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❋❛❧s❡ ❆❞✈❡rt✐s✐♥❣

❆♥❞r❡✇ ❘❤♦❞❡s ❛♥❞ ❈❤r✐s ▼✳ ❲✐❧s♦♥∗

✶✹t❤ ❉❡❝❡♠❜❡r ✷✵✶✺

❆❜str❛❝t

❚❤❡r❡ ✐s ✇✐❞❡s♣r❡❛❞ ❡✈✐❞❡♥❝❡ t❤❛t s♦♠❡ ✜r♠s ✉s❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ t♦ ♦✈❡rst❛t❡ t❤❡

✈❛❧✉❡ ♦❢ t❤❡✐r ♣r♦❞✉❝ts✳ ❯s✐♥❣ ❛ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ❛ ♣♦❧✐❝②♠❛❦❡r ✐s ❛❜❧❡ t♦ ♣✉♥✐s❤ s✉❝❤

❢❛❧s❡ ❝❧❛✐♠s✱ ✇❡ ❝❤❛r❛❝t❡r✐③❡ ❛ ♥❛t✉r❛❧ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❛❝t✐✈❡❧②

✐♥✢✉❡♥❝❡s r❛t✐♦♥❛❧ ❜✉②❡rs✳ ❲❡ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝ts ♦❢ ♣♦❧✐❝② ✉♥❞❡r ❞✐✛❡r❡♥t ✇❡❧❢❛r❡ ♦❜✲

❥❡❝t✐✈❡s ❛♥❞ ❡st❛❜❧✐s❤ ❛ s❡t ♦❢ ❞❡♠❛♥❞ ❛♥❞ ♣❛r❛♠❡t❡r ❝♦♥❞✐t✐♦♥s ✇❤❡r❡ ♣♦❧✐❝② ♦♣t✐♠❛❧❧②

♣❡r♠✐ts ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❋✉rt❤❡r ❛♥❛❧②s✐s ❝♦♥s✐❞❡rs s♦♠❡ ✇✐❞❡r ✐ss✉❡s

✐♥❝❧✉❞✐♥❣ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ♣r♦❞✉❝t ✐♥✈❡st♠❡♥t ❛♥❞ ✐♥❞✉str② s❡❧❢✲r❡❣✉❧❛t✐♦♥✳

❑❡②✇♦r❞s✿ ▼✐s❧❡❛❞✐♥❣ ❆❞✈❡rt✐s✐♥❣❀ Pr♦❞✉❝t ◗✉❛❧✐t②❀ P❛ss✲t❤r♦✉❣❤❀ ❙❡❧❢✲❘❡❣✉❧❛t✐♦♥

❏❊▲ ❝♦❞❡s✿ ▼✸✼❀ ▲✶✺❀ ❉✽✸

∗❘❤♦❞❡s✿ ❚♦✉❧♦✉s❡ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❋r❛♥❝❡❀ ❛♥❞r❡✇✳r❤♦❞❡s❅ts❡✲❢r✳❡✉✳ ❲✐❧s♦♥✿ ❙❝❤♦♦❧ ♦❢ ❇✉s✐♥❡ss
❛♥❞ ❊❝♦♥♦♠✐❝s✱ ▲♦✉❣❤❜♦r♦✉❣❤ ❯♥✐✈❡rs✐t②✱ ❯❑❀ ❝✳♠✳✇✐❧s♦♥❅❧❜♦r♦✳❛❝✳✉❦✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❆❧❡①❡✐
❆❧❡①❛♥❞r♦✈✱ ▼❛r❦ ❆r♠str♦♥❣✱ ▼✐❦❡ ❇❛②❡✱ ❉❛♥✐❡❧ ●❛r❝✐❛✱ ❚❤♦♠❛s ❏❡✐ts❝❤❦♦✱ ❏✉st✐♥ ❏♦❤♥s♦♥✱ ❇r✉♥♦ ❏✉❧❧✐❡♥✱
▼❛rt✐♥ P❡✐t③✱ ❏❡❛♥ ❚✐r♦❧❡✱ ❚✐❛♥❧❡ ❩❤❛♥❣✱ ❛♥❞ ✈❛r✐♦✉s ❛✉❞✐❡♥❝❡s ✐♥❝❧✉❞✐♥❣ t❤♦s❡ ❛t ❈❊P❘ ✭❩✉r✐❝❤✮✱ ❊❙❙❊❚
✭●❡r③❡♥s❡❡✮✱ ■■❖❈ ✭❇♦st♦♥✮✱ ❊❊❆ ✭▼❛♥♥❤❡✐♠✮✱ ❈❘❊❙❚✱ ❍❊❈❊❘✱ ❚❍❊▼❆✱ ❚♦✉❧♦✉s❡✱ t❤❡ ❇❡r❧✐♥ ■❖ ❉❛②✱
t❤❡ ✼t❤ ❲♦r❦s❤♦♣ ♦♥ t❤❡ ❊❝♦♥♦♠✐❝s ♦❢ ❆❞✈❡rt✐s✐♥❣ ❛♥❞ ▼❛r❦❡t✐♥❣ ✭❱✐❡♥♥❛✮✱ ❊❆❘■❊ ✭▼✉♥✐❝❤✮ ❛♥❞ t❤❡ ◆■❊
❲♦r❦s❤♦♣ ♦♥ ❆❞✈❡rt✐s✐♥❣ ✭▼❛♥❝❤❡st❡r✮✳ ❲❡ ❛❧s♦ t❤❛♥❦ ❑❛♠②❛ ❇✉❝❤ ❢♦r ❤❡r r❡s❡❛r❝❤ ❛ss✐st❛♥❝❡✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❇✉②❡rs ❛r❡ ♦❢t❡♥ r❡❧✐❛♥t ♦♥ ✜r♠s t♦ ♦❜t❛✐♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ♣r♦❞✉❝t ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚♦

❡①♣❧♦✐t t❤✐s✱ s♦♠❡ ✜r♠s ❞❡❧✐❜❡r❛t❡❧② ❡♥❣❛❣❡ ✐♥ ✇❤❛t ✇❡ ❝❛❧❧ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✲ t❤❡ ✉s❡ ♦❢

✐♥❝♦rr❡❝t ♦r ❡①❛❣❣❡r❛t❡❞ ♣r♦❞✉❝t ❝❧❛✐♠s✳ ❚❤❡② ❞♦ t❤✐s ✐♥ ❛ r❛♥❣❡ ♦❢ ❞✐✛❡r❡♥t ❝♦♥t❡①ts ❛♥❞

❞❡s♣✐t❡ ♣♦t❡♥t✐❛❧ ❧❡❣❛❧ ♣❡♥❛❧t✐❡s✶✳ ❘❡❝❡♥t ♣♦❧✐❝② ❝❛s❡s ✐♥❝❧✉❞❡ ❉❛♥♥♦♥ ✇❤✐❝❤ ♣❛✐❞ ✩✷✶ ♠✐❧✲

❧✐♦♥ t♦ ✸✾ ❯❙ st❛t❡s ❛❢t❡r ✐t ♠✐s❧❡❞ ❝♦♥s✉♠❡rs ❛❜♦✉t t❤❡ ❤❡❛❧t❤ ❜❡♥❡✜ts ♦❢ ✐ts ❆❝t✐✈✐❛ ②♦❣✉rt

♣r♦❞✉❝ts✱ ❛♥❞ ❙❦❡❝❤❡rs ✇❤✐❝❤ ♣❛✐❞ ✩✹✵ ♠✐❧❧✐♦♥ ❛❢t❡r ❢❛❧s❡❧② st❛t✐♥❣ t❤❛t ✐ts t♦♥✐♥❣ s❤♦❡s

❤❡❧♣❡❞ ✇✐t❤ ✇❡✐❣❤t ❧♦ss✳ ❙✐♠✐❧❛r❧②✱ ✐♥ ❛ r❡❧❛t❡❞ ❡①❛♠♣❧❡✱ ❱♦❧❦s✇❛❣❡♥ ✐s ♥♦✇ ❢❛❝✐♥❣ ❛ ♣♦t❡♥✲

t✐❛❧ ♠✉❧t✐✲❜✐❧❧✐♦♥ ❞♦❧❧❛r ♣❡♥❛❧t② ❛❢t❡r ❝❤❡❛t✐♥❣ t❡sts ✐♥ ♦r❞❡r t♦ ♠❛❦❡ ❢❛❧s❡ ❝❧❛✐♠s ❛❜♦✉t ✐ts

❡♠✐ss✐♦♥ ❧❡✈❡❧s✷✳ ❆❞❞✐t✐♦♥❛❧ ❡✈✐❞❡♥❝❡ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❛❧s♦ ❝♦♠❡s ❢r♦♠ ❛❝❛❞❡♠✐❝ r❡s❡❛r❝❤✳

❙✉❝❤ st✉❞✐❡s ❝❛r❡❢✉❧❧② ❞♦❝✉♠❡♥t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❛♥❞ ✐ts ❛❜✐❧✐t② t♦ ✐♥❝r❡❛s❡

❞❡♠❛♥❞✸✳

❍♦✇❡✈❡r✱ ❞❡s♣✐t❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡ ❤❛s ❧❛r❣❡❧②

r❡str✐❝t❡❞ ❛tt❡♥t✐♦♥ t♦ tr✉t❤❢✉❧ ❛❞✈❡rt✐s✐♥❣✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡✈❡❧♦♣ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧ ♦❢

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✇❤❡r❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ ❛❝t✐✈❡❧② ✐♥✢✉❡♥❝❡ r❛t✐♦♥❛❧ ❜✉②❡rs✳ ❚♦✉❣❤❡r ❧❡❣❛❧

♣❡♥❛❧t✐❡s r❡❞✉❝❡ t❤❡ ✐♥❝✐❞❡♥❝❡ ♦❢ ❢❛❧s❡ ❛❞✈❡rts✱ ❜✉t ❛❧s♦ ✐♥❝r❡❛s❡ t❤❡✐r ❝r❡❞✐❜✐❧✐t②✳ ❆s ❛ r❡s✉❧t

♦❢ t❤❡ ❧❛tt❡r ❡✛❡❝t✱ ✇❡ s❤♦✇ t❤❛t str♦♥❣❡r ♣❡♥❛❧t✐❡s ❝❛♥ r❡❞✉❝❡ ❜✉②❡r ❛♥❞ s♦❝✐❛❧ ✇❡❧❢❛r❡✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ♣❛♣❡r ❞❡r✐✈❡s ❝♦♥❞✐t✐♦♥s ♦♥ ❞❡♠❛♥❞ ❛♥❞ ♠❛r❦❡t ♣❛r❛♠❡t❡rs s✉❝❤ t❤❛t

❛ ♣♦❧✐❝②♠❛❦❡r ♦♣t✐♠❛❧❧② ✉s❡s ❛ ❧♦✇ ♣❡♥❛❧t② t♦ ♣❡r♠✐t ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳

❲❡ t❤❡♥ ❝♦♥s✐❞❡r s❡✈❡r❛❧ ✇✐❞❡r ✐ss✉❡s ✐♥❝❧✉❞✐♥❣ ✐♥✈❡st♠❡♥t ✐♥❝❡♥t✐✈❡s✱ ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧

♦♣t✐♠❛❧✐t② ♦❢ ✐♥❞✉str② s❡❧❢✲r❡❣✉❧❛t✐♦♥✳

■♥ ♠♦r❡ ❞❡t❛✐❧✱ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s ♦✉r ♠❛✐♥ ♠♦❞❡❧ ✇❤❡r❡ ❛ ♠♦♥♦♣♦❧✐st ✐s ♣r✐✈❛t❡❧②

✐♥❢♦r♠❡❞ ❛❜♦✉t ✐ts ♣r♦❞✉❝t q✉❛❧✐t②✳ ❲❤✐❧❡ ✇❡ ❧❛t❡r ❡①t❡♥❞ t❤❡ r❡s✉❧ts t♦ ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r

♦❢ q✉❛❧✐t② t②♣❡s✱ ✇❡ ✐♥✐t✐❛❧❧② ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ q✉❛❧✐t② ✐s ❡✐t❤❡r ❵❤✐❣❤✬ ♦r ❵❧♦✇✬✳ ❚❤❡

♣♦❧✐❝②♠❛❦❡r ✜rst ❝♦♠♠✐ts t♦ ❛ ♣❡♥❛❧t② ❢♦r ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❚❤❡♥ ❤❛✈✐♥❣ ❧❡❛r♥❡❞ ✐ts t②♣❡✱ t❤❡

✜r♠ ❝❤♦♦s❡s ❛ ♣r✐❝❡ ❛♥❞ ♠❛❦❡s ❛ ✭♣♦ss✐❜❧② ❢❛❧s❡✮ ❝❧❛✐♠ ❛❜♦✉t ✐ts q✉❛❧✐t②✳ ❇✉②❡rs s✉❜s❡q✉❡♥t❧②

✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ❛♥❞ ♠❛❦❡ t❤❡✐r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s✱ ❜❡❢♦r❡ t❤❡ ♣♦❧✐❝②♠❛❦❡r ✐♥st✐❣❛t❡s ❛♥②

✶■♥ t❤❡ ❯❙✱ ♠♦st ❢❡❞❡r❛❧✲❧❡✈❡❧ r❡❣✉❧❛t✐♦♥ ✐s ❝♦♥❞✉❝t❡❞ ❜② t❤❡ ❋❚❈ ✇❤✐❝❤ ♣✉♥✐s❤❡s ♦✛❡♥s❡s ✇✐t❤ ✈❛r✐♦✉s
♣✉❜❧✐❝ ♠❡❛s✉r❡s✱ ✐♥❝❧✉❞✐♥❣ ♣♦ss✐❜❧❡ ♠♦♥❡t❛r② ♣❡♥❛❧t✐❡s✳ ■♥ ❊✉r♦♣❡✱ ♠♦st ❝♦✉♥tr✐❡s ❡♠♣❧♦② ✈❛r②✐♥❣ ❧❡✈❡❧s
♦❢ ✐♥❞✉str② s❡❧❢✲r❡❣✉❧❛t✐♦♥ ❛❧♦♥❣s✐❞❡ st❛t✉t♦r② r❡❣✉❧❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❯❑✱ ♠♦st r❡❣✉❧❛t✐♦♥ ✐s
❝♦♥❞✉❝t❡❞ ❜② t❤❡ ✐♥❞✉str②✲❧❡❞ ❆❞✈❡rt✐s✐♥❣ ❙t❛♥❞❛r❞s ❆✉t❤♦r✐t②✳ ■t ✐s ❡♥❞♦rs❡❞ ❜② ✈❛r✐♦✉s ❣♦✈❡r♥♠❡♥t❛❧
❜♦❞✐❡s✱ ✇❤✐❝❤ ❤❛✈❡ t❤❡ ♣♦✇❡r t♦ ✐ss✉❡ ✜♥❡s✳

✷❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s✱ s❡❡ ❤tt♣✿✴✴✇✇✇✳❢t❝✳❣♦✈✴♥❡✇s✲❡✈❡♥ts✴♣r❡ss✲r❡❧❡❛s❡s✴✷✵✶✵✴✶✷✴❞❛♥♥♦♥✲
❛❣r❡❡s✲❞r♦♣✲❡①❛❣❣❡r❛t❡❞✲❤❡❛❧t❤✲❝❧❛✐♠s✲❛❝t✐✈✐❛✲②♦❣✉rt✱ ❤tt♣✿✴✴✇✇✇✳❢t❝✳❣♦✈✴♥❡✇s✲
❡✈❡♥ts✴♣r❡ss✲r❡❧❡❛s❡s✴✷✵✶✷✴✵✺✴s❦❡❝❤❡rs✲✇✐❧❧✲♣❛②✲✹✵✲♠✐❧❧✐♦♥✲s❡tt❧❡✲❢t❝✲❝❤❛r❣❡s✲✐t✲❞❡❝❡✐✈❡❞✱ ❛♥❞
❤tt♣✿✴✴✇✇✇✳❜❜❝✳❝♦✳✉❦✴♥❡✇s✴❜✉s✐♥❡ss✲✸✹✸✷✹✼✼✷✳ ❆❝❝❡ss❡❞ ✶✷✴✶✹✴✶✺✳

✸❩✐♥♠❛♥ ❛♥❞ ❩✐t③❡✇✐t③ ✭✷✵✶✹✮ ❛♥❞ ❈❛✇❧❡② ❡t ❛❧ ✭✷✵✶✸✮ ❡①❛♠✐♥❡ s❦✐ r❡s♦rts ❛♥❞ ♦✈❡r✲t❤❡✲❝♦✉♥t❡r ✇❡✐❣❤t
❧♦ss ♣r♦❞✉❝ts r❡s♣❡❝t✐✈❡❧②✳ ❙❡❡ ❛❧s♦ ▼❛②③❧✐♥ ❡t ❛❧ ✭✷✵✶✹✮ ❢♦r ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❢❛❦❡ ✉s❡r r❡✈✐❡✇s✳

✷



♣❡♥❛❧t✐❡s✳ ❲❡ ❜❡❧✐❡✈❡ t❤✐s s❡t✲✉♣ ❝❧♦s❡❧② ❛♣♣r♦①✐♠❛t❡s ♠❛♥② ✐♠♣♦rt❛♥t ♠❛r❦❡ts ❛♥❞ ❝♦♥t❡①ts

✇❤❡r❡ ❜✉②❡rs ❛r❡ ✉♥❛❜❧❡ t♦ ✈❡r✐❢② ❝❧❛✐♠s✱ ♦r ❝❛♥ ♦♥❧② ❞♦ s♦ ❛❢t❡r ❛ ❧♦♥❣ t✐♠❡✱ ❛♥❞ ✇❤❡r❡

♣♦❧✐❝② ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ r❡❣✉❧❛t✐♥❣ ❛❞✈❡rt✐s✐♥❣✳

❙❡❝t✐♦♥ ✸ ❝❤❛r❛❝t❡r✐③❡s ❛ ♥❛t✉r❛❧ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ t❤❡ ❤✐❣❤ t②♣❡ ❛❞✈❡rt✐s❡s tr✉t❤❢✉❧❧②

❜✉t ✇❤❡r❡ t❤❡ ❧♦✇ t②♣❡ ♠❛② ❡♥❣❛❣❡ ✐♥ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❚❤✐s ❡q✉✐❧✐❜r✐✉♠ ♦✛❡rs s♦♠❡ ✉s❡❢✉❧

♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥s ❜② s♠♦♦t❤❧② ✉♥✐❢②✐♥❣ s❡✈❡r❛❧✱ ♦t❤❡r✇✐s❡ s❡♣❛r❛t❡✱ ❝❛s❡s ♦❢ ❛❞✲

✈❡rt✐s✐♥❣✳ ❋✐rst❧② ✇❤❡♥ t❤❡ ♣♦❧✐❝②♠❛❦❡r✬s ♣✉♥✐s❤♠❡♥t ✐s ❧❛r❣❡✱ t❤❡r❡ ✐s ♥♦ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳

❍❡r❡✱ ❛❞✈❡rt✐s✐♥❣ ✐s ❛❦✐♥ t♦ ✈❡r✐✜❛❜❧❡ ❞✐s❝❧♦s✉r❡ ❛s ❛ss✉♠❡❞ ✇✐t❤✐♥ t❤❡ st❛♥❞❛r❞ ❧✐t❡r❛t✉r❡✳

❙❡❝♦♥❞❧② ✇❤❡♥ t❤❡ ♣✉♥✐s❤♠❡♥t ✐s s♠❛❧❧✱ t❤❡ ❧♦✇ t②♣❡ ❛❧✇❛②s ❝♦♥❞✉❝ts ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ■♥

t❤✐s ❝❛s❡✱ ❛❞✈❡rt✐s✐♥❣ ✐s ❡✛❡❝t✐✈❡❧② ❝❤❡❛♣ t❛❧❦ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ✉♥❛❜❧❡ t♦ ✐♥✢✉❡♥❝❡ ❜✉②❡rs✬

♣r✐♦r ❜❡❧✐❡❢s✳ ❋✐♥❛❧❧② t❤♦✉❣❤✱ ✇❤❡♥ t❤❡ ♣✉♥✐s❤♠❡♥t ✐s ♠♦❞❡r❛t❡✱ ♦✉r ❡q✉✐❧✐❜r✐✉♠ ✐♥✈♦❧✈❡s ❛

♥♦✈❡❧ ❢♦r♠ ♦❢ ♣❛rt✐❛❧❧② ✈❡r✐✜❛❜❧❡ ❛❞✈❡rt✐s✐♥❣✳ ❍❡r❡✱ t❤❡ ❧♦✇ t②♣❡ ❡♥❣❛❣❡s ✐♥ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣

♣r♦❜❛❜✐❧✐st✐❝❛❧❧② ❜② ♠✐①✐♥❣ ❜❡t✇❡❡♥ ✐✮ ♣♦♦❧✐♥❣ ✇✐t❤ t❤❡ ❤✐❣❤ t②♣❡✱ ✇✐t❤ ❛ ❢❛❧s❡ ❛❞✈❡rt ❛♥❞ ❛

r❡❧❛t✐✈❡❧② ❤✐❣❤ ♣r✐❝❡✱ ❛♥❞ ✐✐✮ ❛❞✈❡rt✐s✐♥❣ tr✉t❤❢✉❧❧②✱ ✇✐t❤ ❛ r❡❧❛t✐✈❡❧② ❧♦✇ ♣r✐❝❡✳ ❍❡♥❝❡✱ ❛❢t❡r

♦❜s❡r✈✐♥❣ ❛ ❤✐❣❤ ❝❧❛✐♠✱ ❜✉②❡rs r❛t✐♦♥❛❧❧② ✐♥❝r❡❛s❡ t❤❡✐r q✉❛❧✐t② ❡①♣❡❝t❛t✐♦♥s ❜❡②♦♥❞ t❤❡✐r

♣r✐♦rs ❡✈❡♥ ✇❤❡♥ t❤❡ ❝❧❛✐♠ ✐s ❢❛❧s❡✱ ❛s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❡♠♣✐r✐❝❛❧ ❡✈✐❞❡♥❝❡ ❞❡t❛✐❧❡❞ ❛❜♦✈❡✳

❙❡❝t✐♦♥ ✹ ✉s❡s t❤✐s ❵s♠♦♦t❤✬ ❡q✉✐❧✐❜r✐✉♠ t♦ ❛♥❛❧②③❡ ❤♦✇ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✐♥ t❤❡ ❧❡✈❡❧

♦❢ ♣✉♥✐s❤♠❡♥t ❛✛❡❝t ❛ ✈❛r✐❡t② ♦❢ ✇❡❧❢❛r❡ ♠❡❛s✉r❡s✳ ❲❡ ✜rst ❝♦♥s✐❞❡r ❜✉②❡r s✉r♣❧✉s✳ ❍❡r❡✱

❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ♣✉♥✐s❤♠❡♥t ✐♥❝r❡❛s❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❛♥❞ ❣❡♥❡r❛t❡s

t✇♦ ♦♣♣♦s✐♥❣ ❡✛❡❝ts✳ ❚❤❡ ✜rst ❵♣❡rs✉❛s✐♦♥✬ ❡✛❡❝t ❤❛r♠s ❜✉②❡rs ❜② ♣r♦♠♣t✐♥❣ t❤❡♠ t♦ ❜✉②

t♦♦ ♠❛♥② ✉♥✐ts ♦❢ ❛ ♣r♦❞✉❝t ❛t ❛♥ ✐♥✢❛t❡❞ ♣r✐❝❡✳ ❚❤✐s ✐s ❛❦✐♥ t♦ ❛ ❢♦r♠❛❧✐③❛t✐♦♥ ♦❢ ❉✐①✐t

❛♥❞ ◆♦r♠❛♥✬s ✭✶✾✼✽✮ ❝❧❛ss✐❝ ❡✛❡❝t ♦❢ ♣❡rs✉❛s✐✈❡ ❛❞✈❡rt✐s✐♥❣ ✲ ❜✉t ♦✉r ❡✛❡❝t ❞❡r✐✈❡s ❢r♦♠

❛ ❝❤❛♥❣❡ ✐♥ r❛t✐♦♥❛❧ ❜✉②❡rs✬ ❜❡❧✐❡❢s✱ r❛t❤❡r t❤❛♥ ❛♥ ✉♥♠♦❞❡❧❡❞ ❝❤❛♥❣❡ ✐♥ t❤❡✐r ♣r❡❢❡r❡♥❝❡s✳

❚❤❡ s❡❝♦♥❞ ❡✛❡❝t ❞❡r✐✈❡s ❢r♦♠ t❤❡ ✐♠♣❛❝t ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ♦♥ ❞❛♠❛❣✐♥❣ t❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢

❝❧❛✐♠s✳ ❯♥❞❡rst❛♥❞✐♥❣ t❤❡ ✐♠♣❛❝t ♦♥ ❝r❡❞✐❜✐❧✐t② ❣♦❡s ❜❛❝❦ t♦ ❛t ❧❡❛st ◆❡❧s♦♥ ✭✶✾✼✹✮ ❛♥❞ ✐s

✇❡❧❧✲❞♦❝✉♠❡♥t❡❞ ❡♠♣✐r✐❝❛❧❧② ✭❡✳❣✳ ❉❛r❦❡ ❛♥❞ ❘✐❝❤✐❡ ✷✵✵✼✮✳ ❍♦✇❡✈❡r✱ ✐♥st❡❛❞ ♦❢ ✈✐❡✇✐♥❣ t❤✐s

✐♠♣❛❝t ❛s ❞❡tr✐♠❡♥t❛❧✱ ✇❡ str❡ss ✐ts ❜❡♥❡✜ts ✉♥❞❡r ❛ ♥♦✈❡❧ ❵♣r✐❝❡✬ ❡✛❡❝t ✇❤❡r❡❜② ✐t ❝♦✉♥t❡r❛❝ts

♠❛r❦❡t ♣♦✇❡r ❜② ❧♦✇❡r✐♥❣ ❜✉②❡rs✬ q✉❛❧✐t② ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ♣r♦♠♣t✐♥❣ ❧♦✇❡r ♣r✐❝❡s✳

❚♦ ❝♦♠♣❛r❡ t❤❡s❡ t✇♦ ❡✛❡❝ts✱ ✇❡ t❤❡♥ ✉t✐❧✐③❡ s♦♠❡ r❡❝❡♥t ♠❡t❤♦❞s ♦♥ ❞❡♠❛♥❞ ❝✉r✈❛t✉r❡

❛♥❞ ❝♦st ♣❛ss✲t❤r♦✉❣❤ ✭❲❡②❧ ❛♥❞ ❋❛❜✐♥❣❡r ✷✵✶✸✮✳ ❍♦✇❡✈❡r✱ r❛t❤❡r t❤❛♥ ❢♦❝✉s✐♥❣ ♦♥ ❝♦st

❝❤❛♥❣❡s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✐♠♣❛❝t ♦❢ ❝❤❛♥❣❡s ✐♥ ✭❡①♣❡❝t❡❞✮ q✉❛❧✐t② ♦♥ ♣r✐❝❡✱ ✇❤✐❝❤ ✇❡ t❡r♠

❛s ❵q✉❛❧✐t② ♣❛ss✲t❤r♦✉❣❤✬✳ ■♥ ♠❛♥② ❝❛s❡s✱ ✇❡ s❤♦✇ ❤♦✇ t❤❡ ♣❡rs✉❛s✐♦♥ ❡✛❡❝t ❞♦♠✐♥❛t❡s s✉❝❤

t❤❛t ❜✉②❡r s✉r♣❧✉s ✐s ♠❛①✐♠✐③❡❞ ❜② ❡❧✐♠✐♥❛t✐♥❣ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❍♦✇❡✈❡r✱ ✇❡ ❛❧s♦ ❢♦r♠❛❧✐③❡

❛ r❛♥❣❡ ♦❢ ♦t❤❡r ❝❛s❡s ✇❤❡r❡ t❤❡ ♣r✐❝❡ ❡✛❡❝t ❞♦♠✐♥❛t❡s✱ ✐♥❝❧✉❞✐♥❣ t❤♦s❡ ✇❤❡r❡ ❡①✲❛♥t❡ ♣r♦❞✉❝t

q✉❛❧✐t② ✐s ❤✐❣❤✳ ❍❡r❡✱ t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t② ✐s s♦❢t❡r s♦ ❛s t♦ ✐♥❞✉❝❡ ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡

❛❞✈❡rt✐s✐♥❣ ✐♥ ❛ ✇❛② t❤❛t ✐s ✇❡❛❦❧② s✉♣❡r✐♦r t♦ ❛ ❜❧❛♥❦❡t ❜❛♥ ♦♥ ❢❛❧s❡ ❛❞✈❡rts ♦r ❛♥ ♦✉tr✐❣❤t

✸



♣r♦❤✐❜✐t✐♦♥ ♦❢ ❧♦✇ q✉❛❧✐t② ♣r♦❞✉❝ts✳

◆❡①t✱ ✇❡ t✉r♥ t♦ t❤❡ ❡✛❡❝t ♦♥ ♣r♦✜ts✳ ❯♥s✉r♣r✐s✐♥❣❧② t❤❡ ❧♦✇ ✭❤✐❣❤✮ t②♣❡ ❛❧✇❛②s ♣r❡❢❡rs

s♠❛❧❧❡r ✭❧❛r❣❡r✮ ♣✉♥✐s❤♠❡♥ts✳ ■♥t❡r❡st✐♥❣❧② ❤♦✇❡✈❡r✱ ❡① ❛♥t❡✱ t❤❡ ♠♦♥♦♣♦❧✐st ✇❡❛❦❧② ♣r❡❢❡rs

str♦♥❣ ♣✉♥✐s❤♠❡♥ts t♦ ❡r❛❞✐❝❛t❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ s♦ t❤❛t ✐t ❝❛♥ ♣r✐❝❡ ♠♦r❡ ❡✛❡❝t✐✈❡❧② ✉♥❞❡r

❤✐❣❤ q✉❛❧✐t②✳ ❍❡♥❝❡✱ ✐❢ t❤❡ ♠♦♥♦♣♦❧✐st ❝♦✉❧❞ ❝♦♠♠✐t✱ ✐ts ❝❤♦✐❝❡ ♦❢ ♣✉♥✐s❤♠❡♥t ✇♦✉❧❞ ❝♦✐♥❝✐❞❡

✇✐t❤ t❤❛t ♣r❡❢❡rr❡❞ ❜② ❜✉②❡rs ✐♥ ♠❛♥② ❝✐r❝✉♠st❛♥❝❡s✳ ❚❤✐s ♦✛❡rs ♣♦t❡♥t✐❛❧ s✉♣♣♦rt ❢♦r

❊✉r♦♣❡✬s ✉s❡ ♦❢ s❡❧❢✲r❡❣✉❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❢♦r ♦t❤❡r ❝✐r❝✉♠st❛♥❝❡s✱ ✐♥ ❝♦♥tr❛st t♦ t❤❡ ✈✐❡✇

t❤❛t s❡❧❢✲r❡❣✉❧❛t✐♦♥ ♠❛② ❜❡ t♦♦ s♦❢t✱ t❤❡ ♠♦♥♦♣♦❧✐st✬s ♣r❡❢❡rr❡❞ ♣✉♥✐s❤♠❡♥t ✐s t♦♦ str♦♥❣

r❡❧❛t✐✈❡ t♦ ❜✉②❡rs✬✳

▲❛st❧②✱ ✇❡ ❝♦♥s✐❞❡r t♦t❛❧ ✇❡❧❢❛r❡✳ ❍❡r❡✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣

❧❡❛❞s t♦ t✇♦ ❞✐✛❡r❡♥t ❡✛❡❝ts✳ ❖♥ ♦♥❡ ❤❛♥❞✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❧♦✇❡rs t❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢ ❛♥②

❤✐❣❤ ❝❧❛✐♠ ❛♥❞ s♦ ♣r♦♠♣ts ❛♥② t②♣❡ ✇✐t❤ s✉❝❤ ❛ ❝❧❛✐♠ t♦ r❡❞✉❝❡ ✐ts ♦✉t♣✉t✳ ❍♦✇❡✈❡r✱ ♦♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❛❧s♦ ❛❧❧♦✇s t❤❡ ❧♦✇ t②♣❡ t♦ ❡①♣❛♥❞ ✐ts ♦✉t♣✉t✳ ❲❡ t❤❡♥

❞♦❝✉♠❡♥t ❛ r❛♥❣❡ ♦❢ ❝❛s❡s ✇❤❡r❡ t❤✐s ❧❛tt❡r ♦✉t♣✉t ❡①♣❛♥s✐♦♥ ✐s ❜❡♥❡✜❝✐❛❧ ❛♥❞ ❞♦♠✐♥❛t❡s

t❤❡ ❢♦r♠❡r ❡✛❡❝t✱ s✉❝❤ t❤❛t ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s ✇❡❧❢❛r❡ ♦♣t✐♠❛❧✳

❙❡❝t✐♦♥ ✺ ❡①t❡♥❞s t❤❡ ♠❛✐♥ ♠♦❞❡❧ t♦ ❝♦♥s✐❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝ts ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣

✇❤❡♥ ♣r♦❞✉❝t q✉❛❧✐t② ✐s ❡♥❞♦❣❡♥♦✉s✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ✐ss✉❡ t♦ ❝♦♥s✐❞❡r ❜❡❝❛✉s❡ ❢❛❧s❡

❛❞✈❡rt✐s✐♥❣ ♠❛② r❡❞✉❝❡ ♣r♦❞✉❝t q✉❛❧✐t② ✐♥✈❡st♠❡♥t ❜② ❧✐♠✐t✐♥❣ t❤❡ ❛✈❛✐❧❛❜❧❡ r❡t✉r♥s ❢r♦♠

❤✐❣❤ q✉❛❧✐t② ♣r♦❞✉❝ts✳ ❍♦✇❡✈❡r✱ ✇❤✐❧❡ ✇❡ ❝♦♥✜r♠ t❤❛t s✉❝❤ ❛♥ ❵✐♥✈❡st♠❡♥t✬ ❡✛❡❝t ♣r♦♠♣ts

t❤❡ ♣♦❧✐❝②♠❛❦❡r t♦ s❡❧❡❝t ❛ ✇❡❛❦❧② ❤✐❣❤❡r ♣❡♥❛❧t②✱ ✇❡ ❢✉rt❤❡r s❤♦✇ ❤♦✇ ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ r❡♠❛✐♥ ♦♣t✐♠❛❧ ❢♦r ❜✉②❡r ❛♥❞ s♦❝✐❛❧ ✇❡❧❢❛r❡✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦♥❝❡ q✉❛❧✐t②

✐s ❡♥❞♦❣❡♥♦✉s✱ ✇❡ ❛❧s♦ s❤♦✇ ❤♦✇ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣❡♥❛❧t② ❝❛♥ r❛✐s❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡

❛❞✈❡rt✐s✐♥❣✳

❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✻ ❝♦♥s✐❞❡rs s♦♠❡ r♦❜✉st♥❡ss ✐ss✉❡s✳ ❋✐rst✱ ✇❡ ❛❧❧♦✇ ❢♦r ❛♥ ❛r❜✐tr❛r② ♥✉♠✲

❜❡r ♦❢ q✉❛❧✐t② t②♣❡s✳ ◗✉❛❧✐t❛t✐✈❡❧② t❤❡ ❛♥❛❧②s✐s r❡♠❛✐♥s t❤❡ s❛♠❡ ❛s ❢♦r t❤❡ t✇♦✲t②♣❡ ❝❛s❡

❡①❝❡♣t ♥♦✇ t❤❡ ♣♦❧✐❝②♠❛❦❡r ♠✉st ❛❧s♦ ❞❡❝✐❞❡ ✇❤✐❝❤ t②♣❡s ❝❛♥ ❡♥❣❛❣❡ ✐♥ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳

❲❡ s❤♦✇ ❤♦✇ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ r❡♠❛✐♥ ♦♣t✐♠❛❧ ❢♦r t②♣❡s ✇✐t❤ ❵♠♦❞❡r❛t❡✬ q✉❛❧✐t②✳ ❙❡❝✲

♦♥❞✱ ✇❡ ✐✮ ❧❡t t❤❡ ✜r♠ t②♣❡s ✈❛r② ✐♥ ♠❛r❣✐♥❛❧ ❝♦sts✱ ❛♥❞ ✐✐✮ ❛❧❧♦✇ ❢♦r ♠♦r❡ ❝♦♠♣❧❡① ❢♦r♠s ♦❢

♣✉♥✐s❤♠❡♥t✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ r❡s✉❧t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ♣♦❧✐❝② r❡s✉❧ts r❡♠❛✐♥ q✉❛❧✐t❛t✐✈❡❧②

r♦❜✉st ❛❢t❡r ♠❛❦✐♥❣ str♦♥❣❡r r❡q✉✐r❡♠❡♥ts ♦♥ ❜✉②❡r ❜❡❧✐❡❢s✳ ❚❤✐r❞✱ ✇❡ ❡①❛♠✐♥❡ ❛ ❝♦♠♣❡t✐t✐✈❡

❝♦♥t❡①t ✇❤❡r❡ ❛♥ ✐♥❝✉♠❜❡♥t ❢❛❝❡s ❛♥ ❡♥tr❛♥t ✇✐t❤ ♣r✐✈❛t❡ ♣r♦❞✉❝t q✉❛❧✐t②✳ ❲❡ ❞❡♠♦♥str❛t❡

❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ t❤❛t ✐s q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦ ♠♦♥♦♣♦❧②✱ ❛♥❞ ❞♦❝✉♠❡♥t

♣❛r❛♠❡t❡r r❡❣✐♦♥s ✇❤❡r❡ ❛ ♣♦❧✐❝②♠❛❦❡r ♦♣t✐♠❛❧❧② ♣❡r♠✐ts ♣♦s✐t✐✈❡ ❧❡✈❡❧s ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳✳

❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡✿ ❚❤❡ ❛❞✈❡rt✐s✐♥❣ ❧✐t❡r❛t✉r❡ t②♣✐❝❛❧❧② ❢♦❝✉s❡s ♦♥ tr✉t❤❢✉❧ ❛❞✈❡rt✐s✐♥❣ ✭❡✳❣✳

❆♥❞❡rs♦♥ ❛♥❞ ❘❡♥❛✉❧t ✷✵✵✻✱ ❏♦❤♥s♦♥ ❛♥❞ ▼②❛tt ✷✵✵✻✹✮✳ ■♥ ❡❛r❧✐❡r ✇♦r❦✱ ◆❡❧s♦♥ ✭✶✾✼✹✮ ♦❢✲

✹❙❡❡ ❛❧s♦ t❤❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ r❡✈✐❡✇s ❜② ❇❛❣✇❡❧❧ ✭✷✵✵✼✮ ❛♥❞ ❘❡♥❛✉❧t ✭✷✵✶✺✮✳
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❢❡r❡❞ ❛ s❡♠✐♥❛❧ ❞✐s❝✉ss✐♦♥ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❛♥❞ ❤♦✇ r❡❣✉❧❛t✐♦♥ ♠❛② ✐♥❝r❡❛s❡ ✐ts ❝r❡❞✐❜✐❧✐t②✳

❍♦✇❡✈❡r✱ s✐♥❝❡ t❤❡♥✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❤❛s ♦♥❧② ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❜② s♦♠❡ ✈❡r② r❡❝❡♥t ♣❛♣❡rs✳

❙♦♠❡ ♣❛♣❡rs ❛ss✉♠❡ t❤❛t ❜✉②❡rs ❛r❡ ♥❛✐✈❡ ❛♥❞ s♦ ❜❡❧✐❡✈❡ ❛❧❧ ❝❧❛✐♠s ✭❡✳❣✳ ●❧❛❡s❡r ❛♥❞ ❯❥❤❡❧②✐

✷✵✶✵✱ ❍❛tt♦r✐ ❛♥❞ ❍✐❣❛s❤✐❞❛ ✷✵✶✷✮✳ ❍❡r❡✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ ❜❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ t♦ ♦✛s❡t

t❤❡ ♦✉t♣✉t ❞✐st♦rt✐♦♥ ❢r♦♠ ✐♠♣❡r❢❡❝t ❝♦♠♣❡t✐t✐♦♥✳ ❆ ❞✐✛❡r❡♥t s❡t ♦❢ ♣❛♣❡rs✱ ✐♥❝❧✉❞✐♥❣ s♦♠❡

✇✐t❤✐♥ ♠❛r❦❡t✐♥❣✱ ✐♥tr♦❞✉❝❡ ❤❡t❡r♦❣❡♥❡♦✉s ❜✉②❡r t❛st❡s s♦ t❤❛t ❝❧❛✐♠s ❝❛♥ ❣❛✐♥ ❝r❡❞✐❜✐❧✐t② ❜②

❢♦r❢❡✐t✐♥❣ r❡✈❡♥✉❡s ❢r♦♠ s♦♠❡ ❜✉②❡rs ✭❡✳❣✳ ❈❤❛❦r❛❜♦rt② ❛♥❞ ❍❛r❜❛✉❣❤ ✷✵✶✵✱ ✷✵✶✹✮✳ ❖t❤❡r

♣❛♣❡rs st✉❞② ❝r❡❞✐❜✐❧✐t② ❢r♦♠ ❧❡❣❛❧ ♣❡♥❛❧t✐❡s ✐♥ ✇❛②s ♠♦r❡ r❡❧❛t❡❞ t♦ ♦✉r ♣❛♣❡r✳ P✐❝❝♦❧♦

❡t ❛❧ ✭✷✵✶✺✮ ❡①❛♠✐♥❡ ❛ ❞✉♦♣♦❧② ✇❤❡r❡ ✜r♠s ❤❛✈❡ ❞✐✛❡r❡♥t q✉❛❧✐t✐❡s✳ ❚❤❡② ❢♦❝✉s ♦♥❧② ♦♥

❢✉❧❧② ♣♦♦❧✐♥❣ ❛♥❞ ❢✉❧❧② s❡♣❛r❛t✐♥❣ ❡q✉✐❧✐❜r✐❛✱ ❛♥❞ ✜♥❞ t❤❛t ❜✉②❡r s✉r♣❧✉s ✐s ♠❛①✐♠✐③❡❞ ✇✐t❤

③❡r♦ ♣❡♥❛❧t✐❡s t♦ ✐♥❞✉❝❡ ❢✉❧❧ ♣♦♦❧✐♥❣ ❜② ♠❛❦✐♥❣ t❤❡ ✜r♠s ♥♦♥✲❞✐✛❡r❡♥t✐❛t❡❞✳ ■♥ ❝♦♥tr❛st ✇❡

❝♦♥s✐❞❡r ❛ r✐❝❤❡r ❝❧❛ss ♦❢ s❡♠✐✲♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ ✐♥✢✉❡♥❝❡ ❜✉②❡rs✬

♣r✐♦rs✳ ❇② ❡st❛❜❧✐s❤✐♥❣ ❛ ❞✐✛❡r❡♥t ♣r✐❝❡ ♠❡❝❤❛♥✐s♠ r❡❧❛t❡❞ t♦ t❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢ ❛❞✈❡rt✐s✐♥❣✱

✇❡ t❤❡♥ s❤♦✇ ❤♦✇ ♣❡♥❛❧t✐❡s ❝❛♥ ♦♣t✐♠❛❧❧② t❛❦❡ ❛ ✈❛r✐❡t② ♦❢ ❧❡✈❡❧s ❞❡♣❡♥❞✐♥❣ ♦♥ ❞❡♠❛♥❞ ❛♥❞

♠❛r❦❡t ❝♦♥❞✐t✐♦♥s✳ ▲✐❦❡ P✐❝❝♦❧♦ ❡t ❛❧✱ ❈♦rts ✭✷✵✶✸✱ ✷✵✶✹❛✱ ✷✵✶✹❜✮ ♦♥❧② ❝♦♥s✐❞❡rs ❢✉❧❧② ♣♦♦❧✐♥❣

❛♥❞ ❢✉❧❧② s❡♣❛r❛t✐♥❣ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❡①♦❣❡♥♦✉s ♣r♦❞✉❝t q✉❛❧✐t②✳ ❍♦✇❡✈❡r✱ ❤❡ t❛❦❡s ❛ ❞✐✛❡r❡♥t

❢♦❝✉s ❜② ❛❧❧♦✇✐♥❣ ✜r♠s t♦ ❝❤♦♦s❡ ✇❤❡t❤❡r ♦r ♥♦t t♦ ❧❡❛r♥ t❤❡✐r ♦✇♥ q✉❛❧✐t②✱ ❛♥❞ s❤♦✇s t❤❛t

✜♥✐t❡ ♣❡♥❛❧t✐❡s ❝❛♥ ❜❡ ♦♣t✐♠❛❧ t♦ ✐♥❞✉❝❡ s♦❝✐❛❧❧②✲✈❛❧✉❛❜❧❡ ✉♥s✉❜st❛♥t✐❛t❡❞ ❝❧❛✐♠s✳ ❋✐♥❛❧❧②✱

✐♥ ♠♦r❡ ❞✐st❛♥t ✇♦r❦✱ ❇❛r✐❣♦③③✐ ❡t ❛❧ ✭✷✵✵✾✮ st✉❞② ❢❛❧s❡ ❝♦♠♣❛r❛t✐✈❡ ❛❞✈❡rt✐s✐♥❣✱ ❛♥❞ ❉r✉❣♦✈

❛♥❞ ❚r♦②❛✲▼❛rt✐♥❡③ ✭✷✵✶✺✮ ❛♥❛❧②③❡ ❢❛❧s❡ ❛❞✈✐❝❡ ✇❤❡r❡ ✜r♠s ❝❛♥ ❛❧s♦ ❝❤♦♦s❡ t❤❡ ✈❛❣✉❡♥❡ss

♦❢ t❤❡✐r ❝❧❛✐♠s✳

❖✉r ♣❛♣❡r ❛❧s♦ ♦✛❡rs ✐♥s✐❣❤ts t♦ ❛ ♥✉♠❜❡r ♦❢ ♦t❤❡r ❛r❡❛s✳ ❋✐rst✱ ✐t ❛❞❞s t♦ t❤❡ ❣r♦✇✐♥❣

❧✐t❡r❛t✉r❡ ♦♥ t❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ❝♦♥s✉♠❡r ♣r♦t❡❝t✐♦♥ ♣♦❧✐❝② ✇❤✐❝❤ ❢♦❝✉s❡s ♦♥ ♦t❤❡r t♦♣✐❝s✱

s✉❝❤ ❛s ❤✐❣❤✲♣r❡ss✉r❡ s❛❧❡s t❛❝t✐❝s ✭❆r♠str♦♥❣ ❛♥❞ ❩❤♦✉ ✷✵✶✹✮✱ t❤❡ ♠✐s✲✉s❡ ♦❢ ❝♦♠♠✐ss✐♦♥s

✭■♥❞❡rst ❛♥❞ ❖tt❛✈✐❛♥✐ ✷✵✵✾✮✱ ❛♥❞ r❡❢✉♥❞ r✐❣❤ts ✭■♥❞❡rst ❛♥❞ ❖tt❛✈✐❛♥✐ ✷✵✶✸✮✳ ❙❡❝♦♥❞✱

♦✉r ♠♦❞❡❧ r❡❧❛t❡s t♦ ♥✉♠❜❡r ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣❛♣❡rs t❤❛t st✉❞② ❡q✉✐❧✐❜r✐✉♠ ❧②✐♥❣ ❛♥❞

♣❡rs✉❛s✐♦♥ ✉♥❞❡r ❢✉❧❧ r❛t✐♦♥❛❧✐t② ✭❡✳❣✳ ❑❛rt✐❦ ✷✵✵✾✱ ❛♥❞ ❑❛♠❡♥✐❝❛ ❛♥❞ ●❡♥t③❦♦✇ ✷✵✶✶✮✳ ■♥

❝♦♥tr❛st✱ ✇❡ st✉❞② ♣♦❧✐❝②✲r❡❧❛t❡❞ ❧②✐♥❣ ❝♦sts ✇✐t❤✐♥ ❛ s♣❡❝✐✜❝ ❛❞✈❡rt✐s✐♥❣ ❝♦♥t❡①t✱ ✇❤❡r❡ ❛

t❤✐r❞✲♣❛rt② ✐♥✢✉❡♥❝❡s ♥♦t ♦♥❧② t❤❡ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐s ❝♦♠♠✉♥✐❝❛t❡❞ t♦ ❜✉②❡rs

❜✉t ❛❧s♦ ✐♥❞✐r❡❝t❧② t❤❡ ♣r✐❝❡ t❤❛t t❤❡② ♣❛②✳ ❚❤✐r❞✱ ❜② ❛❧❧♦✇✐♥❣ ❢♦r ♥♦♥✲ ♦r ♣❛rt✐❛❧❧② ✈❡r✐✜❛❜❧❡

❝❧❛✐♠s✱ ✇❡ ♣r♦✈✐❞❡ s♦♠❡ ❛❧t❡r♥❛t✐✈❡ ✐♥s✐❣❤ts ✐♥t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ✈❡r✐✜❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥

❞✐s❝❧♦s✉r❡ ✭❡✳❣✳ ❉r❛♥♦✈❡ ❛♥❞ ❏✐♥ ✷✵✶✵✱ ❉❛✉❣❤❡t② ❛♥❞ ❘❡✐♥❣❛♥✉♠ ✷✵✵✽✱ ❈❡❧✐❦ ✷✵✶✹✮✳ ❊✈❡♥

✇❤❡♥ ❞✐s❝❧♦s✉r❡ ❝♦sts ❛r❡ ③❡r♦✱ ♦✉r r❡s✉❧ts ✐♠♣❧② t❤❛t ✐✮ ❢✉❧❧ ✈❡r✐✜❛❜❧❡ ❞✐s❝❧♦s✉r❡ ✐s ♥♦t ❛❧✇❛②s

s♦❝✐❛❧❧② ♦♣t✐♠❛❧✱ ❛♥❞ ✐✐✮ ❛ ✜r♠✬s ❡① ❛♥t❡ ❝❤♦✐❝❡ ♦❢ ❞✐s❝❧♦s✉r❡ ❝❛♥ ❜❡ s♦❝✐❛❧❧② ❡①❝❡ss✐✈❡✳

✺



✷ ▼♦❞❡❧

❆♠♦♥♦♣♦❧✐st s❡❧❧s ♦♥❡ ♣r♦❞✉❝t t♦ ❛ ✉♥✐t ♠❛ss ♦❢ ♣♦t❡♥t✐❛❧ ❜✉②❡rs✳ ❚❤❡ ♠♦♥♦♣♦❧✐st ✐s ♣r✐✈❛t❡❧②

✐♥❢♦r♠❡❞ ❛❜♦✉t ✐ts ♣r♦❞✉❝t q✉❛❧✐t② q✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♣r♦❞✉❝t ✐s ♦❢ ❧♦✇ q✉❛❧✐t② L ✇✐t❤

♣r♦❜❛❜✐❧✐t② x ∈ (0, 1)✱ ❛♥❞ ♦❢ ❤✐❣❤ q✉❛❧✐t②H ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1−x✱ ✇❤❡r❡−∞ < L < H <∞✳

❆✈❡r❛❣❡ ❡① ❛♥t❡ q✉❛❧✐t② ✐s t❤❡♥ ❞❡✜♥❡❞ ❛s q̄ = xL+(1−x)H. ❋♦r ♦✉r ♠❛✐♥ ❛♥❛❧②s✐s ✇❡ ❛ss✉♠❡

t❤❛t ♠❛r❣✐♥❛❧ ❝♦sts ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ q✉❛❧✐t② ❛♥❞ ♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦✳ ❊❛❝❤ ❜✉②❡r ❤❛s ❛

✉♥✐t ❞❡♠❛♥❞ ❛♥❞ ✈❛❧✉❡s ❛ ❣✐✈❡♥ ♣r♦❞✉❝t ♦❢ q✉❛❧✐t② q ❛t q + ε✱ ✇❤❡r❡ ε ✐s ❛ ❜✉②❡r✬s ♣r✐✈❛t❡❧②

❦♥♦✇♥ ♠❛t❝❤ ✇✐t❤ t❤❡ ♣r♦❞✉❝t✳ ❚❤✐s ♠❛t❝❤ ✐s ❞r❛✇♥ ✐♥❞❡♣❡♥❞❡♥t❧② ❛❝r♦ss ❜✉②❡rs ✉s✐♥❣ ❛

❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ G(ε) ✇✐t❤ s✉♣♣♦rt [a, b] ✇❤❡r❡ −∞ ≤ a < b ≤ ∞✳ ❚❤❡ ❛ss♦❝✐❛t❡❞

❞❡♥s✐t② g(ε) ✐s str✐❝t❧② ♣♦s✐t✐✈❡✱ ❝♦♥t✐♥✉♦✉s❧② ❞✐✛❡r❡♥t✐❛❜❧❡✱ ❛♥❞ ❤❛s ❛♥ ✐♥❝r❡❛s✐♥❣ ❤❛③❛r❞

r❛t❡✳

❚❤❡ ♠♦♥♦♣♦❧✐st s❡♥❞s ❛ ♣✉❜❧✐❝❧② ♦❜s❡r✈❛❜❧❡ ❛❞✈❡rt✐s❡♠❡♥t ♦r ❵r❡♣♦rt✬ r ∈ {L,H} ❛t ♥♦

❝♦st✱ ✇❤❡r❡ ❛ r❡♣♦rt r = z ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛ ❝❧❛✐♠ ✏Pr♦❞✉❝t q✉❛❧✐t② ✐s z✑✳ ❚❤❡ ❜✐♥❛r②

r❡♣♦rt s♣❛❝❡ ✐s ✇✐t❤♦✉t ❧♦ss ❜❡❝❛✉s❡ t❤❡r❡ ❛r❡ ♦♥❧② t✇♦ ✜r♠ t②♣❡s ❛♥❞ r❡♣♦rts ❛r❡ ❝♦st❧❡ss✳ ❆

♣♦❧✐❝②♠❛❦❡r ✐s ❛❜❧❡ t♦ ✈❡r✐❢② ❛♥② ❛❞✈❡rt✐s❡❞ ❝❧❛✐♠✱ ❛♥❞ ✐♠♣♦s❡ ❛ ♣❡♥❛❧t② φ ✐❢ ✐t ✐s ❢❛❧s❡✳✺ ❋❛❧s❡

❛❞✈❡rt✐s✐♥❣ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ✉s❡ ♦❢ ❛ ❤✐❣❤ q✉❛❧✐t② r❡♣♦rt r = H✱ ❜② ❛ ✜r♠ ✇✐t❤ ❧♦✇ q✉❛❧✐t②

q = L✳ ❚❤❡ ♣♦❧✐❝②♠❛❦❡r ❝❛♥ ❝♦st❧❡ss❧② ❝❤♦♦s❡ ❛♥② ❧❡✈❡❧ ♦❢ ♣✉♥✐s❤♠❡♥t✱ φ ≥ 0✱ ✐♥ ♦r❞❡r

t♦ ♠❛①✐♠✐③❡ ♦♥❡ ♦❢ t❤r❡❡ ♣♦ss✐❜❧❡ ♦❜❥❡❝t✐✈❡s✿ ❜✉②❡r s✉r♣❧✉s✱ t♦t❛❧ ♣r♦✜t✱ ♦r t♦t❛❧ ✇❡❧❢❛r❡✳

❆♥② ♣✉♥✐s❤♠❡♥ts t❤❛t ✐♥✈♦❧✈❡ ❛ ✜♥❡ ❣♦ str❛✐❣❤t t♦ t❤❡ ♣♦❧✐❝②♠❛❦❡r✱ ❛♥❞ ❛r❡ ♥♦t ✉s❡❞ t♦

❝♦♠♣❡♥s❛t❡ ❜✉②❡rs✳

❚❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ❣❛♠❡ ✐s ❛s ❢♦❧❧♦✇s✳ ❆t st❛❣❡ ✶ t❤❡ ♣♦❧✐❝②♠❛❦❡r ♣✉❜❧✐❝❧② ❝♦♠♠✐ts t♦

❛ ♣❡♥❛❧t② φ ❢♦r ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❆t st❛❣❡ ✷ t❤❡ ♠♦♥♦♣♦❧✐st ♣r✐✈❛t❡❧② ❧❡❛r♥s ✐ts q✉❛❧✐t②✳ ■t

t❤❡♥ ❛♥♥♦✉♥❝❡s ❛ ♣r✐❝❡ p ❛♥❞ ✐ss✉❡s ❛ r❡♣♦rt r ∈ {L,H}✳ ❆t st❛❣❡ ✸ ❜✉②❡rs ❞❡❝✐❞❡ ✇❤❡t❤❡r

t♦ ❜✉② t❤❡ ♣r♦❞✉❝t✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t φ ❛s ✇❡❧❧ ❛s t❤❡ ✜r♠✬s ♣r✐❝❡ ❛♥❞ r❡♣♦rt✳ ❋✐♥❛❧❧② ❛t

st❛❣❡ ✹ t❤❡ ♣♦❧✐❝②♠❛❦❡r ✈❡r✐✜❡s t❤❡ ❛❞✈❡rt✐s❡❞ ❝❧❛✐♠ ❛♥❞ ❛❞♠✐♥✐st❡rs t❤❡ ♣✉♥✐s❤♠❡♥t✱ φ✱ ✐❢

✐t ✐s ❢❛❧s❡✳ ❚❤❡ s♦❧✉t✐♦♥ ❝♦♥❝❡♣t ✐s P❡r❢❡❝t ❇❛②❡s✐❛♥ ❊q✉✐❧✐❜r✐✉♠ ✭P❇❊✮✳ ❆❧❧ ♦♠✐tt❡❞ ♣r♦♦❢s

❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ✉♥❧❡ss st❛t❡❞ ♦t❤❡r✇✐s❡✳

✸ ❊q✉✐❧✐❜r✐✉♠ ❆♥❛❧②s✐s

✸✳✶ ❇❡♥❝❤♠❛r❦ ✇✐t❤ ❑♥♦✇♥ ◗✉❛❧✐t②

❆s ❛ ✜rst st❡♣✱ ❝♦♥s✐❞❡r ❛ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ✜r♠ ✐s ❦♥♦✇♥ t♦ ❤❛✈❡ q✉❛❧✐t② q✳

◗✉❛❧✐t② ❝❧❛✐♠s ❛r❡ t❤❡♥ r❡❞✉♥❞❛♥t ❜❡❝❛✉s❡ ✐t ✐s ✇❡❛❦❧② ♦♣t✐♠❛❧ ❢♦r t❤❡ ✜r♠ t♦ ✉s❡ tr✉t❤❢✉❧

✺❲❡ ❝❛♥ ❛❧s♦ ✐♥t❡r♣r❡t φ ❛s ❛♥ ❡①♣❡❝t❡❞ ♣❡♥❛❧t② ✐❢ ❝❧❛✐♠s ❛r❡ ♦♥❧② ✈❡r✐✜❡❞ ♣r♦❜❛❜✐❧✐st✐❝❛❧❧②✳

✻



❛❞✈❡rt✐s✐♥❣✳ ❆♥ ✐♥❞✐✈✐❞✉❛❧ ❜✉②❡r ♣✉r❝❤❛s❡s t❤❡ ♣r♦❞✉❝t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ε ≥ p − q s✉❝❤ t❤❛t

❞❡♠❛♥❞ ❡q✉❛❧s D(p − q) = 1 − G(p − q)✳ ❚❤❡ ✜r♠ t❤❡♥ ❝❤♦♦s❡s ✐ts ♣r✐❝❡ t♦ ♠❛①✐♠✐③❡

p [1−G (p− q)]✱ ❛♥❞ s♦✿

▲❡♠♠❛ ✶✳ ❙✉♣♣♦s❡ t❤❡ ✜r♠ ✐s ❦♥♦✇♥ t♦ ❤❛✈❡ q✉❛❧✐t② q✱ ❛♥❞ ❞❡✜♥❡ q
˜

= −b ❛♥❞ q̃ =

−a+ 1/g(a)✳ ❚❤❡ ✜r♠✬s ♦♣t✐♠❛❧ ♣r✐❝❡✱ p∗(q), ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ q ❛♥❞ s❛t✐s✜❡s✿

p∗(q) =





0 ✐❢ q ≤ q
˜

1−G(p∗(q)−q)
g(p∗(q)−q) ✐❢ q ∈

(
q
˜
, q̃
)

a+ q ✐❢ q ≥ q̃

✭✶✮

❲❤❡♥ q ≤ q
˜
✱ q✉❛❧✐t② ✐s s♦ ❧♦✇ t❤❛t t❤❡ ✜r♠ ✇♦✉❧❞ ♠❛❦❡ ③❡r♦ s❛❧❡s ❡✈❡♥ ✐❢ ✐t ♣r✐❝❡❞ ❛t

♠❛r❣✐♥❛❧ ❝♦st✳ ❚❤❡ ♠❛r❦❡t ✐s ✐♥❛❝t✐✈❡✱ ❛♥❞ ✇❡ ♥♦r♠❛❧✐③❡ t❤❡ ✜r♠✬s ♣r✐❝❡ t♦ ③❡r♦ ✇✐t❤♦✉t ❧♦ss✳

❲❤❡♥ ✐♥st❡❛❞ q ∈ (q
˜
, q̃), t❤❡ ✜r♠ ♦♣t✐♠❛❧❧② s❡❧❧s t♦ s♦♠❡ ❜✉t ♥♦t ❛❧❧ ❜✉②❡rs s✉❝❤ t❤❛t p∗ (q)

s❛t✐s✜❡s t❤❡ ✉s✉❛❧ ♠♦♥♦♣♦❧② ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥✳ ❋✐♥❛❧❧② ✐❢ q ≥ q̃, q✉❛❧✐t② ✐s s♦ ❤✐❣❤ t❤❛t

t❤❡ ✜r♠ ♦♣t✐♠❛❧❧② s❡❧❧s t♦ ❛❧❧ ♣♦t❡♥t✐❛❧ ❝✉st♦♠❡rs ❜② ♣r✐❝✐♥❣ ❛t t❤❡ ✇✐❧❧✐♥❣♥❡ss✲t♦✲♣❛② ♦❢ t❤❡

♠❛r❣✐♥❛❧ ❜✉②❡r✱ a + q✱ s✉❝❤ t❤❛t t❤❡ ♠❛r❦❡t ✐s ❵❝♦✈❡r❡❞✬✳ ❍♦✇❡✈❡r✱ ❢♦r s♦♠❡ ❞✐str✐❜✉t✐♦♥s✱

q̃ = ∞ ❛♥❞ s♦ t❤✐s ✜♥❛❧ ❝❛s❡ ✐s r❡❞✉♥❞❛♥t✳ ❍❡♥❝❡❢♦rt❤ t♦ ❛✈♦✐❞ s♦♠❡ ✉♥✐♥t❡r❡st✐♥❣ ❝❛s❡s✱ ❧❡t

q̄ > q
˜
✭♦r q̄ + b > 0✮ s✉❝❤ t❤❛t ❛ ♣r♦❞✉❝t ♦❢ ❛✈❡r❛❣❡ q✉❛❧✐t② ❛❧✇❛②s ❤❛s s♦♠❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡✳

❖✉r ❧❛t❡r ❛♥❛❧②s✐s ✇✐❧❧ ❝♦♥s✐❞❡r ❤♦✇ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✈❛r✐❡s ✇✐t❤ q✉❛❧✐t②✱ ❛♥❞ ✇❡ ✇✐❧❧

s♦♠❡t✐♠❡s r❡❢❡r t♦ dp∗(q)/dq ❛s ❵q✉❛❧✐t② ♣❛ss✲t❤r♦✉❣❤✬✳ ❋✐rst❧② ❢♦r q ∈ (q
˜
, q̃)✱ ❛❢t❡r ❞✐✛❡r❡♥✲

t✐❛t✐♥❣ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥✿

dp∗(q)

dq
=

1− σ(p∗(q)− q)

2− σ(p∗(q)− q))
, ✭✷✮

✇❤❡r❡ σ(ψ) = −[1 − G(ψ)]g′(ψ)/g(ψ)2 ✐s t❤❡ ❝✉r✈❛t✉r❡ ♦❢ ❞❡♠❛♥❞ ✭s❡❡ ❆❣✉✐rr❡ ❡t ❛❧ ✷✵✶✵✱

❛♥❞ ❲❡②❧ ❛♥❞ ❋❛❜✐♥❣❡r ✷✵✶✸✮✳ ■t t❤❡♥ ❢♦❧❧♦✇s t❤❛t dp∗(q)/dq ∈ [0, 1) ❜❡❝❛✉s❡ ♦✉r ❛ss✉♠♣t✐♦♥

♦❢ ❛♥ ✐♥❝r❡❛s✐♥❣ ❤❛③❛r❞ r❛t❡ ✐♠♣❧✐❡s t❤❛t D(p− q) ✐s ❧♦❣❝♦♥❝❛✈❡ ✐♥ ♣r✐❝❡✱ s✉❝❤ t❤❛t σ(ψ) ≤ 1✳

■♥t✉✐t✐✈❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ q✉❛❧✐t② q ♣r♦❞✉❝❡s ❛ ♣❛r❛❧❧❡❧ ♦✉t✇❛r❞ s❤✐❢t ✐♥ t❤❡ ✐♥✈❡rs❡ ❞❡♠❛♥❞

❝✉r✈❡✱ ❛♥❞ t❤❡ ✜r♠ ♦♣t✐♠❛❧❧② r❡s♣♦♥❞s ❜② ❜♦t❤ ❝❤❛r❣✐♥❣ ❛ ❤✐❣❤❡r ♣r✐❝❡ ❛♥❞ ❜② s❡❧❧✐♥❣ t♦

str✐❝t❧② ♠♦r❡ ❜✉②❡rs✳✻ ❙❡❝♦♥❞❧②✱ ✇❤❡r❡ ❛♣♣r♦♣r✐❛t❡✱ ✇❤❡♥ q ≥ q̃ q✉❛❧✐t② ♣❛ss✲t❤r♦✉❣❤ ✐s ♦♥❡✳

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t ❡❛r♥❡❞ ❜② ❛ ✜r♠ ♦❢ ❦♥♦✇♥ q✉❛❧✐t② q ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

π∗(q) = p∗(q) [1−G (p∗(q)− q)] . ✭✸✮

✻❲❡②❧ ❛♥❞ ❋❛❜✐♥❣❡r ✭✷✵✶✸✮ ♥♦t❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❝❤❛♥❣❡ ❢r♦♠ ❛♥② ♦✉t✇❛r❞ ✉♥✐t s❤✐❢t ✐♥ ✐♥✈❡rs❡
❞❡♠❛♥❞ ✭s✉❝❤ ❛s ❛♥ ✐♥❝r❡❛s❡ ✐♥ q✉❛❧✐t② ✇✐t❤✐♥ ♦✉r ♠♦❞❡❧✮ ❡q✉❛❧s ♦♥❡ ♠✐♥✉s ❝♦st ♣❛ss✲t❤r♦✉❣❤✳

✼



■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t π∗ (q) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥✈❡① ✐♥ q ❣✐✈❡♥ t❤❛t g(ε) ❤❛s ❛♥

✐♥❝r❡❛s✐♥❣ ❤❛③❛r❞ r❛t❡✳ ❋✐♥❛❧❧②✱ ❜✉②❡r s✉r♣❧✉s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

v∗(q) =

ˆ b+q

p∗(q)

[1−G (z − q)] dz. ✭✹✮

❖❜s❡r✈❡ t❤❛t v∗ (q) = 0 ✇❤❡♥ q ≤ q
˜
❜❡❝❛✉s❡ ♥♦ ❜✉②❡r ♣✉r❝❤❛s❡s t❤❡ ♣r♦❞✉❝t✱ ❜✉t t❤❛t ❜✉②❡r

s✉r♣❧✉s ✐s ♣♦s✐t✐✈❡ ❛♥❞ ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✐♥ q > q
˜
✳ ❲❡ ❢✉rt❤❡r ❞✐s❝✉ss t❤❡ s❤❛♣❡ ♦❢ v∗(q) ✐♥

❙❡❝t✐♦♥ ✹✳✶ ❜❡❧♦✇✳

✸✳✷ Pr✐✈❛t❡❧②✲❑♥♦✇♥ ◗✉❛❧✐t②

❍❡♥❝❡❢♦rt❤ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜r♠ ✐s ♣r✐✈❛t❡❧② ✐♥❢♦r♠❡❞ ❛❜♦✉t ✐ts q✉❛❧✐t②✳ ❆s ✐s t②♣✐❝❛❧

✐♥ s✐❣♥❛❧✐♥❣ ❣❛♠❡s✱ t❤❡r❡ ❡①✐sts ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ P❇❊ ❜❡❝❛✉s❡ ❜✉②❡rs ❝❛♥ ❛ttr✐❜✉t❡ ❛♥②

♦✛✲♣❛t❤ ❝❧❛✐♠ ♦r ♣r✐❝❡ t♦ t❤❡ ❧♦✇ t②♣❡✳ ❍♦✇❡✈❡r✱ st❛♥❞❛r❞ r❡✜♥❡♠❡♥ts ❧✐❦❡ ❉✶ ❤❛✈❡ ❧✐tt❧❡ ❜✐t❡

✐♥ ♦✉r ❣❛♠❡✳✼ ❚❤❡r❡❢♦r❡ ✇❡ ❛♣♣r♦❛❝❤ ❡q✉✐❧✐❜r✐✉♠ s❡❧❡❝t✐♦♥ ❛s ❢♦❧❧♦✇s✳ ❋✐rst❧②✱ ✇❡ r❡str✐❝t

❛tt❡♥t✐♦♥ t♦ P❇❊ ✐♥ ✇❤✐❝❤ t❤❡ ❤✐❣❤ t②♣❡ ❛❧✇❛②s ♠❛❦❡s ❛ tr✉t❤❢✉❧ ❝❧❛✐♠✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦

❢♦❝✉s ♦♥ t❤❡ ❧♦✇ t②♣❡✬s ✐♥❝❡♥t✐✈❡s t♦ ❡♥❣❛❣❡ ✐♥ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❙❡❝♦♥❞❧②✱ ✇❡ r❡str✐❝t ❜✉②❡r

❜❡❧✐❡❢s t♦ ❞❡♣❡♥❞ ♦♥❧② ♦♥ t❤❡ ✜r♠✬s ❝❧❛✐♠ ❛♥❞ ♥♦t ♦♥ ✐ts ♣r✐❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥

♦❜s❡r✈✐♥❣ ❛ ❤✐❣❤ ❝❧❛✐♠✱ ✇❡ ❛ss✉♠❡ t❤❛t ❜✉②❡rs ❡①♣❡❝t q✉❛❧✐t② qeH ≡ E (q|r = H) ✐rr❡s♣❡❝t✐✈❡

♦❢ ♣r✐❝❡✱ s✉❝❤ t❤❛t ❜♦t❤ t②♣❡s ♦♣t✐♠❛❧❧② ❝❤❛r❣❡ p∗ (qeH)✳ ■♥t✉✐t✐✈❡❧②✱ ❛❢t❡r ♠❛❦✐♥❣ ❛ ❤✐❣❤

❝❧❛✐♠✱ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ t✇♦ t②♣❡s ❞✐✛❡r ♦♥❧② ❜② t❤❡ ♣✉♥✐s❤♠❡♥t φ ❞✉❡ t♦ t❤❡✐r

❝♦♠♠♦♥ ♠❛r❣✐♥❛❧ ❝♦st✳ ❍❡♥❝❡✱ ❜✉②❡rs s❤♦✉❧❞ ❡①♣❡❝t t❤❡ t✇♦ t②♣❡s t♦ ♣r✐❝❡ ✐♥ t❤❡ s❛♠❡ ✇❛②✱

❛♥❞ s♦ ❛✈♦✐❞ ♠❛❦✐♥❣ ❛♥② ♣r✐❝❡✲❜❛s❡❞ ✐♥❢❡r❡♥❝❡s✳ ❆ ♠♦r❡ ❢♦r♠❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤✐s s❡❝♦♥❞

r❡str✐❝t✐♦♥ ❝❛♥ ❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ❜② ✉s✐♥❣ ▼❛✐❧❛t❤ ❡t ❛❧ ✬s ✭✶✾✾✸✮ ❯♥❞❡❢❡❛t❡❞ ❊q✉✐❧✐❜r✐✉♠

r❡✜♥❡♠❡♥t✳✽ ❲❡ ♠❛② t❤❡♥ st❛t❡✿

✼■♥ ♣❛rt✐❝✉❧❛r t❤❡r❡ ❛r❡ ♠❛♥② ❡q✉✐❧✐❜r✐❛ ✇✐t❤ r(H) = H t❤❛t ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❉✶✳ ❚♦ s❡❡ ✇❤②✱ ♥♦t❡ t❤❛t
❛ ❤✐❣❤ t②♣❡ ❡❛r♥s φ ♠♦r❡ t❤❛♥ ❛ ❧♦✇ t②♣❡ ✐✮ ♦♥✲♣❛t❤ ✐♥ ❛♥② ♣♦♦❧✐♥❣✱ s❡♠✐✲♣♦♦❧✐♥❣✱ ♦r ❧❡❛st✲❝♦st s❡♣❛r❛t✐♥❣
❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ✐✐✮ ❢♦❧❧♦✇✐♥❣ ❛ r❡♣♦rt r = H ❛♥❞ ❛♥② ♦✛✲♣❛t❤ ♣r✐❝❡✳ ❍❡♥❝❡ ❉✶ ❞♦❡s ♥♦t r❡str✐❝t ❜❡❧✐❡❢s
❢♦❧❧♦✇✐♥❣ ❛ r❡♣♦rt r = H ❛♥❞ ❛♥ ♦✛✲♣❛t❤ ♣r✐❝❡✳

✽■♥ ♣❛rt✐❝✉❧❛r✱ s✉♣♣♦s❡ ❜✉②❡rs ❜❡❧✐❡✈❡ t❤❛t ♦♥ ❛✈❡r❛❣❡ ❛ ✜r♠ r❡♣♦rt✐♥❣ r = H ❤❛s q✉❛❧✐t② qeH ✳ ❈♦♥s✐❞❡r
❤♦✇ ❜✉②❡rs s❤♦✉❧❞ ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢ ✉♣♦♥ s❡❡✐♥❣ r = H ❛♥❞ s♦♠❡ ♣r✐❝❡ p✳ ■t t✉r♥s ♦✉t t❤❛t ❉✶ ❛❣❛✐♥ ❤❛s ♥♦
❜✐t❡✳ ❍♦✇❡✈❡r t❤❡ ❯♥❞❡❢❡❛t❡❞ ❘❡✜♥❡♠❡♥t ✐✮ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ♦✉r s❡❝♦♥❞ r❡str✐❝t✐♦♥ t❤❛t E (q|r = H, p) =
qeH ✱ ❛♥❞ ✐✐✮ ✉♥✐q✉❡❧② s❡❧❡❝ts t❤❡ ♣r✐❝❡ p∗ (qeH) ❛s t❤❡ ♣r✐❝❡ ✇❤✐❝❤ t❤❡ ✜r♠ s❤♦✉❧❞ ❝❤❛r❣❡ ❛❢t❡r r❡♣♦rt✐♥❣ r = H✳
◆♦t❡ t❤❛t ❜② ❛♣♣❧②✐♥❣ t❤❡ r❡✜♥❡♠❡♥t ✐♥ t❤✐s ✇❛②✱ ✇❡ ❛ss✉♠❡ t❤❛t ❜✉②❡rs ✐♥t❡r♣r❡t ❛♥② ♦✛✲♣❛t❤ ♣r✐❝❡ ❛s
❛ ✭♣♦ss✐❜❧❡✮ s✐❣♥❛❧ ♦❢ ❛ ✜r♠✬s t②♣❡ r❛t❤❡r t❤❛♥ ❛s ❛ s✐❣♥❛❧ ❛❜♦✉t E (q|r = H)✳ ❖t❤❡r r❡❝❡♥t ✉s❡s ♦❢ t❤✐s
r❡✜♥❡♠❡♥t ✐♥❝❧✉❞❡ ●✐❧❧ ❛♥❞ ❙❣r♦✐ ✭✷✵✶✷✮✱ P❡r❡③✲❘✐❝❤❡t ❛♥❞ Pr❛❞② ✭✷✵✶✷✮✱ ▼✐❦❧♦s✲❚❤❛❧ ❛♥❞ ❩❤❛♥❣ ✭✷✵✶✸✮ ❛♥❞
▲❛✉❡r♠❛♥♥ ❛♥❞ ❲♦❧✐♥s❦② ✭✷✵✶✺✮✳

✽



Pr♦♣♦s✐t✐♦♥ ✶✳ ❙✉♣♣♦s❡ ❛ ❤✐❣❤ t②♣❡ ❛❧✇❛②s r❡♣♦rts tr✉t❤❢✉❧❧②✱ ❛♥❞ ❜✉②❡r ❜❡❧✐❡❢s ❞❡♣❡♥❞ ♦♥❧②

♦♥ t❤❡ ✜r♠✬s ❝❧❛✐♠✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ P❇❊ ✭✉♣ t♦ ♦✛✲♣❛t❤ ❜❡❧✐❡❢s✾✮✱ ✐♥ ✇❤✐❝❤✿

✐✮ ❆ ❤✐❣❤ t②♣❡ ❝❧❛✐♠s r = H ❛♥❞ ❝❤❛r❣❡s p∗(qeH)✳

✐✐✮ ❆ ❧♦✇ t②♣❡ r❛♥❞♦♠✐③❡s✳ ❲✐t❤ ♣r♦❜❛❜✐❧✐t② y∗ ✐t ❝❧❛✐♠s r = H ❛♥❞ ❝❤❛r❣❡s p∗(qeH)✳ ❲✐t❤

♣r♦❜❛❜✐❧✐t② 1− y∗ ✐t ❝❧❛✐♠s r = L ❛♥❞ ❝❤❛r❣❡s p∗(L)✳

✲ ❲❤❡♥ φ ≤ φ1 ≡ π∗(q̄)− π∗(L)✱ y∗ = 1

✲ ❲❤❡♥ φ ≥ φ0 ≡ π∗(H)− π∗(L)✱ y∗ = 0

✲ ❲❤❡♥ φ ∈ (φ1, φ0)✱ y
∗ ∈ (0, 1) ❛♥❞ ✉♥✐q✉❡❧② s♦❧✈❡s

π∗(qeH)− φ = π∗(L), ✭✺✮

where qeH =
xy∗L+ (1− x)H

1− x+ xy∗
. ✭✻✮

✐✐✐✮ ❇✉②❡r ❜❡❧✐❡❢s ❛r❡ Pr (q = H|r = L) = 0 ❛♥❞ Pr (q = H|r = H) = 1−x
1−x+xy∗ .

Pr♦♣♦s✐t✐♦♥ ✶ ❝❤❛r❛❝t❡r✐③❡s ❛ ♥❛t✉r❛❧ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ ❛r✐s❡✳ ❆

❤✐❣❤ q✉❛❧✐t② ✜r♠ ❛❧✇❛②s r❡♣♦rts tr✉t❤❢✉❧❧② ❛♥❞ ❝❤❛r❣❡s p∗ (qeH)✳ ❲✐t❤ ♣r♦❜❛❜✐❧✐t② y∗✱ ❛ ❧♦✇

q✉❛❧✐t② ✜r♠ ♣♦♦❧s ✇✐t❤ t❤❡ ❤✐❣❤ t②♣❡ ❜② ❢❛❧s❡❧② ❝❧❛✐♠✐♥❣ r = H ❛♥❞ ❝❤❛r❣✐♥❣ p∗ (qeH)✱ ❛♥❞

✇✐t❤ r❡♠❛✐♥✐♥❣ ♣r♦❜❛❜✐❧✐t② 1 − y∗ ✐t r❡♣♦rts tr✉t❤❢✉❧❧② ❛♥❞ ❝❤❛r❣❡s p∗ (L)✳ ❚❤❡r❡❢♦r❡ ✇❤❡♥

❜✉②❡rs ♦❜s❡r✈❡ ❛ r❡♣♦rt r = L✱ t❤❡② ❝♦rr❡❝t❧② ✐♥❢❡r ❧♦✇ q✉❛❧✐t② ❛♥❞ ❞❡♠❛♥❞ D (p∗ (L)− L)

✉♥✐ts✱ s✉❝❤ t❤❛t t❤❡ ✜r♠ ❡❛r♥s π∗ (L)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❤❡♥ ❜✉②❡rs ♦❜s❡r✈❡ ❛ r❡♣♦rt

r = H t❤❡② ✉♣❞❛t❡ t❤❡✐r ❡①♣❡❝t❛t✐♦♥s ❛❜♦✉t q✉❛❧✐t② t♦

qeH =
xy∗L+ (1− x)H

1− x+ xy∗
≥ q̄ > L,

✇❤❡r❡ ❢♦r ❜r❡✈✐t② ✇❡ ♦♠✐t t❤❡ ❞❡♣❡♥❞❡♥❝❡ ♦❢ qeH ♦♥ y∗✳ ❈♦♥s❡q✉❡♥t❧② ❜② ✉s✐♥❣ ❢❛❧s❡ ❛❞✈❡r✲

t✐s✐♥❣✱ ❛ ❧♦✇ q✉❛❧✐t② ✜r♠ ❝❛♥ ♣❡rs✉❛❞❡ r❛t✐♦♥❛❧ ❜✉②❡rs t♦ ♦✈❡r❡st✐♠❛t❡ ✐ts ♣r♦❞✉❝t q✉❛❧✐t②✱

❛♥❞ ❡❛r♥ π∗ (qeH) − φ✳ ❍♦✇❡✈❡r s✉❝❤ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ♥❡✈❡r s②st❡♠❛t✐❝❛❧❧② ❞❡❝❡✐✈❡s ❜✉②❡rs

❜❡❝❛✉s❡ t❤❡✐r ❜❡❧✐❡❢s ❛r❡ ❝♦rr❡❝t ♦♥ ❛✈❡r❛❣❡ ❞✉❡ t♦ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ ❤✐❣❤

r❡♣♦rt ❝♦♠❡s ❢r♦♠ ❛ ❤✐❣❤ t②♣❡✳

❚❤❡ ♣r❡❝✐s❡ ❡q✉✐❧✐❜r✐✉♠ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❞❡♣❡♥❞s s♠♦♦t❤❧② ♦♥ t❤❡ s✐③❡ ♦❢ t❤❡ ♣✉♥✐s❤♠❡♥t

φ✳ ❋✐rst❧② ✐❢ φ ≤ π∗(q̄)−π∗(L) t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s ❢✉❧❧ ♣♦♦❧✐♥❣✳ ❚❤❡ ♣✉♥✐s❤♠❡♥t ✐s s✉✣❝✐❡♥t❧②

❧♦✇ t❤❛t ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s ❛ ❞♦♠✐♥❛♥t str❛t❡❣② ❢♦r t❤❡ ❧♦✇ t②♣❡✱ ❛♥❞ ❤❡♥❝❡ y∗ = 1✳ ❇✉②❡rs

❞✐s❝♦✉♥t ❛♥② ❤✐❣❤ ❛❞✈❡rt✐s❡❞ ❝❧❛✐♠ ❛♥❞ ♠❛✐♥t❛✐♥ t❤❡✐r ♣r✐♦r s✉❝❤ t❤❛t qeH = q̄✳

❙❡❝♦♥❞❧② ✐❢ φ ≥ π∗(H) − π∗(L) t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s ❢✉❧❧ s❡♣❛r❛t✐♦♥✳ ❚❤❡ ♣✉♥✐s❤♠❡♥t ✐s

s✉✣❝✐❡♥t❧② ❤✐❣❤ t❤❛t tr✉t❤✲t❡❧❧✐♥❣ ✐s ❛ ❞♦♠✐♥❛♥t str❛t❡❣② ❢♦r t❤❡ ❧♦✇ t②♣❡✱ ❛♥❞ ❤❡♥❝❡ y∗ = 0✳

✾◆♦t❡ t❤❛t ✇❤❡♥ φ < φ1 t❤❡ ❝❧❛✐♠ r = L ✐s ♦✛✲♣❛t❤✱ ❛♥❞ ❛ r❛♥❣❡ ♦❢ ❜❡❧✐❡❢s Pr (q = L|r = L) ❧❡❛❞ t♦ t❤❡
s❛♠❡ ❡q✉✐❧✐❜r✐✉♠ ♣❧❛②✳
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❆❞✈❡rt✐s✐♥❣ ✐s ♣❡r❢❡❝t❧② ✐♥❢♦r♠❛t✐✈❡ ❛♥❞ ❝❧❛✐♠s ❛r❡ ❢✉❧❧② ❝r❡❞✐❜❧❡ s✉❝❤ t❤❛t qeH = H✳ ❚❤❡

✜r♠ ❡❛r♥s ✐ts ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✜t✳

❋✐♥❛❧❧② ❛♥❞ ♠♦st ✐♥t❡r❡st✐♥❣❧②✱ ✐❢ φ ∈ (φ1, φ0) t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s s❡♠✐✲♣♦♦❧✐♥❣✳ ❍❡r❡✱ t❤❡

❡q✉✐❧✐❜r✐✉♠ ❤❛s t✇♦ ♥♦✈❡❧ ❢❡❛t✉r❡s✳ ❋✐rst✱ t❤❡ ❧♦✇ t②♣❡ ♠❛❦❡s ❛ ❢❛❧s❡ ❝❧❛✐♠ ✇✐t❤ str✐❝t❧②

✐♥t❡r✐♦r ♣r♦❜❛❜✐❧✐t② y∗ ∈ (0, 1)✱ ✇❤❡r❡ y∗ s❛t✐s✜❡s ❡q✉❛t✐♦♥ ✭✺✮ t♦ ❡♥s✉r❡ t❤❛t t❤❡ ❧♦✇ t②♣❡

✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❧②✐♥❣ ❛♥❞ t❡❧❧✐♥❣ t❤❡ tr✉t❤✳ ❘❛♥❞♦♠✐③❛t✐♦♥ ✐s ❛♥ ❡ss❡♥t✐❛❧ ❢❡❛t✉r❡ ♦❢

t❤✐s ❡q✉✐❧✐❜r✐✉♠ ❜❡❝❛✉s❡ t❤❡ ♣✉♥✐s❤♠❡♥t ✐s t♦♦ ❤✐❣❤ t♦ s✉♣♣♦rt ❢✉❧❧ ♣♦♦❧✐♥❣ ❛♥❞ t♦♦ ❧♦✇

t♦ s✉♣♣♦rt ❢✉❧❧ s❡♣❛r❛t✐♦♥✳ ❙❡❝♦♥❞✱ ✉♥❧✐❦❡ t❤❡ ❢✉❧❧ ♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐✉♠✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s

♣❛rt✐❛❧❧② ✐♥❢♦r♠❛t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡ ♣r♦♠♣ts ❜✉②❡rs t♦ ❛❝t✐✈❡❧② ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ❜❡②♦♥❞

t❤❡✐r ♣r✐♦rs✱ ✇✐t❤ qeH ∈ (q̄, H)✳

✹ ❚❤❡ ❊✛❡❝ts ♦❢ P♦❧✐❝②

❋✐rst ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝ts ♦❢ ♣♦❧✐❝② ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✱ y∗✳ ❇② ✉s✐♥❣ ❡q✉❛t✐♦♥s

✭✺✮ ❛♥❞ ✭✻✮ ✐t ❢♦❧❧♦✇s t❤❛t✿

▲❡♠♠❛ ✷✳ ❚❤❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ y∗✱ ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ❧❡✈❡❧

♦❢ ♣✉♥✐s❤♠❡♥t φ✳

❙tr♦♥❣❡r ♣♦❧✐❝② s♠♦♦t❤❧② ✐♥❝r❡❛s❡s t❤❡ ✐♥❢♦r♠❛t✐✈❡♥❡ss ♦❢ ❛❞✈❡rt✐s✐♥❣✳ ❲❤❡♥ φ > φ0 ♦r

φ < φ1✱ ❛ ❧♦✇ q✉❛❧✐t② ✜r♠ ❤❛s ❛ str✐❝t ♣r❡❢❡r❡♥❝❡ ❢♦r tr✉t❤✲t❡❧❧✐♥❣ ♦r ❧②✐♥❣ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞

s♦ s♠❛❧❧ ❝❤❛♥❣❡s ✐♥ φ ❤❛✈❡ ♥♦ ❡✛❡❝t✳ ❍♦✇❡✈❡r ✇❤❡♥ φ ∈ [φ1, φ0]✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡

❛❞✈❡rt✐s✐♥❣ y∗ s❛t✐s✜❡s t❤❡ ✐♥❞✐✛❡r❡♥❝❡ ❝♦♥❞✐t✐♦♥ ✭✺✮ ❛♥❞ ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ φ ❢r♦♠ 1

t♦ 0✳ ■♥t✉✐t✐✈❡❧②✱ t♦ ♠❛✐♥t❛✐♥ ✐♥❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❧♦✇ t②♣❡ ❛s φ ✐♥❝r❡❛s❡s✱ ❤✐❣❤ r❡♣♦rts ♠✉st

❜❡❝♦♠❡ ♠♦r❡ ❝r❡❞✐❜❧❡✳ ❙✐♥❝❡ ❜✉②❡rs ❛r❡ ❇❛②❡s✐❛♥✱ t❤✐s ✐s ♦♥❧② ♣♦ss✐❜❧❡ ✐❢ y∗ ✐s str✐❝t❧② ❧♦✇❡r✳

✹✳✶ ❇✉②❡r ❙✉r♣❧✉s

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝ts ♦❢ ♣♦❧✐❝② ♦♥ ❛ ✈❛r✐❡t② ♦❢ ✇❡❧❢❛r❡ ♠❡❛s✉r❡s✱ st❛rt✐♥❣ ✇✐t❤ ❜✉②❡r

s✉r♣❧✉s✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✶ ✇❡ ❝❛♥ ✇r✐t❡ ❡①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s ❛s

E(v) = x(1− y∗)

ˆ b

p∗(L)−L
(L+ ε− p∗(L)) dG(ε) + xy∗

ˆ b

p∗(qeH)−qeH
(L+ ε− p∗(qeH)) dG(ε)

+(1− x)

ˆ b

p∗(qeH)−qeH
(H + ε− p∗(qeH)) dG(ε). ✭✼✮

■♥ ✇♦r❞s✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② x(1− y∗) t❤❡ ✜r♠ s❡♥❞s ❛ ❧♦✇ r❡♣♦rt ❛♥❞ ❝❤❛r❣❡s p∗(L)✳ ❇✉②❡rs

❝♦rr❡❝t❧② ✐♥❢❡r ❧♦✇ q✉❛❧✐t②✱ ❜✉② ✐❢ ε ≥ p∗(L) − L✱ ❛♥❞ s♦ r❡❝❡✐✈❡ L + ε − p∗(L)✳ ❚❤❡♥ ✇✐t❤

✶✵



♣r♦❜❛❜✐❧✐t② 1 − x + xy∗ t❤❡ ✜r♠ s❡♥❞s ❛ ❤✐❣❤ r❡♣♦rt ❛♥❞ ❝❤❛r❣❡s p∗(qeH)✳ ❇✉②❡rs ✉♣❞❛t❡

t❤❡✐r ❜❡❧✐❡❢s ❛❝❝♦r❞✐♥❣ t♦ ❡q✉❛t✐♦♥ ✭✻✮✱ ❛♥❞ ❜✉② ✐❢ ε ≥ p∗(qeH) − qeH ✳ ❲✐t❤ ❝♦♥❞✐t✐♦♥❛❧

♣r♦❜❛❜✐❧✐t② xy∗/ (1− x+ xy∗)✱ t❤❡ ♣r♦❞✉❝t ✐s ❧♦✇ q✉❛❧✐t②✱ ❛♥❞ ❜✉②❡rs r❡❝❡✐✈❡ L+ ε−p∗(qeH)✳

❲✐t❤ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② (1− x)/ (1− x+ xy∗)✱ t❤❡ ♣r♦❞✉❝t ✐s ❤✐❣❤ q✉❛❧✐t②✱ ❛♥❞ ❜✉②❡rs

r❡❝❡✐✈❡ H + ε− p∗(qeH)✳ ❆❢t❡r ❝♦❧❧❡❝t✐♥❣ t❡r♠s ❛♥❞ ✉s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ v∗(q) ✐♥ ❡q✉❛t✐♦♥

✭✹✮✱ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ s✐♠♣❧✐✜❡s ❛s ❢♦❧❧♦✇s✱ ✇❤❡r❡ E(v) ✐s ❥✉st ❛ ❝♦♥✈❡① ❝♦♠❜✐♥❛t✐♦♥ ♦❢

v∗(L) ❛♥❞ v∗(qeH)✳

E(v) = x(1− y∗)v∗(L) + (xy∗ + 1− x)v∗(qeH). ✭✽✮

❲❡ ♥♦✇ ❡①♣❧♦✐t t❤❡ s♠♦♦t❤ ❢❡❛t✉r❡ ♦❢ ♦✉r ❡q✉✐❧✐❜r✐✉♠ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝t ♦❢ ❛

♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣❡♥❛❧t② φ✱ ✉♥❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥ ♦♥ ❞❡♠❛♥❞

❝✉r✈❛t✉r❡✿

❆ss✉♠♣t✐♦♥ ✶✳ ▲❡t z(ψ) = −σ′(ψ)+[2−σ(ψ)]g(ψ)/[1−G(ψ)]. ❚❤❡ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s

❡✐t❤❡r ✐✮ q̃ < ∞ ❛♥❞ z(ψ) > 0 ❢♦r ❛❧❧ ψ ∈ (a, b), ♦r ✐✐✮ q
˜
= −∞✱ q̃ = ∞✱ z(ψ) ❝❤❛♥❣❡s ❢r♦♠

♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡ ❛t ❡①❛❝t❧② ♦♥❡ ✈❛❧✉❡ ♦❢ ψ ∈ (a, b)✱ ❛♥❞ limψ→a σ(ψ) = −∞✳

❆ss✉♠♣t✐♦♥ ✶ ✐s s❛t✐s✜❡❞ ❜② ❛ ✇✐❞❡ ❝❧❛ss ♦❢ ❞❡♠❛♥❞ ❢✉♥❝t✐♦♥s✱ ❛♥❞ ❡♥s✉r❡s t❤❛t v∗(q) ✐s

s✲s❤❛♣❡❞ ✐♥ q✉❛❧✐t②✳ ❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ❞❡♥♦t❡

q̂ = sup
{
q ∈ (q

˜
, q̃) : z(p∗(q)− q) > 0

}
✭✾✮

❛s t❤❡ ✜♥✐t❡ q✉❛❧✐t② ❧❡✈❡❧ ❛t ✇❤✐❝❤ v∗(q) ❝❤❛♥❣❡s ❢r♦♠ ❜❡✐♥❣ str✐❝t❧② ❝♦♥✈❡① t♦ ❝♦♥❝❛✈❡✳ ❆s✲

s✉♠♣t✐♦♥ ✶✐ ✐s s❛t✐s✜❡❞ ❜② ❛ r✐❝❤ ❝❧❛ss ♦❢ ❞❡♠❛♥❞s t❤❛t ❡①❤✐❜✐t ❝♦♥st❛♥t ❝✉r✈❛t✉r❡✱ ✇❤✐❝❤

✐♥❝❧✉❞❡s ❧✐♥❡❛r ❛♥❞ ❡①♣♦♥❡♥t✐❛❧ ❞❡♠❛♥❞ ✭s❡❡ ❇✉❧♦✇ ❛♥❞ P✢❡✐❞❡r❡r ✶✾✽✸✮✳ ❍❡r❡ q̂ = q̃ s✉❝❤

t❤❛t v∗(q) ✐s str✐❝t❧② ❝♦♥✈❡① ❢♦r ❛❧❧ q ∈ (q
˜
, q̃)✱ ❜✉t ✐♥❞❡♣❡♥❞❡♥t ♦❢ q✉❛❧✐t② ❛♥❞ ❡q✉❛❧ t♦

´ b

a
[1−G (z)] dz ✇❤❡♥ q > q̃✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❆ss✉♠♣t✐♦♥ ✶✐✐ ✐s s❛t✐s✜❡❞ ❜② ♠❛♥② ❞❡♠❛♥❞s

✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❝✉r✈❛t✉r❡ ✲ ✐♥❝❧✉❞✐♥❣ t❤♦s❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ◆♦r♠❛❧✱ ▲♦❣✐st✐❝✱ ❚②♣❡ ■ ❊①✲

tr❡♠❡ ❱❛❧✉❡ ❛♥❞ ❲❡✐❜✉❧❧ ❞✐str✐❜✉t✐♦♥s✳ ❋♦r t❤❡s❡ ❞❡♠❛♥❞s q̂ s♦❧✈❡s z (p∗(q)− q) = 0✱ ❛♥❞

v∗(q) ✐s str✐❝t❧② ❝♦♥✈❡① ❢♦r q < q̂ ❜✉t str✐❝t❧② ❝♦♥❝❛✈❡ ❢♦r q > q̂✳ ❋✉rt❤❡r ❞❡t❛✐❧s ❛r❡ ♣r♦✈✐❞❡❞

✐♥ ❙❡❝t✐♦♥ ❆ ♦❢ t❤❡ ❙✉♣♣❧❡♠❡♥t❛r② ❆♣♣❡♥❞✐①✳✶✵ ❲❡ ❝❛♥ t❤❡♥ st❛t❡✿

▲❡♠♠❛ ✸✳ ❈♦♥s✐❞❡r φ ∈ [φ1, φ0] ❛♥❞ s✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✶ ❤♦❧❞s✳

✐✮ ■❢ L < q̂ ❡①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s ✐s q✉❛s✐❝♦♥❝❛✈❡ ✐♥ φ✳ ❋♦r ❛♥② ❣✐✈❡♥ L t❤❡r❡ ❡①✐sts ❛

t❤r❡s❤♦❧❞ q̇(L) ≥ q̂✱ s✉❝❤ t❤❛t ❡①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ φ ✐❢ qeH < q̇(L)✱

✶✵❚❤✐s ❛♣♣❡♥❞✐① ♠❛② ❛❧s♦ ♣r♦✈❡ ✉s❡❢✉❧ ❢♦r ♦t❤❡r ✇✐❞❡r ❧✐t❡r❛t✉r❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ❛ r❡❝❡♥t ❧✐t❡r❛t✉r❡ ♦♥ t❤❡
✇❡❧❢❛r❡ ❡✛❡❝ts ♦❢ t❤✐r❞✲❞❡❣r❡❡ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✉s❡s ❛ r❡str✐❝t✐♦♥ r❡❧❛t❡❞ t♦ ❆ss✉♠♣t✐♦♥ ✶ ✇❤✐❝❤ ❡♥s✉r❡s
t❤❛t ❜✉②❡r s✉r♣❧✉s ✐s ❝♦♥✈❡① ✇✐t❤ r❡s♣❡❝t t♦ ♠❛r❣✐♥❛❧ ❝♦st ✭❡✳❣✳ ❈♦✇❛♥ ✷✵✶✷ ❛♥❞ ❈❤❡♥ ❛♥❞ ❙❝❤✇❛rt③ ✷✵✶✺✮✳

✶✶



❜✉t str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ φ ✐❢ qeH > q̇(L)✳

✐✐✮ ■❢ L > q̂ ❡①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ φ✳

▲❡♠♠❛ ✸ s❤♦✇s t❤❛t ❜✉②❡rs ❞♦ ♥♦t ❛❧✇❛②s ❜❡♥❡✜t ❢r♦♠ t♦✉❣❤❡r ♣❡♥❛❧t✐❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱

❛ ✇❡❧❧✲✐♥t❡♥t✐♦♥❡❞ ♣♦❧✐❝② t❤❛t ✐♥❝r❡❛s❡s φ ♠❛② ❛❝t✉❛❧❧② r❡❞✉❝❡ ❡①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s✳ ❚♦

✉♥❞❡rst❛♥❞ ✇❤②✱ r❡❝❛❧❧ t❤❛t t❤❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ y∗ ✐s ❛ ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ φ✱ ❛♥❞

♥♦t❡ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ y∗ ♣r♦❞✉❝❡s t✇♦ ❡✛❡❝ts✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❜✉②❡rs ❛r❡ ♠♦r❡ ❧✐❦❡❧②

t♦ r❡❝❡✐✈❡ ❛ ❢❛❧s❡ ❛❞✈❡rt ❛♥❞ s♦ ❜❡ ♣❡rs✉❛❞❡❞ t♦ ❜✉② ❛ ❧♦✇ q✉❛❧✐t② ♣r♦❞✉❝t ❛t ❛♥ ✐♥✢❛t❡❞

♣r✐❝❡ p∗(qeH) > p∗(L)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❧②✐♥❣ ❞❛♠❛❣❡s t❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢

❛❞✈❡rt✐s✐♥❣✳ ❚❤✐s r❡❞✉❝❡s ❜✉②❡rs✬ ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ✐♥❞✉❝❡s ❛♥② ♣r♦❞✉❝t ✇✐t❤ ❛ ❤✐❣❤ ❝❧❛✐♠

t♦ s❡t ❛ ❧♦✇❡r ♣r✐❝❡✳ ■♥ ♠♦r❡ ❞❡t❛✐❧✱ ♦♥❡ ❝❛♥ ✇r✐t❡

∂E(v)

∂y∗
= x [v∗ (qeH)− (qeH − L)D (p∗(qeH)− qeH)− v∗(L)]︸ ︷︷ ︸

❵P❡rs✉❛s✐♦♥✬ ❡✛❡❝t

− (1− x+ xy∗)D(p∗(qeH)− qeH)
∂p∗(qeH)

∂qeH

∂qeH
∂y∗︸ ︷︷ ︸

❵Pr✐❝❡✬ ❡✛❡❝t

. ✭✶✵✮

❚❤❡ ✜rst t❡r♠ ✐s ❛ ❵♣❡rs✉❛s✐♦♥✬ ❡✛❡❝t✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ✜r♠ ❤❛✈✐♥❣ ❧♦✇ q✉❛❧✐t② ✭✇❤✐❝❤

♦❝❝✉rs ✇✐t❤ ♣r♦❜❛❜✐❧✐t② x✮✱ ❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ ❧②✐♥❣ r❡♣❧❛❝❡s t❤❡ s✉r♣❧✉s t❤❛t t❤❡ ❜✉②❡r

✇♦✉❧❞ ❤❛✈❡ r❡❝❡✐✈❡❞ ✐❢ t❤❡ ✜r♠ ❤❛❞ t♦❧❞ t❤❡ tr✉t❤✱ v∗(L)✱ ✇✐t❤ t❤❡ s✉r♣❧✉s ❛ss♦❝✐❛t❡❞ ✇✐t❤

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✱ v∗ (qeH) − (qeH − L)D (p∗(qeH)− qeH)✳ ❚♦ ❡①♣❧❛✐♥ t❤✐s ❧❛tt❡r s✉r♣❧✉s✱ ♥♦t❡

t❤❛t ❛❢t❡r ♦❜s❡r✈✐♥❣ ❛ ❤✐❣❤ r❡♣♦rt✱ ❜✉②❡rs ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s t♦ qeH ✱ ❛♥❞ ❡①♣❡❝t t♦ r❡❝❡✐✈❡

❛ s✉r♣❧✉s v∗ (qeH)✳ ❍♦✇❡✈❡r s✐♥❝❡ q✉❛❧✐t② ✐s ❧♦✇✱ ❡❛❝❤ ♦❢ t❤❡ D (p∗(qeH)− qeH) ✉♥✐ts ❜♦✉❣❤t

✐s ✇♦rt❤ qeH − L ❧❡ss t❤❛♥ ❛♥t✐❝✐♣❛t❡❞✳ ❚❤✐s ❤❛r♠s ❜✉②❡rs ❜② ♣r♦♠♣t✐♥❣ t❤❡♠ t♦ ♣❛② t♦♦

♠✉❝❤ ❛♥❞ t♦ ♣♦t❡♥t✐❛❧❧② ❜✉② t♦♦ ♠❛♥② ✉♥✐ts ♦❢ ❛ ❧♦✇ q✉❛❧✐t② ♣r♦❞✉❝t✱ ❛s r❡♣r❡s❡♥t❡❞ ❜② t❤❡

s❤❛❞❡❞ ❛r❡❛ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤❡ ❡✛❡❝t ❢♦r♠❛❧✐③❡s t❤❡ ❧♦ss ✐♥ ❜✉②❡r s✉r♣❧✉s ❝❛✉s❡❞ ❜② ♣❡rs✉❛s✐✈❡

❛❞✈❡rt✐s✐♥❣ ❛s ✐❞❡♥t✐✜❡❞ ✐♥ t❤❡ s❡♠✐♥❛❧ ♣❛♣❡r ❜② ❉✐①✐t ❛♥❞ ◆♦r♠❛♥ ✭✶✾✼✽✮✳ ❍♦✇❡✈❡r✱ ♦✉r

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❵♣❡rs✉❛s✐♦♥✬ ❡✛❡❝t ❛r✐s❡s ❢r♦♠ ❛ ❝❤❛♥❣❡ ✐♥ r❛t✐♦♥❛❧ ❜✉②❡rs✬ ❜❡❧✐❡❢s✱ r❛t❤❡r

t❤❛♥ ❛♥ ✉♥♠♦❞❡❧❡❞ ❝❤❛♥❣❡ ✐♥ t❤❡✐r ♣r❡❢❡r❡♥❝❡s✳

❚❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ✭✶✵✮ ✐s ❛ ❵♣r✐❝❡✬ ❡✛❡❝t✳ ❆ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ y∗ ❧♦✇❡rs t❤❡ ♣r♦❜❛❜✐❧✐t②

t❤❛t ❛ ❤✐❣❤ ❝❧❛✐♠ ✐s tr✉❡✳ ❚❤✐s r❡❞✉❝❡s ❜✉②❡rs✬ ❝♦♥✜❞❡♥❝❡ ✐♥ ❤✐❣❤ r❡♣♦rts✱ ❛♥❞ ❧♦✇❡rs t❤❡✐r

r❛t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ r❡❧❡✈❛♥t ♣r♦❞✉❝t q✉❛❧✐t②✱ ∂qeH/∂y
∗ < 0✳ ❲❤✐❧❡ t❤✐s ❡✛❡❝t ♦♥

❝r❡❞✐❜✐❧✐t② ✐s t②♣✐❝❛❧❧② t❤♦✉❣❤t t♦ ❜❡ ❞❡tr✐♠❡♥t❛❧✱ ❧✐tt❧❡ ❛tt❡♥t✐♦♥ ❤❛s ❜❡❡♥ ♣❛✐❞ t♦ ✐ts ♣♦t❡♥t✐❛❧

❜❡♥❡✜ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇✐t❤ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✜r♠ ✉s❡s ❛ ❤✐❣❤ ❝❧❛✐♠✱ 1− x+ xy∗✱ t❤❡

r❡❞✉❝t✐♦♥ ✐♥ ❝r❡❞✐❜✐❧✐t② ❧♦✇❡rs t❤❡ ✜r♠✬s ♠❛r❦❡t ♣♦✇❡r ❛♥❞ ♣r♦♠♣ts ❛ ♣r✐❝❡ r❡❞✉❝t✐♦♥✳

▲❡♠♠❛ ✸ ❝❛♥ ♥♦✇ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❡r♠s ♦❢ ♦✉r t✇♦ ❡✛❡❝ts✳ ❋✐rst ❝♦♥s✐❞❡r L < q̂✳ ❍❡r❡✱

✶✷



❋✐❣✉r❡ ✶✿ ❚❤❡ P❡rs✉❛s✐♦♥ ❊✛❡❝t ♦❢ ❋❛❧s❡ ❆❞✈❡rt✐s✐♥❣

p∗(L)

1−G(p∗(L)−L)

p∗(qe
H
)

1−G(p∗(qe
H
)−qe

H
)

1

1−G(p−qe
H
)

1−G(p−L)

P

Q

t❤❡ ♣❡rs✉❛s✐♦♥ ❡✛❡❝t ❞♦♠✐♥❛t❡s ✇❤❡♥ qeH < q̇(L)✱ ✇❤✐❧st t❤❡ ♣r✐❝❡ ❡✛❡❝t ❞♦♠✐♥❛t❡s ✇❤❡♥

qeH > q̇(L)✳ ❍❡♥❝❡ ❛ str♦♥❣❡r ♣♦❧✐❝② ❜❡♥❡✜ts ❜✉②❡rs ✐♥ t❤❡ ❢♦r♠❡r s✐t✉❛t✐♦♥✱ ❜✉t ❤❛r♠s t❤❡♠

✐♥ t❤❡ ❧❛tt❡r✳ ❚❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞

q̇(L) = sup

{
qeH :

∂E(v)

∂y∗
< 0

∣∣∣∣L < q̂

}
✭✶✶✮

✐s ❡①❛♠✐♥❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✇✐t❤✐♥ t❤❡ ♣r♦♦❢✳ ❚❤❡r❡ ✇❡ s❤♦✇ t❤❛t ❢♦r ❞❡♠❛♥❞s ✇✐t❤✐♥ ❆s✲

s✉♠♣t✐♦♥ ✶✐✱ q̇(L) = q̂✱ ✇❤✐❧❡ ❢♦r ❞❡♠❛♥❞s ✇✐t❤✐♥ ❆ss✉♠♣t✐♦♥ ✶✐✐✱ q̇(L) ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣

✐♥ L ❛♥❞ s❛t✐s✜❡s limL→q̂ q̇(L) = q̂✳ ❙❡❝♦♥❞ ❝♦♥s✐❞❡r L > q̂✳ ■❢ t❤❡ ❞✐str✐❜✉t✐♦♥ s❛t✐s✜❡s ❆s✲

s✉♠♣t✐♦♥ ✶✐✱ t❤❡ ♣r✐❝❡ ❛♥❞ ♣❡rs✉❛s✐♦♥ ❡✛❡❝ts ❝❛♥❝❡❧ s✉❝❤ t❤❛t ∂E(v)/∂φ = 0✳ ■♥t✉✐t✐✈❡❧② t❤❡

♠❛r❦❡t ✐s ❢✉❧❧② ❝♦✈❡r❡❞ ✐rr❡s♣❡❝t✐✈❡ ♦❢ t❤❡ ✜r♠✬s ❝❧❛✐♠✱ ❛♥❞ ❜✉②❡rs ♣❛② ❡✐t❤❡r a+L ❢♦❧❧♦✇✐♥❣

❛ ❧♦✇ ❝❧❛✐♠✱ ♦r a+ qeH ❢♦❧❧♦✇✐♥❣ ❛ ❤✐❣❤ ❝❧❛✐♠✳ ❚❤❡ ❛✈❡r❛❣❡ ♣r✐❝❡ ♣❛✐❞ ✐s t❤❡r❡❢♦r❡ a+ q̄ ✇❤✐❝❤

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ φ✳ ❍♦✇❡✈❡r ✐❢ ✐♥st❡❛❞ t❤❡ ❞✐str✐❜✉t✐♦♥ s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ✶✐✐✱ t❤❡ ♣r✐❝❡

❡✛❡❝t str✐❝t❧② ❞♦♠✐♥❛t❡s s✉❝❤ t❤❛t ∂E(v)/∂φ < 0✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ♣✉♥✐s❤♠❡♥t✱ φ∗✳ ❚♦ ❡❛s❡ ❡①♣♦s✐t✐♦♥✱ ✇❡ ❤❡♥❝❡❢♦rt❤

❢♦❝✉s ♦♥ t❤❡ ✭♠♦r❡ ✐♥t❡r❡st✐♥❣✮ ❝❛s❡ ✇❤❡r❡ L < q̂✳ ❘❡❝❛❧❧✐♥❣ ▲❡♠♠❛ ✸✱ ✇❡ ✜♥❞ t❤❛t✿

Pr♦♣♦s✐t✐♦♥ ✷✳ ❋✐① L < q̂ ❛♥❞ s✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✶ ❤♦❧❞s✳ ❚❤❡ ❜✉②❡r✲♦♣t✐♠❛❧ ♣❡♥❛❧t②✱

φ∗✱ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

✐✮ ❲❤❡♥ H ≤ q̇(L)✱ φ∗ ≥ φ0 s✉❝❤ t❤❛t y∗ = 0 ✳

✐✐✮ ❲❤❡♥ q̄ < q̇(L) < H✱ φ∗ = π∗(q̇(L))− π∗ (L) s✉❝❤ t❤❛t y∗ = (H−q̇(L))(1−x)
(H−q̇(L))(1−x)+q̇(L)−q̄ ∈ (0, 1)✳

✐✐✐✮ ❲❤❡♥ q̇(L) ≤ q̄✱ φ∗ ≤ φ1 s✉❝❤ t❤❛t y∗ = 1✳

✶✸



Pr♦♣♦s✐t✐♦♥ ✷ ♣r♦✈✐❞❡s ❛ r❛♥❣❡ ♦❢ ❞❡♠❛♥❞ ❛♥❞ ♣❛r❛♠❡t❡r ❝♦♥❞✐t✐♦♥s ✇❤❡r❡ ❛ ❜✉②❡r✲

♦r✐❡♥t❡❞ ♣♦❧✐❝②♠❛❦❡r r❡❢r❛✐♥s ❢r♦♠ ❡r❛❞✐❝❛t✐♥❣ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❘❡❝❛❧❧ ❢r♦♠ ▲❡♠♠❛ ✸ t❤❛t

❢♦r L < q̂✱ ❛ ♠❛r❣✐♥❛❧ ❞❡❝r❡❛s❡ ✐♥ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐♥❝r❡❛s❡s ❜✉②❡r s✉r♣❧✉s ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜✉②❡rs

❛r❡ r❡❧❛t✐✈❡❧② ♣❡ss✐♠✐st✐❝ ❛❜♦✉t ❤✐❣❤ ❝❧❛✐♠s✱ ✇✐t❤ qeH < q̇(L)✳ ❚❤❡r❡❢♦r❡ ✇❤❡♥ H ≤ q̇(L)

❜✉②❡r s✉r♣❧✉s ✐s ❣❧♦❜❛❧❧② ❞❡❝r❡❛s✐♥❣ ✐♥ y∗ ❛♥❞ t❤❡ ♣♦❧✐❝②♠❛❦❡r ♦♣t✐♠❛❧❧② ❡❧✐♠✐♥❛t❡s ❢❛❧s❡

❛❞✈❡rt✐s✐♥❣✳ ❍♦✇❡✈❡r ✇❤❡♥ q̄ < q̇(L) < H ❜✉②❡r s✉r♣❧✉s ❢♦❧❧♦✇s ❛♥ ✐♥✈❡rt❡❞✲❯ ❛♥❞ ♣❡❛❦s ❛t

❛ y∗ ∈ (0, 1)✱ s✉❝❤ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t② t♦❧❡r❛t❡s s♦♠❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❋✐♥❛❧❧② ✇❤❡♥

q̇(L) ≤ q̄ ❜✉②❡r s✉r♣❧✉s ✐s ❣❧♦❜❛❧❧② ✐♥❝r❡❛s✐♥❣ ✐♥ y∗ ❛♥❞ s♦ t❤❡ ♣♦❧✐❝②♠❛❦❡r ❢✉❧❧② ♣❡r♠✐ts ❢❛❧s❡

❛❞✈❡rt✐s✐♥❣✳

❚❤❡ ❢❛❝t t❤❛t ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ ❣❡♥❡r❛t❡ ❛ ❤✐❣❤❡r ❜✉②❡r s✉r♣❧✉s t❤❛♥

✉♥❞❡r ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ✭✇❤❡r❡ y∗ = 0✮ ❣✐✈❡s s❡✈❡r❛❧ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s✳ ❋✐rst✱ ❛♥② ✐♥st✐♥❝t✐✈❡

♣❡r s❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ str♦♥❣ ♣✉♥✐s❤♠❡♥ts ♦r ❜❧❛♥❦❡t ♣r♦❤✐❜✐t✐♦♥s ♦♥ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣

♠❛② ❛❝t✉❛❧❧② ❧✐♠✐t ❜✉②❡r s✉r♣❧✉s✳ ❙❡❝♦♥❞✱ t❤❡ ♦♣t✐♠❛❧ ✉s❡ ♦❢ ❛❞✈❡rt✐s✐♥❣ ♣✉♥✐s❤♠❡♥ts ✐s

s✉♣❡r✐♦r t♦ ❛♥ ♦✉tr✐❣❤t ❜❛♥ ♦♥ ❧♦✇ q✉❛❧✐t② ♣r♦❞✉❝ts✳ ❙✉❝❤ ❛ ❜❛♥ ♦♥❧② ❣❡♥❡r❛t❡s ❛ s✉r♣❧✉s

E(v) = (1− x)v∗(H)✱ ✇❤✐❝❤ ✐s ✇❡❛❦❧② ❧❡ss t❤❛♥ t❤❡ s✉r♣❧✉s ✉♥❞❡r ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥✳

❋✐♥❛❧❧②✱ ✇❡ ❢✉rt❤❡r ❞❡t❛✐❧ t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ♣♦s✐t✐✈❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s ♦♣t✐♠❛❧✳

❈♦r♦❧❧❛r② ✶✳ ●✐✈❡♥ ❆ss✉♠♣t✐♦♥ ✶ ❛♥❞ L < q̂✱ t❤❡ ❜✉②❡r✲♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s

✐♥❝r❡❛s✐♥❣ ✐♥ L✱ H✱ ❛♥❞ (1− x)✳

❲❤❡♥ ♣r♦❞✉❝t q✉❛❧✐t② ❧❡✈❡❧s ❛r❡ ❤✐❣❤❡r✱ ♦r ✇❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ❤✐❣❤ t②♣❡ ✐s ❧❛r❣❡r✱

♣♦❧✐❝② s❤♦✉❧❞ ❛❧❧♦✇ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✱ y∗✳ ■♥t✉✐t✐✈❡❧②✱ ✇❤❡♥ t❤❡ ♠♦♥♦♣♦❧✐st✬s

♣r♦❞✉❝t q✉❛❧✐t② t❡❝❤♥♦❧♦❣② ✐s r❡❧❛t✐✈❡❧② ❵❤❡❛❧t❤②✬✱ t❤❡ ❡①♣❡❝t❡❞ q✉❛❧✐t② ❢r♦♠ ❛ ❤✐❣❤ ❝❧❛✐♠✱

qeH , ✐s r❡❧❛t✐✈❡❧② ❤✐❣❤ s✉❝❤ t❤❛t t❤❡ ♣r✐❝❡ ❡✛❡❝t ❜❡❝♦♠❡s r❡❧❛t✐✈❡❧② ♠♦r❡ ♣♦✇❡r❢✉❧✳ ❖♥ t❤❡

❝♦♥tr❛r②✱ ✇❤❡♥ t❤❡ ♣r♦❞✉❝t q✉❛❧✐t② t❡❝❤♥♦❧♦❣② ✐s ❧❡ss ❵❤❡❛❧t❤②✬✱ t❤❡ ♣❡rs✉❛s✐♦♥ ❡✛❡❝t ❜❡❝♦♠❡s

♣❛rt✐❝✉❧❛r❧② ❞❛♠❛❣✐♥❣✳

✹✳✷ Pr♦✜ts

❲❡ ♥♦✇ ❡①❛♠✐♥❡ t❤❡ ❡✛❡❝t ♦❢ ♣♦❧✐❝② ♦♥ ♣r♦✜ts✳ ❚♦ ❜❡❣✐♥✱ ❝♦♥s✐❞❡r ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ✜r♠ t②♣❡✿

E (πL) =




π∗(q̄)− φ ✐❢ φ < φ1

π∗ (L) ✐❢ φ ≥ φ1

❛♥❞ E (πH) =





π∗(q̄) ✐❢ φ < φ1

π∗ (L) + φ ✐❢ φ ∈ [φ1, φ0]

π∗(H) ✐❢ φ > φ0

✭✶✷✮

❚❤✐s ✐s ❡①♣❧❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❤❡♥ φ < φ1 t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s ❢✉❧❧ ♣♦♦❧✐♥❣ s✉❝❤ t❤❛t ❡❛❝❤

t②♣❡ ❡❛r♥s π∗(q̄)✱ ❜✉t t❤❡ ❧♦✇ t②♣❡ ❛❧s♦ ✐♥❝✉rs ❛ ♣❡♥❛❧t② φ✳ ❲❤❡♥ φ ∈ [φ1, φ0] t❤❡ ❧♦✇ t②♣❡ ✐s

✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❧②✐♥❣ ❛♥❞ tr✉t❤✲t❡❧❧✐♥❣✱ ❛♥❞ s♦ ❡❛r♥s π∗(L)✳ ❚❤❡ ❤✐❣❤ t②♣❡✱ ♠❡❛♥✇❤✐❧❡✱

✶✹



❡❛r♥s π∗(qeH) ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ π∗(L) + φ ❢r♦♠ ✭✺✮✳ ❋✐♥❛❧❧② ✇❤❡♥ φ > φ0 t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❤❛s

❢✉❧❧ s❡♣❛r❛t✐♦♥✱ ❛♥❞ s♦ ❡❛❝❤ t②♣❡ ❡❛r♥s ✐ts ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥ ♣❛②♦✛✳

❘❡♠❛r❦ ✶✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ φ r❡❞✉❝❡s E (πL)✱ ❜✉t ✐♥❝r❡❛s❡s E (πH)✳

■♥t✉✐t✐✈❡❧②✱ str♦♥❣❡r r❡❣✉❧❛t✐♦♥ ✐♥❝r❡❛s❡s t❤❡ ❤✐❣❤ t②♣❡✬s ♣❛②♦✛ ❜❡❝❛✉s❡ ✐t ❧❡❛❞s ❜✉②❡rs t♦

✉♣❞❛t❡ ♠♦r❡ ♦♣t✐♠✐st✐❝❛❧❧② ✉♣♦♥ s❡❡✐♥❣ ❛ ❤✐❣❤ ❝❧❛✐♠✳ ❍♦✇❡✈❡r t♦✉❣❤❡r r❡❣✉❧❛t✐♦♥ ❤✉rts ❛ ❧♦✇

t②♣❡ ❜❡❝❛✉s❡ ✐t ❜❡❝♦♠❡s ❝♦st❧✐❡r t♦ ♠✐♠✐❝ ❛ ❤✐❣❤ t②♣❡✳ ◆♦✇ ❝♦♥s✐❞❡r ❡①♣❡❝t❡❞ ❡q✉✐❧✐❜r✐✉♠

♣r♦✜t✱ E (Π) = xE (πL) + (1− x)E (πH)✿

Pr♦♣♦s✐t✐♦♥ ✸✳ ❊①♣❡❝t❡❞ ♣r♦✜t ✐s q✉❛s✐❝♦♥✈❡① ✐♥ φ ❛♥❞ ♠✐♥✐♠✐③❡❞ ❛t φ = φ1✳ ■♥ ❛❞❞✐t✐♦♥✿

✐✮ ■❢ L < q̃✱ ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ♠❛①✐♠✐③❡❞ ❜② φ∗ ≥ φ0✳

✐✐✮ ■❢ L ≥ q̃, ❡①♣❡❝t❡❞ ♣r♦✜t ✐s ♠❛①✐♠✐③❡❞ ❜② ❡✐t❤❡r φ∗ = 0 ♦r φ∗ ≥ φ0✳

❆ s♠❛❧❧ ✐♥❝r❡❛s❡ ✐♥ r❡❣✉❧❛t✐♦♥ ❝❛♥ ❡✐t❤❡r ❜❡♥❡✜t ♦r ❤❛r♠ t❤❡ ♠♦♥♦♣♦❧✐st✱ ❞❡♣❡♥❞✐♥❣ ✉♣♦♥

❤♦✇ ❡①✐st✐♥❣ r❡❣✉❧❛t✐♦♥ φ ❝♦♠♣❛r❡s ✇✐t❤ φ1✳ ■♥ ❛❞❞✐t✐♦♥✱ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ ❢r♦♠

✭✶✷✮ t❤❛t φ ∈ (0, φ0) ✐s str✐❝t❧② ❞♦♠✐♥❛t❡❞ ✉♥❞❡r ❛♥ ❡①♣❡❝t❡❞ ♣r♦✜t ♦❜❥❡❝t✐✈❡✳ ❚❤✐s ✐♠♣❧✐❡s

t❤❛t t❤❡ ♣✉♥✐s❤♠❡♥t s❤♦✉❧❞ ♥❡✈❡r ❜❡ ♣❛✐❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡♥✱ ❣✐✈❡♥ t❤❡ ❝♦♥✈❡①✐t② ♦❢

π∗(q)✱ ❢✉❧❧ s❡♣❛r❛t✐♦♥ ✇✐t❤ φ∗ ≥ φ0 ✐s ❛❧✇❛②s ✇❡❛❦❧② ♦♣t✐♠❛❧✳ ■♥t✉✐t✐✈❡❧②✱ str♦♥❣ r❡❣✉❧❛t✐♦♥

❛❧❧♦✇s t❤❡ ✜r♠ t♦ ❡①tr❛❝t ❜✉②❡r s✉r♣❧✉s ♠♦r❡ ❡✛❡❝t✐✈❡❧② ✇❤❡♥ ✐t ❤❛s ❤✐❣❤ q✉❛❧✐t②✳ ❍❡♥❝❡✱

✐❢ t❤❡ ♠♦♥♦♣♦❧✐st ❝♦✉❧❞ ❝r❡❞✐❜❧② ❝♦♠♠✐t t♦ ❡✛❡❝t✐✈❡ s❡❧❢✲r❡❣✉❧❛t✐♦♥✱ Pr♦♣♦s✐t✐♦♥ ✸ ✐♠♣❧✐❡s

t❤❛t ✐t ✇♦✉❧❞ ✇❡❛❦❧② ♣r❡❢❡r t♦ ❛✈♦✐❞ ✉s✐♥❣ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❙✉❝❤ s❡❧❢✲r❡❣✉❧❛t✐♦♥ ♠✐❣❤t

❜❡ ❛❝❝❡♣t❛❜❧❡ t♦ ❜✉②❡rs ❜❡❝❛✉s❡ ✐♥ s♦♠❡ ❝✐r❝✉♠st❛♥❝❡s t❤❡ ♠♦♥♦♣♦❧✐st✬s ♣r❡❢❡rr❡❞ ❧❡✈❡❧ ♦❢

♣✉♥✐s❤♠❡♥t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t ♦❢ ❜✉②❡rs ❡✳❣✳ ✇❤❡♥ L < q̂ ❛♥❞ H < q̇(L)✳ ❚❤✐s ♠❛②

♦✛❡r s♦♠❡ s✉♣♣♦rt ❢♦r ❊✉r♦♣❡✬s ✐♥❞✉str②✲❧❡❞ r❡❣✉❧❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ✐♥ ♦t❤❡r ❝✐r❝✉♠st❛♥❝❡s

s❡❧❢✲r❡❣✉❧❛t✐♦♥ ✇♦✉❧❞ ❣♦ ❛❣❛✐♥st ❜✉②❡rs✬ ♣r❡❢❡r❡♥❝❡s ❡✳❣✳ ✇❤❡♥ L < q̂ ❛♥❞ H > q̇(L)✳ ❍❡r❡✱

❝♦♥tr❛r② t♦ ❛♥② ❝♦♥❝❡r♥s t❤❛t s❡❧❢✲r❡❣✉❧❛t✐♦♥ ♠❛② ❜❡ t♦♦ ❧❛①✱ t❤❡ ♠♦♥♦♣♦❧✐st✬s ♣r❡❢❡rr❡❞ ❧❡✈❡❧

♦❢ ♣✉♥✐s❤♠❡♥t ✐s str✐❝t❧② ❤✐❣❤❡r t❤❛♥ ❜✉②❡rs✬✳

✹✳✸ ❚♦t❛❧ ❲❡❧❢❛r❡

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t♦t❛❧ ✇❡❧❢❛r❡✳ ■♥✐t✐❛❧❧②✱ s✉♣♣♦s❡ t❤❛t t❤❡ ♣✉♥✐s❤♠❡♥t✱ φ✱ ✐s ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛

✜♥❡ ✇❤✐❝❤ ✐s ❛s ✈❛❧✉❛❜❧❡ t♦ t❤❡ ♣♦❧✐❝②♠❛❦❡r ❛s ✐t ✐s t♦ t❤❡ ✜r♠✳ ❚❤❡r❡❢♦r❡ ✉s✐♥❣ Pr♦♣♦s✐t✐♦♥

✶✱ ✇❡ ❝❛♥ ✇r✐t❡ ❡①♣❡❝t❡❞ t♦t❛❧ ✇❡❧❢❛r❡ ❛s

E(w) = x (1− y∗) [v∗ (L) + π∗ (L)] + (1− x+ xy∗) [v∗ (qeH) + π∗ (qeH)] . ✭✶✸✮

◆♦t✐❝❡ t❤❛t t❤✐s ❡①♣r❡ss✐♦♥ ✐s ♥♦t ❥✉st t❤❡ s✉♠♠❛t✐♦♥ ♦❢ ❡①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s ✐♥ ✭✽✮✱ ❛♥❞

✇❡✐❣❤t❡❞ ✜r♠✲t②♣❡ ♣r♦✜ts ✐♥ ✭✶✷✮✱ ❜❡❝❛✉s❡ ❜② ❛ss✉♠♣t✐♦♥ t❤❡ ♣✉♥✐s❤♠❡♥t ❤❛s s♦❝✐❛❧ ✈❛❧✉❡✳

❲❡ ♥♦✇ ✐♠♣♦s❡ ❛ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥ t❤❛t ❞✐✛❡rs s❧✐❣❤t❧② t♦ t❤❡ ♦♥❡ ✉s❡❞ ❡❛r❧✐❡r✳

✶✺



❆ss✉♠♣t✐♦♥ ✷✳ ▲❡t zw(ψ) = −σ′(ψ) + [2 − σ(ψ)][3 − σ(ψ)]g(ψ)/[1 − G(ψ)]. ❚❤❡ ❞❡♠❛♥❞

❢✉♥❝t✐♦♥ s❛t✐s✜❡s ❡✐t❤❡r ✐✮ q̃ < ∞ ❛♥❞ zw(ψ) > 0 ❢♦r ❛❧❧ ψ ∈ (a, b), ♦r ✐✐✮ q
˜
= −∞✱ q̃ = ∞✱

zw(ψ) ❝❤❛♥❣❡s ❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡ ❛t ❡①❛❝t❧② ♦♥❡ ✈❛❧✉❡ ♦❢ ψ ∈ (a, b)✱ ❛♥❞ limψ→a σ(ψ) =

−∞✳

❆ss✉♠♣t✐♦♥ ✷ ❡♥s✉r❡s t❤❛t w∗(q) ≡ v∗(q) + π∗(q) ✐s s✲s❤❛♣❡❞ ✐♥ q✉❛❧✐t②✱ ✇✐t❤

q̂w = sup
{
q ∈ (q

˜
, q̃) : zw(p

∗(q)− q) > 0
}

✭✶✹✮

❞❡♥♦t✐♥❣ t❤❡ ❝r✐t✐❝❛❧ q✉❛❧✐t② ❧❡✈❡❧ ❛t ✇❤✐❝❤ w∗(q) ❝❤❛♥❣❡s ❢r♦♠ ❜❡✐♥❣ str✐❝t❧② ❝♦♥✈❡① t♦

❝♦♥❝❛✈❡✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ✐s ❛❣❛✐♥ s❛t✐s✜❡❞ ❜② ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❝♦♠♠♦♥❧②✲✉s❡❞ ❞✐str✐❜✉t✐♦♥

❢✉♥❝t✐♦♥s✳✶✶

▲❡♠♠❛ ✹✳ ❈♦♥s✐❞❡r φ ∈ [φ1, φ0] ❛♥❞ s✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s✳

✐✮ ❲❤❡♥ qeH < q̂w ❡①♣❡❝t❡❞ t♦t❛❧ ✇❡❧❢❛r❡ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ φ✳

✐✐✮ ❲❤❡♥ L < q̂w < qeH ❡①♣❡❝t❡❞ t♦t❛❧ ✇❡❧❢❛r❡ ✐s q✉❛s✐❝♦♥❝❛✈❡ ✐♥ φ✳ ❚❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞

L̇(qeH) < q̂w s✉❝❤ t❤❛t ❡①♣❡❝t❡❞ t♦t❛❧ ✇❡❧❢❛r❡ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ φ ✐❢ L < L̇(qeH)✱ ❜✉t

str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ φ ✐❢ L > L̇(qeH)✳

✐✐✐✮ ❲❤❡♥ L > q̂w ❡①♣❡❝t❡❞ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ φ✳

❙tr♦♥❣❡r ♣♦❧✐❝② ❞♦❡s ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥❝r❡❛s❡ ❡①♣❡❝t❡❞ t♦t❛❧ ✇❡❧❢❛r❡✳ ■♥t✉✐t✐✈❡❧② ❛ ♠♦♥♦♣✲

♦❧✐st ✉s❡s ✐ts ♠❛r❦❡t ♣♦✇❡r t♦ r❡str✐❝t ♦✉t♣✉t ❜❡❧♦✇ t❤❡ s♦❝✐❛❧❧② ❡✣❝✐❡♥t ❧❡✈❡❧✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❤❛♥❣❡s t❤✐s ♦✉t♣✉t ❞✐st♦rt✐♦♥ ✐♥ t✇♦ ✇❛②s✳ ❋✐rst✱ ✐t ❧♦✇❡rs t❤❡ ❝r❡❞✐❜✐❧✐t②

♦❢ ❛♥② ❤✐❣❤ ❝❧❛✐♠✱ ❛♥❞ s♦ ❢♦r❝❡s ❛♥② t②♣❡ ✇✐t❤ s✉❝❤ ❛ ❝❧❛✐♠ t♦ ❢✉rt❤❡r r❡❞✉❝❡ ✐ts ♦✉t♣✉t

❜❡❧♦✇ t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❧❡✈❡❧✳ ❙❡❝♦♥❞ ❤♦✇❡✈❡r✱ ✐t ❛❧s♦ ✐♥❞✉❝❡s ❜✉②❡rs t♦ ♦✈❡r✲❡st✐♠❛t❡

❛ ❧♦✇ t②♣❡✬s q✉❛❧✐t②✱ t❤❡r❡❜② ❝❛✉s✐♥❣ t❤❡ ❧♦✇ t②♣❡ t♦ ✐♥❝r❡❛s❡ ✐ts ♦✉t♣✉t✳ ❯♥❞❡r ❝❡rt❛✐♥

❝✐r❝✉♠st❛♥❝❡s t❤✐s ❧❛tt❡r ♦✉t♣✉t ❡①♣❛♥s✐♦♥ ❝❛♥ r❛✐s❡ ✇❡❧❢❛r❡ ❛♥❞ ❞♦♠✐♥❛t❡ t❤❡ ❢♦r♠❡r ❡✛❡❝t✳

✶✶❆ss✉♠♣t✐♦♥ ✷✐ ❤♦❧❞s ❢♦r ❛❧❧ ❞❡♠❛♥❞s ✇✐t❤ ❝♦♥st❛♥t ❝✉r✈❛t✉r❡✱ ✇❤❡r❡ q̂w = q̃ < ∞ s✉❝❤ t❤❛t w∗(q)
✐s str✐❝t❧② ❝♦♥✈❡① ❢♦r q ∈ (q

˜
, q̂w) ❛♥❞ ❧✐♥❡❛r ❢♦r q ≥ q̃w✳ ❆ss✉♠♣t✐♦♥ ✷✐✐ ✐s s❛t✐s✜❡❞ ❜② s♦♠❡ ❞❡♠❛♥❞s

✇✐t❤ ✐♥❝r❡❛s✐♥❣ ❝✉r✈❛t✉r❡✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ◆♦r♠❛❧✱ ❲❡✐❜✉❧❧✱ ❛♥❞ ❚②♣❡ ■ ❊①tr❡♠❡ ❱❛❧✉❡✱ ✇❤❡r❡ q̂w s♦❧✈❡s
zw (p∗(q)− q) = 0 s✉❝❤ t❤❛t w∗(q) ✐s str✐❝t❧② ❝♦♥✈❡① ❢♦r q < q̂w ❜✉t str✐❝t❧② ❝♦♥❝❛✈❡ ❢♦r q > q̂w✳ ❙❡❡ ❙❡❝t✐♦♥
❆ ♦❢ t❤❡ ❙✉♣♣❧❡♠❡♥t❛r② ❆♣♣❡♥❞✐①✳

✶✻



■♥ ♠♦r❡ ❞❡t❛✐❧✿

∂E(w)

∂y∗
= x

[
v∗ (qeH)− v∗ (L)− (qeH − L)D(p∗(qeH)− qeH) + π∗(qeH)− π∗ (L)

]

︸ ︷︷ ︸
❖✉t♣✉t ❡①♣❛♥s✐♦♥ ❜② ❛ ✜r♠ ✇✐t❤ q = L

+ (1− x+ xy)D(p∗(qeH)− qeH)

(
1− ∂p∗(qeH)

∂qeH

)
∂qeH
∂y∗

︸ ︷︷ ︸
❖✉t♣✉t ❝♦♥tr❛❝t✐♦♥ ❜② ❛ ✜r♠ ✇✐t❤ r = H

✭✶✺✮

❚❤❡ ✜rst t❡r♠ ✐♥ ✭✶✺✮ r❡♣r❡s❡♥ts t❤❡ ❝❤❛♥❣❡ ✐♥ ✇❡❧❢❛r❡ ✇❤❡♥ ❛ ❧♦✇ t②♣❡ ♠♦✈❡s ❢r♦♠ r❡♣♦rt✐♥❣

r = L ❛♥❞ ❣❡♥❡r❛t✐♥❣ ❛ t♦t❛❧ s✉r♣❧✉s ♦❢ v∗ (L) + π∗ (L)✱ t♦ ❝❧❛✐♠✐♥❣ r = H ❛♥❞ ❣❡♥❡r❛t✐♥❣

❛ s✉r♣❧✉s ♦❢ v∗ (qeH) − (qeH − L)D(p∗(qeH) − qeH) + π∗ (qeH)✳ ❚❤✐s t❡r♠ ✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧②

✐❢ L ✐s ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ t❤r❡s❤♦❧❞✳ ■♥t✉✐t✐✈❡❧②✱ t❤❡ ❧♦✇ t②♣❡✬s s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ♦✉t♣✉t ❧❡✈❡❧

D(−L) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ L✳ ▼♦r❡♦✈❡r ✇❤❡♥ ❛ ❧♦✇ t②♣❡ ❡♥❣❛❣❡s ✐♥ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✱ ✐ts ♦✉t♣✉t

✐♥❝r❡❛s❡s ❢r♦♠ D (p∗(L)− L) ≤ D(−L) t♦ D(p∗(qeH)− qeH)✳ ❚❤❡r❡❢♦r❡ ✐❢ L ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✱

t❤✐s ❵♦✉t♣✉t ❡①♣❛♥s✐♦♥ ❡✛❡❝t✬ ❣♦❡s ❢❛r ❜❡②♦♥❞ t❤❡ ❡✣❝✐❡♥t ❧❡✈❡❧ ❛♥❞ s♦ ✐s ❜❛❞ ❢♦r ✇❡❧❢❛r❡✳

❍♦✇❡✈❡r ✐❢ L ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡✱ t❤❡ ♦✉t♣✉t ❡①♣❛♥s✐♦♥ ❡✛❡❝t ❜r✐♥❣s t❤❡ ❧♦✇ t②♣❡ ❝❧♦s❡r t♦ t❤❡

❡✣❝✐❡♥t ❧❡✈❡❧✱ ❛♥❞ s♦ ✐s ❣♦♦❞ ❢♦r ✇❡❧❢❛r❡✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ ✭✶✺✮ r❡♣r❡s❡♥ts t❤❡ ❝❤❛♥❣❡ ✐♥

s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ❜② ❛ ✜r♠ t❤❛t ❝❧❛✐♠s t♦ ❤❛✈❡ ❤✐❣❤ q✉❛❧✐t②✱ ❢♦❧❧♦✇✐♥❣ ❛ s♠❛❧❧ ✐♥❝r❡❛s❡ ✐♥ y∗✳

❆s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ t❤✐s ✐s ✉♥❛♠❜✐❣✉♦✉s❧② ♥❡❣❛t✐✈❡ ❜❡❝❛✉s❡ ❛♥ ✐♥❝r❡❛s❡ ✐♥ y∗ r❡❞✉❝❡s t❤❡

❝r❡❞✐❜✐❧✐t② ✭❛♥❞ ❤❡♥❝❡ ♦✉t♣✉t✮ ♦❢ ❛ ✜r♠ t❤❛t r❡♣♦rts r = H✳ ❈❡t❡r✐s ♣❛r✐❜✉s✱ t❤✐s ❵♦✉t♣✉t

❝♦♥tr❛❝t✐♦♥ ❡✛❡❝t✬ ✐s s♠❛❧❧❡r ✇❤❡♥ q✉❛❧✐t② ♣❛ss✲t❤r♦✉❣❤ ∂p∗(qeH)/∂q
e
H ✐s ❧❛r❣❡r s✐♥❝❡ ✐♥ t❤❛t

❝❛s❡ t❤❡ ✜r♠✬s ♦✉t♣✉t ✐s ❧❡ss s❡♥s✐t✐✈❡ t♦ ❜✉②❡rs✬ ❜❡❧✐❡❢ ❛❜♦✉t ✐ts q✉❛❧✐t②✳

▲❡♠♠❛ ✹ ❝❛♥ t❤❡♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❢♦❧❧♦✇s✳ ❲❤❡♥ qeH < q̂w q✉❛❧✐t② ♣❛ss✲t❤r♦✉❣❤ ✐s

r❡❧❛t✐✈❡❧② s♠❛❧❧✱ s✉❝❤ t❤❛t t❤❡ ♦✉t♣✉t ❝♦♥tr❛❝t✐♦♥ ❡✛❡❝t ❞♦♠✐♥❛t❡s✱ ❛♥❞ s♦ E(w) ❞❡❝r❡❛s❡s

✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ y∗✳ ❲❤❡♥ L < q̂w < qeH q✉❛❧✐t② ♣❛ss✲t❤r♦✉❣❤ ✐s r❡❧❛t✐✈❡❧②

str♦♥❣❡r✱ ❛♥❞ s♦ t❤❡ ♦✉t♣✉t ❝♦♥tr❛❝t✐♦♥ ❡✛❡❝t ✐s ✇❡❛❦❡r✳ ❆ s♠❛❧❧ ✐♥❝r❡❛s❡ ✐♥ y∗ t❤❡r❡❢♦r❡

r❛✐s❡s ✇❡❧❢❛r❡ ♣r♦✈✐❞❡❞ L ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ s✉❝❤ t❤❛t t❤❡ ❡①♣❛♥s✐♦♥ ✐♥ t❤❡ ❧♦✇ t②♣❡✬s ♦✉t♣✉t

✐s ♥♦t ✭t♦♦✮ ❡①❝❡ss✐✈❡✳ ■♥ t❤❡ ❛♣♣❡♥❞✐① ✇❡ s❤♦✇ t❤❛t t❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞

L̇(qeH) = sup

{
L :

∂E(v)

∂y∗
< 0

∣∣∣∣ q
e
H > q̂w

}
✭✶✻✮

✐s str✐❝t❧② ❜❡❧♦✇ q̂w ❛♥❞ ✐s ❛❧s♦ ✭✇❡❛❦❧②✮ ❞❡❝r❡❛s✐♥❣ ✐♥ qeH ✳ ❋✐♥❛❧❧② ✇❤❡♥ L ✐s ❧❛r❣❡ ✇✐t❤

L > q̂w✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣❡♥❛❧t② ❝❛♥ ♥❡✈❡r r❛✐s❡ ✇❡❧❢❛r❡ ❛s t❤❡ ♦✉t♣✉t ❡①♣❛♥s✐♦♥ ❛❧✇❛②s

✇❡❛❦❧② ❞♦♠✐♥❛t❡s✳✶✷

✶✷●❧❛❡s❡r ❛♥❞ ❯❥❤❡❧②✐ ✭✷✵✶✵✮ s❤♦✇ ✐♥ ❛ ♠♦❞❡❧ ✇✐t❤ ♦♥❡ ✜r♠ t②♣❡ ❛♥❞ ♥❛✐✈❡ ❜✉②❡rs t❤❛t s♦♠❡ ❢❛❧s❡
❛❞✈❡rt✐s✐♥❣ ❛❧✇❛②s ✐♠♣r♦✈❡s ✇❡❧❢❛r❡ ❜② ✐♥❝r❡❛s✐♥❣ ♦✉t♣✉t✳ ❖✉r r❡s✉❧t ❞✐✛❡rs ✐♥ t✇♦ ✇❛②s✳ ❋✐rst✱ ✐♥ ♦✉r

✶✼



◆♦✇ ❝♦♥s✐❞❡r t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t②✳ ❚♦ ❡❛s❡ ❡①♣♦s✐t✐♦♥✱ ✇❡ ❢♦❝✉s ♦♥

t❤❡ ✭♠♦r❡ ✐♥t❡r❡st✐♥❣✮ ❝❛s❡ ✇❤❡r❡ L < q̂w✳ ❋✐rst✱ ♥♦t❡ t❤❛t t❤❡ ♣♦❧✐❝②♠❛❦❡r ✇✐❧❧ ❛❧✇❛②s

❡❧✐♠✐♥❛t❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✇✐t❤ φ∗ ≥ φ0 ✇❤❡♥ H < q̂w✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✹ ❜❡❝❛✉s❡

qeH < q̂w ❢♦r ❛❧❧ y∗ ∈ [0, 1]✳ ❋♦r t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s✿

Pr♦♣♦s✐t✐♦♥ ✹✳ ❋✐① L < q̂w < H ❛♥❞ s✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s✳ ❚❤❡ ✇❡❧❢❛r❡✲♦♣t✐♠❛❧

♣❡♥❛❧t②✱ φ∗, ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s✿

✐✮ ❲❤❡♥ L ≤ L̇(H)✱ φ∗ ≥ φ0 s✉❝❤ t❤❛t y∗ = 0✳

✐✐✮ ❲❤❡♥ L ∈ (L̇(H), L̇(q̄)), φ∗ ✐♥❞✉❝❡s y∗ ∈ (0, 1) s✉❝❤ t❤❛t qeH = q∗∗ ✇❤❡r❡ L = L̇(q∗∗).

✐✐✐✮ ❲❤❡♥ L ∈ [L̇(q̄), q̂w)✱ φ
∗ ≤ φ1 s✉❝❤ t❤❛t y∗ = 1 ✳

Pr♦♣♦s✐t✐♦♥ ✹ s❤♦✇s t❤❛t ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s ✇❡❧❢❛r❡✲♦♣t✐♠❛❧ ❢♦r ❛ ♥♦♥✲

❡♠♣t② s❡t ♦❢ ♣❛r❛♠❡t❡rs✳ ■♥ ❧✐♥❡ ✇✐t❤ ✐♥t✉✐t✐♦♥✱ ♦♥❡ ❝❛♥ ❛❧s♦ s❤♦✇ t❤❛t t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s ✇❡❛❦❧② ❧♦✇❡r t❤❛♥ t❤❛t ✉♥❞❡r ❛ ❜✉②❡r s✉r♣❧✉s ♦❜❥❡❝t✐✈❡✳ ❍♦✇❡✈❡r✱ t❤❡

♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ r❡♠❛✐♥s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❵❤❡❛❧t❤✐♥❡ss✬ ♦❢ t❤❡ ♠❛r❦❡t ✭❡✳❣✳

L✱ H✱ ❛♥❞ (1− x)✮✳✶✸

✺ ❊♥❞♦❣❡♥♦✉s ◗✉❛❧✐t② ■♥✈❡st♠❡♥t

❲❡ ♥♦✇ ❡①t❡♥❞ t❤❡ ♠❛✐♥ ♠♦❞❡❧ t♦ ❡①❛♠✐♥❡ s♦♠❡ ❛❞❞✐t✐♦♥❛❧ ❡✛❡❝ts ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐♥ ❛

♠❛r❦❡t ✇✐t❤ ❡♥❞♦❣❡♥♦✉s ♣r♦❞✉❝t q✉❛❧✐t②✳ ❚❤❡s❡ ❡✛❡❝ts ❛r❡ ✐♠♣♦rt❛♥t t♦ ❝♦♥s✐❞❡r ❜❡❝❛✉s❡

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ♠❛② r❡❞✉❝❡ t❤❡ ✐♥❝❡♥t✐✈❡s t♦ ✐♥✈❡st ✐♥ ♣r♦❞✉❝t q✉❛❧✐t② ❜②

❧✐♠✐t✐♥❣ t❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢ ❛❞✈❡rt✐s✐♥❣✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ✜r♠ ✐s ✐♥✐t✐❛❧❧② ❡♥❞♦✇❡❞ ✇✐t❤ ❧♦✇

q✉❛❧✐t② L✱ ❜✉t ❝❛♥ ✉♣❣r❛❞❡ t♦ ❤✐❣❤ q✉❛❧✐t② H ❜② ♣❛②✐♥❣ ❛♥ ✐♥✈❡st♠❡♥t ❝♦st C✳ ❚❤✐s ❝♦st ✐s

❞r❛✇♥ ♣r✐✈❛t❡❧② ❢r♦♠ ❛ ❞✐str✐❜✉t✐♦♥ F (C) ♦♥ (0,∞)✱ ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♥s✐t② f(C) > 0✳

❚❤❡ ♠♦✈❡ ♦r❞❡r ✐s t❤❡♥ ❛s ❢♦❧❧♦✇s✳ ❆t st❛❣❡ ✶ t❤❡ ♣♦❧✐❝②♠❛❦❡r ❝♦♠♠✐ts t♦ ❛ ♣❡♥❛❧t② φ✳ ❆t

st❛❣❡ ✷ t❤❡ ✜r♠ ❧❡❛r♥s ✐ts ✐♥✈❡st♠❡♥t ❝♦st C✱ ❛♥❞ ♣r✐✈❛t❡❧② ❝❤♦♦s❡s ✇❤❡t❤❡r t♦ ✉♣❣r❛❞❡✳

■t ❛❧s♦ ❛♥♥♦✉♥❝❡s ✐ts r❡♣♦rt ❛♥❞ ♣r✐❝❡✳ ❚❤❡ ❣❛♠❡ t❤❡♥ ♣r♦❝❡❡❞s ❛s ✐♥ t❤❡ ♠❛✐♥ ♠♦❞❡❧✱

✇✐t❤ ❜✉②❡rs ♠❛❦✐♥❣ t❤❡✐r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s✱ ❛♥❞ t❤❡ ♣♦❧✐❝②♠❛❦❡r ✐♥st✐❣❛t✐♥❣ ❛♥② ♣♦t❡♥t✐❛❧

♣✉♥✐s❤♠❡♥ts✳ ▲❡t x∗(φ) ❞❡♥♦t❡ t❤❡ ❡♥❞♦❣❡♥♦✉s ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ✜r♠ ❤❛s ❧♦✇ q✉❛❧✐t②✳

♠♦❞❡❧ t❤❡ ❧♦✇ t②♣❡✬s ♦✉t♣✉t ❡①♣❛♥s✐♦♥ ✐s ❡♥❞♦❣❡♥♦✉s✱ ❛♥❞ ❤❡♥❝❡ ♠❛② ❜❡ s♦ ❧❛r❣❡ t❤❛t ✐t r❡❞✉❝❡s ✇❡❧❢❛r❡✳
❙❡❝♦♥❞✱ s✐♥❝❡ ♦✉r ❜✉②❡rs ❛r❡ ❇❛②❡s✐❛♥✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❜② t❤❡ ❧♦✇ t②♣❡ ❞❡❝r❡❛s❡s t❤❡ ❤✐❣❤ t②♣❡✬s ♦✉t♣✉t✱
✇❤✐❝❤ ❛❧s♦ r❡❞✉❝❡s ✇❡❧❢❛r❡✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ✇❛② ✐♥ ✇❤✐❝❤ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❞✐st♦rts t❤❡ t✇♦ t②♣❡s✬
♦✉t♣✉t ✐s r❡♠✐♥✐s❝❡♥t ♦❢ t❤❡ ♦✉t♣✉t ❡✛❡❝ts ✐♥ t❤✐r❞✲❞❡❣r❡❡ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✭❡✳❣✳ ❆❣✉✐rr❡ ❡t ❛❧ ✷✵✶✵✮✳

✶✸❋✐♥❛❧❧②✱ ✇❡ ♥♦t❡ t❤❛t ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ r❡♠❛✐♥ ♦♣t✐♠❛❧ ❡✈❡♥ ✇❤❡♥ ❛ ❢r❛❝t✐♦♥ τ ♦❢ t❤❡ ♣✉♥✐s❤♠❡♥t ✐s
❵❧♦st✬ ❛♥❞ ❞♦❡s ♥♦t ❝♦♥tr✐❜✉t❡ t♦ t♦t❛❧ ✇❡❧❢❛r❡✳ ❋♦r ✐♥st❛♥❝❡ ✇❤❡♥ L̇(q̄) < L < q̂w ≤ q̄ t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t②
✐♥❞✉❝❡s y∗ = 1 ❢♦r ❛❧❧ τ ∈ [0, 1]✳ ❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✇❤❡♥ τ = 0 ❛♥② φ ∈ [0, φ1] ♠❛①✐♠✐③❡s t♦t❛❧
✇❡❧❢❛r❡✱ ✇❤❡r❡❛s ✇❤❡♥ τ > 0 ✐t ❜❡❝♦♠❡s ♠♦r❡ ❛ttr❛❝t✐✈❡ t♦ r❡❞✉❝❡ t❤❡ ♣❡♥❛❧t✐❡s ✐♥❝✉rr❡❞✱ ❛♥❞ s♦ φ∗ = 0 ✐s
t❤❡ ✉♥✐q✉❡ ♦♣t✐♠✉♠✳

✶✽



❚❤❡r❡ ❛❧✇❛②s ❡①✐sts ❛ tr✐✈✐❛❧ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ x∗(φ) = 1✳ ■❢ ❜✉②❡rs ❜❡❧✐❡✈❡ t❤❛t

♣r♦❞✉❝t q✉❛❧✐t② ✐s ❧♦✇ ❢♦r ❛❧❧ r❡♣♦rts ❛♥❞ ♣r✐❝❡s✱ t❤❡ ✜r♠ ❤❛s ♥♦ ✐♥❝❡♥t✐✈❡ t♦ ✐♥✈❡st✳ ❍♦✇❡✈❡r✱

✐♥ ❣❡♥❡r❛❧✱ t❤❡r❡ ❛❧s♦ ❡①✐st ♦t❤❡r ❛❧t❡r♥❛t✐✈❡ P❇❊✳ ❍❡♥❝❡❢♦rt❤✱ ✇❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ P❇❊

✇❤❡r❡✱ ❛s ❜❡❢♦r❡✱ ❜✉②❡r ❜❡❧✐❡❢s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ♣r✐❝❡✳ ▼♦r❡♦✈❡r ✇❤❡♥❡✈❡r ♣♦ss✐❜❧❡✱ ✇❡

s❡❧❡❝t ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ t❤❡ ✜r♠ ✐♥✈❡sts ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳

▲❡♠♠❛ ✺✳ ✐✮ ❲❤❡♥ φ = 0 ❛❧❧ ❡q✉✐❧✐❜r✐❛ ❤❛✈❡ x∗(φ) = 1✳ ✐✐✮ ❲❤❡♥ φ ∈ (0, φ0] t❤❡r❡ ✐s ❛

✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ✭✉♣ t♦ ♦✛✲♣❛t❤ ❜❡❧✐❡❢s✮ s❛t✐s❢②✐♥❣ ♦✉r r❡str✐❝t✐♦♥s✱ ✇✐t❤ x∗ = 1 − F (φ) ∈
(0, 1) ❛♥❞ r(H) = H✳

■♥t✉✐t✐✈❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ φ ✐♥❞✉❝❡s ✐♥✈❡st♠❡♥t ❜② ✇✐❞❡♥✐♥❣ t❤❡ ❣❛♣ ✐♥ ♣r♦✜ts ❡❛r♥❡❞ ❜②

❤✐❣❤ ❛♥❞ ❧♦✇ q✉❛❧✐t② ✜r♠s✳ ■♥ ♠♦r❡ ❞❡t❛✐❧✱ ✇❤❡♥ φ = 0 ❜✉②❡rs ❝❛♥♥♦t ❞✐st✐♥❣✉✐s❤ ❜❡t✇❡❡♥

❤✐❣❤ ❛♥❞ ❧♦✇ q✉❛❧✐t②✳ ❚❤❡ ✜r♠ ❡❛r♥s t❤❡ s❛♠❡ ♣r♦✜t r❡❣❛r❞❧❡ss ❛♥❞ t❤❡r❡❢♦r❡ ❝❤♦♦s❡s ♥♦t

t♦ ✐♥✈❡st✳ ❆❧t❡r♥❛t✐✈❡❧② ✇❤❡♥ φ ≥ φ0✱ ❝❧❛✐♠s ❛r❡ ❢✉❧❧② ❝r❡❞✐❜❧❡✳ ❆ ❧♦✇ q✉❛❧✐t② ✜r♠ r❡♣♦rts

r = L ❛♥❞ ❡❛r♥s π∗(L)✱ ✇❤✐❧st ❛ ❤✐❣❤ q✉❛❧✐t② ✜r♠ r❡♣♦rts r = H ❛♥❞ ❡❛r♥s π∗(H)✳ ❙✐♥❝❡ t❤❡

❣❛✐♥s ❢r♦♠ ✐♥✈❡st✐♥❣ ❛r❡ π∗(H)−π∗(L) ≡ φ0✱ t❤❡ ✜r♠ ✉♣❣r❛❞❡s ✐❢ ❛♥❞ ♦♥❧② ✐❢ C ≤ φ0✳ ❋✐♥❛❧❧②

✇❤❡♥ φ ∈ (0, φ0), t❤❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s ♥❡❝❡ss❛r✐❧② ♣♦s✐t✐✈❡ ❢♦r t❤❡ s❛♠❡ r❡❛s♦♥ ❛s

✐♥ t❤❡ ♠❛✐♥ ♠♦❞❡❧✳ ❚❤✐s ❢✉rt❤❡r ✐♠♣❧✐❡s t❤❛t ❛ ❤✐❣❤ q✉❛❧✐t② ♣r♦❞✉❝t ❡❛r♥s φ ♠♦r❡ t❤❛♥ ❛ ❧♦✇

q✉❛❧✐t② ♣r♦❞✉❝t s✉❝❤ t❤❛t t❤❡ ✜r♠ ✐♥✈❡sts ✇✐t❤ ♣r♦❜❛❜✐❧✐t② F (φ)✳ ❍♦✇❡✈❡r ✉♥❧✐❦❡ t❤❡ ♠❛✐♥

♠♦❞❡❧✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ y∗ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ❞❡❝r❡❛s✐♥❣ ❡✈❡r②✇❤❡r❡ ✐♥ φ✳

❘❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ qeH ≡ E(q|r = H)✳ ■♥t✉✐t✐✈❡❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ φ ❝❛♥ ❡♥❤❛♥❝❡ ❛❞✈❡rt✐s✐♥❣

❝r❡❞✐❜✐❧✐t② ❛♥❞ ❝❛✉s❡ ✐♥✈❡st♠❡♥t t♦ ✐♥❝r❡❛s❡ ❜② s♦ ♠✉❝❤ t❤❛t✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ t❤❡ ♥❡t ❣❛✐♥s

❢r♦♠ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✱ π∗(qeH) − φ✱ ❛❝t✉❛❧❧② r✐s❡✱ ❛♥❞ ♣r♦♠♣t ❛ ❤✐❣❤❡r y∗✳ ■♥ ❤✐s s❡♠✐♥❛❧

❞✐s❝✉ss✐♦♥✱ ◆❡❧s♦♥ ✭✶✾✼✹✮ s✉❣❣❡st❡❞ t❤❛t ❛❞✈❡rt✐s✐♥❣ ♣♦❧✐❝② ♠❛② ✐♥❝r❡❛s❡ t❤❡ ❝r❡❞✐❜✐❧✐t② ♦❢

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❍❡r❡✱ ✇❡ ❢♦r♠❛❧✐③❡ ❛♥ ❡✈❡♥ str♦♥❣❡r r❡❧❛t✐♦♥s❤✐♣ ✲ ♣♦❧✐❝② ❝❛♥ ♣r♦✈✐❞❡ s♦

♠✉❝❤ ❝r❡❞✐❜✐❧✐t② t❤❛t ♣❛r❛♠❡t❡rs ❡①✐st ✇❤❡r❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s ✐♥❝r❡❛s✐♥❣

✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ♣❡♥❛❧t②✳ ◆❡✈❡rt❤❡❧❡ss✱ ❞❡s♣✐t❡ ❛♥② ♣♦t❡♥t✐❛❧ ✐♥❝r❡❛s❡ ✐♥ y∗✱ str♦♥❣❡r ♣❡♥❛❧t✐❡s

st✐❧❧ ❛❧✇❛②s ✐♥❞✉❝❡ ❛ ❧❛r❣❡r ❡①♣❡❝t❡❞ q✉❛❧✐t②✱ qeH ✳ ◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t②✿

Pr♦♣♦s✐t✐♦♥ ✺✳ ❙✉♣♣♦s❡ ❆ss✉♠♣t✐♦♥ ✶ ❤♦❧❞s ❛♥❞ t❤❛t L < q̂✳ ❆ ❜✉②❡r✲♦r✐❡♥t❛t❡❞ ♣♦❧✐❝②✲

♠❛❦❡r ✐✮ ❛❧✇❛②s s❡ts φ > 0✱ ❛♥❞ ✐✐✮ s❡ts φ < φ0 s✉❝❤ t❤❛t y∗ > 0 ♣r♦✈✐❞❡❞ H > q̇(L) ❛♥❞

f(φ0)/F (φ0) ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✳

❚♦ ✉♥❞❡rst❛♥❞ t❤✐s r❡s✉❧t✱ r❡✇r✐t❡ ✭✽✮ ❢r♦♠ ❡❛r❧✐❡r ✉s✐♥❣ x ≡ x∗(φ✮ ❛s

E(v) = v∗(L) + (H − L)
v∗(qeH)− v∗(L)

qeH − L︸ ︷︷ ︸
Pr✐❝❡✴P❡rs✉❛s✐♦♥ t❡r♠s

× (1− x∗(φ))︸ ︷︷ ︸
■♥✈❡st♠❡♥t t❡r♠

. ✭✶✼✮

✶✾



❚❤❡ s❡❝♦♥❞ t❡r♠ ❝❛♣t✉r❡s t❤❡ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ ♣r✐❝❡ ❛♥❞ ♣❡rs✉❛s✐♦♥ ❡✛❡❝ts✳ ❆s ✐♥ t❤❡

♠❛✐♥ ♠♦❞❡❧✱ ❆ss✉♠♣t✐♦♥ ✶ ❡♥s✉r❡s t❤❛t t❤✐s t❡r♠ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ φ ✐❢ ❛♥❞ ♦♥❧② ✐❢ qeH < q̇(L)✳

❚❤❡ t❤✐r❞ t❡r♠ r❡❧❛t❡s t♦ ❛ ♥❡✇ ❵✐♥✈❡st♠❡♥t ❡✛❡❝t✬✳ ❆ ❤✐❣❤ q✉❛❧✐t② ♣r♦❞✉❝t ❣❡♥❡r❛t❡s ♠♦r❡

❜✉②❡r s✉r♣❧✉s t❤❛♥ ❛ ❧♦✇ q✉❛❧✐t② ♣r♦❞✉❝t✳ ❚❤❡r❡❢♦r❡ ❝❡t❡r✐s ♣❛r✐❜✉s✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ φ ✐s

❜❡♥❡✜❝✐❛❧ s✐♥❝❡ ✐t ♣r♦♠♣ts ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ✐♥✈❡st♠❡♥t✳ Pr♦♣♦s✐t✐♦♥ ✺ ✐s t❤❡♥ ❡①♣❧❛✐♥❡❞ ❛s

❢♦❧❧♦✇s✳ ❋✐rst❧②✱ ✉♥❧✐❦❡ ✐♥ t❤❡ ♠❛✐♥ ♠♦❞❡❧✱ φ = 0 ✐s ♥❡✈❡r ♦♣t✐♠❛❧ ❜❡❝❛✉s❡ t❤❡ ✜r♠ t❤❡♥ ♥❡✈❡r

✐♥✈❡sts ❛♥❞ s♦ ❜✉②❡rs ❣❡t ♦♥❧② v∗(L)✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❢♦r ❛♥② φ > 0✱ t❤❡ ✜r♠ ✐♥✈❡sts ✇✐t❤

♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❛♥❞ s♦ ❢r♦♠ ✭✶✼✮ ❜✉②❡r s✉r♣❧✉s str✐❝t❧② ❡①❝❡❡❞s v∗(L)✳ ❙❡❝♦♥❞❧② t❤♦✉❣❤✱

❞❡s♣✐t❡ t❤✐s ♥❡✇ ✐♥✈❡st♠❡♥t ❡✛❡❝t✱ ♣♦❧✐❝② ♠❛② st✐❧❧ r❡❢r❛✐♥ ❢r♦♠ ❝♦♠♣❧❡t❡❧② ❡❧✐♠✐♥❛t✐♥❣ ❢❛❧s❡

❛❞✈❡rt✐s✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s t❤❡ ❝❛s❡ ✇❤❡♥ H > q̇(L) ❛♥❞ f(φ0)/F (φ0) ✐s r❡❧❛t✐✈❡❧②

s♠❛❧❧✳ ■♥t✉✐t✐✈❡❧② t❤❡ ❧❛tt❡r r❡str✐❝t✐♦♥ ♦♥ f(C) ✐♠♣❧✐❡s t❤❛t st❛rt✐♥❣ ❢r♦♠ str♦♥❣ r❡❣✉❧❛t✐♦♥✱

φ = φ0✱ ❛ s♠❛❧❧ ❞❡❝r❡❛s❡ ✐♥ φ ♦♥❧② ❤❛s ❛ s♠❛❧❧ ❡✛❡❝t ♦♥ t❤❡ ✐♥✈❡st♠❡♥t ♣r♦❜❛❜✐❧✐t②✱ s✉❝❤ t❤❛t

t❤❡ ❝♦♠❜✐♥❡❞ ♣r✐❝❡ ❛♥❞ ♣❡rs✉❛s✐♦♥ ❡✛❡❝ts ❞♦♠✐♥❛t❡✳ ❈♦♥s❡q✉❡♥t❧②✱ ❛s ✐♥ t❤❡ ♠❛✐♥ ♠♦❞❡❧✱

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ s♦♠❡t✐♠❡s ❜❡♥❡✜t ❜✉②❡rs✳✶✹

❋✐♥❛❧❧②✱ ♦♥❡ ❝❛♥ ❝♦♠♣❛r❡ t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t② ✇✐t❤ t❤❛t ✉♥❞❡r ❡①♦❣❡♥♦✉s q✉❛❧✐t②✳ ■♥ ♣❛r✲

t✐❝✉❧❛r✱ ❧❡t φ∗
en ❞❡♥♦t❡ t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t② ✇✐t❤ ❡♥❞♦❣❡♥♦✉s q✉❛❧✐t②✱ ❛♥❞ ✐♠♣♦s❡ ❛ t❡❝❤♥✐❝❛❧

❝♦♥❞✐t✐♦♥ f(φ)(H − L) < 1 t♦ ❡♥s✉r❡ ✐t ✐s ✉♥✐q✉❡✳ ❚❤❡♥✱ t♦ ♠❛❦❡ ❛ ❝♦♠♣❛r✐s♦♥✱ ❧❡t x∗ (φ∗
en)

❜❡ t❤❡ ♣r♦♣♦rt✐♦♥ ♦❢ ❧♦✇ t②♣❡s ✉♥❞❡r ❡①♦❣❡♥♦✉s q✉❛❧✐t②✱ ❛♥❞ ❞❡♥♦t❡ t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧

♣❡♥❛❧t② ❜② φ∗
ex✳ ❖♥❡ ❝❛♥ t❤❡♥ ♣r♦✈❡ t❤❛t φ∗

ex ≤ φ∗
en✱ s✉❝❤ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t② ✐s str♦♥❣❡r

✇❤❡♥ q✉❛❧✐t② ✐s ❡♥❞♦❣❡♥♦✉s ❞✉❡ t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ❡✛❡❝t✳

✻ ❘♦❜✉st♥❡ss

❚❤✐s ✜♥❛❧ s❡❝t✐♦♥ s❤♦✇s ❤♦✇ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ♠❛✐♥ ♠♦❞❡❧ ❛r❡ r♦❜✉st t♦ ✐✮ ❛♥ ❛r❜✐tr❛r②

♥✉♠❜❡r ♦❢ q✉❛❧✐t② t②♣❡s✱ ✐✐✮ ❛s②♠♠❡tr✐❝ ❝♦sts✱ ✐✐✐✮ ♠♦r❡ ❝♦♠♣❧❡① ❢♦r♠s ♦❢ ♣✉♥✐s❤♠❡♥ts✱ ❛♥❞

✐✈✮ ❝♦♠♣❡t✐t✐♦♥✳

✻✳✶ ❆♥ ❆r❜✐tr❛r② ◆✉♠❜❡r ♦❢ ❚②♣❡s

❙✉♣♣♦s❡ t❤❡r❡ ❛r❡ ♥♦✇ n > 2 q✉❛❧✐t② ❧❡✈❡❧s✱ ❞❡♥♦t❡❞ ❜② q1 < ... < qn✱ ❛♥❞ t❤❛t t❤❡ ✜r♠ ❤❛s

q✉❛❧✐t② qi ✇✐t❤ ♣r♦❜❛❜✐❧✐t② xi ∈ (0, 1)✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ❡①♣♦s✐t✐♦♥✱ ❧❡t q2 > q
˜
❛♥❞ qn−1 < q̂

✭r❡❧❛①✐♥❣ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✐s str❛✐❣❤t❢♦r✇❛r❞✱ ❜✉t ❛❞❞s ♥♦ ♥❡✇ ✐♥s✐❣❤ts✮✳ ▼❛r❣✐♥❛❧ ❝♦st

✐s t❤❡ s❛♠❡ ❢♦r ❛❧❧ t②♣❡s ❛♥❞ ♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦✱ ✇❤✐❧❡ ❡① ❛♥t❡ ❡①♣❡❝t❡❞ q✉❛❧✐t② ✐s ❛❣❛✐♥

❞❡♥♦t❡❞ ❜② q̄ =
∑
xiqi✳ ❚❤❡ ✜r♠ ♠❛② s❡♥❞ ❛♥② r❡♣♦rt ❢r♦♠ t❤❡ s❡t Q = {q1, ..., qn}✱ ❛♥❞

✶✹❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ❛ ✇❡❧❢❛r❡✲♠❛①✐♠✐③✐♥❣ ♣♦❧✐❝②♠❛❦❡r ♠❛② ❛❧s♦ r❡❢r❛✐♥ ❢r♦♠ ❝♦♠♣❧❡t❡❧② ❡r❛❞✐✲
❝❛t✐♥❣ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳
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t❤❡ ♣♦❧✐❝②♠❛❦❡r ❝❛♥ ❝♦♠♠✐t t♦ ❛ r✐❝❤❡r ♣✉♥✐s❤♠❡♥t φ(q, r) ≥ 0✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❜♦t❤

t❤❡ ✜r♠✬s ❛❝t✉❛❧ ❛♥❞ r❡♣♦rt❡❞ q✉❛❧✐t✐❡s✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜r♠ ❝❛♥ ♦♥❧② ❜❡ ✜♥❡❞ ✐❢ ✐t

♦✈❡r✲r❡♣♦rts ✐ts q✉❛❧✐t② ✐✳❡✳ φ(q, r) = 0 ❢♦r ❛❧❧ r ≤ q✳ ❚❤❡ ❣❛♠❡ ❛♥❞ ♠♦✈❡ ♦r❞❡r ❛r❡ ♦t❤❡r✇✐s❡

✉♥❝❤❛♥❣❡❞✳

❆s ✉s✉❛❧✱ ❢♦r ❛♥② ♣❛rt✐❝✉❧❛r ♣✉♥✐s❤♠❡♥t φ(q, r) t❤❡r❡ ♠❛② ❡①✐st ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ P❇❊✳

❚❤❡r❡❢♦r❡✱ ❢♦r r❡❛s♦♥s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ♠❛✐♥ ♠♦❞❡❧✱ ✇❡ ❝♦♥t✐♥✉❡ t♦ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦

P❇❊ ✐♥ ✇❤✐❝❤ ✐✮ r(q) ≥ q ∀q s✉❝❤ t❤❛t ♥♦ t②♣❡ ✉♥❞❡r✲r❡♣♦rts ✐ts q✉❛❧✐t②✱ ❛♥❞ ✐✐✮ ❜✉②❡r

❜❡❧✐❡❢s ❞❡♣❡♥❞ ♦♥ t❤❡ ✜r♠✬s ❝❧❛✐♠ ❜✉t ♥♦t ✐ts ♣r✐❝❡✳ ◆♦t✐❝❡ t❤❛t ✐♥ ❛♥② P❇❊ s❛t✐s❢②✐♥❣

t❤❡s❡ r❡str✐❝t✐♦♥s✱ t❤❡ ♣✉♥✐s❤♠❡♥t ❢✉♥❝t✐♦♥ φ(q, r) ✐♥❞✉❝❡s ❛ ♠❛♣♣✐♥❣ ❢r♦♠ q✉❛❧✐t② t②♣❡s

✐♥t♦ r❡♣♦rts✳ ■t ✐s t❤❡♥ ❝♦♥✈❡♥✐❡♥t t♦ ❧❡t y∗i,j ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ✜r♠ ♦❢ t②♣❡ i ❝❧❛✐♠s

t♦ ❤❛✈❡ q✉❛❧✐t② j❀ ❤❡♥❝❡ y∗i,i ❞❡♥♦t❡s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ✜r♠ t②♣❡ i s❡♥❞s ❛ tr✉t❤❢✉❧ r❡♣♦rt✳

▲❡tt✐♥❣ y
∗ ❜❡ t❤❡ ✭tr✐❛♥❣✉❧❛r✮ ♠❛tr✐① ♦❢ s✉❝❤ ♣r♦❜❛❜✐❧✐t✐❡s✱ ✇❡ ♠❛② t❤❡♥ st❛t❡✿

▲❡♠♠❛ ✻✳ ❚❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t② ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ✐♥ t✇♦ st❡♣s✿

✐✮ ❋✐rst✱ ❝❤♦♦s❡ t❤❡ ♠❛tr✐① ♦❢ ♣r♦❜❛❜✐❧✐t✐❡s y
∗ ✇❤✐❝❤ ♠❛①✐♠✐③❡s t❤❡ ♣♦❧✐❝②♠❛❦❡r✬s ♦❜❥❡❝t✐✈❡✳

✐✐✮ ❙❡❝♦♥❞✱ t❤❡r❡ ❡①✐sts ❛ ♣✉♥✐s❤♠❡♥t ❢✉♥❝t✐♦♥ φ(q, r) ✇❤✐❝❤ ✐♥❞✉❝❡s t❤❡ ♣♦❧✐❝②♠❛❦❡r✬s ♦♣t✐♠❛❧

y
∗ ❛s t❤❡ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❣❛♠❡✳

❚❤✉s ❝♦♥❝❡♣t✉❛❧❧② t❤❡ ♣r♦❜❧❡♠ ✐s s✐♠✐❧❛r t♦ t❤❡ t✇♦✲t②♣❡ ❝❛s❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥❛❧♦❣♦✉s t♦

▲❡♠♠❛ ✷✱ ✇❡ ❝❛♥ ✇♦r❦ ✇✐t❤ t❤❡ ♠❛tr✐① ♦❢ r❡♣♦rt ♣r♦❜❛❜✐❧✐t✐❡s y∗✱ ❛♥❞ ❜❡ s✉r❡ t❤❛t ❛t ❧❡❛st

♦♥❡ ♣✉♥✐s❤♠❡♥t ❢✉♥❝t✐♦♥ ❝❛♥ ✐♠♣❧❡♠❡♥t t❤❡ ❞❡s✐r❡❞ y
∗✳ ◆♦✇ ❝♦♥s✐❞❡r ♦♣t✐♠❛❧ ♣❡♥❛❧t✐❡s✳

●✐✈❡♥ ♦✉r ♠❛✐♥ ♠♦❞❡❧✱ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s t❤❡ ♣♦❧✐❝②♠❛❦❡r

✇✐❧❧ ♣❡r♠✐t s♦♠❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❍♦✇❡✈❡r ♦♥❝❡ t❤❡r❡ ✐s ❛♥ ❛r❜✐tr❛r② ♥✉♠❜❡r ♦❢ t②♣❡s✱

t❤❡ ♣♦❧✐❝②♠❛❦❡r ❛❧s♦ ❤❛s t♦ ❞❡❝✐❞❡ ✇❤✐❝❤ q✉❛❧✐t② t②♣❡s ✇✐❧❧ ❜❡ ❛❧❧♦✇❡❞ t♦ ❡♥❣❛❣❡ ✐♥ ❢❛❧s❡

❛❞✈❡rt✐s✐♥❣✱ ❛♥❞ ✇❤✐❝❤ q✉❛❧✐t② ❧❡✈❡❧✭s✮ t❤❡② ✇✐❧❧ ♠✐♠✐❝✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ❡①♣♦s✐t✐♦♥ ✇❡ ♥♦✇

❢♦❝✉s ♦♥ ❞✐str✐❜✉t✐♦♥s s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥s ✶✐ ❛♥❞ ✷✐ ❢♦r ✇❤✐❝❤ q̂ = q̂w = q̃✶✺✿

Pr♦♣♦s✐t✐♦♥ ✻✳ ❙✉♣♣♦s❡ t❤❡ ♠❛t❝❤ ❞✐str✐❜✉t✐♦♥ s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥s ✶✐ ❛♥❞ ✷✐✳ ❚❤❡ ♦♣t✐♠❛❧

r❡♣♦rt ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ❛s ❢♦❧❧♦✇s✿

✐✮ ❇✉②❡r s✉r♣❧✉s✳ ✭❛✮ ❲❤❡♥ qn ≤ q̃ ✐t ✐s ♠❛①✐♠✐③❡❞ ❜② y∗i,i = 1 ❢♦r ❛❧❧ i✳ ✭❜✮ ❲❤❡♥ qn > q̃ > q̄

t❤❡r❡ ❡①✐sts ❛ ❝r✐t✐❝❛❧ t②♣❡ i∗ s❛t✐s❢②✐♥❣ E(q|q ≥ qi∗) ≤ q̃ < E(q|q ≥ qi∗+1)✱ s✉❝❤ t❤❛t t❤❡

♦♣t✐♠❛❧ s♦❧✉t✐♦♥ ❤❛s y∗i,i = 1 ❢♦r ❛❧❧ i < i∗✱ y∗i,n = 1 ❢♦r ❛❧❧ i > i∗✱ ❛♥❞ y∗i∗,i∗ = 1− y∗i∗,n ✇❤❡r❡

y∗i∗,n s❛t✐s✜❡s✿
xi∗y

∗
i∗,nqi∗ +

∑n
i=i∗+1 xiqi

xi∗y∗i∗,n +
∑n

i=i∗+1 xi
= q̃.

✶✺❚❤❡ ♦♣t✐♠❛❧ ♣❛tt❡r♥ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s q✉❛❧✐t❛t✐✈❡❧② t❤❡ s❛♠❡ ❢♦r ❞✐str✐❜✉t✐♦♥s s❛t✐s❢②✐♥❣ t❤❡ ❛❧t❡r✲
♥❛t✐✈❡ ❆ss✉♠♣t✐♦♥s ✶✐✐ ❛♥❞ ✷✐✐✳ ❋✉rt❤❡r ❞❡t❛✐❧s ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥ r❡q✉❡st✳
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✭❝✮ ❲❤❡♥ q̄ ≥ q̃ ✐t ✐s ♠❛①✐♠✐③❡❞ ❜② y∗i,n = 1 ❢♦r ❛❧❧ i✳

✐✐✮ Pr♦✜t ✐s ♠❛①✐♠✐③❡❞ ❜② y∗i,i = 1 ❢♦r ❛❧❧ i✳

✐✐✐✮ ❚♦t❛❧ ✇❡❧❢❛r❡✳ ❚❤❡r❡ ❡①✐sts ❛ t❤r❡s❤♦❧❞ L̇ s✉❝❤ t❤❛t✿ ✭❛✮ ❲❤❡♥ qn ≤ q̃ ✐t ✐s ♠❛①✐♠✐③❡❞ ❜②

y∗i,i = 1 ❢♦r ❛❧❧ i✳ ✭❜✮ ❲❤❡♥ qn > q̃ ❛♥❞ qi∗ ≥ L̇ ✐t ✐s ♠❛①✐♠✐③❡❞ ❜② t❤❡ ❜✉②❡r✲♦♣t✐♠❛❧ ♠❛tr✐①✳

✭❝✮ ❲❤❡♥ qn > q̃ ❛♥❞ qi∗ < L̇✱ ✐t ✐s ♠❛①✐♠✐③❡❞ ❜② y∗i,i = 1 ❢♦r ❛❧❧ i ✇✐t❤ qi < L̇✱ ❛♥❞ y∗i,n = 1

❢♦r ❛❧❧ i ✇✐t❤ qi ≥ L̇✳

❚❤❡ ♣♦❧✐❝②♠❛❦❡r ✐♥❞✉❝❡s ❡❛❝❤ ✜r♠ t②♣❡ t♦ ❡✐t❤❡r r❡♣♦rt tr✉t❤❢✉❧❧② ♦r t♦ ❝❧❛✐♠ t♦ ❤❛✈❡

t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ q✉❛❧✐t② qn✳ ❙✐♠✐❧❛r t♦ t❤❡ t✇♦✲t②♣❡ ♠♦❞❡❧✱ ✐♥ ♠❛♥② ❝❛s❡s ♦♥❡ ✜r♠ t②♣❡

✐s r❡q✉✐r❡❞ t♦ r❛♥❞♦♠✐③❡ ♦✈❡r ✐ts r❡♣♦rt✳ ❲❤❡t❤❡r ❜✉②❡rs ❣❛✐♥ ❢r♦♠ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❞❡♣❡♥❞s

✉♣♦♥ ❤♦✇ t❤❡ ❤✐❣❤❡st q✉❛❧✐t② t②♣❡ qn ❝♦♠♣❛r❡s ✇✐t❤ q̃✳ ■❢ qn ≤ q̃ t❤❡ ♣❡rs✉❛s✐♦♥ ❡✛❡❝t

❞♦♠✐♥❛t❡s✱ s✉❝❤ t❤❛t ❜✉②❡rs ❛r❡ ❜❡tt❡r ♦✛ ✐❢ t❤❡ ✜r♠ tr✉t❤❢✉❧❧② r❡✈❡❛❧s ✐ts q✉❛❧✐t②✳ ❍♦✇❡✈❡r

✐❢ qn > q̃✱ t❤❡ ❤✐❣❤❡st t②♣❡ ❤❛s ❛ ❧♦t ♦❢ ♠❛r❦❡t ♣♦✇❡r✱ ❛♥❞ s♦ ❧♦✇❡r t②♣❡s ❛r❡ ♣♦♦❧❡❞ ✇✐t❤

✐t t♦ ❣❡♥❡r❛t❡ ❛ ❜❡♥❡✜❝✐❛❧ ♣r✐❝❡ ❡✛❡❝t✳ ■♥ ♦r❞❡r t♦ ♠✐♥✐♠✐③❡ t❤❡ ♥❡❣❛t✐✈❡ ♣❡rs✉❛s✐♦♥ ❡✛❡❝t✱

t❤✐s ♣♦♦❧✐♥❣ ✐s ❞♦♥❡ ❢r♦♠ t❤❡ t♦♣ ✐✳❡✳ ✜rst t❤❡ qn−1 t②♣❡ ✐s ♣♦♦❧❡❞✱ t❤❡♥ t❤❡ qn−2 t②♣❡✱ ❛♥❞

s♦ ❢♦rt❤✱ ✉♥t✐❧ ❡✐t❤❡r E(q|r = qn) = q̃ ♦r ♥♦ ♠♦r❡ t②♣❡s ❛r❡ ❧❡❢t t♦ ♣♦♦❧✳ ❍❡♥❝❡ t❤❡ ♦♣t✐♠✉♠

❤❛s ❢✉❧❧ ♣♦♦❧✐♥❣ ✇❤❡♥ q̄ > q̃✱ ❛♥❞ s❡♠✐✲♣♦♦❧✐♥❣ ✇❤❡♥ q̄ < q̃ < H ✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ t❤❡

♣♦❧✐❝②♠❛❦❡r ♣❡r♠✐ts ❵s♠❛❧❧✬ ❧✐❡s ❜② t②♣❡s ❝❧♦s❡ t♦ qn✱ ✇❤✐❧st ❢♦r❜✐❞❞✐♥❣ ❵❧❛r❣❡✬ ❧✐❡s ❜② t②♣❡s

❛t ♦r ❝❧♦s❡ t♦ q1✳

P♦❧✐❝② ✉♥❞❡r ❛ t♦t❛❧ ✇❡❧❢❛r❡ ♦❜❥❡❝t✐✈❡ ❛❧s♦ ❞❡♣❡♥❞s ✉♣♦♥ ✇❤❡t❤❡r qn ≷ q̃✳ ❲❤❡♥ qn ≤ q̃ ❛

✇❡❧❢❛r❡✲♠❛①✐♠✐③✐♥❣ ♣♦❧✐❝② ✐♥✈♦❧✈❡s tr✉t❤❢✉❧ ❛❞✈❡rt✐s✐♥❣ ❛♥❞ s♦ ❝♦✐♥❝✐❞❡s ✇✐t❤ ✇❤❛t ✐s ♦♣t✐♠❛❧

❢♦r ❜♦t❤ ❜✉②❡rs ❛♥❞ t❤❡ ✜r♠✳ ❍♦✇❡✈❡r ✇❤❡♥ qn > q̃ ❛ ✇❡❧❢❛r❡✲♦r✐❡♥t❡❞ ♣♦❧✐❝②♠❛❦❡r ♠❛② ❛❧❧♦✇

s♦♠❡ ❧♦✇❡r t②♣❡s t♦ ✉s❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐♥ ♦r❞❡r t♦ r❛✐s❡ t❤❡✐r ♦✉t♣✉t✳ ❆s ✇✐t❤ ❜✉②❡r s✉r♣❧✉s✱

t②♣❡s ✇✐t❤ q✉❛❧✐t② ❝❧♦s❡r t♦ qn ❛r❡ ♠♦r❡ ❧✐❦❡❧② t♦ ❜❡ ❛❧❧♦✇❡❞ t♦ ✉s❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ s✐♥❝❡

t❤❡✐r s♦❝✐❛❧❧②✲♦♣t✐♠❛❧ ♦✉t♣✉t ❧❡✈❡❧s ❛r❡ ❤✐❣❤❡st✳ ❖✈❡r❛❧❧✱ t❤❡ ♠❛✐♥ ✐♥s✐❣❤ts ❢r♦♠ t❤❡ t✇♦✲t②♣❡

♠♦❞❡❧ ❝❛rr② ♦✈❡r ✐♥t♦ t❤✐s r✐❝❤❡r ♠✉❧t✐✲t②♣❡ ❡♥✈✐r♦♥♠❡♥t✳

✻✳✷ ❆s②♠♠❡tr✐❝ ❈♦sts

❘❡t✉r♥✐♥❣ t♦ t❤❡ t✇♦✲t②♣❡ ❝❛s❡✱ ✇❡ ♥♦✇ ♣❡r♠✐t t❤❡ t②♣❡s t♦ ❞✐✛❡r ✐♥ ♠❛r❣✐♥❛❧ ❝♦sts✳ ❚❤✐s

♠❛② ❛❧❧♦✇ t❤❡ t②♣❡s t♦ s❡♣❛r❛t❡ ♠♦r❡ ❡❛s✐❧② ❜② ❢❛❝✐❧✐t❛t✐♥❣ ♣r✐❝❡ s✐❣♥❛❧✐♥❣✳ ❍❡♥❝❡✱ ✇❡ ✜rst

❝❤❛r❛❝t❡r✐③❡ t❤❡ ❧❡❛st✲❝♦st s❡♣❛r❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✇❤❡r❡ t❤❡ ✜r♠ ❝❛♥ s✐❣♥❛❧ ❜② ✉s✐♥❣ ❜♦t❤

✐ts r❡♣♦rt ❛♥❞ ✐ts ♣r✐❝❡✳ ❍♦✇❡✈❡r✱ ❛s s✉❝❤ s❡♣❛r❛t✐♥❣ ❡q✉✐❧✐❜r✐❛ ♥❡❝❡ss❛r✐❧② ✐♥✈♦❧✈❡ tr✉t❤❢✉❧

❛❞✈❡rt✐s✐♥❣✱ t❤❡② ❝❛♥♥♦t ❛❝❝♦✉♥t ❢♦r ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❈♦♥s❡q✉❡♥t❧②✱ ✇❡ t❤❡♥ ✉s❡ ❛ ❞✐✛❡r❡♥t

s❡❧❡❝t✐♦♥ ❛♣♣r♦❛❝❤ t♦ st✉❞② ❛ ✈❡rs✐♦♥ ♦❢ ♦✉r ♣r❡✈✐♦✉s s❡♠✐✲♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ ❢❛❧s❡

✷✷



❛❞✈❡rt✐s✐♥❣✳✶✻

❙✉♣♣♦s❡ t❤❛t ❛ ♣r♦❞✉❝t ♦❢ q✉❛❧✐t② q ♥♦✇ ❤❛s ❝♦♥st❛♥t ♠❛r❣✐♥❛❧ ❝♦st c(q) ✇✐t❤ c′(q) ∈ (0, 1)

❛♥❞ c′′(q) = 0✳ ▲❡t π (p, qe; i) = (p− c(i)) [1−G (p− qe)] ❜❡ t❤❡ ♣r♦✜t ❡❛r♥❡❞ ✇✐t❤ ♣r✐❝❡ p✱

❡①♣❡❝t❡❞ q✉❛❧✐t② qe✱ ❛♥❞ ❛❝t✉❛❧ q✉❛❧✐t② i ∈ {L,H}✱ ❛♥❞ ❞❡♥♦t❡ p∗ (qe; i) = argmaxp π (p, q
e; i)

❛♥❞ π∗(i) = π (p∗ (i; i) , i; i)✳ ❋✐rst✱ ❝♦♥s✐❞❡r t❤❡ ❧❡❛st✲❝♦st s❡♣❛r❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠✳ ❲✐t❤♦✉t

❛❞✈❡rt✐s✐♥❣ r❡❣✉❧❛t✐♦♥✱ st❛♥❞❛r❞ r❡s✉❧ts s❤♦✇ t❤❛t t❤❡ ❧♦✇ t②♣❡ ❝❤❛r❣❡s ✐ts ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥

♣r✐❝❡ p∗(L;L)✱ ✇❤✐❧st t❤❡ ❤✐❣❤ t②♣❡ ❝❤❛r❣❡s p∗(H;H) ✐❢ π∗(L) ≥ π(p∗(H;H), H;L)✱ ❛♥❞

♦t❤❡r✇✐s❡ ❞✐st♦rts ✐ts ♣r✐❝❡ ❛❜♦✈❡ p∗(H;H)✳ ❚♦ ♠❛❦❡ ♦✉r ♣r♦❜❧❡♠ ✇✐t❤ ❛❞✈❡rt✐s✐♥❣ r❡❣✉❧❛t✐♦♥

✐♥t❡r❡st✐♥❣✱ ✇❡ ❤❡♥❝❡❢♦rt❤ ❛ss✉♠❡ π∗(L) < π(p∗(H;H), H;L)✿

❘❡♠❛r❦ ✷✳ ❙✉♣♣♦s❡ φ > 0✳ ❆t t❤❡ ❧❡❛st✲❝♦st s❡♣❛r❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ❧♦✇ t②♣❡ ❝❧❛✐♠s

r = L ❛♥❞ ❝❤❛r❣❡s p∗(L;L)✱ ✇❤✐❧❡ t❤❡ ❤✐❣❤ t②♣❡ ❝❧❛✐♠s r = H ❛♥❞ ❝❤❛r❣❡s ps(φ) ✇❤❡r❡

✐✮ ■❢ φ ≥ φ′
0 ≡ π(p∗(H;H), H;L)− π∗(L)✱ ps(φ) = p∗(H;H)✳

✐✐✮ ■❢ φ ∈ (0, φ′
0)✱ p

s(φ) > p∗(H;H) ❛♥❞ ✐s t❤❡ ❧❛r❣❡st s♦❧✉t✐♦♥ t♦ π(p,H;L)− φ = π∗(L)✳

❲❤❡♥ φ = 0✱ t❤❡ ❤✐❣❤ t②♣❡ s❡♣❛r❛t❡s ♦♥❧② ❜② ❞✐st♦rt✐♥❣ ✐ts ♣r✐❝❡✳ ❍♦✇❡✈❡r ✇❤❡♥ φ > 0✱

t❤❡ ❤✐❣❤ t②♣❡ ♦♣t✐♠❛❧❧② ✐ss✉❡s ❛ ❤✐❣❤ r❡♣♦rt ✐♥ ♦r❞❡r t♦ ❞✐r❡❝t❧② r❡❞✉❝❡ t❤❡ ❧♦✇ t②♣❡✬s ✐♥❝❡♥t✐✈❡

t♦ ♠✐♠✐❝ ✲ ♥♦✇✱ ✐❢ t❤❡ ❤✐❣❤ t②♣❡ ❝❤❛r❣❡s p✱ t❤❡ ❧♦✇ t②♣❡ ✇✐❧❧ ♥♦t ♠✐♠✐❝ ✐❢ π(p,H;L) − φ ≤
π∗(L)✳ ❚❤❡r❡❢♦r❡ ✇❤❡♥ φ ≥ φ′

0 t❤❡ ❤✐❣❤ t②♣❡ ❝❛♥ s❡♣❛r❛t❡ ✇✐t❤♦✉t ❞✐st♦rt✐♥❣ ✐ts ♣r✐❝❡✱ ❜✉t

✇❤❡♥ φ ∈ (0, φ′
0) s♦♠❡ ✉♣✇❛r❞ ♣r✐❝❡ ❞✐st♦rt✐♦♥ ✐s st✐❧❧ r❡q✉✐r❡❞✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ ❤✐❣❤ t②♣❡✬s

s❡♣❛r❛t✐♥❣ ♣r✐❝❡ ps(φ), ❛♥❞ t❤❡ s✐③❡ ♦❢ t❤❡ r❡s✉❧t✐♥❣ ❞✐st♦rt✐♦♥✱ ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ φ✳✶✼

❚♦ st✉❞② ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✱ ✇❡ ♥♦✇ ❝❤❛r❛❝t❡r✐③❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ s❡♠✐✲♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐✉♠

✐♥ ❛ s✐♠✐❧❛r st②❧❡ t♦ t❤❡ ♠❛✐♥ ♠♦❞❡❧✳ ◆♦t✐❝❡ t❤❛t ✐❢ ❜♦t❤ t②♣❡s s❡♥❞ t❤❡ s❛♠❡ r❡♣♦rt ✇✐t❤

♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ t❤❡② ♠✉st ❝❤❛r❣❡ t❤❡ s❛♠❡ ♣r✐❝❡ ✇❤❡♥ s❡♥❞✐♥❣ t❤❛t r❡♣♦rt✳ ■❢ ♥♦t✱ ❜✉②❡rs

✇♦✉❧❞ ❜❡ ❛❜❧❡ t♦ ✐♥❢❡r t❤❡ ✜r♠✬s t②♣❡ ❛♥❞ t❤❡ ❧♦✇ t②♣❡ ✇♦✉❧❞ ✇✐s❤ t♦ ❞❡✈✐❛t❡✳ ❍♦✇❡✈❡r✱ ✐♥

❝♦♥tr❛st t♦ t❤❡ ♠❛✐♥ ♠♦❞❡❧✱ ❛❢t❡r ♠❛❦✐♥❣ ❛ ❤✐❣❤ ❝❧❛✐♠ ✇✐t❤ ♣r✐❝❡ p ❛♥❞ s✉❜s❡q✉❡♥t ❜❡❧✐❡❢ qe✱

t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ t✇♦ t②♣❡s ♥♦✇ ❞✐✛❡r ❜② ♠♦r❡ t❤❛♥ ❥✉st ❛ ❝♦♥st❛♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡

t✇♦ t②♣❡s ♥♦ ❧♦♥❣❡r ❤❛✈❡ t❤❡ s❛♠❡ ♣r✐❝✐♥❣ ✐♥❝❡♥t✐✈❡s✱ ❛♥❞ s♦ ✇❡ r❡q✉✐r❡ ❛ str♦♥❣❡r ❡q✉✐❧✐❜r✐✉♠

s❡❧❡❝t✐♦♥ ❛♣♣r♦❛❝❤✳

❋✐rst❧②✱ ✇❡ st✐❧❧ ❢♦❝✉s ♦♥ P❇❊ ✇❤❡r❡ t❤❡ ❤✐❣❤ t②♣❡ ❛❧✇❛②s s❡♥❞s ❛ ❤✐❣❤ r❡♣♦rt✳ ❙❡❝♦♥❞❧②✱

❤♦✇❡✈❡r✱ ✇❡ ♥♦✇ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ P❇❊ ✇❤❡r❡ ❣✐✈❡♥ ❛ ❤✐❣❤ r❡♣♦rt✱ t❤❡ ✜r♠ ❛❧✇❛②s ❝❤❛r❣❡s

t❤❡ ❤✐❣❤ t②♣❡✬s s❡q✉❡♥t✐❛❧❧② ♦♣t✐♠❛❧ ♣r✐❝❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ ❜✉②❡rs ❜❡❧✐❡✈❡ t❤❛t ♦♥ ❛✈❡r❛❣❡

❛ ✜r♠ ✇✐t❤ r = H ❤❛s q✉❛❧✐t② qeH ✱ t❤❡♥ ❛❢t❡r r❡♣♦rt✐♥❣ r = H ❜♦t❤ t②♣❡s s❡t ❛ ♣♦♦❧✐♥❣

♣r✐❝❡ p∗ (qeH ;H)✳ ■♥t✉✐t✐✈❡❧②✱ s✐♥❝❡ t❤❡ ❤✐❣❤ t②♣❡ ✐s t❤❡ ♦♥❡ ❜❡✐♥❣ ♠✐♠✐❝❦❡❞✱ ✐t s❤♦✉❧❞ ❤❛✈❡

✶✻❙❡❡ ❛❧s♦ ▼❛✐❧❛t❤ ❡t ❛❧ ✭✶✾✾✸✮ ❢♦r ❛ ♥✉♠❜❡r ♦❢ ✇✐❞❡r ❛r❣✉♠❡♥ts ❛❣❛✐♥st t❤❡ ❞❡ ❢❛❝t♦ s❡❧❡❝t✐♦♥ ♦❢ ❧❡❛st✲❝♦st
s❡♣❛r❛t✐♥❣ ❡q✉✐❧✐❜r✐❛✳

✶✼❈♦rts ✭✷✵✶✸✮ ♠❛❦❡s ❛ r❡❧❛t❡❞ ♣♦✐♥t ✐♥ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ❤✐s ♠❛✐♥ ♠♦❞❡❧ ✇❤❡r❡ ✜r♠s ❛r❡ ✐♠♣❡r❢❡❝t❧②
✐♥❢♦r♠❡❞ ❛❜♦✉t t❤❡✐r ♦✇♥ ♣r♦❞✉❝t q✉❛❧✐t②✳

✷✸



s♦♠❡ ❵❧❡❛❞❡rs❤✐♣✬ ✐♥ ❝❤♦♦s✐♥❣ ✐ts ♣r❡❢❡rr❡❞ ♣♦♦❧✐♥❣ ♣r✐❝❡✳ ❆ ♠♦r❡ ❢♦r♠❛❧ ❥✉st✐✜❝❛t✐♦♥ ❢♦r t❤✐s

s❡❝♦♥❞ r❡str✐❝t✐♦♥ ❢♦❧❧♦✇s ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❛ str♦♥❣❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ❯♥❞❡❢❡❛t❡❞ ❊q✉✐❧✐❜r✐✉♠

r❡✜♥❡♠❡♥t✱ ❛s ♣r♦♣♦s❡❞ ❜② ▼❡③③❡tt✐ ❛♥❞ ❚s♦✉❧♦✉❤❛s ✭✷✵✵✵✮✳✶✽ ❲❡ ♠❛② t❤❡♥ st❛t❡✿

▲❡♠♠❛ ✼✳ ❙✉♣♣♦s❡ c(H) − c(L) ✐s ♥♦t t♦♦ ❧❛r❣❡✳ ❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡ s❡♠✐✲♣♦♦❧✐♥❣ P❇❊ ✭✉♣

t♦ ♦✛✲♣❛t❤ ❜❡❧✐❡❢s✮ s❛t✐s❢②✐♥❣ ♦✉r r❡str✐❝t✐♦♥s✱ ✐♥ ✇❤✐❝❤✿

✐✮ ❆ ❤✐❣❤ t②♣❡ ✜r♠ ❝❧❛✐♠s r = H ❛♥❞ ❝❤❛r❣❡s p∗(qeH ;H)✳

✐✐✮ ❆ ❧♦✇ t②♣❡ ✜r♠ r❛♥❞♦♠✐③❡s✳ ❲✐t❤ ♣r♦❜❛❜✐❧✐t② y∗ ✐t ❝❧❛✐♠s r = H ❛♥❞ ❝❤❛r❣❡s p∗(qeH ;H)✳

❲✐t❤ ♣r♦❜❛❜✐❧✐t② 1− y∗ ✐t ❝❧❛✐♠s r = L ❛♥❞ ❝❤❛r❣❡s p∗(L;L)✳

✲ ❲❤❡♥ φ ≤ φ′
1 ≡ π∗(p∗(q̄;H), q̄;L)− π∗(L)✱ y∗ = 1✳

✲ ❲❤❡♥ φ ≥ φ′
0 = π∗(p∗(H;H), H;L)− π∗(L)✱ y∗ = 0✳

✲ ❲❤❡♥ φ ∈ (φ′
1, φ

′
0)✱ y

∗ ∈ (0, 1) ❛♥❞ ✉♥✐q✉❡❧② s♦❧✈❡s

π∗(p∗(qeH ;H), qeH ;L)− φ = π∗(L). ✭✶✽✮

✐✐✐✮ qeH ✐s ❣✐✈❡♥ ❜② ✭✻✮✳ ❇✉②❡r ❜❡❧✐❡❢s ❛r❡ s✉❝❤ t❤❛t Pr (q = H|{r, p} = {H, p∗(qeH ;H)}) =
1−x

1−x+xy∗ ❛♥❞ Pr (q = H|{r, p} 6= {H, p∗(qeH ;H)}) = 0.

❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐s q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦ t❤❡ ♠❛✐♥ ♠♦❞❡❧✱ ❛❧t❤♦✉❣❤ ♣❡ss✐♠✐st✐❝ ♦✛✲♣❛t❤

❜❡❧✐❡❢s ❛r❡ ♥♦✇ r❡q✉✐r❡❞ t♦ ♣r❡✈❡♥t t❤❡ ❧♦✇ t②♣❡ ❢r♦♠ r❡♣♦rt✐♥❣ r = H ❜✉t ❞❡✈✐❛t✐♥❣ t♦

❛ ♣r✐❝❡ p 6= p∗(qeH ;H✮✳ ◆♦t❡ t❤❛t ❡q✉✐❧✐❜r✐✉♠ ♣❧❛② ✈❛r✐❡s s♠♦♦t❤❧② ✇✐t❤ c(H) − c(L)✱ ❛♥❞

❝♦♥✈❡r❣❡s t♦ t❤❛t ♦❢ t❤❡ ♠❛✐♥ ♠♦❞❡❧ ❛s c(H) → c(L)✳

❋✐♥❛❧❧②✱ ❣✐✈❡♥ t❤❡ s✐♠✐❧❛r ❡q✉✐❧✐❜r✐✉♠✱ ✇❡ ♥♦✇ ❜r✐❡✢② ❝♦♠♠❡♥t ♦♥ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r

♣♦❧✐❝②✳✶✾ ❙✉♣♣♦s❡ t❤❛t c(H) − c(L) ✐s ♥♦t t♦♦ ❧❛r❣❡✳ ❘❡❧❛t✐✈❡ t♦ s②♠♠❡tr✐❝ ❝♦sts✱ t❤❡r❡ ✐s

♥♦✇ ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡❛s♦♥ t♦ ❡r❛❞✐❝❛t❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳ ❯♥❞❡r ❛s②♠♠❡tr✐❝ ❝♦sts✱ ❛ ❧②✐♥❣

❧♦✇ t②♣❡ ♠✉st ❞✐st♦rt ✐ts ♣r✐❝❡ ✉♣✇❛r❞s ❛t p∗ (qeH ;H) ✐♥st❡❛❞ ♦❢ ✐ts ♣r❡❢❡rr❡❞ ✭❧♦✇❡r✮ ♣r✐❝❡

p∗ (qeH ;L)✳ ❚❤✐s ❞✐st♦rt✐♦♥ ♣r♦✈✐❞❡s ❛ ❢✉rt❤❡r ❧♦ss t♦ ❜✉②❡r s✉r♣❧✉s✱ t♦t❛❧ ✇❡❧❢❛r❡✱ ❛♥❞ ❡① ❛♥t❡

♣r♦✜ts✳ ◆❡✈❡rt❤❡❧❡ss ✉♥❞❡r ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✷✱ ✐t r❡♠❛✐♥s tr✉❡ t❤❛t ❢♦r ❝❡rt❛✐♥ ✈❛❧✉❡s ♦❢ L✱

H✱ ❛♥❞ x ❜♦t❤ ❛ ❜✉②❡r✲ ❛♥❞ ❛ ✇❡❧❢❛r❡✲♦r✐❡♥t❡❞ ♣♦❧✐❝②♠❛❦❡r ✇♦✉❧❞ ♣❡r♠✐t ❛ str✐❝t❧② ♣♦s✐t✐✈❡

❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✳

✻✳✸ ▼♦r❡ ❈♦♠♣❧❡① P✉♥✐s❤♠❡♥ts

■♥ ♣r❛❝t✐❝❡✱ ❝♦♥tr❛r② t♦ ♦✉r ❛ss✉♠♣t✐♦♥ ♦❢ ❛ ✜①❡❞ ♣✉♥✐s❤♠❡♥t φ✱ t❤❡ ♣✉♥✐s❤♠❡♥t ♠✐❣❤t ❢♦r

❡①❛♠♣❧❡ ❞❡♣❡♥❞ ♦♥ ❤♦✇ ♠❛♥② ✉♥✐ts t❤❡ ✜r♠ s♦❧❞✱ ♦r ♦♥ t❤❡ ❞❡❣r❡❡ t♦ ✇❤✐❝❤ ❜✉②❡rs ✇❡r❡

✶✽■♥ ♣❛rt✐❝✉❧❛r✱ ✜① ❜✉②❡rs✬ ❜❡❧✐❡❢ t❤❛t ♦♥ ❛✈❡r❛❣❡ ❛ ✜r♠ r❡♣♦rt✐♥❣ r = H ❤❛s q✉❛❧✐t② qeH ✳ ❆s ✐♥ t❤❡ ♠❛✐♥
♠♦❞❡❧✱ s✉♣♣♦s❡ t❤❛t ❜✉②❡rs ✐♥t❡r♣r❡t ❛♥② ♦✛✲♣❛t❤ ♣r✐❝❡ ❛s ❛ ✭♣♦ss✐❜❧❡✮ s✐❣♥❛❧ ♦❢ t❤❡ ✜r♠✬s t②♣❡ r❛t❤❡r t❤❛♥
❛ s✐❣♥❛❧ ❛❜♦✉t E(q|r = H)✳ ❚❤❡♥ ♣r♦✈✐❞❡❞ c(H)− c(L) ✐s ♥♦t t♦♦ ❧❛r❣❡✱ t❤❡ ❙tr♦♥❣❧② ❯♥❞❡❢❡❛t❡❞ r❡✜♥❡♠❡♥t
✉♥✐q✉❡❧② s❡❧❡❝ts p∗ (qeH ;H) ❛s t❤❡ ♣r✐❝❡ ✇❤✐❝❤ t❤❡ ✜r♠ s❤♦✉❧❞ ❝❤❛r❣❡ ❛❢t❡r r❡♣♦rt✐♥❣ r = H✳

✶✾❋✉❧❧ ❞❡t❛✐❧s ❛r❡ ❛✈❛✐❧❛❜❧❡ ♦♥ r❡q✉❡st✳

✷✹



❤❛r♠❡❞✳ ❚♦ ❝❛♣t✉r❡ t❤❡s❡ ❛♥❞ ♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s✱ ✇❡ ♥♦✇ ❝♦♥s✐❞❡r ❛ ❣❡♥❡r❛❧ ♣✉♥✐s❤♠❡♥t

φ (q, r, p, qe) ≥ 0✱ ✇❤✐❝❤ ❞❡♣❡♥❞s ♦♥ ❜♦t❤ t❤❡ ✜r♠✬s ❛❝t✉❛❧ ❛♥❞ r❡♣♦rt❡❞ q✉❛❧✐t✐❡s✱ ❛s ✇❡❧❧

❛s ✐ts ♣r✐❝❡✱ ❛♥❞ ❜✉②❡rs✬ ❡①♣❡❝t❛t✐♦♥s✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜r♠ ❝❛♥ ♦♥❧② ❜❡ ✜♥❡❞ ✐❢ ✐t

♦✈❡r✲r❡♣♦rts ✐ts q✉❛❧✐t② ✐✳❡✳ φ (q, r, p, qe) = 0 ✐❢ r ≤ q✳ ❍❡♥❝❡ ✐t ✐s s✉✣❝✐❡♥t t♦ ✇♦r❦ ✇✐t❤

φ(p, qe) ≡ φ(L,H, p, qe)✱ ✇❤✐❝❤ ✇❡ ❛ss✉♠❡ t♦ ❜❡ str✐❝t❧② ♣♦s✐t✐✈❡ ❛♥❞ ❝♦♥t✐♥✉♦✉s ✐♥ ❜♦t❤ p

❛♥❞ qe✳ ❋♦r s✐♠✐❧❛r r❡❛s♦♥✐♥❣ t♦ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✱ ✇❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ P❇❊ ✇❤❡r❡

t❤❡ ❤✐❣❤ t②♣❡ r❡♣♦rts tr✉t❤❢✉❧❧②✱ ❛♥❞ ✇❤❡r❡ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ r❡♣♦rt✐♥❣ r = H t❤❡ ✜r♠ ❝❤❛r❣❡s

t❤❡ ❤✐❣❤ t②♣❡✬s s❡q✉❡♥t✐❛❧❧② ♦♣t✐♠❛❧ ♣r✐❝❡✳✷✵

▲❡♠♠❛ ✽✳ ❚❤❡r❡ ❡①✐sts ❛ P❇❊ s❛t✐s❢②✐♥❣ ♦✉r r❡str✐❝t✐♦♥s ✇❤✐❝❤ ✐s s✐♠✐❧❛r t♦ t❤❡ ♠❛✐♥ ♠♦❞❡❧

❡①❝❡♣t✿

✐✮ y∗ = 1 ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ π∗(L) ≤ π∗(q̄)− φ (p∗ (q̄) , q̄)✱

✐✐✮ y∗ = 0 ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✐❢ π∗(L) ≥ π∗(H)− φ (p∗ (H) , H)✱

✐✐✐✮ ■❢ s♦♠❡ y∗ ∈ (0, 1) s♦❧✈❡s π∗(L) = π∗(qeH)−φ (p∗ (qeH) , qeH)✱ t❤❡♥ ✐t ✐s ❛❧s♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠✱

✐✈✮ ❇✉②❡r ❜❡❧✐❡❢s ❛r❡

Pr (q = H|{r, p} = {H, p∗(qeH)}) =
1− x

1− x+ xy∗
❛♥❞ Pr (q = H|{r, p} 6= {H, p∗(qeH)}) = 0

❲❤❡♥ ❛ ✜r♠ r❡♣♦rts r = H ❛♥❞ ✐s ❜❡❧✐❡✈❡❞ ❜② ❜✉②❡rs t♦ ❤❛✈❡ q✉❛❧✐t② qeH ✱ ✐t st✐❧❧ ❝❤❛r❣❡s

t❤❡ s❛♠❡ ♣r✐❝❡ ❛s ✐♥ t❤❡ ♠❛✐♥ ♠♦❞❡❧✱ p∗ (qeH)✱ ❞❡s♣✐t❡ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ♣❡♥❛❧t②✱ φ(p, qe)✳

■♥t✉✐t✐✈❡❧②✱ s✐♥❝❡ t❤❡ ❤✐❣❤ t②♣❡ ♥❡✈❡r ✐♥❝✉rs t❤❡ ♣❡♥❛❧t②✱ ✐ts s❡q✉❡♥t✐❛❧❧② ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s ♥♦t

❛✛❡❝t❡❞ ❜② t❤❡ ♣r❡❝✐s❡ ❢♦r♠ ♦❢ φ(p, qe)✳ ❈♦♥s❡q✉❡♥t❧② ❡q✉✐❧✐❜r✐✉♠ ♣❧❛② ✐s ❛❧♠♦st ✐❞❡♥t✐❝❛❧

t♦ t❤❛t ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✱ ✇✐t❤ t❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ t❤❛t ❢♦r ❛ ❣❡♥❡r❛❧ φ(p, qe)✱ y∗ ✐s ♥♦t ♥❡❝✲

❡ss❛r✐❧② ✉♥✐q✉❡✳ ◆❡✈❡rt❤❡❧❡ss ✉♥✐q✉❡♥❡ss ❝❛♥ ❜❡ ❣✉❛r❛♥t❡❡❞ ✇✐t❤ ❛ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥ t❤❛t

π∗(z) − φ (p∗ (z) , z) str✐❝t❧② ✐♥❝r❡❛s❡s ✐♥ z✳ ❖✈❡r❛❧❧✱ ✇❡ ❝❛♥ ❛❣❛✐♥ ✈✐❡✇ t❤❡ ♣♦❧✐❝②♠❛❦❡r ❛s

❝❤♦♦s✐♥❣ ❛ ❧②✐♥❣ ♣r♦❜❛❜✐❧✐t② y∗ t♦ ♠❛①✐♠✐③❡ ✐ts ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ ❞❡s✐r❡❞ y∗ ❝❛♥ t❤❡♥

❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ✉s✐♥❣ ❛ ✜①❡❞ ✜♥❡ φ ♦r ❛ ♠♦r❡ ♦r♥❛t❡ ✜♥❡ φ (p, qe) ✇✐t❤ ♥♦ ❞✐✛❡r❡♥❝❡ ✐♥

✜♥❛❧ ♦✉t❝♦♠❡✳

✻✳✹ ❈♦♠♣❡t✐t✐♦♥

❚❤✐s ✜♥❛❧ s✉❜s❡❝t✐♦♥ ✐♥tr♦❞✉❝❡s ❝♦♠♣❡t✐t✐♦♥ ✐♥t♦ t❤❡ ♠❛✐♥ ♠♦❞❡❧✳ ❙✉♣♣♦s❡ ❛♥ ❡st❛❜❧✐s❤❡❞

✐♥❝✉♠❜❡♥t✱ I✱ ✇✐t❤ q✉❛❧✐t② qI ✱ ❝♦♠♣❡t❡s ❛❣❛✐♥st ❛♥ ❡♥tr❛♥t✱ E✱ ✇✐t❤ q✉❛❧✐t②✱ qE✳ Pr♦❞✉❝t

❞✐✛❡r❡♥t✐❛t✐♦♥ ✐s ♠♦❞❡❧❡❞ ✉s✐♥❣ ❛ ❍♦t❡❧❧✐♥❣ ❧✐♥❡ s✉❝❤ t❤❛t ❛ ❜✉②❡r ✇✐t❤ ❧♦❝❛t✐♦♥ z ∈ [0, 1]

✷✵❆s ❜❡❢♦r❡ ✇✐t❤ ❛s②♠♠❡tr✐❝ ❝♦sts✱ t❤❡ t②♣❡s ❞♦ ♥♦t ♥❡❝❡ss❛r✐❧② ❤❛✈❡ t❤❡ s❛♠❡ ♣r✐❝✐♥❣ ✐♥❝❡♥t✐✈❡s ✇❤❡♥
r = H✱ ❜✉t t❤❡ ❤✐❣❤ t②♣❡✬s s❡q✉❡♥t✐❛❧❧② ♦♣t✐♠❛❧ ♣r✐❝❡ ✐s ❛❣❛✐♥ ✉♥✐q✉❡❧② s❡❧❡❝t❡❞ ❜② ▼❡③③❡tt✐ ❛♥❞ ❚s♦✉❧♦✉❤❛s✬s
✭✷✵✵✵✮ ❙tr♦♥❣❧② ❯♥❞❡❢❡❛t❡❞ ❊q✉✐❧✐❜r✐✉♠ r❡✜♥❡♠❡♥t ♣r♦✈✐❞❡❞ t❤❛t φ (p, qe) ≥ φ(p∗(L), L) ❛♥❞ t❤❛t φ (p, qe)
✐s ♥♦t t♦♦ s❡♥s✐t✐✈❡ t♦ ❝❤❛♥❣❡s ✐♥ p ❛♥❞ qe✳

✷✺



❝❛♥ ❣❛✐♥ UI(z) = qI − pI − tz ♦r UE(z) = qE − pE − t(1− z) ❢r♦♠ tr❛❞✐♥❣ ✇✐t❤ t❤❡ r❡s♣❡❝t✐✈❡

✜r♠s✳ ❲❤✐❧❡ t❤❡ ✐♥❝✉♠❜❡♥t✬s ♣r♦❞✉❝t q✉❛❧✐t② ✐s ❦♥♦✇♥✱ t❤❡ ❡♥tr❛♥t✬s q✉❛❧✐t② ✐s ♣r✐✈❛t❡

✐♥❢♦r♠❛t✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❡♥tr❛♥t✬s ♣r♦❞✉❝t q✉❛❧✐t② ❡q✉❛❧s L ✇✐t❤ ♣r♦❜❛❜✐❧✐t② x ∈ (0, 1)

❛♥❞ H > L ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1−x✱ s✉❝❤ t❤❛t t❤❡ ❡♥tr❛♥t✬s ❡① ❛♥t❡ ❛✈❡r❛❣❡ q✉❛❧✐t② ❧❡✈❡❧ ❡q✉❛❧s

q̄ = xL+(1−x)H. ▲❡t ❛❧❧ ♠❛r❣✐♥❛❧ ❝♦sts ❜❡ ③❡r♦✱ ❛♥❞ t❤❡ ❜✉②❡rs✬ ♦✉ts✐❞❡ ♦♣t✐♦♥ ❜❡ s✉✣❝✐❡♥t❧②

♣♦♦r s✉❝❤ t❤❛t ❜✉②❡rs ❛❧✇❛②s ❜✉②✳ ❚❤❡ ❣❛♠❡ t❤❡♥ ♣r♦❝❡❡❞s ✇✐t❤ ✐✮ t❤❡ ♣♦❧✐❝②♠❛❦❡r ♣✉❜❧✐❝❧②

s❡❧❡❝t✐♥❣ φ✱ ✐✐✮ t❤❡ ❡♥tr❛♥t ❧❡❛r♥✐♥❣ ✐ts q✉❛❧✐t② ❛♥❞ ✐ss✉✐♥❣ ❛ r❡♣♦rt r ∈ {L,H}✱ ✐✐✐✮ t❤❡

❡♥tr❛♥t ❛♥❞ ✐♥❝✉♠❜❡♥t s✐♠✉❧t❛♥❡♦✉s❧② s❡❧❡❝t✐♥❣ t❤❡✐r ♣r✐❝❡s✱ pE ❛♥❞ pI , ✐✈✮ ❜✉②❡rs ♠❛❦✐♥❣

t❤❡✐r ♣✉r❝❤❛s❡ ❞❡❝✐s✐♦♥s✱ ❛♥❞ ✈✮ t❤❡ ♣♦❧✐❝②♠❛❦❡r ❛❞♠✐♥✐st❡r✐♥❣ ❛♥② ♣♦t❡♥t✐❛❧ ♣✉♥✐s❤♠❡♥ts✳

❚♦ ❜❡❣✐♥✱ ❝♦♥s✐❞❡r ❛ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✇❤❡r❡ qE ✐s ♣✉❜❧✐❝ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡ ◆❛s❤ ❡q✉✐❧✐❜✲

r✐✉♠ ♣r✐❝❡ ❝❤❛r❣❡❞ ❜② ✜r♠ i ∈ {I, E} ✐s t❤❡♥

p∗i (qi, q−i) =





0 ✐❢ qi ≤ qi
˜

t+
(
qi−q−i

3

)
✐❢ qi ∈

(
qi
˜
, q̃i

)

qi − q−i − t ✐❢ qi ≥ q̃i

✭✶✾✮

✇❤❡r❡ qi
˜
= q−i − 3t ❛♥❞ q̃i = q−i + 3t. ■♥t✉✐t✐✈❡❧②✱ ✇❤❡♥ qi ≤ qi

˜
✜r♠ i ✐s ✉♥❝♦♠♣❡t✐t✐✈❡ s♦

✐ts ♣r✐❝❡ ✐s ❞r✐✈❡♥ ❞♦✇♥ t♦ ♠❛r❣✐♥❛❧ ❝♦st✳ ❲❤❡♥ ✐♥st❡❛❞ qi ∈ (qi
˜
, q̃i)✱ ❜♦t❤ ✜r♠s ❛r❡ ❛❝t✐✈❡✳

❍❡r❡✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ qi s❤✐❢ts ♦✉t ✜r♠ i✬s ❞❡♠❛♥❞ ❝✉r✈❡ ❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ✐ts r✐✈❛❧✱ ♣r♦♠♣t✐♥❣

✜r♠ i t♦ ❝❤❛r❣❡ ♠♦r❡ ❛♥❞ ✐ts r✐✈❛❧ t♦ ❝❤❛r❣❡ ❧❡ss✳ ❋✐♥❛❧❧②✱ ✇❤❡♥ qi ≥ q̃i✱ ✜r♠ i✬s ♣r♦❞✉❝t

✐s s♦ str♦♥❣ t❤❛t ✐t ♠♦♥♦♣♦❧✐③❡s t❤❡ ✇❤♦❧❡ ♠❛r❦❡t❀ ✜r♠ i t❤❡♥ s❡ts ✐ts ♣r✐❝❡ s✉❝❤ t❤❛t t❤❡

♠❛r❣✐♥❛❧ ❜✉②❡r ✐s ✐♥❞✐✛❡r❡♥t ❛❜♦✉t ❜✉②✐♥❣ ❢r♦♠ ✐t✳ ■♥ ❛❞❞✐t✐♦♥✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t ✜r♠ i✬s

❡q✉✐❧✐❜r✐✉♠ ♣r♦✜t✱ π∗
i (qi, q−i)✱ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ✐ts ♦✇♥ q✉❛❧✐t② qi✱ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❛t ♦❢ ✐ts

r✐✈❛❧ q−i✳

◆♦✇ ❧❡t t❤❡ ❡♥tr❛♥t✬s ♣r♦❞✉❝t q✉❛❧✐t② ❜❡ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✳ ❆s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡

♠❛✐♥ ♠♦❞❡❧✱ ✇❡ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ P❇❊ ✇❤❡r❡ ✐✮ t❤❡ ❤✐❣❤ ❡♥tr❛♥t t②♣❡ ❛❧✇❛②s ✐ss✉❡s ❛

❤✐❣❤ r❡♣♦rt✱ ❛♥❞ ✐✐✮ ❜✉②❡r ❜❡❧✐❡❢s ❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ♣r✐❝❡✳

▲❡♠♠❛ ✾✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s❡♠✐✲♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✭✉♣ t♦ ♦✛✲♣❛t❤ ❜❡❧✐❡❢s✮ s❛t✐s❢②✐♥❣

♦✉r r❡str✐❝t✐♦♥s✱ ✐♥ ✇❤✐❝❤✿

✐✮ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ✇✐t❤ ✇❤✐❝❤ ❛ ❧♦✇ q✉❛❧✐t② ❡♥tr❛♥t r❡♣♦rts r = H✱ y∗✱ ✐s t❤❡ s❛♠❡ ❛s ✐♥

Pr♦♣♦s✐t✐♦♥ ✶✐✐✮ ❛❢t❡r r❡♣❧❛❝✐♥❣ π∗(z) ✇✐t❤ π∗
E(z, qI)✳

✐✐✮ ❚❤❡ ✜r♠s ❝❤❛r❣❡ p∗E(L, qI) ❛♥❞ p∗I(qI , L) r❡s♣❡❝t✐✈❡❧② ✐❢ t❤❡ ❡♥tr❛♥t r❡♣♦rts r = L❀ ❛♥❞

p∗E(q
e
H , qI) ❛♥❞ p∗I(qI , q

e
H) ✐❢ t❤❡ ❡♥tr❛♥t r❡♣♦rts r = H✳

✐✐✐✮ ❇✉②❡r ❜❡❧✐❡❢s ❛r❡ s✐♠✐❧❛r t♦ Pr♦♣♦s✐t✐♦♥ ✶✐✐✐✮ ✐✳❡✳ ❢♦❧❧♦✇✐♥❣ ❛ r❡♣♦rt r = H✱ ❜✉②❡rs ❡①♣❡❝t

t❤❡ ❡♥tr❛♥t t♦ ❤❛✈❡ q✉❛❧✐t② qeH = xy∗L+(1−x)H
1−x+xy∗ ✳

❚❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ s❡♠✐✲♣♦♦❧✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ✇❤✐❝❤ ✐s q✉❛❧✐t❛t✐✈❡❧② t❤❡ s❛♠❡ ❛s ✉♥❞❡r

✷✻



♠♦♥♦♣♦❧② ✇❤❡r❡ ❛ ❧♦✇ q✉❛❧✐t② ❡♥tr❛♥t r❛♥❞♦♠✐③❡s ❜❡t✇❡❡♥ ❧②✐♥❣ ❛♥❞ r❡♣♦rt✐♥❣ tr✉t❤❢✉❧❧②✳

❇✉②❡rs ✉♣❞❛t❡ t❤❡✐r ❜❡❧✐❡❢s ❛❜♦✉t ❡♥tr❛♥t q✉❛❧✐t② ❛❝❝♦r❞✐♥❣❧②✱ ❛♥❞ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤♦s❡

❜❡❧✐❡❢s✱ t❤❡ t✇♦ ✜r♠s ❝❤❛r❣❡ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t②✱ st❛rt✐♥❣ ✇✐t❤ ❛♥ ✐♥❞✉str② ♣r♦✜ts ♦❜❥❡❝t✐✈❡✳ ❖♥❡ ❝❛♥

✈❡r✐❢② t❤❛t ❜♦t❤ t❤❡ ❡♥tr❛♥t ❛♥❞ t❤❡ ✐♥❝✉♠❜❡♥t ✇❡❛❦❧② ♣r❡❢❡r y∗ = 0✱ ✇✐t❤ ❛ str✐❝t ♣r❡❢❡r❡♥❝❡

✇❤❡♥❡✈❡r L < q̃E✳ ❍❡♥❝❡✱ ❧✐❦❡ t❤❡ ♠♦♥♦♣♦❧② ❝❛s❡✱ ❛♥ ✐♥❞✉str② s❡❧❢✲r❡❣✉❧❛t♦r ✇♦✉❧❞ ❝❤♦♦s❡ t♦

❝♦♠♣❧❡t❡❧② ❡❧✐♠✐♥❛t❡ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✇✐t❤ t❤❡ ✉s❡ ♦❢ ❛ t♦✉❣❤ ♣♦❧✐❝② φ∗ ≥ φ0 ≡ π∗
E(H, qI)−

π∗
E(L, qI)✳

❲❡ ♥♦✇ ❝♦♥s✐❞❡r ❜✉②❡r s✉r♣❧✉s ❛♥❞ t♦t❛❧ ✇❡❧❢❛r❡✳ ❍❡r❡✱ ✐♥ ♦r❞❡r t♦ ❞❡♠♦♥str❛t❡ t❤❛t ❛

♣♦❧✐❝②♠❛❦❡r ♠❛② st✐❧❧ ♣❡r♠✐t ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣✱ ✐t ✐s s✉✣❝✐❡♥t t♦ ❢♦❝✉s ♦♥

t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❡♥tr❛♥t ❛❧✇❛②s ❤❛s ♣♦s✐t✐✈❡ ♠❛r❦❡t s❤❛r❡✱ ✇✐t❤ L ≥ qE
˜

✳ ❋✐rst✱ ❝♦♥s✐❞❡r

❜✉②❡r s✉r♣❧✉s✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ❲❤❡♥ L ≥ qE
˜

t❤❡ ❜✉②❡r✲♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ y∗ ✐s t❤❡ s❛♠❡ ❛s

✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ❛❢t❡r r❡♣❧❛❝✐♥❣ q̂ ❛♥❞ q̇(L) ✇✐t❤ q̃E✳

❚♦ ✉♥❞❡rst❛♥❞ t❤✐s r❡s✉❧t✱ ✇r✐t❡

∂E(v)

∂y∗
= x [v∗(qI , q

e
H)− (qeH − L)D∗

E(q
e
H , qI)− v∗(qI , L)]

− (1− x+ xy∗)
∂qeH
∂y∗

[
D∗
I (qI , q

e
H)
∂p∗I(qI , q

e
H)

∂qeH
+D∗

E(q
e
H , qI)

∂p∗E(q
e
H , qI)

∂qeH

]
, ✭✷✵✮

✇❤❡r❡ D∗
I (qI , q

e
H) ❛♥❞ D

∗
E(q

e
H , qI) ❛r❡ t❤❡ r❡s♣❡❝t✐✈❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡♠❛♥❞s✳ ❚❤❡ ✜rst t❡r♠ ✐s

❛ r❡✈✐s❡❞ ❵♣❡rs✉❛s✐♦♥✬ ❡✛❡❝t ✇❤✐❝❤ ♠❡❛s✉r❡s t❤❡ ❝❤❛♥❣❡ ✐♥ ❜✉②❡r s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ❜② ❛ ❧♦✇

q✉❛❧✐t② ❡♥tr❛♥t ✇❤❡♥ ✐t ❝❤❛♥❣❡s ✐ts r❡♣♦rt ❢r♦♠ r = L t♦ r = H✳ ❆s ✉s✉❛❧✱ ❛ ❧♦✇ t②♣❡ ❡♥tr❛♥t

✉s❡s ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ t♦ ✐♥❞✉❝❡ ❜✉②❡rs t♦ ❜✉② t♦♦ ♠❛♥② ✉♥✐ts✱ ❛t ❛♥ ✐♥✢❛t❡❞ ♣r✐❝❡✳ ❍♦✇❡✈❡r✱

❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ♥♦✇ ❛❧s♦ ❛❧❧♦✇s t❤❡ ❧♦✇ t②♣❡ ❡♥tr❛♥t t♦ ❝♦♠♣❡t❡ ♠♦r❡ ❡✛❡❝t✐✈❡❧②✱ ✇❤✐❝❤

r❡❞✉❝❡s t❤❡ ✐♥❝✉♠❜❡♥t✬s ♣r✐❝❡ ❢r♦♠ p∗I(qI , L) t♦ p∗I(qI , q
e
H)✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s ❛ r❡✈✐s❡❞

❵♣r✐❝❡✬ ❡✛❡❝t✳ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ❡♥tr❛♥t ✉s✐♥❣ ❛ ❤✐❣❤ ❝❧❛✐♠✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ❧②✐♥❣ r❡❞✉❝❡s qeH
❛♥❞ ♣r♦♠♣ts t❤❡ ❡♥tr❛♥t t♦ ❝❤❛r❣❡ ❛ ✭✇❡❛❦❧②✮ ❧♦✇❡r ♣r✐❝❡✱ ❜✉t ❛❧❧♦✇s t❤❡ ✐♥❝✉♠❜❡♥t t♦ s❡❧❡❝t

❛ ✭✇❡❛❦❧②✮ ❤✐❣❤❡r ♣r✐❝❡✳ ❚❤✐s ♥❡t ♣r✐❝❡ ❡✛❡❝t ♥❡❡❞ ♥♦ ❧♦♥❣❡r ❜❡♥❡✜t ❜✉②❡rs ✲ ✐t ✐s ❜❡♥❡✜❝✐❛❧ ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤❡ ❡♥tr❛♥t✬s ♠❛r❦❡t s❤❛r❡ ❡①❝❡❡❞s 1/2✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ qeH ≥ qI ✳ ❍♦✇❡✈❡r✱

✐♥ ❛❣❣r❡❣❛t❡✱ t❤❡ ♦♣t✐♠❛❧ ♣❡♥❛❧t② r❡♠❛✐♥s q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦ t❤❛t ✉♥❞❡r ♠♦♥♦♣♦❧②✳ ■♥

♣❛rt✐❝✉❧❛r✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ r❡♠❛✐♥s ♦♣t✐♠❛❧ ✇❤❡♥ H > q̃E ✐♥ ♦r❞❡r t♦ ✇❡❛❦❡♥ t❤❡ ❤✐❣❤ t②♣❡

❡♥tr❛♥t✬s ♠❛r❦❡t ♣♦✇❡r✳

◆♦✇ ❝♦♥s✐❞❡r t♦t❛❧ ✇❡❧❢❛r❡✳ ❋r♦♠ ❛❜♦✈❡✱ ✐t ✐s ♦♣t✐♠❛❧ t♦ s❡t φ∗ ≥ φ0 t♦ ✐♥❞✉❝❡ y∗ = 0

✇❤❡♥ H ≤ q̃E ❛s t❤✐s ✐s ♣r❡❢❡rr❡❞ ❜② ❛❧❧ ♣❛rt✐❡s✳ ❋♦r t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s✱ ✇❡ ❝❛♥ st❛t❡✿

✷✼



Pr♦♣♦s✐t✐♦♥ ✽✳ ❲❤❡♥ L ≥ qE
˜

t❤❡ ✇❡❧❢❛r❡✲♦♣t✐♠❛❧ y∗ ✐s t❤❡ s❛♠❡ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹ ❛❢t❡r

s✉❜st✐t✉t✐♥❣ q̃E ❢♦r q̂w✱ ❛♥❞ L̇E = qI + 3t/5 ❢♦r L̇(H) ❛♥❞ L̇(q̄)✳

❚❤✐s ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❢♦❧❧♦✇s✳ ❋✐rst❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ y∗ ❡①♣❛♥❞s t❤❡ ♦✉t♣✉t ♦❢ ❛ ❧♦✇

t②♣❡ ❡♥tr❛♥t✳ ❆s ✇✐t❤ ♠♦♥♦♣♦❧②✱ t❤✐s ❝❛♥ ❡✐t❤❡r ✐♥❝r❡❛s❡ ♦r ❞❡❝r❡❛s❡ ✇❡❧❢❛r❡ ❞❡♣❡♥❞✐♥❣ ♦♥

t❤❡ ❧❡✈❡❧ ♦❢ L✳ ❙❡❝♦♥❞❧②✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ y∗ r❡❞✉❝❡s qeH ✱ ❛♥❞ t❤❡r❡❢♦r❡ ❞❡❝r❡❛s❡s t❤❡ ♦✉t♣✉t

♦❢ ❛♥ ❡♥tr❛♥t ✇❤♦ r❡♣♦rts r = H✳ ❍♦✇❡✈❡r ✉♥❧✐❦❡ ♠♦♥♦♣♦❧②✱ t❤✐s s❡❝♦♥❞ ❡✛❡❝t ❝❛♥ ❛❝t✉❛❧❧②

✐♥❝r❡❛s❡ ✇❡❧❢❛r❡ ❜❡❝❛✉s❡✱ ✉♥❞❡r ❝♦♠♣❡t✐t✐♦♥✱ t❤❡ ✜r♠ ✇✐t❤ t❤❡ ❤✐❣❤❡st ✭❡①♣❡❝t❡❞✮ q✉❛❧✐t②

✉s❡s ✐ts ♠❛r❦❡t ♣♦✇❡r t♦ r❡str✐❝t ✐ts ♦✉t♣✉t ❜❡❧♦✇ t❤❡ s♦❝✐❛❧❧② ❡✣❝✐❡♥t ❧❡✈❡❧✳ ❍❡♥❝❡ ✇❤❡♥

qeH ∈ (qE
˜
, qI) ❛♥ ❡♥tr❛♥t ✇❤♦ r❡♣♦rts r = H ❛❝t✉❛❧❧② ♦✈❡r♣r♦❞✉❝❡s✱ ❛♥❞ s♦ ❛ s♠❛❧❧ r❡❞✉❝t✐♦♥

✐♥ ✐ts ♦✉t♣✉t ✐s s♦❝✐❛❧❧② ❜❡♥❡✜❝✐❛❧✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ t❤❡♥ s❤♦✇s t❤❛t t❤❡ ❛❣❣r❡❣❛t❡ ♦❢ t❤❡s❡

t✇♦ ❡✛❡❝ts ✐s q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦ ♠♦♥♦♣♦❧②✳ ❋❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❝❛♥ r❡♠❛✐♥ ♦♣t✐♠❛❧✳ ■♥

♣❛rt✐❝✉❧❛r✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s ✉s❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ H > q̃E ❛♥❞ L ✐s r❡❧❛t✐✈❡❧② ❧❛r❣❡ ✇✐t❤

L ≥ L̇E ✐♥ ♦r❞❡r t♦ r❛✐s❡ t❤❡ ♦✉t♣✉t ♦❢ ❛ ❧♦✇ t②♣❡ ❡♥tr❛♥t✳

✼ ❈♦♥❝❧✉s✐♦♥s

❉❡s♣✐t❡ ✐ts ♣r❡✈❛❧❡♥❝❡ ❛♥❞ ✐♠♣♦rt❛♥❝❡✱ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❤❛s ♣r❡✈✐♦✉s❧② r❡♠❛✐♥❡❞ ✉♥❞❡r✲

st✉❞✐❡❞✳ ❍♦✇❡✈❡r✱ t❤✐s ♣❛♣❡r s❤♦✇s ❤♦✇ ✐t ❝❛♥ ✐♥✢✉❡♥❝❡ r❛t✐♦♥❛❧ ❜✉②❡rs ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

▼♦r❡♦✈❡r✱ t❤❡ ♣❛♣❡r ❤❛s ♣r♦✈✐❞❡❞ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ ❜✉②❡rs ❛♥❞ s♦❝✐❡t② ❜❡♥❡✜t ❢r♦♠ ❛

♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❞✉❡ ✐ts ❡✛❡❝ts ✐♥ ❝♦✉♥t❡r❛❝t✐♥❣ ♠❛r❦❡t ♣♦✇❡r✳ ❚❤✐s ✜♥❞✐♥❣

r❡♠❛✐♥s r♦❜✉st t♦ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❡♥❞♦❣❡♥♦✉s q✉❛❧✐t②✱ ❛r❜✐tr❛r② q✉❛❧✐t② t②♣❡s✱ ❛s②♠♠❡tr✐❝

❝♦sts✱ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ ♣♦❧✐❝②✱ ❛♥❞ ❝♦♠♣❡t✐t✐♦♥✳

❲❡ ❤♦♣❡ t❤❛t ♦✉r ♣❛♣❡r ✇✐❧❧ ♣r♦♠♣t ❛ ♥❡✇ r❡s❡❛r❝❤ ❛❣❡♥❞❛ ♦♥ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❛♥❞

❛❞✈❡rt✐s✐♥❣ ♣♦❧✐❝② ✐♥ ❛ ♥✉♠❜❡r ♦❢ ❞✐r❡❝t✐♦♥s✳ ❋✐rst✱ ❢✉rt❤❡r ✇♦r❦ s❤♦✉❧❞ ❡①t❡♥❞ ♦✉r ❛♥❛❧②s✐s t♦

✉♥❞❡rst❛♥❞ ♠♦r❡ ❝♦♠♣❧❡① ✐ss✉❡s✳ ❋♦r ✐♥st❛♥❝❡✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ♦t❤❡r ❝♦♥tr❛❝t✉❛❧ ❛♥❞

r❡♣✉t❛t✐♦♥❛❧ s♦✉r❝❡s ♦❢ ❝r❡❞✐❜✐❧✐t② ❛r❡ ✉♥❛✈❛✐❧❛❜❧❡✱ ❛s ❝♦♥s✐st❡♥t ✇✐t❤ ❜✉②❡rs ♦♥❧② ❜❡✐♥❣ ❛❜❧❡

t♦ ❛ss❡ss ❛ ♣r♦❞✉❝t✬s ✈❛❧✉❡ ✇✐t❤ s✉✣❝✐❡♥t ❞❡❧❛②✳ ❋✉t✉r❡ ✇♦r❦ t♦ ❝♦♥s✐❞❡r s✉❝❤ ✐ss✉❡s ✇♦✉❧❞ ❜❡

✈❛❧✉❛❜❧❡✳ ❙❡❝♦♥❞✱ s✉❝❤ ❛ ❞②♥❛♠✐❝ ✉♥❞❡rst❛♥❞✐♥❣ ✇♦✉❧❞ ❛❧s♦ ❤❡❧♣ ❜❡tt❡r tr❛♥s❢❡r ♦✉r ✜♥❞✐♥❣s

t♦ ❡♠♣✐r✐❝❛❧ ✇♦r❦✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ♦✉r st❛t✐❝ ♠♦❞❡❧ ♣r❡s❡♥ts ❛ r✐❝❤ s❡t ♦❢ ❡♠♣✐r✐❝❛❧ ♣r❡❞✐❝t✐♦♥s

❢♦r ❤♦✇ ❝❤❛♥❣❡s ✐♥ ♣♦❧✐❝② s❤♦✉❧❞ ❛✛❡❝t t❤❡ ✉s❡ ♦❢ ❛❞✈❡rt✐s✐♥❣✱ ❛♥❞ ♠❛r❦❡t ♣r✐❝❡s✳ ❋✐♥❛❧❧②✱

♠✉❝❤ ✇♦r❦ r❡♠❛✐♥s ✐♥ ❜✉✐❧❞✐♥❣ ♦♥ ♦✉r ❛♥❛❧②s✐s t♦ st✉❞② ♦t❤❡r t②♣❡s ♦❢ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ❛♥❞

♦t❤❡r ❢♦r♠s ♦❢ ❛❞✈❡rt✐s✐♥❣ ♣♦❧✐❝②✳

✷✽



❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ✐✮ ■❢ q ≤ q
˜
❞❡♠❛♥❞ ✐s ③❡r♦ ❢♦r ❛❧❧ p ≥ 0✱ s♦ ♣r♦✜t ✐s ✇❡❛❦❧② ♠❛①✐♠✐③❡❞

❛t p∗ = 0✳ ✐✐✮ ■❢ q > q
˜
♣r♦✜t ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ p < a + q✱ t❤❡r❡❢♦r❡ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡

♠✉st s❛t✐s❢② p∗ ≥ a+ q✳ ❆t ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥✱ t❤❡ ✜rst ♦r❞❡r ❝♦♥❞✐t✐♦♥ ✐s

1− pg (p− q)/ [1−G (p− q)] = 0. ✭✷✶✮

❛✮ ❲❤❡♥ q ∈
(
q
˜
, q̃
)
t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✶✮ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛t p→ a+q✱ str✐❝t❧② ♥❡❣❛t✐✈❡

❛s p → b + q✱ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ p ❜❡❝❛✉s❡ 1 − G(ε) ✐s ❧♦❣❝♦♥❝❛✈❡✳ ❍❡♥❝❡ ❛ ✉♥✐q✉❡

p∗ s♦❧✈❡s ❡q✉❛t✐♦♥ ✭✷✶✮✳ ❉❡✜♥❡ σ(ψ) = −[1 − G(ψ)]g′(ψ)/g(ψ)2✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✷✶✮ ❣✐✈❡s

∂p∗(q)/∂q = (1 − σ(p∗(q) − q))/(2 − σ(p∗(q) − q))✱ ✇❤✐❝❤ ❧✐❡s ✐♥ [0, 1) ❜❡❝❛✉s❡ ❧♦❣❝♦♥❝❛✈✐t②

♦❢ 1 − G(ε) ✐♠♣❧✐❡s σ(ψ) ≤ 1✳ ❜✮✳ ❲❤❡♥ q ≥ q̃ t❤❡ ❧❡❢t❤❛♥❞ s✐❞❡ ♦❢ ✭✷✶✮ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡

❛t ❛❧❧ p > a+ q ❛♥❞ ❤❡♥❝❡ p∗ = a+ q✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ✐♥ s❡✈❡r❛❧ st❡♣s✳ ❛✮ ❇❡❧✐❡❢s ❞❡♣❡♥❞ ♦♥❧② ♦♥

t❤❡ ✜r♠✬s r❡♣♦rt✱ s♦ ❞❡✜♥❡ βei = Pr (q = H|r = i) ❛♥❞ qei = (1− βei )L+ βeiH ❢♦r i ∈ {L,H}✳
❜✮ ❈♦♥❞✐t✐♦♥❛❧ ♦♥ ✐ts r❡♣♦rt ❛♥❞ ❜✉②❡r ❜❡❧✐❡❢s✱ t❤❡ ✜r♠✬s ♣r✐❝❡ ♠✉st ♠❛①✐♠✐③❡ ✐ts ♣r♦✜t✳ ❙♦

❣✐✈❡♥ ❛ r❡♣♦rt r = i ❢♦r i ∈ {L,H}✱ t❤❡ ✜r♠ ❝❤❛r❣❡s p∗(qei )✳ ❝✮ ❆s y∗ = Pr (r(L) = H)✱

❇❛②❡s✬ r✉❧❡ ✐♠♣❧✐❡s βeH = (1− x)/(1− x+ xy∗)✱ ❛♥❞ βeL = 0 ✐❢ y∗ < 1✳ ❍♦✇❡✈❡r✱ ❇❛②❡s✬ r✉❧❡

♣❧❛❝❡s ♥♦ r❡str✐❝t✐♦♥ ♦♥ βeL ✐❢ y∗ = 1✳ ❞✮ y∗ ♠✉st ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❧♦✇ t②♣❡ ❜❡❤❛✈✐♥❣

♦♣t✐♠❛❧❧②✳ ❋✐rst❧② ❣✐✈❡♥ y∗ = 0✱ r = L ✐s ✇❡❛❦❧② ❞♦♠✐♥❛♥t ✐✛ φ ≥ φ0✳ ❙❡❝♦♥❞❧② ❣✐✈❡♥ y∗ = 1✱

r❡♣♦rt✐♥❣ r = H ✐s ✇❡❛❦❧② ❞♦♠✐♥❛♥t ✐✛ φ ≤ π∗(q̄) − π∗ (qeL) ✐✳❡✳ ❢♦r ❛♥② φ ≤ φ1 ❣✐✈❡♥ ❛♥

❛♣♣r♦♣r✐❛t❡ ♦✛✲♣❛t❤ ❜❡❧✐❡❢ βeL✳ ❚❤✐r❞❧② ❣✐✈❡♥ y∗ ∈ (0, 1)✱ t❤❡ ❧♦✇ t②♣❡ ♠✉st ❜❡ ✐♥❞✐✛❡r❡♥t

❜❡t✇❡❡♥ r = L ❛♥❞ r = H ✐✳❡✳ ✭✺✮ ♠✉st ❤♦❧❞✳ ▼♦r❡♦✈❡r y∗ ∈ (0, 1) ✐♠♣❧✐❡s qeH ∈ (q̄, H)✱ s✉❝❤

t❤❛t ❡q✉❛t✐♦♥ ✭✺✮ ❝❛♥♥♦t ❤♦❧❞ ❢♦r φ /∈ (φ1, φ0)✱ ❜✉t ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ❢♦r ❛♥② φ ∈ (φ1, φ0)✳

❡✮ ❋✐♥❛❧❧②✱ ❣✐✈❡♥ ❜✉②❡r ❜❡❧✐❡❢s✱ ✐t ✐s ♦♣t✐♠❛❧ ❢♦r t❤❡ ❤✐❣❤ t②♣❡ t♦ r❡♣♦rt r = H✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ❘❡❝❛❧❧ t❤❛t y∗ str✐❝t❧② ❞❡❝r❡❛s❡s ✐♥ φ ∈ [φ1, φ0]✳ ❯s✐♥❣ ✭✻✮ ❛♥❞ ✭✽✮✿

∂E(v)

∂y∗
= x

[
v∗ (qeH)− v∗(L)− dv∗ (qeH)

dq
× (qeH − L)

]
, ✭✷✷✮

✐✮ ❈♦♥s✐❞❡r L < q̂✳ ❛✮ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✶✐ dv∗(q)/dq, d2v∗(q)/dq2 > 0 ❢♦r q ∈ (q
˜
, q̃)✱ ❛♥❞

dv∗(q)/dq = 0 ❢♦r q > q̃✳ ❍❡♥❝❡ ✭✷✷✮ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡✮ ❢♦r qeH ❜❡❧♦✇ ✭❛❜♦✈❡✮ q̇(L) =

q̃✳ ❜✮ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✶✐✐ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✳ ❋✐rst✱ ✭✷✷✮ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ✇❤❡♥

✷✾



qeH ≤ q̂ ❜❡❝❛✉s❡ ❜② ❛ss✉♠♣t✐♦♥ d2v∗(q)/dq2 < 0 ❢♦r ❛❧❧ q ∈ (q
˜
, q̂)✳ ❙❡❝♦♥❞✱ ✭✷✷✮ ✐s str✐❝t❧② ✐♥✲

❝r❡❛s✐♥❣ ✐♥ qeH > q̂ ❜❡❝❛✉s❡ ✐♥ t❤❛t r❡❣✐♦♥ d2v∗(qeH)/dq
2 < 0✳ ❚❤✐r❞✱ ✭✷✷✮ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r

s✉✣❝✐❡♥t❧② ❤✐❣❤ qeH ✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ t❤❛t dv
∗(q)/dq = [1−G(p∗(q)− q)]/ [2− σ(p∗(q)− q)]✱

❤❡♥❝❡ dv∗(L)/dq > 0✱ ❛♥❞ ❛❧s♦ limq→∞ dv∗(q)/dq = 0 ❜❡❝❛✉s❡ limq→∞ p∗(q) − q = a ❛♥❞ ❜②

❛ss✉♠♣t✐♦♥ limψ→a σ(ψ) = −∞✳ ❚❤❡r❡❢♦r❡ s✐♥❝❡ v∗(q) ✐s str✐❝t❧② ❝♦♥✈❡① ❢♦r q < q̂ ❛♥❞ str✐❝t❧②

❝♦♥❝❛✈❡ ❢♦r q > q̂✱ ✇❡ ✐♥❢❡r t❤❛t ❢♦r s✉✣❝✐❡♥t❧② ❤✐❣❤ qeH ✇❡ ❤❛✈❡ dv∗(qeH)/dq < dv∗(z)/dq ❢♦r

❛❧❧ z ∈ (L, qeH)✳ ❘❡✇r✐t✐♥❣ ✭✷✷✮ ❛s x
´ qeH
L

((dv∗(z)/dq)− (dv∗(qeH)/dq)) dz s❤♦✇s t❤❛t ✭✷✷✮ ✐s

str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r s✉✣❝✐❡♥t❧② ❤✐❣❤ qeH ✳ ❋♦✉rt❤ t❤❡♥✱ ✭✷✷✮ ❤❛s ❛ ✉♥✐q✉❡ r♦♦t ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡

❜② q̇(L)✱ ❛♥❞ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡✮ ❢♦r qeH ❜❡❧♦✇ ✭❛❜♦✈❡✮ q̇(L)✳ ❋✐❢t❤✱ ♥♦t❡ t❤❛t q̇(L) ✐s

str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ L ❜❡❝❛✉s❡ dv∗(q̇(L))/dq > dv∗(L)/dq ❛♥❞ s♦ ✭✷✷✮ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣

✐♥ L✳ ❆❧s♦ ♥♦t❡ t❤❛t limL→q̂ q̇(L) = q̂✳ ❋✐♥❛❧❧② s✐♥❝❡ qeH ✐♥❝r❡❛s❡s ✐♥ φ✱ ✐t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t

✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✶ E(v) ✐s q✉❛s✐❝♦♥❝❛✈❡ ✐♥ φ✳ ✐✐✮ ❈♦♥s✐❞❡r L > q̂✳ ●✐✈❡♥ ❆ss✉♠♣t✐♦♥ ✶

v∗(q) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥❝❛✈❡ ✐♥ q ≥ q̂✱ s♦ ✭✷✷✮ ✐s ✇❡❛❦❧② ♣♦s✐t✐✈❡✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ✐✮ ◆♦t❡ t❤❛t qeH ≤ q̇(L) ❢♦r ❛❧❧ φ✱ s♦ ❜② ▲❡♠♠❛ ✸ E(v) ✐s ♠❛①✐✲

♠✐③❡❞ ❛t φ∗ ≥ φ0✳ ✐✐✮ ◆♦t❡ t❤❛t q
e
H < q̇(L) ✇❤❡♥ φ < π∗(q̇(L))− π∗(L)✱ ❛♥❞ qeH > q̇(L) ✇❤❡♥

φ > π∗(q̇(L)) − π∗(L)✳ ❍❡♥❝❡ ❢r♦♠ ▲❡♠♠❛✱ ✸ E(v) ✐s ♠❛①✐♠✐③❡❞ ❛t φ∗ = π∗(q̇(L)) − π∗(L)

s✉❝❤ t❤❛t qeH = q̇(L)✳ ✐✐✐✮ ◆♦t❡ t❤❛t qeH ≥ q̇(L) ❢♦r ❛❧❧ φ✱ ❤❡♥❝❡ ❜② ▲❡♠♠❛ ✸ E(v) ✐s ♠❛①✐♠✐③❡❞

❛t φ∗ ≤ φ1✳ ❋✐♥❛❧❧②✱ Pr♦♣♦s✐t✐♦♥ ✶ ❣✐✈❡s t❤❡ ❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧ y∗ ❢♦r ❡❛❝❤ ❝❛s❡✳

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ❯s✐♥❣ Pr♦♣♦s✐t✐♦♥ ✷ ♦♣t✐♠❛❧ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s

y∗ = min

{
max

{
(H − q̇(L))(1− x)

(H − q̇(L))(1− x) + q̇(L)− q̄
, 0

}
, 1

}
. ✭✷✸✮

❘❡❝❛❧❧ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸ t❤❛t q̇(L) ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ L✳ ❍❡♥❝❡ ✭✷✸✮ ✐s ✇❡❛❦❧②

✐♥❝r❡❛s✐♥❣ ✐♥ L✱ H✱ ❛♥❞ (1− x)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ●✐✈❡♥ E (Π) = xE (πL) + (1− x)E (πH)✱ ✐t ✐s ✐♠♠❡❞✐❛t❡ ❢r♦♠

✭✶✷✮ t❤❛t ❛✮ E(Π) = π∗(q̄)−xφ ✇❤❡♥ φ < φ1✱ ❜✮ E(Π) = π∗ (L)+(1− x)φ ✇❤❡♥ φ ∈ [φ1, φ0]✱

❛♥❞ ❝✮ E(Π) = xπ∗(L)+(1−x)π∗(H) ✇❤❡♥ φ > φ0✳ ❍❡♥❝❡ E(Π) ✐s q✉❛s✐❝♦♥✈❡①✱ ♠✐♥✐♠✐③❡❞ ❛t

φ1✱ ❛♥❞ ❝❛♥♥♦t ❜❡ ♠❛①✐♠✐③❡❞ ❛t ❛♥② φ ∈ (0, φ0)✳ ❚❤❡♥ ❢♦r ♣❛rt ✐✮✱ φ = φ0 str✐❝t❧② ❞♦♠✐♥❛t❡s

φ = 0 ❜❡❝❛✉s❡ π∗(q) ✐s ❝♦♥✈❡① ❡✈❡r②✇❤❡r❡ ❛♥❞ str✐❝t❧② ❝♦♥✈❡① ❢♦r q ∈
(
q
˜
, q̃
)
✳ ❋♦r ♣❛rt ✐✐✮

♥♦t❡ t❤❛t π∗(q) = a+ q ❢♦r ❛❧❧ q ≥ q̃✱ ❛♥❞ ❤❡♥❝❡ E(Π) = a+ q̄ ❢♦r ❛♥② φ ∈ {0} ∪ [φ0,∞)✳
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Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳ ❘❡❝❛❧❧ t❤❛t y∗ str✐❝t❧② ❞❡❝r❡❛s❡s ✐♥ φ ∈ [φ1, φ0]✳ ❯s✐♥❣ ❡q✉❛t✐♦♥ ✭✶✸✮✿

∂E(w)

∂y∗
= x

[
w∗ (qeH)− w∗(L)− dw∗ (qeH)

dq
× (qeH − L)

]
. ✭✷✹✮

✐✮ ❲❤❡♥ qeH < q̂w ✭✷✹✮ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ❜❡❝❛✉s❡ w∗(q) ✐s str✐❝t❧② ❝♦♥✈❡① ❢♦r ❛❧❧ q ∈
(
q
˜
, q̂w

)
✳

✐✐✮ ❈♦♥s✐❞❡r L < q̂w < qeH ✱ ❛♥❞ ❞❡✜♥❡ Ľ < q̂w ❛s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ dw∗(Ľ)/dq =

dw∗(qeH)/dq✳ ❋✐rst✱ ✭✷✹✮ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ L < Ľ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ L > Ľ✳

❙❡❝♦♥❞✱ ✭✷✹✮ ✐s ❝♦♥t✐♥✉♦✉s ✐♥ L ❛r♦✉♥❞ q̂w✱ ❛♥❞ ✭✇❡❛❦❧②✮ ♣♦s✐t✐✈❡ ❛t L = q̂w ❜❡❝❛✉s❡ ❜②

❆ss✉♠♣t✐♦♥ ✷ w∗(q) ✐s ✇❡❛❦❧② ❝♦♥❝❛✈❡ ❢♦r q > q̂w✳ ❚❤✐r❞✱ ✭✷✹✮ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ❢♦r

s✉✣❝✐❡♥t❧② ❧♦✇ L✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ♥♦t❡ t❤❛t ✭✷✹✮ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦
w∗(qeH)−w∗(L)

qeH−L − dw∗(qeH)
dq

✳

❋✐①✐♥❣ qeH ✱ t❤❡r❡ ❡①✐sts ❛ δ > 0 s✉❝❤ t❤❛t
dw∗(qeH)

dq
> δ✳ ▼♦r❡♦✈❡r

w∗(qeH)−w∗(L)

qeH−L ✐s ✇❡❛❦❧② ❧❡ss

t❤❛♥
w∗(qeH)
qeH−L ✱ ✇❤✐❝❤ ✐♥ t✉r♥ ✐s str✐❝t❧② ❧❡ss t❤❛♥ δ ❢♦r s✉✣❝✐❡♥t❧② ❧♦✇ L✳ ❋♦✉rt❤ t❤❡♥✱ ✭✷✹✮

❤❛s ❛ ✉♥✐q✉❡ r♦♦t L̇(qeH) < Ľ✱ ❛♥❞ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ✭♣♦s✐t✐✈❡✮ ❢♦r L ❜❡❧♦✇ ✭❛❜♦✈❡✮ L̇(qeH)✳

❚❤❡r❡❢♦r❡✱ s✐♥❝❡ qeH ✐♥❝r❡❛s❡s ✐♥ φ✱ E(w) ✐s q✉❛s✐❝♦♥❝❛✈❡ ✐♥ φ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✷✳ ✐✐✐✮ ❲❤❡♥

L > q̂w ✭✷✹✮ ✐s ✇❡❛❦❧② ♣♦s✐t✐✈❡ ❜❡❝❛✉s❡ w∗(q) ✐s ✇❡❛❦❧② ❝♦♥❝❛✈❡ ❢♦r ❛❧❧ q > q̂w✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳ ❚❤✐s ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✹ ❛♥❞ ✐ts ♣r♦♦❢✳ ◆♦t❡ t❤❛t

L̇(qeH) ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ✐♥ qeH ✳
✷✶ ✐✮ ❙✐♥❝❡ L ≤ L̇(qeH) ❢♦r ❛❧❧ y

∗ ∈ [0, 1]✱ E(w) ✐s ♠❛①✐♠✐③❡❞

❛t y∗ = 0✳ ✐✐✮ ❙✐♥❝❡ L > L̇(qeH) ❢♦r q
e
H > q∗∗✱ ❛♥❞ L < L̇(qeH) ❢♦r q

e
H < q∗∗✱ E(w) ✐s ♠❛①✐♠✐③❡❞

❜② t❤❡ ✉♥✐q✉❡ y∗ s✉❝❤ t❤❛t qeH = q∗∗✳ ✐✐✐✮ ❙✐♥❝❡ L ≥ L̇(qeH) ❢♦r ❛❧❧ y∗ ∈ [0, 1]✱ E(w) ✐s

♠❛①✐♠✐③❡❞ ❛t y∗ = 1✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳ P❛rt ✐✮ ❢♦❧❧♦✇s ❢r♦♠ ❛r❣✉♠❡♥ts ✐♥ t❤❡ t❡①t✳ ❋♦r ♣❛rt ✐✐✮ ❧♦♦❦ ❢♦r ❛♥

❡q✉✐❧✐❜r✐✉♠ ✐♥ ✇❤✐❝❤ ❛ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡ ♦❢ t②♣❡s ✐♥✈❡st✳ ❙✐♥❝❡ π∗(H) − π∗(L) < ∞ ♥♦t ❛❧❧

t②♣❡s ✐♥✈❡st✱ ❤❡♥❝❡ x∗(φ) ∈ (0, 1)✳ ❙✐♥❝❡ t❤❡ ✜r♠✬s ♣❛②♦✛ ❢♦❧❧♦✇✐♥❣ r = L ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢

q✱ ❛♥② ✜r♠ r❡♣♦rt✐♥❣ r = L ♠✉st ❤❛✈❡ ❧♦✇ q✉❛❧✐t②❀ ❡q✉✐✈❛❧❡♥t❧②✱ r(H) = H✳ ❋✐rst❧②✱ ✐♥ ❛♥②

❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ y∗ = 0 ❛ ✜r♠ ✇✐t❤ q = L ❡❛r♥s φ0 ❧❡ss t❤❛♥ ❛ ✜r♠ ✇✐t❤ q = H✳ ❙❡❝♦♥❞❧②✱

✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ y∗ > 0 ❛ ✜r♠ ✇✐t❤ q = L ❡❛r♥s φ ❧❡ss t❤❛♥ ❛ ✜r♠ ✇✐t❤ q = H✱ s✉❝❤

t❤❛t x∗(φ) = 1 − F (φ)✳ ❛✮ ❈♦♥s✐❞❡r φ = φ0✳ ❚❤❡r❡ ✐s ❝❧❡❛r❧② ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ y∗ = 0✳

❚❤❡r❡ ✐s ♥♦ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ y∗ > 0✱ s✐♥❝❡ π∗(qeH) − φ0 < π∗(H) − φ0 = π∗(L)✱ s✉❝❤ t❤❛t

❛ ✜r♠ ✇✐t❤ q = L ✇♦✉❧❞ ❞❡✈✐❛t❡ ❛♥❞ r❡♣♦rt r = L✳ ❜✮ ❈♦♥s✐❞❡r φ ∈ (0, φ0)✳ ❚❤❡r❡ ✐s ♥♦

❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ y∗ = 0✱ s✐♥❝❡ π∗(qeH)−φ = π∗(H)−φ > π∗(L)✱ s✉❝❤ t❤❛t ❛ ✜r♠ ✇✐t❤ q = L

✷✶❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✷✐ w∗(q) ✐s ❧✐♥❡❛r ✐♥ q > q̂w = q̃ s✉❝❤ t❤❛t L̇(qeH) ✐♥ ✐♥✈❛r✐❛♥t t♦ qeH ❛♥❞ s♦❧✈❡s
v∗ (q̃) − v∗(L) + a − π∗ (L) + L = 0✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ✷✐✐ L̇(qeH) ✐s str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ qeH ❜❡❝❛✉s❡ t❤❡
r✐❣❤t❤❛♥❞ s✐❞❡ ♦❢ ✭✷✹✮ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ❜♦t❤ L = L̇(qeH) ❛♥❞ qeH ✳

✸✶



✇♦✉❧❞ ❞❡✈✐❛t❡ ❛♥❞ r❡♣♦rt r = H✳ ❚❤❡r❡❢♦r❡ ❧♦♦❦ ❢♦r ❛♥ ❡q✉✐❧✐❜r✐✉♠ ✇✐t❤ y∗ > 0✿ t❤❡ ❣❛✐♥

t♦ ❛ ✜r♠ ✇✐t❤ q = L ❢r♦♠ r❡♣♦rt✐♥❣ r = H ✐♥st❡❛❞ ♦❢ r = L ✐s π∗(qeH) − φ − π∗(L)✳ ❯s✐♥❣

x∗(φ) = 1− F (φ)✱ t❤✐s ❡q✉❛❧s✿

π∗
(
L+ (H − L)

F (φ)

F (φ) + y∗ (1− F (φ))

)
− φ− π∗(L). ✭✷✺✮

❚❤✐s ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ y∗✱ ❛♥❞ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛t y∗ = 0✳ ■❢ ✭✷✺✮ ✐s

✇❡❛❦❧② ♣♦s✐t✐✈❡ ❛t y∗ = 1 ✐t ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❛t ❛❧❧ y∗ ∈ [0, 1)✱ ❤❡♥❝❡ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ❡q✉✐✲

❧✐❜r✐✉♠ ✇✐t❤ y∗ = 1✳ ■❢ ✭✷✺✮ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ ❛t y∗ = 1✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠

✇✐t❤ y∗ ∈ (0, 1) ✇❤✐❝❤ ♠❛❦❡s ✭✷✺✮ ❡q✉❛❧ t♦ ③❡r♦✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✺✳ ✐✮ ❚❤❡ ♣r♦♦❢ t❤❛t φ = 0 ✐s ♥❡✈❡r ♦♣t✐♠❛❧ ✐s ❣✐✈❡♥ ✐♥ t❤❡ t❡①t ❛❢t❡r

t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ✐✐✮ ■t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ∂E(v)/∂φ|φ=φ0 < 0✳ ◆♦t❡ t❤❛t ❢♦r φ > 0✱

π∗ (qeH(φ)) = max {π∗(L) + φ, π∗ (L+ (H − L)F (φ))} , ✭✷✻✮

✇❤❡r❡ t❤❡ ✜rst ♣❛rt ❛♣♣❧✐❡s ✇❤❡♥ y∗ ∈ (0, 1)✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♣❛rt ❛♣♣❧✐❡s ✇❤❡♥ y∗ = 1✳

❊q✉❛t✐♦♥ ✭✷✻✮ ✐♠♣❧✐❡s t❤❛t ❢♦r s♦♠❡ s♠❛❧❧ δ > 0✱ π∗ (qeH(φ)) = π∗(L)+φ ❢♦r ❛❧❧ φ ∈ [φ0−δ, φ0]✳

❯s✐♥❣ dqeH/dφ = 1/ (dπ∗(qeH)/dq) ❛♥❞ ❡q✉❛t✐♦♥ ✭✶✼✮✱ ∂E(v)/∂φ|φ=φ0 ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦

(H − L) (dv∗(H)/dq)− (v∗(H)− v∗(L))

(dπ∗(H)/dq) (v∗(H)− v∗(L)) (H − L)
+
f(φ0)

F (φ0)
.

❚❤❡ ✜rst t❡r♠ ✐s str✐❝t❧② ♥❡❣❛t✐✈❡ s✐♥❝❡ H > q̇(L)✱ ❛♥❞ ❞♦♠✐♥❛t❡s t❤❡ s❡❝♦♥❞ t❡r♠ ♣r♦✈✐❞❡❞

f(φ0)/F (φ0) ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✳

❆❧❧ r❡♠❛✐♥✐♥❣ ♣r♦♦❢s ❢♦r t❤❡ ♣❛♣❡r ❛r❡ ✐♥ ❙❡❝t✐♦♥ ❇ ♦❢ t❤❡ ❙✉♣♣❧❡♠❡♥t❛r② ❆♣♣❡♥❞✐①✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆❣✉✐rr❡ ■✳✱ ❙✳ ❈♦✇❛♥ ❛♥❞ ❏✳ ❱✐❝❦❡rs ✭✷✵✶✵✮ ✏▼♦♥♦♣♦❧② Pr✐❝❡ ❉✐s❝r✐♠✐♥❛t✐♦♥ ❛♥❞ ❉❡♠❛♥❞

❈✉r✈❛t✉r❡✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✵✱ ✶✻✵✶✲✶✻✶✺

❬✷❪ ❆♥❞❡rs♦♥ ❙✳ ❛♥❞ ❘✳ ❘❡♥❛✉❧t ✭✷✵✵✻✮ ✏❆❞✈❡rt✐s✐♥❣ ❈♦♥t❡♥t✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱

✾✻✱ ✾✸✲✶✶✸
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❬✸✵❪ ▲❛✉❡r♠❛♥♥ ❙✳ ❛♥❞ ❆✳ ❲♦❧✐♥s❦② ✭✷✵✶✺✮ ✏❙❡❛r❝❤ ✇✐t❤ ❆❞✈❡rs❡ ❙❡❧❡❝t✐♦♥✑ ❢♦rt❤❝♦♠✐♥❣✱

❊❝♦♥♦♠❡tr✐❝❛

✸✹



❬✸✶❪ ▼❛✐❧❛t❤ ●✳❏✳✱ ▼✳ ❖❦✉♥♦✲❋✉❥✐✇❛r❛ ❛♥❞ ❆✳ P♦st❧❡✇❛✐t❡ ✭✶✾✾✸✮ ✏❇❡❧✐❡❢✲❇❛s❡❞ ❘❡✜♥❡♠❡♥ts

✐♥ ❙✐❣♥❛❧✐♥❣ ●❛♠❡s✑ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r②✱ ✻✵✱ ✷✹✶✲✷✼✻

❬✸✷❪ ▼❛②③❧✐♥ ❉✳✱ ❨✳ ❉♦✈❡r ❛♥❞ ❏✳ ❈❤❡✈❛❧✐❡r ✭✷✵✶✹✮ ✏Pr♦♠♦t✐♦♥❛❧ ❘❡✈✐❡✇s✿ ❆♥ ❊♠♣✐r✐❝❛❧

■♥✈❡st✐❣❛t✐♦♥ ♦❢ ❖♥❧✐♥❡ ❘❡✈✐❡✇ ▼❛♥✐♣✉❧❛t✐♦♥✑ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇✱ ✶✵✹✱ ✷✹✷✶✲

✺✺

❬✸✸❪ ▼❡③③❡tt✐ ❈✳ ❛♥❞ ❚✳ ❚s♦✉❧♦✉❤❛s ✭✷✵✵✵✮ ✏●❛t❤❡r✐♥❣ ■♥❢♦r♠❛t✐♦♥ ❇❡❢♦r❡ ❙✐❣♥✐♥❣ ❛ ❈♦♥tr❛❝t

✇✐t❤ ❛ Pr✐✈❛t❡❧② ■♥❢♦r♠❡❞ Pr✐♥❝✐♣❛❧✑ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥✱

✶✽✱ ✻✻✼✲✻✽✾

❬✸✹❪ ▼✐❦❧♦s✲❚❤❛❧ ❏✳ ❛♥❞ ❏✳ ❩❤❛♥❣ ✭✷✵✶✸✮ ✧✭❉❡✮♠❛r❦❡t✐♥❣ t♦ ▼❛♥❛❣❡ ❈♦♥s✉♠❡r ◗✉❛❧✐t② ■♥✲

❢❡r❡♥❝❡s✧ ❏♦✉r♥❛❧ ♦❢ ▼❛r❦❡t✐♥❣ ❘❡s❡❛r❝❤✱ ✺✵✱ ✺✺✲✻✾

❬✸✺❪ ◆❡❧s♦♥ P✳ ✭✶✾✼✹✮ ✏❆❞✈❡rt✐s✐♥❣ ❛s ■♥❢♦r♠❛t✐♦♥✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✽✷✱ ✼✷✾✲✼✺✹

❬✸✻❪ P❡r❡③✲❘✐❝❤❡t ❊✳ ❛♥❞ ❉✳ Pr❛❞② ✭✷✵✶✷✮ ✏❈♦♠♣❧✐❝❛t✐♥❣ t♦ P❡rs✉❛❞❡❄✑ ❲♦r❦✐♥❣ ♣❛♣❡r

❬✸✼❪ P✐❝❝♦❧♦ ❙✳✱ P✳ ❚❡❞❡s❝❤✐ ❛♥❞ ●✳ ❯rs✐♥♦ ✭✷✵✶✺✮ ✏❍♦✇ ▲✐♠✐t✐♥❣ ❉❡❝❡♣t✐✈❡ Pr❛❝t✐❝❡s ❍❛r♠s

❈♦♥s✉♠❡rs✑ ❘❛♥❞ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✹✻✱ ✻✶✶✲✻✷✹

❬✸✽❪ ❘❡♥❛✉❧t ❘✳ ✭✷✵✶✺✮ ✏❆❞✈❡rt✐s✐♥❣ ✐♥ ▼❛r❦❡ts✑ ❢♦rt❤❝♦♠✐♥❣✱ ✐♥ t❤❡ ❍❛♥❞❜♦♦❦ ♦❢ ▼❡❞✐❛

❊❝♦♥♦♠✐❝s✱ ❙✳P✳ ❆♥❞❡rs♦♥✱ ❉✳ ❙tr♦♠❜❡r❣✱ ❛♥❞ ❏✳ ❲❛❧❞❢♦❣❡❧ ✭❡❞s✳✮✱ ❊❧s❡✈✐❡r

❬✸✾❪ ❲❡②❧ ●✳ ❛♥❞ ▼✳ ❋❛❜✐♥❣❡r ✭✷✵✶✸✮ ✏P❛ss✲❚❤r♦✉❣❤ ❛s ❛♥ ❊❝♦♥♦♠✐❝ ❚♦♦❧✿ Pr✐♥❝✐♣❧❡s ♦❢

■♥❝✐❞❡♥❝❡ ✉♥❞❡r ■♠♣❡r❢❡❝t ❈♦♠♣❡t✐t✐♦♥✑ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥♦♠②✱ ✶✷✶✱ ✺✷✽✲✺✽✸

❬✹✵❪ ❩✐♥♠❛♥ ❏✳ ❛♥❞ ❊✳ ❩✐t③❡✇✐t③ ✭✷✵✶✹✮ ✏❲✐♥t❡rt✐♠❡ ❢♦r ❉❡❝❡♣t✐✈❡ ❆❞✈❡rt✐s✐♥❣❄✑ ❢♦rt❤❝♦♠✲

✐♥❣✱ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ❆♣♣❧✐❡❞

✸✺



❙✉♣♣❧❡♠❡♥t❛r② ❆♣♣❡♥❞✐①

❙❡❝t✐♦♥ ❆✿ ❋✉rt❤❡r ■♥❢♦r♠❛t✐♦♥ ♦♥ ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✷

❚❤✐s s❡❝t✐♦♥ ♣r♦✈✐❞❡s ❢✉rt❤❡r ❞❡t❛✐❧s ♦♥ ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✷✳

❈❧❛✐♠ ✶✳ ❆ss✉♠♣t✐♦♥ ✶ ✭r❡s♣✳ ❆ss✉♠♣t✐♦♥ ✷✮ ❡♥s✉r❡s t❤❛t ❜✉②❡r s✉r♣❧✉s ✭r❡s♣✳ t♦t❛❧ ✇❡❧❢❛r❡✮

✐s str✐❝t❧② ❝♦♥✈❡① ❢♦r q ∈ (q
˜
, q̂) ✭r❡s♣✳ q ∈ (q

˜
, q̂w)✮✱ ❛♥❞ ✇❡❛❦❧② ❝♦♥❝❛✈❡ ❢♦r q ❛❜♦✈❡ q̂ ✭r❡s♣✳

q̂w✮✳

Pr♦♦❢✳ ❯s✐♥❣ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ p∗(q) ❛♥❞ v∗(q) ✐♥ ❡q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✹✮✱ ❛♥❞ ❛❧s♦ t❤❡ ❞❡✜✲

♥✐t✐♦♥ w∗(q) = v∗(q) + π∗(q)✱ ✇❡ ❤❛✈❡ t❤❛t d2v∗(q)/dq2 ∝ z (p∗(q)− q) ❛♥❞ d2w∗(q)/dq2 ∝

zw (p
∗(q)− q) ❢♦r ❛❧❧ q ∈ (q

˜
, q̃)✳ ❚❤❡♥ ♥♦t❡ t❤❛t s✐♥❝❡ 1 − G(ε) ✐s ❧♦❣❝♦♥❝❛✈❡✱ p∗(q) − q ✐s

str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ✐♥ q✱ ✇✐t❤ limq→q

˜
p∗(q)− q = b ❛♥❞ limq→q̃ p

∗(q)− q = a✳ ❋✐♥❛❧❧② ♥♦t❡ t❤❛t

❢♦r q̃ <∞✱ v∗(q) ❛♥❞ w∗(q) ❛r❡ ❜♦t❤ ❧✐♥❡❛r ✭❛♥❞ s♦ ✇❡❛❦❧② ❝♦♥❝❛✈❡✮ ❢♦r ❛❧❧ q > q̃✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❡♥❡r❛❧✐③❡❞ s❡tt✐♥❣ ✐♥ ✇❤✐❝❤ ❞❡♠❛♥❞ ❡q✉❛❧s s
[
1−G

(
p−q−µ
m

)]
✱

✇❤❡r❡ µ ✐s ❛ ❧♦❝❛t✐♦♥ ♣❛r❛♠❡t❡r ❛♥❞ m, s ∈ (0,∞) ❛r❡ str❡t❝❤ ♣❛r❛♠❡t❡rs ✭❲❡②❧ ❛♥❞ ❚✐r♦❧❡

✷✵✶✷✮✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❛ s❡tt✐♥❣ ✐♥ ✇❤✐❝❤ ❛ ♠❛ss s > 0 ♦❢ ❜✉②❡rs ❤❛✈❡ ✉♥✐t ❞❡♠❛♥❞✱ ❛♥❞

❡❛❝❤ ❜✉②❡r✬s ✈❛❧✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② q + µ +mε ✇✐t❤ ε ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ G(ε)✳ ■♥ t❤❡

♠❛✐♥ t❡①t ✇❡ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ µ = 0 ❛♥❞ m = s = 1✳ ❍♦✇❡✈❡r ✐♥ ❢❛❝t✿

❈❧❛✐♠ ✷✳ ■❢ ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✷ ❤♦❧❞ ❢♦r ❛ ❞❡♠❛♥❞ 1 − G(p − q)✱ t❤❡② ❛❧s♦ ❤♦❧❞ ❢♦r ❛♥②

❣❡♥❡r❛❧✐③❡❞ ❞❡♠❛♥❞ ♦❢ t❤❡ ❢♦r♠ s
[
1−G

(
p−q−µ
m

)]
✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❆ss✉♠♣t✐♦♥ ✶✳ ❚❤❡ ♠❛r❦❡t ❝♦✈❡r❛❣❡ ♣♦✐♥t ❢♦r t❤✐s ❣❡♥❡r❛❧✐③❡❞ ❞❡♠❛♥❞ ✐s

q̃(s,m, µ) = µ+m (−a+ 1/g(a))✱ ❤❡♥❝❡ q̃(s,m, µ) <∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ q̃ <∞✳ ❆❧s♦ t❤❡ ♦t❤❡r

t❤r❡s❤♦❧❞ q
˜
(s,m, µ) s❛t✐s✜❡s q

˜
(s,m, µ) = −∞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ q

˜
= −∞✳ ▲❡t σ(ψ; s,m, µ) ❜❡

t❤❡ ❝✉r✈❛t✉r❡ ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❞❡♠❛♥❞ ❢♦r♠✳ ❲❡ ♠❛② t❤❡♥ ✇r✐t❡ t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ z(ψ) ❢♦r

t❤✐s ♥❡✇ ❞❡♠❛♥❞ ❛s

z(ψ; s,m, µ) = −dσ(ψ; s,m, µ)
dψ

+ [2− σ(ψ; s,m, µ)]

[
dsG

(
ψ−µ
m

)

dψ

/
s

[
1−G

(
ψ − µ

m

)]]
.

❆❢t❡r s♦❧✈✐♥❣ ❢♦r σ(ψ; s,m, µ) ❛♥❞ s✉❜st✐t✉t✐♥❣ ✐t ✐♥✱ t❤❡♥ ❝❛♥❝❡❧✐♥❣ t❡r♠s✿

z(ψ; s,m, µ) =
1

m

[
−σ′

(
ψ − µ

m

)
+

[
2− σ

(
ψ − µ

m

)]
g
(
ψ−µ
m

)

1−G
(
ψ−µ
m

)
]
∝ z

(
ψ − µ

m

)
.

❍❡♥❝❡ z(ψ; s,m, µ) s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ✶ ✐❢ ❛♥❞ ♦♥❧② ✐❢ z(ψ) s❛t✐s✜❡s ✐t✳ ❚❤❡ ♣r♦♦❢ ❢♦r

❆ss✉♠♣t✐♦♥ ✷ ✐s ✈❡r② s✐♠✐❧❛r ❛♥❞ s♦ ✐s ♦♠✐tt❡❞✳

✸✻



❙♣❡❝✐✜❝ ❊①❛♠♣❧❡s

❲❡ ♥♦✇ s❤♦✇ t❤❛t ❆ss✉♠♣t✐♦♥s ✶ ❛♥❞ ✷ ❛r❡ s❛t✐s✜❡❞ ❜② ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❝♦♠♠♦♥ ❞❡♠❛♥❞

❝✉r✈❡s✳ ■♥ ❧✐❣❤t ♦❢ ❈❧❛✐♠ ✷ ✐t ✐s s✉✣❝✐❡♥t t♦ ❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ s = m = 1 ❛♥❞ µ = 0✳ ❋♦r

❢✉rt❤❡r r❡❧❛t❡❞ ❜❛❝❦❣r♦✉♥❞ ♠❛t❡r✐❛❧✱ ✐♥❝❧✉❞✐♥❣ ❛ ♣r♦♦❢ t❤❛t ❞❡♠❛♥❞s ✇✐t❤ ❞✐str✐❜✉t✐♦♥s ✷✲✻

❜❡❧♦✇ ❤❛✈❡ ✐♥❝r❡❛s✐♥❣ ❝✉r✈❛t✉r❡✱ s❡❡ ❋❛❜✐♥❣❡r ❛♥❞ ❲❡②❧ ✭✷✵✶✺✮ ❛♥❞ t❤❡✐r ❛ss♦❝✐❛t❡❞ ♦♥❧✐♥❡

❛♣♣❡♥❞✐①✳

✶✳ ●❡♥❡r❛❧✐③❡❞ P❛r❡t♦ ❉✐str✐❜✉t✐♦♥✿ G(ψ) = 1 −
(
1− (1−σ)ψ

(2−σ)

) 1

1−σ
♦♥
[
0, 2−σ

1−σ
)
❢♦r σ < 1✱

❛♥❞ G(ψ) = 1 − e−ψ ♦♥ [0,∞) ❢♦r σ = 1✳ ❙♣❡❝✐❛❧ ❝❛s❡s ✐♥❝❧✉❞❡ t❤❡ ❯♥✐❢♦r♠ ✭σ = 0✮

❛♥❞ ❊①♣♦♥❡♥t✐❛❧ ✭σ = 1) ❞✐str✐❜✉t✐♦♥s✳ ◆♦t❡ t❤❛t q̃ = (2 − σ) < ∞ ❛♥❞ σ(ψ) = σ✳ ❍❡♥❝❡

❆ss✉♠♣t✐♦♥s ✶✐ ❛♥❞ ✷✐ ❛r❡ s❛t✐s✜❡❞✱ ❜❡❝❛✉s❡ z(ψ) = (2−σ) > 0 ❛♥❞ zw(ψ) = (3−σ)(2−σ) >
0✳

✷✳ ◆♦r♠❛❧✿ G(ψ) =
´ ψ

−∞
e−ψ

2/2√
2π

dx ♦♥ (−∞,∞)✳ ◆♦t❡ t❤❛t q
˜

= −∞✱ q̃ = ∞, ❛♥❞

σ(ψ) = ψ[1−G(ψ)]
g(ψ)

❜❡❝❛✉s❡ g′(ψ) = −ψg(ψ)✳ ❍❡♥❝❡ limψ→a σ(ψ) = −∞✳ ▼♦r❡♦✈❡r

z(ψ) ∝ 2

(
g(ψ)

1−G(ψ)

)2

− 1− ψ2. ✭✷✼✮

❆ss✉♠♣t✐♦♥ ✶✐✐ ✐s s❛t✐s✜❡❞ ❜❡❝❛✉s❡ ✭✷✼✮ ✐s ♥❡❣❛t✐✈❡ ❛s ψ → −∞✱ ✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥

ψ ≤ 0 s✐♥❝❡ g(ψ)
1−G(ψ)

✐s str✐❝t❧② ✐♥❝r❡❛s✐♥❣✱ ❛♥❞ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ ψ ≥ 0✳ ❚♦ ♣r♦✈❡ t❤❡

❧❛tt❡r✱ ♥♦t❡ t❤❛t ❢♦r ❛❧❧ ψ ≥ 0 ✇❡ ❤❛✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ g(ψ)
1−G(ψ)

≥ ψ+
√
ψ2+8/π

2
✭s❡❡ ❉✉❡♠❜❣❡♥

✷✵✶✵✮✳ ■♥ ❛❞❞✐t✐♦♥

zw(ψ) ∝ 6

(
g(ψ)

1−G(ψ)

)2

− 4ψ
g(ψ)

1−G(ψ)
− 1 = 6

(
g(ψ)

1−G(ψ)

)2

+ 4
g′(ψ)

1−G(ψ)
− 1. ✭✷✽✮

❆ss✉♠♣t✐♦♥ ✷✐✐ ✐s s❛t✐s✜❡❞✳ ❋✐rst❧② ❛s ψ → −∞✱ ✭✷✽✮ t❡♥❞s t♦ −1✳ ❙❡❝♦♥❞❧② ✭✷✽✮ ✐s str✐❝t❧②

✐♥❝r❡❛s✐♥❣ ✐♥ ψ < −1✱ ❜❡❝❛✉s❡ g(ψ)
1−G(ψ)

❛♥❞ g′(ψ) > 0 ❛r❡ ❜♦t❤ str✐❝t❧② ✐♥❝r❡❛s✐♥❣✳ ❚❤✐r❞❧② ✭✷✽✮

✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ ψ ∈ [−1, 0]✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ♥♦t✐♥❣ t❤❛t ♦♥ t❤✐s ✐♥t❡r✈❛❧✱ ✇❡

❤❛✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ g(ψ) ≥
(
1− ψ2

2

)
/
√
2π✱ ❛♥❞ t❤❡ ✉♣♣❡r ❜♦✉♥❞ 1−G(ψ) ≤ 1

2
− xg(0)✳

❋♦✉rt❤❧② ✭✷✽✮ ✐s ❛❧s♦ str✐❝t❧② ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ ψ > 0✳ ❚❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ♥♦t✐♥❣ t❤❛t g(ψ)
1−G(ψ)

str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♠♣❧✐❡s 2
(

g(ψ)
1−G(ψ)

)2
> 2

(
g(0)

1−G(0)

)2
> 1✱ ❛♥❞ ❛❧s♦ 4

[(
g(ψ)

1−G(ψ)

)2
+ g′(ψ)

1−G(ψ)

]
>

0✳

✸✳ ❲❡✐❜✉❧❧✿ G(ψ) = 1 − e−ψ
α
♦♥ [0,∞) ✇❤❡r❡ α > 1✳ ◆♦t❡ t❤❛t q

˜
= −∞✱ q̃ = ∞✱

σ(ψ) = 1−
(
α−1
αψα

)
❛♥❞ limψ→a σ(ψ) = −∞✳ ▼♦r❡♦✈❡r

z(ψ) ∝ (α− 1)(ψα − 1) + αψ2α ❛♥❞ zw(ψ) ∝ 2α2ψ2α + 3α(α− 1)ψα − (α− 1) ✭✷✾✮
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❆ss✉♠♣t✐♦♥s ✶✐✐ ❛♥❞ ✷✐✐ ❛r❡ ❜♦t❤ s❛t✐s✜❡❞✱ s✐♥❝❡ ❜♦t❤ ❡①♣r❡ss✐♦♥s ✐♥ ✭✷✾✮ ❛r❡ str✐❝t❧② ♥❡❣❛t✐✈❡

❛s ψ → 0✱ str✐❝t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ ψ ❛♥❞ str✐❝t❧② ♣♦s✐t✐✈❡ ❛s ψ → ∞✳

✹✳ ❚②♣❡ ■ ❊①tr❡♠❡ ❱❛❧✉❡ ✭▼❛① ✈❡rs✐♦♥✮✿ G(ψ) = e−e
−ψ

♦♥ (−∞,∞)✳ ◆♦t❡ q
˜
= −∞✱

q̃ = ∞✱ σ(ψ) = (eψ−1)(ee
−ψ −1) ❛♥❞ limψ→a σ(ψ) = −∞✳ ◆✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥s s❤♦✇ t❤❛t

❆ss✉♠♣t✐♦♥s ✶✐✐ ❛♥❞ ✷✐✐ ❛r❡ ❜♦t❤ s❛t✐s✜❡❞✳

✺✳ ▲♦❣✐st✐❝✿ G(ψ) = eψ

1+eψ
♦♥ (−∞,∞)✳ ◆♦t❡ t❤❛t q

˜
= −∞✱ q̃ = ∞✱ σ(ψ) = 1 − e−ψ

❛♥❞ limψ→a σ(ψ) = −∞✳ ❆ss✉♠♣t✐♦♥ ✶✐✐ ✐s s❛t✐s✜❡❞ ❜❡❝❛✉s❡ z(ψ) ∝ e2ψ − 1✱ ✇❤✐❝❤ ✐s s✐♥❣❧❡✲

❝r♦ss✐♥❣ ❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡ ❛t ψ = 0✳ ❍♦✇❡✈❡r ❆ss✉♠♣t✐♦♥ ✷✐✐ ✐s ♥♦t s❛t✐s✜❡❞ s✐♥❝❡

zw(ψ) ∝ 2 + 2e−ψ✱ ✇❤✐❝❤ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❡✈❡r②✇❤❡r❡✳✷✷

✻✳ ❚②♣❡ ■ ❊①tr❡♠❡ ❱❛❧✉❡ ✭▼✐♥ ✈❡rs✐♦♥✮✿ G(ψ) = 1 − e−e
ψ
♦♥ (−∞,∞)✳ ◆♦t❡ t❤❛t

q
˜
= −∞✱ q̃ = ∞✱ σ(ψ) = 1 − e−ψ ❛♥❞ limψ→a σ(ψ) = −∞✳ ❆ss✉♠♣t✐♦♥ ✶✐✐ ✐s s❛t✐s✜❡❞

❜❡❝❛✉s❡ z(ψ) ∝ e−ψ(1 − e−ψ) − 1✱ ✇❤✐❝❤ ✐s s✐♥❣❧❡✲❝r♦ss✐♥❣ ❢r♦♠ ♥❡❣❛t✐✈❡ t♦ ♣♦s✐t✐✈❡ ❛t

ψ = ln
(

−1+
√
5

2

)
✳ ❍♦✇❡✈❡r ❆ss✉♠♣t✐♦♥ ✷✐✐ ✐s ♥♦t s❛t✐s✜❡❞ s✐♥❝❡ zw(ψ) ∝ 2 + 3e−ψ✱ ✇❤✐❝❤ ✐s

str✐❝t❧② ♣♦s✐t✐✈❡ ❡✈❡r②✇❤❡r❡✳

❙❡❝t✐♦♥ ❇✿ ❘❡♠❛✐♥✐♥❣ Pr♦♦❢s

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻✳ ❲❡ ♣r♦✈❡ ▲❡♠♠❛ ✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻ t♦❣❡t❤❡r✱

✐♥ s❡✈❡r❛❧ st❡♣s✳

✶✮ ●✐✈❡♥ t❤❛t ❜❡❧✐❡❢s ❛r❡ ♣r✐❝❡✲✐♥❞❡♣❡♥❞❡♥t✱ E(q|r) ❢✉❧❧② ❞❡t❡r♠✐♥❡s ♣r✐❝❡s✳ ❍❡♥❝❡ y
∗ ✐s

♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t t♦ ✇r✐t❡ ❞♦✇♥ ❡①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s✱ t♦t❛❧ ✇❡❧❢❛r❡✱ ❛♥❞ ♣r♦✜t

✭❜❡❢♦r❡ ♣✉♥✐s❤♠❡♥ts ❛r❡ ❞❡❞✉❝t❡❞✮✳ ▲❡♠♠❛ ✻✐ t❤❡♥ ❢♦❧❧♦✇s ✭✇❡ r❡t✉r♥ t♦ ✻✐✐ ❧❛t❡r✮✳

✷✮ ❇✉②❡r s✉r♣❧✉s✳ ❋✐rst❧②✱ ❜✉②❡r s✉r♣❧✉s ✐s ♥♦t ♠❛①✐♠✐③❡❞ ✐❢ ❛♥② r❡♣♦rt r = qi<n ✐s s❡♥t ❜②

♠♦r❡ t❤❛♥ ♦♥❡ t②♣❡✳ ❚♦ s❡❡ ✇❤②✱ ❝♦♥s✐❞❡r ❛ ♥❡✇ tr✐❛♥❣✉❧❛r ♠❛tr✐① ✇✐t❤ y′i,i =
∑n−1

j=1 y
∗
i,j ❛♥❞

y′i,n = y∗i,n ❢♦r ❛❧❧ i < n✳ ❙tr✐❝t ❝♦♥✈❡①✐t② ♦❢ v∗(q) ∈ (q
˜
, q̃) ✐♠♣❧✐❡s t❤❛t ❜✉②❡r s✉r♣❧✉s ✐s str✐❝t❧②

❤✐❣❤❡r✱ ❜② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✳ ❙❡❝♦♥❞❧②✱ ❜✉②❡r s✉r♣❧✉s ✐s ♥♦t ♠❛①✐♠✐③❡❞ ✐❢ E(q|r = qn) > q̃

❛♥❞ y∗i,n < 1 ❢♦r s♦♠❡ i < n✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❡①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s

✇✐t❤ r❡s♣❡❝t t♦ y∗i,n ✐s xi [v
∗(q̃)− v∗(qi)] > 0✳ ❚❤✐r❞❧②✱ ❜✉②❡r s✉r♣❧✉s ✐s ♥♦t ♠❛①✐♠✐③❡❞ ✐❢

E(q|r = qn) = q̃✱ ❛♥❞ t❤❡r❡ ❡①✐sts s♦♠❡ j < k s✉❝❤ t❤❛t y∗k,n < 1 ❜✉t y∗j,n > 0✳ ❚♦ s❡❡ t❤✐s✱

♥♦t❡ t❤❛t
∂y∗j,n
∂y∗k,n

∣∣∣
E(q|r=qn)=q̃

= −xk(q̃−qk)
xj(q̃−qj) ✳ ❚❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ E(v) ✇✐t❤ r❡s♣❡❝t t♦ y∗k,n✱ ✇❤✐❧st

❛❞❥✉st✐♥❣ y∗j,n t♦ ❡♥s✉r❡ E(q|r = qn) = q̃✱ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦

(q̃ − qj) [v
∗(q̃)− v∗(qk)]− (q̃ − qk) [v

∗(q̃)− v∗(qj)] ,

✷✷❈♦♥s❡q✉❡♥t❧② ❛ ✇❡❧❢❛r❡✲♠❛①✐♠✐③✐♥❣ ♣♦❧✐❝②♠❛❦❡r ❛❧✇❛②s ♦♣t✐♠❛❧❧② ✐♥❞✉❝❡s y∗ = 0✳ ❚❤✐s ✐s ❛❧s♦ tr✉❡ ❢♦r
t❤❡ ♥❡①t ❞✐str✐❜✉t✐♦♥✳

✸✽



✇❤✐❝❤ ✐s str✐❝t❧② ♣♦s✐t✐✈❡ s✐♥❝❡ v∗(q) ✐s str✐❝t❧② ❝♦♥✈❡①✳ Pr♦♣♦s✐t✐♦♥ ✻✐ t❤❡♥ ❢♦❧❧♦✇s✳

✸✮ Pr♦✜t✳ ❙✐♥❝❡ π∗(q) ✐s ❝♦♥✈❡①✱ ❛♥❞ str✐❝t❧② s♦ ❢♦r q ∈ (q
˜
, q̃)✱ ❛ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ t♦ t❤❡ ✜rst

♣❛rt ♦❢ t❤❡ ♣r❡✈✐♦✉s st❡♣ s❤♦✇s t❤❛t ❡①♣❡❝t❡❞ ♣r♦✜t ✭❜❡❢♦r❡ ♣✉♥✐s❤♠❡♥ts ❛r❡ ❞❡❞✉❝t❡❞✮ ✐s

♠❛①✐♠✐③❡❞ ❜② y∗i,i = 1 ❢♦r ❛❧❧ i✳ ❍❡♥❝❡ ❡①♣❡❝t❡❞ ♣r♦✜t ♦♥❝❡ ♣✉♥✐s❤♠❡♥ts ❛r❡ ❞❡❞✉❝t❡❞✱ ✐s

❛❧s♦ ♠❛①✐♠✐③❡❞ ❜② y∗i,i = 1 ❢♦r ❛❧❧ i✱ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻✐✐ ❢♦❧❧♦✇s✳

✹✮ ❚♦t❛❧ ✇❡❧❢❛r❡✳ ❋✐rst❧②✱ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ♥♦t ♠❛①✐♠✐③❡❞ ✐❢ ❛♥② r❡♣♦rt r = qi ❢♦r i < n ✐s

s❡♥t ❜② ♠♦r❡ t❤❛♥ ♦♥❡ t②♣❡✱ ❛♥❞ t❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦ t❤❛t ❢♦r ❜✉②❡r s✉r♣❧✉s✳ ❙❡❝♦♥❞❧②✱

✐❢ E(q|r = qn) > q̃ ❛♥❞ t❤❡r❡ ❡①✐sts s♦♠❡ i < n ✇✐t❤ y∗i,n < 1✱ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ✐♥❝r❡❛s✐♥❣

✐♥ y∗i,n ✐❢ ❛♥❞ ♦♥❧② ✐❢ qi ≥ L̇✳ ❚♦ s❡❡ t❤✐s✱ t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ E(TW ) ✇✐t❤ r❡s♣❡❝t t♦ y∗i,n ✐s

v∗ (q̃) + a+ qi− v∗(qi)− π∗(qi)✱ ✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ qi ❡①❝❡❡❞s ❛ t❤r❡s❤♦❧❞ ✭✇❤✐❝❤

✇❡ ❝❛❧❧ L̇)✳ ❚❤✐r❞❧②✱ t♦t❛❧ ✇❡❧❢❛r❡ ✐s ♥♦t ♠❛①✐♠✐③❡❞ ✐❢ E(q|r = qn) = q̃✱ ❛♥❞ t❤❡r❡ ❡①✐sts s♦♠❡

j < k s✉❝❤ t❤❛t y∗k,n < 1 ❜✉t y∗j,n > 0✳ ❚❤❡ ♣r♦♦❢ ❝❧♦s❡❧② ❢♦❧❧♦✇s t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts ❢♦r

❜✉②❡r s✉r♣❧✉s✳ Pr♦♣♦s✐t✐♦♥ ✻✐✐✐ t❤❡♥ ❢♦❧❧♦✇s✳

✺✮ ■♠♣❧❡♠❡♥t❛t✐♦♥✳ ◆♦t❡ t❤❛t t❤❡ ♠❛①✐♠✉♠ ❣❛✐♥ ❢r♦♠ ❢❛❧s❡ ❛❞✈❡rt✐s✐♥❣ ✐s φ̄ = π∗(qn)−π∗(q1)✳

❋✐rst✱ s❡t φ(qi, qj) = φ̄ ❢♦r ❛❧❧ j /∈ {qi, qn} s♦ t❤❛t ✐♥ ❛♥② ❡q✉✐❧✐❜r✐✉♠✱ ❡❛❝❤ ✜r♠ ❡✐t❤❡r

r❡♣♦rts tr✉t❤❢✉❧❧② ♦r r❡♣♦rts r = qn✳ ❙❡❝♦♥❞✱ ❢♦r ❛♥② t②♣❡ i ❢♦r ✇❤♦♠ y∗i,i = 1✱ ❛❧s♦ s❡t

φ(qi, qn) = φ̄✳ ❚❤✐r❞✱ ❢♦r ❛♥② t②♣❡ i ❢♦r ✇❤♦♠ y∗i,n = 1✱ s❡t φ(qi, qn) = 0✳ ❋♦✉rt❤✱ ❧❡t

qen = (
∑n

j=1 xjy
∗
j,nqj)/(

∑n
j=1 xjy

∗
j,n)✳ ❋♦r ❛♥② t②♣❡ i ❢♦r ✇❤♦♠ y∗i,i = 1− y∗i,n ❛♥❞ y∗i,n ∈ (0, 1)

✭t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ s✉❝❤ i✮ s❡t φ(qi, qn) = π∗(qen)− π∗(qi)✳ ❋✐❢t❤✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❡r❡ ✐s ❛

✉♥✐q✉❡ ❡q✉✐❧✐❜r✐✉♠ ♦✉t❝♦♠❡ ✐♥ ✇❤✐❝❤ y
∗ ✐s ♣❧❛②❡❞✱ ❛♥❞ s♦ ▲❡♠♠❛ ✻✐✐ ❢♦❧❧♦✇s✳

Pr♦♦❢ ♦❢ ❘❡♠❛r❦ ✷✳ ❛✮ ■♥ ❛♥② s❡♣❛r❛t✐♥❣ ❡q✉✐❧✐❜r✐✉♠✱ ❜✉②❡rs ♣❡r❢❡❝t❧② ✐♥❢❡r ❡❛❝❤ t②♣❡✳

❚❤❡r❡❢♦r❡ t❤❡ ❧♦✇ t②♣❡ ♦♣t✐♠❛❧❧② r❡♣♦rts r = L ❛♥❞ ❝❤❛r❣❡s p∗(L,L)✳ ❜✮ ❚❤❡ ❤✐❣❤ t②♣❡

❝❤♦♦s❡s p ❛♥❞ r t♦ ♠❛①✐♠✐③❡ π(p,H;H) s✉❜❥❡❝t t♦ t❤❡ ♥♦✲♠✐♠✐❝❦✐♥❣ ❝♦♥str❛✐♥t π(p,H;L)−
φIr(H)=H ≤ π∗(L)✳ ❈❧❡❛r❧② t❤❡ ♦♣t✐♠✉♠ ❤❛s r(H) = H✳ ❚❤❡♥ ✐✮ ✐❢ φ ≥ φ′

0 t❤❡ ♦♣t✐♠✉♠

❤❛s p = p∗(H;H)✳ ✐✐✮ ■❢ φ ∈ (0, φ′
0)✱ ❣✐✈❡♥ t❤❡ q✉❛s✐❝♦♥❝❛✈✐t② ♦❢ π(p,H;H) ❛♥❞ π(p,H;L)✱

t❤❡ ♥♦✲♠✐♠✐❝❦✐♥❣ ❝♦♥str❛✐♥t s❤♦✉❧❞ ❜✐♥❞✳ ❚❤✐s ❣✐✈❡s t✇♦ ♣♦ss✐❜❧❡ ♣r✐❝❡s pl ❛♥❞ ph s❛t✐s❢②✐♥❣

pl < p∗(H;H) < ph✳ ❙✐♥❝❡ c(H) > c(L) ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t p = ph ✐s ♦♣t✐♠❛❧✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✳ ❚❤❡ ♣r♦♦❢ ❝❧♦s❡❧② ❢♦❧❧♦✇s t❤❛t ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳

❛✮ ❆s ✉s✉❛❧ ❧❡t qeH = E(q|r = H) ❛♥❞ y∗ = Pr (r(L) = H)✳ ❚❤❡ s❡❝♦♥❞ r❡str✐❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t

❢♦❧❧♦✇✐♥❣ r = H t❤❡ ✜r♠ ❝❤❛r❣❡s p∗(qeH ;H)✳ ❇❛②❡s✬ r✉❧❡ ✐♠♣❧✐❡s t❤❛t ❢♦❧❧♦✇✐♥❣ r = H ❛♥❞

p = p∗(qeH ;H) t❤❡ ✜r♠ ✐s ❜❡❧✐❡✈❡❞ t♦ ❤❛✈❡ ❤✐❣❤ q✉❛❧✐t② ✇✐t❤ ♣r♦❜❛❜✐❧✐t② (1−x)/(1−x+xy∗)✳
❜✮ ❙✉♣♣♦s❡ r = L ✐s ♦♥✲♣❛t❤✳ ❋✐rst❧② ✐❢ ❛ ✜r♠ r❡♣♦rts r = L ✐ts ♣r✐❝❡ ♠✉st ♠❛①✐♠✐③❡ ♣r♦✜t

❣✐✈❡♥ ❜✉②❡r ❜❡❧✐❡❢s✳ ❙❡❝♦♥❞❧② ❜✉②❡r ❜❡❧✐❡❢s ♠✉st s❛t✐s❢② ❇❛②❡s✬ r✉❧❡ ❢♦❧❧♦✇✐♥❣ r = L ❛♥❞ ❛♥②

♦♥✲♣❛t❤ ♣r✐❝❡✭s✮✳ ❍❡♥❝❡ ❣✐✈❡♥ t❤❡ ✜rst r❡str✐❝t✐♦♥✱ ❛ ✜r♠ t❤❛t r❡♣♦rts r = L ♠✉st ❝❤❛r❣❡

✸✾



p∗(L;L)✱ ❛♥❞ ❜❡ ❜❡❧✐❡✈❡❞ t♦ ❤❛✈❡ ❧♦✇ q✉❛❧✐t② ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ✶✳

❝✮ ◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ❧♦✇ t②♣❡✬s ❜❡❤❛✈✐♦r✿ ❋✐rst❧② ❣✐✈❡♥ y∗ = 0✱

r❡♣♦rt✐♥❣ r = L ✐s ✇❡❛❦❧② ❞♦♠✐♥❛♥t ♦♥❧② ✐❢ φ ≥ φ′
0✳ ❙❡❝♦♥❞❧② ❣✐✈❡♥ y∗ = 1✱ r❡♣♦rt✐♥❣ r = H

✐s ✇❡❛❦❧② ❞♦♠✐♥❛♥t ♦♥❧② ✐❢ φ ≤ φ′
1✳ ❚❤✐r❞❧② ❣✐✈❡♥ y∗ ∈ (0, 1)✱ t❤❡ ❧♦✇ t②♣❡ ✐s ✐♥❞✐✛❡r❡♥t

❜❡t✇❡❡♥ r = L ❛♥❞ r = H ✐✛ ✭✶✽✮ ❤♦❧❞s✳ ◆♦t❡ t❤❛t ❢♦r c(H)− c(L) s♠❛❧❧✱ φ′
1 < φ′

0✱ ❛♥❞ t❤❛t

✭✶✽✮ ❤❛s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ y∗ ∈ (0, 1) ✐❢ ❛♥❞ ♦♥❧② ✐❢ φ ∈ (φ′
1, φ

′
0)✳

❞✮ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ✐♥ t❤❡ ♣r❡✈✐♦✉s st❡♣ ❛r❡ ❛❧s♦ s✉✣❝✐❡♥t ❢♦r ♦♣t✐♠❛❧✐t② ♦❢ t❤❡ ❧♦✇ t②♣❡✬s

❜❡❤❛✈✐♦r✱ ❣✐✈❡♥ ❛♣♣r♦♣r✐❛t❡ ♦✛✲♣❛t❤ ❜❡❧✐❡❢s s✉❝❤ ❛s t❤♦s❡ ✐♥ t❤❡ ❧❡♠♠❛✳

❡✮ ❈❧❡❛r❧② t❤❡ ❤✐❣❤ t②♣❡ str✐❝t❧② ♣r❡❢❡rs t♦ r❡♣♦rt r = H ❛♥❞ ❝❤❛r❣❡ p∗(qeH ;H) ❢♦r ❛♣♣r♦♣r✐❛t❡

♦✛✲♣❛t❤ ❜❡❧✐❡❢s✱ s✉❝❤ ❛s t❤♦s❡ ✐♥ t❤❡ ❧❡♠♠❛✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✽✳ ❇② ✐♥s♣❡❝t✐♦♥ t❤✐s ✐s ❛ ✈❛❧✐❞ P❇❊✳ ❛✮ ●✐✈❡♥ ❛♥ ❡①♣❡❝t❛t✐♦♥ qeH =

E(q|r = H)✱ p∗(qeH ;H) ✐s t❤❡ ❤✐❣❤✲t②♣❡✬s s❡q✉❡♥t✐❛❧❧② ♦♣t✐♠❛❧ ♣r✐❝❡ ✭❛s ❞❡✜♥❡❞ ❜❡❢♦r❡ t❤❡

❧❡♠♠❛✮ ❜❡❝❛✉s❡ ✐t ♥❡✈❡r ✐♥❝✉rs t❤❡ ♣❡♥❛❧t②✳ ❜✮ ❲❡ ♥♦✇ ♣r♦✈❡ ❡①✐st❡♥❝❡✳ ❈❧❡❛r❧② ✐❢ π∗(q̄) −
φ(p∗(q̄), q̄) ≥ π∗(L) ❛♥❞✴♦r π∗(H)−φ(p∗(H), H) ≤ π∗(L) ✇❡ ❤❛✈❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ■❢ ♥❡✐t❤❡r

❤♦❧❞s✱ ❜② ❝♦♥t✐♥✉✐t② t❤❡r❡ ❡①✐sts ❛ y∗ ∈ (0, 1) ❛♥❞ ❤❡♥❝❡ ❛ qeH ∈ (q̄, H) s✉❝❤ t❤❛t π∗(qeH) −
φ(p∗(qeH), q

e
H) = π∗(L)✱ t❤❡r❡❢♦r❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❡①✐sts✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✾✳ ❲❡ ❝❛♥ s✐♠♣❧② r❡♣❡❛t ❛❧❧ t❤❡ st❡♣s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✳

❚❤❡ ♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ✐♥ t❤❡ s❡❝♦♥❞ st❡♣✱ ❡❛❝❤ ✜r♠✬s ♣r✐❝❡ ♠❛①✐♠✐③❡s ✐ts ♣r♦✜ts ❣✐✈❡♥

❜✉②❡r ❜❡❧✐❡❢s ❛♥❞ ✐ts ❝♦♥❥❡❝t✉r❡ ❛❜♦✉t t❤❡ ♦t❤❡r ✜r♠✬s ♣r✐❝❡✳ ❍❡♥❝❡ ❢♦❧❧♦✇✐♥❣ ❛ r❡♣♦rt r = i

❢♦r i ∈ {L,H}✱ t❤❡ ✜r♠s ♣❧❛② ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s p∗I(qI , E(qE|r = i)) ❛♥❞ p∗E(E(qE|r =
i), qI)✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳ ❯♥❞❡r ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥✿

v∗(qI , qE) =




−5t

4
+ qI+qE

2
+ (qE−qI)2

36t
✐❢ qE ∈

(
qE
˜
, q̃E

)

qI +
t
2

✐❢ qE ≥ q̃E

❊①♣❡❝t❡❞ ❜✉②❡r s✉r♣❧✉s ✐s E(v) = x(1− y∗)v∗(qI , L)+ (1−x+xy∗)v∗(qI , q
e
H). ●✐✈❡♥ L ≥ qE

˜
✱

v∗(qI , qE) ❤❛s t❤❡ s❛♠❡ s❤❛♣❡ ❛s v∗(q) ✐♥ t❤❡ ♠♦♥♦♣♦❧② ♣r♦❜❧❡♠ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✶✐ ✇✐t❤

q̂ = q̃E✳ ❍❡♥❝❡ t❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ♣r♦✈❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛② t♦ Pr♦♣♦s✐t✐♦♥ ✷✱ ❥✉st ✇✐t❤ q̃E

r❡♣❧❛❝✐♥❣ q̇(L) ❛♥❞ q̂✳

✹✵



Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳ ❯♥❞❡r ❢✉❧❧ ✐♥❢♦r♠❛t✐♦♥✱ w∗(qI , qE) = v∗(qI , qE) + π∗
I (qI , qE) +

π∗
E(qI , qE) ❡q✉❛❧s✿

w∗(qI , qE) =




− t

4
+ qI+qE

2
+ 5(qE−qI)2

36t
✐❢ qE ∈

(
qE
˜
, q̃E

)

qE − t
2

✐❢ qE ≥ q̃E

❊①♣❡❝t❡❞ t♦t❛❧ ✇❡❧❢❛r❡ ✐sE(w) = x(1− y∗)w∗(qI , L) + (1− x+ xy∗)w∗(qI , q
e
H)✳ ❆t L ∈ [qE

˜
, q̃E)

❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥ r❡✈❡❛❧s t❤❛t ❛✮ ∂E(w)/∂y∗ < 0 ✇❤❡♥ qeH ≤ q̃E✱ ❛♥❞ ❜✮ ❢♦r qeH > q̃E✱

∂E(w)/∂y∗ < 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ L < L̂ = qI + 3t/5✳ ❍❡♥❝❡ t❤❡ ❝❧❛✐♠ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ ❛

s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳
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