✐❧s♦♥✱ ❙t❡❢❛♥ ❇✉❡❤❧❡r✱ ▼❛❛rt❡♥ ❏❛♥ss❡♥✱ ❘♦♠❛♥ ■♥❞❡rst✱ ❏♦sé ▲✉✐s
▼♦r❛❣❛✲●♦♥③❛❧é③✱ ▲❛♥ ❩❤❛♥❣✱ ❛s ✇❡❧❧ ❛s s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ❛t t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❱✐❡♥♥❛✱
●♦❡t❤❡ ❯♥✐✈❡rs✐t② ❋r❛♥❦❢✉rt✱ t❤❡ ❙❛▼ ❲♦r❦s❤♦♣ ✷✵✶✺ ✐♥ ❇r✐st♦❧ ✭❯❑✮ ❛♥❞ t❤❡ ✶✸t❤ ❆♥♥✉❛❧
■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ❈♦♥❢❡r❡♥❝❡ ✐♥ ❇♦st♦♥ ❢♦r t❤❡✐r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts✳ ❋✐♥❛♥❝✐❛❧ s✉♣♣♦rt
❢r♦♠ ●♦❡t❤❡ ❯♥✐✈❡rs✐t② ❋r❛♥❦❢✉rt✱ ❯♥✐✈❡rs✐t② ♦❢ ❱✐❡♥♥❛✱ ❛♥❞ t❤❡ ❆✉str✐❛♥ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥
✐s ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡❞✳



✶ ■♥tr♦❞✉❝t✐♦♥

■t ✐s ❛ ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣ t❤❛t ✏t❤❡ ❧❛✇ ♦❢ ♦♥❡ ♣r✐❝❡ ✐s ♥♦ ❧❛✇ ❛t ❛❧❧✑ ✭❱❛r✐❛♥

✭✶✾✽✵✮✮✿ ♣r✐❝❡s ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣r♦❞✉❝ts ❛r❡ ♦❢t❡♥ ✇✐❞❡❧② ❞✐s♣❡rs❡❞✳✶ ❆ ♣r♦♠✐♥❡♥t ❡①♣❧❛♥❛t✐♦♥

✐s t❤❛t ❝♦♥s✉♠❡rs ❝❛♥♥♦t ❢r❡❡❧② ♦❜s❡r✈❡ ♣r♦❞✉❝t ♣r✐❝❡s ❛❝r♦ss ❝♦♠♣❡t✐♥❣ ✜r♠s✳ ■♥st❡❛❞✱ ♦❜t❛✐♥✐♥❣

❛❞❞✐t✐♦♥❛❧ ♣r✐❝❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❝♦st❧②✱ ❛♥❞ ❝♦♥s✉♠❡rs ❤❛✈❡ t♦ s❡❛r❝❤ ❛❝t✐✈❡❧② ❛❝r♦ss s❡❧❧❡rs ✐♥

♦r❞❡r t♦ ✜♥❞ ❛ ❣♦♦❞ ❞❡❛❧✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥❛❧ ✐♠♣❡r❢❡❝t✐♦♥ ♣r♦✈✐❞❡s ✜r♠s ✇✐t❤ ♠❛r❦❡t ♣♦✇❡r ❛♥❞

❡♥❛❜❧❡s t❤❡♠ t♦ r❛✐s❡ ♣r✐❝❡s ❛❜♦✈❡ ♠❛r❣✐♥❛❧ ❝♦st✳

❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ❢❛♠♦✉s ❉✐❛♠♦♥❞ ♣❛r❛❞♦① ✭✶✾✼✶✮ ❡st❛❜❧✐s❤❡s t❤❛t ✐❢ ❛❧❧ ✭✐❞❡♥t✐❝❛❧✮ ❝♦♥✲

s✉♠❡rs ✜♥❞ ✐t ❝♦st❧② t♦ ❝♦♠♣❛r❡ ♣r✐❝❡s ✭♥♦ ♠❛tt❡r ❤♦✇ s♠❛❧❧ t❤❡s❡ ❝♦sts ❛r❡✮✱ ❝♦♥s✉♠❡rs s❡❛r❝❤

s❡q✉❡♥t✐❛❧❧②✱ ❛♥❞ ✜r♠s ❛s ✇❡❧❧ ❛s t❤❡ ✐♥✐t✐❛❧ ❝♦♥s✉♠❡r ❞✐str✐❜✉t✐♦♥ ❛❝r♦ss t❤❡♠ ❛r❡ s②♠♠❡tr✐❝✱

t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ❡♥t❛✐❧s ♠♦♥♦♣♦❧②✲♣r✐❝✐♥❣ ❜② ❛❧❧ ✜r♠s✱ ✇❤✐❧❡ ♥♦ ❝♦♥s✉♠❡rs s❡❛r❝❤✳✷

❙✐♥❝❡ ❉✐❛♠♦♥❞✬s s❡♠✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥✱ ♥✉♠❡r♦✉s ❛tt❡♠♣ts ❤❛✈❡ ❜❡❡♥ ♠❛❞❡ t♦ ♦✈❡r❝♦♠❡ t❤✐s

❝♦✉♥t❡r❢❛❝t✉❛❧ t❤❡♦r❡t✐❝❛❧ ♣r❡❞✐❝t✐♦♥✳ ■♥ t❤❡ ❤❡r❡ ❝♦♥s✐❞❡r❡❞ ❢r❛♠❡✇♦r❦ ♦❢ s❡q✉❡♥t✐❛❧ ❝♦♥s✉♠❡r

s❡❛r❝❤ ❢♦r ❤♦♠♦❣❡♥❡♦✉s ♣r♦❞✉❝ts✱ t❤❡ ✈❛st ♠❛❥♦r✐t② ♦❢ ♠♦❞❡❧s ✐♥tr♦❞✉❝❡ ❛ ♣♦s✐t✐✈❡ ♠❛ss ♦❢

❝♦♥s✉♠❡rs ✇✐t❤♦✉t s❡❛r❝❤ ❝♦sts ✭✏s❤♦♣♣❡rs✑✮ ✇❤♦ ♦❜s❡r✈❡ ❛❧❧ ♣r✐❝❡s ✐♥ t❤❡ ♠❛r❦❡t✱ ❛♥❞ t❤✉s ♣✉t

❛ ❞♦✇♥✇❛r❞ ♣r❡ss✉r❡ ♦♥ ♣r✐❝❡s✳✸ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ t❤❡ ❝❡❧❡❜r❛t❡❞ ♣❛♣❡r ❜② ❙t❛❤❧ ✭✶✾✽✾✮ ♦♥

❝♦st❧② s❡q✉❡♥t✐❛❧ s❡❛r❝❤ ✐♥ ♦❧✐❣♦♣♦❧②✱ ❛s ✇❡❧❧ ❛s ♠♦❞✐✜❝❛t✐♦♥s ❛❧❧♦✇✐♥❣ ❢♦r ❤❡t❡r♦❣❡♥❡✐t② ❛❝r♦ss

❝♦♥s✉♠❡rs ✇✐t❤ ♣♦s✐t✐✈❡ s❡❛r❝❤ ❝♦sts ✭❙t❛❤❧ ✭✶✾✾✻✮✮✱ ♦r tr✉❧② ❝♦st❧② s❡q✉❡♥t✐❛❧ s❡❛r❝❤ ✭❏❛♥ss❡♥

❡t ❛❧✳ ✭✷✵✵✺✮✮✳ ❍♦✇❡✈❡r✱ ✐♥ r❡❛❧✐t②✱ ✐t ✐s ❢❛r ❢r♦♠ ❝❧❡❛r ✇❤❡t❤❡r ❛ ❣r♦✉♣ ♦❢ ❝♦♥s✉♠❡rs ❡①✐sts t❤❛t

❞♦❡s ♥♦t ❢❛❝❡ ❛♥② ❝♦sts ♦❢ ♦❜t❛✐♥✐♥❣ ❛❞❞✐t✐♦♥❛❧ ♣r✐❝❡ ✐♥❢♦r♠❛t✐♦♥ ✭❧❡t ❛❧♦♥❡✱ ❝♦sts ♦❢ ✈✐s✐t✐♥❣

❛❞❞✐t✐♦♥❛❧ s❤♦♣s ♦r s♣❡♥❞✐♥❣ ♠♦r❡ t✐♠❡ ♦♥ s❡❛r❝❤✮✳

❆ ❢✉rt❤❡r ❞r❛✇❜❛❝❦ ♦❢ ♠♦st ❝♦♥t❡♠♣♦r❛♥❡♦✉s s❡q✉❡♥t✐❛❧✲s❡❛r❝❤ ♠♦❞❡❧s ✐s t❤❛t ♥♦ ♣r♦♣❡r

s❡❛r❝❤ ♦❝❝✉rs ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛♥ ❡♥❞♦❣❡♥♦✉s r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ❡♠❡r❣❡s ❛❜♦✈❡

✇❤✐❝❤ ❝♦♥s✉♠❡rs ✇✐t❤ ♣♦s✐t✐✈❡ s❡❛r❝❤ ❝♦st ✇♦✉❧❞ ♣r❡❢❡r t♦ ✈✐s✐t ❛♥♦t❤❡r ✜r♠✳ ❇✉t t❤❡♥✱ ✉♥❧❡ss

❢✉rt❤❡r ✐♥❣r❡❞✐❡♥ts ❛r❡ ❛❞❞❡❞✱ ♥♦ ✜r♠ ✜♥❞s ✐t ♦♣t✐♠❛❧ t♦ ♣r✐❝❡ ❛❜♦✈❡ t❤✐s r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ✐♥

❡q✉✐❧✐❜r✐✉♠✱ ❛s ❞♦✐♥❣ s♦ ✐♠♣❧✐❡s ③❡r♦ ❞❡♠❛♥❞✳✹

✶❙❡❡ ❇❛②❡ ❡t ❛❧✳ ✭✷✵✵✻✮ ❢♦r ❛ ❞❡t❛✐❧❡❞ s✉r✈❡② ♦❢ t❤❡♦r❡t✐❝❛❧ ❛♥❞ ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ♦♥ ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ✐♥
❤♦♠♦❣❡♥❡♦✉s✲❣♦♦❞s ♠❛r❦❡ts✳

✷❚❤❡ r❡❛s♦♥ ✐s str❛✐❣❤t❢♦r✇❛r❞✿ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t ♥♦t ❛❧❧ ✜r♠s ♣r✐❝❡ ❛t t❤❡ ♠♦♥♦♣♦❧② ❧❡✈❡❧ pm✳
❙✐♥❝❡ ♣r✐❝✐♥❣ ❛❜♦✈❡ t❤❡ ♠♦♥♦♣♦❧② ♣r✐❝❡ ✐s ❝❧❡❛r❧② s✉❜♦♣t✐♠❛❧✱ t❤❡ ✜r♠✭s✮ ✇✐t❤ t❤❡ ❧♦✇❡st ♣r✐❝❡ ✐♥ t❤❡ ♠❛r❦❡t ♠✉st
♣r✐❝❡ str✐❝t❧② ❜❡❧♦✇ pm✳ ❇✉t t❤✐s ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❜❡❝❛✉s❡ s❧✐❣❤t❧② ✐♥❝r❡❛s✐♥❣ t❤✐s ❧♦✇❡st ♣r✐❝❡
t♦✇❛r❞s t❤❡ ♠♦♥♦♣♦❧② ❧❡✈❡❧ ❞♦❡s ♥♦t ❧❡❛❞ ❛♥② ❝♦♥s✉♠❡rs t♦ ♣✉r❝❤❛s❡ ❡❧s❡✇❤❡r❡✱ ❛s t❤❡② ❢❛❝❡ ❛ str✐❝t❧② ♣♦s✐t✐✈❡
s❡❛r❝❤ ❝♦st✳

✸❖♥❡ ❡①❝❡♣t✐♦♥ ✐s ❘❡✐♥❣❛♥✉♠ ✭✶✾✼✾✮✱ ✇❤♦ ❣❡♥❡r❛t❡s ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ❜② ♠❛r❣✐♥❛❧✲❝♦st ❞✐✛❡r❡♥❝❡s ❛❝r♦ss ❛
❝♦♥t✐♥✉✉♠ ♦❢ ✜r♠s✱ ✇✐t❤ ❝♦♥s✉♠❡rs ❤❛✈✐♥❣ ❞♦✇♥✇❛r❞✲s❧♦♣✐♥❣ ❞❡♠❛♥❞✳

✹■♥ ❙t❛❤❧ ✭✶✾✾✻✮ ❛♥❞ ❈❤❡♥ ❛♥❞ ❩❤❛♥❣ ✭✷✵✶✶✮✱ s❡❛r❝❤✲❝♦st ❤❡t❡r♦❣❡♥❡✐t✐❡s ❛❝r♦ss ❝♦♥s✉♠❡rs ✇✐t❤ ♣♦s✐t✐✈❡
s❡❛r❝❤ ❝♦sts ♠❛② ❧❡❛❞ s♦♠❡ ❝♦♥s✉♠❡rs t♦ s❡❛r❝❤ ❛❝t✐✈❡❧② ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❍♦✇❡✈❡r✱ ❜♦t❤ ♠♦❞❡❧s r❡q✉✐r❡ ❛♥ ❛t♦♠
♦❢ s❤♦♣♣❡rs ✐♥ ♦r❞❡r t♦ ❣❡♥❡r❛t❡ ♣r✐❝❡ ❞✐s♣❡rs✐♦♥✳

✶



❋✐♥❛❧❧②✱ ❛ t②♣✐❝❛❧ ❢❡❛t✉r❡ ♦❢ st❛♥❞❛r❞ s❡❛r❝❤ ♠♦❞❡❧s ✐s t❤❛t s❡❛r❝❤ ✭♦r ❤②♣♦t❤❡t✐❝❛❧ s❡❛r❝❤✱ ✐❢

✐t ♥❡✈❡r ♦❝❝✉rs ✐♥ ❡q✉✐❧✐❜r✐✉♠✮ ✐s ✉♥❞✐r❡❝t❡❞✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡✈❡♥ ❛❢t❡r r❡❥❡❝t✐♥❣ ❛ ❤✐❣❤ ♣r✐❝❡

❛♥❞ ♠♦✈✐♥❣ ♦♥✱ t❤❡ ♥❡①t ✜r♠ ❛ ❝♦♥s✉♠❡r s❛♠♣❧❡s ✐s ❞r❛✇♥ r❛♥❞♦♠❧② ❢r♦♠ ❛ s❡t ♦❢ ✜r♠s ✇✐t❤

✐❞❡♥t✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❍❡♥❝❡✱ t❤❡s❡ ♠♦❞❡❧s ❞♦ ♥♦t ❛❧❧♦✇ ❢♦r ❞✐r❡❝t❡❞ s❡❛r❝❤ t♦✇❛r❞s ✜r♠s t❤❛t

❛r❡ ♣❡r❝❡✐✈❡❞ t♦ ♦✛❡r ♣❛rt✐❝✉❧❛r❧② ❣♦♦❞ ❞❡❛❧s ✐♥ ❡①♣❡❝t❛t✐♦♥✱ ✐✳❡✳✱ ❞✐s❝♦✉♥t❡rs✳✺

❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ❛❞❞r❡ss❡s t❤❡ ❛❜♦✈❡ ✐ss✉❡s ❜② ✐♥tr♦❞✉❝✐♥❣ s❡❛r❝❤ ❛❝r♦ss ❧♦❝❛❧❧② s❡♣❛r❛t❡❞

❛♥❞ ❤❡t❡r♦❣❡♥❡♦✉s s✉❜♠❛r❦❡ts✳ P❛rt✐❝✉❧❛r ❢❡❛t✉r❡s ♦❢ t❤❡ ♠♦❞❡❧ ❛r❡ t❤❛t ✭✐✮ ❛❧❧ ❝♦♥s✉♠❡rs ❤❛✈❡

♣♦s✐t✐✈❡ s❡❛r❝❤ ❝♦sts✱ ②❡t ❡q✉✐❧✐❜r✐❛ ❛r✐s❡ ✇❤❡r❡ ♥♦t ❛❧❧ ✜r♠s ♣r✐❝❡ ❛t t❤❡ ♠♦♥♦♣♦❧② ❧❡✈❡❧ ✭✐✐✮ t❤❡r❡

♠❛② ❜❡ ♣r♦♣❡r s❡❛r❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ ✭✐✐✐✮ s❡❛r❝❤ ✐s ❞✐r❡❝t❡❞ t♦✇❛r❞s ❛ ✜r♠ t❤❛t ✐s ♣❡r❝❡✐✈❡❞

❛s ❞✐s❝♦✉♥t❡r ❛♥❞ ❞♦❡s ✐♥ ❢❛❝t ♦✛❡r ❧♦✇❡r ♣r✐❝❡s ✐♥ ❡①♣❡❝t❛t✐♦♥✳

❚❤❡ ❣❡♥❡r❛❧ ♠❡❝❤❛♥✐s♠ t❤❛t ❧❡❛❞s t♦ s❡❛r❝❤ ✐♥ t❤❡ ♠♦❞❡❧ ✐s str❛✐❣❤t❢♦r✇❛r❞✱ r♦❜✉st✱ ❛♥❞✱

t♦ t❤❡ ❜❡st ♦❢ ♠② ❦♥♦✇❧❡❞❣❡✱ ❤❛s ♥♦t ❜❡❡♥ ♣♦✐♥t❡❞ ♦✉t ❜② t❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡✳ ❚❤❡ ❦❡②

✐❞❡❛ ✐s t♦ ❝♦♥s✐❞❡r ❧♦❝❛❧❧② s❡♣❛r❛t❡❞ ♠♦♥♦♣♦❧✐st✐❝ ♠❛r❦❡ts ✇❤✐❝❤✱ ❞✉❡ t♦ ❡✐t❤❡r ❞❡♠❛♥❞✲s✐❞❡ ♦r

s✉♣♣❧②✲s✐❞❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s✱ ✇♦✉❧❞ ❣✐✈❡ r✐s❡ t♦ ❞✐✛❡r❡♥t ♠♦♥♦♣♦❧② ♣r✐❝❡s ✐♥ ✐s♦❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱

t❤❡r❡ ✐s ❛ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ ♠❛r❦❡ts ✐♥ t❤❡ s❡♥s❡ t❤❛t s♦♠❡ ✏✢❡①✐❜❧❡✑ ❝♦♥s✉♠❡rs ♠❛②✱ ❣✐✈❡♥ t❤❡✐r

❜❡❧✐❡❢s ❛❜♦✉t t❤❡ ♦t❤❡r ♠❛r❦❡t✬s ✉♥♦❜s❡r✈❡❞ ♣r✐❝❡✱ ✜♥❞ ✐t ✇♦rt❤✇❤✐❧❡ t♦ tr❛✈❡❧ t♦ t❤✐s ♠❛r❦❡t ❛t

str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦st✳

❖♥❡ ❝❛♥ t❤❡♥ ❝♦♥❥❡❝t✉r❡ t❤❛t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts ✐♥ ✇❤✐❝❤ t❤❡ ❧♦❝❛❧ ♠♦♥♦♣♦❧✐sts ❝❛t❡r

t♦ ❞✐✛❡r❡♥t ❝♦♥s✉♠❡r ❣r♦✉♣s✳ ❲❤✐❧❡ t❤❡ ✜r♠ ✐♥ t❤❡ ♠❛r❦❡t ✇✐t❤ t❤❡ ❤✐❣❤❡r ♠♦♥♦♣♦❧② ♣r✐❝❡

✭❤❡♥❝❡❢♦rt❤ ❝❛❧❧❡❞ ✏r❡❣✉❧❛r ✜r♠✑✮ ❢♦❝✉s❡s ♦♥ ❡①♣❧♦✐t✐♥❣ ❛ ❝❛♣t✐✈❡ s❡❣♠❡♥t ♦❢ ❧♦❝❛❧ ❝♦♥s✉♠❡rs✱

✐ts r✐✈❛❧ ✐♥ t❤❡ ♠❛r❦❡t ✇✐t❤ t❤❡ ❧♦✇❡r ♠♦♥♦♣♦❧② ♣r✐❝❡ ✭❤❡♥❝❡❢♦rt❤ ❝❛❧❧❡❞ ✏❞✐s❝♦✉♥t❡r✑✮ ❝❤❛r❣❡s ❛

❧♦✇❡r ♣r✐❝❡ ✇❤✐❝❤ ❛ttr❛❝ts t❤❡ ♦✉ts✐❞❡ ♠❛r❦❡t✬s ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❛♥❞ ✐s ♦♣t✐♠❛❧ ❣✐✈❡♥ ✐ts ❧♦❝❛❧

♠❛r❦❡t✬s ❝❤❛r❛❝t❡r✐st✐❝s ✭✐♥❝❧✉❞✐♥❣ ✐♥❝♦♠✐♥❣ ❝♦♥s✉♠❡rs✮✳

■♥ t❤❡ ♠❛✐♥ ♠♦❞❡❧ t❤❛t ■ ❞❡✈❡❧♦♣ ❜❡❧♦✇✱ ■ ❢♦r♠❛❧✐③❡ t❤✐s ✐♥t✉✐t✐♦♥ ❜② ❢♦❝✉s✐♥❣ ♦♥ t❤❡ ❝❛s❡ ♦❢

❞❡♠❛♥❞✲s✐❞❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s✳ ❋♦r tr❛❝t❛❜✐❧✐t②✱ ■ ❛ss✉♠❡ t❤❛t ❛❧❧ ❝♦♥s✉♠❡rs ❤❛✈❡ ✉♥✐t ❞❡♠❛♥❞ ✉♣

t♦ ❛ ♠❛①✐♠❛❧ ✈❛❧✉❛t✐♦♥✱ ❜✉t t❤❛t t❤✐s ✈❛❧✉❛t✐♦♥ ✐s ❤✐❣❤❡r ✐♥ ♦♥❡ ♠❛r❦❡t t❤❛♥ t❤❡ ♦t❤❡r✳ ❲❤✐❧❡

st②❧✐③❡❞✱ t❤❡r❡ ❛r❡ ✈❛r✐♦✉s r❡❛❧✲✇♦r❧❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s ✇❤✐❝❤ s❤❛r❡ s✐♠✐❧❛r ❢❡❛t✉r❡s✳ ❋♦r

❡①❛♠♣❧❡✱ ♠❛♥② ❡♠♣✐r✐❝❛❧ st✉❞✐❡s ❞♦❝✉♠❡♥t t❤❛t ✐♥❝♦♠❡ t❡♥❞s t♦ ❜❡ ❤✐❣❤❧② s❡❣r❡❣❛t❡❞ ✐♥ ✉r❜❛♥

✺❆r❜❛ts❦❛②❛ ✭✷✵✵✼✮ ❝♦♥s✐❞❡rs t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ s❡❛r❝❤ ✐♥ ❛ ❤♦♠♦❣❡♥❡♦✉s✲♣r♦❞✉❝t ♠❛r❦❡t ✇❤❡r❡ ❝♦♥s✉♠❡rs
✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s s❡❛r❝❤ ❝♦sts ❤❛✈❡ t♦ ❢♦❧❧♦✇ ❛♥ ❡①♦❣❡♥♦✉s s❡❛r❝❤ ♦r❞❡r✳ ❯♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✱ s✉❝❤ ♠❛r❦❡ts
❡①❤✐❜✐t ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♣✉r❡ str❛t❡❣✐❡s ✐♥ ✇❤✐❝❤ ♣r✐❝❡s ❛r❡ str✐❝t❧② ❞❡❝❧✐♥✐♥❣ ✐♥ t❤❡ s❡❛r❝❤ ♦r❞❡r✱ ❛♥❞ ❛❝t✐✈❡
s❡❛r❝❤ ♦❝❝✉rs ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❇❡s✐❞❡s s♣❡❝✐✜❝ ♣❤②s✐❝❛❧ ❝♦♥str❛✐♥ts ✭❡✳❣✳✱ t❤❡ ❧✐♥❡✲✉♣ ♦❢ ✈❡♥❞♦rs ✐♥ ❛♥ ❖r✐❡♥t❛❧
❜❛③❛❛r✮✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤② ❝♦♥s✉♠❡rs s❤♦✉❧❞ ♥♦t ✉♣s❡t t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❜② ✈✐s✐t✐♥❣ t❤❡ ❧❛st ✜r♠ ✐♥ t❤❡ s❡❛r❝❤
♦r❞❡r ✜rst✳

✷



❛r❡❛s ✕ t❤❡ r✐❝❤ r❛r❡❧② ❧♦❝❛t❡ ❞♦♦r✲t♦✲❞♦♦r ✇✐t❤ t❤❡ ♣♦♦r✳✻ ■t ✐s t❤❡♥ ♥❛t✉r❛❧ t♦ t❤✐♥❦ t❤❛t t❤❡

♣♦♦r ✇✐❧❧ ❤❛✈❡ ❛ ❧♦✇❡r ♠❛①✐♠✉♠ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r ❝❡rt❛✐♥ ♣r♦❞✉❝ts✱ ❛♥❞ t❤❛t ✜r♠s ❧♦❝❛t❡❞

✐♥ ♣♦♦r ♥❡✐❣❤❜♦r❤♦♦❞s ✇✐❧❧ ❤❛✈❡ t♦ ♣✉t ❛ ❧♦✇❡r ♣r✐❝❡ t❛❣ ♦♥ t❤❡s❡ ♣r♦❞✉❝ts ✐❢ t❤❡② ✇❛♥t t♦ ❛✈♦✐❞

❡①❝❧✉❞✐♥❣ t❤❡✐r ❧♦❝❛❧ ♣♦♣✉❧❛t✐♦♥ ❢r♦♠ ❜✉②✐♥❣✳✼ ❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ s❡t✉♣ ♠❛② r❡✢❡❝t ❛ s✐t✉❛t✐♦♥

♦❢ ✏❝r♦ss✲❜♦r❞❡r s❤♦♣♣✐♥❣✑ t❤❛t ✐s ✐♥❞✉❝❡❞ ❜② ❞✐✛❡r❡♥❝❡s ✐♥ ✐♥❝♦♠❡ ♦r ❢❛✈♦r❛❜❧❡ ❡①❝❤❛♥❣❡ r❛t❡s✳

■♥ ❝♦♥t✐♥❡♥t❛❧ ❊✉r♦♣❡✱ ❝r♦ss✲❜♦r❞❡r s❤♦♣♣✐♥❣ ❤❛s ❛ ❧♦♥❣ ❤✐st♦r②✱ ❛♥❞ ✐s st✐❧❧ ♦❜s❡r✈❡❞ ❢r❡q✉❡♥t❧②

✭s❡❡ ❡✳❣✳ ✏❙✇✐ss ❙❤♦♣♣❡rs ❙t♦r♠ ●❡r♠❛♥ ❇♦r❞❡r ❚♦✇♥s✱✑ ❙♣✐❡❣❡❧ ❖♥❧✐♥❡✱ ✷✵✶✶✮✳✽

❆♥❛❧②③✐♥❣ t❤❡ ❞❡s❝r✐❜❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛✐♥ r❡s✉❧ts ❛r❡ s❤♦✇♥✳ ❋✐rst✱

✐❢ ❛ ❧❛r❣❡ ❢r❛❝t✐♦♥ ♦❢ ❝♦♥s✉♠❡rs ✐♥ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✐s ✢❡①✐❜❧❡✱ ♣❛r❛❞♦①✐❝❛❧❧② ♥♦ s❡❛r❝❤

♦❝❝✉rs ✐♥ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ r❡❣✉❧❛r ✜r♠ ✐♥ t❤❡ ❤✐❣❤✲

✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✜♥❞s ✐ts ❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs t♦♦ ✐♠♣♦rt❛♥t t♦ ❧♦s❡✱ ❛♥❞ ♦♣t✐♠❛❧❧② ❝❤❛r❣❡s

❛ s✉✣❝✐❡♥t❧② ❧♦✇ ♣r✐❝❡ t❤❛t ❞✐s❝♦✉r❛❣❡s t❤❡♠ ❢r♦♠ ❧❡❛✈✐♥❣✳

❙❡❝♦♥❞✱ ✐❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✐♥ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧

❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✐s ♥♦t t♦♦ ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ t❤❡ ❧♦✇✲✈❛❧✉❛t✐♦♥ ♦♥❡✱

t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ❢♦❧❧♦✇s t❤❡ ✐♥t✉✐t✐♦♥ ❢r♦♠ ❛❜♦✈❡✿ t❤❡ r❡❣✉❧❛r ✜r♠ ❝❤❛r❣❡s

t❤❡ ❤✐❣❤ ♠♦♥♦♣♦❧② ♣r✐❝❡✱ t❤❡ ❞✐s❝♦✉♥t❡r ❝❤❛r❣❡s t❤❡ ❧♦✇ ♦♥❡✱ ❛♥❞ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t✬s

✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs tr❛✈❡❧ t♦ t❤❡ ❧♦✇✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ❛♥❞ ♣✉r❝❤❛s❡ t❤❡r❡ ✇✐t❤ ❝❡rt❛✐♥t②✳ ❚❤❡

❞✐s❝♦✉♥t❡r ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ✐♥❝r❡❛s❡ ✐ts ♣r✐❝❡✱ ❛s t❤✐s ✇♦✉❧❞ ❞r✐✈❡ ♦✉t ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ✇✐t❤

❛ ❧♦✇❡r ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ r❡❣✉❧❛r ✜r♠ ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❞✐s❝♦✉r❛❣❡ ✐ts

❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✱ ❛s ✐t ✇♦✉❧❞ ❤❛✈❡ t♦ ❞❡❝r❡❛s❡ ✐ts ♣r✐❝❡ ❜② t♦♦ ♠✉❝❤✳

❚❤✐r❞✱ ✐❢ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ t❤❡ ❧♦✇✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✭❛♥❞ t❤❡

♣r♦♣♦rt✐♦♥ ♦❢ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✐♥ t❤❡ ❢♦r♠❡r ✐s ♥♦t t♦♦ ❤✐❣❤✮✱ t❤❡ ❞✐s❝♦✉♥t❡r ❢❛❝❡s ❛ ❝♦♠♠✐t♠❡♥t

♣r♦❜❧❡♠✳ ❲❤✐❧❡ t❤❡ ❞✐s❝♦✉♥t❡r ✇♦✉❧❞ ❧✐❦❡ t❤❡ ✢❡①✐❜❧❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs t♦ ❜❡❧✐❡✈❡ t❤❛t

✐t ❝❤❛r❣❡s ❛ ❧♦✇ ♣r✐❝❡ ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❞✉❝❡ s❡❛r❝❤✱ t❤❡ ❡①♣❡❝t❡❞ ✐♥❝♦♠✐♥❣ ♠❛ss ♦❢ ✢❡①✐❜❧❡ ❤✐❣❤✲

✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ✇♦✉❧❞ ❜❡ s♦ ❧❛r❣❡ t❤❛t t❤❡ ❞✐s❝♦✉♥t❡r ✇♦✉❧❞ ♣r❡❢❡r t♦ ♠❛①✐♠❛❧❧② ❡①♣❧♦✐t

t❤❡s❡ s❡❛r❝❤✐♥❣ ❝♦♥s✉♠❡rs ❜② ✭❛❧♠♦st✮ ❝❤❛r❣✐♥❣ t❤❡ ♣r✐❝❡ ♦❢ ✐ts r✐✈❛❧✱ ❞❡s♣✐t❡ ❞r✐✈✐♥❣ ♦✉t ✐ts

❧♦❝❛❧ ❝♦♥s✉♠❡rs✳ ❇✉t ❝❧❡❛r❧②✱ t❤✐s ❝❛♥♥♦t ❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛s t❤❡♥ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥

♠❛r❦❡t✬s ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✇♦✉❧❞ ❤❛✈❡ ♥♦ ✐♥❝❡♥t✐✈❡ t♦ s❡❛r❝❤ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✳

✻❙❡❡ ❡✳❣✳ ❇✐s❝❤♦✛ ❛♥❞ ❘❡❛r❞♦♥ ✭✷✵✶✸✮ ❛♥❞ ❋❧♦r✐❞❛ ❛♥❞ ▼❡❧❧❛♥❞❡r ✭✷✵✶✺✮ ❢♦r r❡❝❡♥t r❡♣♦rts ♦♥ ✐♥❝♦♠❡ s❡❣r❡✲
❣❛t✐♦♥ ✐♥ ♠❛❥♦r ❯✳❙✳ ♠❡tr♦♣♦❧✐t❛♥ ❛r❡❛s✳

✼❊✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ✐♥❝♦♠❡ ❞✐✛❡r❡♥❝❡s✱ t❤❡ ♣♦♣✉❧❛t✐♦♥✬s ❝♦♠♣♦s✐t✐♦♥ ♠❛② ✈❛r② ❝♦♥s✐❞❡r❛❜❧② ❛❝r♦ss r❡❣✐♦♥s✳
■♥ t✉r♥✱ ❞✐✛❡r❡♥❝❡s ✐♥ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r ❛♥ ✐❞❡♥t✐❝❛❧ ♣r♦❞✉❝t ♠❛② ♣r❡✈❛✐❧✳

✽❆ r❡❧❛t✐✈❡❧② r❡❝❡♥t s✉r✈❡② ♦❢ t❤❡ ✈❛st ❡❝♦♥♦♠✐❝ ❧✐t❡r❛t✉r❡ ♦♥ ❝r♦ss✲❜♦r❞❡r s❤♦♣♣✐♥❣ ✐s ❣✐✈❡♥ ❜② ▲❡❛❧ ❡t ❛❧✳
✭✷✵✶✵✮✳
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■t t✉r♥s ♦✉t t❤❛t t❤❡ ❞✐s❝♦✉♥t❡r✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ❝❛♥ ♦♥❧② ❜❡ r❡s♦❧✈❡❞ ❜② ♠✐①❡❞✲str❛t❡❣②

♣r✐❝✐♥❣ ✐♥ ✇❤✐❝❤ t❤❡ ✜r♠ s♦♠❡t✐♠❡s ♣r✐❝❡s ❛❜♦✈❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥✱ ❜✉t ❛❧s♦ s♦♠❡✲

t✐♠❡s ❞♦❡s ♥♦t s❡❧❧ ❛t ❛❧❧ ❜❡❝❛✉s❡ ✐t ✐s ♣r✐❝❡❞ ♦✉t ❜② ✐ts r✐✈❛❧✳ ❚❤❡ ❧❛tt❡r ♦❝❝✉rs ❜❡❝❛✉s❡ ✇✐t❤

♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ r❡❣✉❧❛r ✜r♠ ❡♥❣❛❣❡s ✐♥ ❛ s❛❧❡ t❤❛t ♠❛② ❜❡❛t t❤❡ ❞✐s❝♦✉♥t❡r✬s ♣r✐❝❡✱ ❛t

❧❡❛st ✐❢ t❤❡ ❧❛tt❡r tr✐❡s t♦ ❡①♣❧♦✐t t❤❡ ✐♥❝♦♠✐♥❣ s❡❛r❝❤❡rs ❜② ♣r✐❝✐♥❣ ❛❜♦✈❡ ✐ts ❧♦❝❛❧ ♠♦♥♦♣♦❧② ♣r✐❝❡✳

▼♦r❡♦✈❡r✱ ✐❢ t❤❡ ❞✐s❝♦✉♥t❡r✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s s❡✈❡r❡ ❡♥♦✉❣❤✱ ✐♥ t❤❡ ✉♥✐q✉❡ ❝♦rr❡s♣♦♥❞✐♥❣

❡q✉✐❧✐❜r✐✉♠ t❤❡ r❡❣✉❧❛r ✜r♠ s♦♠❡t✐♠❡s ❡♥❣❛❣❡s ✐♥ ❛ ❞❡❡♣ s❛❧❡✱ ✇❤✐❝❤ ❛❧t♦❣❡t❤❡r ❞✐s❝♦✉r❛❣❡s ✐ts

❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤ ✭t❤✉s ❢✉rt❤❡r r❡❞✉❝✐♥❣ t❤❡ ❞✐s❝♦✉♥t❡r✬s ✐♥❝❡♥t✐✈❡ t♦ ♣r✐❝❡

❛❜♦✈❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥✮✳

❋♦❧❧♦✇✐♥❣ ✉♣ ♦♥ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s✱ ✐t ✐s ✇♦rt❤✇❤✐❧❡ t♦ ♣♦✐♥t ♦✉t t❤❛t✱ t♦ t❤❡ ❜❡st ♦❢ ♠②

❦♥♦✇❧❡❞❣❡✱ ♠② ♠♦❞❡❧ ✐s t❤❡ ✜rst ✇❤✐❝❤ ❝❛♥ ❣❡♥❡r❛t❡ ❜♦t❤ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ ♣r✐❝❡ ❞✐s♣❡rs✐♦♥

✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ✐s s♣❛t✐❛❧✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❙❛❧♦♣ ❛♥❞ ❙t✐❣❧✐t③ ✭✶✾✼✼✮ ❛♥❞

❘❡✐♥❣❛♥✉♠ ✭✶✾✼✾✮✱ ❜❡❝❛✉s❡ t❤❡ ❞✐s❝♦✉♥t ✜r♠ ❝❤❛r❣❡s ♣r✐❝❡s t❤❛t ❛r❡ ♦♥ ❛✈❡r❛❣❡ ❧♦✇❡r t❤❛♥ t❤❡

r❡❣✉❧❛r ✜r♠✬s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ❞✐s❝♦✉♥t❡r ❢❛❝❡s ❛ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ t❤❡ ♣r✐❝❡

❞✐s♣❡rs✐♦♥ ✐s ❛❧s♦ t❡♠♣♦r❛❧✱ ✐♥ t❤❡ s❡♥s❡ ♦❢ ❡✳❣✳ ❙❤✐❧♦♥② ✭✶✾✼✼✮✱ ❱❛r✐❛♥ ✭✶✾✽✵✮ ❛♥❞ ❘♦s❡♥t❤❛❧

✭✶✾✽✵✮✱ ❜❡❝❛✉s❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❜♦t❤ ✜r♠s s❛♠♣❧❡ ♣r✐❝❡s ❢r♦♠ ♦✈❡r❧❛♣♣✐♥❣ s✉♣♣♦rts✳ ❍❡♥❝❡✱

❝♦♠♣❧❡① s❛❧❡s ♣❛tt❡r♥s ❛r✐s❡ ✐♥ ✇❤✐❝❤ t❤❡ r❡❣✉❧❛r ✜r♠ s♦♠❡t✐♠❡s ❡♥❣❛❣❡s ✐♥ ♣r♦♠♦t✐♦♥s ✇❤✐❝❤

❜❡❛t t❤❡ ❞✐s❝♦✉♥t❡r✬s ♣r✐❝❡✱ ♦r ❛❧t♦❣❡t❤❡r ❞✐s❝♦✉r❛❣❡ ✐ts ❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❤♦♣♣✐♥❣

❛r♦✉♥❞✳

❆❢t❡r ❞✐s❝✉ss✐♥❣ t❤❡ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❡q✉✐❧✐❜r✐❛ t❤❛t ❛r✐s❡ ✐♥ t❤❡ ♠♦❞❡❧✱ ■ t✉r♥ t♦ ❛ s♦❝✐❛❧✲

✇❡❧❢❛r❡ ❛♥❛❧②s✐s✳ ■ ✐❞❡♥t✐❢② t✇♦ ♣♦t❡♥t✐❛❧ s♦✉r❝❡s ♦❢ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ♠❛r❦❡t✿ ✇❛st❡❢✉❧ tr❛✈❡❧

❡①♣❡♥❞✐t✉r❡s ✉♥❞❡rt❛❦❡♥ ❜② s❡❛r❝❤✐♥❣ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✱ ❛♥❞ ❞❡❛❞✇❡✐❣❤t ❧♦ss ❝r❡❛t❡❞

❜② ❞r♦♣♦✉t ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✳ ❲❤✐❧❡ t❤❡ ❢♦r♠❡r ♦❝❝✉rs ✇❤❡♥❡✈❡r t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✢❡①✐✲

❜❧❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ✐s ♥♦t t♦♦ ❧❛r❣❡ ✭♦t❤❡r✇✐s❡✱ t❤❡ r❡❣✉❧❛r ✜r♠ ✜❣❤ts ❢♦r ✐ts ✢❡①✐❜❧❡

❝♦♥s✉♠❡rs ❛♥❞ t❤❡ s♦❝✐❛❧ ✜rst✲❜❡st ✐s ❛❝❤✐❡✈❡❞✮✱ t❤❡ ❧❛tt❡r ♦♥❧② ♦❝❝✉rs ✐❢ t❤❡ ❞✐s❝♦✉♥t❡r ❢❛❝❡s ❛

❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ✜r♠ ♣r✐❝❡s ❛❜♦✈❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ ✇✐t❤

♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ❧❛tt❡r ♣❤❡♥♦♠❡♥♦♥ ❛❧s♦ ❡♥❞♦❣❡♥✐③❡s ❛♥ ❡♠♣✐r✐❝❛❧ r❡❣✉❧❛r✐t② t❤❛t ❤❛s ✇✐❞❡❧② ❜❡❡♥ ❞♦❝✲

✉♠❡♥t❡❞✱ ♥❛♠❡❧② t❤❛t ♣♦♦r❡r ❝♦♥s✉♠❡r ❣r♦✉♣s t❡♥❞ t♦ ✜♥❞ ✐t ♠♦r❡ ❞✐✣❝✉❧t t♦ ❛❝❝❡ss ♣r♦❞✉❝t

♠❛r❦❡ts ✭s❡❡ ❡✳❣✳ ❙♦♠❡❦❤ ✭✷✵✶✷✱ ✷✵✶✺✮ ❛♥❞ t❤❡ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✳ ■♥ ♠② ♠♦❞❡❧✱ ■ ✜♥❞ t❤❛t✱ ✐❢

t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ✭❤✐❣❤✲✐♥❝♦♠❡✮ ♠❛r❦❡t ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡ ✐♥ s✐③❡✱ t❤❡ ✜r♠ ✐♥ t❤❡ ❧♦✇✲✈❛❧✉❛t✐♦♥

✭❧♦✇✲✐♥❝♦♠❡✮ ♠❛r❦❡t ♠❛② ❝♦♥s✐❞❡r ✐t ♦♣t✐♠❛❧ t♦ ✭♣r♦❜❛❜✐❧✐st✐❝❛❧❧②✮ ❡①❝❧✉❞❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs

✹



❢r♦♠ ♣✉r❝❤❛s✐♥❣✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❤✐❣❤❡r r❡♥ts ❝❛♥ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❧❡ss ♣r✐❝❡ s❡♥s✐t✐✈❡ ✭♦r ♠♦r❡

✇❡❛❧t❤②✮ s❤♦♣♣❡rs ❝♦♠✐♥❣ ❢r♦♠ ♦✉ts✐❞❡✳

❈♦♠♣❛r❛t✐✈❡ st❛t✐❝s ✇✐t❤ r❡s♣❡❝t t♦ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✭❛♥❞ ♦t❤❡r ❡q✉✐❧✐❜r✐✉♠ ♦❜❥❡❝ts ❧✐❦❡ t❤❡

✜r♠s✬ ♣r✐❝✐♥❣ str❛t❡❣✐❡s ❛♥❞ ♣r♦✜ts✮ ❛r❡ ♣r♦✈✐❞❡❞✳ ❖❢t❡♥✱ t❤❡ s✐❣♥ ♦❢ ♠❛r❣✐♥❛❧ ❡✛❡❝ts ❝❤❛♥❣❡s ❛❢t❡r

tr❛♥s✐t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐✉♠ r❡❣✐♦♥s✳ ▼♦r❡♦✈❡r✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ❝♦✉♥t❡r✈❛✐❧✐♥❣

❡✛❡❝ts ❛r❡ ❛t ♣❧❛② ✇❤✐❝❤ ♠❛② ❧❡❛❞ t♦ ♥♦♥✲♠♦♥♦t♦♥✐❝✐t✐❡s ✇✐t❤✐♥ ❡q✉✐❧✐❜r✐✉♠ r❡❣✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱

✐❢ t❤❡ ❞✐s❝♦✉♥t❡r ❢❛❝❡s ❛ ♠♦❞❡r❛t❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✢❡①✐❜❧❡

❝♦♥s✉♠❡rs ✐♥ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✉♥❛♠❜✐❣✉♦✉s❧② ✐♥❝r❡❛s❡s t❤❡ ❛❣❣r❡❣❛t❡ s❡❛r❝❤ ❢r✐❝t✐♦♥

t❤❛t ✐s ✐♥❝✉rr❡❞✱ ❜✉t ♠❛② ❛t t❤❡ s❛♠❡ t✐♠❡ ❞❡❝r❡❛s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❞✐s❝♦✉♥t❡r ♣r✐❝❡s

❛❜♦✈❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ r❡❞✉❝✐♥❣ ❡①♣❡❝t❡❞ ❞❡❛❞✇❡✐❣❤t ❧♦ss✳ ❲❤✐❝❤

❡✛❡❝t ❞♦♠✐♥❛t❡s ❞❡♣❡♥❞s ♦♥ t❤❡ ❡①❛❝t ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥✳

❋✐♥❛❧❧②✱ ✐♥ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ■ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ ✐♥✲

❢♦r♠❛t✐✈❡ ❛❞✈❡rt✐s✐♥❣ ♦♥ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ ❜❡❤❛✈✐♦r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ■ ✐♥✈❡st✐❣❛t❡ ✇❤❡t❤❡r t❤❡

❞✐s❝♦✉♥t❡r✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s ♠✐t✐❣❛t❡❞ ✐❢ ✐t ❝❛♥ ♣❡r❢❡❝t❧② ❛❞✈❡rt✐s❡ ✭❛♥❞ t❤❡r❡❜②✱ ❝♦♠♠✐t

t♦✮ ❛ ❞❡t❡r♠✐♥✐st✐❝ ♣r✐❝❡ ❛t s♠❛❧❧ ❜✉t ♣♦s✐t✐✈❡ ❛❞✈❡rt✐s✐♥❣ ❝♦st✳ ❙♦♠❡✇❤❛t s✉r♣r✐s✐♥❣❧②✱ ✐t t✉r♥s

♦✉t t❤❛t ❝♦st❧② ❛❞✈❡rt✐s✐♥❣ ♠❛② ♦❢t❡♥ ❝❛✉s❡ ♠♦r❡ ❤❛r♠ t❤❛♥ ❣♦♦❞✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥❞✐t✐♦♥s

❛r❡ ✐❞❡♥t✐✜❡❞ ✉♥❞❡r ✇❤✐❝❤ ✭✐✮ t❤❡ ❞✐s❝♦✉♥t❡r ❛❞✈❡rt✐s❡s ❛ ♣r✐❝❡ ❧♦✇❡r t❤❛♥ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬

✈❛❧✉❛t✐♦♥✱ t❤❡r❡❜② ❞✐s❝♦✉r❛❣✐♥❣ t❤❡ r❡❣✉❧❛r ✜r♠ ❢r♦♠ ♣r✐❝✐♥❣ ❛❣❣r❡ss✐✈❡❧② ❛♥❞ ✐♥❞✉❝✐♥❣ ✇❛st❡❢✉❧

s❡❛r❝❤ ❜❡❤❛✈✐♦r✱ ❛♥❞ ✭✐✐✮ t❤❡ ❞✐s❝♦✉♥t❡r ❛❞✈❡rt✐s❡s ❛ ♣r✐❝❡ ❤✐❣❤❡r t❤❛♥ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✲

✉❛t✐♦♥✱ ❧❡❛❞✐♥❣ ❛❧❧ ♦❢ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs t♦ ❞r♦♣ ♦✉t ♦❢ t❤❡ ♠❛r❦❡t ❞❡t❡r♠✐♥✐st✐❝❛❧❧②✳ ❚❤❡ ♦♥❧②

❝❛s❡ ✇❤❡r❡ ✐♥❢♦r♠❛t✐✈❡ ❛❞✈❡rt✐s✐♥❣ ❛♥❞ ♣r✐❝❡✲❝♦♠♠✐t♠❡♥t ❜② t❤❡ ❞✐s❝♦✉♥t❡r ✐s ♣r✐✈❛t❡❧② ♦♣t✐♠❛❧

❛♥❞ ♠❛② ❡♥❤❛♥❝❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ✐❢ t❤❡ ✜r♠ ❢❛❝❡s ❛ s❡✈❡r❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ ❜✉t ✜♥❞s ✐t

♦♣t✐♠❛❧ t♦ ♣r✐❝❡✲❛❞✈❡rt✐s❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ✜r♠ ❢❛❝❡s

❛ ♠♦❞❡r❛t❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ ✐t ♥❡✈❡r ✜♥❞s ✐t ♦♣t✐♠❛❧ t♦ ❡♥❣❛❣❡ ✐♥ ❝♦st❧② ❛❞✈❡rt✐s✐♥❣✱ ❜✉t

t❤✐s ✇♦✉❧❞ ❜❡ ✇❡❧❢❛r❡✲✐♠♣r♦✈✐♥❣ ✐♥ t❤♦s❡ ❝❛s❡s ✇❤❡r❡ t❤❡ ✜r♠✬s ❛❞✈❡rt✐s✐♥❣ ❝♦st ✐s ♥♦t t♦♦ ❤✐❣❤✳

❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ❛rt✐❝❧❡ ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♣❛r❛❣r❛♣❤ ❜❡❧♦✇ ❞✐s❝✉ss❡s r❡❧❛t❡❞

❧✐t❡r❛t✉r❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧✳ ■♥ ❙❡❝t✐♦♥ ✷✱ t❤❡ ♠♦❞❡❧ s❡t✉♣ ✐s ✐♥tr♦❞✉❝❡❞✳ ❚❤❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ ♦❢

t❤❡ ❜❛s❡❧✐♥❡ ❣❛♠❡ ❛r❡ ❛♥❛❧②③❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❙❡❝t✐♦♥ ✹ ✐s ❝♦♥❝❡r♥❡❞ ✇✐t❤ s♦❝✐❛❧ ✇❡❧❢❛r❡✳ ❈♦♠♣❛r✲

❛t✐✈❡ st❛t✐❝s ✇✐t❤ r❡s♣❡❝t t♦ s❡✈❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♦❜❥❡❝ts ❛r❡ ♣r♦✈✐❞❡❞ ✐♥ ❙❡❝t✐♦♥ ✺✳ ❆♥ ❡①t❡♥s✐♦♥

t♦ ❝♦st❧② ❛❞✈❡rt✐s✐♥❣ ❛♥❞ ♣r✐❝❡✲❝♦♠♠✐t♠❡♥t ✐s ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✻✳ ❙❡❝t✐♦♥ ✼ ❞❡♠♦♥str❛t❡s

t❤❛t t❤❡ ♣r✐♥❝✐♣❛❧ ♠❡❝❤❛♥✐s♠ ✇❤✐❝❤ ❧❡❛❞s t♦ s❡❛r❝❤ ❛♥❞ ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ❛❧s♦ ❡①t❡♥❞s t♦ t❤❡ ❝❛s❡

♦❢ s✉♣♣❧②✲s✐❞❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s✳ ❙❡❝t✐♦♥ ✽ ❝♦♥❝❧✉❞❡s ❛♥❞ ♣♦✐♥ts ♦✉t s♦♠❡ ♣♦t❡♥t✐❛❧ ❞✐r❡❝t✐♦♥s ❢♦r

❢✉t✉r❡ r❡s❡❛r❝❤✳ ❚❡❝❤♥✐❝❛❧ ♣r♦♦❢s✱ ♠♦st❧② r❡❧❛t❡❞ t♦ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐③❡❞ ❡q✉✐❧✐❜r✐❛✱ ❛r❡

r❡❧❡❣❛t❡❞ t♦ ❆♣♣❡♥❞✐① ❆✳ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❇ ❡st❛❜❧✐s❤❡s ✉♥✐q✉❡♥❡ss ♦❢ t❤❡s❡ ❡q✉✐❧✐❜r✐❛✳

✺



❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡

❚❤✐s ❛rt✐❝❧❡ ❝❧♦s❡❧② r❡❧❛t❡s t♦ r❡s❡❛r❝❤ ♦♥ ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ❛♥❞ ❝♦♥s✉♠❡r s❡❛r❝❤ ✉♥❞❡r ❛s②♠♠❡tr✐❝

♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s✳ ❆♥ ✐♠♣♦rt❛♥t ❡❛r❧② ❝♦♥tr✐❜✉t✐♦♥ ✇❛s ❣✐✈❡♥ ❜② ◆❛r❛s✐♠❤❛♥ ✭✶✾✽✽✮✱ ✇❤♦

❡①t❡♥❞s ❱❛r✐❛♥✬s ✭✶✾✽✵✮ ❝❧❛ss✐❝ ♠♦❞❡❧ ♦❢ s❛❧❡s ✭✇❤❡r❡ ✜r♠s ❤❛✈❡ s②♠♠❡tr✐❝ ❧♦②❛❧ ❝♦♥s✉♠❡r ❜❛s❡s✱

❛♥❞ ❝♦♠♣❡t❡ ✐♥ ♣r✐❝❡s ❢♦r ❛ ♣❡r❢❡❝t❧② ♣r✐❝❡✲s❡♥s✐t✐✈❡ ♠❛ss ♦❢ ✏s❤♦♣♣❡rs✑✮ t♦ t❤❡ ❝❛s❡ ♦❢ ❛s②♠♠❡tr✐❝

s❤❛r❡s ♦❢ ❧♦②❛❧ ❝♦♥s✉♠❡rs ❛❝r♦ss ✭❞✉♦♣♦❧✐st✐❝✮ ✜r♠s✳ ❍♦✇❡✈❡r✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ♣r❡s❡♥t ✇♦r❦✱

✭s❡q✉❡♥t✐❛❧✮ s❡❛r❝❤ ✐s r✉❧❡❞ ♦✉t✱ ❛s ❝♦♥s✉♠❡rs ❛r❡ ❡✐t❤❡r ♣❡r❢❡❝t❧② ✐♥❢♦r♠❡❞ ❛❜♦✉t ❛❧❧ ♣r✐❝❡s✱ ♦r

❛r❡ ❢✉❧❧② ❝❛♣t✐✈❡ t♦ t❤❡✐r ♣r❡❢❡rr❡❞ ✜r♠✳ ❚❤❡ r❛t✐♦♥❛❧❡ ❢♦r ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ t❤✉s ❞✐✛❡rs ❣r❡❛t❧②

❢r♦♠ t❤❡ s❤♦✇❝❛s❡❞ ♠♦❞❡❧✳✾

▼♦r❡ s✐♠✐❧❛r ✐♥ s♣✐r✐t ✐s ❛ r❡❝❡♥t ♣❛♣❡r ❜② ❆st♦r♥❡✲❋✐❣❛r✐ ❛♥❞ ❨❛♥❦❡❧❡✈✐❝❤ ✭✷✵✶✹✮✱ ✇❤♦ ❝♦♥✲

s✐❞❡r ❛ s❡t✉♣ ✐♥ ✇❤✐❝❤ ❞✉♦♣♦❧✐st✐❝ ❝♦♠♣❡t✐t♦rs ❞✐✛❡r ✐♥ t❤❡✐r ♥✉♠❜❡r ♦❢ ❧♦❝❛❧ ✭❝❛♣t✐✈❡✮ ❝♦♥✲

s✉♠❡rs✳✶✵ ❆s ✐♥ ♠② ♠♦❞❡❧✱ t❤❡s❡ ❝♦♥s✉♠❡rs ❞♦ ♥♦t ❞✐r❡❝t❧② ♦❜s❡r✈❡ t❤❡ ♣r✐❝❡ ♦❢ t❤❡ ♦✉ts✐❞❡

✜r♠✱ ❜✉t ♠❛② ♦❜t❛✐♥ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❛t ♣♦s✐t✐✈❡ ❝♦st✳ ❚❤❡ ❛✉t❤♦rs s❤♦✇ t❤❛t ✐♥ t❤❡ ✉♥✐q✉❡

❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐s ❣❛♠❡✱ ❜♦t❤ ✜r♠s ♣❧❛② ♠✐①❡❞ str❛t❡❣✐❡s✱ ❜✉t t❤❡ ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✜r♠

✇✐t❤ t❤❡ ❧❛r❣❡r ♠❛ss ♦❢ ❧♦❝❛❧ ❝♦♥s✉♠❡rs ✜rst✲♦r❞❡r st♦❝❤❛st✐❝❛❧❧② ❞♦♠✐♥❛t❡s t❤❡ ♦♥❡ ♦❢ ✐ts r✐✈❛❧✳

❚❤❡ ♠❛❥♦r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡✐r ♠♦❞❡❧ ❛♥❞ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s t❤❛t ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ✐s ❞r✐✈❡♥

❜② ❛♥ ❛t♦♠ ♦❢ s❤♦♣♣❡rs✱ r❛t❤❡r t❤❛♥ ❜② ❧♦❝❛❧ ♠❛r❦❡t ❞✐✛❡r❡♥❝❡s✳ Pr♦♣❡r s❡❛r❝❤ ❞♦❡s ♥♦t ♦❝❝✉r

✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ ❡❧✐♠✐♥❛t✐♥❣ t❤❡ ❛t♦♠ ♦❢ s❤♦♣♣❡rs ❧❡❛❞s t♦ t❤❡ ❉✐❛♠♦♥❞ r❡s✉❧t✳ ▼♦r❡♦✈❡r✱

t❤❡ ✜r♠ ✇✐t❤ ❧♦✇❡r ❛✈❡r❛❣❡ ♣r✐❝❡s ❝❛♥♥♦t ❢❛❝❡ ❛ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ ❛s ♥♦♥✲❧♦❝❛❧ ❝♦♥s✉♠❡rs

✇✐t❤ ♣♦s✐t✐✈❡ s❡❛r❝❤ ❝♦st ♥❡✈❡r ✈✐s✐t ✐t✳

❖t❤❡r r❡❧❛t❡❞ ♣❛♣❡rs t❤❛t ❡①♣❧✐❝✐t❧② ❛❝❝♦✉♥t ❢♦r ♠❛r❦❡t ❛s②♠♠❡tr✐❡s ✐♥ ❛ s❡❛r❝❤ ❢r❛♠❡✇♦r❦

❛r❡ ❣✐✈❡♥ ❜② ❇✉r❞❡tt ❛♥❞ ❙♠✐t❤ ✭✷✵✶✵✮ ❛♥❞ ❑✉♥✐❛✈s❦② ✭✷✵✶✹✮✳ ■♥ ❇✉r❞❡tt ❛♥❞ ❙♠✐t❤ ✭✷✵✶✵✮✱

♦♥❡ ❞♦♠✐♥❛♥t ✜r♠ ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ r❡t❛✐❧ ♦✉t❧❡ts ❝♦♠♣❡t❡s ✇✐t❤ ❛ ❢r✐♥❣❡ ♠❛ss ♦❢ ❛t♦♠✐st✐❝

s❡❧❧❡rs✱ ❛♥❞ ❝♦♥s✉♠❡rs ❡♠♣❧♦② ❛ ♥♦✐s② s❡❛r❝❤ t❡❝❤♥♦❧♦❣② ✐♥ t❤❡ s♣✐r✐t ♦❢ ❇✉r❞❡tt ❛♥❞ ❏✉❞❞

✭✶✾✽✸✮✳ ❑✉♥✐❛✈s❦② ✭✷✵✶✹✮ ❡①t❡♥❞s t❤❡ st❛♥❞❛r❞ s❡q✉❡♥t✐❛❧ s❡❛r❝❤ ♠♦❞❡❧ ♦❢ ❙t❛❤❧ ✭✶✾✽✾✮ t♦ ❛❧❧♦✇

❢♦r ❤❡t❡r♦❣❡♥❡♦✉s❧② s✐③❡❞ s❡❧❧❡rs ✭✇❤❡r❡ s❡❧❧❡rs ✇✐t❤ ♠♦r❡ ♦✉t❧❡ts ❤❛✈❡ ❛ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t② ♦❢

❜❡✐♥❣ s❛♠♣❧❡❞ ✜rst✮✳ ■♥ ❜♦t❤ ♦❢ t❤❡s❡ ♣❛♣❡rs✱ ♣r✐❝❡ ❞✐s♣❡rs✐♦♥ ✐s ❞r✐✈❡♥ ❜② ❞✐✛❡r❡♥t ❢♦r❝❡s t❤❛♥

✐♥ t❤❡ ♣r❡s❡♥t ♠♦❞❡❧✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❞✐r❡❝t❡❞ s❡❛r❝❤ t♦ ❛ ♣❡r❝❡✐✈❡❞ ❞✐s❝♦✉♥t st♦r❡✱ ✇❤✐❝❤ t❡♥❞s

t♦ ♦✛❡r ❧♦✇❡r ♣r✐❝❡s ❞✉❡ t♦ ❧♦❝❛❧ ♠❛r❦❡t ❝❤❛r❛❝t❡r✐st✐❝s✱ ❞♦❡s ♥♦t ♦❝❝✉r✳

✾❆♥ ✐♥t❡r❡st✐♥❣ ❢♦❧❧♦✇✲✉♣ ♣❛♣❡r ❜② ❉❡♥❡❝❦❡r❡ ❡t ❛❧✳ ✭✶✾✾✷✮ ❝♦♥tr❛sts t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ ◆❛r❛s✐♠❤❛♥ ✭✶✾✽✽✮
✇✐t❤ t❤❡ ❝❛s❡ ♦❢ ❡①♦❣❡♥♦✉s ❛♥❞ ❡♥❞♦❣❡♥♦✉s ♣r✐❝❡✲❧❡❛❞❡rs❤✐♣ ❜② ♦♥❡ ♦❢ t❤❡ ✜r♠s ✐♥ t❤❡ ♠♦❞❡❧✳ ❙♦♠❡ ♦❢ t❤❡✐r r❡s✉❧ts
✉♥❞❡r ♣r✐❝❡✲❧❡❛❞❡rs❤✐♣ r❡s❡♠❜❧❡ t❤♦s❡ ♦❢ t❤❡ ♣r❡s❡♥t ♣❛♣❡r✬s s❡❝t✐♦♥ ♦♥ ✐♥❢♦r♠❛t✐✈❡ ❛❞✈❡rt✐s✐♥❣✳

✶✵❙❡❡ ❛❧s♦ ❆st♦r♥❡✲❋✐❣❛r✐ ❛♥❞ ❨❛♥❦❡❧❡✈✐❝❤ ✭✷✵✶✶✮ ❢♦r ❛ ♠♦r❡ ❞❡t❛✐❧❡❞✱ ❡❛r❧✐❡r ✇♦r❦✐♥❣ ♣❛♣❡r ✈❡rs✐♦♥✳

✻



❙✐♥❝❡ ❛❧❧ ❝♦♥s✉♠❡rs ✐♥ ♠② ♠♦❞❡❧ ❢❛❝❡ ♣♦s✐t✐✈❡ s❡❛r❝❤ ❝♦sts✱ ②❡t ♣r✐❝❡s ❛r❡ ❞✐s♣❡rs❡❞ ✐♥ ❡q✉✐❧✐❜✲

r✐✉♠✱ t❤❡ ♣❛♣❡r ❛❧s♦ r❡❧❛t❡s t♦ ❛ s♠❛❧❧ ❧✐t❡r❛t✉r❡ ♦♥ r❡s♦❧✈✐♥❣ t❤❡ ❉✐❛♠♦♥❞ ♣❛r❛❞♦① ✉♥❞❡r str✐❝t❧②

♣♦s✐t✐✈❡ s❡❛r❝❤ ❝♦sts✳ ❊①❛♠♣❧❡s ✐♥❝❧✉❞❡ ❇❛❣✇❡❧❧ ❛♥❞ ❘❛♠❡② ✭✶✾✾✷✮✱ ✇❤♦ r❡s♦❧✈❡ t❤❡ ♣❛r❛❞♦① ❜②

❝♦♥s✉♠❡rs ♠❛❦✐♥❣ r❡♣❡❛t ♣✉r❝❤❛s❡s✱ ❛♥❞ ❘❤♦❞❡s ✭✷✵✶✹✮✱ ✇❤♦ ❛✈♦✐❞s t❤❡ ♣r♦❜❧❡♠ ❜② ❝♦♥s✐❞❡r✐♥❣

♠✉❧t✐✲♣r♦❞✉❝t r❡t❛✐❧❡rs✳

❚❤❡ ♠♦❞❡❧ ❡①t❡♥s✐♦♥ t♦ ✐♥❢♦r♠❛t✐✈❡ ❛❞✈❡rt✐s✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✻ ✐s ❝♦♥♥❡❝t❡❞ t♦ ❛ ❣r♦✇✐♥❣ ❧✐t❡r✲

❛t✉r❡ ♦♥ t❤❡ ✐♥t❡r♣❧❛② ♦❢ ❝♦♥s✉♠❡r s❡❛r❝❤ ❛♥❞ ❛❞✈❡rt✐s✐♥❣✱ ❡✳❣✳ ❛s ❣✐✈❡♥ ❜② ❘♦❜❡rt ❛♥❞ ❙t❛❤❧

✭✶✾✾✸✮✱ ❏❛♥ss❡♥ ❛♥❞ ◆♦♥ ✭✷✵✵✽✮✱ ❛♥❞ ❏❛♥ss❡♥ ❛♥❞ ◆♦♥ ✭✷✵✵✾✮✳✶✶ ▼♦st ❝❧♦s❡❧② r❡❧❛t❡❞ ✐s t❤❡ ✇♦r❦

❜② ❇❡st❡r ❛♥❞ P❡tr❛❦✐s ✭✶✾✾✺✮✱ ✇❤♦ ❛♥❛❧②③❡ ❝♦st❧② ❛❞✈❡rt✐s✐♥❣ ❜② ❧♦❝❛❧❧② s❡♣❛r❛t❡❞ ❞✉♦♣♦❧✐sts✳

❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡✐r ♣❡r❢❡❝t❧② s②♠♠❡tr✐❝ ❝♦♥✜❣✉r❛t✐♦♥ ✇✐t❤ ✐❞❡♥t✐❝❛❧ ❧♦❝❛❧ ❝♦♥s✉♠❡r ♣♦♣✉❧❛✲

t✐♦♥s ❛♥❞ ♠❛r❦❡t s✐③❡s✱ ❛❞✈❡rt✐s✐♥❣ ✐s ♥❡✈❡r ✉♥❞❡rt❛❦❡♥ t♦ r❡s♦❧✈❡ ❛ ✜r♠✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠

♦❢ ❝❤❛r❣✐♥❣ ❧♦✇ ♣r✐❝❡s✳✶✷

❋✐♥❛❧❧②✱ ❛♥ ♦❧❞❡r str❛♥❞ ♦❢ ❧✐t❡r❛t✉r❡ ❝♦♠❜✐♥❡s ❧♦❝❛t✐♦♥ ♠♦❞❡❧s ✐♥ t❤❡ s♣✐r✐t ♦❢ ❍♦t❡❧❧✐♥❣ ✭✶✾✷✾✮

✇✐t❤ ✐♠♣❡r❢❡❝t❧② ✐♥❢♦r♠❡❞ ❝♦♥s✉♠❡rs ✭s❡❡✱ ❡✳❣✱ ●❛❜s③❡✇✐❝③ ❛♥❞ ●❛r❡❧❧❛ ✭✶✾✽✻✱ ✶✾✽✼✮✮✳ ❋r♦♠

t♦❞❛②✬s ♣❡rs♣❡❝t✐✈❡✱ t❤❡ s❡❛r❝❤ t❡❝❤♥♦❧♦❣② ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❝❡♣ts ✉s❡❞ ✐♥ t❤❡s❡ ♠♦❞❡❧s ❛r❡

♥♦♥✲st❛♥❞❛r❞ ✭❡✳❣✳✱ ❝♦♥s✉♠❡rs ✐♥✐t✐❛❧❧② ❦♥♦✇ t❤❡ ❛✈❡r❛❣❡ ♣r✐❝❡ ✐♥ t❤❡ ♠❛r❦❡t✱ ✇❤✐❧❡ t❤❡✐r ❜❡❧✐❡❢s

❛❜♦✉t ✉♥♦❜s❡r✈❡❞ ♣r✐❝❡s ♥❡❡❞ ♥♦t ❜❡ ❝♦rr❡❝t ✐♥ ❡q✉✐❧✐❜r✐✉♠✮✱ ❛♥❞ ❛♥ ✐♠♣♦rt❛♥t ❢♦❝✉s ❧✐❡s ♦♥

❡st❛❜❧✐s❤✐♥❣ ❝♦♥❞✐t✐♦♥s ❢♦r ❡q✉✐❧✐❜r✐✉♠ ❡①✐st❡♥❝❡ ✐♥ ♣✉r❡ ♣r✐❝✐♥❣✲str❛t❡❣✐❡s✳ ❚❤❡ ♠❛✐♥ ♠❡❝❤❛♥✐s♠

❢♦r s❡❛r❝❤ t❤❛t ✐s ♣♦rtr❛②❡❞ ✐♥ t❤✐s ♣❛♣❡r✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧♦❝❛❧ ♠❛r❦❡t ❤❡t❡r♦❣❡♥❡✐t✐❡s✱ ✐s ♥♦t

❡①♣❧✐❝✐t❧② ❝♦♥s✐❞❡r❡❞✳

✷ ▼♦❞❡❧ ❙❡t✉♣

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛r❦❡t✳ ❚❤❡r❡ ❛r❡ t✇♦ s♣❛t✐❛❧❧② s❡♣❛r❛t❡❞ ❧♦❝❛❧ s✉❜♠❛r❦❡ts H ✭✏❤✐❣❤

✈❛❧✉❛t✐♦♥✑✮ ❛♥❞ L ✭✏❧♦✇ ✈❛❧✉❛t✐♦♥✑✮ t❤❛t ❤♦st ♦♥❡ r✐s❦✲♥❡✉tr❛❧ ✜r♠ ❡❛❝❤✱ ❧❛❜❡❧❡❞ ❛♥❞ ✐♥❞❡①❡❞ ❜②

t❤❡✐r ❧♦❝❛t✐♦♥s✳ ❚❤❡ ✜r♠s ❝♦♠♣❡t❡ ✐♥ ♣r✐❝❡s pH ✱ pL ❛♥❞ s❡❧❧ ❛ s✐♥❣❧❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❞✉❝t t❤❛t

✐s ♦✛❡r❡❞ ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡ ♠❛r❦❡t ♦♥❧②✳ ❚❤❡ ✜r♠s✬ ✐❞❡♥t✐❝❛❧✱ ❝♦♥st❛♥t ✉♥✐t ❝♦sts ❛r❡ ♥♦r♠❛❧✐③❡❞

t♦ ③❡r♦✳

❆ t♦t❛❧ ♠❛ss α ∈ (0, 1) ♦❢ ❝♦♥s✉♠❡rs ❧✐✈❡ ✐♥ H✱ ✇❤❡r❡❛s t❤❡ r❡♠❛✐♥✐♥❣ ♠❛ss 1− α ❧✐✈❡ ✐♥ L✳

❚❤❡ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ♣r♦❞✉❝t ❛r❡ ✐❞❡♥t✐❝❛❧ ✇✐t❤✐♥ t❤❡ ❧♦❝❛❧ ♠❛r❦❡ts✳

✶✶❙❡❡ ❛❧s♦ ❇✉tt❡rs ✭✶✾✼✼✮ ❢♦r ❛ s❡♠✐♥❛❧ ❝♦♥tr✐❜✉t✐♦♥ ♦♥ ✐♥❢♦r♠❛t✐✈❡ ❛❞✈❡rt✐s✐♥❣✱ ❛❧❜❡✐t ✇✐t❤♦✉t ❛❧❧♦✇✐♥❣ ❢♦r
✭❛❝t✐✈❡✮ ❝♦♥s✉♠❡r s❡❛r❝❤✳

✶✷❯♥❞❡r ❞✐✛❡r❡♥t s❡t✉♣s✱ t❤❡ r♦❧❡ ♦❢ ❛❞✈❡rt✐s✐♥❣ ❛s ❝♦♠♠✐t♠❡♥t ❞❡✈✐❝❡ t♦ r❡s♦❧✈❡ t❤❡ ❉✐❛♠♦♥❞ ♣❛r❛❞♦① ❤❛s
❜❡❡♥ ❛♥❛❧②③❡❞✳ ❆ ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✭✷✵✵✻✮✳

✼



❚❤❛t ✐s✱ ❛❧❧ ❝♦♥s✉♠❡rs t❤❛t ❧✐✈❡ ✐♥ H ❤❛✈❡ ✉♥✐t ❞❡♠❛♥❞ ✉♣ t♦ ❛ ♠❛①✐♠✉♠ ✈❛❧✉❛t✐♦♥ ♦❢ vH ✱

✇❤❡r❡❛s ❛❧❧ ❝♦♥s✉♠❡rs t❤❛t ❧✐✈❡ ✐♥ L ❤❛✈❡ ✉♥✐t ❞❡♠❛♥❞ ✉♣ t♦ ❛ ❧♦✇❡r ♠❛①✐♠✉♠ ✈❛❧✉❛t✐♦♥ ♦❢

vL < vH ✳

■♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ ❡❛❝❤ ❝♦♥s✉♠❡r ♦♥❧② ♦❜s❡r✈❡s t❤❡ ♣r✐❝❡ ♣♦st❡❞ ❜② t❤❡ ✜r♠ ✐♥ ❤❡r

❤♦♠❡ ♠❛r❦❡t✳ ❍♦✇❡✈❡r✱ s♦♠❡ ❝♦♥s✉♠❡rs ❛r❡ ✢❡①✐❜❧❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ❝❛♥ tr❛✈❡❧ t♦ t❤❡

♦t❤❡r ♠❛r❦❡t ❛t ♣♦s✐t✐✈❡ ❝♦st✱ ♣✉r❝❤❛s✐♥❣ t❤❡r❡ ✐❢ t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡ ✐s ❧♦✇❡r✳ ❋♦r ❡①♣♦s✐t✐♦♥❛❧

s✐♠♣❧✐❝✐t②✱ ❛ss✉♠❡ t❤❛t t❤❡ L✲♠❛r❦❡t ❝♦♥s✉♠❡rs ❛r❡ ❢✉❧❧② ❝❛♣t✐✈❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡② ✇✐❧❧

♥❡✈❡r ✈✐s✐t H✳✶✸ ●✐✈❡♥ pL✱ t❤❡② ❡✐t❤❡r ❜✉② ❞✐r❡❝t❧② ✭✐❢ pL ≤ vL✮✱ ♦r ♥♦t ❛t ❛❧❧✳ ■♥ ❝♦♥tr❛st✱ s♦♠❡

❝♦♥s✉♠❡rs ✐♥ H ❤❛✈❡ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ s❡❛r❝❤✳ ❇❡✐♥❣ ❤❡t❡r♦❣❡♥❡♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r s❡❛r❝❤

❜❡❤❛✈✐♦r✱ ❛ ❢r❛❝t✐♦♥ 1− β ♦❢ H✲❝♦♥s✉♠❡rs ✐s ❝❛♣t✐✈❡ ❛s ✇❡❧❧✳ ●✐✈❡♥ pH ✱ t❤❡② ❡✐t❤❡r ❜✉② ❞✐r❡❝t❧②

✭✐❢ pH ≤ vH✮✱ ♦r ♥♦t ❛t ❛❧❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❢r❛❝t✐♦♥ β ♦❢ H✲❝♦♥s✉♠❡rs ❛r❡ ✭♣♦t❡♥t✐❛❧✮

s❡❛r❝❤❡rs✿ ❛t ❛ tr❛✈❡❧ ❝♦st s ∈ (0, vH − vL)✱
✶✹ t❤❡② ❝❛♥ ✈✐s✐t ♠❛r❦❡t L ❛♥❞ r❡t✉r♥✱ ♣✉r❝❤❛s✐♥❣

♦♥ t❤❡ ✇❛② ✐❢ t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡ ✐s ❧♦✇❡r✳ ■♥ ❛❧❧ ♦❢ ✇❤❛t ❢♦❧❧♦✇s✱ ■ ✇✐❧❧ r❡❢❡r t♦ t❤❡s❡ ♣♦t❡♥t✐❛❧❧②

s❡❛r❝❤✐♥❣ ❝♦♥s✉♠❡rs ❛s ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ♠♦❞❡❧✱ s❡❛r❝❤✐♥❣ ❝♦♥s✉♠❡rs ❤❛✈❡

t♦ r❡t✉r♥ t♦ t❤❡✐r ❤♦♠❡ ♠❛r❦❡t ❛❢t❡r ♦❜s❡r✈✐♥❣ t❤❡ ♦t❤❡r ✜r♠✬s ♣r✐❝❡✳ ❲❤✐❧❡ ✐♥t✉✐t✐✈❡✱ t❤✐s s❡t✉♣

✐s ❛❧s♦ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✉s✉❛❧ ❛ss✉♠♣t✐♦♥ ♦❢ ❢r❡❡ r❡❝❛❧❧ ✐♥ s❡❛r❝❤ ♠♦❞❡❧s✳

❋♦r t❤❡ ❢♦r♠❛❧ ❛♥❛❧②s✐s✱ ✐t ✐s ♠♦r❡♦✈❡r ♥❡❝❡ss❛r② t♦ s♣❡❝✐❢② t❤❡ ❢♦❧❧♦✇✐♥❣ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡s✿

✭✐✮ ✐❢ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ♦❜s❡r✈❡ ❛ ♣r✐❝❡ pH t❤❛t ❦❡❡♣s t❤❡♠ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ✈✐s✐t✐♥❣ L✱ ♦r

❜✉②✐♥❣ ❞✐r❡❝t❧② ✭❣✐✈❡♥ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t L✬s ♣r✐❝✐♥❣✮✱ t❤❡② ✇✐❧❧ ❜✉② ❞✐r❡❝t❧② ❛t H ✭✐✐✮ ✐❢ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡rs ✇❤♦ ✐♥❞❡❡❞ s❡❛r❝❤ ♦❜s❡r✈❡ ❛ ♣r✐❝❡ pL t❤❛t ✐s ❡q✉❛❧ t♦ pH ✱ t❤❡② ❜✉② ♦♥ t❤❡ ✇❛② ❛t

L✳

❚❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ❣❛♠❡ ✐s ❛s ❢♦❧❧♦✇s✳ ❋✐rst✱ ✜r♠s H ❛♥❞ L s✐♠✉❧t❛♥❡♦✉s❧② ❝❤♦♦s❡ t❤❡✐r

♣r✐❝❡s pH ❛♥❞ pL ✇❤✐❝❤ ❛r❡ t❤❡♥ ✜①❡❞ ❢♦r t❤❡ r❡st ♦❢ t❤❡ ❣❛♠❡✳ ❙❡❝♦♥❞✱ ❡❛❝❤ ❝♦♥s✉♠❡r ♦❜s❡r✈❡s

❤❡r ❤♦♠❡ ♠❛r❦❡t✬s ♣r✐❝❡✱ ❛♥❞ ❛❧❧ ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs ❜✉② ✐♠♠❡❞✐❛t❡❧② ❛s ❧♦♥❣ ❛s t❤❡ ♦❜s❡r✈❡❞

♣r✐❝❡ ❞♦❡s ♥♦t ❡①❝❡❡❞ t❤❡✐r ✈❛❧✉❛t✐♦♥✳ ❚❤✐r❞✱ t❤❡ ♠❛ss αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ♦❜s❡r✈❡ pH ❛♥❞

❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ✈✐s✐t L ♦r ♥♦t✱ ❣✐✈❡♥ t❤❡✐r ❜❡❧✐❡❢s ❛♥❞ tr❛✈❡❧ ❝♦st s✳ ■❢ ♥♦t✱ t❤❡② ♣✉r❝❤❛s❡ ❛t H✱

♣r♦✈✐❞❡❞ t❤❛t pH ≤ vH ✳ ■❢ t❤❡② ✈✐s✐t t❤❡ L✲♠❛r❦❡t✱ t❤❡② ✐♥❝✉r t❤❡ tr❛✈❡❧ ❝♦st s✱ ♦❜s❡r✈❡ L✬s ♣r✐❝❡✱

❛♥❞ ♦♣t✐♠❛❧❧② ❜✉② ❛t t❤❡ ❝❤❡❛♣❡r ✜r♠ ✭❣✐✈❡♥ t❤❛t ✐ts ♣r✐❝❡ ❞♦❡s ♥♦t ❡①❝❡❡❞ t❤❡✐r ✈❛❧✉❛t✐♦♥✮✳

✶✸❚❤✐s ❛ss✉♠♣t✐♦♥ ❞♦❡s ♥♦t ❛✛❡❝t ❛♥② ♦❢ t❤❡ r❡s✉❧ts ❛♥❞ ✐s ♦♥❧② ♠❛❞❡ t♦ str❡❛♠❧✐♥❡ t❤❡ ♠♦❞❡❧ s❡t✉♣✳ ■♥
▲❡♠♠❛ ✷ ✐♥ ❆♣♣❡♥❞✐① ❆✱ ■ s❤♦✇ t❤❛t ❛s ❧♦♥❣ ❛s t❤❡r❡ ✐s ♥♦ ♣♦s✐t✐✈❡ ♠❛ss ♦❢ L✲❝♦♥s✉♠❡rs ✇✐t❤ ③❡r♦ tr❛✈❡❧ ❝♦sts✱
L✲❝♦♥s✉♠❡rs ✇✐❧❧ ♥❡✈❡r s❡❛r❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡✐r s❡❛r❝❤✲❝♦st ❞✐str✐❜✉t✐♦♥✳

✶✹❋♦r s ≥ vH − vL✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐s ❣✐✈❡♥ ❜② t❤❡ ✉♥✐♥t❡r❡st✐♥❣ ❝❛s❡ ✐♥ ✇❤✐❝❤ H ♣r✐❝❡s ❛t
vH ✱ L ♣r✐❝❡s ❛t vL✱ ❛♥❞ ♥♦ ❝♦♥s✉♠❡rs s❡❛r❝❤✳

✽



L H

mass α consumers
mass 1− α consumers
valuation vL each

valuation vH > vL each

travel cost s ∈ (0, vH − vL)

price pL price pH

L’s price unobserved for αβ

αβ

flexible H-consumers

α(1− β) captive consumers

❋✐❣✉r❡ ✶✿ ❉❡♣✐❝t✐♦♥ ♦❢ t❤❡ ❛♥❛❧②③❡❞ ♠❛r❦❡t✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ■ ✇✐❧❧ s♦❧✈❡ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❞❡s❝r✐❜❡❞ ❣❛♠❡ ❣✐✈❡♥ t❤❡ ♣❛r❛♠❡t❡rs

vH ✱ vL✱ α✱ β✱ ❛♥❞ s✳✶✺ ◆♦t❡ t❤❛t s✐♥❝❡ t❤✐s ✐s ❛ ❣❛♠❡ ♦❢ ✐♠♣❡r❢❡❝t ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ αβ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡rs ✇✐❧❧ ❤❛✈❡ t♦ ❢♦r♠ ❜❡❧✐❡❢s ❛❜♦✉t L✬s ✉♥♦❜s❡r✈❡❞ ♣r✐❝❡ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡✐r s❡❛r❝❤

❞❡❝✐s✐♦♥✳ ■ r❡str✐❝t t❤❡s❡ ❝♦♥s✉♠❡rs✬ ♦✉t✲♦❢✲❡q✉✐❧✐❜r✐✉♠ ❜❡❧✐❡❢s ✇❤❡♥ ♦❜s❡r✈✐♥❣ ❛♥ ♦✛✲❡q✉✐❧✐❜r✐✉♠

♣r✐❝❡ pH t❤❛t ✐s ♥❡✈❡r ♣❧❛②❡❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t L✬s ♣r✐❝✐♥❣ ❛r❡

♥♦t ❛✛❡❝t❡❞ ✭♣❛ss✐✈❡ ❜❡❧✐❡❢s✮✳ ❆s ✐s ✉s✉❛❧✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s ♥❡❡❞ t♦ ❜❡ ❝♦rr❡❝t ✐♥

❡q✉✐❧✐❜r✐✉♠✳

❋✐❣✉r❡ ✶ ♣r♦✈✐❞❡s ❛ ❣r❛♣❤✐❝❛❧ s✉♠♠❛r② ♦❢ t❤❡ ❞❡s❝r✐❜❡❞ ♠❛r❦❡t str✉❝t✉r❡✳

✸ ❊q✉✐❧✐❜r✐✉♠ ❆♥❛❧②s✐s

❚❤❡ ❣❛♠❡✬s ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❡q✉✐❧✐❜r✐❛ ❛r❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s❡q✉❡♥❝❡ ♦❢ ♣r♦♣♦s✐✲

t✐♦♥s✳ ❯♥✐q✉❡♥❡ss ✐s ❡st❛❜❧✐s❤❡❞ ✐♥ ❖♥❧✐♥❡ ❆♣♣❡♥❞✐① ❇✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ■❢ β > β := 1 − vL+s
vH

∈ (0, 1)✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐s ✐♥ ♣✉r❡

str❛t❡❣✐❡s s✉❝❤ t❤❛t p∗H = vL + s ∈ (vL, vH)✱ p∗L = vL✱ ❛♥❞ ❛❧❧ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡

✐♥ H✳ H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜② Π∗
H = (vL + s)α✱ ✇❤❡r❡❛s L✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥

❜② Π∗
L = vL(1− α)✳

Pr♦♦❢✳ ✭❊①✐st❡♥❝❡✮ ❚❤❡ ♣r♦♣♦s❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐♠♣❧✐❡s t❤❡ ❛❜♦✈❡ ✜r♠ ♣r♦✜ts ♦❢ Π∗
H ❛♥❞ Π∗

L✱ ❛s

❝❛♥ ❡❛s✐❧② ❜❡ ❝❛❧❝✉❧❛t❡❞✳ ❈❧❡❛r❧②✱ ❣✐✈❡♥ t❤❛t H ♣r✐❝❡s ❛t vL + s ❛♥❞ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❞♦

♥♦t s❡❛r❝❤✱ L ❝❛♥ ❞♦ ♥♦t ❜❡tt❡r t❤❛♥ t♦ ♣r✐❝❡ ❛t vL ✭❛s ♣r✐❝✐♥❣ ❤✐❣❤❡r t❤❛♥ vL ✇♦✉❧❞ ✐♥❞✉❝❡ ❛❧❧ L✲

❝♦♥s✉♠❡rs t♦ ❡①✐t t❤❡ ♠❛r❦❡t✱ ❛♥❞ ♣r✐❝✐♥❣ ❧♦✇❡r t❤❛♥ vL ✐♥❞✉❝❡s ♥♦ s❡❛r❝❤✱ ❛s ✐t ✐s ✉♥♦❜s❡r✈❡❞ ❜②

✶✺❈❧❡❛r❧②✱ ❡✐t❤❡r vH ✱ vL ♦r s ❝❛♥ ❜❡ ♥♦r♠❛❧✐③❡❞ t♦ s♦♠❡ ❛r❜✐tr❛r② ❝♦♥st❛♥t✱ ❡✳❣✳✱ vH = 1 ✭s✉❝❤ t❤❛t vL ❛♥❞ s

❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❢r❛❝t✐♦♥s ♦❢ vH✮✳ ❋♦r ❡①♣♦s✐t✐♦♥❛❧ r❡❛s♦♥s ✭❛♥❞ ✐♥ ♦r❞❡r t♦ ❛❧❧♦✇ ❢♦r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ✇✐t❤
r❡s♣❡❝t t♦ vH✮✱ ■ ✇✐❧❧ ♥♦t ❞♦ s♦ t❤r♦✉❣❤♦✉t t❤❡ ♣❛♣❡r✳

✾



t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ H✬s ❜❡st ♣♦ss✐❜❧❡ ❞❡✈✐❛t✐♦♥ ✐s t♦ ✐♥❝r❡❛s❡ ✐ts ♣r✐❝❡

t♦ vH ✱ ❧♦s❡ ❛❧❧ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✱ ❜✉t ❢✉❧❧② ❡①♣❧♦✐t ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs✳ ❚❤✐s ❣✐✈❡s r✐s❡

t♦ ❛ ♠❛①✐♠❛❧ ❞❡✈✐❛t✐♦♥ ♣r♦✜t ♦❢ Πdev∗

H = vHα(1− β)✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t β > β := 1− vL+s
vH

✐♠♣❧✐❡s Πdev∗

H < Π∗
H ✳

❊①❛♠♣❧❡ ✶✳ ▲❡t vH = 200✱ vL = 100✱ s = 10✳✶✻ ■t ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s t❤❛t β = 0.45✳ ❍❡♥❝❡✱ ❢♦r

β > 0.45✱ ♥♦ ♠❛tt❡r ✇❤❛t α✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✭❣✐✈❡♥ t❤❡ s♣❡❝✐✜❡❞ vH ✱ vL ❛♥❞

s✮ ✐s s✉❝❤ t❤❛t p∗L = 100✱ p∗H = 110✱ ❛♥❞ ♥♦ ❝♦♥s✉♠❡rs s❡❛r❝❤✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ ❞❡t❡r♠✐♥✐st✐❝

✜r♠ ♣r♦✜ts ♦❢ Π∗
L = 100(1− α) ❛♥❞ Π∗

H = 110α✳

❚❤❡ ✐♥t✉✐t✐♦♥ t♦ Pr♦♣♦s✐t✐♦♥ ✶ ✐s str❛✐❣❤t❢♦r✇❛r❞✿ ✐❢ s✉✣❝✐❡♥t❧② ♠❛♥② H✲❝♦♥s✉♠❡rs ❛r❡ ✢❡①✲

✐❜❧❡✱ H ✜♥❞s ✐t ✇♦rt❤✇❤✐❧❡ t♦ ✜❣❤t ❢♦r t❤❡s❡ ❝♦♥s✉♠❡rs ❛♥❞ ❞✐s❝♦✉r❛❣❡ t❤❡♠ ❢r♦♠ s❡❛r❝❤✳ ❚❤❡

♦♣t✐♠❛❧ ✇❛② ❢♦r H t♦ ❛❝❤✐❡✈❡ t❤✐s ✐s ❜② ❝❤❛r❣✐♥❣ t❤❡ ♠❛①✐♠❛❧ ♠❛r❦✉♣ ♦✈❡r L✬s ♣r✐❝❡ ✇❤✐❝❤ ❞❡t❡rs

t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✿ p∗L + s✳ ◆♦t❡ ♠♦r❡♦✈❡r t❤❛t p∗L < vL ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥

❡q✉✐❧✐❜r✐✉♠✳ ■❢ ✐t ✇❛s✱ H ✇♦✉❧❞ ❡✐t❤❡r ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ❝❤❛r❣❡ p∗L + s < vH ✭✐❢ p∗L ✐s s✉✣❝✐❡♥t❧②

❝❧♦s❡ t♦ vL✮ ♦r t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ♣r✐❝❡ vH ✭✐❢ p∗L ✐s s♠❛❧❧✮✳ ■♥ ❡✐t❤❡r ❝❛s❡✱ L ❝♦✉❧❞ ❛❝❤✐❡✈❡ ❛

❤✐❣❤❡r ♣r♦✜t ❜② ✐♥❝r❡❛s✐♥❣ ✐ts ♣r✐❝❡ ❛ ❧✐tt❧❡✱ ❛s t❤✐s ✇♦✉❧❞ ♥♦t ❞❡❝r❡❛s❡ ✐ts ❞❡♠❛♥❞✳ ❍❡♥❝❡✱ ❢♦r ❛

❧❛r❣❡ β✱ t❤❡ ♦♥❧② ♣♦ss✐❜❧❡ ❡q✉✐❧✐❜r✐✉♠ ✐s s✉❝❤ t❤❛t p∗L = vL✱ p
∗
H = vL + s✱ ❛♥❞ ♥♦ s❡❛r❝❤ ♦❝❝✉rs✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ■❢ β < β ❛♥❞ α ≤ α(β) := vL

β(vH−vL)+vL
∈ (αmin, 1)✱ ✇❤❡r❡ αmin = vHvL

v2
H
−(vL+s)(vH−vL)

∈

(0, 1)✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐s ✐♥ ♣✉r❡ str❛t❡❣✐❡s s✉❝❤ t❤❛t p∗∗H = vH ✱ p∗∗L = vL✱

❛♥❞ ❛❧❧ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs s❡❛r❝❤ ❛♥❞ ♣✉r❝❤❛s❡ ✐♥ L✳✶✼ H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜②

Π∗∗
H = vHα(1− β)✱ ✇❤❡r❡❛s L✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜② Π∗∗

L = vL(1− α+ αβ)✳

Pr♦♦❢✳ ✭❊①✐st❡♥❝❡✮ ❚❤❡ ♣r♦♣♦s❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐♠♣❧✐❡s t❤❡ ❛❜♦✈❡ ✜r♠ ♣r♦✜ts ♦❢ Π∗∗
H ❛♥❞ Π∗∗

L ✱ ❛s

❝❛♥ ❡❛s✐❧② ❜❡ ❝❛❧❝✉❧❛t❡❞✳ ❋r♦♠ ❡❛❝❤ ✜r♠✬s ♣❡rs♣❡❝t✐✈❡✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♦♣t✐♠❛❧ ❞❡✈✐❛t✐♦♥ t♦

t❤✐s✳ ❋✐rst✱ H ❝❛♥ r❡❞✉❝❡ ✐ts ♣r✐❝❡ t♦ vL+s✱ ❞✐s❝♦✉r❛❣❡ t❤❡ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❢r♦♠ ❧❡❛✈✐♥❣✱

❛♥❞ ♠❛❦❡ ❛♥ ♦♣t✐♠❛❧ ❞❡✈✐❛t✐♦♥ ♣r♦✜t ♦❢ Πdev∗∗

H = (vL + s)α✳ ❍♦✇❡✈❡r✱ ❜② t❤❡ r❡✈❡rs❡ ❧♦❣✐❝ ♦❢

Pr♦♣♦s✐t✐♦♥ ✶✱ t❤✐s ✐s ♥♦t ♣r♦✜t❛❜❧❡ ✐❢ β < β✳ ❙❡❝♦♥❞✱ L ❝❛♥ ✐♥❝r❡❛s❡ ✐ts ♣r✐❝❡ t♦ vH ✱ ❧♦s❡ ❛❧❧

✶✻■♥ ♦r❞❡r t♦ ❛❧❧♦✇ ❢♦r ❛ ♠❡❛♥✐♥❣❢✉❧ ❝♦♠♣❛r✐s♦♥ ♦❢ ❡q✉✐❧✐❜r✐❛✱ t❤✐s ♣❛r❛♠❡t❡r ❝♦♠❜✐♥❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ ♠♦st
s✉❜s❡q✉❡♥t ❡①❛♠♣❧❡s ✭❢♦r ✈❛r②✐♥❣ ✈❛❧✉❡s ♦❢ α ❛♥❞ β✮✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤♦✉❣❤ t❤❛t ❛s ❧♦♥❣ ❛s s < vH − vL✱ ❢♦r
❛♥② tr✐♣❧❡t (vH , vL, s)✱ ❛❧❧ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❡q✉✐❧✐❜r✐❛ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ (α, β) s♣❛❝❡✳

✶✼■♥ t❤❡ ③❡r♦✲♠❡❛s✉r❡ ❡✈❡♥t ✇❤❡r❡ β = β✱ ❣✐✈❡♥ t❤❛t α ≤ α(β) = αmin✱ t❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷
❝♦❡①✐st ✭s❡❡ ❋✐❣✉r❡ ✷ ❜❡❧♦✇ ❢♦r ❛♥ ✐❧❧✉str❛t✐♦♥✮✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❢♦r β = β✱ H ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❞✐s❝♦✉r❛❣✐♥❣
✐ts ❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤ ✭❜② ♣r✐❝✐♥❣ ❛t vL+ s✮ ♦r ♠❛①✐♠❛❧❧② ❡①♣❧♦✐t✐♥❣ ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs ✇❤✐❧❡
❧❡tt✐♥❣ ❣♦ ♦❢ ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✭❜② ♣r✐❝✐♥❣ ❛t vH✮✳ ◆♦t❡ t❤♦✉❣❤ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ✐s ❧❡ss
♣❧❛✉s✐❜❧❡✱ ❛s ✐t ❣✐✈❡s r✐s❡ t♦ ❛ str✐❝t❧② ❧♦✇❡r ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ♦❢ L✳ ❍❡♥❝❡✱ L ❝♦✉❧❞ ♣r♦✜t❛❜❧② ✏❜r✐❜❡✑ H t♦ ♣❧❛②
t❤❡ ♠♦r❡ ❢❛✈♦r❛❜❧❡ ✭❢r♦♠ L✬s ♣❡rs♣❡❝t✐✈❡✮ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳

✶✵



L✲❝♦♥s✉♠❡rs ✇❤♦ ❞r♦♣ ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✱ ❜✉t ❢✉❧❧② ❡①♣❧♦✐t t❤❡ αβ s❡❛r❝❤✐♥❣ H✲❝♦♥s✉♠❡rs✱ ✇❤♦

❡①♣❡❝t t♦ ✜♥❞ ❛ ♣r✐❝❡ ♦❢ p∗∗L = vL✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ ❛♥ ♦♣t✐♠❛❧ ❞❡✈✐❛t✐♦♥ ♣r♦✜t ♦❢ Πdev∗∗

L = vHαβ✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s ♦♣t✐♠❛❧ ❞❡✈✐❛t✐♦♥ ✐s ♥♦t ♣r♦✜t❛❜❧❡ ✐❢ α ≤ vL
β(vH−vL)+vL

= α(β)✳

❊①❛♠♣❧❡ ✷✳ ▲❡t vH = 200✱ vL = 100✱ s = 10✳ ❚❤❡♥ β = 0.45 ❛♥❞ α(β) = 1
1+β

✳ ❍❡♥❝❡✱ ✐❢ ❜♦t❤

β < 0.45 ❛♥❞ α ≤ 1
1+β

✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐s s✉❝❤ t❤❛t p∗L = 100✱ p∗H = 200✱

❛♥❞ ❛❧❧ αβ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs s❡❛r❝❤ ❛♥❞ ❜✉② ❛t L✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜ts ♦❢

Π∗∗
L = 100(1− α+ αβ) ❛♥❞ Π∗∗

H = 200α(1− β)✳

■♥t✉✐t✐✈❡❧②✱ β < β ✐s s✐♠♣❧② t❤❡ ❝♦♥✈❡rs❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✿ ✐❢ s✉✣❝✐❡♥t❧② ❢❡✇

H✲❝♦♥s✉♠❡rs ❛r❡ ✢❡①✐❜❧❡✱ H ✇♦✉❧❞ ♥♦t ❡✈❡♥ ✜♥❞ ✐t ✇♦rt❤✇❤✐❧❡ t♦ ✜❣❤t ❢♦r t❤❡♠ ✐❢ L ♣r✐❝❡❞ ❛t

vL ❞❡t❡r♠✐♥✐st✐❝❛❧❧②✳ ■♥st❡❛❞✱ H ♣r❡❢❡rs t♦ ❢✉❧❧② ❡①♣❧♦✐t ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs ❜② ♣r✐❝✐♥❣ ❛t vH ✱

❛♥❞ ❛❝❝❡♣ts t❤❡ ❢❛❝t t❤❛t ❛❧❧ ✐ts ❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✇✐❧❧ ❜✉② ❛t t❤❡ ♦t❤❡r ✜r♠✳

▼♦r❡ ✐♥t❡r❡st✐♥❣ ✐s t❤❡ ♦t❤❡r ❝♦♥❞✐t✐♦♥✱ α ≤ α(β)✱ ✇❤✐❝❤ r✉❧❡s ♦✉t t❤❛t L ❤❛s ❛ ♣r♦✜t❛❜❧❡

❞❡✈✐❛t✐♦♥✳ ❈❧❡❛r❧②✱ ❣✐✈❡♥ t❤❛t H ♣r✐❝❡s ❛t vH ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❛♥❞ ❞♦❡s ♥♦t ✜❣❤t ❢♦r ✐ts ✢❡①✐❜❧❡

❝♦♥s✉♠❡rs✱ ❛♥ ❡①♣❡❝t❛t✐♦♥ ♦❢ p∗L = vL ❜② t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇♦✉❧❞ ✐♥❞✉❝❡ t❤❡♠ t♦ s❡❛r❝❤✳

❇✉t t❤❡♥✱ ✐❢ t❤❡ H✲♠❛r❦❡t ✐s s✉✣❝✐❡♥t❧② ✐♠♣♦rt❛♥t ✐♥ s✐③❡ ✭α ✐s ❧❛r❣❡✮✱ L ❢❛❝❡s ❛ ❝♦♠♠✐t♠❡♥t

♣r♦❜❧❡♠ ✇❤✐❝❤ ❞❡str♦②s t❤❡ ♣r♦♣♦s❡❞ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ◆❛♠❡❧②✱ r❛t❤❡r t❤❛♥ t♦ ❛❧s♦

s❡r✈❡ ✐ts ♦✇♥ ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❛t vL✱ L ✇♦✉❧❞ ♣r❡❢❡r t♦ ❡①♣❧♦✐t t❤❡ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s ✭♦❢

✜♥❞✐♥❣ p∗L = vL ✐♥ L✮ ❛♥❞ ❝❤❛r❣❡ t❤❡♠ t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ♣r✐❝❡ ✭vH✮ ❢♦r ✇❤✐❝❤ t❤❡② ❞♦ ♥♦t

r❡t✉r♥ t♦ H✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✐❢ α > α(β)✳

❚❤❡ ♦✉t❧✐♥❡❞ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ❛♥❞ t❤❡ t❡♥s✐♦♥ t♦ r❡s♦❧✈❡ ✐t ✐s ✇❤❛t ❣❡♥❡r❛t❡s t❤❡ ♠✐①❡❞✲

str❛t❡❣② ❡q✉✐❧✐❜r✐❛ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞✐s❝✉ss❡❞ ❜❡❧♦✇✳ ❋✐❣✉r❡ ✷ ✐❧❧✉str❛t❡s t❤❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐✉♠

r❡❣✐♦♥s ✐♥ (α, β)✲s♣❛❝❡✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ■❢ β < β ❛♥❞ α ∈ (α(β), α(β)]✱ ✇❤❡r❡ α(β) := vL

(1−β)

{

vL+
vHβ[vH (1−β)−vL]
vH (1−β)−vL−βs

} ∈

(α(β), 1)✱✶✽ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐s ✐♥ ♠✐①❡❞ str❛t❡❣✐❡s s✉❝❤ t❤❛t✶✾

• H ♣r✐❝❡s ❛t vH ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗H := vL(1−α+αβ)
vHαβ

∈ (0, 1)✳

• ❲✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − q∗H ✱ H s❛♠♣❧❡s ♣r✐❝❡s ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠ t❤❡ ✐♥t❡r✈❛❧ [p, vH ]✱ ✇❤❡r❡

p := vL(1−α+αβ)
αβ

∈ (vL, vH)✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ FH(p) := 1 −

vL(1−α+αβ)
vHαβ−vL(1−α+αβ) (vH/p− 1)✳

✶✽❲❤✐❧❡ α(β) ❛❧✇❛②s ❢❛❧❧s ✐♥ t❤✐s r❛♥❣❡ ✭✇✐t❤ α(0) = 1 ❛♥❞ α(β) = α(β) = αmin✮✱ ✐t ❝❛♥ ❜❡ ♥♦♥✲♠♦♥♦t♦♥✐❝ ✐♥
β ❢♦r ❝❡rt❛✐♥ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ vH ✱ vL ❛♥❞ s✳

✶✾◆♦t❡ t❤❛t ✉♥❧✐❦❡ t❤❡ ❝❛s❡ ✇❤❡r❡ β = β✱ t❤❡r❡ ✐s ♥♦ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❡q✉✐❧✐❜r✐❛ ❢♦r α = α(β)✳ ❚❤✐s ✐s ❜❡❝❛✉s❡
t❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ Pr♦♣♦s✐t✐♦♥s ✷ ❛♥❞ ✸ ❝♦✐♥❝✐❞❡ ❢♦r α = α(β)✳ ❙❡❡ t❤❡ s✉❜s❡❝t✐♦♥ ♦♥ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛ ✐♥
❙❡❝t✐♦♥ ✺ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❛❧❝✉❧❛t✐♦♥✳

✶✶
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❋✐❣✉r❡ ✷✿ ❊q✉✐❧✐❜r✐✉♠ r❡❣✐♦♥s ❢♦r vH = 200✱ vL = 100✱ s = 10✳

✶✷



• L ♣r✐❝❡s ❛t vL ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗L := 1
β
− vHα(1−β)

vL(1−α+αβ) ∈ (0, 1)✳

• ❲✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − q∗L✱ L s❛♠♣❧❡s ♣r✐❝❡s ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠ [p, vH ] ✭t❤❡ s❛♠❡ ✐♥t❡r✈❛❧ ❛s

H✮✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ FL(p) := FH(p)✳

• ❆s p > ρ✱ ✇❤❡r❡ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ s♦❧✈❡s q∗L(ρ−vL) = s✱ ❛❧❧ αβ

✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs s❡❛r❝❤ ✐♥✐t✐❛❧❧②✳ ❍♦✇❡✈❡r✱ ❣✐✈❡♥ t❤❛t H ♣r✐❝❡s ❛t pH ∈ [p, vH)✱ t❤❡②

r❡t✉r♥ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② (1 − q∗L)(1 − FL(pH))✱ ❛s ✐♥ t❤♦s❡ ❝❛s❡s L ❝❤❛r❣❡s ❛ ❤✐❣❤❡r ♣r✐❝❡

t❤❛♥ H✳

• ❆s ✐♥ t❤❡ ❝❛s❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✱ H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜② Π∗∗
H = vHα(1 − β)✱

✇❤❡r❡❛s L✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜② Π∗∗
L = vL(1− α+ αβ)✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡ ✐❧❧✉str❛t❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❛❜♦✈❡ t②♣❡✳

❊①❛♠♣❧❡ ✸✳ ▲❡t vH = 200✱ vL = 100✱ s = 10✱ α = 0.9✱ β = 0.14✳ ❚❤❡♥ β = 0.45✱ α ≈ 0.877

❛♥❞ α ≈ 0.905✳ ❆s ❛❧❧ r❡q✉✐r❡♠❡♥ts ❢♦r Pr♦♣♦s✐t✐♦♥ ✸ ❛r❡ ❢✉❧✜❧❧❡❞✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡

❣❛♠❡ ♠✉st ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐t✳ P❧✉❣❣✐♥❣ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✐♥t♦ t❤❡ r❡❧❡✈❛♥t ❡q✉❛t✐♦♥s✱ ♦♥❡

✜♥❞s t❤❛t ρ∗ = 134.095✱ q∗H ≈ 0.8968✱ q∗L ≈ 0.2933✱ Π∗∗
H = 154.8✱ ❛♥❞ Π∗∗

L = 22.6✳ ▼♦r❡♦✈❡r✱

p = 179.365✱ ❛♥❞ t❤❡ ✭✐❞❡♥t✐❝❛❧✮ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s FH(.) ❛♥❞ FL(.) ❝❛♥ ❡❛s✐❧② ❜❡

❝❛❧❝✉❧❛t❡❞✳ ❋✐❣✉r❡ ✸ ❞❡♣✐❝ts t❤❡ ❞❡s❝r✐❜❡❞ ❡q✉✐❧✐❜r✐✉♠ ❣r❛♣❤✐❝❛❧❧②✳

❚❤❡ ✐♥t✉✐t✐♦♥ t♦ Pr♦♣♦s✐t✐♦♥ ✸ ✐s ❛s ❢♦❧❧♦✇s✳ ❇❡❝❛✉s❡ t❤❡ H✲♠❛r❦❡t ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ L

✭α > α(β))✱ ✜r♠ L ❝❛♥♥♦t ❝♦♠♠✐t t♦ ❝❤❛r❣✐♥❣ vL ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ✐❢ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs

✇❡r❡ t♦ s❡❛r❝❤ ✭❛❢t❡r ❢❛❝✐♥❣ pH = vH✮✱ ❛s ✐t str✐❝t❧② ♣r❡❢❡rs t♦ ❢✉❧❧② ❡①♣❧♦✐t t❤❡s❡ ❝♦♥s✉♠❡rs✬

❜❡❧✐❡❢s ♦❢ ✜♥❞✐♥❣ pL = vL ❜② ❝❤❛r❣✐♥❣ vH ✳ ❍♦✇❡✈❡r✱ t❤✐s ❝❛♥♥♦t ❜❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❜❡❝❛✉s❡

✭❛✮ ❣✐✈❡♥ pL = vH ✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇♦✉❧❞ ❝❧❡❛r❧② ♣r❡❢❡r ♥♦t t♦ s❡❛r❝❤✱ ❛♥❞ ✭❜✮ ❡✈❡♥ ✐❢

t❤❡s❡ ❝♦♥s✉♠❡rs ✇❡r❡ t♦ s❡❛r❝❤✱ H ✇♦✉❧❞ ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❜② ♠❛r❣✐♥❛❧❧② ✉♥❞❡r❝✉tt✐♥❣

vH ✭s❛②✱ ❜② ♣r✐❝✐♥❣ ❛t vH − ǫ✮✱ ✇❤✐❝❤ ✇♦✉❧❞ ❧❡❛❞ ❛❧❧ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs t♦ r❡t✉r♥ t♦ H ❛❢t❡r

♦❜s❡r✈✐♥❣ pL = vH ✳ ❈♦♥s❡q✉❡♥t❧②✱ L ✇♦✉❧❞ ❛❧s♦ ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ♦❢ ♣r✐❝✐♥❣ ♠❛r❣✐♥❛❧❧②

❜❡❧♦✇ vH − ǫ✱ ❛♥❞ s♦ ♦♥✳ ■t t✉r♥s ♦✉t t❤❛t t❤✐s ♠✉t✉❛❧ ✉♥❞❡r❝✉tt✐♥❣ ❛r❣✉♠❡♥t ❣✐✈❡s r✐s❡ t♦

t❤❡ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥✿ ❜♦t❤ L ❛♥❞ H ♣r✐❝❡ ❛t t❤❡✐r

❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♠❛ss✱ ❜✉t t❤❡② ❛❧s♦ ✏✜❣❤t✑ ❢♦r t❤❡ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡rs ✐♥ t❤♦s❡ ❝❛s❡s ✇❤❡r❡ L ♣r✐❝❡s ❛❜♦✈❡ vL✳ ■♥ s♦♠❡ s❡♥s❡✱ ✐♥ ♦r❞❡r t♦ ♠✐t✐❣❛t❡ L✬s

✐♥❝❡♥t✐✈❡ t♦ ❛❧✇❛②s ❡①♣❧♦✐t t❤❡ s❡❛r❝❤❡rs✱ H ❛❧t❡rs ✐ts str❛t❡❣② ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t ❜❡❝♦♠❡s

✶✸
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❋✐❣✉r❡ ✸✿ ❊①♣❡❝t❡❞ ✜r♠ ♣r♦✜ts ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❢♦r vH = 200✱ vL = 100✱ s = 10✱
α = 0.9✱ β = 0.14✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❝❛♥ ❜♦t❤ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♠♦♥❡t❛r② ✉♥✐ts ✭❢♦r ΠH(p) ❛♥❞
ΠL(p)✮ ❛♥❞ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts ✭❢♦r q∗H ✱ q∗L✱ FH(.)✱ FL(.)✮✳
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❤❛r❞❡r ❢♦r L t♦ s❡❧❧ t♦ t❤❡ s❡❛r❝❤✐♥❣ H✲❝♦♥s✉♠❡rs ✐❢ ✐t ♣r✐❝❡s ❛❜♦✈❡ vL✳ H ❛❝❤✐❡✈❡s t❤✐s ❜②

s♣r❡❛❞✐♥❣ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♠❛ss ♦♥ s♦♠❡ ✐♥t❡r✈❛❧ ❜❡❧♦✇ vH ✱ ✐♠♣❧②✐♥❣ t❤❛t L ✐s ✐♥❞✐✛❡r❡♥t

❜❡t✇❡❡♥ ❝❤♦♦s✐♥❣ vL ♦r ❛♥② ♣r✐❝❡ ❧❛r❣❡r t❤❛♥ vL t❤❛t ❧✐❡s ✐♥ t❤❛t ✐♥t❡r✈❛❧✳

❙✐♥❝❡ ✜r♠ L ❝❤❛r❣❡s ♣r✐❝❡s ❤✐❣❤❡r t❤❛♥ vL ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤✐s ✐♠✲

♣❧✐❡s t❤❛t ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ✐♥ t❤❡ ❞✐s❝♦✉♥t ♠❛r❦❡t ❛r❡ ❡①❝❧✉❞❡❞ ❢r♦♠ ❜✉②✐♥❣ ♣r♦❜❛❜✐❧✐s✲

t✐❝❛❧❧②✳ ❍❡♥❝❡✱ t❤❡ ❝❤❛r❛❝t❡r✐③❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ✜♥❞✐♥❣ t❤❛t ❧♦✇✲✐♥❝♦♠❡

❝♦♥s✉♠❡rs t❡♥❞ t♦ s✉✛❡r ❢r♦♠ ❛ ♣♦♦r ❛❝❝❡ss t♦ ❝❡rt❛✐♥ ♣r♦❞✉❝t ♠❛r❦❡ts✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ t❤❡

✐♥tr♦❞✉❝t✐♦♥✳ ❚❤✐s ❝♦♥t✐♥✉❡s t♦ ❤♦❧❞ ❢♦r t❤❡ ❧❛st t②♣❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠ t♦ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜❡❧♦✇✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ■❢ β < β ❛♥❞ α ∈ (α(β), 1)✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐s ✐♥ ♠✐①❡❞

str❛t❡❣✐❡s s✉❝❤ t❤❛t✷✵

• H ♣r✐❝❡s ❛t vH ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗H,vH
:= (1−α)(1−β)vL[(1−β)vH−vL]

αβ{[(1−β)vH−vL]2+vLβs}
∈ (0, 1) ❛♥❞ ❛t ρ∗ :=

vH(1 − β) ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗H,ρ := 1 − vL(1−α)

αβ

(

vH (1−β)[vH (1−β)−vL]
vH (1−β)−vL−βs

−vL

) ∈ (0, 1)✱ ✇❤❡r❡ q∗H,vH
+

q∗H,ρ < 1✳

• ❲✐t❤ ♣r♦❜❛❜✐❧✐t② 1− q∗H,vH
− q∗H,ρ✱ H s❛♠♣❧❡s ♣r✐❝❡s ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠ t❤❡ ✐♥t❡r✈❛❧ [p, vH ]✱

✇❤❡r❡ p := vH(1−β)[vH(1−β)−vL]
vH(1−β)−vL−βs

✱ ❢♦❧❧♦✇✐♥❣ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ GH(p) :=

1− (1−β)[vH(1−β)−vL]
β[vH(1−β)−vL−s] (vH/p− 1)✳

• L ♣r✐❝❡s ❛t vL ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗L,vL
:= s

vH(1−β)−vL
∈ (0, 1)✳

• ❲✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − q∗L,vL
✱ L s❛♠♣❧❡s ♣r✐❝❡s ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠ [p, vH ] ✭t❤❡ s❛♠❡ ✐♥t❡r✈❛❧

❛s H✮✱ ❢♦❧❧♦✇✐♥❣ t❤❡ s❛♠❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ GL(p) := GH(p)✳

• ❆s H ♣r✐❝❡s ❛t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ∗ ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②

q∗H,ρ✱ t❤❡s❡ ❝♦♥s✉♠❡rs ✇✐❧❧ ♦♥❧② s❡❛r❝❤ ✐❢ H ♣r✐❝❡s ❛t ♦r ❛❜♦✈❡ p > ρ∗✱ ✇❤✐❝❤ ❤❛♣♣❡♥s

✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − q∗H,ρ✳ ❍♦✇❡✈❡r✱ ❣✐✈❡♥ t❤❛t H ♣r✐❝❡s ❛t pH ∈ [p, vH)✱ t❤❡② r❡t✉r♥ ✇✐t❤

♣r♦❜❛❜✐❧✐t② (1− q∗L,vL
)(1−GL(pH))✱ ❛s ✐♥ t❤♦s❡ ❝❛s❡s L ❝❤❛r❣❡s ❛ ❤✐❣❤❡r ♣r✐❝❡ t❤❛♥ H✳

• H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜② Π∗∗
H = vHα(1−β)✱ ✇❤❡r❡❛s L✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥

❜② Π∗∗∗
L := (1−α)(1−β)vHvL[(1−β)vH−vL]

[(1−β)vH−vL]2+vLβs
✳

Pr♦✈✐❞❡❞ t❤❛t α > αmin✱ t❤❡ ❛❜♦✈❡ ❝♦♥st✐t✉t❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥❡✈❡r β ❧✐❡s s✉✣❝✐❡♥t❧② ❝❧♦s❡

❜❡❧♦✇ β✳

✷✵◆♦t❡ ❛❣❛✐♥ t❤❛t ✉♥❧✐❦❡ t❤❡ ❝❛s❡ ✇❤❡r❡ β = β✱ t❤❡r❡ ✐s ♥♦ ♠✉❧t✐♣❧✐❝✐t② ♦❢ ❡q✉✐❧✐❜r✐❛ ❢♦r α = α(β)✳ ❚❤✐s ✐s ❜❡❝❛✉s❡
t❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ Pr♦♣♦s✐t✐♦♥s ✸ ❛♥❞ ✹ ❝♦✐♥❝✐❞❡ ❢♦r α = α(β)✳ ❙❡❡ t❤❡ s✉❜s❡❝t✐♦♥ ♦♥ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛ ✐♥
❙❡❝t✐♦♥ ✺ ❢♦r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❛❧❝✉❧❛t✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✹ ❝♦❡①✐st ✐❢
β = β ❛♥❞ α > α(β) = αmin ✭s❡❡ ❋✐❣✉r❡ ✷ ❛❜♦✈❡ ❢♦r ❛♥ ✐❧❧✉str❛t✐♦♥✮✳ ❆s ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷
❝♦❡①✐st ✭✐❢ β = β ❛♥❞ α ≤ αmin✮✱ L ♠❛❦❡s ❛ str✐❝t❧② ❤✐❣❤❡r ♣r♦✜t ✐❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹ ✐s ♣❧❛②❡❞✳

✶✺
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❋✐❣✉r❡ ✹✿ ❊①♣❡❝t❡❞ ✜r♠ ♣r♦✜ts ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❢♦r vH = 200✱ vL = 100✱ s = 10✱
α = 0.9✱ β = 0.4✳ ❚❤❡ ✈❡rt✐❝❛❧ ❛①✐s ❝❛♥ ❜♦t❤ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ♠♦♥❡t❛r② ✉♥✐ts ✭❢♦r ΠH(p) ❛♥❞
ΠL(p)✮ ❛♥❞ ♣❡r❝❡♥t❛❣❡ ♣♦✐♥ts ✭❢♦r q∗H,vH

✱ q∗H,ρ✱ q
∗
L,vL

✱ GH(.)✱ GL(.)✮✳

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

❆❣❛✐♥✱ t❤❡ ❡①❛♠♣❧❡ ❜❡❧♦✇ s❤♦✇❝❛s❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❛❜♦✈❡ t②♣❡✳

❊①❛♠♣❧❡ ✹✳ ▲❡t vH = 200✱ vL = 100✱ s = 10✱ α = 0.9✱ β = 0.4✳ ❚❤❡♥ β = 0.45✱ α ≈ 0.714 ❛♥❞

α ≈ 0.833✳ ❍❡♥❝❡✱ ❛❧❧ r❡q✉✐r❡♠❡♥ts ❢♦r Pr♦♣♦s✐t✐♦♥ ✹ ❛r❡ ❢✉❧✜❧❧❡❞✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t t❤❡ ✉♥✐q✉❡

❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ♠✉st ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐t✳ P❧✉❣❣✐♥❣ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✐♥t♦ t❤❡

r❡❧❡✈❛♥t ❡q✉❛t✐♦♥s✱ ♦♥❡ ✜♥❞s t❤❛t ρ∗ = 120✱ q∗H,vH
= 0.416̇✱ q∗H,ρ = 0.4̇✱ q∗L,vL

= 0.5✱ Π∗∗
H = 108✱

❛♥❞ Π∗∗∗
L = 30✳ ▼♦r❡♦✈❡r✱ p = 150✱ ❛♥❞ t❤❡ ✭✐❞❡♥t✐❝❛❧✮ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s GH(.)

❛♥❞ GL(.) ❝❛♥ ❡❛s✐❧② ❜❡ ❝❛❧❝✉❧❛t❡❞✳ ❋✐❣✉r❡ ✹ ❞❡♣✐❝ts t❤❡ ❞❡s❝r✐❜❡❞ ❡q✉✐❧✐❜r✐✉♠ ❣r❛♣❤✐❝❛❧❧②✳

❚❤❡ ✐♥t✉✐t✐♦♥ t♦ Pr♦♣♦s✐t✐♦♥ ✹ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ ❝r✉❝✐❛❧ ❞✐✛❡r❡♥❝❡

✐s t❤❛t ❢♦r α > α(β)✱ t❤❡ H✲♠❛r❦❡t ✐s s♦ ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ L t❤❛t ✜r♠ L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠

❜❡❝♦♠❡s s❡✈❡r❡✳ ❚❤✐s ♠❡❛♥s t❤❛t ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ L✬s ✐♥❝❡♥t✐✈❡ t♦ ❝❤❛r❣❡ ♣r✐❝❡s ❛❜♦✈❡ vL✱

✐t ✐s ♥♦t s✉✣❝✐❡♥t ❢♦r H t♦ s♦❧❡❧② ♣✉t ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❞✐r❡❝t❧② ❜❡❧♦✇ vH ✳ ■♥st❡❛❞✱ L

❝❛♥ ♦♥❧② ❜❡ ♠❛❞❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❝❤❛r❣✐♥❣ vL ♦r ❡①♣❧♦✐t✐♥❣ t❤❡ s❡❛r❝❤✐♥❣ H✲❝♦♥s✉♠❡rs ✐❢

t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❞♦ ♥♦t ❛❧✇❛②s s❡❛r❝❤✳ H ❛❝❤✐❡✈❡s t❤✐s ❜② ❛❞❞✐t✐♦♥❛❧❧② ♣✉tt✐♥❣ ♣♦s✐t✐✈❡

✶✻



♣r♦❜❛❜✐❧✐t② ♠❛ss ♦♥ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ∗✳ ❆ ❞✐r❡❝t ✐♠♣❧✐❝❛t✐♦♥ ✐s t❤❛t

L ❝❛♥♥♦t ❡✈❡♥ ❜❡ ❝❡rt❛✐♥ t♦ ❡①♣❧♦✐t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✐❢ ✐t ♣r✐❝❡s ❛t p ✭t❤❡ ❧♦✇❡st ♣r✐❝❡ ✐♥

✐ts ♣r✐❝✐♥❣ r❛♥❣❡ ❛❜♦✈❡ vL✮✱ ❛s ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❞♦ ♥♦t s❡❛r❝❤

❛t ❛❧❧✳ ❚❤✐s r❡❞✉❝t✐♦♥ ✐♥ L✬s ♣r♦✜t❛❜✐❧✐t② ♦❢ ♣r✐❝✐♥❣ ❛❜♦✈❡ vL ✐s ❛❜❧❡ t♦ r❡s♦❧✈❡ t❤❡ t❡♥s✐♦♥ t❤❛t

✐s ❝r❡❛t❡❞ ❜② L✬s s❡✈❡r❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✳

◆♦t❡ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✱ ♣❛rt✐❝✉❧❛r❧② t❤❡ ♣r✐❝✐♥❣ str❛t❡❣② ♦❢ ✜r♠ H✱ ✐s

❝♦♥s✐st❡♥t ✇✐t❤ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ t❤❛t r❡t❛✐❧ ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥s t❡♥❞ t♦ ❜❡ ❜✐♠♦❞❛❧✱ ✇✐t❤ ♣r✐❝❡s

✢✉❝t✉❛t✐♥❣ ❜❡t✇❡❡♥ ❛ ✏r❡❣✉❧❛r✑ ❤✐❣❤ ♣r✐❝❡ ❛♥❞ ❛ ❧♦✇ ✏s❛❧❡s✑ ♣r✐❝❡✱ ❛♥❞ ❧✐tt❧❡ ♠❛ss ❜❡t✇❡❡♥ ✭s❡❡

❍♦s❦❡♥ ❛♥❞ ❘❡✐✛❡♥ ✭✷✵✵✹✮✱ P❡s❡♥❞♦r❢❡r ✭✷✵✵✷✮✮✳ ❚❤❡ ♣r❡s❡♥t ♠♦❞❡❧ ♣r♦✈✐❞❡s ❛ ❝♦♠♣❧✐♠❡♥t❛r②

❡①♣❧❛♥❛t✐♦♥ t♦ t❤❛t ♦❢ ●❛r❝✐❛ ❡t ❛❧✳ ✭✷✵✶✺✮✱ ✇❤♦ ❣❡♥❡r❛t❡ ❛ t✇♦✲♣♦✐♥t ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥ ❜②

✐♥tr♦❞✉❝✐♥❣ ❝♦st❧② r❡t❛✐❧❡r s❡❛r❝❤ ❢♦r ♠❛♥✉❢❛❝t✉r❡rs✬ ♦✛❡rs✳

✹ ❲❡❧❢❛r❡

❙✐♥❝❡ t❤❡ ❝♦♥s✉♠❡rs ❤❛✈❡ ✐♥❡❧❛st✐❝ ❞❡♠❛♥❞ ✉♣ t♦ ❛ ♠❛①✐♠✉♠ ✈❛❧✉❛t✐♦♥ ♦❢ vH ✐♥ H ✭✇❤❡r❡ ❛ t♦t❛❧

♠❛ss α ♦❢ ❝♦♥s✉♠❡rs r❡s✐❞❡✮ ❛♥❞ ✉♣ t♦ vL ✐♥ L ✭✇❤❡r❡ t❤❡ r❡♠❛✐♥✐♥❣ 1−α ❝♦♥s✉♠❡rs r❡s✐❞❡✮✱ ✐t

✐s ♦❜✈✐♦✉s t❤❛t t❤❡ ♠❛①✐♠❛❧ s✉r♣❧✉s ✇❤✐❝❤ ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ✇❤♦❧❡ ♠❛r❦❡t ✐s ❣✐✈❡♥ ❜②

Wmax := αvH + (1− α)vL. ✭✶✮

❈♦♥s✐❞❡r✐♥❣ t❤❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐❛ ✇❤✐❝❤ ✇❡r❡ ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜❧❡

s♦✉r❝❡s ♦❢ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ♠❛r❦❡t✳ ❋✐rst✱ ✇❛st❡❢✉❧ tr❛✈❡❧ ❡①♣❡♥❞✐t✉r❡s t♦ t❤❡ ❡①t❡♥t ♦❢ αβs

❝❛♥ ❜❡ ✐♥❝✉rr❡❞ ✐❢ t❤❡ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs s❡❛r❝❤✳ ❆♥❞ s❡❝♦♥❞✱ t❤❡ L✲♠❛r❦❡t s✉r♣❧✉s ♦❢

(1 − α)vL ✐s ❧♦st ✐♥ t❤♦s❡ ❝❛s❡s ✇❤❡r❡ L ♣r✐❝❡s ❛❜♦✈❡ vL✱ ❛s t❤✐s ❧❡❛❞s ❛❧❧ L✲❝♦♥s✉♠❡rs t♦ ❞r♦♣

♦✉t ♦❢ t❤❡ ♠❛r❦❡t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ t❤❡♥ ❢♦❧❧♦✇s str❛✐❣❤t❢♦r✇❛r❞❧② ❢r♦♠ Pr♦♣♦s✐t✐♦♥s ✶

t♦ ✹✳

✶✼



Pr♦♣♦s✐t✐♦♥ ✺✳ ❚❤❡ t♦t❛❧ ❧♦ss ♦❢ ✇❡❧❢❛r❡ ✐♥ t❤❡ ♠❛r❦❡t ✐s ❣✐✈❡♥ ❜②✷✶

Wloss :=







































αβs ✐❢ β < β ❛♥❞ α ≤ α(β)

αβs + (1− q∗L)(1− α)vL ✐❢ β < β ❛♥❞ α ∈ (α(β), α(β)]

αβs(1− q∗H,ρ) + (1− q∗L,vL
)(1− α)vL ✐❢ β < β ❛♥❞ α ∈ (α(β), 1)

0 ✐❢ β > β.

✭✷✮

◆♦t❡ t❤❛t t❤❡ ❛❣❣r❡❣❛t❡ ❝♦♥s✉♠❡rs s✉r♣❧✉s ❢♦r ❡❛❝❤ ♣❛r❛♠❡t❡r r❡❣✐♦♥ ❝❛♥ ❡❛s✐❧② ❜❡ ❝❛❧❝✉❧❛t❡❞

❛s CS = Wmax−Π
[∗]
H −Π

[∗]
L −Wloss✱ ✇❤❡r❡ Π

[∗]
i ❞❡♥♦t❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ♦❢ ✜r♠ i ∈ {H,L}

✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ♣❛r❛♠❡t❡r r❡❣✐♦♥✳ ❋♦r β > β✱ ✐t ❤♦❧❞s t❤❛t CS = α(vH − vL − s)✱ ✇❤❡r❡❛s ❢♦r

β < β ❛♥❞ α ≤ α(β)✱ ✐t ❤♦❧❞s t❤❛t CS = αβ(vH − vL − s)✳ ❚❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❛❣❣r❡❣❛t❡

❝♦♥s✉♠❡r ✇❡❧❢❛r❡ ✐❢ β < β ❛♥❞ α > α(β) ❛r❡ ❝✉♠❜❡rs♦♠❡ ❛♥❞ ✇✐❧❧ ♥♦t ❜❡ r❡♣♦rt❡❞ ❤❡r❡✳✷✷

❈♦♠♣❛r❛t✐✈❡ st❛t✐❝s ✇✐t❤ r❡s♣❡❝t t♦ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✭❛♥❞ ♦t❤❡r ❡q✉✐❧✐❜r✐✉♠ ♦❜❥❡❝ts✮ ✇✐❧❧ ❜❡

♣r♦✈✐❞❡❞ ✐♥ t❤❡ s✉❜s❡q✉❡♥t s❡❝t✐♦♥✳

✺ ❈♦♠♣❛r❛t✐✈❡ ❙t❛t✐❝s

❊q✉✐❧✐❜r✐✉♠ ❘❡❣✐♦♥s ✐♥ (α, β)✲❙♣❛❝❡

❋✐rst✱ ♥♦t❡ t❤❛t t❤❡ ♣✉r❡✲str❛t❡❣② r❡❣✐♦♥s ♦❢ t❤❡ ❣❛♠❡ ❛r❡ t❤♦s❡ ✇✐t❤ ❡✐t❤❡r β ≥ β = 1 − vL+s
vH

✭✇❤❡r❡ H ✜❣❤ts ❢♦r ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✮✱ ♦r β < β ❛♥❞ α ≤ α(β) = vL

β(vH−vL)+vL
✭✇❤❡r❡ H

♣r✐❝❡s ❛t vH ❛♥❞ ❧❡ts ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡ ❛t L✮✳

❚❤❡ ❢♦r♠❡r r❡❣✐♦♥ ❡✈✐❞❡♥t❧② ❜❡❝♦♠❡s ❧❛r❣❡r ✐♥ (α, β)✲s♣❛❝❡ ✐❢ ❡✐t❤❡r vL ♦r s ✐♥❝r❡❛s❡s r❡❧❛t✐✈❡

t♦ vH ✭vH ❞❡❝r❡❛s❡s r❡❧❛t✐✈❡ t♦ vL ❛♥❞ s✮✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s s✐♠♣❧❡✿ ✐♥ ♦r❞❡r t♦ ❞✐s❝♦✉r❛❣❡ t❤❡

✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✱ H ❝❛♥♥♦t ♣r✐❝❡ ❤✐❣❤❡r t❤❛♥ vL + s✳ ❇✉t ✐❢ vL + s ✐♥❝r❡❛s❡s

✭vH ❞❡❝r❡❛s❡s✮✱ H✬s ❧♦ss ✇❤❡♥ ❞❡❝r❡❛s✐♥❣ ✐ts ♣r✐❝❡ ❢r♦♠ vH t♦ vL+s ❞❡❝r❡❛s❡s✳ ❍❡♥❝❡✱ t❤❡ r❡❣✐♦♥

✇❤❡r❡ t❤❡ ✜r♠ ✜♥❞ ✐t✬s ✇♦rt❤✇❤✐❧❡ t♦ ✜❣❤t ❢♦r ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❜❡❝♦♠❡s ❧❛r❣❡r✳

❚❤❡ ♦t❤❡r ♣✉r❡✲str❛t❡❣② r❡❣✐♦♥ ❝❛♥♥♦t ❜❡ r❛♥❦❡❞ ✐♥ (α, β)✲s♣❛❝❡ ✐❢ vL ✐♥❝r❡❛s❡s ✭vH ❞❡❝r❡❛s❡s✮✳

❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ t✇♦ ❝♦✉♥t❡r✈❛✐❧✐♥❣ ❡✛❡❝ts ❛t ✇♦r❦✳ ❋✐rst✱ ❛♥ ✐♥❝r❡❛s❡ ♦❢ vL ✭❞❡❝r❡❛s❡

♦❢ vH✮ ♠❛❦❡s ✐t ♠♦r❡ ✇♦rt❤✇❤✐❧❡ ❢♦r H t♦ ✜❣❤t ❢♦r ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✭❢♦❧❧♦✇✐♥❣ t❤❡ ❛❜♦✈❡

❧♦❣✐❝✮✱ ✇❤✐❝❤ ❝✉ts ❞♦✇♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❡❣✐♦♥ ❢r♦♠ ❛❜♦✈❡ ❜② r❡❞✉❝✐♥❣ t❤❡ ❛❞♠✐ss✐❜❧❡ s❡t ♦❢ β✬s

✷✶■❢ β = β✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✇❡❧❢❛r❡ ❧♦ss ❞❡♣❡♥❞s ♦♥ ✇❤✐❝❤ ❡q✉✐❧✐❜r✐✉♠ ✐s ♣❧❛②❡❞✳ ■t ✐s ③❡r♦ ✐❢ H ♣❧❛②s vL + s✱
✇❤❡r❡❛s ✐t ✐s αβs ✐❢ H ♣❧❛②s vH ✭❢♦r α ≤ α(β)✮✱ ♦r αβs(1−q∗H,ρ)+(1−q∗L,vL

)(1−α)vL ✐❢ H ♣❧❛②s t❤❡ ♠✐①❡❞✲str❛t❡❣②

❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹ ✭❢♦r α > α(β) = α(β)✮✳
✷✷❚❤❡② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❛✉t❤♦r ✉♣♦♥ r❡q✉❡st✳

✶✽



✭β ❞❡❝r❡❛s❡s✮✳ ❇✉t s❡❝♦♥❞✱ ❛ ❧❛r❣❡r vL ✭s♠❛❧❧❡r vH✮ ❛❧s♦ r❡❞✉❝❡s ✜r♠ L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✿

✐❢ vL ✐s ❝❧♦s❡r t♦ vH ✱ t❤❡r❡ ✐s ❧❡ss ♦❢ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❡①♣❧♦✐t t❤❡ s❡❛r❝❤✐♥❣ ❝♦♥s✉♠❡rs✬ ❜❡❧✐❡❢s ✭♦❢

✜♥❞✐♥❣ vL✮ ❛♥❞ ❞❡✈✐❛t✐♥❣ t♦ vH ✳ ❍❡♥❝❡✱ t❤❡ r❛♥❣❡ ♦❢ ❛❞♠✐ss✐❜❧❡ α✬s ✐♥❝r❡❛s❡s ✭α(β) ✐♥❝r❡❛s❡s✮✳

❙✐♥❝❡ t❤❡ ❧❛tt❡r ❡✛❡❝t ✐s ♥♦t ♣r❡s❡♥t ❢♦r ✐♥❝r❡❛s❡s ✐♥ s✱ t❤❡ ❞✐s❝✉ss❡❞ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠

r❡❣✐♦♥ ✉♥❛♠❜✐❣✉♦✉s❧② s❤r✐♥❦s ✇❤❡♥ s ✐♥❝r❡❛s❡s✳

❚❤❡ ❝♦♠❜✐♥❡❞ ♠✐①❡❞✲str❛t❡❣② r❡❣✐♦♥ ✭✇✐t❤ ❡✐t❤❡r ❛ ♠♦❞❡r❛t❡ ♦r s❡✈❡r❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠

❜② L✮ ✉♥❛♠❜✐❣✉♦✉s❧② s❤r✐♥❦s ✇❤❡♥ vL ♦r s ✐♥❝r❡❛s❡s r❡❧❛t✐✈❡ t♦ vH ✭vH ❞❡❝r❡❛s❡s r❡❧❛t✐✈❡ t♦

vL ❛♥❞ s✮✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ H ❜❡❝♦♠❡s ♠♦r❡ ✇✐❧❧✐♥❣ t♦ ✜❣❤t ❢♦r ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✐❢ ❡✐t❤❡r

vL ♦r s ✐♥❝r❡❛s❡s ✭vH ❞❡❝r❡❛s❡s✮✱ ❛♥❞ ❛❧s♦ L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s s♦❢t❡♥❡❞ ❛s vL ✐♥❝r❡❛s❡s

✭vH ❞❡❝r❡❛s❡s✮✳ ▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ α(β) ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ s ✭❢♦r t❤❡ r❡❧❡✈❛♥t r❡❣✐♦♥ ✇❤❡r❡

β < β✮✱ ✇❤✐❧❡ α(β) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ s✱ ❢♦r ✐♥❝r❡❛s✐♥❣ s t❤❡ r❛♥❣❡ ♦❢ α✬s ✇❤❡r❡ L ❢❛❝❡s ❛

♠♦❞❡r❛t❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ✉♥❛♠❜✐❣✉♦✉s❧② s♠❛❧❧❡r✳

▼✐①❡❞✲❙tr❛t❡❣② ❊q✉✐❧✐❜r✐❛

❈❛s❡ ✭✶✮✿ β < β ❛♥❞ α ∈ (α(β), α(β)]✳

❈♦♥s✐❞❡r t❤❡ ❧✐♠✐t ❜❡❤❛✈✐♦r ♦❢ q∗H ❛♥❞ q∗L ✜rst✳ ■♥s❡rt✐♥❣ α(β) ❡❛s✐❧② s❤♦✇s t❤❛t limα↓α(β) q
∗
H =

limα↓α(β) q
∗
L = 1✳ ▼♦r❡♦✈❡r✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s FH(.) ❛♥❞ FL(.) ❜❡❝♦♠❡ ❞❡❣❡♥❡r❛t❡✱ ✇✐t❤

p = vH ✳ ❆❧❧ ♦❢ t❤✐s s❤♦✉❧❞ ♥♦t ❜❡ s✉r♣r✐s✐♥❣✱ ❛s ❢♦r ❡✈❡r② α < α(β) ✭✇✐t❤ β < β✮✱ t❤❡ s❛♠❡

♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✐s ♣❧❛②❡❞✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ♥♦ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s

♣❧❛②❡❞ ❛r♦✉♥❞ α = α(β)✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❞❡r✐✈❡ t❤❛t limα↑α(β) q
∗
H = (1−β)[vH(1−β)−vL]

vH(1−β)−vL−βs
✱

✇❤❡r❡❛s limα↑α(β) q
∗
L = s

vH(1−β)−vL
✳ ❆❧s♦✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s FH(.) ❛♥❞ FL(.) ❞♦ ♥♦t

❜❡❝♦♠❡ ❞❡❣❡♥❡r❛t❡ ❛r♦✉♥❞ α(β)✳

❇② ♣r♦♣❡r❧② ♠❛♥✐♣✉❧❛t✐♥❣ q∗H ✱ q∗L✱ p✱ ❛♥❞ FH(.) = FL(.) s✉❝❤ t❤❛t ♦♥❡ ♣❛r❛♠❡t❡r ❣❡ts ✐s♦❧❛t❡❞

✭❡✳❣✳✱ q∗H =
vL( 1

α
−1+β)

vHβ
✮✱ ♦♥❡ ❝❛♥ s❡❡ ❞✐r❡❝t❧② t❤❛t q∗H ✱ ❛♥❞ p ❛r❡ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ α ❛♥❞ β✱

✇❤✐❧❡ q∗L ✐s ♦♥❧② str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ α✳ ❚❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ q∗L ✇✐t❤ r❡s♣❡❝t t♦ β ❛r❡

❛♠❜✐❣✉♦✉s✳✷✸ ❆t t❤❡ s❛♠❡ t✐♠❡✱ FH(.) ❛♥❞ FL(.) ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ α ❛♥❞ β✳ ❍❡♥❝❡✱ ✐❢

L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ❣❡ts ♠♦r❡ s❡✈❡r❡ ✭α ✐♥❝r❡❛s❡s✮✱ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❧❡ss ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐s

♣✉t ♦♥ t❤❡ ♠❛ss ♣♦✐♥ts q∗H ❛♥❞ q∗L✱ ✇❤✐❧❡ t❤❡ ✜r♠s✬ ♣r✐❝✐♥❣ ❛❧s♦ ❣❡ts ♠♦r❡ ❛❣❣r❡ss✐✈❡ ✭✐♥ t❤❡

s❡♥s❡ ♦❢ ✜rst ♦r❞❡r st♦❝❤❛st✐❝ ❞♦♠✐♥❛♥❝❡✮ ✇❤❡♥ s❛♠♣❧✐♥❣ ♣r✐❝❡s ❢r♦♠ t❤❡✐r ❝♦♥t✐♥✉♦✉s r❛♥❣❡✳

❖♥❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s t❤❛t L tr✐❡s t♦ ❡①♣❧♦✐t t❤❡ s❡❛r❝❤✐♥❣ ❝♦♥s✉♠❡rs ♠♦r❡ ❞✉❡ t♦ ✐ts ❧❛r❣❡r

✷✸❲❤✐❧❡ q∗L ✐s t②♣✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ✐♥ β✱ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s ❝❛♥ ❜❡ ♣r♦✈✐❞❡❞ ✇❤❡r❡ q∗L ✐♥❝r❡❛s❡s ✇✐t❤ β ❢♦r α

❝❧♦s❡ t♦ α(β)✳

✶✾



❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ ❜✉t t❤✐s ✐s ❝♦✉♥t❡r❜❛❧❛♥❝❡❞ ❜② H✱ ✇❤✐❝❤ ♠❛❦❡s ✐t ❤❛r❞❡r ❢♦r L t♦ ✏st❡❛❧✑

H✬s ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✇❤✐❧❡ ❝❤❛r❣✐♥❣ ❛ ♣r✐❝❡ ❤✐❣❤❡r t❤❛♥ vL✳

◆♦♥❡ ♦❢ t❤❡ ❞✐s❝✉ss❡❞ ❡q✉✐❧✐❜r✐✉♠ ♦❜❥❡❝ts ❞❡♣❡♥❞s ♦♥ s✱ ✇❤✐❧❡ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t q∗H ✱

p✱ q∗L ✭FH(.)✱ FL(.)✮ str✐❝t❧② ✐♥❝r❡❛s❡ ✭❞❡❝r❡❛s❡✮ ✐♥ vL✳ ❋✐♥❛❧❧②✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❡st❛❜❧✐s❤

t❤❛t q∗H ✱ q∗L✱ FH(.) ❛♥❞ FL(.) str✐❝t❧② ❞❡❝r❡❛s❡ ✐♥ vH ✱ ✇❤✐❧❡ p ✐s ❝♦♥st❛♥t ✐♥ vH ✳

❈❛s❡ ✭✷✮✿ β < β ❛♥❞ α > α(β)✳

❈♦♥s✐❞❡r t❤❡ ❧✐♠✐t ❜❡❤❛✈✐♦r ♦❢ q∗H,vH
✱ q∗H,ρ ❛♥❞ q∗L,vL

✜rst✳ ■♥s❡rt✐♥❣ α(β) s❤♦✇s t❤❛t limα↓α(β) q
∗
H,vH

=

(1−β)[vH(1−β)−vL]
vH(1−β)−vL−βs

= limα↑α(β) q
∗
H ✳ ▼♦r❡♦✈❡r✱ limα↓α(β) q

∗
H,ρ = 0 ❛♥❞ limα↓α(β) q

∗
L,vL

= s
vH(1−β)−vL

=

limα↑α(β) q
∗
L✳ ❆s ❛❧s♦ t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s GH(.) = GL(.) ❝♦✐♥❝✐❞❡ ✇✐t❤ FH(.) = FL(.) ❢♦r

α = α(β)✱ ✐t ✐s ❡st❛❜❧✐s❤❡❞ t❤❛t t❤❡r❡ ✐s ♥♦ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ♣❧❛②❡❞

❛r♦✉♥❞ α = α(β)✳

◆❡①t✱ ✇❤✐❧❡ q∗L,vL
✐s ❝♦♥st❛♥t ✐♥ α ✭❛♥❞ t❤✉s st❛②s ❛t s

vH(1−β)−vL
✮✱ ✐t ❤♦❧❞s t❤❛t limα↑1 q

∗
H,vH

=

0 ❛♥❞ limα↑1 q
∗
H,ρ = 1✳ ❍❡♥❝❡✱ ❢♦r ✈❛❧✉❡s ♦❢ α ❝❧♦s❡ t♦ ♦♥❡ ✭✐♠♣❧②✐♥❣ ❛ ❤✉❣❡ H✲♠❛r❦❡t r❡❧❛t✐✈❡ t♦

L✮✱ H ✇✐❧❧ ❛❧♠♦st ❝❡rt❛✐♥❧② ♣r✐❝❡ ❛t ρ ❛♥❞ ❞✐s❝♦✉r❛❣❡ ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✳ ❖♥❧②

❜❡❝❛✉s❡ ♦❢ t❤❛t✱ L ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ❛❧✇❛②s ♣r✐❝❡ ❛❜♦✈❡ vL ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❖♥❡ ❝❛♥ ❛❧s♦ ❧♦♦❦ ❛t t❤❡ ♠❛ss ♣♦✐♥ts✬ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ❛s β t❡♥❞s t♦ β✳ ❉♦✐♥❣ s♦✱ ■ ✜♥❞

t❤❛t limβ↑β q
∗
H,vH

= (1−α)vHvL
α(vH−vL)(vH−vL−s) ∈ (0, 1)✱ limβ↑β q

∗
H,ρ = 1 − (1−α)vHvL

α(vH−vL)(vH−vL−s) ∈ (0, 1)✱

❛♥❞ limβ↑β q
∗
L,vL

= 1✳ ❚❤✉s✱ t❤❡r❡ ✐s ❛ ❞✐s❝♦♥t✐♥✉✐t② ♦❢ H✬s ✭❜✉t ♥♦t L✬s✮ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣②

❛r♦✉♥❞ β = β✳ ❲❤✐❧❡ ❢♦r β < β✱ H ✭❛❧♠♦st ❡①❝❧✉s✐✈❡❧②✮ ♠✐①❡s ❜❡t✇❡❡♥ ❝❤❛r❣✐♥❣ vH ❛♥❞ ρ ❛t ❛

❝❡rt❛✐♥ r❛t✐♦✱ H ✏❥✉♠♣s✑ t♦ ❝❤❛r❣✐♥❣ vH ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❢♦r β > β✳✷✹

❋✉rt❤❡r♠♦r❡✱ ✐t ❝❛♥ ❜❡ s❡❡♥ ❞✐r❡❝t❧② ❢r♦♠ t❤❡✐r ❞❡✜♥✐t✐♦♥s t❤❛t q∗H,vH
✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥

α ✇❤❡r❡❛s q∗H,ρ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ α ✭❛s ♠❡♥t✐♦♥❡❞ ❜❡❢♦r❡✱ q∗L,vL
✐s ❝♦♥st❛♥t ✐♥ α✮✳ ▼♦r❡♦✈❡r✱

GH(.) ❛♥❞ t❤❡ ✐❞❡♥t✐❝❛❧ GL(.) ✭❛♥❞ t❤❡r❡❢♦r❡✱ p✮ ❛r❡ ❝♦♥st❛♥t ✐♥ α✳ ❆s L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠

❣❡ts str♦♥❣❡r ✭α ✐♥❝r❡❛s❡s✮✱ H ✇✐❧❧ ♣✉t ♠♦r❡ ♣r♦❜❛❜✐❧✐t② ♠❛ss ♦♥ ρ ✐♥ ♦r❞❡r t♦ ❝♦✉♥t❡r❜❛❧❛♥❝❡

L✬s ❧❛r❣❡r ✐♥❝❡♥t✐✈❡ t♦ ❡①♣❧♦✐t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✳ ❙✐♥❝❡ ✐t ❜❡❝♦♠❡s ❧❡ss ❧✐❦❡❧② t❤❛t L ✐s

✈✐s✐t❡❞ ❜② t❤❡♠ ❢♦r ✐♥❝r❡❛s✐♥❣ α✱ ❛❧s♦ L✬s ✐♥❝❡♥t✐✈❡ t♦ ❝❤❛r❣❡ ♣r✐❝❡s ❛❜♦✈❡ vL ✐s ♠✐t✐❣❛t❡❞✳

❲❤✐❧❡ q∗L,vL
✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ β✱ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ q∗H,vH

✱ q∗H,ρ ❛♥❞ GH(.) =

GL(.) ✇✐t❤ r❡s♣❡❝t t♦ β ❝❛♥ ❜❡ ❛♠❜✐❣✉♦✉s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s r❡✈❡❛❧ t❤❛t t❤✐s

❛♠❜✐❣✉✐t② ✐s t②♣✐❝❛❧❧② t❤❡ ❝❛s❡ ❢♦r t❤❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s GH(.) = GL(.)✱ ✇❤❡r❡❛s ✐t ✐s ♦♥❧②

t❤❡ ❝❛s❡ ❢♦r t❤❡ ♠❛ss ♣♦✐♥ts q∗H,vH
❛♥❞ q∗H,ρ ✐❢ s ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✳ ■♥ ❝♦♥tr❛st✱ ❢♦r s✉✣❝✐❡♥t❧②

❧❛r❣❡ s✱ q∗H,vH
✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ β ✇❤❡r❡❛s q∗H,ρ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ β✳

✷✹❋♦r β = β✱ H ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❞♦✐♥❣ ❡✐t❤❡r✳

✷✵



■t ✐s ❛❧s♦ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t q∗H,ρ ✱ q∗L,vL
❛♥❞ p ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ s✱ ✇❤❡r❡❛s

q∗H,vH
❛♥❞ GH(.) = GL(.) ❛r❡ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ s✳ ❚❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ q∗H,vH

❛♥❞ q∗H,ρ

✇✐t❤ r❡s♣❡❝t t♦ vL ❛r❡ ❛♠❜✐❣✉♦✉s ✭❛s ❝❛♥ ❡❛s✐❧② ❜❡ s❤♦✇♥ ♥✉♠❡r✐❝❛❧❧②✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ q∗L,vL

❛♥❞ p ❛r❡ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ vL✱ ✇❤❡r❡❛s GH(.) = GL(.) ❛r❡ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ ✐t✳ ▲❛st❧②✱

❛♣❛rt ❢r♦♠ q∗L,vL
✇❤✐❝❤ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ vH ✱ ❛❧❧ ♦t❤❡r ❡q✉✐❧✐❜r✐✉♠✲str❛t❡❣② ♦❜❥❡❝ts ❤❛✈❡

❛♠❜✐❣✉♦✉s ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ✇✐t❤ r❡s♣❡❝t t♦ vH ✳

❚❛❜❧❡ ✶ s✉♠♠❛r✐③❡s t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ♠✐①❡❞✲str❛t❡❣② ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥s ❝❤❛r❛❝✲

t❡r✐③❡❞ ❢♦r ❈❛s❡s ✭✶✮ ❛♥❞ ✭✷✮ ❛❜♦✈❡✳ ❍❡r❡❜②✱ +✱ −✱ 0✱ ❛♥❞ +− ❞❡♥♦t❡ ♣♦s✐t✐✈❡✱ ♥❡❣❛t✐✈❡✱ ♥❡✉tr❛❧✱

❛♥❞ ❛♠❜✐❣✉♦✉s ❡✛❡❝ts✱ r❡s♣❡❝t✐✈❡❧②✳

❚❛❜❧❡ ✶✿ ❈♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ❞✐str✐❜✉t✐♦♥s

α β s vL vH
q∗H − − 0 + −
q∗L − +− 0 + 0
p − − 0 + −

FH(.) + + 0 − −
FL(.) + + 0 − −

α β s vL vH
q∗H,vH

− +− − +− +−

q∗H,ρ + +− + +− +−

q∗L,vL
0 + + + −

p 0 +− + + +−
GH(.) 0 +− − − +−
GL(.) 0 +− − − +−

❊q✉✐❧✐❜r✐✉♠ Pr♦✜ts

❈❛s❡ ✭✶✮✿ β > β✳ ❋♦r β > β✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ❣✐✈❡s r✐s❡ t♦ ❡q✉✐❧✐❜r✐✉♠

♣r♦✜ts ♦❢ Π∗
H = (vL + s)α ❛♥❞ Π∗

L = vL(1 − α)✳ ■t ✐s t❤✉s ❛♣♣❛r❡♥t t❤❛t t❤❡ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠

♣r♦✜ts ✐♥ t❤❡ ❞✐s❝✉ss❡❞ r❡❣✐♦♥ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ β✱ str✐❝t❧② ✐♥❝r❡❛s❡ ✭❞❡❝r❡❛s❡✮ ✐♥ α ❢♦r H ✭L✮✱

❛♥❞ str✐❝t❧② ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ vL ♦❢ L✲❝♦♥s✉♠❡rs✳ ▼♦r❡♦✈❡r✱ H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s

str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ s❡❛r❝❤ ❝♦st s✳

❚❤❡ ✐♥t✉✐t✐♦♥ t♦ t❤❡s❡ r❡s✉❧ts ✐s ❛s ❢♦❧❧♦✇s✳ ❙✐♥❝❡ β ✐s ❧❛r❣❡✱ H ✜❣❤ts ❢♦r ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs

❜② ♣r✐❝✐♥❣ ❛t t❤❡✐r r❡s❡r✈❛t✐♦♥ ♣r✐❝❡✳ ●✐✈❡♥ L✬s ♣r✐❝❡ vL✱ t❤✐s r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ✐s vL + s✳ ❍❡♥❝❡✱

H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐♥❝r❡❛s❡s ❢♦r ❧❛r❣❡r vL ❛♥❞ s✳ ❆s H s❡r✈❡s t❤❡ ✇❤♦❧❡ H✲♠❛r❦❡t ✐♥ t❤❡

r❡s♣❡❝t✐✈❡ ❡q✉✐❧✐❜r✐✉♠✱ ✐ts ♣r♦✜t str✐❝t❧② ✐♥❝r❡❛s❡s ✇✐t❤ t❤✐s ♠❛r❦❡t✬s s✐③❡ α✳ ❚❤❡ ♣r✐❝❡ L ❝❤❛r❣❡s

✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐s vL✱ ❛♥❞ ❞♦✐♥❣ s♦ ✐t ❝❛♥ ♦♥❧② ❛ttr❛❝t t❤❡ ♠❛ss 1 − α ♦❢ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✳

❍❡♥❝❡✱ ❛ ❧❛r❣❡r vL ❛♥❞ ❧♦✇❡r α ✭t❤❛t ✐s✱ ❛ ❜✐❣❣❡r L✲♠❛r❦❡t 1− α✮ ✐♥❝r❡❛s❡s L✬s ♣r♦✜t✳

❈❛s❡ ✭✷✮✿ β < β✳ ❋♦r β < β✱ ♥♦ ♠❛tt❡r ✇❤❛t α✱ t❤❡ r❡s♣❡❝t✐✈❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡

❣❛♠❡ ✐♠♣❧✐❡s ❛♥ ✭❡①♣❡❝t❡❞✮ ♣r♦✜t ♦❢ Π∗∗
H = vHα(1−β) ❢♦r H✳ ❚❤❛t ✐s✱ ❢♦r s✉✣❝✐❡♥t❧② ❢❡✇ ✢❡①✐❜❧❡

❝♦♥s✉♠❡rs β✱ H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ vH

✷✶



❛♥❞ t❤❡ H✲♠❛r❦❡t s✐③❡ α✱ ✇❤✐❧❡ ✐t ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs β✳

❚❤❡ ❡①❛❝t ✐♥t✉✐t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ t②♣❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✐s ♣❧❛②❡❞ ✭Pr♦♣♦s✐t✐♦♥s ✷ t♦ ✹✮✱

✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡✈❡r✐t② ♦❢ L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✭✐❢ ❛♥②✮✳ ❇✉t ❣❡♥❡r❛❧❧② s♣❡❛❦✐♥❣✱

α(1−β) ✐s t❤❡ ♠❛ss ♦❢ H✬s ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs ✭t❤❡ ♠❛ss H✲❝♦♥s✉♠❡rs ✇❤♦ ❛r❡ ♥♦t ✢❡①✐❜❧❡✮✱ ❛♥❞

t❤❡ ♠❛①✐♠❛❧ ♣r✐❝❡ H ❝❛♥ ❝❤❛r❣❡ t❤❡♠ ✐s vH ✳ ❍❡♥❝❡✱ t❤❡ ♠♦r❡ ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs t❤❡r❡ ❛r❡ ✐♥

H✬s ♠❛r❦❡t✱ ❛♥❞ t❤❡ ❤✐❣❤❡r t❤❡✐r ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✱ t❤❡ ❤✐❣❤❡r ✐s H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t✳

❋♦r β < β ❛♥❞ α ≤ α(β)✱ L✬s ✭❡①♣❡❝t❡❞✮ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜② vL(1− α+ αβ)✳ ■t ✐s

❡❛s② t♦ s❡❡ t❤❛t t❤✐s ❡①♣r❡ss✐♦♥ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ α ❛♥❞ vL✱ ✇❤✐❧❡ ✐t ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣

✐♥ β✳ ❆❣❛✐♥✱ t❤❡ ❡①❛❝t ✐♥t❡r♣r❡t❛t✐♦♥ ❞❡♣❡♥❞s ♦♥ t❤❡ t②♣❡ ♦❢ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✐s ♣❧❛②❡❞ ✭♥♦

❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✈s✳ ❛ ♠♦❞❡r❛t❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✮✳ ❆ ❣❡♥❡r❛❧ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ✐❢ L✬s

❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s ♥♦t t♦♦ ❧❛r❣❡✱ t❤❡ ✜r♠✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐♥❝r❡❛s❡s ✇✐t❤ t❤❡ ❢r❛❝t✐♦♥ β

♦❢ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✐t ❝❛♥ ❛ttr❛❝t✱ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ vL✱ ❛♥❞ ❛❧s♦ t❤❡ r❡❧❛t✐✈❡

s✐③❡ ♦❢ L✬s ❧♦❝❛❧ ♠❛r❦❡t 1 − α✳ ❚❤❡ ❧❛tt❡r ✐s tr✉❡ ❜❡❝❛✉s❡ t❤❡ t♦t❛❧ ♠❛ss ♦❢ ❝♦♥s✉♠❡rs L ❝❛♥

✭♣♦t❡♥t✐❛❧❧②✮ s❡r✈❡ ✐s 1− α+ αβ✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ L✲❝♦♥s✉♠❡rs 1− α✳

❋♦r β < β ❛♥❞ α > α(β)✱ L✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜② Π∗∗∗
L = (1−α)(1−β)vHvL[(1−β)vH−vL]

[(1−β)vH−vL]2+vLβs
✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s ❡①♣r❡ss✐♦♥ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ α✳ ❙✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ L✬s

❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s ❧❡ss s❡✈❡r❡ ✭♦r ♥♦t t❤❡r❡ ❛t ❛❧❧✮✱ ❛ s♠❛❧❧❡r r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ L✲♠❛r❦❡t

✭❧❛r❣❡r α✮ ❧❡❛❞s t♦ ❧♦✇❡r ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜ts ♦❢ L✳ ◆❡①t✱ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ Π∗∗∗
L ✇✐t❤

r❡s♣❡❝t t♦ β ❛r❡ ❣❡♥❡r❛❧❧② ❛♠❜✐❣✉♦✉s✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t t❤❡r❡ ❛r❡ t②♣✐❝❛❧❧② t✇♦ ♦♣♣♦s✐♥❣

❡✛❡❝ts ❛t ♣❧❛②✳ ◆❛♠❡❧②✱ ❛ ❤✐❣❤❡r β ♠❡❛♥s t❤❛t ♠♦r❡ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❝♦♠✐♥❣ ❢r♦♠ H ❝❛♥

♣♦t❡♥t✐❛❧❧② ❜❡ s❡r✈❡❞✱ ❜✉t ❛❧s♦ t❤❛t L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ❜❡❝♦♠❡s ♠♦r❡ s❡✈❡r❡✳ ■♥ t✉r♥✱ t❤✐s

❧❡❛❞s H t♦ s❛♠♣❧❡ ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ ♠♦r❡ ♦❢t❡♥✱ ✇❤✐❝❤ ❞✐s❝♦✉r❛❣❡s t❤❡

✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✳

❖♥❡ ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t L✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t str✐❝t❧② ❞❡❝r❡❛s❡s ✇✐t❤ s✳ ❚❤✐s ✐s tr✉❡ ❜❡❝❛✉s❡

H ✇✐❧❧ ♣r✐❝❡ ❛t t❤❡ ✢❡①✐❜❧❡H✲❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ♠♦r❡ ♦❢t❡♥ ❢♦r ❧❛r❣❡r s✱ ✇❤✐❝❤ ❞✐r❡❝t❧②

r❡❞✉❝❡s L✬s ❡①♣❡❝t❡❞ ❞❡♠❛♥❞✳ ❋✐♥❛❧❧②✱ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ Π∗∗∗
L ✇✐t❤ r❡s♣❡❝t t♦ vL ❛♥❞

vH ❛r❡ ❣❡♥❡r❛❧❧② ❛♠❜✐❣✉♦✉s✳

❚❛❜❧❡ ✷ s✉♠♠❛r✐③❡s t❤❡ ✭❧♦❝❛❧✮ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜ts ❛❝r♦ss t❤❡

❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐✉♠ r❡❣✐♦♥s✳ ❆❣❛✐♥✱ +✱ −✱ 0✱ ❛♥❞ +− ❞❡♥♦t❡ ♣♦s✐t✐✈❡✱ ♥❡❣❛t✐✈❡✱ ♥❡✉tr❛❧✱ ❛♥❞

❛♠❜✐❣✉♦✉s ❡✛❡❝ts✱ r❡s♣❡❝t✐✈❡❧②✳

✷✷



❚❛❜❧❡ ✷✿ ▲♦❝❛❧ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜ts

α β s vL vH
Π∗

H(I) + 0 + + 0
Π∗

H(II) + − 0 0 +
Π∗

H(III) + − 0 0 +
Π∗

H(IV ) + − 0 0 +

α β s vL vH
Π∗

L(I) − 0 0 + 0
Π∗

L(II) − + 0 + 0
Π∗

L(III) − + 0 + 0
Π∗

L(IV ) − +− − +− +−

❲❡❧❢❛r❡

❙✐♥❝❡ t❤❡ ♠❛①✐♠❛❧ ❛❝❤✐❡✈❛❜❧❡ ✇❡❧❢❛r❡ ✐♥ t❤❡ ♠❛r❦❡t ✐s ❣✐✈❡♥ ❜② αvH+(1−α)vL ❛♥❞ t❤✉s ❞❡♣❡♥❞s

♦♥ α✱ vH ❛♥❞ vL✱ ✐t ♠❛❦❡s s❡♥s❡ t♦ ❢♦❝✉s ♦♥ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss t❤❛t ❛r✐s❡s ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❋r♦♠ ❡q✉❛t✐♦♥ ✭✷✮✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤✐s r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

W r
loss =







































αβs
αvH+(1−α)vL

✐❢ β < β ❛♥❞ α ≤ α(β)

αβs +(1−q∗L)(1−α)vL

αvH+(1−α)vL
✐❢ β < β ❛♥❞ α ∈ (α(β), α(β)]

αβs(1−q∗H,ρ)+(1−q∗L,vL
)(1−α)vL

αvH+(1−α)vL
✐❢ β < β ❛♥❞ α ∈ (α(β), 1)

0 ✐❢ β > β.

✭✸✮

❋✐rst✱ ♥♦t❡ t❤❛t ❢♦r β < β ❛♥❞ α ≤ α(β)✱ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss str✐❝t❧② ✐♥❝r❡❛s❡s ✐♥ α ❛♥❞

β✳ ❚❤❡ s✐♠♣❧❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ❛ ❤✐❣❤❡r α ♦r β ✐♥❝r❡❛s❡s t❤❡ ♠❛ss ♦❢ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇❤♦

✐♥❝✉r ✇❛st❡❢✉❧ tr❛✈❡❧ ❡①♣❡♥❞✐t✉r❡s ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ✭✐♥ t❤❡ ❝❛s❡ ♦❢ α✱ t❤❡ ✐♥❝r❡❛s❡ ✐♥

t❤❡ t♦t❛❧ ❛❝❤✐❡✈❛❜❧❡ ✇❡❧❢❛r❡ ❝❛♥♥♦t ♠❛❦❡ ✉♣ ❢♦r t❤❛t✮✳ ▼♦r❡♦✈❡r✱ ❣✐✈❡♥ t❤❛t β ❞♦❡s ♥♦t ❢❛❧❧ s❤♦rt

♦❢ β✱ ❛❧s♦ ✐♥❝r❡❛s❡s ✐♥ s ✉♥❛♠❜✐❣✉♦✉s❧② ✐♥❝r❡❛s❡ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ♠❛r❦❡t✳ ❚❤✐s

✐s ❜❡❝❛✉s❡ ❡❛❝❤ ✭s❡❛r❝❤✐♥❣✮ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡r ✐♥❝✉rs ❛ ❧❛r❣❡r ❧♦ss ❢r♦♠ s❡❛r❝❤ ✐❢ s ✐♥❝r❡❛s❡s✳

■♥❝r❡❛s❡s ✐♥ vL ♦r vH ❧❡❛❞ t♦ ❛♥ ✉♥❛♠❜✐❣✉♦✉s ❞❡❝r❡❛s❡ ♦❢ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss✱ ❛s t❤❡ ❛❜s♦❧✉t❡

✇❡❧❢❛r❡ ❧♦ss ♦❢ αβs st❛②s ❝♦♥st❛♥t✱ ❜✉t t❤❡ t♦t❛❧ ❛❝❤✐❡✈❛❜❧❡ s✉r♣❧✉s ✐♥ t❤❡ ♠❛r❦❡t ✐♥❝r❡❛s❡s✳

❙❡❝♦♥❞✱ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✇✐t❤ r❡s♣❡❝t t♦ α ❛♥❞ β ❛r❡

❣❡♥❡r❛❧❧② ❛♠❜✐❣✉♦✉s ✐❢ β < β ❛♥❞ α ∈ (α(β), α(β)]✳✷✺ ■♥t✉✐t✐✈❡❧②✱ t❤✐s ✐s t❤❡ ❝❛s❡ ❜❡❝❛✉s❡ t❤❡r❡

❝❛♥ ❜❡ ❝♦✉♥t❡r✈❛✐❧✐♥❣ ❡✛❡❝ts ❛t ✇♦r❦✳ ❈❧❡❛r❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ α ♦r β ✐♥❝r❡❛s❡s t❤❡ ♠❛ss ♦❢ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡rs ✭✇❤♦ ❛❧❧ s❡❛r❝❤ ✐♥✐t✐❛❧❧②✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ❧❛r❣❡r ✇❛st❡❢✉❧ tr❛✈❡❧ ❡①♣❡♥❞✐t✉r❡s t♦

t❤❡ ❡①t❡♥t ♦❢ αβs ❛r❡ ✐♥❝✉rr❡❞✳ ❆❧s♦✱ ✐♥❝r❡❛s❡s ✐♥ α ✉♥❛♠❜✐❣✉♦✉s❧② r❡❞✉❝❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t L

s❡r✈❡s ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❜② ♣r✐❝✐♥❣ ❛t vL ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✭s❡❡ t❤❡ ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡ ❝♦♠♣❛r❛t✐✈❡

st❛t✐❝s ♦❢ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛ ❛❜♦✈❡✮✱ ✇❤✐❝❤ ✐♥❝r❡❛s❡s t❤❡ ❛❜s♦❧✉t❡ ✇❡❧❢❛r❡ ❧♦ss ❜② ❣✐✈✐♥❣

r✐s❡ t♦ ❛❞❞✐t✐♦♥❛❧ ❞❡❛❞✇❡✐❣❤t ❧♦ss ✭❝❛✉s❡❞ ❜② L✲❝♦♥s✉♠❡rs ❞r♦♣♣✐♥❣ ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✮✳ ❍♦✇❡✈❡r✱

✷✺❍♦✇❡✈❡r✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✐s t②♣✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ✐♥ α ❛♥❞ β ✐♥ t❤❡ r❡❧❡✈❛♥t
r❡❣✐♦♥✳ ❚❤✐s ✐s tr✉❡ ✐♥ ♣❛rt✐❝✉❧❛r ✐❢ s ✐s ❧❛r❣❡✳

✷✸



♣r♦✈✐❞❡❞ t❤❛t s ✐s s✉✣❝✐❡♥t❧② ❧♦✇✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ α ❝❛♥ ❛❧s♦ ❤❛✈❡ ❛ ❜❡♥❡✜❝✐❛❧ ❡✛❡❝t ❜❡❝❛✉s❡ ✐t

♠❛② ✐♥❝r❡❛s❡ t❤❡ t♦t❛❧ s✉r♣❧✉s ❛❝❤✐❡✈❛❜❧❡ ✐♥ t❤❡ ♠❛r❦❡t ❜② ♠♦r❡ ✭r❡❧❛t✐✈❡❧② s♣❡❛❦✐♥❣✮ t❤❛♥ ✐t

✐♥❝r❡❛s❡s t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ❧♦ss✳✷✻ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ β ❝❛♥ ❤❛✈❡ ❛ ❜❡♥❡✜❝✐❛❧ ❡✛❡❝t

❜❡❝❛✉s❡ ❢♦r s♦♠❡ ♣❛r❛♠❡t❡r ❝♦♠❜✐♥❛t✐♦♥s✱ ✐♥❝r❡❛s❡s ✐♥ β ❧❡❛❞ L t♦ s❛♠♣❧❡ vL ♠♦r❡ ♦❢t❡♥✳ ■♥

t✉r♥✱ ❧❡ss ❞❡❛❞✇❡✐❣❤t ❧♦ss ❜② ❞r♦♣♦✉t L✲❝♦♥s✉♠❡rs ✐s ❝r❡❛t❡❞✳

▼♦r❡♦✈❡r✱ ❣✐✈❡♥ t❤❛t β ❞♦❡s ♥♦t st❛rt t♦ ❡①❝❡❡❞ β ♦r α st❛rts t♦ ❡①❝❡❡❞ α(β)✱ ✐♥❝r❡❛s❡s ✐♥ s

✉♥❛♠❜✐❣✉♦✉s❧② ✐♥❝r❡❛s❡ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ♠❛r❦❡t✳ ❆s ❛❜♦✈❡✱ t❤✐s ✐s ❜❡❝❛✉s❡ ❡❛❝❤

✭s❡❛r❝❤✐♥❣✮ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✐♥❝✉rs ❛ ❧❛r❣❡r ❧♦ss ❢r♦♠ s❡❛r❝❤ ✐❢ s ✐♥❝r❡❛s❡s✱ ✇❤✐❧❡ ❛t t❤❡ s❛♠❡

t✐♠❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t L s❛♠♣❧❡s vL ✭❛♥❞ s❡r✈❡s ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✮ ✐s ✉♥❛✛❡❝t❡❞ ❜② s✳ ■t ✐s

❛❧s♦ ♥♦t ❞✐✣❝✉❧t t♦ s❤♦✇ ✈✐❛ ❞✐✛❡r❡♥t✐❛t✐♦♥ t❤❛t t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ❛♥❛❧②③❡❞ r❡❣✐♦♥

♠✉st str✐❝t❧② ❞❡❝r❡❛s❡ ✐♥ vL✳ ❆ s♦♠❡✇❤❛t ♠♦r❡ ✐♥tr✐❝❛t❡ ♣r♦♦❢ r❡✈❡❛❧s t❤❛t t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡

❧♦ss ✐♥ t❤❡ r❡❣✐♦♥ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ vH ✳✷✼

❚❤✐r❞✱ ✐❢ β < β ❛♥❞ α > α(β)✱ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✇✐t❤ r❡s♣❡❝t

t♦ α ❛♥❞ β ❛r❡ ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡✳✷✽ ❚❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ❛❧t❤♦✉❣❤ ✐♥❝r❡❛s❡s ✐♥ α ❛♥❞ β

✐♥❝r❡❛s❡ t❤❡ t♦t❛❧ s❡❛r❝❤ ❢r✐❝t✐♦♥ ❝r❡❛t❡❞ ❜② s❡❛r❝❤✐♥❣ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✱ t❤✐s ✐s ❛❧✇❛②s ♠♦r❡

t❤❛♥ ♦✛s❡t ❜② ✇❡❧❢❛r❡✲✐♥❝r❡❛s✐♥❣ ❝❤❛♥❣❡s ✐♥ t❤❡ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s✳ ◆❛♠❡❧②✱ ✐♥❝r❡❛s❡s

✐♥ α ✉♥❛♠❜✐❣✉♦✉s❧② ✐♥❝r❡❛s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t H s❛♠♣❧❡s ρ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✭❛✈♦✐❞✐♥❣ ✇❛st❡❢✉❧

tr❛✈❡❧ ❡①♣❡♥❞✐t✉r❡s ❛❧t♦❣❡t❤❡r✮✱ ✇❤✐❧❡ ❛t t❤❡ s❛♠❡ t✐♠❡ t❤❡② ❞♦ ♥♦t ❛❧t❡r L✬s ♣r♦❜❛❜✐❧✐t② ♦❢

s❛♠♣❧✐♥❣ vL ✭❛♥❞ t❤✉s s❡r✈✐♥❣ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥❝r❡❛s❡s ✐♥ β ♠❛② ❤❛✈❡

❛♥ ❛♠❜✐❣✉♦✉s ❡✛❡❝t ♦♥ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t H ♣r✐❝❡s ❛t ρ✱ ❜✉t t❤❡② ✉♥❛♠❜✐❣✉♦✉s❧② ✐♥❝r❡❛s❡ L✬s

♣r♦❜❛❜✐❧✐t② ♦❢ s❡r✈✐♥❣ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❜② ♣r✐❝✐♥❣ ❛t vL✳

■t ♠❛② ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ♦❜s❡r✈❡ t❤❛t t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ❞✐s❝✉ss❡❞ r❡❣✐♦♥ ✉♥❛♠✲

❜✐❣✉♦✉s❧② ❞❡❝r❡❛s❡s ✐♥ s✳✷✾ ❍❡♥❝❡✱ ❣✐✈❡♥ t❤❛t L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s s❡✈❡r❡✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥

✷✻❚❤✐s ❡✛❡❝t ✐s ♥♦t ♣♦ss✐❜❧❡ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♦♥❧② ✇❡❧❢❛r❡ ❧♦ss st❡♠s ❢r♦♠ ✇❛st❡❢✉❧ s❡❛r❝❤ ❡①♣❡♥❞✐t✉r❡s ✭s❡❡
❛❜♦✈❡✮✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ✐♥ t❤✐s ❝❛s❡✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ α ✐♠♣❧✐❡s ❛ ♦♥❡✲t♦✲♦♥❡ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❛❜s♦❧✉t❡ ✇❡❧❢❛r❡ ❧♦ss✱
✇❤❡r❡❛s ✐t r❡s✉❧ts ✐♥ ❛ ❧❡ss t❤❛♥ ♦♥❡✲t♦✲♦♥❡ ✐♥❝r❡❛s❡ ♦❢ t❤❡ ♠❛①✐♠❛❧ ❛❝❤✐❡✈❛❜❧❡ ✇❡❧❢❛r❡✳

✷✼❋♦r ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✱ ♥♦t❡ ✜rst t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ r❡❣✐♦♥✬s r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✇✐t❤ r❡s♣❡❝t t♦ vH
❤❛s t❤❡ s❛♠❡ s✐❣♥ ❛s Φ(α) := α2(1 − β)(β2s + vL) − α[2vL − βvL + β2(s − vL)] + (1 − β2)vL✱ ✇❤✐❝❤ ✐s str✐❝t❧②
❝♦♥✈❡① ✐♥ α✳ ❙✐♥❝❡ ✐t ✐s r❡q✉✐r❡❞ t❤❛t α > α(β) ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣❛r❛♠❡t❡r r❡❣✐♦♥✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t
Φ(α) ✐s ♥♦♥✲♥❡❣❛t✐✈❡ ❢♦r α = α(β)✳ ❚❤✐s ✐s ✐♥❞❡❡❞ t❤❡ ❝❛s❡ ❢♦r β < β✳

✷✽❚❤❡ ♣r♦♦❢ ❢♦r α ✐s s✐♠♣❧❡✱ ❛s αβ(1 − q∗H,ρ) r❡❞✉❝❡s t♦ 1 − α t✐♠❡s ❛ ♣♦s✐t✐✈❡ ✭♣❛r❛♠❡t❡r✲❞❡♣❡♥❞❡♥t✮ ❢❛❝✲

t♦r✳ ❋♦r β✱ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ r❡✈❡❛❧s t❤❛t d
dβ

(

αβs(1−q∗H,ρ)+(1−q∗L,vL
)(1−α)vL

αvH+(1−α)vL

)

< 0 ✐s ❡q✉✐✈❛❧❡♥t t♦

d
dβ

(

vH (1−β)−vL−βs

[vH (1−β)−vL]2+vLβs
− 1

vH (1−β)−vL

)

< 0✳ ❆❢t❡r ❞✐✛❡r❡♥t✐❛t✐♥❣ ❛♥❞ s✐♠♣❧✐❢②✐♥❣✱ t❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ st❛t❡❞

❛s (1− β)3(1+ β)v3H − 3(1− β)2v2HvL +3(1− β)2vHv2L − v3L + v2L(β
2s+2βvL) > 0✳ ❘❡✇r✐t✐♥❣ ❛♥❞ s❡tt✐♥❣ s = 0

②✐❡❧❞s t❤❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ [(1−β)vH − vL]
3 +β[(1−β)3v3H − 3(1−β)vHv2L +2v3L] > 0✳ ❍❡r❡✱ t❤❡ ❧❡❢t ❜r❛❝❦❡t

✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❞✉❡ t♦ β < β✱ ✇❤✐❧❡ t❤❡ r✐❣❤t ❜r❛❝❦❡t r❡❛❝❤❡s ✐ts ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ♦❢ 0 ✭♦✈❡r t❤❡ r❛♥❣❡ β ∈ [0, 1]✮
❛t βmin = 1−

vL
vH

✳ ❍❡♥❝❡✱ t❤❡ s✉♠ ✐s str✐❝t❧② ♣♦s✐t✐✈❡✳
✷✾❚❤✐s r❡s✉❧t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ♦❜t❛✐♥ ✈✐❛ ❞✐✛❡r❡♥t✐❛t✐♦♥✳

✷✹



t❤❡ s❡❛r❝❤ ❢r✐❝t✐♦♥ ✉♥❛♠❜✐❣✉♦✉s❧② ✐♠♣r♦✈❡s ♠❛r❦❡t ♣❡r❢♦r♠❛♥❝❡✳ ■♥t✉✐t✐✈❡❧②✱ t❤✐s ✐s tr✉❡ ❜❡❝❛✉s❡

✐♥ t❤❡ r❡❧❡✈❛♥t r❡❣✐♦♥✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ s ✉♥❛♠❜✐❣✉♦✉s❧② ✐♥❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t L ♣r✐❝❡s ❛t

vL ✭r❡❞✉❝✐♥❣ t❤❡ ❞❡❛❞✇❡✐❣❤t ❧♦ss ❢r♦♠ ❞r♦♣♦✉t L✲❝♦♥s✉♠❡rs✮ ❛♥❞ t❤❛t H ♣r✐❝❡s ❛t ρ ✭r❡❞✉❝✐♥❣

t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇❛st❡❢✉❧ tr❛✈❡❧ ❡①♣❡♥❞✐t✉r❡s✮✳ ❚❤✐s ✐s ❛❧✇❛②s ♠♦r❡ t❤❛♥ ❡♥♦✉❣❤ t♦ ♦✛s❡t t❤❡

❛❞✈❡rs❡ ❡✛❡❝t ♦❢ ❤✐❣❤❡r tr❛✈❡❧ ❝♦sts ♦♥ ✇❡❧❢❛r❡✳

❋✐♥❛❧❧②✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ ♥✉♠❡r✐❝❛❧❧② t❤❛t t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss

✇✐t❤ r❡s♣❡❝t t♦ vL ❛♥❞ vH ❛r❡ ❣❡♥❡r❛❧❧② ❛♠❜✐❣✉♦✉s ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ♣❛r❛♠❡t❡r r❡❣✐♦♥✳

❚❛❜❧❡ ✸ s✉♠♠❛r✐③❡s t❤❡ ✭❧♦❝❛❧✮ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ♠❛r❦❡t

❛❝r♦ss t❤❡ ❞✐✛❡r❡♥t ❡q✉✐❧✐❜r✐✉♠ r❡❣✐♦♥s✳ ❆s ❛❜♦✈❡✱ +✱ −✱ 0✱ ❛♥❞ +− ❞❡♥♦t❡ ♣♦s✐t✐✈❡✱ ♥❡❣❛t✐✈❡✱

♥❡✉tr❛❧✱ ❛♥❞ ❛♠❜✐❣✉♦✉s ❡✛❡❝ts✱ r❡s♣❡❝t✐✈❡❧②✳

❚❛❜❧❡ ✸✿ ▲♦❝❛❧ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s ♦❢ t❤❡ r❡❧❛t✐✈❡ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ♠❛r❦❡t

α β s vL vH
W r

loss(I) 0 0 0 0 0
W r

loss(II) + + + − −
W r

loss(III) +− +− + − +
W r

loss(IV ) − − − +− +−

❆♥ ✐♥t❡r❡st✐♥❣ t❛❦❡✲❛✇❛② ❢r♦♠ t❤✐s t❛❜❧❡ ❛♥❞ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥ ✐s t❤❛t ✐♥ s❡✈❡r❛❧ r❡❣✐♦♥s

✐♥ ♣❛r❛♠❡t❡r s♣❛❝❡✱ ♠♦r❡ ✐s♦❧❛t❡❞ ♠❛r❦❡ts ✭❧♦✇❡r β ♦r ❧❛r❣❡r s✮✱ ❛s ✇❡❧❧ ❛s ❛ ❧❛r❣❡r ❞✐✛❡r❡♥❝❡

✐♥ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ✭❧❛r❣❡r vH ♦r ❧♦✇❡r vL❀ t❤✐s ❝♦✉❧❞ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛♥ ✐♥❝r❡❛s❡❞

✐♥❝♦♠❡ ✐♥❡q✉❛❧✐t②✮✱ ✐♠♣r♦✈❡ ♠❛r❦❡t ♣❡r❢♦r♠❛♥❝❡✳ ❆ ♠❛❥♦r ❞r✐✈✐♥❣ ❢♦r❝❡ ♦❢ t❤❡ ❢♦r♠❡r r❡s✉❧t

✐s ♦❢ ❝♦✉rs❡ t❤❛t tr❛✈❡❧ ✐s s♦❝✐❛❧❧② ✇❛st❡❢✉❧ ✐♥ t❤❡ ♠♦❞❡❧✱ s✉❝❤ t❤❛t ❞❡❝r❡❛s✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢

tr❛✈❡❧✐♥❣ ❝♦♥s✉♠❡rs✱ ♦r ❞✐s❝♦✉r❛❣✐♥❣ ❝♦♥s✉♠❡rs ❢r♦♠ tr❛✈❡❧✐♥❣ ❞✉❡ t♦ ❤✐❣❤❡r ❝♦sts✱ ❝❛♥ ✐♠♣r♦✈❡

s♦❝✐❛❧ ✇❡❧❢❛r❡✳ ❚❤❡ s❡❝♦♥❞ r❡s✉❧t ❝❛♥ ❡✐t❤❡r st❡♠ ❢r♦♠ ❛ ❞♦♠✐♥❛♥t ❞✐r❡❝t ❡✛❡❝t ✕ ✐♥❝r❡❛s✐♥❣ t❤❡

✈❛❧✉❛t✐♦♥ ♦❢ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ✇❤✐❧❡ ❦❡❡♣✐♥❣ ❡✈❡r②t❤✐♥❣ ❡❧s❡ ❡q✉❛❧ ✐♥❝r❡❛s❡s t❤❡ t♦t❛❧

s✉r♣❧✉s ♠♦r❡ t❤❛♥ ✐t ✐♥❝r❡❛s❡s ✇❛st❡❢✉❧ tr❛✈❡❧ ❡①♣❡♥❞✐t✉r❡s ✕ ♦r ❢r♦♠ ♠♦r❡ s✉❜t❧❡ ❝❤❛♥❣❡s ✐♥

✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝✐♥❣ ❜❡❤❛✈✐♦r✳ P❡r❤❛♣s s✉r♣r✐s✐♥❣❧②✱ ❞❡❝r❡❛s✐♥❣ t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❛t✐♦♥ ♦❢

❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ✭✏♠❛❦✐♥❣ t❤❡ ♣♦♦r ❡✈❡♥ ♣♦♦r❡r✑✮ ❝❛♥ st✐❧❧ ✐♠♣r♦✈❡ ♠❛r❦❡t ♣❡r❢♦r♠❛♥❝❡✱

❛❧t❤♦✉❣❤ t❤✐s ❤❛s ❛ ❞✐r❡❝t ♥❡❣❛t✐✈❡ ❡✛❡❝t ❛♥❞✱ ❛t t❤❡ s❛♠❡ t✐♠❡✱ ❢♦st❡rs t❤❡ ❡①❝❧✉s✐♦♥ ♦❢ t❤✐s

❝♦♥s✉♠❡r ❣r♦✉♣ ✭s❡❡ ❚❛❜❧❡ ✶✮✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ❞✉❡ t♦ ✜r♠s✬ ❡q✉✐❧✐❜r❛t✐♥❣ str❛t❡❣✐❡s✱ ❤✐❣❤✲

✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ♠❛② ✜♥❞ t❤❡♠s❡❧✈❡s ♠♦r❡ ♦❢t❡♥ ✐♥ ❛ s✐t✉❛t✐♦♥ ✇✐t❤ ❛ ✈❡r② ❛ttr❛❝t✐✈❡ ♣r✐❝❡

♦✛❡r ✭ρ∗✮ t❤❛t ❞✐s❝♦✉r❛❣❡s t❤❡♠ ❢r♦♠ ❡♥❣❛❣✐♥❣ ✐♥ ✇❛st❡❢✉❧ tr❛✈❡❧✳

✷✺



✻ ❆❞✈❡rt✐s✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ■ ✇✐❧❧ ❡①t❡♥❞ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❡✛❡❝ts ♦❢ ✐♥❢♦r♠❛t✐✈❡

❛❞✈❡rt✐s✐♥❣ ♦♥ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①t❡♥s✐♦♥ ♦❢ t❤❡

♠❛✐♥ ♠♦❞❡❧ ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳

❙❡t✉♣

❚❤❡r❡ ✐s ❛ ♣r❡❧✐♠✐♥❛r② st❛❣❡ ✐♥ ✇❤✐❝❤ ❜♦t❤ ✜r♠s s✐♠✉❧t❛♥❡♦✉s❧② ❞❡❝✐❞❡ ✇❤❡t❤❡r t♦ ❡♥❣❛❣❡ ✐♥

❛♥ ❛❞✈❡rt✐s✐♥❣ ❝❛♠♣❛✐❣♥ ♦r ♥♦t✳ ❋♦r ❛ ❝♦st ♦❢ A > 0 ✭✜r♠ L✮ ❛♥❞ AH > 0 ✭✜r♠ H✮✱ s✉❝❤ ❛

❝❛♠♣❛✐❣♥ ❝♦♠♠✐ts t❤❡ ❡♥❣❛❣✐♥❣ ✜r♠ t♦ ❝❤❛r❣❡ s♦♠❡ ✭❢r❡❡❧② ❝❤♦s❡♥✮ ❛❞✈❡rt✐s❡❞ ♣r✐❝❡ ❢♦r t❤❡ r❡st

♦❢ t❤❡ ❣❛♠❡ ✭❡ss❡♥t✐❛❧❧② ❡❧✐♠✐♥❛t✐♥❣ ✐ts ♣r✐❝❡✲s❡tt✐♥❣ st❛❣❡✮✱ ✇❤✐❧❡ ❢✉❧❧② ✐♥❢♦r♠✐♥❣ ❛❧❧ ❝♦♥s✉♠❡rs

✭✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ t❤❡ ♦t❤❡r ♠❛r❦❡t✮ ❛♥❞ ✐ts r✐✈❛❧ t❤❛t ✐t ❝❤❛r❣❡s ❛♥❞

❛❞✈❡rt✐s❡s t❤❡ r❡s♣❡❝t✐✈❡ ♣r✐❝❡✳

❚❤❡ ❝♦♥s✉♠❡rs✬ tr❛✈❡❧ ❝♦sts ✐♥ L ❢♦❧❧♦✇ ❛♥ ❛r❜✐tr❛r② ❞✐str✐❜✉t✐♦♥✱ ✇✐t❤ ♥♦ ♣♦s✐t✐✈❡ ♠❛ss ♦❢

L✲❝♦♥s✉♠❡rs ❤❛✈✐♥❣ ③❡r♦ tr❛✈❡❧ ❝♦st✳ ❚❤❡r❡❢♦r❡✱ ❧❡t t❤❡ ❧♦✇❡st tr❛✈❡❧ ❝♦st ✐♥ L ❜❡ ❣✐✈❡♥ ❜②

sL ∈ (0, vL)✳ ❆s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧✱ t❤❡ H✲♠❛r❦❡t ❤❛s ❛ ❢r❛❝t✐♦♥ β ♦❢ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✇✐t❤

❝♦♠♠♦♥ tr❛✈❡❧ ❝♦st s✳

●✐✈❡♥ t❤✐s✱ t❤❡r❡ ❛r❡ t❤r❡❡ ♣♦ss✐❜✐❧✐t✐❡s✳ ❋✐rst✱ ✐❢ ❜♦t❤ ✜r♠s ❛❞✈❡rt✐s❡✱ t❤❡ ♣r✐❝❡s ✐♥ t❤❡ ♠❛r✲

❦❡t ❜❡❝♦♠❡ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡✱ ❛♥❞ t❤❡ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ♦♣t✐♠❛❧❧② ❜✉② ❛t t❤❡ ✜r♠ ✇❤✐❝❤

♦✛❡rs t❤❡♠ ❛ ❧♦✇❡r ♣r✐❝❡ ✭♥❡t ♦❢ tr❛✈❡❧ ❝♦sts✮✳ ❙❡❝♦♥❞✱ ✐❢ ♦♥❧② ♦♥❡ ✜r♠ ❡♥❣❛❣❡s ✐♥ t❤❡ ❛❞✈❡rt✐s✲

✐♥❣ ❝❛♠♣❛✐❣♥✱ ■ ❛ss✉♠❡ t❤❛t t❤❡ ♦t❤❡r ✜r♠ ✭✇❤✐❝❤ ❤❛s ♥♦t ✐♥✈❡st❡❞ ✐♥ ❛❞✈❡rt✐s✐♥❣✮ ❜❡❝♦♠❡s ❛

❙t❛❝❦❡❧❜❡r❣✲❢♦❧❧♦✇❡r✳ ❚❤❛t ✐s✱ t❤❡ ✜r♠ ♦❜s❡r✈❡s t❤❡ ♦t❤❡r ✜r♠✬s ❛❞✈❡rt✐s❡❞ ♣r✐❝❡ ❛♥❞ ♠❛② ❢r❡❡❧②

❝❤♦♦s❡ ❛♥ ❛r❜✐tr❛r② ♣r✐❝❡ ❛s r❡s♣♦♥s❡✳ ■♠♣♦rt❛♥t❧②✱ ✇❤✐❧❡ ✐♥ s✉❝❤ ❛ s❝❡♥❛r✐♦ ✐t ✐s ❝♦♠♠♦♥ ❦♥♦✇❧✲

❡❞❣❡ t❤❛t ♦♥❧② ♦♥❡ ✜r♠ ❤❛s ❛❞✈❡rt✐s❡❞ ✭❛♥❞ ✇❤✐❝❤ ✜r♠ t❤❛t ✐s✮✱ ❝♦♥s✉♠❡rs ❞♦ ♥♦t ♦❜s❡r✈❡ t❤❡

♣r✐❝❡ ♦❢ t❤❡ ♥♦♥✲❛❞✈❡rt✐s✐♥❣ ✜r♠ ✐❢ ✐t ✐s ❧♦❝❛t❡❞ ✐♥ t❤❡ ♦t❤❡r ♠❛r❦❡t✳ ❆❢t❡r t❤❡ ♥♦♥✲❛❞✈❡rt✐s✐♥❣

✜r♠ s❡ts ❛ ♣r✐❝❡ ✐♥ r❡s♣♦♥s❡ t♦ t❤❡ ❛❞✈❡rt✐s❡❞ ♣r✐❝❡ ❜② ✐ts r✐✈❛❧✱ t❤❡ ❝♦♥s✉♠❡rs ♠❛❦❡ t❤❡✐r ♣✉r✲

❝❤❛s❡ ❞❡❝✐s✐♦♥ ✭❢♦r♠✐♥❣ ❜❡❧✐❡❢s ✐❢ t❤❡ ♦t❤❡r ✜r♠✬s ♣r✐❝❡ ✐s ✉♥♦❜s❡r✈❡❞✮✳ ❆♥❞ t❤✐r❞✱ ✐❢ ❜♦t❤ ✜r♠s

❞♦ ♥♦t ❛❞✈❡rt✐s❡✱ t❤❡ ♦r✐❣✐♥❛❧ ❣❛♠❡ ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ✐s ♣❧❛②❡❞✳

❊q✉✐❧✐❜r✐✉♠ ❆♥❛❧②s✐s

❆s ❛ st❛rt✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❡❛s② t♦ ♣r♦✈❡✳

▲❡♠♠❛ ✶✳ ❚❤❡r❡ ❝❛♥♥♦t ❜❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❜♦t❤ L ❛♥❞ H ❛❞✈❡rt✐s❡✳

✷✻



Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤✐s ✇❛s t❤❡ ❝❛s❡✳ ❚❤❡♥ ❝❧❡❛r❧②✱ t❤❡r❡ ♠✉st ❜❡ ❛t ❧❡❛st ♦♥❡ ✜r♠ t❤❛t ❞♦❡s ♥♦t

❛ttr❛❝t t❤❡ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ t❤❡ ♦t❤❡r ❧♦❝❛❧ s✉❜♠❛r❦❡t ✭❜❡❝❛✉s❡ ✐ts ❛❞✈❡rt✐s❡❞ ♣r✐❝❡ ✐s ♥♦t

❧♦✇❡r t❤❛♥ ✐ts r✐✈❛❧✬s ❛❞✈❡rt✐s❡❞ ♣r✐❝❡✮✳ ❍❡♥❝❡✱ ❣✐✈❡♥ t❤❡ r✐✈❛❧✬s ❛❞✈❡rt✐s✐♥❣ str❛t❡❣②✱ t❤❡ ❝♦♥❝❡r♥❡❞

✜r♠ ❝♦✉❧❞ ❝❡rt❛✐♥❧② ❞♦ ❜❡tt❡r ❜② ♥♦t ❛❞✈❡rt✐s✐♥❣✱ ❜✉t ❝❤❛r❣✐♥❣ t❤❡ s❛♠❡ ♣r✐❝❡ ❛s ❜❡❢♦r❡✱ ❜❡✐♥❣ ❛

❙t❛❝❦❡❧❜❡r❣✲❢♦❧❧♦✇❡r✳ ❉♦✐♥❣ s♦✱ t❤❡ ✜r♠ ✇✐❧❧ ♥♦t ❧♦s❡ ❛♥② ✭❛❞❞✐t✐♦♥❛❧✮ ❧♦❝❛❧ ❝♦♥s✉♠❡rs✱ ❜✉t ❝❛♥

s❛✈❡ t❤❡ ✭♦t❤❡r✇✐s❡ ✇❛st❡❢✉❧✮ ❛❞✈❡rt✐s✐♥❣ ❝♦st✳

❈♦♥s❡q✉❡♥t❧②✱ t❤❡r❡ ❝❛♥ ♦♥❧② ❡①✐st t❤r❡❡ t②♣❡s ♦❢ ❡q✉✐❧✐❜r✐❛✿ t✇♦ ❛s②♠♠❡tr✐❝ ♦♥❡s ✐♥ ✇❤✐❝❤

❡✐t❤❡r L ♦r H ❛❞✈❡rt✐s❡s✱ ❛♥❞ ♦♥❡ ✏s②♠♠❡tr✐❝✑ ♦♥❡ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ❛❞✈❡rt✐s✐♥❣✮ ✐♥ ✇❤✐❝❤ ♥♦♥❡ ♦❢

t❤❡ ✜r♠s ❛❞✈❡rt✐s❡s✳

◆♦t❡ ❢✉rt❤❡r♠♦r❡ t❤❛t ❛♥ ❛s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ♦♥❧② H ❛❞✈❡rt✐s❡s ❡①✐sts ✉♥❞❡r ❝❡r✲

t❛✐♥ ❝✐r❝✉♠st❛♥❝❡s✳ ❚❤❡ ♥❡❝❡ss❛r② ✐♥❣r❡❞✐❡♥ts ♦❢ s✉❝❤ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛r❡ t❤❛t H✬s ❛❞✈❡rt✐s✐♥❣

❝♦st AH ✐s ❧♦✇✱ ❢❡✇ ❝♦♥s✉♠❡rs ❧✐✈❡ ✐♥ H✱ t❤❡ ♠✐♥✐♠❛❧ tr❛✈❡❧ ❝♦st ♦❢ L✲❝♦♥s✉♠❡rs sL ✐s ♥♦t t♦♦

❤✐❣❤✱ ❛♥❞ t❤❡ L✲♠❛r❦❡t ❝♦♥s✐sts ♦❢ ❝♦♥s✉♠❡rs t❤❛t ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡✐r tr❛✈❡❧

❝♦sts ✭s✉❝❤ t❤❛t L ♠❛② ♣r❡❢❡r ♥♦t t♦ ✜❣❤t ❢♦r ❛ s✉❜s❡t ♦❢ t❤❡s❡ ❝♦♥s✉♠❡rs ❛❢t❡r H ❛❞✈❡rt✐s❡s

❛ ✈❡r② ❧♦✇ ♣r✐❝❡✮✳✸✵ ❆s t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ s♦♠❡✇❤❛t ❝♦♥tr✐✈❡❞✱ ■ ✇✐❧❧ s✉❜s❡q✉❡♥t❧② ✐❣♥♦r❡ ❢♦r

❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ H ❛❞✈❡rt✐s❡s✳ ▼♦r❡♦✈❡r✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❡❞✐♦✉s ❝❤❡❝❦s ✇❤❡t❤❡r H ♠❛② ❤❛✈❡

❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❜② ❛❞✈❡rt✐s✐♥❣✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥ ✐s ♠❛❞❡✳

❆ss✉♠♣t✐♦♥ ✶✳ ●✐✈❡♥ t❤❡ ♠♦❞❡❧ ♣❛r❛♠❡t❡rs ✭✐♥❝❧✉❞✐♥❣ t❤❡ s❡❛r❝❤✲❝♦st ❞✐str✐❜✉t✐♦♥ ♦❢ L✲❝♦♥s✉♠❡rs✮✱

H ♥❡✈❡r ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❛❞✈❡rt✐s❡ ❞✉❡ t♦ ✐ts ❤✐❣❤ ❛❞✈❡rt✐s✐♥❣ ❝♦st AH ✳

❈❧❡❛r❧②✱ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤✐s ✐s t❤❛t vHα(1 − β) ≥ vL − sL − AH ✿ ❡✈❡♥ ✐❢ H ❝♦✉❧❞

❛ttr❛❝t ❛❧❧ ❝♦♥s✉♠❡rs ✐♥ L ❜② ❛❞✈❡rt✐s✐♥❣ vL − sL ✭❛♥❞ t❤✉s s❡r✈✐♥❣ t❤❡ ✇❤♦❧❡ ♠❛r❦❡t ❢♦r ❛ ♥❡t

♣r♦✜t ♦❢ vL−sL−AH✮✱ t❤✐s ✇♦✉❧❞ ♥♦t ❜❡ ♠♦r❡ ♣r♦✜t❛❜❧❡ t❤❛♥ t♦ ♦♥❧② s❡r✈❡ ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs

❛t ♣r✐❝❡ vH ✳

◆♦✇ t❤❛t H✬s ❛❞✈❡rt✐s✐♥❣ ❞❡❝✐s✐♦♥ ♥❡❡❞ ♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ ❛♥②♠♦r❡✱ ■ ✇✐❧❧ ♣r♦❝❡❡❞ t♦ ❝❤❛r❛❝✲

t❡r✐③❡ ✇❤❡♥ ❛❞✈❡rt✐s✐♥❣ ❜② L ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡✳ ❋♦r t❤✐s✱ st❛rt ✇✐t❤ ❛ s❝❡♥❛r✐♦ ✐♥ ✇❤✐❝❤

L ✐s ❢♦r❝❡❞ t♦ ❡♥❣❛❣❡ ✐♥ ❛♥ ❛❞✈❡rt✐s✐♥❣ ❝❛♠♣❛✐❣♥✳ ■ ✇✐❧❧ ✜rst ❞❡r✐✈❡ ✇❤✐❝❤ ♣r✐❝❡ ✐s ♦♣t✐♠❛❧ t♦

❛❞✈❡rt✐s❡ ❢♦r L ✉♥❞❡r t❤✐s ❛ss✉♠♣t✐♦♥✱ ❝❛❧❝✉❧❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦✜t✱ ❛♥❞ ✜♥❛❧❧② ❝♦♠♣❛r❡

t❤✐s ✇✐t❤ t❤❡ ♣r♦✜t L ✇♦✉❧❞ ♦❜t❛✐♥ ✐❢ ✐t ❞✐❞ ♥♦t ❛❞✈❡rt✐s❡ ✭❛♥❞ ❤❡♥❝❡✱ ✇✐t❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t

♦❢ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ✇✐t❤ ♥♦ ❛❞✈❡rt✐s✐♥❣✮✳

✸✵❊①❛♠♣❧❡s ❛r❡ ❡❛s② t♦ ❝♦♥str✉❝t ❛♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❛✉t❤♦r ✉♣♦♥ r❡q✉❡st✳

✷✼



❋✐rst✱ ♥♦t❡ t❤❛t ✐t ❝❛♥ ♥❡✈❡r ❜❡ ♦♣t✐♠❛❧ ❢♦r L t♦ ❛❞✈❡rt✐s❡ ❛ ♣r✐❝❡ pL ≥ vH − s✳ ❙✉❝❤ ❛ ♣r✐❝❡

✇♦✉❧❞ ♥❡✈❡r ❛ttr❛❝t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❞✉❡ t♦ t❤❡✐r s❡❛r❝❤ ❝♦st✱✸✶ ❛♥❞ ❛❧s♦ L ✇♦✉❧❞ ♥♦t

❜❡ ❛❜❧❡ t♦ s❡r✈❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❞✉❡ t♦ vH − s > vL✳ ❍❡♥❝❡✱ s✉♣♣♦s❡ L ❛❞✈❡rt✐s❡s s♦♠❡ ♣r✐❝❡

pL ∈ (0, vH − s)✳ ■♥ t✉r♥✱ H✬s ❜❡st r❡♣❧② ❛s ❙t❛❝❦❡❧❜❡r❣✲❢♦❧❧♦✇❡r t♦ s✉❝❤ ❛ ♣r✐❝❡ ♠✉st ❡✐t❤❡r

❜❡ vH ✭❧❡tt✐♥❣ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ♠♦✈❡ ♦♥ ❛♥❞ ❢✉❧❧② ❡①♣❧♦✐t✐♥❣ ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs✮✱

♦r pL + s ✭❞✐s❝♦✉r❛❣✐♥❣ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✮✳ ❚❤❡ ❢♦r♠❡r ❧❡❛❞s t♦ ❛ ♣r♦✜t ♦❢

ΠH(vH) = vHα(1− β)✱ t❤❡ ❧❛tt❡r t♦ ΠH(pL + s) = (pL + s)α✳ ❈♦♠♣❛r✐♥❣ t❤❡s❡ t✇♦ ❡①♣r❡ss✐♦♥s✱

✐t ❢♦❧❧♦✇s t❤❛t✸✷

BRH(pL) =











vH ✐❢ pL ≤ vH(1− β)− s

pL + s ✐❢ pL > vH(1− β)− s.

❲❤✐❝❤ ♣r✐❝❡ pL s❤♦✉❧❞ L ❛❞✈❡rt✐s❡❄ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡r❡ ♦♥❧② t✇♦ ❛❧t❡r♥❛t✐✈❡s ✇❤✐❝❤ ❝❛♥

❜❡ ♦♣t✐♠❛❧✳ ❖♥❡ ♣♦ss✐❜✐❧✐t② ✐s t♦ ♣r✐❝❡ ❛t vH(1 − β) − s✱ ✇❤✐❝❤ ✐s t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ♣r✐❝❡ ❢♦r

✇❤✐❝❤ H ✏❛❝❝♦♠♠♦❞❛t❡s✑ L✱ ❛❧❧♦✇✐♥❣ L t♦ s❡r✈❡ H✬s ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✭❜✉t ♣♦ss✐❜❧② ❧✐❡s ❛❜♦✈❡

L✬s ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ vL✮✳ ❚❤❡ ♦t❤❡r ✐s t♦ ♣r✐❝❡ ❛t vL✳ ❚❤✐s ❢✉❧❧② ❡①♣❧♦✐ts L✬s ❧♦❝❛❧

❝♦♥s✉♠❡rs✱ ❜✉t ❡✐t❤❡r ✐♠♣❧✐❡s t❤❛t H ✇✐❧❧ ✜❣❤t ❢♦r ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ✭✐❢ vL > vH(1 − β) − s✱

✐✳❡✳✱ β > β✮✱ ♦r t❤❛t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❛r❡ ♥♦t ❢✉❧❧② ❡①♣❧♦✐t❡❞ ✭✐❢ vL < vH(1− β)− s✱ ✐✳❡✳✱

β < β✮✳ ■♠♣♦rt❛♥t❧②✱ ✐♥ ❛❧❧ ♦❢ t❤❡ s✉❜s❡q✉❡♥t ❛♥❛❧②s✐s✱ ■ ✇✐❧❧ ✐❣♥♦r❡ t❤❡ ③❡r♦✲♠❡❛s✉r❡ ❡✈❡♥t ✇❤❡r❡

β = β✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✐❢✱ ❛♥❞ ♦♥❧② ✐❢ β = β✱ t❤❡r❡ ✐s ❡q✉✐❧✐❜r✐✉♠ ♠✉❧t✐♣❧✐❝✐t② ✐♥ t❤❡ ❜❛s❡❧✐♥❡

❣❛♠❡✱ ✇❤✐❝❤ ♠❛❦❡s L✬s ♦♣t✐♠❛❧ ❛❞✈❡rt✐s✐♥❣ str❛t❡❣② ❝♦♥t✐♥❣❡♥t ♦♥ ✇❤✐❝❤ ❡q✉✐❧✐❜r✐✉♠ ✇♦✉❧❞ ❜❡

♣❧❛②❡❞ ✇✐t❤♦✉t ❛❞✈❡rt✐s✐♥❣✳

◆♦✇✱ ✐♥ t❤❡ ✜rst ❝❛s❡ ✇❤❡r❡ vL > vH(1− β)− s ✭β > β✮✱ ✐t ❤♦❧❞s t❤❛t ΠL(vH(1− β)− s) =

[vH(1 − β) − s](1 − α + αβ)✱ ✇❤❡r❡❛s ΠL(vL) = vL(1 − α)✳ ❈♦♠♣❛r✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥s✱ ♦♥❡

✜♥❞s t❤❛t ❛❞✈❡rt✐s✐♥❣ vH(1− β)− s ✭r❛t❤❡r t❤❛♥ vL✮ ✐s str✐❝t❧② ❜❡tt❡r ✐❢ ❛♥❞ ♦♥❧② ✐❢

α > α̃(β) :=
vL − [vH(1− β)− s]

vL − (1− β)[vH(1− β)− s]
> 0.✸✸ ✭✹✮

✸✶❚❤❡ ✇❡❛❦ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡ ❛❝❝♦r❞✐♥❣ t♦ ✇❤✐❝❤ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs
✇✐❧❧ ♥♦t s❡❛r❝❤ ✐❢ t❤❡② ❛r❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❞♦✐♥❣ s♦ ❛♥❞ ♣✉r❝❤❛s✐♥❣ ❛t H ❞✐r❡❝t❧②✳

✸✷❆s ❛ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡✱ ■ ❛ss✉♠❡ t❤❛t H ✇✐❧❧ ❛❝❝♦♠♠♦❞❛t❡ L ✭❜② ♣r✐❝✐♥❣ ❛t vH✮ ✐❢ ✐t ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥
❞♦✐♥❣ s♦ ❛♥❞ ✜❣❤t✐♥❣ ❢♦r ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✭❜② ❝❤❛r❣✐♥❣ pL + s✮✳

✸✸◆♦t❡ t❤❛t α̃(β) = 0 ❛♥❞
dα̃(β)
dβ

> 0 ❢♦r ❛❧❧ β > β✳ ❖♥❡ ✇❛② t♦ s❤♦✇ t❤❡ ❧❛tt❡r ✐s t♦ r❡✇r✐t❡ α̃(β) ❛s
vL

vH (1−β)−s
−1

vL
vH (1−β)−s

−1+β
:=

γ(β)
γ(β)+β

✳ ❚❤❡♥
d
(

γ(β)
γ(β)+β

)

dβ
❤❛s t❤❡ s❛♠❡ s✐❣♥ ❛s γ′(β)β−γ(β) = βvLvH

[vH (1−β)−s]2
−

vL
vH (1−β)−s

+

1 ≥
βvLvH

[vH (1−β)−s]vL
−

vL
vH (1−β)−s

+ 1✱ ✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ vH(1− β)− s ≤ vL ✭❞✉❡ t♦ β ≥ β✮✳

❙✐♠♣❧✐❢②✐♥❣ βvLvH
[vH (1−β)−s]vL

−
vL

vH (1−β)−s
+ 1 > 0 ❧❡❛❞s t♦ s < vH − vL✱ ❛s ❛ss✉♠❡❞✳
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❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ t♦ t❤✐s ✐s ❛s ❢♦❧❧♦✇s✳ ■❢ β > β ❛♥❞ ❤❡♥❝❡ ♠❛♥② ❝♦♥s✉♠❡rs ✐♥ H ❛r❡ ✢❡①✐❜❧❡✱

✐t ❞♦❡s ♥♦t s✉✣❝❡ t♦ ❛❞✈❡rt✐s❡ vL ✐♥ ♦r❞❡r ❢♦r L t♦ ❛ttr❛❝t t❤❡s❡ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✳ ❚❤✐s ✐s ❜❡❝❛✉s❡

H ✇♦✉❧❞ r❡s♣♦♥❞ ❜② ❝❤❛r❣✐♥❣ ❛ ♣r✐❝❡ t❤❛t ✐s s✉✣❝✐❡♥t❧② ❧♦✇ t♦ ❞✐s❝♦✉r❛❣❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs

❢r♦♠ s❡❛r❝❤✳ ❍❡♥❝❡✱ t♦ ❛✈♦✐❞ s✉❝❤ ❛♥ ❛❣❣r❡ss✐✈❡ r❡s♣♦♥s❡ ❜② H✱ L ❤❛s t♦ ❛❞✈❡rt✐s❡ ❛ ♣r✐❝❡ ❜❡❧♦✇

t❤❡ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ♦❢ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ✭♥❛♠❡❧②✱ ✐t ❝❛♥ ❝❤❛r❣❡ ❛t ♠♦st vH(1− β)− s < vL✮✳

❇✉t t❤✐s ✇✐❧❧ ♦♥❧② ❜❡ ♣r❡❢❡rr❡❞ t♦ ❢✉❧❧② ❡①♣❧♦✐t✐♥❣ L✬s ❧♦❝❛❧ ❝♦♥s✉♠❡rs ✭❜② ❝❤❛r❣✐♥❣ vL✮ ✐❢ t❤❡

H✲♠❛r❦❡t ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡ ✐♥ s✐③❡ ✭α > α̃(β)✮✱ ❣✐✈❡♥ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✐♥ t❤❛t

♠❛r❦❡t✳ ■❢ β ✐s ✈❡r② ❧❛r❣❡ ✭β > 1 − s
vH

✮✱ ✐t t✉r♥s ♦✉t t❤❛t ❡✈❡♥ α = 1 ✇♦✉❧❞ ♥♦t ❜❡ s✉✣❝✐❡♥t

t♦ ✐♥❞✉❝❡ L t♦ ❛❞✈❡rt✐s❡ vH(1 − β) − s < vL✳ ❚❤❡ s✐♠♣❧❡ r❡❛s♦♥ ✐s t❤❛t vH(1 − β) − s < 0 ❢♦r

β > 1 − s
vH

✿ L ✇♦✉❧❞ ❤❛✈❡ t♦ ❛❞✈❡rt✐s❡ ❛ ♣r✐❝❡ ❜❡❧♦✇ ✐ts ♠❛r❣✐♥❛❧ ❝♦st ✐♥ ♦r❞❡r t♦ ♣r❡✈❡♥t ❛♥

❛❣❣r❡ss✐✈❡ ♣r✐❝❡ r❡s♣♦♥s❡ ❜② H✳

■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ✇❤❡r❡ vL < vH(1 − β) − s ✭β < β✮✱ ♣r✐❝✐♥❣ ❛t vH(1 − β) − s ❞r✐✈❡s ♦✉t

L✬s ❧♦❝❛❧ ❝♦♥s✉♠❡rs✳ ❍❡♥❝❡✱ ♦♥❡ ✜♥❞s t❤❛t ΠL(vH(1 − β) − s) = [vH(1 − β) − s]αβ✱ ✇❤❡r❡❛s

ΠL(vL) = vL(1−α+αβ)✳ ❆❣❛✐♥ ❝♦♠♣❛r✐♥❣ t❤❡s❡ ❡①♣r❡ss✐♦♥s✱ ❛❞✈❡rt✐s✐♥❣ vH(1− β)− s ✭r❛t❤❡r

t❤❛♥ vL✮ ✐s str✐❝t❧② ♣r❡❢❡rr❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

α > α̂(β) :=
vL

β[vH(1− β)− s] + vL(1− β)
∈ (α(β), 1).✸✹ ✭✺✮

■♥ t❤✐s ❝❛s❡✱ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ✐s ❞✐✛❡r❡♥t✳ ❆s t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✐s ❧♦✇

✭β < β✮✱ H ✇♦✉❧❞ ♥♦t ❡✈❡♥ ✜❣❤t ❢♦r ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ✐❢ L ❛❞✈❡rt✐s❡❞ vL✳ ❇✉t ✐❢ α ✐s ✈❡r② ❧❛r❣❡

✭α > α̂(β)✮ ❛♥❞ ❤❡♥❝❡ t❤❡ L✲♠❛r❦❡t ✐s r❡❧❛t✐✈❡❧② ✉♥✐♠♣♦rt❛♥t ✐♥ s✐③❡✱ L ♣r❡❢❡rs t♦ ❛❞✈❡rt✐s❡ t❤❡

❤✐❣❤❡st ♣♦ss✐❜❧❡ ♣r✐❝❡ ✇❤✐❝❤ tr✐❣❣❡rs ♥♦ ❛❣❣r❡ss✐✈❡ r❡s♣♦♥s❡ ❜② H✳ ❚❤✐s ♣r✐❝❡ ❢✉❧❧② ❡①♣❧♦✐ts t❤❡

s❡❛r❝❤✐♥❣ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✱ ❜✉t ❞r✐✈❡s ♦✉t L✬s ❧♦❝❛❧ ❝♦♥s✉♠❡rs✳

❖♥❡ ❝❛♥ ♥♦✇ ❝❛❧❝✉❧❛t❡ L✬s ♠❛①✐♠❛❧ ❛❞✈❡rt✐s✐♥❣ ♣r♦✜t ✐♥ ❡❛❝❤ ♣❛r❛♠❡t❡r r❡❣✐♦♥ ❛♥❞ ❝♦♥tr❛st

t❤✐s ✇✐t❤ L✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ♦❢ t❤❡ ❜❛s❡❧✐♥❡ ❣❛♠❡✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ❛❜♦✈❡ r❡s✉❧ts✱ H✬s ♠❛①✐♠❛❧

❛❞✈❡rt✐s✐♥❣ ♣r♦✜t ✐s ❣✐✈❡♥ ❜②

ΠA∗
L =







































vL(1− α)−A ✐❢ β > β ❛♥❞ α ≤ α̃(β)

[vH(1− β)− s](1− α+ αβ)−A ✐❢ β > β ❛♥❞ α > α̃(β)

vL(1− α+ αβ)−A ✐❢ β < β ❛♥❞ α ≤ α̂(β)

[vH(1− β)− s]αβ −A ✐❢ β < β ❛♥❞ α > α̂(β).

✸✹❚❤❡ ✐♥❡q✉❛❧✐t② α̂(β) < 1 ✐s ❡q✉✐✈❛❧❡♥t t♦ β < β✱ ✇❤✐❝❤ ❤❛s t♦ ❤♦❧❞ ✐♥ t❤❡ ❝♦♥s✐❞❡r❡❞ r❡❣✐♦♥✳ ❖♥ t❤❡ ♦t❤❡r
❤❛♥❞✱ ❛❢t❡r s♦♠❡ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥ ✐t t✉r♥s ♦✉t t❤❛t α̂(β) > α(β) ✐s ❡q✉✐✈❛❧❡♥t t♦ vH(1−β)−vL+β(1−
β)vH − βs > 0✳ ❚❤✐s ✐s tr✉❡ ❜❡❝❛✉s❡ vH(1− β)− vL − s > 0 ✇❤❡♥❡✈❡r β < β✳

✷✾



❈♦♠♣❛r✐♥❣ t❤❡s❡ ✇✐t❤ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜ts ♦❢ t❤❡ ❣❛♠❡ ✇✐t❤♦✉t ❛❞✈❡rt✐s✐♥❣ ✭s❡❡ Pr♦♣♦s✐✲

t✐♦♥s ✶ t♦ ✹✮✱ ✐t ✐s ✐♠♠❡❞✐❛t❡❧② ❛♣♣❛r❡♥t t❤❛t L s❤♦✉❧❞ ♥♦t ❛❞✈❡rt✐s❡ ✐❢ ❡✐t❤❡r β > β ❛♥❞ α ≤ α̃(β)✱

♦r β < β ❛♥❞ α ≤ α(β)✳ ❚❤❡ ❢♦r♠❡r ✐s tr✉❡ ❜❡❝❛✉s❡ ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ❣❛♠❡✱ H ✇✐❧❧ ❝❤❛r❣❡ vL ✐♥

❡q✉✐❧✐❜r✐✉♠ ✇❤❡♥❡✈❡r β > β✳ ❍❡♥❝❡✱ ✐t ❝❛♥♥♦t ♣❛② t♦ ❡♥❣❛❣❡ ✐♥ ❝♦st❧② ❛❞✈❡rt✐s✐♥❣ ♦❢ vL✱ ❛s t❤✐s

♣r✐❝❡ ✇♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ❛♥②✇❛② ❜② t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✳

❚❤❡ ❧❛tt❡r ✐s tr✉❡ ❜❡❝❛✉s❡ ♦❢ t✇♦ r❡❛s♦♥s✳ ❋✐rst✱ s✐♠✐❧❛r t♦ t❤❡ ❝❛s❡ ♦❢ β > β✱ H ✇♦✉❧❞ ❝❤❛r❣❡

❛ ❞❡t❡r♠✐♥✐st✐❝ ♣r✐❝❡ ♦❢ vL ❛♥②✇❛② ✐❢ β < β ❛♥❞ α ≤ α(β)✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s ❛❣❛✐♥ ♣♦✐♥t❧❡ss t♦

❛❞✈❡rt✐s❡ vL ❛t ♣♦s✐t✐✈❡ ❝♦st✳ ❙❡❝♦♥❞✱ ✇❤✐❧❡ L ❢❛❝❡s ❛ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐❢ α ∈ (α(β), α(β)]✱ t❤❡

✜r♠s✬ ❡q✉✐❧✐❜r❛t✐♥❣ str❛t❡❣✐❡s st✐❧❧ ❧❡❛❞ t♦ ❛♥ ❡①♣❡❝t❡❞ L✲♣r♦✜t ♦❢ vL(1−α+αβ) ✭t❤✐s ✐s ❜❡❝❛✉s❡

L s♦♠❡t✐♠❡s s❡❧❧s t♦ t❤❡ s❡❛r❝❤✐♥❣ H✲❝♦♥s✉♠❡rs ❛t ❛ ♣r✐❝❡ ❧❛r❣❡r t❤❛♥ vL✱ ❜✉t s♦♠❡t✐♠❡s ♠❛❦❡s

♥♦ s❛❧❡s ❛t ❛❧❧✮✳ ❆s t❤✐s ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤❡ ❣r♦ss ♣r♦✜t ✭❣r♦ss ♦❢ t❤❡ ❛❞✈❡rt✐s✐♥❣

❝♦st✮ t❤❡ ✜r♠ ❝♦✉❧❞ ❛❝❤✐❡✈❡ ❜② ❛❞✈❡rt✐s✐♥❣ vL✱ ❜✉t ❞♦❡s ♥♦t r❡q✉✐r❡ ❝♦st❧② ❛❞✈❡rt✐s✐♥❣✱ L str✐❝t❧②

♣r❡❢❡rs t♦ ❛❜st❛✐♥ ❢r♦♠ ❛❞✈❡rt✐s✐♥❣✳

◆❡①t✱ ♥♦t❡ t❤❛t L ✇✐❧❧ ❛❞✈❡rt✐s❡ vH(1 − β) − s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ β > β✱ α > α̃(β)✱ ❛♥❞ A ✐s

s✉✣❝✐❡♥t❧② s♠❛❧❧✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ L✬s ♣r♦✜t ✇✐t❤♦✉t ❛❞✈❡rt✐s✐♥❣ ✐♥ t❤✐s r❡❣✐♦♥ ✇♦✉❧❞ ❜❡ ❣✐✈❡♥

❜② Π∗
L = vL(1 − α) ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✶✮✱ ✇❤❡r❡❛s L✬s ✭♠❛①✐♠❛❧✮ ❣r♦ss ♣r♦✜t ✇❤❡♥ ❛❞✈❡rt✐s✐♥❣ ✐s

❣✐✈❡♥ ❜② [vH(1− β)− s](1− α+ αβ)✳ ❚❤❡ ❧❛tt❡r ❡①❝❡❡❞s t❤❡ ❢♦r♠❡r ✇❤❡♥❡✈❡r α > α̃(β)✱ ❛s ✇❛s

❛❧r❡❛❞② ❡st❛❜❧✐s❤❡❞ ❛❜♦✈❡✳ ❍❡♥❝❡✱ ❢♦r ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛❞✈❡rt✐s✐♥❣ ❝♦st A✱ L✬s ❞♦♠✐♥❛♥t ❛❝t✐♦♥

✐♥ t❤❡ ❞✐s❝✉ss❡❞ ♣❛r❛♠❡t❡r r❡❣✐♦♥ ✐s t♦ ❛❞✈❡rt✐s❡ vH(1− β)− s < vL✳

❙✐♠✐❧❛r❧②✱ L ✇✐❧❧ ❛❞✈❡rt✐s❡ vL ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ β < β✱ α ∈ (α(β), α̂(β))✱ ❛♥❞ A ✐s s✉✣❝✐❡♥t❧②

s♠❛❧❧✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t L✬s ♣r♦✜t ✇✐t❤♦✉t ❛❞✈❡rt✐s✐♥❣ ✐♥ t❤✐s r❡❣✐♦♥ ✇♦✉❧❞ ❜❡ ❣✐✈❡♥ ❜② Π∗∗∗
L =

(1−α)(1−β)vHvL[(1−β)vH−vL]

[(1−β)vH−vL]2+vLβs
✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✹✮✱ ✇❤✐❧❡ L✬s ✭♠❛①✐♠❛❧✮ ❣r♦ss ♣r♦✜t ✇❤❡♥ ❛❞✈❡rt✐s✐♥❣

✐s ❣✐✈❡♥ ❜② Π∗∗
L = vL(1− α+ αβ)✳ ❚❤❡ ❧❛tt❡r ❡①❝❡❡❞s t❤❡ ❢♦r♠❡r ✐♥ t❤❡ r❡❧❡✈❛♥t r❡❣✐♦♥ ❜❡❝❛✉s❡

✭❛✮ Π∗∗∗
L |

α=α(β) = Π∗∗
L |

α=α(β) ✭❛s ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦✮ ❛♥❞ ✭❜✮
∂Π∗∗∗

L

∂α
<

∂Π∗∗

L

∂α
< 0 ✭✇❤❡r❡

t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ s < vH(1− β)− vL✱ ✐✳❡✳✱ β < β✮✳ ❈♦♥s❡q✉❡♥t❧②✱ ❢♦r ❛ s✉✣❝✐❡♥t❧②

s♠❛❧❧ ❛❞✈❡rt✐s✐♥❣ ❝♦st A✱ L✬s ❞♦♠✐♥❛♥t ❛❝t✐♦♥ ✐♥ t❤❡ ❞✐s❝✉ss❡❞ ♣❛r❛♠❡t❡r r❡❣✐♦♥ ✐s t♦ ❛❞✈❡rt✐s❡

vL✳

❋✐♥❛❧❧②✱ L ✇✐❧❧ ❛❞✈❡rt✐s❡ vH(1 − β) − s > vL ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ β < β✱ α > α̂(β)✱ ❛♥❞ A ✐s

s✉✣❝✐❡♥t❧② s♠❛❧❧✳✸✺ ❚❤❡ s✐♠♣❧❡ r❡❛s♦♥ ✐s t❤❛t ❛❞✈❡rt✐s✐♥❣ vH(1−β)− s ✭✐♥ ♦r❞❡r t♦ ❢✉❧❧② ❡①♣❧♦✐t

t❤❡ s❡❛r❝❤✐♥❣ ❝♦♥s✉♠❡rs ❢r♦♠ H✮ ♦✉t♣❡r❢♦r♠s ❛❞✈❡rt✐s✐♥❣ vL ✐❢ α ❡①❝❡❡❞s α̂(β) ✭❛s ✇❛s ❛❧r❡❛❞②

❡st❛❜❧✐s❤❡❞ ❛❜♦✈❡✮✳ ❇❡❝❛✉s❡ ❛❞✈❡rt✐s✐♥❣ vL ✐s ❛❧r❡❛❞② s✉♣❡r✐♦r t♦ ♥♦t ❛❞✈❡rt✐s✐♥❣ ✭✐♥ t❡r♠s ♦❢

✸✺■❢ α = α̂(β) ✭❛♥❞ β < β ❛s ✇❡❧❧ ❛s A s♠❛❧❧✮✱ L ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❛❞✈❡rt✐s✐♥❣ vL ❛♥❞ vH(1− β)− s✳

✸✵



❣r♦ss ♣r♦✜t✮ ❢♦r α > α(β) ✭s❡❡ t❤❡ ♣r❡✈✐♦✉s ♣❛r❛❣r❛♣❤✮✱ ❛ s✉✣❝✐❡♥t❧② s♠❛❧❧ ❛❞✈❡rt✐s✐♥❣ ❝♦st A

✇✐❧❧ ✐♥❞✉❝❡ L t♦ ❛❞✈❡rt✐s❡ vH(1− β)− s ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❣✐✈❡♥ t❤❛t α > α̂(β)✳

❚❤❡ ❛❜♦✈❡ ✜♥❞✐♥❣s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻✳ ▲❡t ❆ss✉♠♣t✐♦♥ ✶ ❤♦❧❞✳ ❚❤❡♥✱ L✬s ❡q✉✐❧✐❜r✐✉♠ ❛❞✈❡rt✐s✐♥❣ ❜❡❤❛✈✐♦r ✐s ❝❤❛r❛❝✲

t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s✳✸✻

✭✶✮ ❆❞✈❡rt✐s❡ vH(1−β)−s < vL ✐❢ β > β✱ α > α̃(β)✱ ❛♥❞ A ≤ [vH(1−β)−s](1−α+αβ)−vL(1−α)✳

✭✷✮ ❆❞✈❡rt✐s❡ vL ✐❢ β < β✱ α ∈ (α(β), α̂(β)]✱ ❛♥❞ A ≤ vL(1−α+αβ)− (1−α)(1−β)vHvL[(1−β)vH−vL]

[(1−β)vH−vL]2+vLβs
✳

✭✸✮ ❆❞✈❡rt✐s❡ vH(1 − β) − s > vL ✐❢ β < β✱ α > α̂(β)✱ ❛♥❞ A ≤ [vH(1 − β) − s]αβ −

(1−α)(1−β)vHvL[(1−β)vH−vL]

[(1−β)vH−vL]2+vLβs
.

✭✹✮ ❖t❤❡r✇✐s❡✱ ❞♦ ♥♦t ❛❞✈❡rt✐s❡✳

❋✐❣✉r❡ ✺ ❞❡♣✐❝ts ❛♥ ❡①❛♠♣❧❡ ♦❢ L✬s ❡q✉✐❧✐❜r✐✉♠ ❛❞✈❡rt✐s✐♥❣ r❡❣✐♦♥s ✐♥ (α, β)✲s♣❛❝❡✳

■♥ t❤❡ ✜♥❛❧ ♣❛rt ♦❢ t❤✐s s❡❝t✐♦♥✱ ■ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛❞✈❡rt✐s✐♥❣ ❜② L✳

❋✐rst✱ ♥♦t❡ t❤❛t ❛❞✈❡rt✐s✐♥❣ ✇❤❡♥ β > β ✐s ❝❧❡❛r❧② ✇❛st❡❢✉❧ ❢r♦♠ ❛ s♦❝✐❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❲❤✐❧❡

✇✐t❤♦✉t ❛❞✈❡rt✐s✐♥❣✱ t❤❡ s♦❝✐❛❧ ✜rst✲❜❡st ✇♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ✭✇❤✐❝❤ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ♥♦ s❡❛r❝❤

❛♥❞ ❛♥ L✲♠❛r❦❡t t❤❛t ✐s ❛❧✇❛②s s❡r✈❡❞✮✱ ❛❞✈❡rt✐s✐♥❣ ♦❢ vH(1 − β) − s < vL ❜② L ❧❡❛❞s t♦ ❛

❞❡t❡r♠✐♥✐st✐❝ ✇❡❧❢❛r❡ ❧♦ss ♦❢ αβs + A✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❡✈❡♥ ✐❢ A ✐s ❝❧♦s❡ t♦ ③❡r♦✱ ✇❛st❡❢✉❧ tr❛✈❡❧

❡①♣❡♥❞✐t✉r❡s t♦ t❤❡ ❡①t❡♥t ♦❢ αβs ✇♦✉❧❞ ❜❡ ✐♥❞✉❝❡❞ ❜② L✬s ❛❞✈❡rt✐s✐♥❣✳

◆❡①t✱ ✐t ✐s ❛❧s♦ ❛♣♣❛r❡♥t t❤❛t ❛❞✈❡rt✐s✐♥❣ ♠✉st ❤❛✈❡ ❛♥ ❛❞✈❡rs❡ ❡✛❡❝t ♦♥ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐❢

β < β ❛♥❞ α ≥ α̂(β)✳ ❚❤❡ r❡❛s♦♥ ✐s t❤❛t ✐♥ t❤✐s ♣❛r❛♠❡t❡r r❡❣✐♦♥✱ L ✇✐❧❧ ❛❞✈❡rt✐s❡ ❛ ♣r✐❝❡ t❤❛t ✐s

❤✐❣❤❡r t❤❛♥ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥ ✭♥❛♠❡❧② vH(1−β)−s > vL✮✱ ②❡t ✐♥❞✉❝❡s ❞❡t❡r♠✐♥✐st✐❝

s❡❛r❝❤ ❜② t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ✇❡❧❢❛r❡ ❧♦ss t❤❛t ✐s ❣❡♥❡r❛t❡❞ ✐s ❣✐✈❡♥ ❜②

αβs+(1−α)vL+A✳ ■♥ ❝♦♥tr❛st✱ ❛s α̂(β) > α(β)✱ t❤❡ ✇❡❧❢❛r❡ ❧♦ss ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ ✇✐t❤♦✉t

❛❞✈❡rt✐s✐♥❣ ✇♦✉❧❞ ♦♥❧② ❜❡ ❣✐✈❡♥ ❜② αβs(1− q∗H,ρ)+(1− q∗L,vL
)(1−α)vL✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✇✐t❤♦✉t

❛❞✈❡rt✐s✐♥❣✱ H ✇♦✉❧❞ s♦♠❡t✐♠❡s ♣r✐❝❡ ❛t ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ ✭r❡❞✉❝✐♥❣

✇❛st❡❢✉❧ tr❛✈❡❧ ❡①♣❡♥❞✐t✉r❡s✮✱ ✇❤✐❧❡ L ✇♦✉❧❞ ♦♥❧② s♦♠❡t✐♠❡s ♣r✐❝❡ ❛❜♦✈❡ vL ✭r❡❞✉❝✐♥❣ t❤❡ ✇❡❧❢❛r❡

❧♦ss t❤❛t st❡♠s ❢r♦♠ L✲❝♦♥s✉♠❡rs ❞r♦♣♣✐♥❣ ♦✉t✮✳

❖❜s❡r✈❡ ♠♦r❡♦✈❡r t❤❛t L ❞♦❡s ♥♦t ❣❛✐♥ ❢r♦♠ ❛❞✈❡rt✐s✐♥❣ ✐❢ β < β ❛♥❞ α ∈ (α(β), α(β)]✳

❍♦✇❡✈❡r✱ ♣r♦✈✐❞❡❞ t❤❛t ❛❞✈❡rt✐s✐♥❣ ✐s ♥♦t t♦♦ ❝♦st❧②✱ ✐t ✇♦✉❧❞ ❜❡ ❞❡s✐r❛❜❧❡ ❢r♦♠ ❛ s♦❝✐❛❧✲✇❡❧❢❛r❡

♣❡rs♣❡❝t✐✈❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❢♦r α > α(β)✱ L✬s ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ❦✐❝❦s ✐♥✱ ✇❤✐❝❤ ❧❡❛❞s t❤❡

✜r♠ t♦ ♣r✐❝❡ ❛❜♦✈❡ vL ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳ ❨❡t ❛t t❤❡ s❛♠❡ t✐♠❡✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs

❛❧✇❛②s s❡❛r❝❤✱ ❛s H ❛❧✇❛②s ♣r✐❝❡s ❛❜♦✈❡ t❤❡✐r r❡s❡r✈❛t✐♦♥ ♣r✐❝❡✳ ■❢ ✐♥st❡❛❞ ✜r♠ L ❛❞✈❡rt✐s❡❞ vL✱

✸✻❆s t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡s✱ ■ ❛ss✉♠❡ t❤❛t L ✇✐❧❧ ❛❞✈❡rt✐s❡ ✐❢ ✐t ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❞♦✐♥❣ s♦ ❛♥❞ ♥♦t ❛❞✈❡rt✐s✐♥❣✱
❛♥❞ t❤❛t ✐t ✇✐❧❧ ❛❞✈❡rt✐s❡ vL ✐❢ ✐t ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❞♦✐♥❣ s♦ ❛♥❞ ❛❞✈❡rt✐s✐♥❣ vH(1− β)− s✳

✸✶
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❋✐❣✉r❡ ✺✿ L✬s ❡q✉✐❧✐❜r✐✉♠ ❛❞✈❡rt✐s✐♥❣ r❡❣✐♦♥s ❢♦r vH = 200✱ vL = 100✱ s = 10✱ A ♥❡❣❧✐❣✐❜❧② s♠❛❧❧✳
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t❤❡ L✲♠❛r❦❡t ❝♦✉❧❞ ❜❡ s❡r✈❡❞ ✇✐t❤ ❝❡rt❛✐♥t②✱ ✇❤✐❧❡ ♥♦ ❛❞❞✐t✐♦♥❛❧ ✇❡❧❢❛r❡ ❧♦ss ✇♦✉❧❞ ❜❡ ✐♥❝✉rr❡❞✳

❍❡♥❝❡✱ ❢♦r α ∈ (α(β), α(β)]✱ t❤❡r❡ ♠❛② ❜❡ ✉♥❞❡r✐♥✈❡st♠❡♥t ✐♥ ❛❞✈❡rt✐s✐♥❣✳

❋✐♥❛❧❧②✱ t❤❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❛❞✈❡rt✐s✐♥❣ ✇❤❡♥ β < β ❛♥❞ α ∈ (α(β), α̂(β)) ❛r❡ ❛♠✲

❜✐❣✉♦✉s✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ vL ✇♦✉❧❞ ❜❡ ❛❞✈❡rt✐s❡❞ ✭❡❧✐♠✐♥❛t✐♥❣ t❤❡ ✇❡❧❢❛r❡ ❧♦ss ✇❤✐❝❤ ❛r✐s❡s ❢r♦♠

L✲❝♦♥s✉♠❡rs ❞r♦♣♣✐♥❣ ♦✉t ✇❤❡♥ L ♣r✐❝❡s ❛❜♦✈❡ vL✮✱ ❜✉t ❛❧s♦ ♠♦r❡ ✇❛st❡❢✉❧ tr❛✈❡❧ ❡①♣❡♥❞✐t✉r❡s

✇♦✉❧❞ ❜❡ ❣❡♥❡r❛t❡❞✱ ❛s H ❝❡❛s❡s t♦ ♣r✐❝❡ ❛t ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ✇✐t❤ ♣♦s✐t✐✈❡

♣r♦❜❛❜✐❧✐t②✳

✼ ❙✉♣♣❧②✲s✐❞❡ ❍❡t❡r♦❣❡♥❡✐t✐❡s

❚❤❡ ♠❛✐♥ ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥s ✷ t♦ ✻ ❢♦❝✉s❡s ♦♥ t❤❡ ❝❛s❡ ♦❢ ❧♦❝❛❧ ❞❡♠❛♥❞✲s✐❞❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s✳ ■♥

♣❛rt✐❝✉❧❛r✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✬ ❡q✉✐❧✐❜r✐✉♠ s❡❛r❝❤ ❜❡❤❛✈✐♦r ✐s ❝❛✉s❡❞ ❜② ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡

❧♦❝❛❧ ♠♦♥♦♣♦❧② ♣r✐❝❡ ✇❤✐❝❤ st❡♠s ❢r♦♠ ❤❡t❡r♦❣❡♥❡♦✉s ❝♦♥s✉♠❡r ♣r♦❞✉❝t ✈❛❧✉❛t✐♦♥s ❛❝r♦ss t❤❡

❧♦❝❛❧ s✉❜♠❛r❦❡ts✳ ❋♦r ❛ s✉✣❝✐❡♥t❧② ❧❛r❣❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t✱ t❤❡ ✜r♠ ✐♥ t❤❡ ❧♦✇✲✈❛❧✉❛t✐♦♥

♠❛r❦❡t ❝❛♥♥♦t ❝♦♠♠✐t t♦ s❡r✈✐♥❣ s❡❛r❝❤✐♥❣ H✲❝♦♥s✉♠❡rs ❛t t❤❡ ❧♦✇✲✈❛❧✉❛t✐♦♥ ♠♦♥♦♣♦❧② ♣r✐❝❡

vL✱ ✇❤✐❝❤ ❣✐✈❡s r✐s❡ t♦ ♥♦♥✲tr✐✈✐❛❧ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛✳

❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇ t❤❛t ❞✐r❡❝t❡❞ ❝♦♥s✉♠❡r✲s❡❛r❝❤ ❜❡❤❛✈✐♦r t♦ ✭♣❡r❝❡✐✈❡❞✮

❞✐s❝♦✉♥t ♠❛r❦❡ts ❝❛♥ ❛❧s♦ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② s✉♣♣❧②✲s✐❞❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s ❛❧♦♥❡✳ ■♥ ❢❛❝t✱ t❤❡ ♦♥❧②

♥❡❝❡ss❛r② ✐♥❣r❡❞✐❡♥ts ❛r❡ t❤❛t ✐♥ ✐s♦❧❛t✐♦♥✱ t❤❡ ❧♦❝❛❧ ♠♦♥♦♣♦❧② ♣r✐❝❡s ✇♦✉❧❞ ❞✐✛❡r✱ ❛♥❞ t❤❛t t❤❡

✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✬ s❡❛r❝❤ ❝♦st ✐s s✉✣❝✐❡♥t❧② ❧♦✇ s✉❝❤ t❤❛t s❡❛r❝❤ ✐s ♣r♦✜t❛❜❧❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ■

✐❞❡♥t✐❢② t✇♦ s✐♠♣❧❡ s✉♣♣❧②✲s✐❞❡ ❤❡t❡r♦❣❡♥❡✐t✐❡s ✇❤✐❝❤ ❝❛♥ ✐♥❞✉❝❡ s❡❛r❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠✿ ✭✶✮ ❛ ✉♥✐t

❝♦st ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❞♦✇♥✇❛r❞ s❧♦♣✐♥❣ ❞❡♠❛♥❞✱ ❛♥❞ ✭✷✮ ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❝✉♠❜❡♥t

✜r♠s ✭✐♥t❡♥s✐t② ♦❢ ❝♦♠♣❡t✐t✐♦♥✮✳

❯♥✐t ❈♦st ❉✐✛❡r❡♥❝❡

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ♠❛r❦❡t s❡t✉♣ ♦❢ ❙❡❝t✐♦♥s ✷ t♦ ✻✳ ❆❧❧ ❝♦♥s✉♠❡rs ❤❛✈❡ ❛

❝♦♠♠♦♥ ❞♦✇♥✇❛r❞ s❧♦♣✐♥❣ ❞❡♠❛♥❞ s❝❤❡❞✉❧❡ D(p)✱ ✇✐t❤ ❛♥ ❛ss♦❝✐❛t❡❞ ♠♦♥♦♣♦❧② ♣r✐❝❡ ♦❢ pm(c)

✭♠♦♥♦♣♦❧② ♣r♦✜t ♦❢ Πm(c)✮ t❤❛t str✐❝t❧② ✐♥❝r❡❛s❡s ✭❞❡❝r❡❛s❡s✮ ✇✐t❤ ❛ ✜r♠✬s ❝♦♥st❛♥t ✉♥✐t ❝♦st

c✳✸✼ ❆ ♠❛ss 1− α ♦❢ ❝♦♥s✉♠❡rs ❧✐✈❡ ✐♥ ♠❛r❦❡t L✱ ✇❤❡r❡❛s t❤❡ r❡♠❛✐♥✐♥❣ ♠❛ss α ❝♦♥s✉♠❡rs ❧✐✈❡

✐♥ H ✭t❤✐s ✐♥❝❧✉❞❡s t❤❡ ❡✈❡♥ ♠♦r❡ s②♠♠❡tr✐❝ ❝❛s❡ ✇❤❡r❡ α = 1
2 ✮✳ ■♥ ❡❛❝❤ ❧♦❝❛❧ ♠❛r❦❡t✱ ❛ ❢r❛❝t✐♦♥

β ∈ (0, 1) ♦❢ ❝♦♥s✉♠❡rs ✐s ✢❡①✐❜❧❡ ❛♥❞ ❝❛♥ tr❛✈❡❧ t♦ t❤❡ ♦t❤❡r ♠❛r❦❡t ❛t str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦st

s > 0✱ ♣✉r❝❤❛s✐♥❣ ♦♥ t❤❡ ✇❛② ❛❝❝♦r❞✐♥❣ t♦ t❤❡✐r s❝❤❡❞✉❧❡ D(p) ✐❢ t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡ ✐s ❧♦✇❡r✳

✸✼■t ✐s ❛ str❛✐❣❤t❢♦r✇❛r❞ ❡①❡r❝✐s❡ t♦ s❤♦✇ t❤❛t ❡✈❡r② ✇❡❧❧✲❜❡❤❛✈❡❞ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ ♠✉st ❢✉❧✜❧❧ t❤❡ ❧❛tt❡r t✇♦
❝r✐t❡r✐❛✳

✸✸



■♠♣♦rt❛♥t❧②✱ t❤❡ ✐♥❝✉♠❜❡♥t ✜r♠s ❛r❡ ♥♦t s②♠♠❡tr✐❝✿ ✇❤❡r❡❛s t❤❡ ✜r♠ ✐♥ L ❤❛s ❛ ✉♥✐t ❝♦st t❤❛t

✐s ♥♦r♠❛❧✐③❡❞ t♦ cL = 0✱ t❤❡ ♦t❤❡r ✜r♠ ❤❛s ❛ str✐❝t❧② ♣♦s✐t✐✈❡ ✉♥✐t ❝♦st ♦❢ cH = c > 0✳ ▼♦r❡♦✈❡r✱

✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♣r♦❜❧❡♠ ✐♥t❡r❡st✐♥❣✱ ❛ss✉♠❡ t❤❛t ∆(CS) :=
∫ pm(c)

pm(0)
D(p)dp > s✿ ✐❢ ❜♦t❤

✜r♠s ✇❡r❡ t♦ ♣r✐❝❡ ❛t t❤❡✐r r❡s♣❡❝t✐✈❡ ♠❛r❦❡t✬s ❧♦❝❛❧ ♠♦♥♦♣♦❧② ♣r✐❝❡ ❞❡t❡r♠✐♥✐st✐❝❛❧❧②✱ t❤❡ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡rs✬ s❡❛r❝❤ ❝♦st ✇♦✉❧❞ ❜❡ s✉✣❝✐❡♥t❧② ❧♦✇ t♦ ❣❡♥❡r❛t❡ s❡❛r❝❤✳ ❚❤❡♥ ✐t ✐s ♥♦t ❞✐✣❝✉❧t t♦

♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ■❢ β < 1 − (ρ−c)D(ρ)
Πm(c) ✱ ✇❤❡r❡ ρ ∈ (pm(0), pm(c)) s♦❧✈❡s

∫ ρ

pm(0)
D(p)dp = s✱ t❤❡

✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐s ✐♥ ♣✉r❡ str❛t❡❣✐❡s s✉❝❤ t❤❛t p∗H = pm(c)✱ p∗L = pm(0)✱ ❛♥❞ ❛❧❧

αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs s❡❛r❝❤ ❛♥❞ ♣✉r❝❤❛s❡ ✐♥ L✳ ■❢ β > 1− (ρ−c)D(ρ)
Πm(c) ✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠

♦❢ t❤❡ ❣❛♠❡ ✐s s✉❝❤ t❤❛t p∗H = ρ✱ p∗L = pm(0)✱ ❛♥❞ ♥♦ ❝♦♥s✉♠❡rs s❡❛r❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳✸✽

Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳

❚❤❡ ✐♥t✉✐t✐♦♥ t♦ Pr♦♣♦s✐t✐♦♥ ✼ ✐s s✐♠♣❧❡✿ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❛r❡ s✉✣❝✐❡♥t❧② ❢❡✇ ✢❡①✐❜❧❡ ❝♦♥✲

s✉♠❡rs ✐♥ H✱ ✜r♠ H ♣r❡❢❡rs t♦ ✏❛❝❝♦♠♠♦❞❛t❡✑ ✐ts r✐✈❛❧ ❛♥❞ ♣r✐❝❡ ❛t t❤❡ ❧♦❝❛❧ ♠♦♥♦♣♦❧② ♣r✐❝❡✱

r❛t❤❡r t❤❛♥ t♦ ✜❣❤t ❢♦r ✐ts ❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❜② ❝❤❛r❣✐♥❣ s✉❝❤ ❛ ❧♦✇ ♣r✐❝❡ t❤❛t ♠❛❦❡s t❤❡♠

✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s✇✐t❝❤✐♥❣ t♦ t❤❡ ♦t❤❡r ♠❛r❦❡t ♦r ♣✉r❝❤❛s✐♥❣ ❞✐r❡❝t❧② ❛t H✳ ■❢ H ❤❛s ❛ ♠❛❥♦r

❝♦st ❞✐s❛❞✈❛♥t❛❣❡✱ ✐t ❝❛♥ ❡✈❡♥ ❜❡ t❤❡ ❝❛s❡ t❤❛t H ✇✐❧❧ ♥❡✈❡r ✜❣❤t ❢♦r ✐ts ❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs

✭❡✈❡♥ ✐❢ ❛❧❧ ♦❢ t❤❡♠ ✇❡r❡ ✢❡①✐❜❧❡✮✱ ❛s ✐t ✇♦✉❧❞ ❤❛✈❡ t♦ ❞❡❝r❡❛s❡ ✐ts ♣r✐❝❡ ❜❡❧♦✇ ♠❛r❣✐♥❛❧ ❝♦st✳

❉✐✛❡r✐♥❣ ◆✉♠❜❡r ♦❢ ❋✐r♠s

❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ s❡t✉♣✳ ❆❧❧ ❝♦♥s✉♠❡rs ❤❛✈❡ ✉♥✐t ❞❡♠❛♥❞ ✉♣ t♦ ❛ ♠❛①✐♠✉♠ ✈❛❧✉❛t✐♦♥

♦❢ v > 0✳ ❆ ♠❛ss 1−α ♦❢ ❝♦♥s✉♠❡rs ❧✐✈❡ ✐♥ ♠❛r❦❡t L✱ ✇❤❡r❡❛s t❤❡ r❡♠❛✐♥✐♥❣ ♠❛ss α ❝♦♥s✉♠❡rs

❧✐✈❡ ✐♥ H ✭t❤✐s ✐♥❝❧✉❞❡s t❤❡ ❡✈❡♥ ♠♦r❡ s②♠♠❡tr✐❝ ❝❛s❡ ✇❤❡r❡ α = 1
2 ✮✳ ■♥ ❡❛❝❤ ❧♦❝❛❧ ♠❛r❦❡t✱ ❛

❢r❛❝t✐♦♥ β ∈ (0, 1) ♦❢ ❝♦♥s✉♠❡rs ✐s ✢❡①✐❜❧❡ ❛♥❞ ❝❛♥ tr❛✈❡❧ t♦ t❤❡ ♦t❤❡r ♠❛r❦❡t ❛t str✐❝t❧② ♣♦s✐t✐✈❡

❝♦st s ∈ (0, v)✱ ♣✉r❝❤❛s✐♥❣ ♦♥ t❤❡ ✇❛② ✐❢ t❤❡ ♦❜s❡r✈❡❞ ♣r✐❝❡ ✐s ❧♦✇❡r ✭❣✐✈❡♥ t❤❛t ✐t ❞♦❡s ♥♦t ❡①❝❡❡❞

v✮✳ ❚❤❡ ❛s②♠♠❡tr② ❝♦♠❡s ❢r♦♠ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✐♥ t❤❡ ♠❛r❦❡t✿ ✇❤✐❧❡ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ ✜r♠

✐♥ H✱ t❤❡r❡ ❛r❡ N ≥ 2 ✐❞❡♥t✐❝❛❧ ✜r♠s ✐♥ L✳ ❆❧❧ ♦❢ t❤❡♠ ❤❛✈❡ ✐❞❡♥t✐❝❛❧✱ ❝♦♥st❛♥t ✉♥✐t ❝♦sts ✇❤✐❝❤

❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦✳ ❋♦r s✐♠♣❧✐❝✐t②✱ ❛ss✉♠❡ t❤❛t ❝♦♥s✉♠❡rs ✇✐t❤✐♥ ❛ ❣✐✈❡♥ ♠❛r❦❡t ♦❜s❡r✈❡ ❛❧❧

♦❢ t❤❡ ❧♦❝❛❧ ♠❛r❦❡t✬s ♣r✐❝❡s ❛♥❞ ❛❧✇❛②s ❜✉② ❛t t❤❡ ❝❤❡❛♣❡st ✜r♠✳ ❍❡♥❝❡✱ t❤❡r❡ ✐s ❛ ❇❡rtr❛♥❞✲t②♣❡

♦❢ ❝♦♠♣❡t✐t✐♦♥ ✇✐t❤✐♥ L✱ ❜✉t ♥♦t H✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❡❛s✐❧② ❢♦❧❧♦✇s✳

✸✽■♥ t❤❡ ❜♦r❞❡r❧✐♥❡ ❝❛s❡ ✇❤❡r❡ β = 1−
(ρ−c)D(ρ)

Πm(c)
✱ ❜♦t❤ ❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛s H ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥

❡①♣❧♦✐t✐♥❣ ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs ❛♥❞ ❞✐s❝♦✉r❛❣✐♥❣ s❡❛r❝❤ ✭✐✳❡✳✱ ❝❤❛r❣✐♥❣ pm(c) ♦r ρ✮✳

✸✹



Pr♦♣♦s✐t✐♦♥ ✽✳ ■❢ β < 1− s
v
✱ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐t ❤♦❧❞s t❤❛t p∗H = v✱ p∗L,i = 0 ❢♦r

❛t ❧❡❛st t✇♦ ✜r♠s i ∈ {1, ..., N} ✐♥ L✱ ❛♥❞ ❛❧❧ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs s❡❛r❝❤ ❛♥❞ ♣✉r❝❤❛s❡ ✐♥ L

❛t ♣r✐❝❡ 0✳ ■❢ β > 1− s
v
✱ ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ✐t ❤♦❧❞s t❤❛t p∗H = s✱ p∗L,i = 0 ❢♦r ❛t ❧❡❛st t✇♦ ✜r♠s

i ∈ {1, ..., N} ✐♥ L✱ ❛♥❞ ♥♦ ❝♦♥s✉♠❡rs s❡❛r❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳✸✾

Pr♦♦❢✳ ❙✐♥❝❡ ❛❧❧ ♣r✐❝❡s ✐♥ L ❛r❡ ♦❜s❡r✈❡❞ ❜② ❛❧❧ ❝♦♥s✉♠❡rs ✐♥ t❤❛t ♠❛r❦❡t ✭✐♥❝❧✉❞✐♥❣ ♣♦t❡♥t✐❛❧❧②

s❡❛r❝❤✐♥❣ H✲❝♦♥s✉♠❡rs✮✱ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ ✭s❡❡ ❡✳❣✳ ❍❛rr✐♥❣t♦♥ ✭✶✾✽✾✮✮ t❤❛t ❛t ❧❡❛st t✇♦ ✜r♠s ✐♥

L ♠✉st ♣r✐❝❡ ❝♦♠♣❡t✐t✐✈❡❧② ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✉s✱ ✐♥ ❡✈❡r② ♣♦ss✐❜❧❡ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❧♦✇❡st ♣r✐❝❡

✐♥ L ♠✉st ❡q✉❛❧ ♠❛r❣✐♥❛❧ ❝♦st✿ mini(p
∗
L,i) = 0✳ ●✐✈❡♥ t❤❛t✱ H ✇✐❧❧ ❡✐t❤❡r ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ♣r✐❝❡

❛t s ❛♥❞ ✜❣❤t ❢♦r ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✱ ♦r ❢✉❧❧② ❡①♣❧♦✐t ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs ❜② ♣r✐❝✐♥❣ ❛t v✳

❚❤❡ ❢♦r♠❡r ❣✐✈❡s ❛ ♣r♦✜t ♦❢ sα✱ ✇❤❡r❡❛s t❤❡ ❧❛tt❡r ❣✐✈❡s ❛ ♣r♦✜t ♦❢ vα(1− β)✳ ❈♦♠♣❛r✐♥❣ t❤❡s❡

t✇♦ ❛♥❞ s♦❧✈✐♥❣ ❢♦r β✱ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s✳

❚❤❡ ✐♥t✉✐t✐♦♥ t♦ t❤✐s r❡s✉❧t ✐s t❤❡ s❛♠❡ ❛s ✐♥ t❤❡ s❝❡♥❛r✐♦ ✇✐t❤ ✉♥✐t✲❝♦st ❤❡t❡r♦❣❡♥❡✐t②✿ ✐❢ ❛♥❞

♦♥❧② ✐❢ t❤❡r❡ ❛r❡ s✉✣❝✐❡♥t❧② ❢❡✇ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✐♥ H✱ ✜r♠ H ♣r❡❢❡rs t♦ ❢✉❧❧② ❡①♣❧♦✐t ✐ts ❝❛♣t✐✈❡

❝♦♥s✉♠❡rs ❛♥❞ ❧❡t ❣♦ ♦❢ ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs✱ r❛t❤❡r t❤❛♥ t♦ ✜❣❤t ❢♦r t❤❡ ❧❛tt❡r ❜② ♦✛❡r✐♥❣ s✉❝❤

❛ ❧♦✇ ♣r✐❝❡ t❤❛t ♠❛❦❡s t❤❡♠ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s✇✐t❝❤✐♥❣ t♦ L ♦r ♣✉r❝❤❛s✐♥❣ ❞✐r❡❝t❧② ❛t H✳

✽ ❈♦♥❝❧✉s✐♦♥

■ ❤❛✈❡ ❛♥❛❧②③❡❞ ❛ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ ✐♥ ✇❤✐❝❤ ❝♦♥s✉♠❡rs✬ ♣r✐❝❡✲s❡❛r❝❤ ❜❡❤❛✈✐♦r ✐s ❞r✐✈❡♥ ❜②

❧♦❝❛❧ ♠❛r❦❡t ❤❡t❡r♦❣❡♥❡✐t✐❡s✱ r❛t❤❡r t❤❛♥ ❜② ❛ ♠❛ss ♦❢ ♣❡r❢❡❝t❧② ✐♥❢♦r♠❡❞ ❝♦♥s✉♠❡rs✳ ■♥ t❤❡

♠♦❞❡❧✱ t✇♦ ❧♦❝❛❧ ♠♦♥♦♣♦❧✐sts s✐♠✉❧t❛♥❡♦✉s❧② s❡t ♣r✐❝❡s✱ ✇❤❡r❡ ✐♥✐t✐❛❧❧②✱ ❡❛❝❤ ✜r♠✬s ♣r✐❝❡ ✐s ♦♥❧②

♦❜s❡r✈❡❞ ❜② ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡r ❜❛s❡✳ ❆❜s❡♥t ❛♥② ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ t✇♦ ♠❛r❦❡ts✱ t❤❡ ✜r♠s ✇♦✉❧❞

s❡t t✇♦ ❞✐✛❡r❡♥t ♠♦♥♦♣♦❧② ♣r✐❝❡s✱ ❛s ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ✐s ❣r❡❛t❡r ✐♥ ♦♥❡ ♠❛r❦❡t t❤❛♥

t❤❡ ♦t❤❡r✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❛r❦❡ts ❛r❡ ❧✐♥❦❡❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛ s✉❜s❡t ♦❢ ❝♦♥s✉♠❡rs ✐s ✏✢❡①✐❜❧❡✑✱

❛❧❧♦✇✐♥❣ t❤❡♠ t♦ s❡❛r❝❤ t❤❡ ♥♦♥✲❧♦❝❛❧ ♠❛r❦❡t ❛t str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦st✳ ■♥♥❡r✲❝✐t② s❤♦♣♣✐♥❣ ❛❝r♦ss

♥❡✐❣❤❜♦r❤♦♦❞s✱ ♦r ❝r♦ss✲❜♦r❞❡r s❤♦♣♣✐♥❣✱ ❝❛♥ ❜❡ t❤♦✉❣❤t ♦❢ ❡①❛♠♣❧❡s ❢♦r t❤✐s✳

❆ ♠❛✐♥ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤❡ ♣❛♣❡r ✐s t❤❛t ❛ tr❛❝t❛❜❧❡ ♠♦❞❡❧ ♦❢ s❡q✉❡♥t✐❛❧ ❝♦♥s✉♠❡r s❡❛r❝❤ ✐s

✐♥tr♦❞✉❝❡❞ ✐♥ ✇❤✐❝❤ s❡❛r❝❤ ✐s ❝♦st❧② ❢♦r ❛❧❧ ❝♦♥s✉♠❡rs✱ ②❡t ♣r✐❝❡s ❛r❡ ❞✐s♣❡rs❡❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱

❛♥❞ ❛❝t✐✈❡ ❝♦♥s✉♠❡r s❡❛r❝❤ ♦❝❝✉rs✳ ❋✉rt❤❡r♠♦r❡✱ ❝♦♥s✉♠❡rs✬ s❡❛r❝❤ ❛❝t✐✈✐t② ✐s ❞✐r❡❝t❡❞ s✉❝❤ t❤❛t

♦♥❧② ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ❢r♦♠ t❤❡ ✭♦♥ ❛✈❡r❛❣❡✮ ❤✐❣❤❡r ♣r✐❝❡❞ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ♠❛②

s❡❛r❝❤ t❤❡ ♦♣♣♦s❡❞ ✏❞✐s❝♦✉♥t❡r✑ ✐♥ t❤❡ ❧♦✇✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t✳

✸✾■♥ t❤❡ ❜♦r❞❡r❧✐♥❡ ❝❛s❡ ✇❤❡r❡ β = 1− s
v
✱ ❜♦t❤ t②♣❡s ♦❢ ❡q✉✐❧✐❜r✐❛ ❝♦❡①✐st✳

✸✺



❆ ♣r❡❝✐s❡ ❡q✉✐❧✐❜r✐✉♠ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ r❡✈❡❛❧s t❤❛t ♣❛r❛❞♦①✐❝❛❧❧②✱ ❛❝t✐✈❡ s❡❛r❝❤ ♦♥❧② t❛❦❡s

♣❧❛❝❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✐♥ t❤❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ♠❛r❦❡t ✐s s✉✣❝✐❡♥t❧②

❧♦✇✳ ❖t❤❡r✇✐s❡✱ t❤❡ ❧♦❝❛❧ ✐♥❝✉♠❜❡♥t ♣r❡❢❡rs t♦ ♣r✐❝❡ ❛❣❣r❡ss✐✈❡❧② ❛♥❞ t❤❡r❡❜② ❞✐s❝♦✉r❛❣❡ ✐ts

✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✳

■❢ ❛❝t✐✈❡ s❡❛r❝❤ ♦❝❝✉rs✱ ■ s❤♦✇ t❤❛t t❤❡ r❡❧❛t✐✈❡ s✐③❡ ♦❢ t❤❡ t✇♦ ♠❛r❦❡ts ✐s ❝r✉❝✐❛❧ ❢♦r ❞❡t❡r♠✐♥✲

✐♥❣ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡✳ ■❢ t❤❡ ♠❛ss ♦❢ ✢❡①✐❜❧❡ ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱

t❤❡ ❞✐s❝♦✉♥t❡r ❢❛❝❡s ❛ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ ❛s ✐t ✇♦✉❧❞ ✜♥❞ ✐t ♠♦r❡ ♣r♦✜t❛❜❧❡ t♦ ♦✈❡r❝❤❛r❣❡ t❤❡

✐♥❝♦♠✐♥❣ s❡❛r❝❤❡rs t❤❛♥ t♦ s❡r✈❡ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❛t ❛ ♣r✐❝❡ t❤❛t ✐s ❛❝❝❡♣t❛❜❧❡ t♦ t❤❡♠✳ ❚❤✐s

❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s r❡s♦❧✈❡❞ ❜② ♥♦♥✲tr✐✈✐❛❧ ♠✐①❡❞✲str❛t❡❣② ♣r✐❝✐♥❣ ✐♥ ❜♦t❤ ❧♦❝❛❧ ♠❛r❦❡ts✿ t❤❡

❞✐s❝♦✉♥t❡r s♦♠❡t✐♠❡s ❝❤❛r❣❡s ❤✐❣❤ ♣r✐❝❡s ✐♥ ♦r❞❡r t♦ ❡①♣❧♦✐t ✐♥❝♦♠✐♥❣ s❡❛r❝❤❡rs ✭✇❤✐❧❡ ❛t t❤❡

s❛♠❡ t✐♠❡ ❡①❝❧✉❞✐♥❣ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡r ❜❛s❡✮✱ ✇❤❡r❡❛s t❤❡ ❤✐❣❤✲♣r✐❝❡❞ ✜r♠ s♦♠❡t✐♠❡s ♦✛❡rs

❞✐s❝♦✉♥ts ✇❤✐❝❤ ♠❛② ❜❡❛t t❤❡ ❞✐s❝♦✉♥t❡r✬s ❡①♣❧♦✐t❛t✐✈❡ ♣r✐❝❡s✳ ■❢ t❤❡ ♠❛r❦❡t ✐♠❜❛❧❛♥❝❡ ✐s s❡✈❡r❡

❡♥♦✉❣❤✱ t❤❡ ❤✐❣❤✲♣r✐❝❡❞ ✜r♠ ♦✛❡rs ❛ ❞❡❡♣ ❞✐s❝♦✉♥t ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ ✇❤✐❝❤ ❛❧t♦❣❡t❤❡r

❞✐s❝♦✉r❛❣❡s ✐ts ❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✳

■♥ ❛♥ ❡①t❡♥s✐♦♥✱ ■ s❤♦✇ t❤❛t ✐♥❢♦r♠❛t✐✈❡ ❛❞✈❡rt✐s✐♥❣ ❜② t❤❡ ❞✐s❝♦✉♥t❡r✱ ❡✈❡♥ ✐❢ ✐t ❢✉❧❧② ❡❧✐♠✐✲

♥❛t❡s ✐ts ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ t❡♥❞s t♦ ❞❡❝r❡❛s❡ r❛t❤❡r t❤❛♥ ✐♥❝r❡❛s❡ ♠❛r❦❡t ♣❡r❢♦r♠❛♥❝❡✳ ❖♥❡

r❡❛s♦♥ ✐s t❤❛t s♦❝✐❛❧❧② ✇❛st❡❢✉❧ s❡❛r❝❤ ❛❝t✐✈✐t✐❡s ❝❛♥ ❜❡ ✐♥❞✉❝❡❞✱ t❤❡ ♦t❤❡r ✐s t❤❛t t❤❡ ❞✐s❝♦✉♥t❡r

♠❛② ❡✈❡♥ ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ❛❞✈❡rt✐s❡ ❛ ♣r✐❝❡ t❤❛t ✐s ❤✐❣❤❡r t❤❛♥ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥✳

❚❤✐s ❡①❝❧✉❞❡s t❤❡ ✇❤♦❧❡ s✉❜♠❛r❦❡t ❞❡t❡r♠✐♥✐st✐❝❛❧❧② ❛♥❞ ✐♥tr♦❞✉❝❡s s✐❣♥✐✜❝❛♥t ❞❡❛❞✇❡✐❣❤t ❧♦ss✳

❚❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ ❢✉rt❤❡r ✐♥ s❡✈❡r❛❧ ❞✐♠❡♥s✐♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐t ✇♦✉❧❞ ❜❡ ❞❡s✐r❛❜❧❡

t♦ ❛❧❧♦✇ ❢♦r ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✭✐✳❡✳✱ ❝♦♥t✐♥✉♦✉s✮ s❡❛r❝❤✲❝♦st ❞✐str✐❜✉t✐♦♥✳ Pr❡❧✐♠✐♥❛r② ❝❛❧❝✉❧❛t✐♦♥s

❤❛✈❡ r❡✈❡❛❧❡❞ t❤❛t t❤❡ ♠❛✐♥ q✉❛❧✐t❛t✐✈❡ ❢❡❛t✉r❡s ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐③❡❞ ❡q✉✐❧✐❜r✐✉♠ r❡♠❛✐♥ ✐♥t❛❝t✿

❛❝t✐✈❡ s❡❛r❝❤ ❝❛♥ st✐❧❧ ♦♥❧② ♦❝❝✉r ✐❢ ♥♦t t♦♦ ♠❛♥② ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ❛r❡ t❡♠♣t❡❞ t♦

s❡❛r❝❤✱ ❛♥❞ ❛❧s♦ t❤❡ s❛♠❡ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠ ✐s ❢❛❝❡❞ ❜② t❤❡ ❞✐s❝♦✉♥t❡r ❛s ✐♥ t❤❡ ❛♥❛❧②③❡❞

♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ t❤❡ r❡s✉❧t✐♥❣ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛ ❜❡❝♦♠❡ ♠♦r❡ ❝♦♠♣❧❡①✱ ❛♥❞ ✐t ✐s ❞✐✣❝✉❧t

t♦ ❞❡r✐✈❡ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❡①♣❧✐❝✐t❧②✳

❆❧t❡r♥❛t✐✈❡❧②✱ t❤❡ s✐♠♣❧❡ t✇♦✲✜r♠ s❡t✉♣ ❝♦✉❧❞ ❜❡ ❛❧t❡r❡❞✳ ■t ♠✐❣❤t ❜❡ ✐♥t❡r❡st✐♥❣ t♦ ✉♥❞❡r✲

st❛♥❞ ❝♦♥s✉♠❡rs✬ s❡❛r❝❤ ❜❡❤❛✈✐♦r ❛♥❞ ✜r♠s✬ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝✐♥❣ ✐♥ ❛♥ ❛r❜✐tr❛r② ♥❡t✇♦r❦✳ ■♥ s✉❝❤

❛ ♥❡t✇♦r❦✱ ❡❛❝❤ ♥♦❞❡ ✇♦✉❧❞ r❡♣r❡s❡♥t ❛ ❧♦❝❛❧ s✉❜♠❛r❦❡t ❤♦st✐♥❣ ❛ s✐♥❣❧❡ ✜r♠✱ ✇❤✐❧❡ ❡❛❝❤ ❡❞❣❡

✇♦✉❧❞ ✐♥❞✐❝❛t❡ t❤❡ tr❛✈❡❧ ❝♦st ♦❢ s❡❛r❝❤✐♥❣ ❝♦♥s✉♠❡rs ❣♦✐♥❣ ❢r♦♠ ♦♥❡ ♦❢ t❤❡ ❝♦♥♥❡❝t❡❞ ♥♦❞❡s t♦

t❤❡ ♦t❤❡r✳ ❚❤❡ ❧♦❝❛❧ s✉❜♠❛r❦❡ts ❝♦✉❧❞ ❛❣❛✐♥ ❜❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❜② ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥s✱ ✜r♠s✬

✉♥✐t ❝♦sts✱ ♦r ❛♥② ♦t❤❡r ❢❛❝t♦rs✳

✸✻



❋✐♥❛❧❧②✱ t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❤♦♠♦❣❡♥♦✉s ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ✇✐t❤✐♥ s✉❜♠❛r❦❡ts ❝♦✉❧❞ ❜❡

r❡❧❛①❡❞✳ ❋♦r ❡①❛♠♣❧❡✱ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥s ❝♦✉❧❞ ❜❡ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t

♠❡❛♥s ❛❝r♦ss s✉❜♠❛r❦❡ts✳ ❚❤❡♥✱ ✐♥t✉✐t✐✈❡❧②✱ s✐♠✐❧❛r ❡q✉✐❧✐❜r✐❛ ❛s ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ♠♦❞❡❧ s❤♦✉❧❞ ❜❡

❡①♣❡❝t❡❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❛♥❛❧②s✐s ✇♦✉❧❞ ❤❛✈❡ t♦ ❜❡ ❛✉❣♠❡♥t❡❞ ❜② t✇♦ ❛❞❞✐t✐♦♥❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s✳

❋✐rst✱ s✐♥❝❡ ❝♦♥s✉♠❡rs✬ s❡❛r❝❤ ❡①♣❡♥❞✐t✉r❡s ❛r❡ s✉♥❦ ♦♥❝❡ t❤❡② ❛rr✐✈❡ ❛t t❤❡ ♦✉ts✐❞❡ ♠❛r❦❡t✱ t❤❡r❡

✐s ❛❣❛✐♥ ❛♥ ✐♥❝❡♥t✐✈❡ ❢♦r ❛ ♣❡r❝❡✐✈❡❞ ❞✐s❝♦✉♥t❡r t♦ ❡①♣❧♦✐t ✐♥❝♦♠✐♥❣ s❡❛r❝❤❡rs✳ ❇✉t ❞❡♣❡♥❞✐♥❣ ♦♥

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦♥s✉♠❡rs✬ ✈❛❧✉❛t✐♦♥s✱ t❤❡r❡ ♠✐❣❤t ❜❡ ♥♦ ❤❛r❞ ❝❛♣ ♦♥ t❤❡ ♣r✐❝❡s ❛ ❞✐s❝♦✉♥t

✜r♠ ❝❛♥ ❝❤❛r❣❡ ✇❤✐❧❡ st✐❧❧ s❡r✈✐♥❣ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✳ ❚❤✉s✱ ❛ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤

❛ ❧♦✇✲♣r✐❝❡❞ ❞✐s❝♦✉♥t❡r s❡r✈❡s ✭♣❛rt ♦❢✮ ✐ts ♦✇♥ ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❛♥❞ ✐♥❝♦♠✐♥❣ s❡❛r❝❤❡rs ♠❛② ❜❡

❧❡ss ❧✐❦❡❧② t♦ ❡①✐st✳ ❙❡❝♦♥❞✱ ✐❢ t❤❡r❡ ❛r❡ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✇✐t❤ ❛ s✉✣❝✐❡♥t❧② ❤✐❣❤ ✈❛❧✉❛t✐♦♥ ✐♥

t❤❡ ❞✐s❝♦✉♥t ♠❛r❦❡t ✭❛s ✇♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ ✇✐t❤ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ ✈❛❧✉❛t✐♦♥s✮✱ ❛♥❞ ✐❢ t❤❡ ✜r♠s

♣❧❛② ♠✐①❡❞ ♣r✐❝✐♥❣✲str❛t❡❣✐❡s ❞✉❡ t♦ t❤❡ ❞❡s❝r✐❜❡❞ ❝♦♠♠✐t♠❡♥t ♣r♦❜❧❡♠✱ t❤❡r❡ ♠✐❣❤t ❛❧s♦ ❜❡

❣❛✐♥s ❢r♦♠ s❡❛r❝❤ ❢♦r ❝♦♥s✉♠❡rs ✐♥ t❤❡ ❞✐s❝♦✉♥t ♠❛r❦❡t✳ ❍❡♥❝❡✱ ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ s❡❛r❝❤ ✐♥ ❜♦t❤

❞✐r❡❝t✐♦♥s t❛❦❡s ♣❧❛❝❡ ♠❛② ❡♠❡r❣❡✳

❖✈❡r❛❧❧✱ t❤❡ ♣r❡s❡♥t❡❞ ❢r❛♠❡✇♦r❦ ❧❡♥❞s ✐ts❡❧❢ ❛s ❛ ✢❡①✐❜❧❡ ✇❛② ♦❢ ♠♦❞❡❧✐♥❣ ❝♦♥s✉♠❡r s❡❛r❝❤

❛❝r♦ss s♣❛t✐❛❧ str✉❝t✉r❡s✳ ❆s s✉❝❤✱ ✐t ✐s ❤♦♣❡❞ t❤❛t ❢r✉✐t❢✉❧ ❛♥❞ ❞✐✈❡rs❡ ❢✉t✉r❡ ❛♣♣❧✐❝❛t✐♦♥s ✇✐❧❧

❛r✐s❡✳

❘❡❢❡r❡♥❝❡s

❙✐♠♦♥ P✳ ❆♥❞❡rs♦♥ ❛♥❞ ❘é❣✐s ❘❡♥❛✉❧t✳ ❆❞✈❡rt✐s✐♥❣ ❈♦♥t❡♥t✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✾✻

✭✶✮✿✾✸✕✶✶✸✱ ▼❛r❝❤ ✷✵✵✻✳

▼❛r✐❛ ❆r❜❛ts❦❛②❛✳ ❖r❞❡r❡❞ s❡❛r❝❤✳ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✸✽✭✶✮✿✶✶✾✕✶✷✻✱ ▼❛r❝❤ ✷✵✵✼✳

❈❛r♠❡♥ ❆st♦r♥❡✲❋✐❣❛r✐ ❛♥❞ ❆❧❡❦s❛♥❞r ❨❛♥❦❡❧❡✈✐❝❤✳ ❆s②♠♠❡tr✐❝ ❙❡q✉❡♥t✐❛❧ ❙❡❛r❝❤✳ ❚❡❝❤♥✐❝❛❧

r❡♣♦rt✱ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❲❛s❤✐♥❣t♦♥ ❯♥✐✈❡rs✐t② ✐♥ ❙t✳ ▲♦✉✐s✱ ❆✉❣✉st ✷✵✶✶✳ ❯❘▲

❤tt♣✿✴✴❝❛r♠❡♥❛st♦r♥❡✳❝♦♠✴❆s②♠♠❡tr✐❝✪✷✵❙❡q✉❡♥t✐❛❧✪✷✵❙❡❛r❝❤✪✷✵❆✉❣✷✵✶✶✳♣❞❢✳

❈❛r♠❡♥ ❆st♦r♥❡✲❋✐❣❛r✐ ❛♥❞ ❆❧❡❦s❛♥❞r ❨❛♥❦❡❧❡✈✐❝❤✳ ❈♦♥s✉♠❡r s❡❛r❝❤ ✇✐t❤ ❛s②♠♠❡tr✐❝ ♣r✐❝❡

s❛♠♣❧✐♥❣✳ ❊❝♦♥♦♠✐❝s ▲❡tt❡rs✱ ✶✷✷✭✷✮✿✸✸✶✕✸✸✸✱ ✷✵✶✹✳

❑②❧❡ ❇❛❣✇❡❧❧ ❛♥❞ ●❛r❡② ❘❛♠❡②✳ ❚❤❡ ❉✐❛♠♦♥❞ P❛r❛❞♦①✿ ❆ ❉②♥❛♠✐❝ ❘❡s♦❧✉t✐♦♥✳ ❉✐s❝✉ss✐♦♥

P❛♣❡rs ✶✵✶✸✱ ◆♦rt❤✇❡st❡r♥ ❯♥✐✈❡rs✐t②✱ ❈❡♥t❡r ❢♦r ▼❛t❤❡♠❛t✐❝❛❧ ❙t✉❞✐❡s ✐♥ ❊❝♦♥♦♠✐❝s ❛♥❞

▼❛♥❛❣❡♠❡♥t ❙❝✐❡♥❝❡✱ ◆♦✈❡♠❜❡r ✶✾✾✷✳ ❯❘▲ ❤tt♣✿✴✴✐❞❡❛s✳r❡♣❡❝✳♦r❣✴♣✴♥✇✉✴❝♠s❡♠s✴✶✵✶✸✳

❤t♠❧✳

✸✼



▼✐❝❤❛❡❧ ❘✳ ❇❛②❡✱ ❏♦❤♥ ▼♦r❣❛♥✱ ❛♥❞ P❛tr✐❝❦ ❙❝❤♦❧t❡♥✳ ■♥❢♦r♠❛t✐♦♥✱ ❙❡❛r❝❤✱ ❛♥❞ Pr✐❝❡ ❉✐s♣❡rs✐♦♥✳

■♥ ❍❛♥❞❜♦♦❦ ✐♥ ❊❝♦♥♦♠✐❝s ❛♥❞ ■♥❢♦r♠❛t✐♦♥ ❙②st❡♠s ✭❡❞✳ ❚✳ ❍❡♥❞❡rs❤♦tt✮✱ ✈♦❧✉♠❡ ✶✱ ❝❤❛♣t❡r ✻✳

❆♠st❡r❞❛♠✿ ❊❧s❡✈✐❡r✱ ✷✵✵✻✳

❍❡❧♠✉t ❇❡st❡r ❛♥❞ ❊♠♠❛♥✉❡❧ P❡tr❛❦✐s✳ Pr✐❝❡ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ❛❞✈❡rt✐s✐♥❣ ✐♥ ♦❧✐❣♦♣♦❧②✳ ❊✉r♦♣❡❛♥

❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✸✾✭✻✮✿✶✵✼✺✕✶✵✽✽✱ ❏✉♥❡ ✶✾✾✺✳

❑❡♥❞r❛ ❇✐s❝❤♦✛ ❛♥❞ ❙❡❛♥ ❋✳ ❘❡❛r❞♦♥✳ ❘❡s✐❞❡♥t✐❛❧ ❙❡❣r❡❣❛t✐♦♥ ❜② ■♥❝♦♠❡✱ ✶✾✼✵✲✷✵✵✾✳ ❚❡❝❤♥✐✲
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❘❡♣♦rt✴r❡♣♦rt✶✵✶✻✷✵✶✸✳♣❞❢✳
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✶✽✵✕✶✽✸✱ ▼❛r❝❤ ✷✵✶✵✳
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✾✺✺✕✻✾✱ ❏✉❧② ✶✾✽✸✳
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❘❛②♠♦♥❞ ❏✳ ❉❡♥❡❝❦❡r❡✱ ❉❛♥ ❑♦✈❡♥♦❝❦✱ ❛♥❞ ❘♦❜❡rt ▲❡❡✳ ❆ ▼♦❞❡❧ ♦❢ Pr✐❝❡ ▲❡❛❞❡rs❤✐♣ ❇❛s❡❞ ♦♥
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P❡t❡r ❆✳ ❉✐❛♠♦♥❞✳ ❆ ♠♦❞❡❧ ♦❢ ♣r✐❝❡ ❛❞❥✉st♠❡♥t✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✸✭✷✮✿✶✺✻✕✶✻✽✱
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❙❡❣r❡❣❛t❡❞✪✷✵❈✐t②✳♣❞❢✳
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❘♦❜❡rt ❲✳ ❘♦s❡♥t❤❛❧✳ ❆ ▼♦❞❡❧ ✐♥ ❲❤✐❝❤ ❛♥ ■♥❝r❡❛s❡ ✐♥ t❤❡ ◆✉♠❜❡r ♦❢ ❙❡❧❧❡rs ▲❡❛❞s t♦ ❛ ❍✐❣❤❡r

Pr✐❝❡✳ ❊❝♦♥♦♠❡tr✐❝❛✱ ✹✽✭✻✮✿✶✺✼✺✕✼✾✱ ❙❡♣t❡♠❜❡r ✶✾✽✵✳

❙t❡✈❡♥ ❙❛❧♦♣ ❛♥❞ ❏♦s❡♣❤ ❊ ❙t✐❣❧✐t③✳ ❇❛r❣❛✐♥s ❛♥❞ ❘✐♣♦✛s✿ ❆ ▼♦❞❡❧ ♦❢ ▼♦♥♦♣♦❧✐st✐❝❛❧❧② ❈♦♠✲

♣❡t✐t✐✈❡ Pr✐❝❡ ❉✐s♣❡rs✐♦♥✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s✱ ✹✹✭✸✮✿✹✾✸✕✺✶✵✱ ❖❝t♦❜❡r ✶✾✼✼✳

❨✉✈❛❧ ❙❤✐❧♦♥②✳ ▼✐①❡❞ ♣r✐❝✐♥❣ ✐♥ ♦❧✐❣♦♣♦❧②✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✶✹✭✷✮✿✸✼✸✕✸✽✽✱ ❆♣r✐❧

✶✾✼✼✳

❇❛❜❛❦ ❙♦♠❡❦❤✳ ❚❤❡ ❊✛❡❝t ❖❢ ■♥❝♦♠❡ ■♥❡q✉❛❧✐t② ❖♥ Pr✐❝❡ ❉✐s♣❡rs✐♦♥✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❯♥✐✲

✈❡rs✐t② ♦❢ ❖①❢♦r❞ ❛♥❞ ❯♥✐✈❡rs✐t② ♦❢ ❍❛✐❢❛✱ ✷✵✶✷✳

❇❛❜❛❦ ❙♦♠❡❦❤✳ ❙❤♦♣♣✐♥❣ ■♥ ❆ ❙❡❣r❡❣❛t❡❞ ❈✐t②✳ ❚❡❝❤♥✐❝❛❧ r❡♣♦rt✱ ❯♥✐✈❡rs✐t② ♦❢ ❍❛✐❢❛✱ ❉❡♣❛rt✲

♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ✷✵✶✺✳

❉❛❧❡ ❖✳ ❙t❛❤❧✳ ❖❧✐❣♦♣♦❧✐st✐❝ Pr✐❝✐♥❣ ✇✐t❤ ❙❡q✉❡♥t✐❛❧ ❈♦♥s✉♠❡r ❙❡❛r❝❤✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝

❘❡✈✐❡✇✱ ✼✾✭✹✮✿✼✵✵✕✼✶✷✱ ❙❡♣t❡♠❜❡r ✶✾✽✾✳

❉❛❧❡ ❖✳ ❙t❛❤❧✳ ❖❧✐❣♦♣♦❧✐st✐❝ Pr✐❝✐♥❣ ✇✐t❤ ❍❡t❡r♦❣❡♥❡♦✉s ❈♦♥s✉♠❡r ❙❡❛r❝❤✳ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧

♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥✱ ✶✹✭✷✮✿✷✹✸✕✷✻✽✱ ✶✾✾✻✳

❍❛❧ ❘✳ ❱❛r✐❛♥✳ ❆ ▼♦❞❡❧ ♦❢ ❙❛❧❡s✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✼✵✭✹✮✿✻✺✶✕✺✾✱ ❙❡♣t❡♠❜❡r ✶✾✽✵✳

❆♣♣❡♥❞✐① ❆✿ ❚❡❝❤♥✐❝❛❧ Pr♦♦❢s

▲❡♠♠❛ ✷✳ L✲♠❛r❦❡t ❝♦♥s✉♠❡rs ✇✐❧❧ ♥❡✈❡r s❡❛r❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡✐r s❡❛r❝❤ ❝♦sts

❛r❡ ❜♦✉♥❞❡❞ ❛✇❛② ❢r♦♠ ③❡r♦✳

Pr♦♦❢✳ ❉❡♥♦t❡ t❤❡ ❧♦✇❡r s✉♣♣♦rt ❜♦✉♥❞ ♦❢ ✜r♠ i✬s ∈ {L,H} ♣r✐❝✐♥❣ str❛t❡❣② ❜② p
i
❛♥❞ t❤❡

✉♣♣❡r s✉♣♣♦rt ❜♦✉♥❞ ❜② pi✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❧❡t p
i
≤ p

j
✳ ❉❡♥♦t❡ t❤❡ ✐♥✜♠✉♠ ♦❢ t❤❡

❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✬ s❡❛r❝❤ ❝♦sts ❜② sL > 0✳

❚❤❡♥ ✐t ♠✉st ❤♦❧❞ t❤❛t p
i
≥ vL✳ ❚♦ s❡❡ t❤✐s✱ ❛ss✉♠❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t p

i
< vL✳ ●✐✈❡♥

t❤✐s✱ ♥♦t❡ ✜rst t❤❛t ❝♦♥s✉♠❡rs ✇❤♦ ♦❜s❡r✈❡ ❛ ♣r✐❝❡ ✐♥ t❤❡ r❛♥❣❡ [p
i
, p

i
+ min{s, sL}] ✭✇❤❡r❡

p
i
+ min{s, sL} < vH ❜② ♦✉r ❛ss✉♠♣t✐♦♥ ♦❢ p

i
< vL ❛♥❞ t❤❡ ❣❡♥❡r❛❧ ♣❛r❛♠❡t❡r r❡str✐❝t✐♦♥ ♦❢

vL + s < vH✮ ✇✐❧❧ ♥❡✈❡r ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ s❡❛r❝❤✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛t ❜❡st✱ t❤❡② ❝❛♥ ❤♦♣❡ t♦

✹✵



✜♥❞ ❛ ♣r✐❝❡ ♦❢ p
i
✱ ✐♠♣❧②✐♥❣ ❛ ♣r✐❝❡ r❡❞✉❝t✐♦♥ ♦❢ ❛t ♠♦st min{s, sL}✱ ✇❤✐❝❤ ❞♦❡s ♥♦t ❡①❝❡❡❞ t❤❡✐r

s❡❛r❝❤ ❝♦st✳ ❍❡♥❝❡✱ ✐♥st❡❛❞ ♦❢ ♣r✐❝✐♥❣ ❛t ♦r s❧✐❣❤t❧② ❛❜♦✈❡ p
i
✱ ✜r♠ i ❝♦✉❧❞ ♣r♦✜t❛❜❧② ❞❡✈✐❛t❡ ❜②

tr❛♥s❢❡rr✐♥❣ ❛❧❧ ♦❢ t❤✐s ♣r♦❜❛❜✐❧✐t② ♠❛ss t♦ p
i
+ min{s, sL} ✭✐❢ p

i
+ min{s, sL} ≤ vL✮ ♦r vL ✭✐❢

p
i
+min{s, sL} > vL✮✱ ❛s ❞♦✐♥❣ s♦ ❞♦❡s ♥♦t ❞❡❝r❡❛s❡ ✐ts ❞❡♠❛♥❞✳ ❍❡♥❝❡✱ p

i
< vL ❝❛♥♥♦t ❜❡ ♣❛rt

♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳

❇✉t s✐♥❝❡ ✐t ✐s ♥♦✇ ❡st❛❜❧✐s❤❡❞ t❤❛t p
i
≥ vL✱ ✐t ❝❛♥ ♥❡✈❡r ❜❡ ♣r♦✜t❛❜❧❡ t♦ s❡❛r❝❤ ❢♦r L✲♠❛r❦❡t

❝♦♥s✉♠❡rs✱ ❛s t❤❡ ❡①♣❡❝t❡❞ s✉r♣❧✉s ♦❢ ❞♦✐♥❣ s♦ ✐s ♥❡❣❛t✐✈❡ ❞✉❡ t♦ t❤❡✐r str✐❝t❧② ♣♦s✐t✐✈❡ s❡❛r❝❤

❝♦st✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ✭❊①✐st❡♥❝❡✮ ■♥ ♦r❞❡r ❢♦r t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣②✲❝♦♠❜✐♥❛t✐♦♥ t♦ ❢♦r♠ ❛♥

❡q✉✐❧✐❜r✐✉♠✱ ✐t ✐s ♥❡❝❡ss❛r② t❤❛t ❡❛❝❤ ♣r✐❝❡ t❤❛t ✐s s❛♠♣❧❡❞ ❜② t❤❡ ✜r♠s ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②

✭♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②✮ ♠✉st ②✐❡❧❞ t❤❡ s❛♠❡✱ ♠❛①✐♠❛❧ ❡①♣❡❝t❡❞ ♣r♦✜t✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧❧ ❡q✉✐❧✐❜r✐✉♠

♦❜❥❡❝ts ♥❡❡❞ t♦ ❜❡ ✇❡❧❧✲❜❡❤❛✈❡❞ ✭❡✳❣✳✱ ♠❛ss ♣♦✐♥ts ♠✉st ❢❛❧❧ ✐♥ t❤❡ r❛♥❣❡ [0, 1]✮✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s✱

■ ✇✐❧❧ s♦❧✈❡ ❢♦r t❤❡ ♦✉t❧✐♥❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ ❝♦♥str✉❝t✐✈❡ ♠❛♥♥❡r✳

❋♦r t❤✐s✱ s✉♣♣♦s❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts ✐♥ ✇❤✐❝❤ H ♣r✐❝❡s ❛t vH ✇✐t❤ ♣r♦❜❛❜✐❧✐t② qH ❛♥❞

s❛♠♣❧❡s ♣r✐❝❡s ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠ ❛♥ ✐♥t❡r✈❛❧ [p, vH ]✱ ❢♦❧❧♦✇✐♥❣ ❛ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ FH(.)✱

✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1−qH ✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ L ♣r✐❝❡s ❛t vL ✇✐t❤ ♣r♦❜❛❜✐❧✐t② qL ❛♥❞ s❛♠♣❧❡s ♣r✐❝❡s

❝♦♥t✐♥✉♦✉s❧② ❢r♦♠ t❤❡ s❛♠❡ ✐♥t❡r✈❛❧ ❛s H✱ [p, vH ]✱ ❢♦❧❧♦✇✐♥❣ ❛ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ FL(.)✱ ✇✐t❤

♣r♦❜❛❜✐❧✐t② 1− qL✳ ❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t qL(p− vL) > s ✭❛♥❞ t❤✉s✱ p > vL✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t

❡✈❡♥ ✐❢ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ♦❜s❡r✈❡ t❤❡ ❧♦✇❡st ✭❡q✉✐❧✐❜r✐✉♠✮ H✲♠❛r❦❡t ♣r✐❝❡ ♦❢ p✱ t❤❡② ✜♥❞ ✐t

✇♦rt❤✇❤✐❧❡ t♦ ✈✐s✐t L ❥✉st ❢♦r t❤❡ ❝❤❛♥❝❡ t♦ ❜✉② ❛t t❤❡ ❧♦✇ ♣r✐❝❡ vL ✭t❤✐s ❝♦♥❞✐t✐♦♥ ✇✐❧❧ ❜❡ ✈❡r✐✜❡❞

❧❛t❡r ✐♥ t❤❡ ♣r♦♦❢✮✳ ❍❡♥❝❡✱ ✐♥ t❤❡ ♣r♦♣♦s❡❞ ❡q✉✐❧✐❜r✐✉♠✱ H✲♠❛r❦❡t ❝♦♥s✉♠❡rs ✇✐❧❧ ❛❧✇❛②s ✈✐s✐t L

✐♥✐t✐❛❧❧②✳

◆♦✇✱ ❣✐✈❡♥ t❤❡ s♣❡❝✐✜❡❞ str❛t❡❣✐❡s✱ L✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ♣r✐❝✐♥❣ ❛t vH ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞

❛s

ΠL(vH) = vHαβqH . ✭✻✮

❚❤✐s r❡s✉❧ts ❢r♦♠ t❤❡ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡ s♣❡❝✐✜❡❞ ✐♥ t❤❡ ♠♦❞❡❧ s❡t✉♣✳ ●✐✈❡♥ t❤❛t L ♣r✐❝❡s ❛t vH ✱

t❤❡ ✜r♠ ✇✐❧❧ ♦♥❧② s❡❧❧ t♦ t❤❡ s❡❛r❝❤✐♥❣ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇❤❡♥ H ♣r✐❝❡s ❛t vH ❛s ✇❡❧❧✱ ✇❤✐❝❤

❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② qH ✳

◆❡①t✱ L✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ♣r✐❝✐♥❣ ❛t p ✐s ❡q✉❛❧ t♦

ΠL(p) = pαβ. ✭✼✮
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❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t p ❛❧✇❛②s ♦✉t♣❡r❢♦r♠s H✬s ♣r✐❝❡✱ ❛♥❞ p > vL ✭❤❡♥❝❡✱ L ❝❛♥♥♦t

s❡r✈❡ ✐ts ❧♦❝❛❧ ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✮✳

❋✐♥❛❧❧②✱ L✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ♣r✐❝✐♥❣ ❛t vL ✐s ❡q✉❛❧ t♦

ΠL(vL) = vL(1− α+ αβ). ✭✽✮

❈❧❡❛r❧②✱ ✐❢ L ♣r✐❝❡s ❛t vL✱ ✐t ❞❡t❡r♠✐♥✐st✐❝❛❧❧② s❡r✈❡s t❤❡ s❡❛r❝❤✐♥❣ H✲♠❛r❦❡t ❝♦♥s✉♠❡rs ✭❛s vL

♦✉t♣❡r❢♦r♠s ❛♥② ♦❢ H✬s ♣r✐❝❡s✮✱ ❛s ✇❡❧❧ ❛s ✐ts ♦✇♥ ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✳

❙♦❧✈✐♥❣ ΠL(vH)
!
= ΠL(vL) ❛♥❞ ΠL(p)

!
= ΠL(vL) ✐♠♠❡❞✐❛t❡❧② ❣✐✈❡s r✐s❡ t♦ t❤❡ ❡q✉✐❧✐❜r✐✉♠

❝♦♥❞✐t✐♦♥s

q∗H =
vL(1− α+ αβ)

vHαβ
✭✾✮

❛♥❞

p =
vL(1− α+ αβ)

αβ
. ✭✶✵✮

❲❤✐❧❡ ❝❧❡❛r❧② q∗H > 0 ❛♥❞ p > vL✱ ✐t r❡♠❛✐♥s t♦ ❝❤❡❝❦ ✇❤❡t❤❡r q∗H < 1 ❛♥❞ p < vH ✳ ❆s ❜♦t❤

♦❢ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❢♦❧❧♦✇ ❞✐r❡❝t❧② ❢r♦♠ α > α(β)✱ q∗H ❛♥❞ p ❛r❡ ✇❡❧❧✲❜❡❤❛✈❡❞✳

❚✉r♥✐♥❣ t♦ H✱ t❤❡ ✜r♠✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ♣r✐❝✐♥❣ ❛t vH ✐s ❣✐✈❡♥ ❜②

ΠH(vH) = vHα(1− β). ✭✶✶✮

❚❤✐s ✐s ❜❡❝❛✉s❡ ✐❢ H ♣r✐❝❡s ❛t t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ♣r✐❝❡ vH ✱ ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✇✐❧❧ s❡❛r❝❤

❛♥❞ ✜♥❞ ❛ ❧♦✇❡r ♣r✐❝❡ ✇✐t❤ ❝❡rt❛✐♥t②✳ ❍❡♥❝❡✱ H ❝❛♥ ♦♥❧② s❡❧❧ t♦ ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ H ♣r✐❝❡s ❛t p✱ ✐ts ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ❣✐✈❡♥ ❜②

ΠH(p) = pα(1− βqL). ✭✶✷✮

❚❤✐s ✐s ❜❡❝❛✉s❡ ✐❢ H ♣r✐❝❡s ❛t p✱ ❛❧❧ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇✐❧❧ s❡❛r❝❤ ✐♥✐t✐❛❧❧②✳ ❍♦✇❡✈❡r✱ t❤❡② ✇✐❧❧

r❡t✉r♥ t♦ H ✉♥❧❡ss L ♣r✐❝❡s ❛t vL ✭❛s ♦t❤❡r✇✐s❡✱ L ❝❡rt❛✐♥❧② ❝❤❛r❣❡s ❛ ❤✐❣❤❡r ♣r✐❝❡ t❤❛♥ p✮✱ ✇❤✐❝❤

❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜❧② qL✳

❙♦❧✈✐♥❣ ΠH(vH)
!
= ΠH(p) ❛♥❞ ✐♥s❡rt✐♥❣ p ❢r♦♠ ❡q✉❛t✐♦♥ ✭✶✵✮ ❧❡❛❞s t♦ t❤❡ ♥❡①t ❡q✉✐❧✐❜r✐✉♠

❝♦♥❞✐t✐♦♥ ♦❢

q∗L =
1

β
−

vHα(1− β)

vL(1− α+ αβ)
. ✭✶✸✮

✹✷



◆♦t❡ t❤❛t ✐t ✐s ❛❣❛✐♥ t❤❡ ❝❛s❡ t❤❛t q∗L < 1 ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ α > α(β)✳ ■♥ ♦r❞❡r t♦

s❤♦✇ t❤❛t q∗L > 0✱ ♥♦t❡ ✜rst t❤❛t q∗L ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ α✳ ❍❡♥❝❡✱ ❛s Pr♦♣♦s✐t✐♦♥ ✸ r❡q✉✐r❡s

t❤❛t α ≤ α(β) = vL

(1−β)

{

vL+
vHβ[vH (1−β)−vL]
vH (1−β)−vL−βs

} ✱ q∗L ✐s ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜②

1

β
−

vH(1− β)

vL
(

1
α
− 1 + β

)

∣

∣

∣

∣

∣

α=α(β)

.

❙✐♠♣❧✐❢②✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥ ✐♥ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♠❛♥♥❡r✱ ✐t ❢♦❧❧♦✇s t❤❛t q∗L ≥ s
vH(1−β)−vL

✱ ✇❤✐❝❤

✐s ❝❧❡❛r❧② ♣♦s✐t✐✈❡ ❞✉❡ t♦ β < β✳ ❍❡♥❝❡✱ q∗L ✐s ✇❡❧❧✲❜❡❤❛✈❡❞✳

■♥ ♦r❞❡r t♦ s♦❧✈❡ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s FL(.) ❛♥❞ FH(.)✱ ♦♥❡ ♥♦✇ s✐♠♣❧②

♥❡❡❞s t♦ ❝❛❧❝✉❧❛t❡ t❤❡ ✜r♠s✬ ❡①♣❡❝t❡❞ ♣r♦✜ts ✇❤❡♥ s❡tt✐♥❣ ❛♥ ❛r❜✐tr❛r② ♣r✐❝❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧

(p, vH)✱ ❛♥❞ s❡t t❤✐s ❡q✉❛❧ t♦ t❤❡✐r ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ❧❡✈❡❧s ✇❤✐❝❤ ✇❡r❡ ❛❧r❡❛❞② ❢♦✉♥❞ ✈✐❛ ❡q✉❛t✐♦♥s

✭✽✮ ❛♥❞ ✭✶✶✮✳

❋♦r L✱ t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ✐s ❣✐✈❡♥ ❜②

ΠL(p) = pαβ[q∗H + (1− q∗H)(1− FH(p))]
!
= vL(1− α+ αβ). ✭✶✹✮

❚❤❡ r❛t✐♦♥❛❧❡ ❜❡❤✐♥❞ ❡q✉❛t✐♦♥ ✭✶✹✮ ✐s str❛✐❣❤t❢♦r✇❛r❞✿ L✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ❝❤❛r❣✐♥❣ s♦♠❡

♣r✐❝❡ p ∈ (p, vH) ✐s ❣✐✈❡♥ ❜② t❤✐s ♣r✐❝❡ t✐♠❡s t❤❡ ♠❛ss ♦❢ s❡❛r❝❤✐♥❣ H✲❝♦♥s✉♠❡rs αβ t✐♠❡s t❤❡

♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡s❡ ❝♦♥s✉♠❡rs ✇✐❧❧ ❜✉② ❛t L ✭❛❢t❡r ✜♥❞✐♥❣ ♦✉t t❤❛t p ✐s ❧♦✇❡r t❤❛♥ pH)✱ ✇❤✐❝❤

✐s q∗H + (1 − q∗H)(1 − FH(p))✳ ❋♦r ❛♥② ♣r✐❝❡ p ∈ (p, vH)✱ t❤✐s ❡①♣❡❝t❡❞ ♣r♦✜t ❤❛s t♦ ❜❡ ❡q✉❛❧ t♦

L✬s ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ♦❢ vL(1− α+ αβ)✳

■♥s❡rt✐♥❣ q∗H ❢r♦♠ ❡q✉❛t✐♦♥ ✭✾✮ ❛♥❞ s♦❧✈✐♥❣ ❢♦r FH(p) ②✐❡❧❞s

FH(p) = 1−
vL(1− α+ αβ)

vHαβ − vL(1− α+ αβ)
(vH/p− 1) . ✭✶✺✮

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t FH(p) = 0 ❛♥❞ FH(vH) = 1✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ vHαβ− vL(1−α+αβ) > 0

❜❡❝❛✉s❡ ♦❢ α > α(β)✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t FH(p) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ p✳ ❍❡♥❝❡✱ FH(.) ✐s ✇❡❧❧✲

❜❡❤❛✈❡❞✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ ❢♦r H ✐s ❣✐✈❡♥ ❜②

ΠH(p) = pα[1− β(q∗L + (1− q∗L)FL(p))]
!
= vHα(1− β). ✭✶✻✮

✹✸



❚❤❡ r❛t✐♦♥❛❧❡ ❜❡❤✐♥❞ ❡q✉❛t✐♦♥ ✭✶✻✮ ✐s ❛s ❢♦❧❧♦✇s✿ H✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ❝❤❛r❣✐♥❣ s♦♠❡ ♣r✐❝❡

p ∈ (p, vH) ✐s ❣✐✈❡♥ ❜② t❤✐s ♣r✐❝❡ t✐♠❡s t❤❡ ❡①♣❡❝t❡❞ ♠❛ss ♦❢ H✲❝♦♥s✉♠❡rs ✇❤♦ ❞♦ ♥♦t s✇✐t❝❤

t♦ L✳ ❚❤❡r❡ ❛r❡ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇❤♦ s❡❛r❝❤✱ ❜✉t t❤❡② ✇✐❧❧ ♦♥❧② ♣✉r❝❤❛s❡ ♦♥ t❤❡ ✇❛②

❛t L ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗L + (1− q∗L)FL(p) ✭❛s ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ L ❝❤❛r❣❡s ❛ ❤✐❣❤❡r

♣r✐❝❡ t❤❛♥ H ❛♥❞ t❤❡ ❝♦♥s✉♠❡rs r❡t✉r♥✮✳ ❍❡♥❝❡✱ t❤❡ ❡①♣❡❝t❡❞ ♠❛ss ♦❢ ❝♦♥s✉♠❡rs ✇❤♦ ❧❡❛✈❡ H ✐s

αβ(q∗L+(1−q∗L)FL(p))✱ ✐♠♣❧②✐♥❣ t❤❛t α−αβ(q∗L+(1−q∗L)FL(p)) = α[1−β(q∗L+(1−q∗L)FL(p))]

❝♦♥s✉♠❡rs ✇✐❧❧ st❛② ❛t H ✐♥ ❡①♣❡❝t❛t✐♦♥✱ ❣✐✈❡♥ p✳ ❋♦r ❛♥② ♣r✐❝❡ p ∈ (p, vH)✱ H✬s ❡①♣❡❝t❡❞ ♣r♦✜t

❤❛s t♦ ❜❡ ❡q✉❛❧ t♦ H✬s ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ❧❡✈❡❧ ♦❢ vHα(1− β)✳

■♥s❡rt✐♥❣ q∗L ❢r♦♠ ❡q✉❛t✐♦♥ ✭✶✸✮ ❛♥❞ s♦❧✈✐♥❣ ❢♦r FL(p)✱ ✐t t✉r♥s ♦✉t t❤❛t

FL(p) = FH(p). ✭✶✼✮

❍❡♥❝❡✱ ❛❧s♦ FL(.) ✐s ✇❡❧❧✲❜❡❤❛✈❡❞✳

■t st✐❧❧ ♥❡❡❞s t♦ ❜❡ ✈❡r✐✜❡❞ t❤❛t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇✐❧❧ ❛❧✇❛②s s❡❛r❝❤ ✐♥✐t✐❛❧❧②✱ ✐✳❡✳✱

q∗L(p − vL) > s✳ ❆s ✐t ✐s ❦♥♦✇♥ t❤❛t q∗L ≥ s
vH(1−β)−vL

❞✉❡ t♦ α ≤ α(β)✱ t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✐s

❝❡rt❛✐♥❧② ❢✉❧✜❧❧❡❞ ✐❢ s
vH(1−β)−vL

(

p− vL
)

> s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s vL(1−α+αβ)
αβ

> vH(1 − β)✳ ❇❡❝❛✉s❡

t❤❡ ▲❍❙ ♦❢ t❤✐s ✐♥❡q✉❛❧✐t② str✐❝t❧② ❞❡❝r❡❛s❡s ✐♥ α✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t t❤✐s ✐s ✐♥❞❡❡❞

t❤❡ ❝❛s❡ ✐❢ α ≤ α(β)✱ ❛♥❞ β < β✳

❖♥❡ ❛❧s♦ ❤❛s t♦ ♣r♦✈❡ t❤❛t ♥♦♥❡ ♦❢ t❤❡ ✜r♠s ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ❛♥❞ ❝❤❛r❣❡ ❛ ♣r✐❝❡

♦✉ts✐❞❡ ♦❢ t❤❡✐r s♣❡❝✐✜❡❞ r❛♥❣❡✳ ❚♦ s❡❡ t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡✱ ♥♦t❡ ✜rst t❤❛t ♣r✐❝✐♥❣ ❛❜♦✈❡ vH

❝❛♥ ♥❡✈❡r ❜❡ ♦♣t✐♠❛❧✱ ❛s t❤✐s ❧❡❛❞s ❛❧❧ ❝♦♥s✉♠❡rs t♦ ❞r♦♣ ♦✉t ♦❢ t❤❡ ♠❛r❦❡t ❛♥❞ ✐♠♣❧✐❡s ③❡r♦

♣r♦✜ts✳ ▼♦r❡♦✈❡r✱ ❣✐✈❡♥ H✬s str❛t❡❣②✱ ♣r✐❝✐♥❣ ❜❡❧♦✇ vL ♦r ♣r✐❝✐♥❣ str✐❝t❧② ❜❡t✇❡❡♥ vL ❛♥❞ p ❝❛♥

♥❡✈❡r ❜❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❢♦r L✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❢♦r ❜♦t❤ pL < vL ❛♥❞ pL ∈ (vL, p)✱ L ❝❛♥

✐♥❝r❡❛s❡ ✐ts ♣r✐❝❡ t♦ vL ✭r❡s♣❡❝t✐✈❡❧②✱ p✮ ✇✐t❤♦✉t ❧♦s✐♥❣ ❛♥② ❞❡♠❛♥❞✳ ❆ s✐♠✐❧❛r ❧♦❣✐❝ ♣r❡✈❡♥ts

H ❢r♦♠ ♣r✐❝✐♥❣ ❜❡❧♦✇ p✱ ❤♦✇❡✈❡r t❤❡r❡ ✐s ♦♥❡ ❡①❝❡♣t✐♦♥✳ ◆❛♠❡❧②✱ H ❝♦✉❧❞ ♣r✐❝❡ ❛t t❤❡ ✢❡①✐❜❧❡

❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ✱ ✇❤❡r❡ ρ < p s♦❧✈❡s q∗L(ρ − vL) = s✱ ❛♥❞ ♣r❡✈❡♥t ❛❧❧ ✢❡①✐❜❧❡ H✲

❝♦♥s✉♠❡rs ❢r♦♠ ❡♥❣❛❣✐♥❣ ✐♥ s❡❛r❝❤ ✭✐♠♣❧②✐♥❣ ❛ ♠❛①✐♠❛❧ ❞❡✈✐❛t✐♦♥ ♣r♦✜t ♦❢ ρα✮✳ ❚❤✐s ❞❡✈✐❛t✐♦♥

✐s ♥♦t ♣r♦✜t❛❜❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢

ρα ≤ vHα(1− β),

✇❤✐❝❤ ✐♠♣❧✐❡s

vL +
s

q∗L
− vH(1− β) ≤ 0. ✭✶✽✮

✹✹



❯s✐♥❣ t❤❡ ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥ t❤❛t α ≤ α(β) ✐♠♣❧✐❡s q∗L ≥ s
vH(1−β)−vL

✱ ✐t ✐s ❡❛s② t♦ ♣r♦✈❡ t❤❛t

t❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ✐s s❛t✐s✜❡❞✳

▲❛st❧②✱ ✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t α(β) ∈ (α(β), 1) ✇❤❡♥❡✈❡r β < β✱ ❛s ❝❧❛✐♠❡❞ ❜② t❤❡ ♣r♦♣♦s✐✲

t✐♦♥✳ ❋♦r α(β) = vL

(1−β)

{

vL+
vHβ[vH (1−β)−vL]
vH (1−β)−vL−βs

} > vL

β(vH−vL)+vL
= α(β)✱ ❛ str❛✐❣❤t❢♦r✇❛r❞ ♠❛♥✐♣✉✲

❧❛t✐♦♥ s❤♦✇s t❤❛t t❤✐s ✐s ✐♥❞❡❡❞ t❤❡ ❝❛s❡ ✭❢♦r β < β✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥❡q✉❛❧✐t② α(β) < 1

❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ [(1− β)vH − vL]
2
+ vLβs > 0 ✐❢ β > 0✱ ✇❤✐❝❤ ✐s ❛❧✇❛②s s❛t✐s✜❡❞✳ ❋♦r β = 0✱

✐t ❤♦❧❞s t❤❛t α(β) = 1✳

❆❧❧ ✐♥ ❛❧❧✱ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② ❝♦♠❜✐♥❛t✐♦♥ t❤✉s ❢♦r♠s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ β < β ❛♥❞ α ∈

(α(β), α(β)]✱ ✇❤❡r❡ α(β) ∈ (α(β), 1)✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ✭❊①✐st❡♥❝❡✮ ❆❣❛✐♥✱ ✐♥ ♦r❞❡r ❢♦r t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣②✲❝♦♠❜✐♥❛t✐♦♥ t♦

❢♦r♠ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐t ✐s ♥❡❝❡ss❛r② t❤❛t ❡❛❝❤ ♣r✐❝❡ t❤❛t ✐s s❛♠♣❧❡❞ ❜② t❤❡ ✜r♠s ✇✐t❤ ♣♦s✐t✐✈❡

♣r♦❜❛❜✐❧✐t② ✭♣r♦❜❛❜✐❧✐t② ❞❡♥s✐t②✮ ♠✉st ②✐❡❧❞ t❤❡ s❛♠❡✱ ♠❛①✐♠❛❧ ❡①♣❡❝t❡❞ ♣r♦✜t✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧❧

❡q✉✐❧✐❜r✐✉♠ ♦❜❥❡❝ts ♥❡❡❞ t♦ ❜❡ ✇❡❧❧✲❜❡❤❛✈❡❞ ✭❡✳❣✳✱ ♠❛ss ♣♦✐♥ts ♠✉st ❢❛❧❧ ✐♥ t❤❡ r❛♥❣❡ [0, 1]✮✳ ❆s

✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✱ ■ ✇✐❧❧ s♦❧✈❡ ❢♦r t❤❡ ♦✉t❧✐♥❡❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❛ ❝♦♥str✉❝t✐✈❡ ♠❛♥♥❡r✳

❋♦r t❤✐s✱ s✉♣♣♦s❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts ✐♥ ✇❤✐❝❤ H ♣r✐❝❡s ❛t vH ✇✐t❤ ♣r♦❜❛❜✐❧✐t② qH,vH
✱

❝❤❛r❣❡s s♦♠❡ ❧♦✇❡r ♣r✐❝❡ ρ < vH ✇✐t❤ ♣r♦❜❛❜✐❧✐t② qH,ρ✱ ❛♥❞ s❛♠♣❧❡s ♣r✐❝❡s ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠

❛♥ ✐♥t❡r✈❛❧ [p, vH ]✱ ❢♦❧❧♦✇✐♥❣ ❛ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ GH(.)✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − qH,vH − qH,ρ✳

❆ss✉♠❡ ♠♦r❡♦✈❡r t❤❛t p > ρ ✭t❤✐s ✇✐❧❧ ❜❡ ✈❡r✐✜❡❞ ❛❢t❡r s♦❧✈✐♥❣ ❢♦r t❤❡s❡ ❡q✉✐❧✐❜r✐✉♠ ♦❜❥❡❝ts✮✳ ❆t

t❤❡ s❛♠❡ t✐♠❡✱ L ♣r✐❝❡s ❛t vL ✇✐t❤ ♣r♦❜❛❜✐❧✐t② qL,vL
❛♥❞ s❛♠♣❧❡s ♣r✐❝❡s ❝♦♥t✐♥✉♦✉s❧② ❢r♦♠ t❤❡

s❛♠❡ ✐♥t❡r✈❛❧ ❛s H✱ [p, vH ]✱ ❢♦❧❧♦✇✐♥❣ ❛ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ GL(.)✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1− qL,vL
✳✹✵

❋✉rt❤❡r♠♦r❡✱ ❛ss✉♠❡ t❤❛t qL,vL
(p− vL) > s ✭❤❡♥❝❡✱ p > vL✮ ❛♥❞ qL,vL

(ρ− vL) ≤ 0✳ ❚❤❡s❡ t✇♦

❝♦♥❞✐t✐♦♥s ✐♠♣❧② t❤❛t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✜♥❞ ✐t ✇♦rt❤✇❤✐❧❡ t♦ s❡❛r❝❤ ❡✈❡♥ ✇❤❡♥ H ❝❤❛r❣❡s

p ✭t❤❡ ❧♦✇❡st ♣r✐❝❡ ✐♥ ✐ts ❝♦♥t✐♥✉♦✉s ♣r✐❝✐♥❣ r❛♥❣❡✮✱ ❜✉t ♥♦t ✇❤❡♥ H ❝❤❛r❣❡s ρ✳

●✐✈❡♥ t❤❡ s♣❡❝✐✜❡❞ str❛t❡❣✐❡s✱ H✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ♣r✐❝✐♥❣ ❛t vH ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ t♦

❜❡

ΠH(vH) = vHα(1− β). ✭✶✾✮

❚❤✐s ✐s ❜❡❝❛✉s❡ ✐❢ H ♣r✐❝❡s ❛t t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ ♣r✐❝❡ vH ✱ ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✇✐❧❧ s❡❛r❝❤

❛♥❞ ✜♥❞ ❛ ❧♦✇❡r ♣r✐❝❡ ✇✐t❤ ❝❡rt❛✐♥t②✳ ❍❡♥❝❡✱ H ❝❛♥ ♦♥❧② s❡❧❧ t♦ ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs✳

✹✵❆❧t❤♦✉❣❤ L ❤❛s ♦♥❧② ♦♥❡ ♠❛ss ♣♦✐♥t ❛t vL ✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❤❛t ✇✐❧❧ ❜❡ s♣❡❝✐✜❡❞✱ ✐t ✐s ♥❛♠❡❞ qL,vL ✐♥ ♦r❞❡r
t♦ ❞✐st✐♥❣✉✐s❤ ✐t ❢r♦♠ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❜❥❡❝t q∗L ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳

✹✺



■❢ H ♣r✐❝❡s ❛t p✱ ✐ts ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ❣✐✈❡♥ ❜②

ΠH(p) = pα(1− βqL,vL
). ✭✷✵✮

❚❤✐s ✐s ❜❡❝❛✉s❡ ✐❢ H ♣r✐❝❡s ❛t p✱ ❛❧❧ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇✐❧❧ s❡❛r❝❤ ✐♥✐t✐❛❧❧②✳ ❍♦✇❡✈❡r✱ t❤❡② ✇✐❧❧

r❡t✉r♥ t♦ H ✉♥❧❡ss L ♣r✐❝❡s ❛t vL ✭❛s ♦t❤❡r✇✐s❡✱ L ❝❡rt❛✐♥❧② ❝❤❛r❣❡s ❛ ❤✐❣❤❡r ♣r✐❝❡ t❤❛♥ p✮✱ ✇❤✐❝❤

❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜❧② qL,vL
✳

❋✐♥❛❧❧②✱ ✐❢ H ♣r✐❝❡s ❛t ρ✱ t❤❡ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✇✐❧❧ ♥♦t ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ s❡❛r❝❤✱ ❛♥❞ ❤❡♥❝❡

❛❧❧ H✲♠❛r❦❡t ❝♦♥s✉♠❡rs ✇✐❧❧ ♣✉r❝❤❛s❡ ✐♥ H✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t

ΠH(ρ) = ρα ✭✷✶✮

❙♦❧✈✐♥❣ ΠH(vH)
!
= ΠH(ρ) ✐♠♠❡❞✐❛t❡❧② ❣✐✈❡s r✐s❡ t♦ t❤❡ ✜rst ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥✱

ρ∗ = vH(1− β). ✭✷✷✮

◆♦t❡ ♥❡①t t❤❛t ✐t ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② t❤❛t qL,vL
(ρ− vL) < s✱ ✐♠♣❧②✐♥❣

t❤❛t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs str✐❝t❧② ♣r❡❢❡r t♦ st❛② ❛t H ✇❤❡♥ t❤❡② ❢❛❝❡ ❛ ♣r✐❝❡ ♦❢ pH = ρ✳

❚❤✐s ✐s ❜❡❝❛✉s❡ H ❝♦✉❧❞ ❝❤❛r❣❡ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ♣r✐❝❡ ❛♥❞ st✐❧❧ ❞❡t❡r ❛❧❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠

s❡❛r❝❤✱ ✐♠♣❧②✐♥❣ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✳ ❍❡♥❝❡✱ ✉s✐♥❣ t❤❛t qL,vL
(ρ − vL)

!
= s ❛♥❞ ✐♥s❡rt✐♥❣ ρ∗

❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✷✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

q∗L,vL
=

s

vH(1− β)− vL
. ✭✷✸✮

❖❜s❡r✈❡ t❤❛t q∗L,vL
∈ (0, 1) ❞✐r❡❝t❧② ❢♦❧❧♦✇s ❢r♦♠ β < β = 1 − vL+s

vH
✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡

❞❡♥♦♠✐♥❛t♦r ✐s ♣♦s✐t✐✈❡ ✭❛♥❞ ❤❡♥❝❡✱ ρ∗ > vL✮✱ ❛s vH(1−β)− vL > 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ β < 1− vL
vH

✱

✇❤✐❝❤ ✐s ✐♠♣❧✐❡❞ ❜② β < β✳

■♥s❡rt✐♥❣ q∗L,vL
✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✵✮ ❛♥❞ s♦❧✈✐♥❣ ΠH(p)

!
= ΠH(vH)✱ ✐t ✐s ❢✉rt❤❡r♠♦r❡ ♣♦ss✐❜❧❡ t♦

s♦❧✈❡ ❢♦r p✳ ❉♦✐♥❣ s♦✱ ♦♥❡ ✜♥❞s t❤❛t

p =
vH(1− β) [vH(1− β)− vL]

vH(1− β)− vL − βs
. ✭✷✹✮

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t p > ρ∗ ✐s s❛t✐s✜❡❞ ❢♦r β < β✳ ❚❤✉s✱ ✐t ✐s ❡st❛❜❧✐s❤❡❞ t❤❛t ρ∗ ∈ (vL, p)✳

❲❤✐❧❡ q∗L,vL
(ρ∗ − vL) ≤ s ❤❛s ❛❧r❡❛❞② ❜❡❡♥ s❤♦✇♥ ✭❛s q∗L,vL

(ρ∗ − vL) = s✮✱ ✐t st✐❧❧ ♥❡❡❞s t♦ ❜❡

♣r♦✈❡♥ t❤❛t q∗L,vL
(p− vL) > s✳ ❖❢ ❝♦✉rs❡✱ t❤✐s ✐s tr✐✈✐❛❧❧② t❤❡ ❝❛s❡✱ ❛s p > ρ∗✳

✹✻



◆❡①t✱ t✉r♥ t♦ ✜r♠ L✳ ■ts ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ♣r✐❝✐♥❣ ❛t vH ✐s ❣✐✈❡♥ ❜②

ΠL(vH) = vHαβqH,vH . ✭✷✺✮

❚❤✐s ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ❢r♦♠ t❤❡ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡ s♣❡❝✐✜❡❞ ✐♥ t❤❡ ♠♦❞❡❧ s❡t✉♣✳ ●✐✈❡♥ t❤❛t L

♣r✐❝❡s ❛t vH ✱ t❤❡ ✜r♠ ✇✐❧❧ ♦♥❧② s❡❧❧ t♦ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇❤❡♥ H ♣r✐❝❡s ❛t vH ✱ ✐♥❞✉❝✐♥❣

✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs t♦ s❡❛r❝❤✱ ✇❤✐❝❤ ❤❛♣♣❡♥s ✇✐t❤ ♣r♦❜❛❜✐❧✐t② qH,vH
✳

L✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ♣r✐❝✐♥❣ ❛t p ✐s ❡q✉❛❧ t♦

ΠL(p) = pαβ(1− qH,ρ). ✭✷✻✮

❚❤❡ ❛❜♦✈❡ ✐s tr✉❡ ❜❡❝❛✉s❡ p ❛❧✇❛②s ♦✉t♣❡r❢♦r♠s H✬s ♣r✐❝❡✱ ❜✉t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ♦♥❧②

s❡❛r❝❤ ✇❤❡♥ H ❞♦❡s ♥♦t ♣r✐❝❡ ❛t ρ✱ ✇❤✐❝❤ ❤❛s ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ 1− qH,ρ✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ p > vL✱

L ❝❛♥♥♦t s❡r✈❡ ✐ts ❧♦❝❛❧ ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✳

❋✐♥❛❧❧②✱ L✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ♣r✐❝✐♥❣ ❛t vL ✐s ❡q✉❛❧ t♦

ΠL(vL) = vL(1− α+ αβ(1− qH,ρ)). ✭✷✼✮

❚❤✐s ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❧♦❣✐❝ ❛s ❡q✉❛t✐♦♥ ✭✷✻✮✱ ❜✉t ❛t t❤❡ ❧♦✇ ♣r✐❝❡ vL✱ L ❝❛♥ ❛❧s♦ s❡r✈❡ ✐ts ❧♦❝❛❧

❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✳

❙♦❧✈✐♥❣ ΠL(p)
!
= ΠL(vL) ❛♥❞ ✐♥s❡rt✐♥❣ p ❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✹✮✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❡st❛❜❧✐s❤

t❤❛t

q∗H,ρ = 1−
vL(1− α)

αβ(p− vL)
= 1−

vL(1− α)

αβ
(

vH(1−β)[vH(1−β)−vL]
vH(1−β)−vL−βs

− vL

) < 1. ✭✷✽✮

◆♦t❡ t❤❛t q∗H,ρ > 0 ✐s ❡q✉✐✈❛❧❡♥t t♦ p > vL(1−α+αβ)
αβ

✳ ❆s p = vH(1−β)[vH(1−β)−vL]
vH(1−β)−vL−βs

❞♦❡s ♥♦t

❞❡♣❡♥❞ ♦♥ α ✇❤✐❧❡ vL(1−α+αβ)
αβ

str✐❝t❧② ❞❡❝r❡❛s❡s ✐♥ α✱ t❤❡ ✐♥❡q✉❛❧✐t② ✐s ❤❛r❞❡st t♦ ❢✉❧✜❧❧ ❢♦r t❤❡

❜♦✉♥❞❛r② ❧❡✈❡❧ α(β)✳ ■♥❞❡❡❞✱ ❛❢t❡r ❛ str❛✐❣❤t❢♦r✇❛r❞ ❝❛❧❝✉❧❛t✐♦♥✱ ✐t t✉r♥s ♦✉t t❤❛t t❤❡ ❘❍❙

❡q✉❛❧s t❤❡ ▲❍❙ ❢♦r α = α(β)✳ ❍❡♥❝❡✱ ❢♦r ❡✈❡r② α > α(β) ✭❛s r❡q✉✐r❡❞ ❜② t❤❡ ♣r♦♣♦s✐t✐♦♥✮✱ ✐t ✐s

✐♥ ❢❛❝t t❤❡ ❝❛s❡ t❤❛t q∗H,ρ > 0✳ ❚❤✉s✱ q∗H,ρ ✐s ✇❡❧❧✲❜❡❤❛✈❡❞✳

◆❡①t✱ ✐♥s❡rt✐♥❣ q∗H,ρ ❜❛❝❦ ✐♥t♦ ❡q✉❛t✐♦♥ ✭✷✻✮ ❛♥❞ s✐♠♣❧✐❢②✐♥❣✱ ♦♥❡ ❝❛♥ ❡①♣❧✐❝✐t❧② s♦❧✈❡ ❢♦r L✬s

❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ❧❡✈❡❧ Π∗∗∗
L ✳ ■t ❤♦❧❞s t❤❛t

Π∗∗∗
L =

pvL(1− α)

p− vL
=

(1− α)(1− β)vHvL [(1− β)vH − vL]

[(1− β)vH − vL]
2
+ vLβs

> 0. ✭✷✾✮

✹✼



❯s✐♥❣ t❤✐s✱ ♦♥❡ ❝❛♥ s❡t Π∗∗∗
L ❡q✉❛❧ t♦ ΠL(vH) ✐♥ ♦r❞❡r t♦ s♦❧✈❡ ❢♦r q∗H,vH

✳ ■t ✐s ❢♦✉♥❞ t❤❛t

q∗H,vH
=

pvL(1− α)

αβvH(p− vL)
=

(1− α)(1− β)vL [(1− β)vH − vL]

αβ
{

[(1− β)vH − vL]
2
+ vLβs

} > 0. ✭✸✵✮

❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t q∗H,ρ + q∗H,vH
= 1 −

vL(1−α)(vH−p)

αβvH(p−vL) ✱ ✇❤✐❝❤ ✐s ❝❧❡❛r❧② ❧❡ss t❤❛♥ ♦♥❡✳ ❍❡♥❝❡✱

❛❧❧ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐③❡❞ ♠❛ss ♣♦✐♥ts ❛r❡ ✇❡❧❧ ❜❡❤❛✈❡❞✳

■t r❡♠❛✐♥s t♦ s♦❧✈❡ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥s GH(.) ❛♥❞ GL(.)✳ ❙t❛rt ✇✐t❤ H✳

■♥ ♦r❞❡r ❢♦r H t♦ ❜❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❛♥② ♣r✐❝❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ (p, vH)✱ ✐t ❤❛s t♦ ❤♦❧❞ t❤❛t

ΠH(p) = pα[1− β(q∗L,vL
+ (1− q∗L,vL

)GL(p))]
!
= vHα(1− β) = Π∗∗

H . ✭✸✶✮

❚❤❡ ❧♦❣✐❝ ❜❡❤✐♥❞ ❡q✉❛t✐♦♥ ✭✸✶✮ ✐s ❛s ❢♦❧❧♦✇s✿ H✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ❝❤❛r❣✐♥❣ s♦♠❡ ♣r✐❝❡

p ∈ (p, vH) ✐s ❣✐✈❡♥ ❜② t❤✐s ♣r✐❝❡ t✐♠❡s t❤❡ ❡①♣❡❝t❡❞ ♠❛ss ♦❢ H✲❝♦♥s✉♠❡rs ✇❤♦ ❞♦ ♥♦t s✇✐t❝❤

t♦ L✳ ❚❤❡r❡ ❛r❡ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇❤♦ s❡❛r❝❤✱ ❜✉t t❤❡② ✇✐❧❧ ♦♥❧② ♣✉r❝❤❛s❡ ♦♥ t❤❡ ✇❛②

❛t L ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗L,vL
+ (1 − q∗L,vL

)GL(p) ✭❛s ✇✐t❤ t❤❡ r❡♠❛✐♥✐♥❣ ♣r♦❜❛❜✐❧✐t②✱ L ❝❤❛r❣❡s ❛

❤✐❣❤❡r ♣r✐❝❡ t❤❛♥ H ❛♥❞ t❤❡ ❝♦♥s✉♠❡rs r❡t✉r♥✮✳ ❍❡♥❝❡✱ t❤❡ ❡①♣❡❝t❡❞ ♠❛ss ♦❢ ❝♦♥s✉♠❡rs ✇❤♦

❧❡❛✈❡ H ✐s αβ(q∗L,vL
+ (1 − q∗L,vL

)GL(p))✱ ✐♠♣❧②✐♥❣ t❤❛t α − αβ(q∗L,vL
+ (1 − q∗L,vL

)GL(p)) =

α[1 − β(q∗L,vL
+ (1 − q∗L,vL

)GL(p))] ❝♦♥s✉♠❡rs ✇✐❧❧ st❛② ❛t H ✐♥ ❡①♣❡❝t❛t✐♦♥✱ ❣✐✈❡♥ p✳ ❋♦r ❛♥②

♣r✐❝❡ p ∈ (p, vH)✱ H✬s ❡①♣❡❝t❡❞ ♣r♦✜t ❤❛s t♦ ❜❡ ❡q✉❛❧ t♦ H✬s ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ❧❡✈❡❧

♦❢ vHα(1− β)✳

■♥s❡rt✐♥❣ q∗L,vL
❢r♦♠ ❡q✉❛t✐♦♥ ✭✷✸✮✱ s♦❧✈✐♥❣ ❢♦r GL(p) ❛♥❞ r❡❛rr❛♥❣✐♥❣ ②✐❡❧❞s

GL(p) = 1−
(1− β) [vH(1− β)− vL]

β [vH(1− β)− vL − s]
(vH/p− 1) . ✭✸✷✮

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t GL(p) = 0 ❛♥❞ GL(vH) = 1✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ vH(1− β)− vL − s > 0 ❞✉❡

t♦ β < β✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t GL(p) ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ p✳ ❍❡♥❝❡✱ GL(.) ✐s ✇❡❧❧✲❜❡❤❛✈❡❞✳

◆❡①t✱ ❝♦♥s✐❞❡r L✳ ■♥ ♦r❞❡r ❢♦r L t♦ ❜❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❛♥② ♣r✐❝❡ ✐♥ t❤❡ ✐♥t❡r✈❛❧ (p, vH)✱ ✐t

❤❛s t♦ ❤♦❧❞ t❤❛t

ΠL(p) = pαβ
[

q∗H,vH
+ (1− q∗H,vH

− q∗H,ρ)(1−GH(p))
] !
= Π∗∗∗

L . ✭✸✸✮

❚❤❡ r❛t✐♦♥❛❧❡ ❜❡❤✐♥❞ ❡q✉❛t✐♦♥ ✭✸✸✮ ✐s s✐♠♣❧❡✿ L✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✇❤❡♥ ❝❤❛r❣✐♥❣ s♦♠❡ ♣r✐❝❡

p ∈ (p, vH) ✐s ❣✐✈❡♥ ❜② t❤✐s ♣r✐❝❡ t✐♠❡s t❤❡ ♠❛ss ♦❢ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs αβ t✐♠❡s t❤❡ ♣r♦❜❛❜✐❧✐t②

✹✽



t❤❛t t❤❡s❡ ❝♦♥s✉♠❡rs ✇✐❧❧ s❡❛r❝❤ ❛♥❞ ❜✉② ❛t L ✭❛❢t❡r ✜♥❞✐♥❣ ♦✉t t❤❛t p ✐s ❧♦✇❡r t❤❛♥ pH)✱ ✇❤✐❝❤

✐s q∗H,vH
+ (1− q∗H,vH

− q∗H,ρ)(1−GH(p))✳ ❋♦r ❛♥② ♣r✐❝❡ p ∈ (p, vH)✱ t❤✐s ❡①♣❡❝t❡❞ ♣r♦✜t ❤❛s t♦

❜❡ ❡q✉❛❧ t♦ L✬s ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ♦❢ Π∗∗∗
L ✭s❡❡ ❡q✉❛t✐♦♥ ✭✷✾✮ ❢♦r t❤❡ ❧❛tt❡r✮✳

■♥s❡rt✐♥❣ q∗H,vH
❛♥❞ q∗H,ρ ❢r♦♠ ❡q✉❛t✐♦♥s ✭✸✵✮ ❛♥❞ ✭✷✽✮ ❛♥❞ s♦❧✈✐♥❣ ❢♦r GH(p)✱ ❛❢t❡r s♦♠❡

t❡❞✐♦✉s ❝❛❧❝✉❧❛t✐♦♥ ✐t t✉r♥s ♦✉t t❤❛t

GH(p) = GL(p). ✭✸✹✮

❍❡♥❝❡✱ ❛❧s♦ GH(.) ✐s ✇❡❧❧✲❜❡❤❛✈❡❞✳

▲❛st❧②✱ ✐t st✐❧❧ ♥❡❡❞s t♦ ❜❡ ✈❡r✐✜❡❞ t❤❛t t❤❡ ✜r♠s ❞♦ ♥♦t ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ♣r✐❝❡ ♦✉ts✐❞❡

t❤❡✐r s♣❡❝✐✜❡❞ r❛♥❣❡s✳ ❈❧❡❛r❧②✱ ♣r✐❝✐♥❣ ❛❜♦✈❡ vH ✐s ♥♦t ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✱ ❛s t❤✐s ✐♠♣❧✐❡s ③❡r♦

❞❡♠❛♥❞✳ ❆❧s♦✱ ♣r✐❝✐♥❣ ❜❡❧♦✇ ρ∗ ❢♦r H ✐s ❝❡rt❛✐♥❧② s✉❜♦♣t✐♠❛❧✿ H ❝❛♥ ❛❧r❡❛❞② ❞❡t❡r ✐ts ✢❡①✐❜❧❡

❝♦♥s✉♠❡rs ❢r♦♠ ❧❡❛✈✐♥❣ t❤❡ ♠❛r❦❡t ❢♦r pH = ρ∗✱ s♦ ♣r✐❝✐♥❣ ❧♦✇❡r t❤❛♥ t❤❛t ✐s ♣♦✐♥t❧❡ss✳ ❈♦✉❧❞

H ✜♥❞ ✐t ✇♦rt❤✇❤✐❧❡ t♦ s❡t ♣r✐❝❡s ✐♥ (ρ∗, p)❄ ❚❤❡ ❛♥s✇❡r ✐s ♥♦✱ ❜❡❝❛✉s❡ t❤✐s ❞♦❡s ♥♦t ❣❡♥❡r❛t❡

❛♥② ❛❞❞✐t✐♦♥❛❧ ❞❡♠❛♥❞ r❡❧❛t✐✈❡ t♦ ♣r✐❝✐♥❣ ❛t p✿ s✐♥❝❡ pH > ρ∗✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇♦✉❧❞

st✐❧❧ s❡❛r❝❤ ❛♥❞ ❡♥❞ ✉♣ ❜✉②✐♥❣ ❛t L ✐❢ pL = vL✳ ❋♦r ❛ s✐♠✐❧❛r r❡❛s♦♥✱ L ❝❛♥♥♦t ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦

♣r✐❝❡ ✐♥ (vL, p)✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♥♦♥❡ ♦❢ t❤❡ ♣r✐❝❡s ✐♥ t❤✐s ✐♥t❡r✈❛❧ ✇✐❧❧ ❧❡❛❞ L✬s ❧♦❝❛❧ ❝♦♥s✉♠❡rs

t♦ ❜✉②✱ ❛♥❞ p ❛❧r❡❛❞② ❜❡❛ts ❛❧❧ ♣r✐❝❡s s❡t ❜② H ✇❤✐❝❤ ❧❡❛❞ t♦ s❡❛r❝❤✳

❆❧❧ ✐♥ ❛❧❧✱ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣② ❝♦♠❜✐♥❛t✐♦♥ t❤✉s ❢♦r♠s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ β < β ❛♥❞ α ∈

(α(β), 1)✳

❚❤❡ ✜♥❛❧ ❝❧❛✐♠ ✐♥ t❤❡ ♣r♦♣♦s✐t✐♦♥ st❛t❡s t❤❛t ❛s ❧♦♥❣ ❛s α > αmin = vHvL

v2
H
−(vL+s)(vH−vL)

❛♥❞ β

❧✐❡s s✉✣❝✐❡♥t❧② ❝❧♦s❡ ❜❡❧♦✇ β✱ t❤❡ ❞✐s❝✉ss❡❞ str❛t❡❣②✲❝♦♠❜✐♥❛t✐♦♥ ❝♦♥st✐t✉t❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚♦

s❡❡ t❤✐s✱ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t α(β) = αmin✳ ❍❡♥❝❡✱ s✐♥❝❡ α(β) ✐s ❛ ✇❡❧❧✲❜❡❤❛✈❡❞ ❢✉♥❝t✐♦♥ ❢♦r

❛❧❧ β < β✱ ✐t ♠✉st ✏❜❡♥❞ ❛✇❛②✑ ❢r♦♠ β ✭✇❤❡♥ ❞❡♣✐❝t❡❞ ❛s ❢✉♥❝t✐♦♥ ♦❢ β✮ ❢♦r β < β✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t ❢♦r α > αmin ❛♥❞ β s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ β✱ ✐t ❤♦❧❞s t❤❛t α > α(β)✳ ❙❡❡ ❛❧s♦ ❋✐❣✉r❡ ✷ ❢♦r

❣r❛♣❤✐❝❛❧ ✐♥t✉✐t✐♦♥✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳ ✭❊①✐st❡♥❝❡✮ ❈♦♥s✐❞❡r ✜rst t❤❡ ❤②♣♦t❤❡t✐❝❛❧ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ p∗H = pm(c)✱

p∗L = pm(0)✱ ❛♥❞ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❛❧✇❛②s s❡❛r❝❤ ❛♥❞ ♣✉r❝❤❛s❡ ✐♥ L✳ ❚❤❡ ❧❛tt❡r ✐s ❣✉❛r✲

❛♥t❡❡❞ ❜② t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ∆(CS) :=
∫ pm(c)

pm(0)
D(p)dp > s✳ ❇❡❝❛✉s❡ ♦❢ t❤❛t✱ t❤❡ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡r ✜♥❞ ✐t ✐♥❞❡❡❞ ✇♦rt❤✇❤✐❧❡ t♦ s❡❛r❝❤ ❣✐✈❡♥ t❤❡ ♣r♦♣♦s❡❞ ♣r✐❝❡s✱ ❛s t❤❡✐r ❡①♣❡❝t❡❞ ❣❛✐♥

✐♥ ❝♦♥s✉♠❡r s✉r♣❧✉s ♦✉t✇❡✐❣❤s t❤❡✐r s❡❛r❝❤ ❝♦st✳ ■t ✐s ♠♦r❡♦✈❡r ❝❧❡❛r t❤❛t L ❝❛♥ ❤❛✈❡ ♥♦ ♣r♦❢✲

✐t❛❜❧❡ ❞❡✈✐❛t✐♦♥✿ ❛s ❛❧❧ s❡❛r❝❤✐♥❣ ❝♦♥s✉♠❡rs ❢r♦♠ H ❤❛✈❡ t❤❡ s❛♠❡ ❞♦✇♥✇❛r❞ s❧♦♣✐♥❣ ❞❡♠❛♥❞

s❝❤❡❞✉❧❡ ❛s t❤❡ ❝♦♥s✉♠❡rs ✐♥ L✱ ♣r✐❝✐♥❣ ❛t ✐ts ♠♦♥♦♣♦❧② ♣r✐❝❡ pm(0) ✐s ❝❡rt❛✐♥❧② ♦♣t✐♠❛❧ ❢♦r L✳

✹✾



■t r❡♠❛✐♥s t♦ ❝❤❡❝❦ t❤❛t H ❤❛s ♥♦ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✳ ●✐✈❡♥ t❤❡ ♣r♦♣♦s❡❞ str❛t❡❣②✲

❝♦♠❜✐♥❛t✐♦♥✱ ✐ts ♣r♦✜t ✐s ❣✐✈❡♥ ❜② Π∗
H = α(1 − β)Πm(c)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✜r♠✬s ❜❡st

♣♦ss✐❜❧❡ ❞❡✈✐❛t✐♦♥ ✐s t♦ ♣r✐❝❡ ❛t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ✱ ✇❤❡r❡ ρ s♦❧✈❡s
∫ ρ

pm(0)
D(p)dp = s✱ ❛♥❞ ❞✐s❝♦✉r❛❣❡ t❤❡♠ ❢r♦♠ s❡❛r❝❤✳ ❚❤✐s ❣✐✈❡s r✐s❡ t♦ ❛ ♠❛①✐♠❛❧ ❞❡✈✐❛t✐♦♥

♣r♦✜t ♦❢ Πdev∗
H = α(ρ− c)D(ρ)✳ ❙♦❧✈✐♥❣ Πdev∗

H ≤ Π∗
H ❢♦r β✱ t❤✐s ❞❡✈✐❛t✐♦♥ ✐s ♥♦t ♣r♦✜t❛❜❧❡ ✐❢ ❛♥❞

♦♥❧② ✐❢ β ≤ 1− (ρ−c)D(ρ)
Πm(c) ✳

◆♦✇✱ ❛♥ ❛❧♠♦st ✐❞❡♥t✐❝❛❧ ❧♦❣✐❝ ❛❧s♦ ❛♣♣❧✐❡s ❢♦r t❤❡ ♣r♦♣♦s❡❞ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ p∗H = ρ✱

p∗L = pm(0)✱ ❛♥❞ ♥♦ s❡❛r❝❤ ♦❝❝✉rs ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ L ❝❛♥ ❛❣❛✐♥ ❞♦ ♥♦ ❜❡tt❡r t❤❛♥ t♦ ❝❤❛r❣❡ ✐ts

♠♦♥♦♣♦❧② ♣r✐❝❡✳ ❆s ✐ts ♣r✐❝❡ ❝❤♦✐❝❡ ✐s ✉♥♦❜s❡r✈❛❜❧❡ ❜② t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✱ ✐t ❝❛♥♥♦t ✐♥❞✉❝❡

s❡❛r❝❤ ❜② ✉♥❞❡r❝✉tt✐♥❣✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ H✬s ❜❡st ♣♦ss✐❜❧❡ ❞❡✈✐❛t✐♦♥ ✐s t♦ ✐❣♥♦r❡ ✐ts ✢❡①✐❜❧❡

❝♦♥s✉♠❡rs ❛♥❞ ✐♥❝r❡❛s❡ ✐ts ♣r✐❝❡ t♦ pm(c) ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡ ✐ts ♣r♦✜t ❢r♦♠ ✐ts ❧♦②❛❧ ❝♦♥s✉♠❡r

❜❛s❡✳ ❚❤✐s ✐s ♥♦t ♣r♦✜t❛❜❧❡ ✐❢ β ≥ 1− (ρ−c)D(ρ)
Πm(c) ✳

✭❯♥✐q✉❡♥❡ss✮ ◆♦t❡ ✜rst t❤❛t L ✇✐❧❧ ♥❡✈❡r ♣r✐❝❡ ❛❜♦✈❡ pm(0) ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s ✐s ❜❡❝❛✉s❡

r❡❞✉❝✐♥❣ ✐ts ♣r✐❝❡ t♦✇❛r❞s pm(0) ✇♦✉❧❞ ❣❡♥❡r❛t❡ ❛ ❤✐❣❤❡r ♣r♦✜t ♣❡r ❝♦♥s✉♠❡r✱ ✇❤✐❧❡ ✐t ♠❛②

❛❞❞✐t✐♦♥❛❧❧② ✇✐♥ ❝♦♥s✉♠❡rs t❤❛t ✇♦✉❧❞ ♦t❤❡r✇✐s❡ ♣✉r❝❤❛s❡ ❛t H✳ ◆❡①t✱ ♥♦t❡ t❤❛t t❤❡ ❧♦✇❡r

❜♦✉♥❞ ♦❢ H✬s ♣r✐❝✐♥❣ s✉♣♣♦rt✱ p
H
✱ ♠✉st ❧✐❡ ✇❡❛❦❧② ❛❜♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ L✬s ♣r✐❝✐♥❣ s✉♣♣♦rt✱

p
L
✭✇❤❡r❡ p

L
≤ pm(0) ❞✉❡ t♦ t❤❡ ✜rst ♦❜s❡r✈❛t✐♦♥✮✳ ❖t❤❡r✇✐s❡✱ ✐❢ ✐t ✇❛s t❤❡ ❝❛s❡ t❤❛t p

H
< p

L
✱

H ❝♦✉❧❞ ♣r♦✜t❛❜❧② s❤✐❢t ✉♣ ♣r♦❜❛❜✐❧✐t② ♠❛ss t♦ p
L
✱ ✇❤✐❝❤ ✇♦✉❧❞ ✐♥❝r❡❛s❡ ✐ts ♣r♦✜t ♣❡r ❝♦♥s✉♠❡r

✭❛s p
L
≤ pm(0) < pm(c)✮ ❛♥❞ ❝❡rt❛✐♥❧② ♥♦t ❧♦s❡ ❛♥② ❞❡♠❛♥❞ t♦ L✳

◆♦✇✱ ✐❢ ✐t ✇❛s t❤❡ ❝❛s❡ t❤❛t p
L
< pm(0)✱ L ❝♦✉❧❞ ♣r♦✜t❛❜❧② s❤✐❢t ✉♣ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❢r♦♠

❛r♦✉♥❞ p
L
t♦ ❛ s❧✐❣❤t❧② ❤✐❣❤❡r ❧❡✈❡❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐rst✱ ❞♦✐♥❣ s♦ ✇♦✉❧❞ ♥♦t ✐♥❞✉❝❡ ❛♥②

✢❡①✐❜❧❡ L✲❝♦♥s✉♠❡rs t♦ s❡❛r❝❤ ❞✉❡ t♦ t❤❡✐r str✐❝t❧② ♣♦s✐t✐✈❡ s❡❛r❝❤ ❝♦st✱ ❛♥❞ p
H

≥ p
L
✳ ❙❡❝♦♥❞✱

t❤❡ ❡①♣❡❝t❡❞ ❞❡♠❛♥❞ ❢r♦♠ s❡❛r❝❤✐♥❣ H✲❝♦♥s✉♠❡rs ✇♦✉❧❞ ♥♦t ❞❡❝r❡❛s❡ ❡✐t❤❡r✱ ❛s t❤♦s❡ ❝♦♥s✉♠❡rs

❞♦ ♥♦t s❡❛r❝❤ ❛♥②✇❛② ❢♦r ♣r✐❝❡s pH ❝❧♦s❡ t♦ p
L
✳ ❚❤✐r❞✱ t❤❡ ❡①♣❡❝t❡❞ ♣r♦✜t ♣❡r ❝♦♥s✉♠❡r ✇♦✉❧❞

✐♥❝r❡❛s❡✳ ❍❡♥❝❡✱ p
L
< pm(0) ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥② ❡q✉✐❧✐❜r✐✉♠✱ ✇❤✐❝❤ ❡st❛❜❧✐s❤❡s t❤❛t L ♠✉st

♣❧❛② t❤❡ ♣✉r❡ str❛t❡❣② ♦❢ p∗L = pm(0) ✐♥ ❡✈❡r② ❡q✉✐❧✐❜r✐✉♠✳ ■t ✐s t❤❡♥ tr✐✈✐❛❧ t♦ s❡❡ t❤❛t H✬s

✭❣❡♥❡r✐❝❛❧❧②✮ ✉♥✐q✉❡ ❜❡st r❡s♣♦♥s❡ ✐s ❡✐t❤❡r pm(c) ♦r ρ✱ ❞❡♣❡♥❞✐♥❣ ♦♥ β✳

✺✵



❆♣♣❡♥❞✐① ❇✿ ❯♥✐q✉❡♥❡ss ♦❢ ❊q✉✐❧✐❜r✐❛ ✭♥♦t ❢♦r ♣✉❜❧✐❝❛t✐♦♥✮

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ■ ✇✐❧❧ ♣r♦✈❡ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐❛ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥s ✶ t♦ ✹ ❛r❡ ✉♥✐q✉❡✳

❚❤✐s ✐s ❡st❛❜❧✐s❤❡❞ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ❝❧❛✐♠s✳

✭❆✮ P✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛

❈❧❛✐♠ ✶✳ ■♥ ❛♥② ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ p∗L = vL✳

Pr♦♦❢✳ ❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷ ❛s st❛t❡❞ ❛❜♦✈❡ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ♥♦ ✜r♠ ✇✐❧❧

❡✈❡r ♣r✐❝❡ ❜❡❧♦✇ vL ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✭❛s ❛ ❝♦r♦❧❧❛r②✱ ✢❡①✐❜❧❡ L✲❝♦♥s✉♠❡rs ✇✐❧❧ ♥❡✈❡r s❡❛r❝❤✮✳ ❍❡♥❝❡✱

✐t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t p∗L > vL ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥② ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ❙✉♣♣♦s❡ t♦

t❤❡ ❝♦♥tr❛r② t❤❛t ✐t ❞♦❡s ✭❛♥❞ ❤❡♥❝❡✱ t❤❛t L ❝❛♥♥♦t s❡❧❧ t♦ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✮✳ ❚❤❡♥ ❝❧❡❛r❧②✱ ✐t

♠✉st ❤♦❧❞ t❤❛t p∗L + s < vH ✳ ❖t❤❡r✇✐s❡✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇♦✉❧❞ ♥♦t ❡✈❡♥ s❡❛r❝❤ L ❛❢t❡r

♦❜s❡r✈✐♥❣ pH = vH ✱ ✐♠♣❧②✐♥❣ t❤❛t L ✇♦✉❧❞ ♥♦t ❛ttr❛❝t ❛♥② ❝♦♥s✉♠❡rs ✭✇❤✐❝❤ ♠❡❛♥s L ❝♦✉❧❞

♣r♦✜t❛❜❧② ❞❡✈✐❛t❡ t♦ ❝❤❛r❣✐♥❣ vL✮✳ ●✐✈❡♥ ❛ ♣✉r❡ p∗L ✭✇✐t❤ p∗L + s < vH✮✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ ❢♦r H

t♦ r❛♥❞♦♠✐③❡✱ s✉❝❤ t❤❛t ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♦♣t✐♦♥s ♠✉st ♠❛①✐♠✐③❡ ✐ts ♣r♦✜t✳ ❋✐rst✱ ✐❢ β ✐s

s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ H ✜♥❞s ✐t ♦♣t✐♠❛❧ t♦ ♣r✐❝❡ ❛t p∗L+ s ❛♥❞ ❞✐s❝♦✉r❛❣❡ ✐ts ❧♦❝❛❧ ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs

❢r♦♠ s❡❛r❝❤✳ ❇✉t t❤✐s ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛s L ✇♦✉❧❞ ❢❛❝❡ ③❡r♦ ❞❡♠❛♥❞ ✭❛♥❞ ❝♦✉❧❞

❛❣❛✐♥ ♣r♦✜t❛❜❧② ❞❡✈✐❛t❡ t♦ vL✮✳ ❙❡❝♦♥❞✱ ✐❢ β ✐s ♥♦t t❤❛t ❧❛r❣❡✱ H ✜♥❞s ✐t ♦♣t✐♠❛❧ t♦ ❝❤❛r❣❡ vH ✳

❚❤✐s ❢✉❧❧② ❡①♣❧♦✐ts ✐ts ❧♦❝❛❧ ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs✱ ❜✉t ❞✉❡ t♦ p∗L+ s < vH ✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs

✇♦✉❧❞ ❛❧❧ s❡❛r❝❤ ❛♥❞ ♣✉r❝❤❛s❡ ❛t L✳ ❍♦✇❡✈❡r✱ t❤✐s ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❡✐t❤❡r✱ ❛s

t❤❡♥ L ✇♦✉❧❞ ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❜② ✐♥❝r❡❛s✐♥❣ ✐ts ♣r✐❝❡ t♦ vH ✳ ❆s t❤✐s ✐s ✉♥♦❜s❡r✈❡❞

❜② t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✱ t❤❡② ✇♦✉❧❞ st✐❧❧ s❡❛r❝❤ L ❛♥❞ ♣✉r❝❤❛s❡ t❤❡r❡ ❞✉❡ t♦ t❤❡ s♣❡❝✐✜❡❞

t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡✳ ❍❡♥❝❡✱ ❛ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ L ❝❤❛r❣❡s ❛ ❤✐❣❤❡r ♣r✐❝❡ t❤❛♥ vL

❝❛♥ ❜❡ r✉❧❡❞ ♦✉t✳

❈❧❛✐♠ ✷✳ ❚❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ♣♦ss✐❜❧❡ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛✳ ❋✐rst✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β ≥ β =

1− vL+s
vH

✱ t❤❡ ♣❛✐r p∗L = vL✱ p
∗
H = vL+ s ❝♦♥st✐t✉t❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❙❡❝♦♥❞✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β ≤ β

❛♥❞ α ≤ α(β) = vL

β(vH−vL)+vL
✱ t❤❡ ♣❛✐r p∗L = vL✱ p

∗
H = vH ❝♦♥st✐t✉t❡s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳

Pr♦♦❢✳ ❋r♦♠ ❈❧❛✐♠ ✶ ✐t ✐s ❦♥♦✇♥ t❤❛t p∗L = vL ✐♥ ❛♥② ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ●✐✈❡♥ t❤✐s ♣r✐❝❡

❛♥❞ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✬ ♦♣t✐♠❛❧ s❡❛r❝❤ ❜❡❤❛✈✐♦r✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t H ✜♥❞s ✐t str✐❝t❧②

♦♣t✐♠❛❧ t♦ ❝❤❛r❣❡ vL + s ✐❢ β > β✱ ✇❤✐❧❡ ✐t ✜♥❞s ✐t str✐❝t❧② ♦♣t✐♠❛❧ t♦ ❝❤❛r❣❡ vH ✐❢ β < β ✭❢♦r

β = β✱ H ✐s ✐♥❞✐✛❡r❡♥t✮✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ s✐♥❝❡ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❛r❡ ❞✐s❝♦✉r❛❣❡❞ ❢r♦♠

s❡❛r❝❤✱ L ❝❛♥♥♦t ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✱ ❛s ✐t ❛❧r❡❛❞② ♠❛①✐♠❛❧❧② ❡①♣❧♦✐ts ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✳

■♥ t❤❡ s❡❝♦♥❞ ❝❛s❡✱ s✐♥❝❡ vH − vL > s ❜② ❛ss✉♠♣t✐♦♥✱ ❛❧❧ αβ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✜♥❞ ✐t ♦♣t✐♠❛❧
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t♦ s❡❛r❝❤ ❛♥❞ ❜✉② ❛t L✳ ❍♦✇❡✈❡r✱ ❣✐✈❡♥ t❤✐s✱ L ♠❛② ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❜② ✐♥❝r❡❛s✐♥❣

✐ts ♣r✐❝❡ t♦ vH ✱ ❞r✐✈✐♥❣ ♦✉t ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✱ ❜✉t ❢✉❧❧② ❡①♣❧♦✐t✐♥❣ t❤❡ ✐♥❝♦♠✐♥❣ s❡❛r❝❤❡rs✳ ■t ✐s

❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤✐s ✐s ♥♦t str✐❝t❧② ♣r♦✜t❛❜❧❡ ❢♦r L ✐❢ α ≤ α(β)✳

✭❇✮ ▼✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛

■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ❞❡♥♦t❡ t❤❡ ❧♦✇❡r s✉♣♣♦rt ❜♦✉♥❞ ♦❢ ✜r♠ i✬s ♣r✐❝✐♥❣ str❛t❡❣②✱ ✇❤❡r❡ i ∈ {L,H}✱

❜② p
i
❛♥❞ t❤❡ ✉♣♣❡r s✉♣♣♦rt ❜♦✉♥❞ ❜② pi✱ ✇✐t❤ pi > p

i
✳

❈❧❛✐♠ ✸✳ p
L
= vL✳

Pr♦♦❢✳ ❆❣❛✐♥✱ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✷ ❛s st❛t❡❞ ❢✉rt❤❡r ❛❜♦✈❡✱ ✐t ✐s ❦♥♦✇♥ t❤❛t ♥♦ ✜r♠ ✇✐❧❧

❡✈❡r ♣r✐❝❡ ❜❡❧♦✇ vL ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ t❤❛t t❤❡ ✢❡①✐❜❧❡ L✲❝♦♥s✉♠❡rs ✇✐❧❧ ♥❡✈❡r s❡❛r❝❤✳ ◆♦✇✱

s✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② ♦❢ ❈❧❛✐♠ ✸ t❤❛t p
L
∈ (vL, vH)✳✹✶ ❚❤❡♥ t❤❡ L✲❝♦♥s✉♠❡rs ✇✐❧❧ ♥❡✈❡r ❜✉②

✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ▼♦r❡♦✈❡r✱ ✐t ❤❛s t♦ ❤♦❧❞ t❤❛t p
H

≥ min{p
L
+ s, vH}✳ ❚❤❡ ❧❛tt❡r ✐s tr✉❡ ❜❡❝❛✉s❡

H ❝❛♥ ❛❧r❡❛❞② ❣✉❛r❛♥t❡❡ t♦ ❞✐s❝♦✉r❛❣❡ ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤ ❢♦r pH = p
L
+ s✱ s♦

♣r✐❝✐♥❣ ❛♥② ❧♦✇❡r t❤❛♥ t❤❛t ❝❛♥♥♦t ❜❡ ♦♣t✐♠❛❧ ✭✉♥❧❡ss p
L
+ s > vH ✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ vH s❤♦✉❧❞ ❜❡

♣❧❛②❡❞ ✇✐t❤ ❝❡rt❛✐♥t②✮✳ ❇✉t ✐♥ t✉r♥✱ ♣r✐❝✐♥❣ ✐♥ t❤❡ ✐♥t❡r✈❛❧ [p
L
,min{p

L
+ s, vH}) ✐s ❞♦♠✐♥❛t❡❞

❢♦r L ❜② ♣r✐❝✐♥❣ ❛t min{p
L
+ s, vH}✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❛ss❡rt✐♦♥ t❤❛t p

L
❝❛♥ ❜❡ L✬s ❧♦✇❡r

s✉♣♣♦rt ❜♦✉♥❞✳

❈❧❛✐♠ ✹✳ L ♠✉st ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t vL✳

Pr♦♦❢✳ ●✐✈❡♥ p
L
= vL✱ ✐t ♠✉st ❤♦❧❞ t❤❛t p

H
≥ vL + s✱ ✇❤❡r❡ vL + s < vH ❜② ❛ss✉♠♣t✐♦♥✳ ❚❤❡

r❡❛s♦♥ ✐s ❛❣❛✐♥ t❤❛t H ❝❛♥ ❢✉❧❧② ❞✐s❝♦✉r❛❣❡ ✐ts ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤ ❜② ❝❤❛r❣✐♥❣ p
L
+s✱

s♦ ♣r✐❝✐♥❣ ❛♥② ❧♦✇❡r t❤❛♥ t❤❛t ✐s ♣♦✐♥t❧❡ss✳ ■♥ t✉r♥✱ ❛♥② ♣r✐❝❡ pL > vL t❤❛t L ♠❛② ❝❤❛r❣❡ ✐♥

❡q✉✐❧✐❜r✐✉♠ ♠✉st s❛t✐s❢② pL ≥ vL+s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❝❡rt❛✐♥❧② ❛ ❤♦❧❡ ✐♥ L✬s ❡q✉✐❧✐❜r✐✉♠

♣r✐❝❡ ❞✐str✐❜✉t✐♦♥ ♦✈❡r t❤❡ r❛♥❣❡ (vL, vL + s)✱ ✇❤✐❝❤ s❤♦✇s t❤❛t L ♠✉st ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t vL

✭✇✐t❤♦✉t ❛ ♠❛ss ♣♦✐♥t ♦♥ vL✱ ✐t ✇♦✉❧❞ ❤♦❧❞ t❤❛t p
L
≥ vL + s✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❈❧❛✐♠ ✸✮✳

❈❧❛✐♠ ✺✳ pH = vH ✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t pH ∈ (vL+ s, vH)✳✹✷ ❚❤❡♥ t❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✳ ❋✐rst✱

s✉♣♣♦s❡ t❤❛t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs s❡❛r❝❤ ✐❢ t❤❡② ♦❜s❡r✈❡ pH ✳ ❚❤❡♥✱ s✐♥❝❡ ✐t ♠✉st ❤♦❧❞ t❤❛t

pL ≤ pH ✭♦t❤❡r✇✐s❡✱ L ✇♦✉❧❞ ♥♦t ♠❛❦❡ ❛♥② s❛❧❡s ❢♦r ♣r✐❝❡s ✇❤❡r❡ pL > pH ✱ ✐♠♣❧②✐♥❣ ③❡r♦ ♣r♦✜ts✮✱

✹✶❈❧❡❛r❧②✱ p
L

= vH ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛s t❤✐s ✇♦✉❧❞ ♥❡✈❡r ❣❡♥❡r❛t❡ s❡❛r❝❤ ❢r♦♠ H✱ ✐♠♣❧②✐♥❣
③❡r♦ ♣r♦✜ts ❜② L✳

✹✷❙✐♥❝❡ p
L

= vL✱ ✐t ✐s ❝❧❡❛r t❤❛t p
H

≥ vL + s✳ ❋♦r ❛ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ ✐t ❛❧s♦ ❝❛♥♥♦t ❤♦❧❞ t❤❛t

p
H

= pH = vL + s ✭s✉❝❤ t❤❛t H ♣❧❛②s ❛ ♣✉r❡ str❛t❡❣②✮✱ ❛s t❤✐s ✇♦✉❧❞ ✐♥❞✉❝❡ L t♦ ♣❧❛② t❤❡ ♣✉r❡ str❛t❡❣② vL✱
❣✐✈✐♥❣ r✐s❡ t♦ ❛ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ❍❡♥❝❡ pH > vL + s ♠✉st ❤♦❧❞✳

✺✷



H ❝♦✉❧❞ ♠❛❦❡ ❛ ❤✐❣❤❡r ♣r♦✜t ❜② ♣r✐❝✐♥❣ ❛t vH ✐♥st❡❛❞ ♦❢ pH ✱ ❛s t❤✐s ✇♦✉❧❞ ♥♦t ❧♦s❡ ❛♥② ❛❞❞✐t✐♦♥❛❧

❝♦♥s✉♠❡rs✳ ❍❡♥❝❡ t❤✐s ❝❛♥♥♦t ❜❡ ♣❛rt ♦❢ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❙❡❝♦♥❞✱ s✉♣♣♦s❡ t❤❛t t❤❡ ✢❡①✐❜❧❡ H✲

❝♦♥s✉♠❡rs ❞♦ ♥♦t s❡❛r❝❤ ❛t pH ✳ ■❢ t❤❡② str✐❝t❧② ♣r❡❢❡r ♥♦t t♦ s❡❛r❝❤✱ H ✇♦✉❧❞ ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡

❞❡✈✐❛t✐♦♥ ❜② ♣r✐❝✐♥❣ s❧✐❣❤t❧② ❤✐❣❤❡r✳ ■❢ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❛r❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s❡❛r❝❤✐♥❣

❛♥❞ ♥♦t s❡❛r❝❤✐♥❣ ❢♦r pH = pH ✱ ✐t ❢♦❧❧♦✇s t❤❛t H s❤♦✉❧❞ ❝♦♥❝❡♥tr❛t❡ ❛❧❧ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❛t pH

✭❛s ✐t ♠❛❦❡s ♥♦ s❡♥s❡ t♦ ❝❤❛r❣❡ ❛♥② ♣r✐❝❡ ❧♦✇❡r t❤❛♥ pH ✐❢ t❤❡ ❧❛tt❡r ❛❧r❡❛❞② ❞✐s❝♦✉r❛❣❡s t❤❡

✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✮✳ ❚❤❛t ✐s✱ ✐♥ t❤❡ r❡s♣❡❝t✐✈❡ ❡q✉✐❧✐❜r✐✉♠✱ H ✇♦✉❧❞ ❝❤❛r❣❡ s♦♠❡

❞❡t❡r♠✐♥✐st✐❝ ♣r✐❝❡ p∗H ∈ (vL + s, vH)✱ ❛♥❞ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇♦✉❧❞ ❛❧❧ st❛② ❛t H ✭❜❡✐♥❣

✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s❡❛r❝❤✐♥❣ ❛♥❞ ♥♦t s❡❛r❝❤✐♥❣✮✳ ❇✉t t❤❡♥✱ L✬s ❞♦♠✐♥❛♥t ❛❝t✐♦♥ ✇♦✉❧❞ ❜❡ t♦

❝❤❛r❣❡ vL ✇✐t❤ ❢✉❧❧ ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♥ ♦r❞❡r t♦ ♠❛①✐♠❛❧❧② ❡①♣❧♦✐t ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs✳ ■♥ t✉r♥✱

s✐♥❝❡ t❤❡ ❤②♣♦t❤❡s✐③❡❞ p∗H ✐s ❧❛r❣❡r t❤❛♥ vL+s✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs s❤♦✉❧❞ ♦♣t✐♠❛❧❧② s❡❛r❝❤✿

❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❋r♦♠ ♥♦✇ ♦♥✱ ❧❡t p′
L
❞❡♥♦t❡ t❤❡ ❧♦✇❡r s✉♣♣♦rt ❜♦✉♥❞ ♦❢ L✬s ♣r✐❝✐♥❣ str❛t❡❣② ❢♦r ♣r✐❝❡s t❤❛t

str✐❝t❧② ❡①❝❡❡❞ vL✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t ρ ❞❡♥♦t❡ t❤❡ ✢❡①✐❜❧❡ H ❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡✱ ✐✳❡✳ t❤❡

♣r✐❝❡ ✇❤✐❝❤ ♠❛❦❡s t❤❡♠ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ✈✐s✐t✐♥❣ L ❛♥❞ ♣✉r❝❤❛s✐♥❣ ❞✐r❡❝t❧② ❛t H✳

❈❧❛✐♠ ✻✳ ρ ∈ (vL + s, p′
L
]✳

Pr♦♦❢✳ ❋✐rst✱ ρ > vL + s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ p
L
= vL ✭s❡❡ ❈❧❛✐♠ ✸✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t L ❞♦❡s

♥♦t ♣✉t ❢✉❧❧ ♣r♦❜❛❜✐❧✐t② ♠❛ss ♦♥ vL ✭✐❢ ✐t ❞✐❞✱ ❛ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇♦✉❧❞ r❡s✉❧t✮✳ ❍❡♥❝❡✱

✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s❡❛r❝❤✐♥❣ L ❛♥❞ ♣✉r❝❤❛s✐♥❣ ❛t H✱

❝❤♦♦s✐♥❣ ❛ ♣r✐❝❡ s❧✐❣❤t❧② ❧❛r❣❡r t❤❛♥ vL + s ✐s s✉✣❝✐❡♥t ❢♦r H✳ ❙❡❝♦♥❞✱ ✐♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❛t

ρ ≤ p′
L
✱ s✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t ρ > p′

L
✳ ❇✉t t❤❡♥✱ t❤❡ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♠❛ss t❤❛t L

♣✉ts ✐♥ t❤❡ r❛♥❣❡ [p′
L
, ρ) ❝♦✉❧❞ ♣r♦✜t❛❜❧② ❜❡ tr❛♥s❢❡rr❡❞ t♦ ρ✱ ❛s t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇✐❧❧

♥♦t s❡❛r❝❤ ❛♥②✇❛② ✐❢ H s❛♠♣❧❡s ❛ ♣r✐❝❡ t❤❛t ✐s ✇❡❛❦❧② ❧♦✇❡r t❤❛♥ ρ ✭❤❡♥❝❡✱ ❝❤❛r❣✐♥❣ pL = ρ

❛❧r❡❛❞② ❜❡❛ts ❛❧❧ t❤❡ ♣r✐❝❡s H ♠❛② s❡t ✇❤✐❝❤ ✐♥❞✉❝❡ s❡❛r❝❤✮✳

❈❧❛✐♠ ✼✳ ■♥ ❛♥② ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✱ H✬s ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ✐s ❣✐✈❡♥ ❜② Π∗∗
H = vHα(1−β)✳

Pr♦♦❢✳ ❇❡❝❛✉s❡ ρ ≤ p′
L
≤ pL ≤ vH ✭✇❤❡r❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠ ✻✮✱ t❤❡ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡rs ✇✐❧❧ ❝❡rt❛✐♥❧② s❡❛r❝❤ ❛♥❞ ♣✉r❝❤❛s❡ ❛t L ✐❢ H ♣r✐❝❡s ❛t vH ✳ ❍❡♥❝❡✱ H✬s ❡①♣❡❝t❡❞

♣r♦✜t ❛t ✐ts ❡q✉✐❧✐❜r✐✉♠ ✉♣♣❡r s✉♣♣♦rt ❜♦✉♥❞ ✭s❡❡ ❈❧❛✐♠ ✺✮ ✐s ❣✐✈❡♥ ❜② vHα(1− β)✳ ❚❤✐s ♣r♦✜t

♠✉st ♦❜✈✐♦✉s❧② ❜❡ ❛❝❤✐❡✈❡❞ ❢♦r ❛♥② ✭❡q✉✐❧✐❜r✐✉♠✮ ♣r✐❝❡ t❤❛t H s❛♠♣❧❡s ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②

❞❡♥s✐t② ✭♠❛ss✮✳

✺✸



❈❧❛✐♠ ✽✳ H ♠✉st ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t vH ✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t pH = vH ✭❛s ❡st❛❜❧✐s❤❡❞ ❜② ❈❧❛✐♠ ✺✮✱ ❜✉t H ❤❛s ♥♦ ♠❛ss

♣♦✐♥t ❛t vH ✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts s♦♠❡ d > 0 s✉❝❤ t❤❛t H ♣✉ts ❛ ♣r♦❜❛❜✐❧✐t② ♠❛ss ♦❢ ❧❡ss t❤❛♥

vL(1−α)
vH

< 1 ✐♥ t❤❡ ✐♥t❡r✈❛❧ [vH −d, vH ]✳ ❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t L ✇✐❧❧ ♥♦t ✜♥❞ ✐t ♦♣t✐♠❛❧ ❛t ❛❧❧

t♦ s❛♠♣❧❡ ♣r✐❝❡s pL ≥ vH − d✱ ✐✳❡✳ ✐t ♠✉st ❤♦❧❞ t❤❛t pL ≤ vH − d✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❜② ♣r✐❝✐♥❣ ✐♥

t❤❛t ✐♥t❡r✈❛❧✱ L✬s ♣r♦✜t ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② vH ∗Pr{p̃H ≥ vH − d} < vH ∗ vL(1−α)
vH

= vL(1−α)✱

✇❤❡r❡ t❤❡ ❧❛tt❡r ♣r♦✜t ❝♦✉❧❞ ❜❡ ❣✉❛r❛♥t❡❡❞ ✐❢ L ♣r✐❝❡❞ ❛t vL ✭s✐♥❝❡✱ ❜② ▲❡♠♠❛ ✷✱ L✲❝♦♥s✉♠❡rs

✇✐❧❧ ♥❡✈❡r s❡❛r❝❤ ❛♥❞ ❧❡❛✈❡ t❤❡ L✲♠❛r❦❡t✮✳ ❇❡❝❛✉s❡ ♦❢ t❤✐s✱ ❛❧s♦ H ❝❛♥♥♦t ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ♣✉t

❛♥② ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♥ t❤❡ ✐♥t❡r✈❛❧ (vH −d, vH)✳✹✸ ❇✉t ✐❢ H ❤❛s ♥♦ ♠❛ss ♣♦✐♥t ❛t vH ✱ t❤✐s ❧❡❛❞s

t♦ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛s ✐t ✇♦✉❧❞ t❤❡♥ ❢♦❧❧♦✇ t❤❛t pH ≤ vH − d✳

❈❧❛✐♠ ✾✳ ■❢ H s❛♠♣❧❡s ρ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ✐t ♠✉st ❜❡ t❤❡ ❝❛s❡ t❤❛t H ❤❛s ❛ ♠❛ss ♣♦✐♥t ❛t ρ✱ ❛♥❞

t❤❛t t❤❡r❡ ✐s ♥♦ ♣r♦❜❛❜✐❧✐t② ♠❛ss ❜❡❧♦✇ ρ ♦r ✐♠♠❡❞✐❛t❡❧② ❛❜♦✈❡ ρ✳

Pr♦♦❢✳ ❋✐rst✱ ✐t ✐s ❝❧❡❛r t❤❛t H ✇✐❧❧ ♥♦t ♣✉t ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❛ss ❜❡❧♦✇ ρ✱ ❛s ❛❧r❡❛❞② ♣r✐❝✐♥❣ ❛t

ρ ❡♥s✉r❡s t❤❛t ❛❧❧ H✲❝♦♥s✉♠❡rs ✇✐❧❧ st❛② ✐♥ H ✭r❡❝❛❧❧ t❤❛t t❤❡ L✲❝♦♥s✉♠❡rs ✇✐❧❧ ♥❡✈❡r s❡❛r❝❤ H

❞✉❡ t♦ ▲❡♠♠❛ ✷✮✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡ L ❤❛s ❛ ♠❛ss ♣♦✐♥t ❛t vL ✭s❡❡ ❈❧❛✐♠ ✹✮✱ ♣r✐❝✐♥❣ ♠❛r❣✐♥❛❧❧②

❛❜♦✈❡ ρ ❡♥t❛✐❧s ❛ ❞✐s❝r❡t❡ ❧♦ss ❢♦r H ✭s✐♥❝❡ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇✐❧❧ s❡❛r❝❤ ❛♥❞ ✜♥❞ ❛ ♣r✐❝❡

♦❢ vL ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✮✳ ❍❡♥❝❡✱ H ❝❛♥♥♦t ♣✉t ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♠♠❡❞✐❛t❡❧② ❛❜♦✈❡

ρ✳ ❚❤❡♥✱ t❤❡ ❢❛❝t t❤❛t H ❝❛♥ ♦♥❧② s❛♠♣❧❡ ρ ❞✐r❡❝t❧② ✭❛♥❞ ♥♦t ❛♥② ♣r✐❝❡s ✈❡r② ❝❧♦s❡ t♦ ρ✮ ❛❧r❡❛❞②

✐♠♣❧✐❡s t❤❛t H ♠✉st ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t ρ ✐❢ ρ ✐s s❛♠♣❧❡❞ ❛t ❛❧❧ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❈❧❛✐♠ ✶✵✳ H ❝❛♥♥♦t ♣✉t ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♥ (ρ, p′
L
)✳✹✹

Pr♦♦❢✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t t❤✐s ✇❛s t❤❡ ❝❛s❡✳ ❚❤❡♥ ❛♥② ♣r✐❝❡ pH ✐♥ t❤❛t ✐♥t❡r✈❛❧ ✇♦✉❧❞

❧❡❛❞ t♦ s❡❛r❝❤ ❜② t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✳ ❍♦✇❡✈❡r✱ ❜❡❝❛✉s❡ L ✇✐❧❧ ♦♥❧② s❡❧❧ t♦ t❤❡s❡ s❡❛r❝❤✐♥❣

❝♦♥s✉♠❡rs ✐❢ ✐t ♣r✐❝❡s ❛t vL ✭❞✉❡ t♦ pH < p′
L
✮✱ H ❤❛s ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ t♦ tr❛♥s❢❡r ❛❧❧ ♦❢ ✐ts

♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♥ (ρ, p′
L
) t♦ ❛ ♣r✐❝❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ p′

L
✳

❋r♦♠ ♥♦✇ ♦♥✱ ❧❡t p′
H

❞❡♥♦t❡ t❤❡ ❧♦✇❡r s✉♣♣♦rt ❜♦✉♥❞ ♦❢ H✬s ♣r✐❝✐♥❣ str❛t❡❣② ❢♦r ♣r✐❝❡s t❤❛t

str✐❝t❧② ❡①❝❡❡❞ ρ✳

❈❧❛✐♠ ✶✶✳ p′
L
= p′

H
=: p✳

✹✸❆s ρ ≤ p′
L

≤ pL ✭✇❤❡r❡ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠ ✻✮✱ ❛♥② ♣r✐❝❡ t❤❛t H s❛♠♣❧❡s ✐♥ (vH − d, vH)

✇♦✉❧❞ ✐♥❞✉❝❡ s❡❛r❝❤ ❜② t❤❡ ✢❡①✐❜❧❡H✲❝♦♥s✉♠❡rs✱ ✇❤✐❝❤ ❧❡❛❞s t❤❡♠ t♦ ❧❡❛✈❡H ✇✐t❤ ❝❡rt❛✐♥t② ✭❞✉❡ t♦ pL ≤ vH−d✮✳
❚❤❡r❡❢♦r❡✱ H str✐❝t❧② ♣r❡❢❡rs t♦ s❛♠♣❧❡ vH ✐♥ ♦r❞❡r t♦ ♠❛①✐♠❛❧❧② ❡①♣❧♦✐ts ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs✳

✹✹❘❡❝❛❧❧ t❤❛t ρ ≤ p′
L
❞✉❡ t♦ ❈❧❛✐♠ ✻✳

✺✹



Pr♦♦❢✳ ❈❧❛✐♠ ✶✵ ❛❧r❡❛❞② ❡st❛❜❧✐s❤❡❞ t❤❛t p′
H

≥ p′
L
✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t ✐t ❝❛♥♥♦t ❜❡ t❤❡ ❝❛s❡

t❤❛t p′
H

> p′
L
✳ ❚♦ s❡❡ t❤✐s✱ s✉♣♣♦s❡ t❤❛t t❤❡ ❧❛tt❡r r❡❧❛t✐♦♥ ❤♦❧❞s✳ ❇✉t t❤❡♥✱ ❞✉❡ t♦ ❈❧❛✐♠ ✻✱ t❤❡

✢❡①✐❜❧❡ H ❝♦♥s✉♠❡rs ✇✐❧❧ ❛❧✇❛②s s❡❛r❝❤ ✇❤❡♥ H ❞♦❡s ♥♦t ♣r✐❝❡ ❛t ρ ✭✐❢ ✐t ❞♦❡s s♦ ❛t ❛❧❧✮✱ ❛♥❞

t❤✉s L ❝♦✉❧❞ ♣r♦✜t❛❜❧② ❞❡✈✐❛t❡ ❜② tr❛♥s❢❡rr✐♥❣ ❛❧❧ ♦❢ ✐ts ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♥ t❤❡ ✐♥t❡r✈❛❧ [p′
L
, p′

H
)

t♦ p′
H
✳

❈❧❛✐♠ ✶✷✳ pL = pH = vH ✳ ■♥ ❝♦♥tr❛st t♦ H✱ L ❝❛♥ ❤❛✈❡ ♥♦ ♠❛ss ♣♦✐♥t ❛t vH ✳

Pr♦♦❢✳ ❚❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ✐s ❣✐✈❡♥ ❜② ❈❧❛✐♠ ✺✳ ❚♦ s❤♦✇ t❤❡ ✜rst ❡q✉❛❧✐t②✱ s✉♣♣♦s❡ t♦ t❤❡

❝♦♥tr❛r② t❤❛t pL < pH = vH ✳ ❚❤❡♥ ❝❧❡❛r❧②✱ ❜❡❝❛✉s❡ ρ ≤ pL ✭❛s ❢♦❧❧♦✇s ❡✳❣✳ ❢r♦♠ ❈❧❛✐♠ ✻✮✱ H

✇✐❧❧ ♥♦t ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ♣✉t ❛♥② ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♥ [pL, vH)✱ ❛s t❤✐s ✐s str✐❝t❧② ❞♦♠✐♥❛t❡❞ ❜②

♣r✐❝✐♥❣ ❛t vH ✭❛♥❞ ❛t ❧❡❛st ❢✉❧❧② ❡①♣❧♦✐t✐♥❣ ✐ts ❝❛♣t✐✈❡ ❝♦♥s✉♠❡rs✮✳ ❇✉t ✐♥ t✉r♥✱ ✐t ❝❛♥♥♦t ❜❡

♦♣t✐♠❛❧ ❢♦r L t♦ s❛♠♣❧❡ pL✱ ❛s t❤✐s ✇✐❧❧ ♦♥❧② ✇✐♥ H✬s ✢❡①✐❜❧❡ ❝♦♥s✉♠❡rs ✐❢ H ♣r✐❝❡s ❛t vH ✳ ❍❡♥❝❡✱

❜② ❞❡✈✐❛t✐♥❣ t♦ vH ✱ L ❝♦✉❧❞ ✉♥✐❧❛t❡r❛❧❧② ✐♥❝r❡❛s❡ ✐ts ♣r♦✜t✳ ❚❤❡ ❧❛st ❝❧❛✐♠ ✐s ♦❜✈✐♦✉s✿ s✐♥❝❡ H

❤❛s ❛ ♠❛ss ♣♦✐♥t ❛t vH ❞✉❡ t♦ ❈❧❛✐♠ ✽✱ L ❝❛♥♥♦t ❛❧s♦ ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t t❤❡ s❛♠❡ ♣r✐❝❡✳ ■❢

✐t ❞✐❞✱ H ❝♦✉❧❞ ❝❤♦♦s❡ ✐ts ♠❛ss ♣♦✐♥t ❛t ❛♥ ǫ ❧♦✇❡r ♣r✐❝❡ ❛♥❞ ✐♥❞✉❝❡ t❤❡ ✢❡①✐❜❧❡ L✲❝♦♥s✉♠❡rs t♦

r❡t✉r♥ ✇❤❡♥❡✈❡r L s❛♠♣❧❡s vH ✱ ✇❤✐❝❤ ✇♦✉❧❞ ❧❡❛❞ t♦ ❛ ❞✐s❝r❡t❡ ✐♥❝r❡❛s❡ ✐♥ H✬s ♣r♦✜t✳

❈❧❛✐♠ ✶✸✳ ◆❡✐t❤❡r H ♥♦r L ❝❛♥ ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ✐♥ [p, vH)✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t H ✭L✮ ❞♦❡s ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t s♦♠❡ ♣r✐❝❡ p̂ ∈ [p, vH)✳

❚❤❡♥ t❤❡r❡ ♠✉st ❡①✐st s♦♠❡ d > 0 s✉❝❤ t❤❛t L ✭H✮ ✇✐❧❧ ♥❡✈❡r ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ ♣r✐❝❡ ✐♥ (p̂, p̂+d]✱

❛s L✬s ✭H✬s✮ ♣r♦✜t ❞r♦♣s ❞✐s❝♦♥t✐♥✉♦✉s❧② ❛t p̂✳ ❇✉t t❤❡♥✱ H ✭L✮ s❤♦✉❧❞ ♥♦t ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t

p̂ ✐♥ t❤❡ ✜rst ♣❧❛❝❡✱ ❛s ♣r✐❝✐♥❣ ❝❧♦s❡r t♦ p̂+ d ✇♦✉❧❞ ❣✐✈❡ t❤❡ ✜r♠ ❛ str✐❝t❧② ❤✐❣❤❡r ♣r♦✜t✳

❈❧❛✐♠ ✶✹✳ ■❢ ♦♥❡ ✜r♠ ♣✉ts ♥♦ ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♥ s♦♠❡ ✐♥t❡r✈❛❧ [a, b] ⊂ [p, vH)✱ t❤❡ ♦t❤❡r ✜r♠

❝❛♥♥♦t ❞♦ s♦ ❡✐t❤❡r✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r② t❤❛t ♦♥❧② ♦♥❡ ✜r♠ ♣✉ts ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♠❛ss ✐♥ [a, b]✳ ❇✉t

t❤❡♥✱ ✐t ♠✉st ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ❛t b✱ ❛s ♣r✐❝✐♥❣ ❛♥②✇❤❡r❡ ✐♥ [a, b) ❣✐✈❡s t❤❡ ✜r♠ ❛ str✐❝t❧② ❧♦✇❡r

❡①♣❡❝t❡❞ ♣r♦✜t t❤❛♥ ♣r✐❝✐♥❣ ❛t b✳ ❍♦✇❡✈❡r✱ t❤✐s ❝♦♥tr❛❞✐❝ts ❈❧❛✐♠ ✶✸✳

❈❧❛✐♠ ✶✺✳ ❚❤❡ ✜r♠s ❝❛♥♥♦t ❤❛✈❡ ❛♥② ❤♦❧❡s ✐♥ t❤❡✐r ♣r✐❝✐♥❣ r❛♥❣❡ ❛❜♦✈❡ p✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ t❤❡② ❞♦✳ ❚❤❡♥✱ ❡①❛♠✐♥❡ t❤❡ ❧♦✇❡st ♦❢ s✉❝❤ ❤♦❧❡s✱ ❛♥❞ ❞❡♥♦t❡ ✐ts ✐♥✜♠✉♠ ❜②

z > p✳ ❈❧❡❛r❧②✱ ❛s t❤❡ ✜r♠s ❝❛♥ ❤❛✈❡ ♥♦ ♠❛ss ♣♦✐♥ts ✐♥ [p, vH) ❞✉❡ t♦ ❈❧❛✐♠ ✶✸✱ ✐t ❝❛♥♥♦t ❜❡

♦♣t✐♠❛❧ ❢♦r ❡✐t❤❡r ✜r♠ t♦ ♣r✐❝❡ ❛t z ❛♥❞ ❝❧♦s❡ ❜❡❧♦✇✱ ❛s s❤✐❢t✐♥❣ t❤✐s ♣r♦❜❛❜✐❧✐t② ♠❛ss t♦✇❛r❞s

✺✺



t❤❡ t♦♣ ♦❢ t❤❡ ❧♦✇❡st ❤♦❧❡ ②✐❡❧❞s ❛ str✐❝t❧② ❤✐❣❤❡r ❡①♣❡❝t❡❞ ♣r♦✜t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s ❛❧✇❛②s

♣♦ss✐❜❧❡ ❞✉❡ t♦ ❈❧❛✐♠ ✶✹✳

❚♦ s✉♠ ✉♣✱ t❤❡ ❛❜♦✈❡ ❝❧❛✐♠s ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❋✐rst✱ ♦♥❧② t✇♦ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐❛

❡①✐st✳ ❚❤❡s❡ ❛r❡ ❣✐✈❡♥ ❜② p∗L = vL ❛♥❞ p∗H = vL + s ✭❢♦r β ≥ β✮ ❛♥❞ p∗L = vL✱ p
∗
H = vH ✭❢♦r

β ≤ β ❛♥❞ α ≤ α(β)✮✳ ❙❡❝♦♥❞✱ ❛♥② ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ♠✉st s❛t✐s❢② t❤❡ ❢♦❧❧♦✇✐♥❣✿ ✭✐✮

♥♦ ✜r♠ ❡✈❡r ♣r✐❝❡s ❜❡❧♦✇ vL✱ ✭✐✐✮ L ❤❛s ❛ ♠❛ss ♣♦✐♥t ♦♥ vL✱ ✭✐✐✐✮ H ❤❛s ❛ ♠❛ss ♣♦✐♥t ♦♥ vH ✱

✭✐✈✮ ✐❢ H s❛♠♣❧❡s t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs✬ r❡s❡r✈❛t✐♦♥ ♣r✐❝❡ ρ✱ ✐t ♠✉st ❤❛✈❡ ❛ ♠❛ss ♣♦✐♥t ♦♥

✐t ✭❛♥❞ ✐t ❤♦❧❞s t❤❛t vL < ρ < p′
L
✮✱ ✭✈✮ t❤❡r❡ ❝❛♥ ❜❡ ♥♦ ♦t❤❡r ♠❛ss ♣♦✐♥ts✱ ✭✈✐✮ ❜♦t❤ L ❛♥❞ H

s♣r❡❛❞ ♣r♦❜❛❜✐❧✐t② ♠❛ss ♦✈❡r ❛ ❝♦♠♠♦♥ ✐♥t❡r✈❛❧ [p, vH ]✱ ❛♥❞ ✭✈✐✐✮ t❤✐s ✐♥t❡r✈❛❧ ❞♦❡s ♥♦t ❝♦♥t❛✐♥

❛♥② ❤♦❧❡s✳

■t ✐s ♥♦✇ str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t ❡❛❝❤ ♦❢ t❤❡ ❢♦✉r ❡q✉✐❧✐❜r✐❛ ✐♥ Pr♦♣♦s✐t✐♦♥s ✶ t♦ ✹ ❢✉❧✜❧❧s

t❤❡s❡ ❝r✐t❡r✐❛✳ ▼♦r❡♦✈❡r✱ ✐t ❝❛♥ ❜❡ ✈❡r✐✜❡❞ t❤❛t ♦♥❧② t❤❡ s♣❡❝✐✜❡❞ ❡q✉✐❧✐❜r✐❛ ✐♥ t❤❡✐r r❡s♣❡❝t✐✈❡

♣❛r❛♠❡t❡r r❛♥❣❡s ❞♦ ✐♥❞❡❡❞ ❝♦♥st✐t✉t❡ ❡q✉✐❧✐❜r✐❛✳

▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ Pr♦♣♦s✐t✐♦♥ ✶ st❛t❡s t❤❛t ✇❤❡♥❡✈❡r β > β✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡

❣❛♠❡ ✐s s✉❝❤ t❤❛t p∗L = vL✱ p
∗
H = vL + s✱ ❛♥❞ ♥♦ ❝♦♥s✉♠❡rs s❡❛r❝❤✳ ❚❤❡ ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐❛

♦❢ Pr♦♣♦s✐t✐♦♥s ✷ t♦ ✹ ♠✉st ❛❧❧ ❢❛✐❧✱ ❛s ✐♥ ❡❛❝❤ ♦❢ t❤❡s❡✱ ✜r♠ H✬s ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ❣✐✈❡♥ ❜②

vHα(1−β)✱ ✇❤✐❝❤✱ ❢♦r β > β✱ ✐s str✐❝t❧② ✇♦rs❡ t❤❛♥ ✇❤❛t H ❝♦✉❧❞ ❛❝❤✐❡✈❡ ❜② ❞❡✈✐❛t✐♥❣ t♦ vL+ s

✭❛♥❞ t❤❡r❡❜②✱ ❞✐s❝♦✉r❛❣✐♥❣ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✮✳

Pr♦♣♦s✐t✐♦♥ ✷ st❛t❡s t❤❛♥ ✇❤❡♥❡✈❡r β < β ❛♥❞ α ≤ α(β)✱ t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡

❣❛♠❡ ✐s s✉❝❤ t❤❛t p∗L = vL ❛♥❞ p∗H = vH ✳ ❈❧❡❛r❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ♠✉st ❢❛✐❧✱

❜❡❝❛✉s❡ ❢♦r β < β✱ H ✜♥❞s ❞✐s❝♦✉r❛❣✐♥❣ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤ ❜② ♣r✐❝✐♥❣ ❛t vL + s t♦

❜❡ ❞♦♠✐♥❛t❡❞ ❜② ♣r✐❝✐♥❣ ❛t vH ✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ♠✉st ❢❛✐❧✱ ❢♦r ❡①❛♠♣❧❡ ❜❡❝❛✉s❡

α ≤ α(β) ✐♠♣❧✐❡s q∗H ≥ 1 ✭✇✐t❤ str✐❝t ❡q✉❛❧✐t② ❢♦r α < α(β))✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹

♠✉st ❛❧s♦ ❢❛✐❧✱ ❛s α ≤ α(β) t♦❣❡t❤❡r ✇✐t❤ β < β ✐♠♣❧✐❡s t❤❛t q∗H,ρ < 0✳

Pr♦♣♦s✐t✐♦♥ ✸ ❝❧❛✐♠s t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♠❛ss ♣♦✐♥ts ♦♥

vH ✭❜② H✮ ❛♥❞ vL ✭❜② L✮ ✐❢ β < β ❛♥❞ α ∈ (α(β), α(β)]✳ ❆❣❛✐♥✱ t❤❡ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠

♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ♠✉st ❢❛✐❧ ❜❡❝❛✉s❡ ❞✐s❝♦✉r❛❣✐♥❣ ✐ts ❧♦❝❛❧ ❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤ ❜② ♣r✐❝✐♥❣ ❛t

vL + s ✐s ♥♦t ♣r♦✜t❛❜❧❡ ❢♦r H ✇❤❡♥ β > β✳ ❚❤❡ ♣✉r❡✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ♠✉st

❛❧s♦ ❢❛✐❧✱ ❛s α > α(β) ✐♠♣❧✐❡s t❤❛t L ❝♦✉❧❞ ♣r♦✜t❛❜❧② ❞❡✈✐❛t❡ ❢r♦♠ p∗L = vL t♦ ❝❤❛r❣✐♥❣ vH ✳ ❚❤❡

❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹ ♠✉st ❢❛✐❧✱ ❛s α ≤ α(β) ✐♠♣❧✐❡s q∗H,ρ ≤ 0✳

Pr♦♣♦s✐t✐♦♥ ✹ s❛②s t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♠✐①❡❞✲str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ♠❛ss ♣♦✐♥ts ♦♥

vH ❛♥❞ ρ∗ = vH(1 − β) ✭❜② H✮ ❛♥❞ vL ✭❜② L✮ ✐❢ β < β ❛♥❞ α > α(β)✳ ❈❧❡❛r❧②✱ t❤❡ ❡q✉✐❧✐❜r✐❛

✺✻



♦❢ Pr♦♣♦s✐t✐♦♥s ✶ ❛♥❞ ✷ ♠✉st ❢❛✐❧ ❞✉❡ t♦ t❤❡ s❛♠❡ r❡❛s♦♥s ❛s ❣✐✈❡♥ ❛❜♦✈❡ ✭✐♥ ♣❛rt✐❝✉❧❛r✱ t❤❡

❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ❝❛♥ ❜❡ r✉❧❡❞ ♦✉t ❜❡❝❛✉s❡ α > α(β) ✐♠♣❧✐❡s α > α(β) ❢♦r β < β✮✳

▲❛st❧②✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ♠✉st ❢❛✐❧ ❜❡❝❛✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■♥ t❤✐s ❝❛♥❞✐❞❛t❡

❡q✉✐❧✐❜r✐✉♠✱ L ❝❤❛r❣❡s vL ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q∗L = 1
β
− vHα(1−β)

vL(1−α+αβ) ✱ ✇❤✐❧❡ ❜♦t❤ L ❛♥❞ H s❛♠♣❧❡s

♣r✐❝❡s ❢r♦♠ ❛♥ ✐❞❡♥t✐❝❛❧ ❝♦♥t✐♥✉♦✉s ✐♥t❡r✈❛❧ [p, vH ]✱ ✇✐t❤ p = vL(1−α+αβ)
vHαβ

> vL✳ ❙✉♣♣♦s❡ t❤❛t q
∗
L ✐s

✇❡❧❧✲❜❡❤❛✈❡❞✱ s✉❝❤ t❤❛t ✐t ❢❛❧❧s ✐♥ t❤❡ r❛♥❣❡ (0, 1) ✭✐❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❡ ❝♦♥s✐❞❡r❡❞ ❡q✉✐❧✐❜r✐✉♠

❢❛✐❧s ❛♥②✇❛②✮✳ ◆♦✇ t❤❡r❡ ❛r❡ t❤r❡❡ s✐t✉❛t✐♦♥s t♦ ❝♦♥s✐❞❡r✳ ■♥ ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s ✇❤❡r❡

q∗L(p−vL) > s✱ t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇♦✉❧❞ ❡✈❡♥ ✜♥❞ ✐t ♦♣t✐♠❛❧ t♦ s❡❛r❝❤ L ✐❢ ✜r♠ H ❝❤❛r❣❡❞

✐ts ❧♦✇❡st ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ p✳ ❆ ♣♦t❡♥t✐❛❧❧② ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❜② H ✐s t❤❡♥ t♦ ❝❤❛r❣❡ ❛ ♣r✐❝❡

ρ′ < p t❤❛t s❛t✐s✜❡s q∗L(ρ
′−vL) = s ✭✐✳❡✳✱ ρ′ = s

q∗
L

+vL✮✱ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦ ❞✐s❝♦✉r❛❣❡ t❤❡ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡rs ❢r♦♠ s❡❛r❝❤✳ ❚❤✐s ❣✐✈❡s H ❛ ❞❡✈✐❛t✐♦♥ ♣r♦✜t ♦❢ ρ′α =
(

s
q∗
L

+ vL

)

α✱ ❝♦♠♣❛r❡❞ t♦

t❤❡ ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠✬s ♣r♦✜t ♦❢ vHα(1 − β)✳ ❍❡♥❝❡✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ❢❛✐❧s

t♦ ❡①✐st ✐❢ s
q∗
L

+ vL > vH(1 − β)✳ ❙✐♥❝❡ q∗L ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ α ❛♥❞ q∗L = s
vH(1−β)−vL

❢♦r

α = α(β)✱ ✐t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤✐s ✐s ✐♥❞❡❡❞ t❤❡ ❝❛s❡ ✐❢ α > α(β)✳ ❋♦r ♣❛r❛♠❡t❡r ❝♦♥st❡❧❧❛t✐♦♥s

✇❤❡r❡ q∗L(p− vL) < s ✭s✉❝❤ t❤❛t t❤❡ ✢❡①✐❜❧❡ H✲❝♦♥s✉♠❡rs ✇♦✉❧❞ ♥♦t ✇❛♥t t♦ s❡❛r❝❤ ✇❤❡♥ ❢❛❝✐♥❣

❛ ♣r✐❝❡ ♦❢ p ♦r s❧✐❣❤t❧② ❤✐❣❤❡r✮✱ t❤❡ ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ❝❧❡❛r❧② ❜r❡❛❦s ❞♦✇♥✳

❚❤✐s ✐s ❜❡❝❛✉s❡ ✜r♠ H ❝♦✉❧❞ s❛♠♣❧❡ ✭s❧✐❣❤t❧②✮ ❤✐❣❤❡r ♣r✐❝❡s t❤❛♥ p ✇✐t❤♦✉t ❧♦s✐♥❣ ❛♥② ❞❡♠❛♥❞✱

✐♠♣❧②✐♥❣ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ✐❢ ✐t ❤♦❧❞s ❡①❛❝t❧② t❤❛t q∗L(p − vL) = s✱ t❤❡ ✢❡①✐❜❧❡

H✲❝♦♥s✉♠❡rs ✇♦✉❧❞ ♥♦t s❡❛r❝❤ ✐❢ H ❝❤❛r❣❡s ❡①❛❝t❧② p✱ ❜✉t t❤❡② ✇♦✉❧❞ ❞♦ s♦ ❢♦r ❛♥② ❤✐❣❤❡r ♣r✐❝❡

✐♥ t❤❡ ✜r♠✬s ♣r✐❝✐♥❣ ❞♦♠❛✐♥✳ ■t ❢♦❧❧♦✇s t❤❛t H ✇♦✉❧❞ ❤❛✈❡ ❛ ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ❜② tr❛♥s❢❡rr✐♥❣

♣r♦❜❛❜✐❧✐t② ♠❛ss ❢r♦♠ ❝❧♦s❡ ❛❜♦✈❡ p t♦ p✳

✺✼


