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Abstract

Strategic games are considered where each player’s total utility is the sum of local utilities
obtained from the use of certain “facilities.” All players using a facility obtain the same utility
therefrom, which may depend on the identities of users and on their behavior. If a regularity
condition is satisfied by every facility, then the game admits an exact potential; both congestion
games and games with structured utilities are included in the class and satisfy that condition. Under
additional assumptions the potential attains its maximum, which is a Nash equilibrium of the game.
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1 Introduction

When Monderer and Shapley (1996) introduced the notion of a potential game, the main example they
had in mind were Rosenthal’s (1973) congestion games. Their Theorems 3.1 and 3.2 showed that a
finite game admits an exact potential if and only if it can be represented as a congestion game (the
sufficiency part was implicit in Rosenthal’s reasoning). An alternative, more transparent proof was
given in Voorneveld et al. (1999, Theorem 3.3).

Kukushkin (2007) introduced games with structured utilities, in a sense, “dual” to congestion games;
the players there do not choose which facilities to use, only how to use facilities from a fixed list. The
idea of such a structure of utility functions can be traced back to Germeier and Vatel’ (1974), although
the local utilities in that paper were aggregated with the minimum function. Theorem 5 from Kukushkin
(2007) showed that a strategic game admits an exact potential if and only if it can be represented as
a game with structured utilities.

Thus, two different classes of potential games were considered in Kukushkin (2007); one universal
for finite potential games, the other for all of them. The possibility to combine both constructions was
not discussed, actually, was overlooked altogether.
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Le Breton and Weber (2011) described a class of strategic games which possess Nash equilibria
because they admit an exact potential which, in its turn, attains its maximum. There was some
similarity with both constructions, and with their potentials as well; however, those games need not
belong to either class.

The motivation for this paper was purely technical, one could say, aesthetical. Our main objective
is to figure out how those two constructions generating potential games could be combined into a single,
unified construction. We define a general class of strategic games where the players are able to choose
both which facilities to use and how to use them. Then we formulate conditions ensuring that such a
game admits an exact potential; naturally, they are satisfied for both congestion games and games with
structured utilities, as well as games of Le Breton and Weber. Since those conditions are formulated
independently for every facility, a necessity result becomes obtainable: if a facility does not satisfy
them, adding it to a potential game may destroy that property.

Our basic construction is described in the following section. In Section 3, the key definitions of a
regular facility and a regular game are given; Theorem 1 asserts the presence of an exact potential in
every regular game. Theorem 2 in Section 4 shows kind of necessity of regularity for this property.

In Section 5, the question of when the potential attains its maximum is addressed; since the strategy
sets in our games may be infinite, this question is not trivial. We formulate a list of assumptions ensuring
the upper semiconinuity of the potential, and hence the existence of a Nash equilibrium (Theorem 3).
The proof of the theorem is in Section 6.

Section 7 demonstrates that the Le Breton—Weber construction is, indeed, a particular case of ours.
In Section 8, we show that every game from the class considered by Harks et al. (2011) can be naturally
represented as one from our class. Section 9 summarizes the message of the paper.

2 Basic definitions

A strategic game T is defined by a finite set N of players, and, for each i € N, a set X; of strategies and
a real-valued utility function u; on the set Xy := [[;cy X; of strategy profiles. We denote N := 2N\ {0}
and X7 := [],c; X; for each I € N. Given i,j € N, we use notation X_; instead of Xmpiy and X_j;
instead of X f;5}-

A function P : Xy — R is an ezact potential of I' (Monderer and Shapley, 1996) if

ui(yn) — ui(zn) = P(yn) — P(en) (1)

whenever i € N, yny,xzy € Xy, and y_; = z_;. If x?v € Xy maximizes P over Xy, then, obviously,
x?\, is a Nash equilibrium.

A game with (additive) common local utilities (a CLU game) may have an arbitrary finite set N
of players and arbitrary sets of strategies X; (i € N), whereas the utilities are defined by the following
construction. First of all, there is a set A of facilities; we denote B the set of all (nonempty) finite

subsets of A. For each i € N, there is a mapping B;: X; — B describing what facilities player i



uses having chosen x;. Every strategy profile xn determines local utilities at all facilities o € A; each
player’s total utility is the sum of local utilities over chosen facilities. The exact definitions need plenty
of notations.

For every a € A, we denote I, := {i € N | Va; € X;[o € Bi(x;)]} and I} := {i € N | Jz; €
X; o € By(w;)]}; without restricting generality, we may assume I} # (). For each i € I, we denote
X*:={z; € X; | a € Bi(x;)}; if i € I/, then X = X;. Then we set Z, :={[ e N' | I; CIC I}
and 2, = {(I,z;) | [ € I, & x1 € X{}. The local utility function at o € A is po: 24 — R. For every
a € A and zy € X, we denote I(o,zn) := {i € N | @ € Bi(x;)}; obviously, I, C I(a,zy) C I}.
The total utility function of each player i is

ul(:CN) = Z 9004([(047'%']\/)?:61(04,:51\7))' (2)
aEBi(CEi)

3 Regularity

We call a facility o € A regular if these two conditions are satisfied:
1) whenever i ¢ J C N, I # JU{i} € I, x;,y; € X2, and z; € X, there holds

Spa('] U {Z}v (wari)) = Spoc(J U {2}7 (1’J, yi)); (33‘)

2) whenever J C N and 4,5 € N \ J are such that i # j, JU{i} € Z, > J U {j}, and z ;} €

X there holds

Ju{i,j}’ . .
oS U{i} 2 5003) = 0ol U {7} 2 50053) (3b)
(J = 0 is allowed in both conditions, in which case the term x; should be just ignored).

For every a € A, we denote n™ () := minjer, #I = max{1, #I; }.

Proposition 1. A facility « € A is regular if and only if there is a real-valued function 1,(-) defined
for integer m between n~(a) and #I} — 1 such that

Vall,x1) = Yo (#I) (4)
whenever I € I, I # I}, and x1 € X¢.

In other words: whenever a regular facility « is not used by all potential users, neither the identities
of the users, nor their strategies matter, only the number of users.

Proof. The implication “if” is obvious. Let a € A be a regular facility and m be an integer between
n~(a) and #I1 — 1. First of all, the existence of such m implies that #IT > n~(a). Further, whenever
I €T, I+#I}, and z7,y; € X§, we can, picking, one by one, i € I and replacing x; with y;, obtain,
by (3a), that ¢ (I, x1) = ¢va(l,y1), i-e., the choice of strategies does not matter indeed.



Let us show the irrelevance of the identities of users. If I # () and m = #I_, we define (m) :=
wally,x I&)’ which does not depend on z - € XIO‘; by the argument of the preceding paragraph. There
is no other I € Z,, with the same #I. If I, = 0, we set (1) := ¢ ({i}, x;), which does not depend on
i € It by (3b) with J =0, or on z; € X by the argument of the preceding paragraph again.

Finally, supposing that I,J € Z,, n= (o) < #I = #J < #I}, z; € X¢ and y; € X3, we
have to prove that ¢, (I,27) = @a(J,ys). Obviously, there is a one-to-one correspondence between
JNI :={j1,...,jx} and I\ J := {i1,...,ix}. Consecutively applying (3b), we obtain:

@a(IaxI) = 9004(([ N J) U {j17i27 .. zk} ( T(INT)U{ig,...,it. } > yj1)) -
Ca((INT)U{J1,92,83, - - -5 ik b5 (T(r00) Ui, in}s Yiginge))) = -0 = Pald y0)-

Now we can set ¢(m) := @o(I,z) for an arbitrary I € 7, with #I = m and an arbitrary z; € X7,
and have (4) satisfied. O

We call a CLU game regular if so is every facility. It is instructive to check that both congestion
games and games with structured utilities are regular. In the first case, (4) holds for all I € Z,, even
for I = I7; in the second case, conversely, I, = I for each facility o and hence (4) is not required at
all.

Theorem 1. Every reqular CLU game admits an exact potential.

Proof. Given zny € Xy, we denote A(zy) := {a € A | I(a,zy) # 0} and AT (zy) = {a € A |
#I(a,zn) > n" ()} [C A(zn)]; since N and each B;(x;) are finite, A(zy) is finite too. Now we define
our potential function in this way:

#I(azy)—1
P(ﬂj‘N) = Z @a(I(ava)7xl(a,xN)) + Z Z ’l,ba( ) (5)
acA(zN) a€At(zn) m=n—

Given i € N and z_; € X_;, we denote I_;(o,x—;) :={j € N\ {i} | a € Bj(z;)}, A_i(z—;) == {a €
AT j(a,o—y) # 0} and At (2;) == {a € A | #I_i(a,2_;) > n"(a)} [C A_;(z—;)]. Then we define
these auxiliary functions Q_;: X_; = R (i € N):

#I1_i(,x—;)—1
Qui(z—i) = > ol il,x ), 21 jap )+ D, > a(m). (6)
a€A_;(z_;) aeAji(;pN) m=n"(«a)
Once we show that
P(zy) = ui(zn) + Q—i(z—;) (7)

for all i € N and xy € Xy, Theorem 2.1 of Voorneveld et al. (1999) will imply that P is an exact
potential.



Whenever o ¢ B;(z;), we have I_;(o,x_;) = I(a, zy); therefore, this « brings to Q_;(x_;) the
same contribution as to P(zy), while no contribution at all to u;(zy). For every a € Bj(z;), we
have I_;j(a,z_;) = I(a,xn) \ {7} and hence #I_;(a,x_;) = #I(o,xn) — 1. If I(a, zy) = {3}, then
this « brings to u;(xy) the same contribution, ¢, ({i},z;), as to P(xx), while no contribution at all
to Q_i(x—;). If I(a,xn) = {i,j}, then this a contributes po({7,7}, (zi,2;)) to u;(xn), contributes
wa({7} xj) to Q_i(z—;), and contributes o ({7,7}, (zi,z;)) + ¥a(l) to P(xzy). Since ¢o({j},z;) =
14 (1) by Proposition 1, total contributions coincide again. Finally, if #1(«, zn) > 2, we argue virtually
in the same way as in the previous case of #I(«,xy) = 2. Equality (7) being satisfied, Theorem 1 is
proven. O

4 Necessity of regularity

Let a finite set N of players be fixed. An autonomous facility « is defined by two subsets I, C I} € N

[I; may be empty], a set X2 of relevant strategies for each i € I}, and a local utility function

0a: B* > R, where Z, :={I e N | I; CIC It} and E* := {(I,29) | I € I, & 2§ € X?'}, exactly as
in Section 2. We call an autonomous facility a regular if it satisfies the same conditions (3).

Let a be an autonomous facility, and let I' be a CLU game with the same set N, a finite set A such
that o ¢ A, and X;N X = 0 for each i € N. An extension of T' with « is a strategic game I'* satisfying
these conditions: N* = N; A* = AU {a}; foreach i € N, X = X; UX? if i € IT and X := X,
otherwise, B (z;) = Bj(z;) for each z; € Xj, and, for each z{ € X2, there is 0;(z{') € X; such that
Bf (z¢) = {a}UB;(0;(z%)); whenever I € 7, and ¢ € X¢, there holds ¢}, (I,2%) = o (I, x¢); whenever
BeA T€Ty xy€X;” and J={i€l|x; X2} there holds (I, z1) = sl (w1, 05(x1))).

Theorem 2. For every autonomous facility o the following statements are equivalent:
1. « is regqular.
2. Whenever I'* is an extension with o of a reqular CLU game I', I'* admits an exact potential.
3. Whenever I'* is an extension with o of a congestion game I', I'* admits an exact potential.

4. Whenever I'* is an extension with o of a game with structured utilities I', I'* admits an exact
potential.

Proof. The implication Statement 1 = Statement 2 immediately follows from Theorem 1; the implica-
tions Statement 2 = Statement 3 and Statement 2 = Statement 4 are trivial. We only have to show
the implications Statement 3 = Statement 1 and Statement 4 = Statement 1; so let Statement 3 hold.
Claim 2.1. Let i,j € Iy, i ¢ I € I,, j € I, 2§ € X and y§ € X Then po(I,27) =
‘Poc(la (:U?\{j}v y]a))



Proof of Claim 2.1. Let us consider a congestion game I' with the same set N of players, a singleton
set of facilities A := {5}, and a singleton set of strategies X} := {xf} with Bh(xf) := {B} for each
h € N, and an arbitrary constant (in lieu of a function) ¢g(N, x’?\,) = 13(#N). We define an extension
[ of I with a by: N*:= N; A* := {o, f}; X} := {mg} for each h e N\ If; X} := {mg}UXﬁ‘ for each
h eIt BZ(x’g) = {B}; Bj(zf) = A* for each zj; € XJ*; i (J,25) = palJ, x5) for every J € Z, and
r5 € X9, LpZ(N, xﬁ,) = pg(N, xﬁ,)

Since we assumed Statement 3 to hold, I'* admits an exact potential; hence so does every subgame.
As was noted by Monderer and Shapley (1996, Theorem 2.8), it is enough to consider 2x2 subgames. We
leave players i and j with two strategies each: {z, 1:;8 }and {2, y$'}, respectively, fixing strategies for all
other players: xf for h € I and xf for h ¢ I. Introducing auxiliary notations, u® := pg(N, :(:]5\,), vy =
9004([ U {i}7x?u{i})’ U? = 9001([ U {Z}’ (:C?u{i}\{j}7y]o'é))’ ug = @Q(Ia x?)v and Ug = 9004(17 (1:?\{]'}7?/?))7
we obtain the following matrix of the resulting subgame:

e} o

Tj Yj
& [(v2 + P, vg 4+ uf) (v§+uﬁ,v§+uﬁ>
xf (P, ug + uP) (uP, ug + uP)
Straightforward calculations show that P(wf, ys, w_ij) — P(acf, zf,x_y) = [Paf,zf,x-5) —
vy) — vy = 0. Therefore, o (I, 77) = uj(:rf,y?,x_ij) = uj(xf,acjo-‘,x_ij) = (1, (w?\{j},y]@‘)). In other
words, (3a) is established. O

Claim 2.2. Leti,j € I € I,, I CI\{i,j}, andz} € X§. Then @a(I\{i},w?\{i}) = ¢Q(I\{j},x?‘\{j}).

Proof of Claim 2.2. We consider the same congestion game I' used in the proof of Claim 2.1 and the
same extension I'* of I' with «. This time, we consider a 2 x 2 subgame where players ¢ and j have two
strategies each: {z¢, CL‘ZB } and {zf, :cf }, respectively, while the strategies of all other players are fixed:

x%forhelandngorfméf.

Again, this subgame must admit an exact potential. Introducing auxiliary notations, u® :=
(0%

Wﬁ(Na x]ﬂ\[% u® = Soa(laiv?)? v = 9004(] \ {Z}7$?\{l}) and fU}l = ‘Pa(l \ {]}71:?\“})7 we obtain the
following matrix:

¢ [(u® 4 uP,u® + uP) <v§9‘+u6,u5)
B R Y R
Now we have 0 = [P(zf,2§,7_;5) — P(mf, ', xi5)] + [P(w?,aﬁf,m_ij) — Pz, 2§, 2_5)] +
[P(:c?,xf,x,ij) — P(z%, xf,x,ij |+ [P(xf,x]o-‘,x,ij) — P(:cf,xf,x,ij)] =u® —u® —vf + o = v — 0.
Therefore, @q (I \ {i},m?\{i}) =0 = vf = pa(l\ {j},x?\{j}). In other words, (3b) is established. [J



The proof of the implication Statement 4 = Statement 1 is now straightforward: the congestion
game I" used in the proofs of Claims 2.2 and 2.1 can as well be perceived as a game with structured
utilities. Theorem 2 is proven. O

Theorem 2 takes it for granted that the players add up their local utilities. Actually, the necessity
(in a sense) of addition was showed in Kukushkin (2007): If the players may aggregate local utilities
with arbitrary (continuous and strictly increasing) functions, then the existence of an exact potential
is ensured regardless of other characteristics of the game only if the players sum up local utilities; that
statement remains valid when attention is restricted to congestion games (Theorem 2 of Kukushkin,
2007), or to games with structured utilities (Theorem 4).

Strictly speaking, those theorems do not exclude the possibility that the aggregation of local utilities
with some other, non-strictly increasing functions might also ensure the existence of an exact potential,
but there is no reason to expect anything interesting here. On the other hand, the minimum aggre-
gation, as envisaged by Germeier and Vatel’ (1974), ensures the acyclicity of coalitional improvements
and hence the existence of a strong Nash equilibrium (Harks et al., 2013; Kukushkin, 2014).

5 The existence of Nash equilibrium

To ensure that the potential P attains a maximum, some additional assumptions are needed. The
simplest approach would be to have P upper semicontinuous and Xy compact. A certain degree of
subtlety is required, however, as was shown by Le Breton and Weber (2011) even in a particular case.

Assumption 1. The set of facilities A and each strateqy set X; are metric spaces; each mapping
B; is continuous in the Hausdorff metric on the target; for every o« € A and I € I, the function
vall,-): X7 — R is upper semicontinuous.

Henceforth, we assume each set X; (I € N) to be endowed with the maximum metrics. For each
i € N and m € N, we denote X" := {z; € X; | #Bi(z;) = m}.

Assumption 2. For each i € N and m € N, either X" =0 or X" is a compact subset of X;.
Assumption 3. For each i € N, X" # () only for a finite number of m € N.
Assumptions 1 — 3 have technical implications useful in the following.

Lemma 1. Leti € N, a:f € X; for all k € N, and xf — x¥ € X;; let open neighborhoods O, of a €
B;(2%) be such that Oo N Og = 0 whenever a # 3. Then #B;(x¥) = #B;(x%) and #(B;(2F) N 0,) =1
for all o € Bi(2¥) and all k € N large enough.

Proof. By Assumption 3, there is a finite number of possible values of #Bi(xf); therefore, we must
have xf € X" for some m € N, m # 0, and an infinite number of k¥ € N. Since X" is compact by



Assumption 2, and hence closed in X;, we have 2’ € X" too. It follows immediately that such an m
must be unique, i.e., a:f“' € X" for all £ € N large enough.

By Assumption 1, we have B;(z¥) — B;(2%). Therefore, for each k € N large enough and for each
a € B;(x%), there is of € B;(x¥) N O,. Since O, N O = ) whenever a # 3, and #B;(2%) = #B;(2%),
we must have #(B;(zF) N O,) = 1 indeed. O

For every a € A, we denote
IS :={ie Il | 30 [(O is an open subset of A) & a € O & VB € O[i GI; = B=a]]}; (8)
loosely speaking, I is the set of players in whose strategy sets « is topologically isolated.

Lemma 2. For every o € A, there holds 1, C I,.

Proof. Supposing the contrary, let i € I; \ IS. By the negation of (8), there is a sequence o* — «a
and a sequence :cf € X; such that o € Bz(xf) and oF # « for each k € N. Since X; is compact by
Assumptions 2 and 3, we may assume that =¥ — 2¢ € X;. Since B;(2%) is finite, there is an open
neighborhood Opg of each 8 € B;(z¥) such that O, N Og = () whenever v # € B;(z¥). Moreover, we
may assume that a® € O, for each k € N.

Now we have o € B;(zF) by the choice of af and o € B;(«¥) since i € I. Since a, o € O,, we
have #(B;(z¥) N O,) > 2, which contradicts Lemma 1. O

Our final assumption combines some sorts of upper semicontinuity (of ¢, “in «”) and monotonicity
(of pq “in I").

Assumption 4. For everya € A, I € 1, and € > 0, there is § > 0 such that:
(Pa(17331)>§0/5(«]7yj)—5 (9)

whenever f € A\ {a}, J€1g, xr € X§, yj € X?, J C I\ IS, and the distances between o and [ in
A as well as between xj and yy in Xy are less than J.

If A is finite as, e.g., in a game with structured utilities or in a congestion game, then Assumption 4
holds vacuously since I = I} and hence no J € N could satisfy the conditions.

Theorem 3. Every reqular CLU game satisfying Assumptions 1, 2, 3, and 4 possesses a (pure strategy)
Nash equilibrium.

The proof is deferred to Section 6.

It is impossible to argue that the assumptions imposed in Theorem 3 are mecessary in a proper
sense. After all, neither upper semicontinuity, nor compactness are necessary for a function to attain
its maximum. Nonetheless, dropping any one of them makes the theorem wrong. There is no need to
discuss Assumption 1, but for the three others, appropriate counterexamples follow. In Examples 1
and 2, even one-player games suffice.



Example 1. Let us consider a “congestion game with an infinite set of facilities,” where N := {1},
A:=10,1], X1 := {{0}}u{{1/2™, 1/2" 1} },en, Bi(x1) == {1} for every 1 € X1, and ¥4 (1) := 1 —«
for every a € [0,1]. All assumptions of Theorem 3 except Assumption 2 are satisfied, X is compact
(in the Hausdorff metrics), but X12 is not. And there is no Nash equilibrium, i.e., maximum of u;:
SUD,, e x2 ui(z1) = 2, whereas ui(x1) < 2 for every x1 € X;.

Example 2. Let us consider a “congestion game with an infinite set of facilities,” where N := {1},
A:=[0,1], X; := {{0}} U {{1/2™ — k/[(m + 1)2™ " }s—0.. . m tmen, Bi(x1) := {z1} for every z; € X,
and ¥,(1) := 1 — « for every a € [0,1]. All assumptions of Theorem 3 except Assumption 3 are
satisfied, X7 is compact, as well as each X7" (m € N), which is actually a singleton. And again, there
is no Nash equilibrium, i.e., maximum of u, since sup, ¢y, ui(z1) = +o0.

Example 3. Let us consider a “congestion game with an infinite set of facilities,” where N := {1, 2},
A= X := Xy := [0,1], Bi(z;) := {2} for every x; € X;, ¥o(2) := 1 — a and ¢,(1) := 2 — « for
every a € [0,1]. All assumptions of Theorem 3 except Assumption 4 are satisfied, but there is no Nash
equilibrium. Let (x1,22) € Xy and i € N. If z; # 0, then player ¢ is better off slightly decreasing
x;. On the other hand, ({0},{0}) is not an equilibrium either, because each player will be better off
choosing any z; €]0, 1[.

6 Proof of Theorem 3

As was hinted at the start of Section 5, our strategy is to show that P defined by (5) is upper
semicontinuous on a compact Xpy. Then any strategy profile which maximizes P will be a Nash
equilibrium.

The compactness of Xy immediately follows from Assumptions 2 and 3. Let :Eﬂ“v — % € Xn; we
have to show that

P(x%) > limsup P(z%,).
k—o0

Since A(z%,) is finite, there is an open neighborhood O, of each a € A(z¥,) such that O, NOg =0
whenever a # 8 € A(2%). Moreover, those neighborhoods can be picked in such a way that each
O, is included in the neighborhood O from (8) for each ¢ € I5. Now Lemma 1 applies; therefore,
we may, without restricting generality, assume that B;(z¥) N O, = {BF} for each a € A(2%), i €
I(e,2%), and k € N [we should have written 8¥(a), but 8¥ related to different a’s will never be
considered simultaneously]. Note that ¥ — « for each i € N. Since there is a finite number of
possible values of I(8F, %), we may, without restricting generality, assume that, given i € I(a, 2%),
the set I(BF,z%;) is the same for all k. Similarly, we may assume that I(a,2%;) is partitioned into
I, 2%) = {i € I(a,2%) | Vk € N[BF = o]} [= {i € I(a,2%) | Vk € N]a € Bi(zF)]}] and I(a,2%) :=
{i € I(a,2%) | Vk € N[BF #£ o]} [= {i € I(a,2%) | Vk € N]a ¢ B;(2F)]}]. By definition (8), we have
I(o,2%) C (e, 2%) \ I°(, 2%).

Arguing quite similarly to the proof of Lemma 2, we may assume that IB} = () whenever ﬁf # Q.
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Now we are ready to analyze and compare the right-hand side of (5) for x’fv,

#I(o,zk)—1
Z va(l(a, x%)? x’;(%x;ﬁr)) + Z Z Ya(m), (10a)
a€A(zk) a€AT(zk) m=n~
and for z%,
#I(az%)—1
Z @a(l(aaf%)’xl(a,x‘j(,)) + Z Z Ya(m). (10b)
acA(z¥)) acAt(zg) m=n—(a)

If I(a,2%;) = 0 and hence I(, 2%) = I(a, x%;) =: I for each k, then this a contributes

#I-1

ealliaf)+ | Y valm)]

m=n"(a)
o (10a) [the term in square brackets disappears if #I = n™(«)] and

#I-1

callaf)+ | > valm)]

m=n"(a)

o (10b); since ¢4 (1, ) is upper semicontinuous by Assumption 1, there is no problem with this a.

If I(a,2%) # 0, the analysis is more complicated. For brevity, we denote I := I(a, %), I:=
(o, 2%), T := I(a,2%), and (i) := I(BF, x%;) for each i € I; as was noted above, I(i) does not depend
on k. Now the contribution of this « to (10a) is

#I-1 #1(i)—1
pall o) + | Z() ]+Z#z {ar16i), 7l + | > b (m)]}. (1)
m=n" (o iel m=

[The terms in square brackets disappear if, respectively, #I = n~(a) or #I(i) = 1; we divide the
rightmost sum in (11a) by #1(i) to compensate for multiple counting of the same terms.]
The contribution of the same a to (10b) is

#I-1 #I-1

WL, 2%) + [ Z % )+Z¢a(m)] (11b)
ry

Taking into account Assumption 4 and the fact that I(a, #%) C (e, 2%) \ I°(a, 2%;), we see that
the upper limit of (11a) cannot be greater than (11b).
The upper semicontinuity of P is proven, and so is the theorem.
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7 Le Breton—Weber construction

To show that the games considered by Le Breton and Weber (2011) are regular CLU games, we
reproduce their construction, in somewhat streamlined notations. All strategy sets X; are compact
subsets of a Euclidean space RT; X = Uien Xi- Given a strategy profile zy € Xy and z € X, we
denote n(z,xy) the number of players with z; = x. The payoff U;(xy) of player ¢ is the sum of
three terms (“taste component,” “local social interaction component,” and “global social interaction
component”):

Ui(en) = Vilw) + Y Wilwi,2;) + H(zi, n(wi, o). (12)

JEN\{i}

Three substantial assumptions are made: (1) each function V;, WZJ ,and H(-,m) (m € N) is upper
semi-continuous; (2) W/ (z;,z;) = W;(x],xz) for every i,j € N, every x; € X; and every z; € Xj; (3)
H(x,-) is increasing for all x € X. Under those assumptions, Le Breton and Weber (2011) showed that

the following function is an upper semi-continuous exact potential:

= Vilw) +1/2) 0 > W (i x) + H(z,m). (13)

iEN 1EN jEN\{i} z€X: n(z,xy)>0 m=1

Denoting N> the set of all unordered pairs in N, i.e., subsets of cardinality 2, we define A :=
N UN U X5 Bi(zi) = {i} U {{i. it jempy U {zids i) == Vi(zi); 90{”}(%%) = Wi(xi,z;);
Yz(m) := H(xz,m). It is easy to check now that utility functions (2) coincide with utility functlons
(12), while exact potential (5) coincides with potential (13). The assumptions of Le Breton and Weber
(2011) imply our Assumptions 1-4 (actually, the latter were developed as a generalization of the former).

8 Player-specific local utilities

Congestion games with player-specific local utilities are a natural generalization of Rosenthal’s (1973)
model. Typically, one cannot expect the existence of an equilibrium, to say nothing of an exact poten-
tial, in such games, even though there are results on the existence of a Nash equilibrium (Milchtaich,
1996) or even a strong Nash one (Konishi, et al., 1997) in some particular cases. This big and important
topic is mostly left out here. The only objective of this section is to show that both classes of congestion
games with player-specific local utilities shown by Harks et al. (2011) to admit exact potentials can be
obtained from our construction.

We consider even a more general model, which simultaneously includes both “weighted congestion
games with facility-dependent demands” and “weighted congestion games with elastic demands” of
Harks et al. (2011). There is a finite set N of players and an arbitrary set A of facilities; we denote
X the set of 2 = (2%)4ea € R such that B(z) := {a € A | 2 # 0} is finite. For each player i € N,

11



there is a strategy set X; C X and a function F;: X; — R; for every o € A, there is a constant ¢, € R.
Given a strategy profile xy € Xy, the local utility obtained by player ¢ from a facility « is

o (xy) = - Z Ca " T (14)
JEN
The total utility function is
wi(zy) = Fi(z:) + Y ¢faR). (15)
a€B(z;)

We may say that the players belonging to the set I(a,zn) == {i € N | 2§ # 0[= a € B(x;)]}
have chosen facility a. Then we notice that ¢ (%) = 0 whenever i ¢ I (o, zx); similarly, ¢ (x%;) only
depends on z7, ., so we could write cpf‘(x?(aw)) in the left hand side of (14) and the right hand
side of (15). Now we see that (15) can be viewed as a generalization of (2) where different players may
extract different local utilities from the same facility.

As a straightforward example of such a game, assume that A is the set of edges of a network. A
strategy of each player is a flow through the network with given source and destination nodes, satisfying
Kirchhoff’s law at each intermediate node. The cost of pushing a unit of flow through an edge « is
affine in the total load: —by — co D ;e 5. The function Fj is the gain obtained from the flow minus
the costs incurred independently of the behavior of other players, i.e., plus > . bo - 2§'. Under this
interpretation, (15) is an adequate description of the payoff to player i. The natural assumptions are
ba,cq <0 and xf > 0 for all 7 and a. Upper restrictions on z can be added; moreover, there may be
arbitrary restrictions on z$* as well, e.g., they may be all integer.

Imposing some superfluous restrictions (e.g., A was finite throughout; the choice of a flow satisfying
Kirchhoff’s law was excluded; etc.), Harks et al. (2011) showed that such a game admits an exact
potential. Therefore, it can be represented as a game with structured utilities (Kukushkin, 2007,
Theorem 5), or, if all strategy sets X; are finite, as a congestion game (Monderer and Shapley, 1996,
Theorem 3.2). In either case, however, rather artificial constructions may be needed.

Given a game I' with utilities defined by (14) and (15), we define, in a simple and natural way, a
regular CLU game I'* which is isomorphic to I'. There are the same players with the same strategy sets,
N*:= N and X := X, for each i € N. The set of facilities is modified: A* := NU (A x N)U (A x N2),
where, as in Section 7, N5 is the set of all unordered pairs in N, i.e., subsets of cardinality 2. Giveni € N
and z; € X;, we define B (z;) := {i} U {{(a,9)} U {(c, {5 })}jen\{i} facB(m); thus, I;7 = I&i) = {i}
and I(J;,{Z.J.}) = {i,j} for all « € A and i,j € N, i # j. The local utilities are defined in this way:
er({i}, i) == Fi(x); go?mi)({i &) = a - cq - xf c,o?a’{m})(l, xf) = cq - xf - x?‘ if I = {i,7}, while
<p>(ka7{i7j})(l,x?) =01f I #{i,j}.

It is easy to check now that utility functions (2) coincide with utility functions (15). Moreover, the
regularity conditions (4) are obvious. Thus, the existence of an exact potential immediately follows
from Theorem 1.

12



It is worthwhile to note that, if A is finite, we could set Bl (z;) = {i} U {{(a,i)} U
{(, {7, 5} jem\fiy faea for all i € N and x; € X;, in which case I'* would be a game with struc-
tured utilities. For an infinite A, such a representation is inadmissible without a revision of our basic
definitions.

If all strategy sets X; are finite, then we have the existence of a Nash equilibrium as well. If A is
finite, then it will be enough to assume that each X; is compact (the utility functions are continuous
anyway). Otherwise, we may assume that A is a metric space; then each X; is also a metric space and
Assumption 1 holds. We have to impose Assumptions 2 and 3 as they are; as to Assumption 4, it holds
if D C Ry for all i € N and a € A, while b,,c, > 0 for all o € A. In other words, it is natural in
this case to restrict attention to positive externalities (Le Breton and Weber, 2011, have already come
to the same conclusion).

Harks et al. (2011) also showed the necessity of the affine combinations in local utilities for the
guaranteed existence of a potential; it does not seem possible to derive the fact from our Theorem 2.
On the other hand, if we drop the idea that the costs should be the same for all users of a given facility,
then polylinear combinations with symmetric coefficients would be acceptable as well. For instance,
consider local utility functions of the form

praf)=af [l e+ Y ddtafag),
JEN JkeN\{i}, j#k

where coefficients cg and di{k are invariant w.r.t. permutations of the indices from N for every a € A.

Virtually the same argument as above shows that such a game is isomorphic to a regular CLU game.

One may doubt that such cost functions could adequately describe any real-world interrelationships,

but an interesting point is that they also emerge in the study of Cournot tatonnement in aggregative

games with monotone best responses (Kukushkin, 2005).

9 Conclusion

Let us summarize our main findings. It is, in principle, possible to allow the players in a congestion
game to choose some additional parameters beside the facilities they use (e.g., type of vehicle, load, etc.)
without destroying the presence of an exact potential. The “only” restriction is that those additional
parameters should not affect the local utility unless all players able to use the facility actually show
up. Games with structured utilities fit here since each player uses the same list of facilities under every
strategy.

This generalization allowed us to include the constructions considered by Le Breton and Weber
(2011) and Harks et al. (2011) into the same general scheme. It seems quite possible that other
examples could be found as well, but, so far, I have been unable to produce anything specific.

13



Acknowledgments

Financial support from the Russian Science Foundation (project 16-11-10246) is acknowledged. I thank
Shlomo Weber for helpful comment on an earlier version.

References

Germeier, Yu.B., and I.A. Vatel’, 1974. On games with a hierarchical vector of interests. Izvestiya
Akademii Nauk SSSR, Tekhnicheskaya Kibernetika, 3, 54-69 [in Russian; English translation in Engi-
neering Cybernetics 12(3), 25-40 (1974)].

Harks, T., M. Klimm, and R.H. Moéhring, 2011. Characterizing the existence of potential functions
in weighted congestion games. Theory of Computing Systems 49, 46-70.

Harks, T., M. Klimm, and R.H. Mdéhring, 2013. Strong equilibria in games with the lexicographical
improvement property. International Journal of Game Theory 42, 461-482.

Konishi, H., M. Le Breton, and S. Weber, 1997. Equilibria in a model with partial rivalry. Journal
of Economic Theory 72, 225-237.

Kukushkin, N.S.; 2005. “Strategic supplements” in games with polylinear interactions. EconWPA
Paper #0411008 http://ideas.repec.org/p/wpa/wuwpga/0411008 . html.

Kukushkin, N.S.; 2007. Congestion games revisited. International Journal of Game Theory 36,
57-83.

Kukushkin, N.S., 2014. Strong equilibrium in games with common and complementary local util-
ities. MPRA Paper #55499, University Library of Munich, Germany http://ideas.repec.org/p/
pra/mprapa/55499.html.

Le Breton, M. and S. Weber, 2011. Games of social interactions with local and global externalities.
Economics Letters 111, 88-90.

Milchtaich, I., 1996. Congestion games with player-specific payoff functions. Games and Economic
Behavior 13, 111-124.

Monderer, D., and L.S. Shapley, 1996. Potential games. Games and Economic Behavior 14, 124—
143.

Rosenthal, R.W., 1973. A class of games possessing pure-strategy Nash equilibria. International
Journal of Game Theory 2, 65-67.

Voorneveld, M., P. Borm, F. van Megen, S. Tijs, and G. Facchini, 1999. Congestion games and
potentials reconsidered. International Game Theory Review 1, 283-299.

14



	Introduction
	Basic definitions
	Regularity
	Necessity of regularity
	The existence of Nash equilibrium
	Proof of Theorem 3
	Le Breton–Weber construction
	Player-specific local utilities
	Conclusion

