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Abstract

What are the key determinants of the direction of technological progress is of central
importance for many problems in macroeconomics. In the existing literature, the changing relative
production factor prices as suggested by Hicks (1932) and the relative market sizes as indicated by
Acemoglu (2002) are considered as the two major determinants. However, by allowing for
adjustment costs in factor accumulation processes to expand Acemoglu’s (2003) model, this paper
argues that, at least in the steady-state equilibrium, the direction of technological progress may be
due to neither of them, but to the relative size of material factor price elasticities, and is biased
towards the factor with the relatively smaller elasticity. In addition, contrary to the Uzawa(1961)
steady-state theorem, this paper demonstrates that along a steady-state equilibrium path,
technological progress can simultaneously include labor- and capital-augmenting elements
alongside with unchanged factor income shares. Furthermore, this paper identifies more general
conditions for the existence of a steady-state equilibrium of which Uzawa’s theorem obtains as a
special case. Based on these results, the paper argues that technological progress may have not
included labor-augmentation during the preindustrial era because labor supply was infinitely
elastic with respect to wages, and no capital-augmentation after the industrial revolution because

of the high capital supply elasticity with respect to the interest rate.
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1 Introduction

According to the summary of Kaldor (1961), the stylized characteristics of economic
growth in developed countries indicate that while per-capita output and physical capital have
grown over time, the ratio of physical capital to output and the income shares of labor and
physical capital have remained basically constant since the industrial revolution. These
characteristics have been associated with the claim that technological progress is purely
labor-augmenting. In contrast, Ashraf and Galor (2011) show that during the preindustrial era,
technological progress had resulted in larger populations and higher density, but not in higher
per-capita income. These characteristics indicate that technological progress included hardly any
labor-augmentation before the industrial revolution. Why was the nature of technological progress
so different before and after the industrial revolution? What are the determinants of the direction
of technological progress and its change? This paper proposes a model which endogenizes the
direction of technological progress in an attempt to provide some answers.

The economy analyzed below uses a standard neoclassical production function with labor
and capital. The quantity or quality growth rates of the respective factors are the result of
intentional investments by economic agents. Technological progress is measured by the rate at
which these inputs improve, and the direction of technological progress is represented by the
relative pace of these improvements.

The paper proves that under certain conditions there exists an equilibrium path regardless of
whether decisions are made within a decentralized market environment or in a socially centralized
manner. It provides very simple and clear conclusions concerning the direction of technological
progress. Specifically, it shows that the direction of technological progress is neither determined
by the change of relative factor prices as suggested by Hicks (1932) nor by the relative market size
as argued by Acemoglu (2002). Rather, that direction depends on the relative supply elasticities of
material factors with respect to their respective prices, and is biased towards the factor with the
relatively smaller elasticity. That is, whether technological progress tends to be capital- or
labor-augmenting is not determined by the change in the relative prices itself, but by the relative
sensitivity of any material factor accumulation to its own price. The type of technology that
augments the factor which is less sensitive to its price change will progress faster.

The intuition behind this result is the following. A higher factor price encourages not only
invention but also factor accumulation. If the supply elasticity of one of the factors is very large, it
may not be optimal to develop an invention that economizes the use of that factor when its price is
relatively increasing in the short run. Accordingly, technological progress is affected by the
relative supply elasticities and not the change in the relative price per-se. To obtain balanced
growth, it is necessary to invest more resources in the development of factor-saving technologies
in the factor that has the smaller supply elasticity. If these elasticities are identical for the two
factors, technological progress will be equally economical in both. In extreme cases, when a factor
has infinite supply elasticity, it is not necessary to invest resources to develop any economizing
technology for that factor. If both factors are supplied with infinite elasticities, there is no need to
invest resources in innovation at all.

With this intuition in mind, the paper gives the following answers to the aforementioned
questions. In the pre-industrial era technological progress was not labor-augmenting because labor

2



supply was very elastic (as described by Malthus). After the industrial revolution, the demographic
transition reduced the supply elasticity of labor. Moreover, land was replaced by reproducible
physical capital. As the natural resources needed for the production of capital were almost
unlimited, the elasticity of capital accumulation with respect to its price became very large.
However, this situation is changing as more developing countries started industrializing, putting
ever growing pressure on natural resources and the environment. Consequently, the model predicts
that in the future technological progress will include more and more capital-augmenting elements.

The paper also draws some conclusions that differ from those found in the existing
literature. First, along a steady-state equilibrium path, technological progress can include both
labor- and capital-augmenting elements while factor income shares remain unchanged. This stands
in contrast the Uzawa (1961) theorem which says that only purely labor-augmenting elements can
be present. Second, as capital augmentation can be consistent with stabile factor income shares,
that technical change maybe not be the reason for the worldwide decline in labor shares during last
few decades.

The ideas in this paper are closely related to previous literature. As early as in 1932, Hicks
(1932) wrote: "A change in the relative prices of the factors of production is itself a spur to
invention, and to invention of a particular kind-directed to economizing the use of a factor which
has become relatively expensive" (pp. 124-125). However, as noted by Kennedy (1964),
innovation faced not only the incentive created by relative factor prices but also the constraints of
the “innovation possibility frontier”. Based on Kennedy, Samuelson (1965) and Drandakis and
Phelps (1966) built growth models to formalize the contribution of the induced innovations idea,
whereby firms choose their technologies to maximize the current rate of cost reduction. However,
this literature was criticized for its lack of micro-foundations. Consequently, for almost thirty
years there was little research on the direction of technological progress. Only the work of
Acemoglu (1998, 2002, 2003, 2007, and 2009) which studied the issue using the framework of
endogenous technological change (as developed by Romer, 1990, and Aghion and Howitt, 1992)
has renewed interest in this question. In contrast to the papers of the 1960s, Acemoglu’s models
start from a microeconomic model of technical change, where innovations are carried out by
profit-maximizing firms. Funk (2002) and Irmen (2015) also study the determinants of
technological progress within perfectly competitive environments. However, none of these papers
takes into account the impact of adjustment costs. As a result, they are bound by the Uzawa (1961)
theorem, whereby the steady-state direction of technological progress must be purely labor
augmenting.

Many have noted that the Uzawa theorem lacks economic intuition (Aghion and Howitt,
1998, p16; Acemoglu, 2003, 2009; Jones, 2005; Jones and Scrimgeour, 2008). Schlicht (2006)
provides a very simple proof of the theorem, from which it becomes clear that the absence of
adjustment costs in the capital accumulation equation is the key to the result. However, the
literature (Eisner and Strotz, 1963; Lucas, 1967; Foley and Sidrauski, 1970; Mussa, 1977) on
adjustment costs points out that an investment function without such costs is not realistic, and
leads to some counterfactual results when used to analyze macroeconomic problems. Adjustment
costs for investment have been incorporated in macroeconomics textbooks and economic growth
theory (Barro and Sala-i-Martin, 2004; Romer, 2006; Acemoglu, 2009), without addressing the
impact of adjustment costs on the direction of technological progress. Sato and Ramachandran

(2000) prove that if capital accumulation is a nonlinear function of investment, technological
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progress is not purely labor-augmenting along a steady-state path. However, they do not point out
the relationship between nonlinear investment and adjustment costs. Li and Huang (2012, 2015)
and Irmen (2013) note that the use of nonlinear investment functions provides one form of
modeling adjustment costs. The former using the Ramsey (1928) framework, and the latter using
the Schlicht (2006) method prove that including adjustment costs in the capital accumulation
process, technological progress can include both labor- and capital-augmenting elements in
steady-state. However, these papers do not consider the role of adjustment costs under a growth
model with endogenous technological progress, so they also do not discuss the determinants of the
direction of technological progress.

The rest of the paper is organized as follows. The second section describes the economic
environment of the benchmark model, and analyses the behavior of households and firms; The third
section provides the determinants of the direction of technological progress; The fourth section
discusses the direction of technological progress when material factors have infinite supply
elasticites; The fifth section derives the direction of technological progress in a social planning
equilibrium; The sixth section discusses the direction of technological progress under assumptions
that differ from those of the benchmark model; The seventh section concludes.

2. Benchmark model

2.1 Economic Environment

The economic environment of the model is an extension of Acemoglu (2003). The economy
consists of two kinds of material factors, denoted by K and L,3and three sectors of production; a
final goods sector, an intermediate goods sector and a research and development (R&D) sector.
The preference structure and production functions are identical to Acemoglu’s. However, the
current analysis differs from that of Acemoglu’s in the factor accumulation functions and the
innovation possibilities frontier.

2.1.1 Final good production

The aggregate production function is given by

177" p<e<oo )

Y= [+ -y T

where Y is an aggregate output produced from inputs produced by labor-intensive and capital-
intensive processes, respectively Y and Yk, and the factor-elasticity of substitution is given by €,
with 0 < g < o0,

The labor-intensive and capital-intensive inputs are produced competitively using identical
constant elasticity of substitution (CES) production functions with corresponding intermediate
inputs, X(i) and Z(i):

N 1/B M 1/8
Y, = U X(i)ﬁdi] and Yg = U Z(i)ﬁdi] ,0<B<1 (2)
0 0

where the elasticity of substitution is given by v = 1/(1-8), where § determines the monopoly

power of the intermediate product producers: the smaller [ is, the greater the monopoly power

*According to the context of any application they can be respectively capital and labor, skilled and unskilled labor,
physical capital and human capital, etc.
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becomes. Here N and M represent the measure of different types of labor- and capital-intensive
intermediate inputs, respectively. As will be seen below, an increase in N or in M corresponds to a
labor- or capital-augmenting technical change.

2.1.2 Intermediate input production

Intermediate inputs are supplied by monopolists who hold the right to use the relevant patent,
and are produced linearly from their respective factors:

X(@) = L(@) and Z(i) = K@) 3)

2.1.3 Accumulation of material factors

While the above follows precisely the Acemoglu (2003) formulation, the following provides
an extension. Specifically, we assume:

{KZbKII‘?K’ bK>0’ OSCZKS1 (4)

L=b,l[*, b,>0, 0<q <1

where I and I; are respectively resource investments needed to accumulate K and L.

These material factors accumulation processes are the most important extension of
Acemoglu (2003) model in this paper. Acemoglu assumes that ax = 1 which is the usual case of
the neoclassical growth model. If a; = 1, then equation (4) implies a Malthusian specification.4
When 0 <ag <1 and 0 <, <1, the marginal returns of the investment processes are
diminishing. This may reflect, among other things, that investment in either factor is associated
with adjustment costs (Li and Huang, 2012, 2015; Irmen, 2013).

2.1.4 The innovation possibilities frontier

The technology innovation functions are given by

{MszIIZM’ bM>0’ OSQMSﬁ/(l_,B) (5)

N=byly", by >0, 0<ay<B/(1-F)

Where [y and Iy are investments needed to develop new varieties M and N of the respective
intermediate inputs. Function (5) describes the experimental equipment ideas put forward by
Rivera-Natiz and Romer (1991). When ay = 1 and ay = 1, equation (5) is the same as equation
(34) (without depreciation) of knowledge creation in Acemoglu (2003) . While ay and oy are
not necessary equal to 1, their values are limited by the value of .

2.1.5 The representative household

The representative household owns material factors such as capital and labor, as well as the
indefinite rights over the use of patents of the production of intermediate goods. The household’s
goal is to maximize the discounted flow of utility, given by:

o 1-9
U =f0 %e—ﬂtdt 6)

where C(t) is consumption at time t, p > 0 is the discount rate, and 8 > 0 is a utility curvature
coefficient of the household.

2.1.6 Budget constraint

The representative household’s income can be used either for consumption or for investment.
The latter consists of four options: it can be used to increase the material factors, K and L, or the

N Suppose @ =1 and let I = sY. Then equation (4) implies L./L = sb,y, where sb; is exogenous. Defining
y = Y/L to represent per capita income, one obtains that the labor growth rate is proportional to per capita income,
which corresponds to the famous Malthusian assumption on population growth.

5



“number” of intermediate goods of either type. While the material factors K and L are rented in
competitive factor markets, the representative household is a monopoly producer of the

intermediate goods. Accordingly, the household faces the following budget constraint:
N M
CHIg+I, +1y+1Iy =WL+T'K+f nX(i)di+f Tz di 7
0 0
Where [ =1Ig +1; + 1y + 1, is total investment, w and r are market rental prices of L and K,
Ty and 7z are monopoly profits of the respective intermediate inputs. For the sake of
simplicity, this paper will ignore corner solutions and assume that consumption and all
investments are strictly positive, thatis, C> 0, Iz >0, I, >0, Iy >0 and I, > 0.

2.2 Enterprise behavior

The analysis of enterprise behavior is similar to that of Acemoglu (2003), and only the main
results are reported here. Through that analysis, one can obtain the prices of the material factors K
and L, and the monopoly profits of each intermediate product.

2.2.1 Demand for intermediate goods.

The goods Y, Y and Yk are traded in perfectly competitive markets. The final good Y serves
as the numeraire, and p;, and pg are respectively market prices of Y; and Yg. The demand for
Yy and Yk are derived from profit maximization of the final good producers.

p = (L =Wy + (1 =V (Ye/Y)E VeV ED (Y, /Y,)7He
{pL =vly + (1 - V) (Yx/Y,)ED/E/ED
Taking the prices, pz;) and px(), of the generic inputs, X(i) and Z(i), as given, demand for

)

these inputs is obtained from profit maximization:

. 1/(1-8)
Z() = YK(pK/pZ(i))

X)) =Y, (pL/pX(i))l/(l_B) ©

2.2.2 Factor market clearing.

Because intermediate goods are supplied by monopolists who hold the relevant patents, and
are produced linearly from their respective factors (see equation 3), we can obtain the price of
intermediate inputs from the profit maximization conditions of the monopolies:

{pz(i) i r/B (10)
Px@ = w/B
Equations (10) indicate that each of the intermediate inputs has the same mark-up over
marginal cost. Substituting (10) into (9), we find that all capital-intensive and all labor-intensive
intermediate goods are produced in equal (respective) quantities.
{Z(i) = Z =Yg (Bpx/r)/ P an
X =X= YL(ﬁpL/W)l/(l_B)

By the production functions of the intermediate inputs (3), the monopolists’ demand for

labor and capital are respectively equal. The material factor market clearing condition implies:
Z(i)) =K/M
{xé) - L;N 12)

Substituting equations (12) into (2), we obtain the equilibrium quantities of labor-intensive

and capital-intensive goods:



N 1/B
(YL - [ f X(i)ﬁdi] — Na-BV/AL
0M 1/B (13)
Yy = [f Z(i)ﬁdi] =MA-B/BK
0

Finally, substituting equations (13) into (1), we obtain the amount of the final good
produced:

Y = [y(N(l—ﬁ)/ﬁL)(s—l)/s +(1- y)(M(l—ﬁ)/BK)(s—1)/g]8/(8—1) a9

In order to simplify notation, we follow Acemoglu (2003) by letting A = N(1=B)/Band
B = M(-B)/B {0 obtain:

]8/(8—1)

Y = [y(AL)E V7% + (1 — ) (BK) VP2 (15)

Therefore, increasing the variety of capital-intensive or labor-intensive intermediate goods, M and
N, implies progress of the capital-augmenting or labor-augmenting technologies B and A.
Let k = BK/AL be the ratio of effective capital to effective labor, then
k = (MO-BV/BK) /(NA-B/BL) (16)
and (15) can be rewritten as:

f(k) = Y/AL = [y + (1 — y)k(e-D/e] 7D (17)

Using equation (17), we transform the market prices of the capital-intensive and
labor-intensive goods (8) into the following forms:
=f'(k)
{I}))IZ = f(k) — kf'(k) (18)
Substituting equation (18), (13), and (12) into (11), we have
r= ﬁM(l—ﬁ)/ﬂf'(k)
{W = BNCPIB[f () — kf' (K)]

Equations (19) indicate that the prices of the material factors are positively related to the

(19)

respective “number” of the intermediate goods.
By equations (19), (13) and (10), we find the monopoly profits of the intermediate goods

producers:

{“z = (p; = 1)Z= (1= HMAD/PKF (k) 20)

Tty = (px — W)X = (1 — HINO2OV/BL[F (k) — kf ' ()]
Equations (20) show that there is a positive relationship between the monopoly profits of the
intermediate inputs and the quantity of material factors. This implies that developing the
technology using abundant factor will generate more monopoly profits. Acemoglu (2002) names it
“the market size effect” in innovation.
2.3 Consumer behavior
Households maximize their objective (6) subject to the budget constraint (7), taking as given

the factor accumulation and technological change processes (4) and (5).

The corresponding Euler conditions are given by equations (21) (see Appendix A):



(C/C = [agbgld“'r — (ax — Vig/Ix — p]/6

4 C/C = [ayb I 'w — (ay — DI /1, — p/6

LC/C = [aMbMIAO/;M_an — (ay — Dy /Iy = P]/9
¢/C= [O—’NbNI:;N_lﬂx —(ay — 1)jN/IN - P]/9

Equations (21) reflect the conditions of the optimal allocation of income among

21

consumption and the four kinds of investment. The first equation in (21) is the necessary condition
for the optimal allocation between physic capital investment and consumption. It is worth noting
that when ax = bx = 1, the equation simplifies to the familiar form C/C = (r — p)/6. In that
environment a constant value of C/C implies that » must be constant. However, if 0 < ag < 1,
the rate r cannot be constant when C/C and Ig/Ix are constant, unless i/r = (1 — ag)ix/Ix.
Thus steady-state growth does not necessarily imply a constant market rental price of capital. The
second equation in (21) is the necessary condition for the optimal allocation between labor
investment and consumption. The third equation in (21) is the necessary condition for the optimal
allocation between investments in new varieties of capital-intensive intermediates and
consumption, and the fourth equation in (21) is the necessary condition for the optimal allocation
between investments in new varieties of labor-intensive intermediates and consumption. The
optimal allocation is achieved when the four equations hold simultaneously. As long as one
equation of the formula (21) is not satisfied, the household can obtain a higher level of utility by
reallocating its income among consumption and investments.

Finally, the transversality condition is

girg K(t) exp [— fo
2.4. Market Equilibrium and Steady-State Equilibrium
2.4.1. Market Equilibrium
Definition 1: A market equilibrium is obtained when households maximize life-time utility

t

r(v)du] =0 (22)

and producers maximize profits, the factor and product markets clear and households meet the
Euler equations.
Substituting (18), (19) into the family of Euler equations (21), we obtain the market

equilibrium Euler equations:
C/C = [agbylg<™ BMA=PYEF (k) — (ax — Dy /Ix — p]/8
C/C = [ayb I+ BNOPIB[f(k) — kf' (k)] — (e, — DI /1, — p]/6
C/C = [apbuly™" (1= YMA2BIEKF" () = (an — Viw/Iy — p]/6
C/C = [aybyly"™ (1 = HNO2P/BLIf(l) — kf' (1)) = (ay — Din/In = p]/6

2.4.2. Definition and Existence of Steady-State Equilibrium

(23)

Definition 2: A steady-state growth equilibrium_(hereafter SSGE) is a market equilibrium in
which the growth rates of the endogenous variables (Y, C, I, Ix, I, Iy, In, K, L, M, N) are
nonnegative constants.

The definition is identical to that of most of existing literature (Barro and Sala-i-Martin,
2004; Schlicht, 2006), but slightly different from the definition of a balanced growth path in
Acemoglu (2003). Specifically, Definition 2 does not require that the growth rate of K be equal to
that of Y and does not require r and K/Y to be constant.

Notice that in this model, not only the material factors K and L but also labor- and
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capital-augmenting technological progress are endogenous. Therefore the model nests several
economic models in existing growth literature. From the point of view of labor growth, it
encompasses the Malthusian model. From the capital accumulation point of view, it includes the
neoclassical growth model. Finally, from the point of view of technological progress, it
incorporates a two dimensional endogenous technological progress a-la Romer (1990).

The conditions required for the existence of a steady-state equilibrium are given in
Proposition 1.

Proposition 1: An SSGE exists only if

{aK +[(1 - B)/Blay = 1 o8
ap +[(1=B)/Blay =1

Proof: See Appendix B.

Because ag. ap~ aym~ ay and B all are exogenous parameters, conditions (24) indicate that
the model’s steady-state equilibrium is a knife edge path. Specifically, the first equation of (24)
jointly constrains the parameters of the physical capital accumulation and the
capital-augmentation functions, while the second equation constrains the analogous parameters of
the labor factor. Knife-edge conditions are common in the growth

From the proposition we can get the follow 2 Lemmas.

Lemma 1: In an SSGE,

B/B=(1—ay)Y/Y (25)

Proof: See Appendix C.

Lemma 1 shows that if Y/Y > 0, along an SSGE, a necessary condition for B/B > 0 is
ax < 1. Otherwise, if ax = 1, then B/B must be 0. The Uzawa (1961) theorem is a special case
of Lemma 1.°

Lemma 2: In an SSGE,

A/JA=(1—a)Y/Y (26)

Proof: See Appendix C.

Lemma 2 shows that if Y/Y > 0, in an SSGE, a necessary condition for A/A > 0 is
oy, < 1. Otherwise, if a;, = 1 then A/A must be 0. As the Malthusian model also assumes that
ap, = 1, there is an analogy to the Uzawa steady-state theorem, implying that in this case a
steady-state equilibrium cannot include a labor-augmenting element (Li and Jiuli, 2016).

2.4.3. The results of steady-state growth equilibrium

In the sequel we assume that conditions (24) are satisfied. Define sy = In/Y, sy = In/Y,
sk = Ix/Y, s, =1./Y, and s¢ = C/Y. The budget constraint becomes:
Sctsy+sytsgk+s,=1 (27)
Using (4), (5), (16), (17) and (27), the Euler equations (23) can be re-written as:

5 Knife-edge conditions are commonly found in the growth literature. See, e.g., Jones (1995); Christiaans (2004);
Growiec (2010).

® Under the standard assumption that K = I — 8K, we have ayx = 1, so that B/B must be 0 which is Uzawa’s

theorem.



( E _ p
¢  Bag?kf' (k) /[sgf()] +1—ax — 6
¢_ p

[C Pl - kf’(k)]g[st(k)] t1-a,-0 28)
€™ A= Bk (O /Tsuf (] + 1 = ayy — 0
¢_ p
€ (1= PRay?[f () —kf (]/[snfUO] +1—ay — 6

(see Appendix D).
On the other hand, as shown in Appendix E, from equation (4) and (5) we also obtain

¢
c= (D™ [ay) P (bres ¥ Jai)P[f (k) k1P
. (29)
c= (bysy™ fay) P (bys %/ )P[f(K)]P

The seven equations in (27), (28) and (29) can be solved for the seven steady-state
equilibrium variables (C/ C)*, k", s¢ Sk S1,Smy Sy - These variables are determined by the
underlying parameters p, 6, 3,v, 1, ., ¢k, N, %m, bL, bk, bn, bm-

Specifically, we can obtain

(/) = (i/1)" = (ix/1x)" = (/L) = (in/le)” = (in/Iv) =g (30)
where g = g(p,0,B,v,& ay, ag, Ay, 0y, by, bg, by, bay).

From (30), (4) and (5) we obtain

(R/K)" = o
(/L) = g 1
(M/M)" = g
LON/N)” = ang
Finally, equations (31) and the definition of B and A imply:
{(B/B)* = [(1=B)/Blang = (1 — ak)g (32)
(A/A)" = [(1 = B)/Blayg = (1 —a,)g

If [(1-B)/Bloy >0 (or ag<1) and [(1—PB)/BJay >0 (or o <1), then
technological progress will include both labor- and capital-augmenting elements along the
steady-state equilibrium path.

2.4.4. Factor shares along the steady-state growth equilibrium path

Let ¢, =wL/Y , ox =1K/Y , oy =myN/Y, @y = myyM/Y respectively represent

labor, capital and monopoly profit shares of the labor-intensive and capital-intensive intermediate
goods producers in total output. Let ¢ = @ /@, denote the ratio of capital to labor share.

Using the production function (17) we obtain
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Notice that because k* is a constant along the steady state equilibrium path these shares
are also constant. This fact implies that the labor share can remain unchanged even if
technological progress includes capital-augmentation.

The last observation is related to the extensive discussion that has recently developed over
the global decline in labor shares and increased income inequality (e.g., Karabarbounis and
Neiman, 2013; Piketty 2014). Some authors have argued that the bias of technological progress
towards capital-augmentation is an important cause of these phenomena. However, the result
above implies that there is no necessary connection between capital-augmentation and declining
labor shares. Nevertheless, as equations (34) imply, the total share of innovation monopoly profits
is (1 — B). That share may continue to increase, thereby exerting an important impact on income
distribution. In particular, if workers cannot extract some of these monopoly profits, their share in
total income may continue to decline.

2.4.5. Numerical calculation of steady-state growth equilibrium

Given the non-linearity of equation (27)-(29), we select 5 sets of parameter values as
examples and use Matlab program to solve the system as reported in Table 1. The results
show that there indeed exists an optimal allocation of resources in each set of parameters to
achieve steady-state equilibrium, reported in table 1.

Table 1: Solutions of steady state equilibria

Set 1 Set 2 Set 3 Set 4 Set 5

s, 0.8882 0.8778 0.8830 0.8764 0.8830
Sk 0.0279 0.0201 0.0401 0.0228 0.0287

s, 0.0279 0.0410 0.0287 0.0178 0.0401
Sw 0.0279 0.0410 0.0195 0.0465 0.0287
5| su 0.0279 0.0201 0.0287 0.0365 0.0195
S K 1.0000 1.0000 1.0914 1.2754 0.9162
S| ¢/c 0.0234 0.0251 0.0242 0.0254 0.0242
K/K 0.0117 0.0100 0.0145 0.0102 0.0121
i/L 0.0117 0.0151 0.0121 0.0102 0.0145
B/B 0.0117 0.0151 0.0097 0.0152 0.0121
A/A 0.0117 0.0100 0.0121 0.0152 0.0097
o Y 0.5 0.5 0.5 0.4 0.5
3| e 1.2 1.2 1.2 0.6 1.2
§ a 0.50 0.60 0.50 0.4 0.60
1 ak 0.50 0.40 0.60 0.4 0.50
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Except for the parameters v, €, a; and ag which vary across the equilibria, the rest of the
parameters are held constant at p=0.05.6=0.6.=0.5.b, = by = by = by, = 0.07. Technological
progress is Hicks neutral in the first and the fourth set. The second set and the fifth set are biased
to more capital-augmentation while the third is biased to more labor-augmentation. The numerical
results demonstrate not only the existence of equilibria, but also that technological progress can
include both labor- and capital-augmenting elements, depending on whether the value of € is
greater or less than one.

3. Determinants of the direction of technological progress

Definition 3: The direction of technological progress is the ratio between the rate of
capital-augmentation to that of labor-augmentation, i.e. DT = (B/B)/(A/A).

When A/A > 0 and B/B=0 then DT=0, and technological progress is purely
labor-augmenting (i.e. Harrod-neutral); when A/A=0 and B/B > 0, then DT—+co, and
technological progress is purely capital-augmenting (i.e. Solow-neutral); when A/A=B/B > 0,
DT=1, and technological progress is Hicks-neutral.

Figure 1 shows different directions of technological progress:

4 TZ /TZ

B/B H/H
E
B C
| | Ty /Ty
AT Kz ==
0 A 5 > A/A

Figure 1: Direction of technological progress

Clearly, the axes represent Harrod-neutral (horizontal) and Solow-neutral (vertical) technical
change. The diagonal H/H line represents the location of Hicks-neutral technical changes. The
ray T,/T, indicates technical progress which is close to Harrod-neutrality, while T,/T, is close
to Solow-neutrality. Different types of technical changes may be associated with the same growth
rates but different directions. They may also have the same direction but different growth rates.

In a steady-state equilibrium, we obtain:

B/B «
pr=2/B_ (34)
A/A  ay
Using this condition in equation (24) we also get:
B/B 1-a
pr=2/B_ K (35)
A/A 1- ap

Equations (34) and (35) show that the direction of technological progress is determined by
the exponents of the innovation investment functions, namely oy and ay, or of the material
factors accumulation functions, namely ay and ay,. In order to interpret equation (35), we define
next the price elasticities of labor and capital supply, and then discuss the relationship between
these elasticities and the direction of technological progress.

12



Definition 4: The price elasticity of any variable X is given by

X/X 36)
€ =
*P T py/px
Lemma 3: In a SSGE the price elasticity of capital and labor are given by:
exr = g /(1 — o)
' 37
lecn = e/ — o G7

where e . and €1, represent the price elasticity of capital and labor respectively.

Proof: See Appendix F.

Equations (37) indicate that the price elasticities of capital and labor are determined by the
exponents of the material factor accumulation functions, namely, ax and o;. When ag = 1, the
price elasticity of capital is infinite, when a;=1, the price elasticity of labor is infinite. Using
formula (32) and (37), we obtain:

{B/B = 8/(1+ex) 38)
A/A=g/(1+eLw)
Which directly implies:
B/B (1+¢
DT = / _ ( L,w) (39)

A/JAT (1 +ek,)

The interpretation of equation (39) is summarized as Proposition 2.

Proposition 2: Along a steady-state growth equilibrium path, the direction of technological
progress is determined by the relative price elasticities of the factor accumulation processes and is
biased towards the factor with the relatively smaller elasticity.

Proposition 2 shows that the key determinant of the direction of technological progress is
neither the change in relative price nor the relative size of markets, but the relative size of the
price elasticities of the material factors. The change in the relative price of the material factors
does not determine the direction of technological progress per-se. This is so because a change in
the relative price will not only induce economizing on the factor that became more expensive, but
also increased accumulation of it. If the supply elasticity of that factor is bigger than that of the
other, the relative price change cannot continue in long run. Therefore, it is not reasonable to
invest too many resources in developing new technologies that economize the use of that factor in

long run.

4. The direction of technological progress under infinite supply elasticities of material
factors

Based on the above conclusions, this section turns to a historical perspective on the direction
of technological progress.

4.1 Why was there no labor-augmentation in the preindustrial era?

According to the empirical work of Ashraf and Galor (2011), in the preindustrial era
technological progress brought about only an increase in population and its density while per
capita income was nearly unchanged for thousands of years. This indicates that the technological
progress did not include labor-augmenting elements. According to the model presented above, this
is due to the very high elasticity of population with respect to wages in those times

Specifically, suppose that the population growth follows the Malthusian mechanism, as
follows:

13



L/L=ay—b (40)

where L/L represents the rate of population growth, y represents per capita income, and “a”
and “b” are positive exogenous parameters.

Since the wage depends on per capita income, namely w = ay, with 0 < a < 1, we obtain

_L/L (@/w-b

= 41
LW EWw T ww 1)
If w/w > 0, as time progresses we get:
t .
) | @/0wWoexpfi_ (r/wr)dr] — b "
fim e = fim W = 2

Therefore, in a Malthusian world the supply elasticity of labor becomes exceedingly large.
Consequently, we obtain from equation (38) that in the preindustrial era A/A = g/(1 + eLw) =0
i.e. technological progress did not include the labor-augmenting element.

4.2. Why is technological progress purely labor-augmenting after the industrial
revolution?

According to the summary of Kaldor (1961), since the industrial revolution per-capita
capital and income continue to rise, but the productivity of capital has remained nearly remained.
These characteristics indicate that technological progress is purely labor-augmenting. Indeed, by
assuming that type of technical change the neoclassical growth model gets a steady-state growth
path that meet the “Kaldor facts”. However, that model cannot explain why technological progress
must be purely labor-augmenting. The above structure implies that it is because the price elasticity
of capital accumulation is infinite.

Taking the standard assumption of neoclassical growth model, the capital accumulation
function is given by:

K =sY - 8K (43)

where s = (Y — C)/Y represents saving rate. Under a constant returns to scale production
. Y K .. . .
function, Y/K=r/a, where a = oy represents the elasticity of output with respect to capital.

From here we get:
_K/K _ sY/K-8 (s/a)r—38

ERr = I/r I/r i/r (44)
With /r = 0, in the limit this implies:
t .
(s/@roexp[[,_,(:/r)dr] — &
lim gg . = lim = (45)

t—oo t—oo f‘/I‘

Accordingly, from equation (38) we obtain B/B = g/(1 + ggr) =0, namely, technological
progress must be purely labor-augmenting.

4.3. Why was technological progress in the non-agricultural sector slow during the
rapid development period of the Chinese economy?

Since the Chinese economy has been reformed and opened, it has rapidly grown for more
than 30 years. Empirical research (e.g. Young, 2003) found that the total factor productivity
growth in the non-agricultural sector was very slow during this period, a fact that has often been
criticized. However, given the above results, when an economy endowed with a large amount of

surplus labor, then it is an optimal choice within a market economy to opt for a low growth in total
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factor productivity, because both supply elasticities of capital and labor are very large.

Specifically, when g,,,= and gk, =, equation (38) shows that B/B and A/A both
are both equal to zero in steady-state. With unlimited supply of labor, the optimal choice should be
to make full use of the surplus labor and accumulate capital to induce economic growth. That
growth is then mainly driven by increases in factor quantities rather than their qualities.

4.4. Will technological progress remain labor-augmenting in the future?

The Uzawa (1961) steady-state theorem says that technological progress must be purely
labor-augmenting in the steady-state growth path of the neoclassical growth model. However, this
theorem is neither in line with economic intuition, nor can it explain why technological progress
did not include labor-augmentation element in the preindustrial era. In addition, it is also
unreasonable to expect that technological progress will be purely labor-augmenting in the future
and not change with the changing environment.

For a long time after the industrial revolution, the supply elasticity of capital was very large,
inducing (as we have seen) labor-augmenting technological progress. Land has been replaced by
capital, removing the constraint on economic growth due to limited land. In the neoclassical
growth model, physical capital is completely renewable. However, in reality, that creation of such
capital requires non-renewable resources. for nearly two hundred years, because only a few
countries experienced industrialization, the pressure on these resources was low and their capital
supply elasticity could be viewed to have been nearly infinite. However, with many developing
countries like China starting o industrialize, the constraint imposed by the nonrenewable natural
resources and ecological environment on the accumulation of physical capital become tighter and
tighter. Therefore, the elasticity of supply elasticity of capital is likely to decline, changing the mix

of technological progress.
5. The direction of technological progress in social planning equilibrium

The previous benchmark model gives the equilibrium of decisions in a decentralized market.
Due to the externality of innovation, the decentralized equilibrium is not Pareto optimal. Does the
direction of technological progress also deviate from the Pareto optimal one? The following will
answer the question by solving the social planning program.

Assume that the social planner maximizes the utility of the representative household under
the constraints of the production function and social resource constraint. In the social planning
program the decision on the production of the intermediate inputs should be based on marginal
cost pricing and not on the monopoly pricing. Therefore, investment in innovation depends on the
marginal revenue and not the monopoly profits. From the production function (15), the marginal
revenue of K, L, M and N are as follows:

If Y/ oK = MA=B/E £ (k)
Y/ oL = NCO=P/E[f (k) — kf' (k)]
Y/ oM = MOA—2B)/BKf' (k)
dY/ N = NA=2B/BL[f (k) — kf' (k)]
The social resource constraint is
C+Ix+ +Iy+Iy=Y (47)
The social welfare function is the utility function of household (6). Using the optimal
15
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control technique, we obtain the social Euler equations as follow,

€ = (bl MOBIBF () — (@ = Di /1~ )10

J % = {ayb I, TINOAYB(f (k) — kf' (k)] = (a, — DIy /1, — p}/6 8
% = {[A = B)/Blarbuly™ " MA2DIEKf' (k) = (ay — V)iy/In — p}/0

% = {[ = B)/Blanbyly™ *NA2DBL[f (k) — kf' (k)] = (ay — Din/Iy — p}/6

By comparing the Euler equations of the social planner to those of the decentralized
equilibrium, we observe that the social marginal revenue of the factors equals the price of
intermediate varieties multiplied by a factor of 1/B. since B < 1, if the innovation of intermediates
and accumulation of material factors by society will higher than by that of the decentralized agents.
Therefore, the decentralized equilibrium is not Pareto optimal.

In order to arrive at a Pareto optimal result in the decentralized environment, it is necessary
to subsidize both capital and labor, which is different from Romer (1990) where
labor-augmentation is admissible. The rate to subsidy is the market prices of capital and labor
multiplied by 1/B. Because the intermediate goods are produced by both capital and labor, the
Pareto optimal allocation cannot be achieved by subsidizing the monopoly profits of the
intermediate goods producers.

Since the rate of output growth in the two environments is different, the rates of both capital-

and labor-augmentation are also different. However, the direction of technological progress are the

. . . . ... B/B_ 1-
same because the ratio between the capital- and labor-augmentations rates is still ﬁ = 1—2’( =
—“L

1 L
%. Therefore, although the structure of market affects the resources allocation, it does not
K,r
affect the direction of technological progress which is determined by the relative size of the
elasticities of material factors which reflect the relative scarcity of endowments in the dynamic

process.
6. Discussion and Extensions

In the benchmark model, the innovation of new varieties of intermediate goods and the
accumulation of material factors are both the results of investment. However, Acemoglu (2003)
discussed one case in which new varieties of intermediate goods is created by the R&D efforts of
scientists, and in Acemoglu (2009) (chapter 15) he presents another case where the growth rates of
both capital and labor are exogenous. In addition, in the benchmark model, labor-intensive and
capital- intensive products Y}, and Yk are produced only by labor-intensive intermediates X(i) or
capital-intensive intermediates Z(i) respectively, and the intermediary goods X(i) and Z(i) are
produced linearly only by L and K respectively. However, Acemoglu (2002, 2003) also discussed
the case where the Y|, and Yk are produced by the intermediary goods and material factors,
using the appropriate Cobb-Douglas functions. The effects of these cases on the direction of
technological progress of are discussed in following.

6.1. Innovation Possibilities Frontier
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Acemoglu (2003) discussed the case of the following innovation possibilities frontier:
N = d;M7N'-"S, — 8N
{M = dM"N1-7S, — M
where S represents the total amount of scientists which is given exogenously but suffices to meet

, where S;+S,=S (49

the needs for the two intermediate goods departments. S; and Sp represent, respectlively, the
scientists who carry the R&D of the labor-and capital-intensive intermediate goods. Their sum is
equal to S. Other assumptions of benchmark model are unchanged.
From equation (49) we can obtain
N/N = d;(M/N)"S, — &
{M/M = di (M/N)7S — &
The rates of technological progress are constant in steady-state equilibrium. Therefore, if

(50)

such equilibrium exists, there isa S;" that satisfies:

(M/N)" = di(S = §;")/(diSy) (1)
Substituting this into equation equations (50), we obtain:
M/M = N/N = di[di(S = $)/(di$,)]"S," — & (52)
M@-B)/BK . . . . . .
Because ~oRyF, 1S @ constant in steady-state, equation (52) requires K/K = L/L, and for a

steady- state equilibrium to exist, there is again a knife-edge condition:
o, = g (53)
Since R&D investment does not use resources, the household budget constraint is modified
as:
wL+r1K+wgS=C+1Ig+ 1 (54)
Unlike the benchmark model, the income of the household includes the rental revenue of
capital and the wages of labor and scientists. The expenditures consist of consumption and
investment in the accumulation of material factors. The household allocates income to maximize
intertemporal utility.

The budget constraint can be reformulated as:

sctsgkt+s,=1 (55)
From the Euler equation we can obtain the following equations in the steady-state
C p

1€ @k G0/ sef (O] +1 = ax =0 56)

C p
LC C @ 2[f(k) = kf' U1/ [s.fR) +1—a, — 6
When «; = ag, we obtain from the above:
si/s. = kf'U)/[f (k) = kf' (k)] (57)
Because of K/K=L/L and a; = ai in steady-state, the material factors accumulation

function (4) imply:7

K  bgsg%
— = 58
L bps % 8)
o . . _ MO-B/Bg -
Substituting equations (51) and (58) into k = ~apEL Ve obtain:

7 See Appendix G.
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_ s [di(S = 5| o
“ s | (@D 9
Finally, from Y = NO=A/BLf(k) and the steady-state growth rates of Y, C, N and L, we get:
¢ 1 1-6(, ., [d(S=5D]"
C 1-a B {dlsl [ d,S; o (60)

In sum, the model generates six independent equations, (55)- (60), with six independent
unknown variables, i.e. S¢S Sk~ C/C+k and S/ . In addition we have to impose a; = ag <1,
which is a specific case of the steady state equilibrium condition in the benchmark model.
Equation (52) shows that the technological progress is Hicks neutral. From o; = o we can
obtain & = g, therefore the direction of technological progress is still determined by DT =
(1+¢,)/(1+ k). Acemoglu (2003) argues that if the innovation possibilities frontier is
specified as in equations (49), the model will have no steady-state equilibrium. The discussion
above shows that this is due to Acemoglu’s assumption that because he assumes oy = 1 and
a; # ag, and not because of equation (49).

6.2. Exogenous capital and labor growth rates
Aemoglu (2009, chapter 15) suggests another model with exogenous capital and labor
growth rates. He argues that the technological progress will be labor-augmenting. However, it
seems that the steady-state technological progress cannot be labor-augmenting.
Keep all assumptions unchanged except that growth rates of material factors are:
K/K=by >0
{L/L =b, >0

where by and b; are exogenously given.

(61)

Since the accumulation of material factors does not require resources, the budget constraint

equation is modified as follows:
N M
0

0
Given equations (65), the necessary condition for the existence of a steady-state becomes:

b, bk

[=[A-p)/Flan 11— B)/Flaw ©
When equation (66) holds, the consumption growth rate is:
¢_ by = b (64)
¢ 1-[A=B)/Blay 1-[A~=p)/Blan
Moreover, the steady state Euler equations become:®
C p
J€ A= Ba?lfG) ~kf () Isnf (O] +1 = ay = 0 (65)

C p
LE (A= Bay?kf k) /Isuf (R +1—ay —6
The budget constraint can be rewritten as:
Ssctsyt+tsu=1 (66)
Equation (5) of the steady-state innovation possibilities frontier yields:”

$Notice that it is no longer the case that C/C = (r — p)/8. Here not only are the accumulation
processes of material factors exogenous, but also innovation does not require resource investment
since the new intermediate goods are created by special scientists who have no alternative costs.

Therefore, the household has no choice but to consume its entire income.
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ayby Sy™ Nz /My
ayby Sy (NT(l—ﬁ)/ﬁLT)“N_“M

f(k)*v—am = (67)
where Ny« My and L; are the initial value of the steady-state equilibrium path. These do not
affect the growth rates of the endogenous variables and can be set at any positive value. Given
these values, there are five independent equations, (63)-(68), and five variables, C/C+k-Sc~ Sy~
Sy, which yields the equilibrium solution.
The capital- and labor-augmentation rates are:
B _ [(A-p)/Blau b
B 1—[(1-B)/Blau

. (68)
A__[A-p)/Blay
A 1-[(1-B)/Blay
The supply elasticities of capital and labor are given by:
. _K/K _R/K_1-10-B)/Blay
forr BB (A= B)/Blay 69)

o L L _1-[(=p)/Blay
Fow/woA/a T [ B)/Blay

From equations (63), (68) and (69) we can obtain the direction of technological progress as

follow:
(1= B)/Blay  1+e,
(= B)/Blay  1+ex 70

Equation (68) shows that technological progress will include both labor- and

DT =

capital-augmenting elements when the accumulation rates of both capital and labor are exogenous.
Therefore, though a steady-state equilibrium path exists, balanced growth does not.

6.3. Different forms of technological progress

Acemoglu (2002, 2003) suggests yet another form of technological progress in which

labor-intensive and capital-intensive products are produced using the following functions:

( 1 N
j Y, = mUO X(i)l—ﬂdi] LA

LYK = ﬁ [ fo MZ(i)l—ﬁdi] KB

If we keep the material factor accumulation and innovation functions and the innovation

0<p<1 (71)

possibilities frontier as in the benchmark model, the necessary conditions for the existence of a
steady-state equilibrium become:

(0674 + Ay = 1

{(XL + AN = 1 (72)

If equations (72) are met, there is a unique solution of the steady state equilibrium

conditions. The technological progress can include both labor- and capital-augmenting elements,

and its direction is still determined by DT = (1 + &)/(1 + €).

? See Appendix H.
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7. Conclusions

What determines the direction of technological progress? This is one of the central issues of
the theory of economic growth. By developing a growth model with not only endogenous
accumulation of material factors (capital and labor) but also endogenous labor- and
capital-augmenting technological progress, this paper proves that the determinants of the direction
of technological progress are neither the change in the relative prices of the factors of production
as suggested by Hicks (1932) nor the relative size of markets as advocated by Acemoglu (2002).
Instead, it is the relative size of the supply elasticities of material factors with respect to their
respective prices, and is biased towards the factor with the relatively smaller elasticity.

The paper provides new insights concerning the switch in the direction of economic growth
between the preindustrial era and the period following the industrial revolution. Specifically,
empirical studies by Kaldor (1961) and Ashraf and Galor (2011) show that technological progress
before the industrial revolution was nearly completely devoid of labor-augmenting elements,
while after the industrial revolution it was almost purely labor-augmenting. The paper argues that
these facts may be due to the very high labor supply elasticity in a Malthusian world on the one
hand, and a very high renewable capital supply elasticity after the industrial revolution.
Concerning things to come, the model predicts that technological progress will include more and
more capital-augmenting element when the elasticity of the capital supply starts decreasing
because of constraints on the use of non-reproducible resources and the environment become
binding.

Finally, this paper also sheds some light on another important issue in current macroeconomics.
From the point of view of our model, when innovations are carried out by profit-maximizing firms,
the role of innovation in economic growth becomes more and more important. As a result, the
share of profits of innovating monopolies may rise. If workers cannot extract a part of these profits,
the labor share may be declining, which may explain the global decline in labor shares over the
last decades. On the contrary, there is no necessary connection between capital-augmentation and

declining labor shares.

Appendix A: The process of derivation of the Euler equations (21)
Let the Hamilton associated with the optimization problem be:
H = U(C)e Pt + AgbyI® + A b 1" + Ayby Ly + AybyIg"
+uwL +rK + nyN + m;M — C — (Ig + I, + Iy + Iyy) (A1)
The first-order conditions are:
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(C‘ee‘pt = Ayaybyly ™!

C_ee_pt = AKaKbKIaK_l

K

C %Pt = ALaLbLIZ‘L_l (A2)
C_ee_pt = /‘INO(NbNI:;N_l

C O Pt =y

Taking log-derivatives of both sides of (A2) over time, we obtain

—GE—p=%+(0{M—1)%
—GE—p=j—i+(aK—1)§—z
] —Gg—p:f{—i+(0@—1)% (43)
—9%—p=;—z+(a1\,—1)§—z
h .

The motion equations of A are:

(XM = —0H/OM = —pm,
Axk = —0H/0K = —pur
Ay = —0H/ON = —pmy
A, = —0H/0L = —pw
Based on (A2) and (A4),

(A4)

I()\M/AM = _ﬂZaMbMI;;M_l
}.\K//’{K = —I‘aKbKI;:K_l
}'\N/AN = _T[XaNbNISN_l

}.\L/AL = _WaLbLIl“ZL_l

(45)

Using (A5) in (A3), we obtain the Euler equations (21).
cC 1 _ i
= é{ﬁzambMI;M to (ay — 1) ﬁ - P}

Al

1 - I
2D

alo Ol o

1 _ i
=4 WaLbLIfL T (a — 1)_L_ P
0 I
C_1 ay-1 Iy
Appendix B: process of derivation of equation (24)

Proof: First, from the budget constraint (7) and the definition of a steady-state growth
equilibrium, we obtain

Y 0y iy 0 g €

= N 2R B1

Y I Iy Iy I, Iy C (B1)

Then, according to the factor accumulation functions (4) and the innovation possibilities
frontier (5), the following must hold in steady-state
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{K/K = ayly /I 52)

L/L =a.l, /I,

{M/M = aMiM/IM (B3)
L/L = aNjN/IN

Using the intensive form of the production function (17), we obtain

Y = NO-P/BLE(k) = MA-B/BKf(k) /k (B4)
In a steady-state growth equilibrium, due to the fact that k is constant, we obtain:

K/K+ @1 —-pB)/BM/M =Y/Y

{ L/L+ (1~ B)/BN/N =Y/Y
Substitute (B1), (B2) and (B3) into (BS), if Y/Y > 0 then we can obtain the necessary

condition to exist a steady-state equilibrium equation (24)
fox [ B)/Bleo =1 o1
+[(A=B)/Blay =1

Appendix C: the process of derivation of the lemma 1 and lemma 2.

(BS)

From the definition of labor- and capital-augmenting technological progress we can obtain
{B/B = [(1 - B)/BIM/M
A/A=[(1— B)/BIN/N
Insert (B1) and (B3) into (C1) obtain:
{B/B =[(1 - B)/Blau¥/Y
A/A=[(1— B)/Blay¥/Y
From equation (24) and (C2) we can obtain:
B/B=(1-ay)Y/Y
{A/A =1 -a)Y/Y
Appendix D: the process of derivation of equation (28)

cn
(€2)

(€3)

From the Euler equations (23) we can obtain
C I“K y MQ- ﬁ’)/ﬁK
_[aKbK K I ——Bf (k) — (051(_1)—_[’]/9

C
1 ﬁ)/ﬁ
g [aLbL L P U ()]~ (@~ ) - p] /6
o I“M Yy MQ-B/Bg (D
5=[aMbM o —(1—B)f<k)—(aM—1>——p]/e
C
L=

I“N y NO- ﬁ)/ﬁL
= [aNbN N Iy ——— A =Blf k) = kf' (k)] — (an — 1)——p] /0
Using the function (4) and (5) obtain
( K/K = byl /K
L/L=b*/L
M/M = byl /M
N/N = byIy"/N
Substitute (D2), sy = In/Y, sy =Iw/Y, sk =Ig/Y,s,=1/Y, k= MO-B/BK)/
(NO-B)/BLY and f(k) = Y/(NA~B/BL) into (DI) obtain

(D2)

22



C 1 kf'() K
c- [ SK F(k) —(a K—l)——P]/B
C L1[f(k)—kf'(k
= [aLEWﬁ—(aL—l)i—p]/e
C M 1 kf'(k) ) ) Iy o (D3)
c- [amﬁgm( = B)—(am — )E—P]/
C_[ N1[f(k)—kf (] Iy
= [QNNSNTU—@—(“N—l)m—l?]/e
Insert (B1), (B2) and (B3) into (D3) obtain
C 1 kf'(k) €
i T el O )——p]/e
C 1 f(k) —kf'(k)C
i=|wey; %——u—n——p]/e
<. - . (D4)
C_ [, 2. 1 kf'(k) C C 4
¢ = |t AP g ¢ (m =D/
C 1 f(k)—kf'(k)C
2= |wa-m N%E‘( N—l)——p]/e

Rearrange (D4) we can obtain equation (28).

Appendix E: the process of derivation of equation (29).
Using the definition of investment rate obtain

(1 = sY = sy M=A/BKE(k) /k
= = (1_[3)/3
) I,=s,Y=5s,N Lf(k) (E1)
Iy = sy Y = s,y MA=BV/BKE(Kk) /k
Iy = syY = syNA-A/BLE(k)
Insert (E1) into (D2) obtain

Mex-B)/B
= by[skf(l) /K™ — 7 —
NaL(1-B)/B
= by [s,fI]* ——
o (E2)

M1i-an(-B)/B
an

MG N1i-an(1-B)/B

§|§.h|b«kl

= by [suf(k)/k]™

& R
++ 5

Using equation (24)

a-p/B

= by[sxf(k)/k]% (ZZ)

NaL)(l—ﬁ)/B

Lan

= byl53f001% (T

e (E3)
= by lsuf(R) /K] 3

L
= by[syf(K)]*V N

==X E-hl =~ x| =X

Using (B1), (B2), (B3) and (D3) obtain
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r Maxy (1=B)/B

= byl 09/ ()

¢ @ =B/
i ap (L
T buls.fOOI (L“N) (E4)
c KoM
An s = by [smf(k)/k]*™ Max
¢ ay
av e = by [snf(k) ]V N

Using the first and the third equation in formula (E4) to remove M%k /K%M, using the
second and fourth equation in (E4) to remove N9 /L*N we can obtain equations (29).
Appendix F: the process of derivation of equations (37)
r = BM-A/Bf! (k)
w = BNA=BV/B[f(k) — kf' (k)]
{f/r = [(1-B)/BIM/M
w/w = [(1-B)/BIN/N
Substitute (F1) into equation (34) obtain:
{SK,r = (K/K)/{[(1 - B)/BIM/M}
eLw = (L/L)/{[(1 — B)/BIN/N}
Substitute (B2) and (B3) into (F2) to obtain:
{EK,r = ag/{[(1 — B)/Blonm}
eLw = o/{[(1 — B)/Blan}
From the equations (24) we obtain
{[(1 = B)/Blay =1 —ag
[1=B)/Blay =1 —ay,
Substitute (F4) into (F3) to obtain equations (37)
{SK,r = ag/(1 - ag)
eLw =0p/(1—ay)

Proof: first, from the equations (19) { in steady-state to get

(F1)
(F2)
(F3)
(F4)

(37

Appendix G: the process of derivation of equation (57)
From the function of accumulation of material factors equations (4) obtain
(K byl b Lse¥]
K~ K X K
. G1
L b™* b [s,Y]% @D
L~ L~ *F L
From the relationship between growth rate of C, K and L we can obtain
( C [sgY]%x
@k ~ = Dk
c K (G2)
C b [s Y]%
feTT
Because ax = a; in the case, from (G2) we can obtain
[sg¥]%¢  [s Y]%
kK ' L
Rearrange (G3) we can get equation (57).

by (G3)
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Appendix H: the process of derivation of equation (67).
From innovation possibilities frontier equation (5) we obtain

M_buli [st(k)]“M K
T—ay(1—
M Ma Mi-au(1-B)/B (H1)
N byIyN —1 Iy1an LN
NT TN nIsnf (k)] Ni-anG-PV/B
From the growth rates of N, M and C in steady-state we can obtain
C_buly" _\ [st(k)]“’" o
me 1=an(1-P)/P
C M M1-am (H2)
C byl N —b X LN
aNC N v snf(k)]* Ni—an(i-B)/B
From equation (H2) we can obtain
ay by [syl™f (k)= 1 N 13
ay by [swl™  (NO-P/BLyan—am M (H3)
Rearrange equation (H3) to obtain (67)
ayby sy™ Nr/M
(k)N =M = NOM Sm r/Mr 67)

auby Sy (N OPBL )N

References
1. Acemoglu, Daron, 1998, “Why Do New Technologies Complement Skills? Directed
Technical Change and Wage Inequality,” Quarterly Journal of Economics, 113, 1055-1090.

2. , 2002, “Directed Technical Change.” Review of Economic Studies 69:
781-809.

3. , 2003, “Labor- and Capital-Augmenting Technical Change,” Journal
of European Economic Association, Vol.1 (1), pp. 1-37.

4. , 2007, “Equilibrium Bias of Technology.” Econometrica 75(5): 1371—
1410.

5. 2009, Introduction to Modern Economic Growth, Princeton

University Press.

6. Aghion, Philippe, and Peter Howitt, 1992, “A Model of Growth through Creative
Destruction.” Econometrica, 60: 323-351.

7. Aghion, Philippe, and Peter Howitt, 1998, Endogenous Growth Theory, Cambridge MA:
MIT Press.

8. Ashraf, Quamrul, and Oded Galor. 2011. “Dynamics and Stagnation in the Malthusian
Epoch”, American Economic Review. Vol. 101, No. 5, pp. 2003-2041.

9. Barro, Robert and Xavier Sala-i-Martin, 2004, Economic Growth. MIT Press,
Cambridge, MA.

10.Christiaans, Thomas, 2004. Types of balanced growth. Economics Letters 82 (2), 253—
258.

11.Drandakis, E. M., and Edmund S. Phelps, 1966, “A Model of Induced Invention,
25



Growth, and Distribution,” Economic Journal, Vol. 76 (304), pp. 823-840.

12.Eisner, Robert and M. Strotz, 1963, “Determinants of business investment,” in Impacts
of Monetary Policy, Commission on Money and Credit, Englewood Cliffs, N.J: Prentice Hall.

13.Foley, Duncan K. and Miguel Sidrauski, 1970, ‘“Portfolio choice, investment and
growth,” American Economic Review, Vol. 60 (1): 44-63.

14.Funk, P. (2002): “Induced Innovation Revisited,” Economica, 69, 155-171.

15.Growiec, J., 2010, “Knife-edge Conditions in the Modeling of Long-run Growth
Regularities”, Journal of Macroeconomics 32 (2010) 1143-1154.

16.Hicks, John, 1932, The Theory of Wages. London: Macmillan.

17.Irmen, Andreas, 2013, “Adjustment Costs in a Variant of Uzawa's Steady-state Growth
Theorem”, Economics Bulletin, Vol. 33 No.4, pp. 2860-2873.

18.Irmen, Andreas and Amer Tabakovic, 2015, “Endogenous Capital- and
Labor-Augmenting  Technical Change in the  Neoclassical Growth  Model”,
http://wwwfr.uni.lu/content/download/86127/1054919/file/2015_15.

19.Jones, Charles 1., 1995, “R&D-based Models of Economic Growth”. Journal of Political

Economy 103,759-784.

20.Jones, Charles 1., 2005, “The Shape of Production Functions and the Direction of
Technical Change.” Quarterly Journal of Economics 2: 517-549.

21.Jones, Charles 1., and Dean Scrimgeour, 2008, “A New Proof of Uzawa’s Steady-State
Growth Theorem,” Review of Economics and Statistics, Vol. 90(1), pp. 180-182.

22.Kaldor, N. ,1961, “Capital Accumulation and Economic Growth,” in The Theory of
Capital, ed. by F. A.Lutz, and D. C. Hague, pp. 177-222. Macmillan & Co. LTD., New York: St.
Martin’s Press.

23.Karabarbounis, Loukas, and Brent Neiman, 2013, “The Global Decline of the Labor
Share”,Quarterly Journal of Economics, 129 (1), 61-103.

24.Kennedy, Charles M., 1964, “Induced Bias in Innovation and the Theory of Distribution,”
Economic Journal, Vol. 74 (295), pp. 541-547.

25.Krugman, P. ,1994, “The myth of Asia’s miracle”, Foreign Affairs. 73, 62—68.

26.Lewis, William Arthur, 1954, “Economic Development with Unlimited Supplies of
Labor.” Manchester School of Economics and Social Studies, 22, May, 139-191.

27.Li, Defu and Jiuli Huang, 2012, “Can the Steady-State Path of Neoclassical Growth
Model Embrace Capital-Augmenting Technological Progress?”, South China Journal of
Economics, October, pp.43-50.

28. , 2015, “Is Harrod-Neutrality Indispensable for Steady-State

Growth: Uzawa Theorem Revisited”, working paper.

29. , 2016, “A Variant of Uzawa’s Steady-State Theorem in a

Malthusian Model”, working paper.
30.Lucas, Robert E., 1967, “Adjustment costs and the theory of supply,” Journal of

26



Political Economy, Vol. 75 (4): 321-334.
Piketty 2014

31.Mussa, Michael, 1977, “External and Internal Adjustment Costs and the Theory of
Aggregate and Firm Investment.” Economica, Vol. 44 (174): 163-178.

32.Piketty, Thomas, 2014, Capital in the Twenty-First Century. Harvard University Press.

33.Ramsey, F. P.,1928, “A Mathematical Theory of Savings,” The Economic Journal, 38,

543-559.
34.Rivera-Batiz, L. A. and P. M. Romer, 1991, “Economic Integration and Endogenous

Growth”, Quarterly Journal of Economics, 106, 531-555.

35.Romer,David,2012, Advanced Macroeconomics, Fourth Edition, New York:
McGraw-Hill.

36.Romer,P.M., 1990, “Endogenous Technological Change,” Journal of Political Economy,
98(5) (October), Part II, S71-S102.

37.Samuelson, Paul A., 1965, “A Theory of Induced Innovation along Kennedy-Weisidcker
Lines,” Review of Economics and Statistics, Vol. 47(4), pp. 343-356.

38.Sato, R., R. V. Ramachandran and C. Lian, 1999, “A Model of Optimal Economic
Growth with Endogenous Bias,” Macroeconomic Dynamics, Vol. 3, pp. 293-310.

39.Sato, R. and R. V. Ramachandran , 2000, “Optimal Growth with Endogenous Technical
Progress: Hicksian Bias in a Macro Model,” The Japanese Economic Review, Vol. 51, No. 2, June
2000.

40.Schlicht, E., 2006, “A Variant of Uzawa’s Theorem,” Economics Bulletin, Vol. 5 (6), pp.
1-5.

41.Todaro, Michael P. (1969). "A Model of Labor Migration and Urban Unemployment in
Less Developed Countries," American Economic Review, March,1969, pp. 138-148.

42.Uzawa, H., 1961, “Neutral Inventions and the Stability of Growth Equilibrium,” Review
of Economic Studies, Vol. 28, February, pp. 117-124.

43.Young, Alwyn, 1995, “The Tyranny of Numbers: Confrontiong the Statistical Realities
of the East Asian Growth Experience”, Quarterly Journal of Economics 110(3):641-680.

44 .Young, Alwyn, 2003, “Gold into Base Metals: Productivity Growth in the People’s
Republic of China during the Reform Period.”, Journal of Political Economy, 111(6).
pp1220-1261.

27



