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Title: Economy-wide substitution and Rybczynski sign pattern in a three-factor two-good model:
Further analysis

By Yoshiaki Nakada, Kyoto University, E-mail: nakada@kais.kyoto-u.ac.jp

Abstract: The position of EWS-ratio vector determines Rybczynski sign pattern, and hence, Stolper-
Samuelson sign pattern in a three-factor two-good general equilibrium trade model (see Nakada
(2015)). EWS-ratio vector can be defined based on EWS (or economy-wide substitution). In this
article, I develop a method to estimate the position of EWS-ratio vector to some extent. Especially, I
derive a sufficient condition for extreme factors to be economy-wide complements. We assume factor
intensity ranking is constant. The results suggest that if we have appropriate data, we can estimate the

position of EW S-ratio vector to some extent. The results are useful for application.

Keywords: three-factor two-good model; general equilibrium; Rybczynski result; economy-wide

substitution, Stolper-Samuelson sign pattern.

Section 1.Introduction

Batra and Casas (1976) (hereinafter BC) wrote an article on functional relations in a three-
factor two-good neoclassical model (or 3 X 2 model), and they claimed that ‘a strong Rybczynski
result’” arises. But I proved this was not the case (see Nakada (2015)). According to Suzuki (1983,
pl41), BC contended in Theorem 6 (p34) that ‘if commodity 1 is relatively capital intensive and
commodity 2 is relatively labor intensive, an increase in the supply of labor increases the output of
commodity 2 and reduces the output of commodity 1.” This is what ‘a strong Rybczynski result’
implies.

Nakada (2015) has succeeded to derive a sufficient condition for ‘a strong Rybczynski result’
to hold (or not to hold) in the 3 X 2 model of BC’s original type in a systematic manner by using EWS-
ratio vector, which is defined based on ‘economy-wide substitution’ (hereinafter EWS) originally
defined by Jones and Easton (1983) (hereinafter JE). Nakada concluded that the position of EWS-ratio
vector determines Rybczynski sign pattern, which expresses the factor endowment-commodity output
relationships, and its dual-counterpart, Stolper-Samuelson sign pattern, which expresses the
commodity price-factor price relationships. And, the following result has been established (see Nakada

(2015, Theorem 1)).

Theorem 1. If extreme factors are economy-wide complements, ‘a strong Rybczynski result’ holds

necessarily.



The purpose of this paper is as follows. First, I develop a method to estimate the position of
EWS-ratio vector, (S°, U’) to some extent, by using the framework of general equilibrium. Next, by
using this method, I derive a sufficient condition for extreme factors to be economy-wide complements,
which implies (§',U") =(+,—) . Next, we derive a sufficient condition for a certain Stolper-
Samuelson sign pattern to hold. For this purpose, we will derive some important relationships among
some variables. We can conclude that EWS-ratio vector exists on the line-segment.

Some papers are interested in the role of complementarity. For example, they analyzed the
factor endowment-commodity output relationships, and its dual-counterpart, that is, the commodity
price-factor price relationships, when extreme factors are aggregate complements, economy-wide
complements, or Allen-complements in each sector.

For example, JE assumed 2 factors are ‘perfect complements’ by using EWS (see JE (pp.
90-92)). Suzuki (1983) ssumed 2 factors are ‘perfect complements’ in each sector by using Allen-
partial elasticities of substitution. Takayama (1982, Section 4, p13-21) assumed that extreme factors
are aggregate complements. Thompson (1985) assumed that 2 factors are aggregate complements.
Suzuki (1987, Chapter 1, p17-26) assumed that extreme factors are Allen-complements in each sector.
Teramachi (1993) assumed that extreme factors are aggregate complements. Other papers, also deal
with complementarity, e.g., Thompson (1995), Bliss (2003), Easton (2008), Ide (2009), Ban (2007),
and Ban (2008).

In sum, some of these previous studies are not so simple, but somewhat complicated. I am
not sure whether all of these studies are plausible or not. I do not discuss about it. At least, to the
author’s knowledge, nobody has analyzed that under what condition, can extreme factors be economy-
wide complements.

In section 2, we explain about the basic structure of the model. In section 3, we assume
factor intensity ranking. In section 4, we define the factor-price-change ranking. In section 5, we derive
the important relationship among EWS-ratios. In section 6, we show that EWS-ratio vector is on the
line-segment (or EWS-ratio vector line-segment). In section 7, we derive important relationship
among some variables (H;<0, Ho<0). In section 8, we estimate the position of EW S-ratio vector in case
of P>0. First, we derive a sufficient condition for extreme factors to be economy-wide complements.
Next, we derive a sufficient condition for a certain Stolper-Samuelson sign pattern to hold. In section
9, we estimate the position of EWS-ratio vector in case of P<0. Section 10 is a conclusion.

In addition, section 2, 3 and 5 include the same contents as in Nakada (2015).

Section 2. Model
We assume similarly to BC (pp22-23). That is, we assume as follows. Products and factors
markets are perfectly competitive. Supply of all factors is perfectly inelastic. Production functions are

homogeneous of degree one and strictly quasi-concave. All factors are not specific and perfectly



mobile between sectors, and factor prices are perfectly flexible. These two ensure the full employment
of all resources. The country is small and faces exogenously given world prices, or the movement in
relative price of a commodity is exogenously determined. The movements in factor endowments are
exogenously determined.

Full employment of factors implies
D4 X; =V, i=T,K L, (1)
Jogt i

where X; denotes the amount produced of good j (j=I, 2); ajj the requirement of input i per unit of
output of good j (or the input-output coefficient); V; the supply of factor i; T is the land, K capital, and
L labor.

In a perfectly competitive economy, the unit cost of production of each good must just equal

to its price. Hence,
24w =ppJj=1.2. @

where pj is the price of good j; w; is the reward of factor i.
BC (p23) stated, ‘“With quasi-concave and linearly homogeneous production functions, each

input-output coefficient is independent of the scale of output and is a function solely of input prices:’

a,=a;(w), i=T,K ,L,j =12. 3

g g

And they continued, ‘In particular, each Cj; [a;;in our expression] is homogeneous of degree zero in
all input prices.’

We might need some explanation about this. Samuelson (1953) suggested that a;; is
homogeneous of degree zero in all input prices under the assumption of cost minimization. But he did
not prove it. That is, he (1953, chapter 4, p59) defined the function:
vi= f{(X,W1,---,Wa),(i=1,---,n) . Viis ‘an optimum value for each productive factor’ to derive
‘the minimum total cost for each output (p58)’, x is production, and w; is ‘prices of productive factors’.
Samuelson (1953, chapter 4, p68) stated that v; ‘must be homogeneous of order zero in the variables
(W1,-++,Wn), x being constant’ (see also Samuelson (1983, chapter4, eq. (5) in p61; eq. (52) in p70)).

Eq. (1)-(3) describe the production side of the model. These are equivalent to eq. (1)-(5) in

BC. The set includes 11 equations in 11 endogenous variables (X;j, aj, and w;) and 5 exogenous



variables (V; and p;). The small-country assumption simplifies the demand side of the economy.

Totally differentiate eq.(1):
) %k *y — Uk 7 —
Si(Aa,* +4,X,*) =VE i=T,K,L, @4

where an asterisk denotes a rate of change (e.g., X;*=d Xj / Xj), and where A;; is the proportion of the
total supply of factor i in sector j (that is, Aj=aj Xj/ V;). Note that X h=1.
The minimum-unit-cost equilibrium condition in each sector implies 2; w; da;; =0. Hence,

we derive (see JE (p73, eq. (9)), BC (p24, n5),

58,a,%=0,j=1,2, (5)

[ it

where 0j; is the distributive share of factor i in sector j (that is, 8;=ajjwi/ p;). Note that X;0;=1; da; is the
differential of aj;.

Totally differentiate eq.(2):

Ow*r=p *  (6)

[/ RS
Subtract p; * from the both sides of(6):

X0.w, *=0,

i7il177il

, (7
20w, *=-P,i=T,K, L,

where P=p1*-p2*= (pi/p2)*, wii*= wi*-p1*, wii = wi /pi1; P is the rate of change in the relative price of
a commodity; wi; is the real factor price measured by the price of good 1.

Totally differentiate eq.(3) to obtain
a*= 3" w* =0,i=T,K, L j=12, (8

where



&', = dloga, | dlog w,=6,06",. (9)

o'y is the Allen-partial elasticities of substitution (hereinafter AES) between the ith and the hth factors
in the jth industry. For additional definition of these symbols, see Sato and Koizumi (1973, pp47-49),
and BC (p24). AES’s are symmetric in the sense that

o'l =c";. (10)

And according to BC (p33), ‘Given the assumption that production functions are strictly quasi-concave

and linearly homogeneous,’
6'i<0. (11)

Since aj; is homogeneous of degree zero in input prices, we have
e, =%,0.0" =0,i=T,K, L j=1,2. (12

¢l

Eq. (8) and (12) are equivalent to the expressions in BC (p24, n. 6). See also JE (p74, eq. (12)-(13)).

From these:
a;*=3,&" w, *. (13)
Substitute eq. (13) ineq.(4):
Zj(ﬂ,ithgijhwhl*+/Ilej*) thgthhl*+Zj/1inj* =V*i =T K, L, (14

where

8in :Zjﬁ’ijgijh,i’ h=T, K, L. (15)

This is the EWS (or ‘the economy-wide substitution’) between factors i and h defined by JE (p75).

They stated, ‘Clearly, the substitution terms in the two industries are always averaged together. With



this in mind we define the term &'« to denote the economy-wide substitution towards or away from

the use of factor i when the kth factor becomes more expensive, under the assumption that each

industry's output is kept constant:... .

Note that

2ngin=0,i=T, K, L, (16)
gin=0n!O)gn ,i, h=T, K, L. (17)

gin 1S not symmetric. Namely, gin # gni , 1 # h in general. On eq.(17), see also JE (p85). From(17), for

example, we obtain

8kk :_(gKT+gKL)’ 8rr :_(gTK+gTL)’gLL =—(gu+gur). (18)

Recall(11), that is, 6Y<0. From this equation and(9), we derive €);<0. Further, from this equation

and(15), we derive
gi<0. (19)
Section 3. Factor intensity ranking

In this article, we assume

O >@>@, (20)

O 612 Oxe

Ou>02. (21)

Eq.(20) is, what you call, ‘the factor intensity ranking’ (see JE (p69), see also BC (pp26-
27), Suzuki (1983, p142),). This implies that sector 1 is relatively land intensive, and sector 2 is
relatively capital intensive, and that labor is the middle factor, and land and capital are extreme factors
(see also Ruffin (1981, p180)). Eq.(21) is ‘the factor intensity ranking for middle factor’. It implies
that the middle factor is used relatively intensively in sector 1.

In the following sections, I show the analysis under these assumptions. Nakada (2015) also

assumed (20) and (21) hold. Of course, even if we assume @1 < @12, we can analyze similarly.

Section 4. Factor-price-change ranking segment



Subsection 4.1. In case of P>0
For example, we assume
P>0. (22)

Recall (7), that is, P = p1®*—p2*. We can draw the line which expresses the change in real-factor-

price in the figure, and can compare them. Recall(7):

20w, =0,

i7ilvi . (23)
26,w *=-P,i=T, K, L.

We define that, for ease of notation:
(X.Y,Z) =(w,, s w5, w, ) = (wr*—pr¥, wk ¥ —pr¥, w*—pr*). (24)

This is a change in the real factor price. Transform (23) using(24):

O Ok || X —0uZ
= . (25)
{Qm 0K2}|:Yj| {—P - 0LZZ:|
Solve eq.(25):

X 11| 8k2 —0Bx1 —0uZ
=— , (26)
Y Di| Br2 Or || -P—-0127Z
where D1 = Or10x2— 01012 . Hence, we have

X =i0K1P—&Z,
D1

D1

Y= i(—49T1P) —EZ ,
D1 D1



Z=7Z, (27)
where D2 = Ox2001— k1012, D53 = G102 — Or2011. Eq.(20) implies
(D1, D2, D3) = (+,+,+). (28)
We can treat as if X, Y were dependent variables, and Z was the independent variable. Eq.(27) express

the straight lines in 2 dimensions. We call these, respectively, as line-X, -Y, -Z. Because we assume

(22)(P>0), the sign of gradient and intercept of line-X, line-Y is, respectively:

D> 1
—— =(-), —Ox1P = (+), for line-X;
D~ Ok Ol =)
D3 1
——=(-), — (=0 P) = (-), for line-Y. (29
Dl()Dl( nP) =) &

Hence, we can draw line-X, -Y, -Z in the figure (see Fig. 1). We can show that line-X and line-Y has
an intersection point in quadrant IV, because we assume eq. (21) (61> Or2).
Only 4 rankings are possible, that is,

X>Y>Z, X>7>Y, Z>X>Y, Z>Y>X. (30)

Either of the 4 patterns is possible. We call this as the factor-price-change-ranking. For example, we

can assume as follows.

X>7Z>Y > wr¥>wo* > wk*. (31)

If (31) holds, the change in real reward for labor is intermediate (or middle), and the change in real

reward for land and capital are extreme.

Subsection 4.2.In case of P<0

On the other hand, if we assume

P<0, (32)

we can draw line-X,-Y,-Z in the figure similarly. The sign of intercept of line-X,-Y is opposite to(29).



But the sign of gradient is similar to(29). This implies that only 4 rankings are possible, that is,
X>Y>Z,Y>X>Z, Y>Z>X, Z>Y>X. (33)

Either of the 4 patterns is possible.

Section 5. EWS-ratio vector boundary

Each a;; is homogeneous of degree zero in all input prices (see(3)). Recall(11), 6%i<0. These

implies (see Nakada (2015), Appendix, eq. (A14)):
exkgrT- grkgkr >0. (34)

Recall eq.(18). Thatis, ggr = —(gKT + gKL), and g, = —(gTK + gTL). Substitute these equations

to eliminate gk, grr from L.H.S. of eq.(34). Next, recall eq.(17), that is, g = (6 / 6:) gni - Use this

equation to eliminate gkr, grr, grk. That is, express using only 3 EWS’s, namely, gix, gir, gkT:
oL oL
L.H.S. of (34)= gkrgrL+ ZKLETK + QKLYTL = (9_[gKT(gLT + gLx) + 0_ gixgrr](>0).(35)
T K
From(35), we derive
oL
grr(gir + gik) < o gikgrr .(36)
K

From(18) and(19), we derive gik+gir=—g,, >0 . Divide(36) by (gix+ gir) , we have

ger>— O gikgir

Ok gk + gir .37

If we define, for ease of notation,
(S7 T’ U) = (gLK’ gLT, gKT) s (38)

we derive



_¢9L ST

U>——
Ox S+T . (39)

Divide the both sides by T:

oS ,ifT>0;U'<—ﬁS—,ifT<0, (40)

U'>——
Ok S'+1 Ok S'+1

where

(S, U)=(S/T, UIT)=(8.x ! 817>8xr ! &1r)- (41)

We call this as EWS-ratio vector. Transform that

gL S' _0L g 1

= _
Ok S'+1 Ok Ok S'+1_ (42

which expresses the rectangular hyperbola. We call it as the equation for EW S-ratio vector boundary.

It passes on the origin of O (0, 0). The asymptotic lines are
S’=-1, U'=-0./6k. (43)

We can draw this boundary in the figure (see Fig. 2). S’ is written along the horizontal axis, and U’
along the vertical axis. EWS-ratio vector boundary demarcates the boundary of the region for EWS-
ratio vector. This implies that EW S-ratio vector is not so arbitrary, but exists within this bounds.

Note that:

EWS-ratio vector exists in the upper right region of EWS-ratio vector boundary, if T>0,

EWS-ratio vector exists in the lower left region of EWS-ratio vector boundary, if T<0.(44)
The sign patterns of EWS-ratio vector are, in each quadrant:

quad. I: (S, U)=(+, H)(S, T, U) = (+, +, +);

quad. II: (S', U)=(-, H)(S, T, U) =(-, +, +);

quad. III: (S, U)= (-, -)<=(S, T, U) =(+, -, +);

quad. IV: (S', U= (+, -)>(S, T, U) =(+, +,-).  (45)

10



Hence, one of EWS’s can be negative at most. Note that

T>0, if (S', U’) exists in quadrant I, I, or I'V;
T<O0, if (S', U’) exists in quadrant [1I.  (46)

Recall (38) and (41), that is, (S’, U")=(S/T, U/T)=(gik /grr, gkr/grr), (S, T, U) = (gik, grr, k).
We may define (for i#h),

Factors i and h are economy-wide substitutes, if gin >0;

Factors i and h are economy-wide complements, if gin <0. (47)

Section 6. EWS-ratio vector line-segment
Eliminate &”i from (13) using(12) to obtain (on this, see BC (p33, note6 in p24)):
ari* = orxi@k(Wk* — wr*) + ori@r(wWL* —wr¥) |

ax* = okrOLj(WL* — Wk ) + o k1017 (Wr* —wk *)

ari* = oLr@r(wr* —wL*) + orkiOki(Wk* —wL*) , (48)
where oy = o . By using(9), thatis, &”, = dloga, / dlog w;, = 6,,6",, transform(48):

ar* = erxf(Wk* —wr*) + erj(WL¥ —wr*),
axi* = exkrj(WLF —wWk *) + gxri(wr* —wk ¥)

ari* = erri(wr* —wL®) + grkj(wWk* —wL¥) | (49)

where ginj = &7 .

We define:

ain' = Zjﬂ,ya[j*,i =T,K,L. (50)

This is the aggregate of input-output-coefficient-change (ai™) . Substitute (49) in eq.(50), we derive,

for example,

11



aro'= Zjlnan* = Zj Ar{e” (Wit —wr*)+ &V (wik—wr¥)},
ako' = Zj/IKjaKj* = zj Axi{e™ | (wik—wi*) + e (wrt—wk*)},

aco'= Z,i Arjar* = zj A{e" (wrk—wi®) + " (wrk—wr®)} . (51)

Rewrite (51) using eq.(15) (&;, = = ./'L.é‘ijh’i, h=T, K, L.):

J U

aTOV = gTI((WK>l< —WT *) + gTL(VVL#< —WT *) } > (52)
akKo ! = gKL(WL>l< — WK *) + gKT(\XJT#< — WK *) ’ (53)

aro' = gur(wr* —wL*) + gik(wk* —wr*) }. (54)

Recall eq.(17), that is, gin = (€ / i) gni . Using this, eliminate grk, gTr, gki. , from (52),(53):

aro' = Oxkrgxr(Wx* —wr*) + Orrgrr(wi* —wr*) | (55)

axo' = Orkgrk(WL* —wx *) + grkr(wr* —wk *) , (56)
where

On=06:16ni+h. (57)
In sum, from(55),(56), and(54), we have

aro' = Okrgxr(Wx* —wr*) + Orrgrr(wL* —wr*) | (58)

axo' = Orxgue(WL —w ) + grr(wr—wk ™), (59)

aco' = grr(wWr* —wr*) + gk (We* —wL*) . (60)

Multiply(58),(59), and(60) by gLKHT, gLTeK, gKTt9K, respectively, and take the difference:

aro' gik@r —axo' grrfx = (Wx*—wr*)Go ,
axo' gurlx —aro' gkrOx = (WL*—wk*)Go,

aro' gkr@x —aro' grkOr = (Wwr*—wL*)Go, (61),

where

12



Go = gkrOx(grk + grr) + grrgik@u(>0). (62)
From(35), we can derive(62). From(61), we have:

aro' gik@r —axo' gur@x  ako' gurbx —aro' gkrbx  aro' gkr@x —aro' gk Or

Go

(Wk*—wr¥) (WL*—wk *) (Wr*—wL*)
(63)
From(63), we have:

(aro' gLk@r —axo' grrOx)(WL* —wk *) = (ako' grrOx — avo' gkrOx )(Wx* —wr*) . (64)

Divide the both sides of (64) by gir. Recall (38) and(41), that is, (S, T, U) = (guk, grr, gkm), (S’, U’)
=(S/T, U/T) = (grk /gut, grr/grr). Use these symbols, we have

(aro'S'Or —ako' Ox)(WL* =Wk *) = (ako' Ok —aro'U 'Ok )(Wk* —wt¥) . (65)
From(65), we derive

U'=—a1S'+b1, (66)
where

_ aro' OrWik b

ako'Wrr
= ,bi=
aro' @xWkr aro'Wkr

a SWin=wi*—wi*=(wi/wi)*1=T,K,L,i#h. (67)

Win is the change in relative factor price between factors i and h. Eq.(66) expresses the straight line.
EWS-ratio vector (S',U ")exists on this line. We call it as EWS-ratio vector line. Hence, U’ has a
linear relationship with S’.

From (66) and(42), we can make a system of equations:

U'=—ai1S'+b1, (68)

U'=_&S__ (69)
Ok S'+1

From (68) and(69), we obtain a quadratic equation in S’. Solve this to derive two solutions. Each

13



solution denotes the S’ coordinate value of intersection point of EWS-ratio vector line and EW S-ratio

vector boundary. The solutions are:

g'= —WTL’OCKO Okt . (10)
Wk aro'

Hence, the Cartesian coordinates of intersection point is,

W 0L —Wir
S,U)= ,— ,(aoBkr, , (71
( )=( WL Ok Wkr )»(@oBir. o)., (71)

where

l l
ao= aKO"ﬁO _ aKO' ] (72)
oro Lo

We call these points as point A and B, respectively.
In general, EWS-ratio vector, (S',U")exists on the line-segment AB. We can call it as
EWS-ratio vector line-segment.

Section 7. Derivation of important relationship among some variables (H;<0, Ho<0)

Unit cost of production of good j equals the price of good j (see eq.(2)):
Ziaijwi = p;,J=1,2.(73)

Eq.(73) expresses the isocost surface (or IC) (see Fig. 3). IQ is the isoquant surface. We define as

follows.

w=wi,w'=wi+Awi, OB = aij+ Aaij, OA = ai,

AB =O0B—-0A=(aj+Aay)—ai = Aai,i=T,K,L, j=1,2., (14)

where A denotes the small variation. Vector w; is vertical to the isocost surface (IC). Because

production functions are homogeneous of degree one and strictly quasi-concave, isoquant surface is

14



convex to the origin. Isocost surface has a point of contact on point A with isoquant surface. That is
the equilibrium point. The input-output coefficient (a;) is determined on this point. I draw this figure
by analogy from the figure of isocost line and isoquant curve in case of 2 factor case. If isocost surface
changes its position and becomes IC’, the equilibrium point move to new point, point B. Angles 64

and @p are the angles between vector W and AB , w'and BA , respectively.
We obtain for angles 84,05 :

O<9A<%,O<HB<%. (75)

Hence, the inner product of vectors satisfies:

W-AB = z[waaly = |W|‘E‘cos 04>0, (76)

W' BA = zi (wi+ Awi)(—Aay) = |W'”ﬁ‘ cos@s>0. (77)
By summing up(76) and(77), we have:
=Y Awiha; >0, j=1, 2. (78)

From(78):
Hi<0,j=1,2, (79

where

Hi= ZiAw;Aaij . (80)

Hjis the inner product of 2 vectors, Aw (= Awi), and AB(= Aay).
Eq.(79) is very similar to the equation which Samuelson derived (see Samuelson (1983,
chapter 4, p78, eq. (82)), that is,

ZAW:‘AV:‘ <0, (81)
1

15



where wiis the price of factor i; Vviis the combination of factors which minimize the total cost. But he
derived (81) in another way.

Transform (80):
Hj=Y wi*ay*pii, j=1, 2. (82)
Of course, from eq.(79), we derive
1 .
—H; <0, j=1, 2.(83)
Di
We define

1
Ho=zj¢9j;H,-. (84)

We call this as the aggregate of H; /p;. From (84) and(83), we derive
Ho<0.85)

Substitute (82) in(84):
1
HO:Zj QJ;ZZ Wi*aij*pjg,'j =Zi Zjﬂ'ijaij*giWi*. (86)

Recall(50), that is, aio'= Zi/lijaij*,i =T,K,L. Rewrite (86) using(50), and from(85),

we have:
Ho= Ziaio Owi*<0. (87)

Recall eq.(5)(2; Byja;i*=0, j=1, 2,). From(50), and(5), we can show that

16



Ziaio'ﬁi =0. (88)

From(88), we derive:

aro' @ =—(aro'Or + axo'Ok) . (89)
Substitute (89) in (87) to derive:

Ho=(wr*—wL*)aro'@r + (Wx*—wL*)ako' Ok <0. (90)
Similarly, we derive

Ho=(wr*—wk*)aro'@r +(WL* —wk *)awo' 0L <0, (91)

Ho=(wk*—wr*)ako' Ok + (WL* —wr*)aro' 6.<0. (92)
Eq.(88) implies that

(aro',axo',aro") # (+,+,+)(—,—,—),
(aT0'7 ako '9 ClL()') = (_’ +7 _)’ (_’ +: +)’ (+, +7 _)7 (_’ > +)’ (+7 > +)’ (+, > _) . (93)

One or two of aio' can be negative. We call these sign patterns as sign A, B, C, D, E, F, respectively.
Section 8. Estimating the position of EWS-ratio vector in case of P>0
In this section, I estimate the position of EWS-ratio vector. We assume P>0.
Subsection 8.1. A sufficient condition for extreme factors to be economy-wide complements
For example, we assume:
X >Z>Y &> wr¥>wL* > wk*. (94)
This assumption is plausible (see eq.(30)). Hence,
(Wr* —wL*, wg* —wL*) = (+,—) , (Wr¥ —wk *, wL* —wk *) = (+,+) ,
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(W —wr* wL* —wr*) =(—,—). (95)
Substitute (95) in eq.(90),(91), and(92), we obtain
(aro',axo") # (+,—), (aro',awo") # (+,+), (axo',awo') #(——). (96)
From(96), we have
(aro',axo',ar0") # (+,—,+),(+,——) . (97)
Hence, sign E and F are impossible. The sign A, B, C, and D are possible (see(93)). That is,
(aro',axo',ar0") = (—,+,—),(—,+,+),(+,+,—),(——+) . (98)
Because we assume(94), we derive

WL ﬁ —WLT) 3 (—(WT*_WL*) ﬂ _(WL*_WT *)) =(+’ _) . (99)

Wie ~ Ok Wir~ (We*—wi®) Ok (wi*—wr*)

Hence, point A is in quad I'V. And we derive the results as follows.

(i)If sign A holds, we derive (oB«r, o) = (—,—) , point B is in quad. III. (100)
(ii)If sign B holds, we derive (ato@«r, o) = (—,+), point B is in quad. IL. (101)
(iii)If sign C holds, we derive (oBkr, o) = (+,—), point B is in quad. IV. (102)
(iv)If sign D holds, we derive (o&kr, [30) = (+,—) , point B is in quad. IV.(103)

Hence, we can plot point A and B in the figure. If sign C holds, both point A and B is in quad. IV.
Similarly, if sign D holds, both point A and B is in quad. IV. Therefore, if sign D or C holds, we have
to show that which point is on the L.H.S., point A or B. We can analyze the distribution of point A and
B by using eq. (90) as follows.

For example, we assume sign C holds, that is,

(aro',ako',aro") = (+,+,—) . (104)

Recall(90), that is,
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Ho=(wr*—wL*)aro'Or + (Wk*—wL*)ako' Gk <0. (105)

Transform(105):

*_ £ '
Ho=(wx*—wL¥)aro'6r{ (wrt-wi¥) axo'dk

(Wk*—wL*)  aro'Or
WL
WkL

= WkrLaro'0r{ +aofkr} < 0. (106)

We have WL = (—), aro' = (+) . Hence, we derive

WL
—— + oBkr >0. (107)
KL
This implies
WL
——— < oBxkr. (108)
WkL

Hence, point A is on the L.H.S. of point B (see(71)). From (99) and(102), both of point A and B exist
in quadrant IV. Hence, the point of (S',U ") exists on the line-segment AB, which exists in quad. IV
(see Fig. 2).

From the above, if we assume sign C holds, the point of (S',U ") satisfies as follows:

Wi <S'<aobkr, é Wi

Wk k Wkr

>U'"> fo. (109)

Hence, we derive

S UY=(H,-) o (S, T,U)=(gw, gir, gkr) = (+,+,—) . (110)

This implies that factors T and K are economy-wide complements. In sum, the following result has

been established.

Theorem 2. If we assume

P>0,X >Z>Y <> wr*>wL*> wk* (aro',ako',aro") = (+,+,—), (111)
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we derive

Wi <S'<aobkr, é Wi

Wke x Wkr

(S WU=(+,—-) ¢ (S, T.U)=(gwx, gr, gkr) = (+,+,—). (113)

>U'> fo, (112)

This implies that extreme factors are economy-wide complements.

On the other hand, we can show that if sign D holds, point A is on the R.H.S. of point B. We

can do the similar analysis. But I omit.
Subsection 8.2. A sufficient condition for a certain Stolper-Samuelson sign pattern to hold

We assume (111) holds, hence, (112)and(113) hold. On the other hand, the following result
has been established already (see Nakada (2015, section 10)).

Theorem 1. If extreme factors are economy-wide complements, ‘a strong Rybczynski result’ holds
necessarily. In this case, Stolper-Samuelson sign patterns for subregion P1-P3 are:

P1 P2 P3

where

. , *_ % k_ %k k_ %k
P ot W:*—pj*]z wr *—pi WK *—p1 WL*— D1 l a15)
P wr¥—p2* wk*—p2* wr¥—p2*| P

I use this theorem for the analysis. I show some examples of a sufficient condition for a
certain Stolper-Samuelson sign pattern to hold. For the analysis shown below, compare (112) with

the results in Nakada (2015, example 2 in section 11).

(i) Example 1

If we assume:
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@ < W
O Wk

<S'<aobkr, (116)

EWS-ratio vector exists in the subregion P1. Hence, we derive

. Wi *k__ %k + - =
mgn[—pj] = . (117)
P + - -
What is the sufficient condition for(116)? If (116) holds, we have

Ok W
< .

% Wke

(118)

Multiply by Wkz(<0), we have:

Ox2Wir > —Wribr2 <> Ox2(wx* —wL*) > —(wr* —wL*)6r2

© Y OawE—wir>0. (119)

Recall (6)(Z.60.w.*= p; *.). Use (6) to transform(119), we have

i

p2¥—wL*>0 < wL*—p2*=(-) <0. (120)
In sum, if (120) holds, (116) holds. Hence, (117) holds.

(ii)Example 2

If we assume:

Ox1 W _ i o < @, (121)
on Wk Or2

EWS-ratio vector exists in the subregion P2. Hence, we derive

k. K - =
sign[ 2 :P } . (122)
P + +
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What is the sufficient condition for(121)? If (121) holds, because (57)(@in = i/ On,i # h ) implies

Oxr = Ok /| Or , we derive

Ox1 —Wn
—< O wir—prF=(—)<0; (123)
Or1 Wk P ©
ool < 22 & @& <02 (104
T2 aro' Or  Or>’

Recall(88). From this, we have arxo'Ox = —(arro'@r+ aro' Or) . Substitute this in L.H.S. of(124):

LS. of(124)= KO & _—auo Or—aror _—aro &
aro' Or aro' Or aro' Or

Substitute (125) in(124):

—(Avac+Ar2ar2*) G <1+ Ox> o —(610L1au*+62012a1.2%)

_Z //LLjaL] GL

Z Aran* Or

—1.(125)

<1+ 9%2 (126)

(Anar*+Ar2ara®) Or Or> (6:18riar1 *+6020r2ar2*%) Or2

In sum, if (126) and (123) hold, (121) holds. Hence, (122) holds. Eq.(126) seems useful

for application.

(iii)Example 3

If we assume

0< V1 _ S'<a09KT<%, (127)

Wke T1

EWS-ratio vector exists in the subregion P3. Hence, we derive
. wit=pi* 1+ — +
sign[ 22 . (128)
P + +

‘What is the sufficient condition for(127)? If (127) holds, we derive
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W

KL

0<

; (129)

O{()QKT<@ @Ko &<@ (130)

Or1 aro' Or  Orn

(129) holds, because we assume (94). Use (125) to transform(130):

—(Anac*+Ar2ac2*®) 6. <1+ Ox1 PN —(60\0n1aL™+-02012a15%) < 1+@' (131)

(Arar1 *+Ar2ara2®) Or O (6:16riar1 *+620r2ar2*) Or

In sum, (131) and (129) hold, (127) holds. Hence, (128) holds. Eq. (131) seems useful

for application.

Section 9. Estimating the position of EWS-ratio vector in case of P<0

In this section, I estimate the position of EWS-ratio vector. We assume P<0.

Subsection 9. 1. A sufficient condition for extreme factors to be economy-wide complements

We assume:

X <Z<Y & wrr<wetF<wk®. (132)

This assumption is plausible (see(33)). Hence,

(Wr* —wL*, w* —wL*) = (—,+) , (Wr¥ —wk *, wL* —wk *) = (—,—-) ,

(W —wr* wL*—wr¥) =(+,+). (133)

Substitute (133) in eq.(90),(91), and(92), we obtain

(aro',axo") # (—,+) , (aro',aro") # (—,—) , (ako',ar0") # (+,+) . (134)

From the above,

(aro',axo',aro") # (—,+,+),(—+,—) . (135)
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Hence, sign B and A are impossible. The sign C, D, E, and F are possible (see(93)). That is,
(aTO '7 ako ” aro ') = (+’ +, _)7 (_’ > +)7 (+’ ) +)7 (+’ ) _) . (136)
Because we assume(132), we derive

—WrL ,ﬁ —WLT) :(—(WT*—WL*) ’ﬂ —(WL*—WT*)) —(.2) (137)
Wk Ok Wkr (Wk*—wL*) Ok (Wk*—wr¥)

Hence, point A is in quad. I'V. And we derive the results as follows.
(i)If sign E holds, we derive (oB«r, o) = (—,—) , point B is in quad. IIl. (138)
(ii)If sign F holds, we derive (0@, fo) = (—,+), point B is in quad. II. (139)
(iii)If sign C holds, we derive (oBkr, o) = (+,—), point B is in quad. IV. (140)
(iv)If sign D holds, we derive (o&kr, [0) = (+,—) , point B is in quad. IV.(141)
Hence, we can plot point A and B in the figure. If sign D or C holds, we have to show that which point
is on the L.H.S., point A or B. We can analyze the distribution of point A and B by using eq.(90) as
follows.
For example, we assume sign C holds, that is,
(aro',axo',aro") = (+,+,—) . (142)
Recall(90), that is,
Ho=(wr*—wL*)aro'@r + (Wx* —wL¥)ako' @k <0. (143)

Transform this:

(Wr*—wL*) axo'Ox

Ho=(wx*—wL¥)aro'6r{
(Wk*—wL*)  aro'Or

WL
WxL

= Wkraro'0r{ +aobkr} < 0. (144)

We have WxL = (+),aro’ = (+) . Hence, we derive
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—Wr
ookt <

. (145)
KL

Hence, point A is on the R.H.S. of point B (see(71)). From (137) and(140), both of point A and B
exist in quadrant I'V. Hence, the point of (S',U ") exists on the line-segment AB, which exists in quad.
Iv.

From the above, if we assume sign C holds, the point of (S',U ") satisfies as follows:

W PosU'> % ~Wir

Wk k Wkr

aobkr<S'< . (146)

Hence, we derive
S UY=(+,-) e (S, T,U)=(gw, gir, gkr) = (+,+,—) . (147)

This implies that factors T and K are economy-wide complements. In sum, the following result has

been established.
Theorem 3. If we assume
P<0, X <Z <Y & wr*<wL* <wk*, (aro',ako',are’) = (+,+,—), (148)

we derive

W PosU'> % ~Wir

KL K KT

S UY=(+,-) < (S, T,U)=(gwk, gr, gkr) = (+,+,—) . (150)

aofkr < S'<

, (149)

This implies that extreme factors are economy-wide complements.

On the other hand, we can show that if sign D holds, point A is on the L.H.S. of point B. We

can do the similar analysis. But I omit.

Subsection 9.2. A sufficient condition for a certain Stolper-Samuelson sign pattern to hold

We assume (148) holds, hence, (149)and(150) hold. We can analyze similarly to

Subsection 8.2. I show only one example for a certain Stolper-Samuelson sign pattern to hold. For the
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analysis shown below, compare (149) with the results in Nakada (2015, example 2 in section 11).

(i)Example 1.

If we assume

—Wn Gk
<—, (151
Wk On

O<aofxr<S'<

EWS-ratio vector exists in the subregion P3. Hence, we derive
. wit=pi* 1+ — +
mgn[—pj] = . (152)
P + +

What is the sufficient condition for(151)? If (151) holds, we have

0 < aobxr; (153)

—Wn Ok
<— > wLF—pr*=(-)<0. (154
Wk Ori wropr=() (159

(153) holds, because we assume (142). In sum, if (154) holds, (151) holds. Hence, (152) holds.

Section 10. Conclusion

I assumed a certain pattern of factor intensity ranking, including that of middle factor. In
general, I can estimate the position of EWS-ratio vector, (S',U") to some extent. It is because EWS-
ratio vector exists on the line-segment AB (or EWS-ratio vector line-segment). Therefore, if we know
the position of point A and B, we can estimate the position of EWS-ratio vector. Point A and B are the
intersection points of EWS-ratio vector line and EWS-ratio vector boundary. Hence, we can know
which Stolper-Samuelson sign pattern holds to some extent.

In other words, if the data available satisfies a certain condition, we can estimate the position
of EWS-ratio vector to some extent. [ have deepened the analysis in Nakada (2015).

Especially, I have derived a sufficient condition for extreme factors to be economy-wide
complements, which implies (S',U") =(+,—) . In this case, we can derive 3 patterns of Stolper-
Samuelson sign patterns. Next, I have derived a sufficient condition for a certain Stolper-Samuelson
sign pattern to hold. These results suggest that if we have the appropriate data available, we can specify

only one Stolper-Samuelson sign pattern.
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Of course, we can apply these results. In order to apply, we need the data about the change

in some variables, which requires the data on 2 time-points. That is, the change in relative price of a

commodity, in real factor price measured by both goods, and in input-output coefficient. On the other

hand, normal CGE (or computable general equilibrium) analysis only needs the data only on 1 time-
point in order to estimate the value of basic parameters.

This article suggests as follows. Sometimes it is not plausible to assume the functional form

of production functions, such as Cobb-Douglas, or all-constant CES in each sector. It is because they

do not allow any 2 factors to be Allen-complements. It is because extreme factors can be economy-

wide complements.
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Fig.1. Distribution of line-X, -Y, -Z (the change in real factor price )
-6
Note: (X, Y, Z)=(wT1* wK1*, wL1%)

29



U'-axis
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Fig. 2 Tllustration of EWS-ratio boundary and EWS-ratio line
Note: S'=S/T=gLK/gLT, U=U/T=gKT/gLT
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Fig. 3 Isocost surface and Isoquant surface
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