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❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② ❧✐♥❦❛❣❡s ❛♠♦♥❣ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t

✇✐t❤ t❤❛t ♦❢ ❯✳❙✳ ❛♥❞ t❤r❡❡ ❊✉r♦♣❡❛♥ ❝♦✉♥tr✐❡s ✭❋r❛♥❝❡✱ ●❡r♠❛♥② ❛♥❞ ❯✳❑✳✮ ❜❡❢♦r❡ ❛♥❞ ❞✉r✐♥❣ t❤❡ ✜♥❛♥❝✐❛❧

❝r✐s✐s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✉s❡ st♦❝❦ r❡t✉r♥s ✐♥ ▼❆❙■✱ ❈❆❈✱ ❉❆❳✱ ❋❚❙❊ ❛♥❞ ◆❆❙❉❆◗ ❛s r❡♣r❡s❡♥t❛t✐✈❡s

♦❢ ▼♦r♦❝❝❛♥✱ ❋r❡♥❝❤✱ ●❡r♠❛♥✱ ❇r✐t✐s❤ ❛♥❞ ❯✳❙✳ ♠❛r❦❡ts r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞❛t❛ s❛♠♣❧❡ ❢r❡q✉❡♥❝② ✐s ❞❛✐❧② ❛♥❞

s♣❛♥s ❢r♦♠ ❏❛♥✉❛r② ✷✵✵✷ t♦ ❉❡❝❡♠❜❡r ✷✵✶✷ ❡①❝❧✉❞✐♥❣ ❤♦❧✐❞❛②s✳ ❯s✐♥❣ t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ♦❢ ❜✐✈❛r✐❛t❡ ❱❆❘✲

❇❊❑❑ ●❆❘❈❍ ♠♦❞❡❧✱ ✇❡ ❛♥❛❧②③❡ t❤❡ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❡✛❡❝ts ❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❛♥❞

t❤❡ ♦t❤❡r ❝♦♥s✐❞❡r❡❞ ♠❛r❦❡ts✳ ▼♦r❡♦✈❡r✱ t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ❜r❡❛❦ ♣♦✐♥t ❞✉❡ t♦ t❤❡ s✉❜♣r✐♠❡ ❝r✐s✐s ✐s ♠❛❞❡ ❜②
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❝❧❡❛r ❡✈✐❞❡♥❝❡ ♦❢ str♦♥❣❡r ❧✐♥❦❛❣❡s ❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❛♥❞ t❤❡ ❢♦✉r ♦t❤❡r ❝♦♥s✐❞❡r❡❞ st♦❝❦ ♠❛r❦❡ts
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❛♥❞ ❡♠♣✐r✐❝❛❧ ♠❡❝❤❛♥✐s♠s ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ♦❢ ❝r✐s❡s✳ ❚❤❡ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❡✛❡❝t st❛t❡s

t❤❛t ✈♦❧❛t✐❧✐t② ♦❢ ❛ss❡t ♣r✐❝❡s ✐♥ ♦♥❡ ♠❛r❦❡t ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ♦r ♣r❡❞✐❝t❡❞ ❜② ✐♥♥♦✈❛t✐♦♥s ✐♥ ♦t❤❡r ♠❛r❦❡ts❀ ✐♥

♦t❤❡r ✇♦r❞s✱ t✇♦ ♦r ♠♦r❡ ♠❛r❦❡ts ❛r❡ ✐♥t❡r❞❡♣❡♥❞❡♥t ✐♥ t❡r♠s ♦❢ t❤❡✐r ♣r✐❝❡ ✈♦❧❛t✐❧✐t②✳ ❊①t❛♥t ❧✐t❡r❛t✉r❡ ✉s✉✲

❛❧❧② ❡①❛♠✐♥❡s ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❛♠♦♥❣ ♥❛t✐♦♥❛❧ ❡q✉✐t② ♠❛r❦❡ts✳ ❖♥ t❤❡ t❤❡♦r❡t✐❝❛❧ s✐❞❡✱ ❑✐♥❣ ❛♥❞ ❲❛❞❤✇❛♥✐

✭✶✾✾✵✮✱ ❛♥❞ ❑❛♠✐♥s❦② ❛♥❞ ❙❝❤✉❦❧❡r ✭✶✾✾✾✮ s✉❣❣❡st❡❞ ❛♥ ❛♥❛❧②s✐s ❜❛s❡❞ ♦♥ r❡✈✐s✐♦♥ ♦❢ ❡①♣❡❝t❛t✐♦♥s ❛♥❞ ❤❡r❞✐♥❣

❜❡❤❛✈✐♦✉r✱ r❡s♣❡❝t✐✈❡❧②✳ ❋✉rt❤❡r♠♦r❡✱ ♠♦r❡ r❡❝❡♥t❧②✱ ❙t❡✈❡♥s ✭✷✵✵✽✮ ❤❛s ❞♦❝✉♠❡♥t❡❞ t✇♦ t②♣❡s ♦❢ ❝❤❛♥♥❡❧s

❢♦r ✐♥t❡r♥❛t✐♦♥❛❧ tr❛♥s♠✐ss✐♦♥ ♦❢ ❝r✐s❡s✿ ❋✐rst❧②✱ t❤❡r❡ ❛r❡ t❤❡ ❝♦♠♠♦♥ s❤♦❝❦s✱ ✇❤❡r❡❜② ✜♥❛♥❝✐❛❧ s❡❝t♦rs ✐♥

❞✐✛❡r❡♥t ❝♦✉♥tr✐❡s ❛r❡ ❝♦♥❝✉rr❡♥t❧② ❛✛❡❝t❡❞ ❜② t❤❡ s❛♠❡ s❤♦❝❦✳ ❙❡❝♦♥❞❧②✱ t❤❡r❡ ❛r❡ t❤❡ s♣✐❧❧♦✈❡r ❡✛❡❝ts t❤❛t

❛r❡ tr❛♥s♠✐tt❡❞ ❛♠♦♥❣ ❡❝♦♥♦♠✐❡s✳ ❉✐❞✐❡r ❡t ❛❧✳ ✭✷✵✵✽✮ ♣r♦♣♦s❡❞ t✇♦ t②♣❡s ♦❢ s♣✐❧❧♦✈❡r ❡✛❡❝ts✳ ❚❤❡ ✜rst t②♣❡

✐s tr❛♥s♠✐tt❡❞ ✈✐❛ r❡❛❧ ❡❝♦♥♦♠② ❡✛❡❝ts s✉❝❤ ❛s ✐♥t❡r♥❛t✐♦♥❛❧ tr❛♥s♠✐ss✐♦♥ ♦❢ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ❛♥❞ tr❛❞❡ ✢♦✇

❡✛❡❝ts✳ ❚❤❡ s❡❝♦♥❞ t②♣❡ ♦❢ s♣✐❧❧♦✈❡r ❡✛❡❝ts ✐s ❞✉❡ t♦ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❝❛♣✐t❛❧ ♠❛r❦❡ts✳ ❚❤❡s❡ ❡✛❡❝ts ❛r❡

tr❛♥s♠✐tt❡❞ ❜② ❛ss❡t ♠❛r❦❡t ❛❞❥✉st♠❡♥ts ♦r ❜② ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s✱ ❡✳❣✳ ❜❛♥❦s✳ ❖♥ t❤❡ ❡♠♣✐r✐❝❛❧ s✐❞❡✱ ❲❛♥❣

❛♥❞ ▲❡❡ ✭✷✵✵✾✮ r❡♣♦rt ❡✈✐❞❡♥❝❡ t❤❛t ❛❢t❡r t❤❡ ✶✾✾✼ ❆s✐❛♥ ❝r✐s✐s✱ s♣✐❧❧♦✈❡r ❡✛❡❝ts ♦❢ t❤❡ st♦❝❦ r❡t✉r♥s ❛♥❞ st♦❝❦

r❡t✉r♥ ✈♦❧❛t✐❧✐t✐❡s ✐♥ ♥✐♥❡ ❆s✐❛♥ st♦❝❦ ♠❛r❦❡ts ✐♥❝r❡❛s❡❞ ✇❤✐❧❡ ❇❛✐❣ ❛♥❞ ●♦❧❞❢❛❥♥ ✭✶✾✾✾✮ r❡♣♦rt ❡✈✐❞❡♥❝❡ ♦❢

s♣✐❧❧♦✈❡r ❡✛❡❝ts ❢♦r ❢♦✉r ❆s✐❛♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✳ ❋♦r t❤❡ r❡❝❡♥t ✷✵✵✽ ❝r✐s✐s ❛♥ ❡♠♣✐r✐❝❛❧ st✉❞② ♦❢ ❆♥❣❦✐♥❛♥❞

❡t ❛❧✳ ✭✷✵✶✵✮ ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ❞❡❣r❡❡ ♦❢ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❛♥❞ s♣✐❧❧♦✈❡r ❡✛❡❝ts ♣❡❛❦❡❞ ❛❢t❡r t❤❡ ❯❙ s✉❜♣r✐♠❡

♠♦rt❣❛❣❡ ♠❡❧t❞♦✇♥ ❜❡t✇❡❡♥ ❯❙❆ ❛♥❞ s❡✈❡♥t❡❡♥ ♦t❤❡r ❞❡✈❡❧♦♣❡❞ ❡❝♦♥♦♠✐❡s✳

❆♥ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ♠❛❣♥✐t✉❞❡ ❛♥❞ ❞✐r❡❝t✐♦♥ ♦❢ ❧✐♥❦❛❣❡s ❛♥❞ s♣✐❧❧♦✈❡r ❡✛❡❝ts ✐s ❛♥ ❡ss❡♥t✐❛❧ ♣❛rt ♦❢ ✜♥❛♥✲

❝✐❛❧ ♠❛♥❛❣❡rs ❛♥❞ ♣♦❧✐❝② ♠❛❦❡rs✬ ✐♥❢♦r♠❛t✐♦♥ s❡t✳ ❋r♦♠ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛♥❛❣❡rs✬ ♣♦✐♥t ♦❢ ✈✐❡✇✱ ❦♥♦✇❧❡❞❣❡ ♦❢

♠❛r❦❡ts ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ✐s ✐♠♣♦rt❛♥t ✐♥ ❞❡t❡r♠✐♥✐♥❣ ❤❡❞❣✐♥❣ ❛♥❞ ❞✐✈❡rs✐✜❝❛t✐♦♥ ♦❢ t❤❡✐r ✐♥t❡r♥❛t✐♦♥❛❧ ✐♥✈❡st✲

♠❡♥t✳ ❋✉rt❤❡r♠♦r❡✱ ❢r♦♠ ❛ ♣♦❧✐❝② ♠❛❦❡r✬s ♣♦✐♥t ♦❢ ✈✐❡✇✱ ✜♥❛♥❝✐❛❧ ✐♥st❛❜✐❧✐t②✱ s✉❝❤ ❛s ❛ ❜❛♥❦ ❝♦❧❧❛♣s❡ ❛♥❞ st♦❝❦

♠❛r❦❡t ❝r❛s❤❡s✱ ❛r❡ ♠❛❥♦r ✐ss✉❡s t❤❛t ❞✐r❡❝t❧② ✐♥✢✉❡♥❝❡ ❛ ❝♦✉♥tr②✬s ✇❡❧❢❛r❡✳

❖t❤❡r r❡❝❡♥t r❡s❡❛r❝❤ ❤❛s ❝♦♥s✐❞❡r❡❞ t♦ t❤❡ ❧✐♥❦❛❣❡s ❜❡t✇❡❡♥ ❞❡✈❡❧♦♣❡❞ ♠❛r❦❡ts ❛♥❞ ❡♠❡r❣✐♥❣ ♠❛r❦❡ts✱ ❛s

♣♦✐♥t❡❞ ♦✉t ❜② ❡❝♦♥♦♠✐sts ❛♥❞ ✜♥❛♥❝✐❛❧ ❛♥❛❧②sts t❤❡ ❜❡♥❡✜ts ♦❢ ✐♥t❡r♥❛t✐♦♥❛❧ ❞✐✈❡rs✐✜❝❛t✐♦♥ r❡❧② ✐♥❝r❡❛s✐♥❣❧②

♦♥ ✐♥✈❡st♠❡♥t ✐♥ ❡♠❡r❣✐♥❣ ♠❛r❦❡ts ✭●♦❡t③♠❛♥♥ ❡t ❛❧✳✱ ✷✵✵✺✮✳ ❲♦rt❤✐♥❣t♦♥ ❛♥❞ ❍✐❣❣s ✭✷✵✵✹✮ ❡①♣❧♦r❡ t❤❡ tr❛♥s✲

♠✐ss✐♦♥ ♦❢ st♦❝❦ r❡t✉r♥s ❛♥❞ ✈♦❧❛t✐❧✐t② ✐♥ ❆s✐❛♥ ❞❡✈❡❧♦♣❡❞ ♠❛r❦❡ts ❛♥❞ ❡♠❡r❣✐♥❣ ♠❛r❦❡ts ❞✉r✐♥❣ t❤❡ ♣❡r✐♦❞

✶✾✽✽✲✷✵✵✵✳ ❚❤❡② ✐❞❡♥t✐❢② t❤❡ s♦✉r❝❡ ❛♥❞ ♠❛❣♥✐t✉❞❡ ♦❢ s♣✐❧❧♦✈❡rs ❜② ✉s✐♥❣ t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧

❛♥❞ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ♠❡❛♥ s♣✐❧❧♦✈❡rs ❢r♦♠ t❤❡ ❞❡✈❡❧♦♣❡❞ t♦ t❤❡ ❡♠❡r❣✐♥❣ ♠❛r❦❡ts ❛r❡ ♥♦t ❤♦♠♦❣❡♥♦✉s

❛❝r♦ss t❤❡ ❡♠❡r❣✐♥❣ ♠❛r❦❡ts✱ ❛♥❞ ❞✐r❡❝t s♣✐❧❧♦✈❡rs ❛r❡ ❣❡♥❡r❛❧❧② ❤✐❣❤❡r t❤❛♥ ✐♥❞✐r❡❝t s♣✐❧❧♦✈❡rs✱ ❡s♣❡❝✐❛❧❧② ❢♦r

t❤❡ ❡♠❡r❣✐♥❣ ♠❛r❦❡ts✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ r❡s❡❛r❝❤❡rs ❤❛✈❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ❡①t❡♥t ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥s

❛❝r♦ss ❞✐✛❡r❡♥t ♠❛r❦❡ts ❞✉r✐♥❣ ❛ s♣❡❝✐✜❝ ❡✈❡♥t s✉❝❤ ❛s ❛ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✭❡✳❣✳ ❈❛♣♦r❛❧❡ ❡t ❛❧✳✱ ✷✵✵✻❀ ◆❡❛✐♠❡✱

✷✵✶✷✮✳

❖✉r ♣❛♣❡r ❢♦❝✉s❡s ♦♥ ❱❆❘✲●❆❘❈❍ ❛♣♣r♦❛❝❤ t♦ st✉❞② t❤❡ s♣✐❧❧♦✈❡r ❡✛❡❝ts ❛♥❞ ❡q✉✐t② ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥

✷



❡♠♣✐r✐❝❛❧❧② ♦♥ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❞✉❡ t♦ ✷✵✵✽ ❯❙ s✉❜♣r✐♠❡ ❝r✐s✐s✳ ❆t t❤❡ ❜❡st ♦❢ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s t❤❡

✜rst st✉❞② ♦❢ ✐ts ❦✐♥❞ t♦ ❢♦❝✉s ♦♥ s♣✐❧❧♦✈❡rs ❡✛❡❝ts ❛♥❞ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ ❡q✉✐t② ♠❛r❦❡t

❛♥❞ t❤♦s❡ ♦❢ ❯✳❙✳✱ ❯✳❑✳✱ ❋r❛♥❝❡✱ ●❡r♠❛♥②✳ ❚♦ ❡①♣❧♦r❡ t❤❡s❡ ❡✛❡❝ts✱ ✇❡ ❛♣♣❧② ❛ ❜✐✈❛r✐❛t❡ ❱❆❘✲●❆❘❈❍ ❢r❛♠❡✲

✇♦r❦ ✇✐t❤ t❤❡ ❇❊❑❑ r❡♣r❡s❡♥t❛t✐♦♥ ♣r♦♣♦s❡❞ ❜② ❊♥❣❧❡ ❛♥❞ ❑r♦♥❡r ✭✶✾✾✺✮ t♦ ♠♦❞❡❧ ❛♥❞ t❡st ❢♦r ❝r♦ss✲♠❛r❦❡t

s♣✐❧❧♦✈❡rs ✐♥ ♠❡❛♥s ❛♥❞ ✈❛r✐❛♥❝❡s ♦❢ st♦❝❦ r❡t✉r♥s✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❜✉✐❧❞s ❛♥❞ ❡①♣❛♥❞s ♦♥ t❤❡ ♠❡t❤♦❞♦❧♦❣✐❡s

❛❞♦♣t❡❞ ✐♥ ❡❛r❧✐❡r st✉❞✐❡s s✉❝❤ ❛s ◆❣ ✭✷✵✵✵✮✱ ❛♥❞ ❇❡❦❛❡rt ❡t ❛❧✳ ✭✷✵✵✺✮✳

■♥ ♦r❞❡r t♦ ❞♦ t❤✐s st✉❞②✱ ✇❡ ✇✐❧❧ ✐♥✈❡st✐❣❛t❡ t♦ st✉❞② ✇❤❡t❤❡r t❤❡ ❯❙ s✉❜♣r✐♠❡ ✜♥❛♥❝✐❛❧ t✉r♠♦✐❧ ❤❛s ❤❛❞ ❛♥②

st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❡✛❡❝t ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② ♦❢ st♦❝❦ ♣r✐❝❡s ✐♥ t❤❡ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r✲

❦❡t✱ ❢♦r ✇❤✐❝❤ t❤❡ ❱❆❘✲❇❊❑❑ ●❆❘❈❍ ♠❡t❤♦❞♦❧♦❣② ✐s ❛❞♦♣t❡❞✳ ❋✉rt❤❡r✱ ✇❡ ❛♥❛❧②③❡ t❤❡ ✈♦❧❛t✐❧✐t② ❧✐♥❦❛❣❡s

❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t ❛♥❞ t❤❡ ❯✳❙✳✱ ❋r❛♥❝❡✱ ❯✳❑✳ ❛♥❞ ●❡r♠❛♥② st♦❝❦ ♠❛r❦❡ts ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r

t❤❡ ❯❙ s✉❜♣r✐♠❡ ❝r✐s✐s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦❢ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♥❞ ❝♦♥t❛❣✐♦♥ ❛♠♦♥❣

t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ❛r♦✉♥❞ t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ♦❢ ✷✵✵✽✳ ❋✐rst❧②✱ ✇❡ ✉s❡ t❤❡ ❇❛✐✲P❡rr♦♥✬s ✭✶✾✾✽✱ ✷✵✵✸✮ ❛♥❞

▲❡❡✲❙tr❛③✐❝✐❝❤✬s ✭✷✵✵✸✱ ✷✵✵✹✮ t❡sts ❢♦r t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❛❧ ❜r❡❛❦ ❛♥❞ ❧♦❝❛t❡ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡

❛♥❞ ❛❢t❡r t❤❡ ❝r✐s✐s✳ ❚❤❡♥✱ ✇❡ ✐♥✈❡st✐❣❛t❡ ❱❆❘✲❇❊❑❑ ●❆❘❈❍ ♠♦❞❡❧s t♦ st✉❞② t❤❡ ✈♦❧❛t✐❧✐t② tr❛♥s❢❡rs✱ ✐✳❡✳

❤♦✇ ❞✐✛❡r❡♥t ✈♦❧❛t✐❧✐t✐❡s ✐♥✢✉❡♥❝❡ ❡❛❝❤ ♦t❤❡r✳ ■t ✐s t❤✉s ♣♦ss✐❜❧❡ t♦ s❤♦✇ ❤♦✇ s✐❣♥✐✜❝❛♥t❧② t❤❡ ❞✐✛❡r❡♥t ❢♦r❡✐❣♥

✈♦❧❛t✐❧✐t✐❡s ❤❛✈❡ ✐♥✢✉❡♥❝❡❞ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ▼♦r♦❝❝❛♥ st♦❝❦ ♣r✐❝❡s✳ ❚❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❱❆❘✭p✮✲●❆❘❈❍✭1, 1✮

♠♦❞❡❧s ❡♥❛❜❧❡s ✉s t♦ ❡①♣❧❛✐♥ t❤❡ ✐♠♣❛❝t ♦❢ r❡t✉r♥ ✭✈♦❧❛t✐❧✐t②✮ s♣✐❧❧♦✈❡r ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠❡❛♥ ✭✈❛r✐❛♥❝❡✮ ♦❢

❡❛❝❤ t✐♠❡ s❡r✐❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ✉s❡ ❲❛❧❞ t❡sts t♦ ❡①❛♠✐♥❡ s❡✈❡r❛❧ ❤②♣♦t❤❡s❡s ❛❜♦✉t s♣✐❧❧♦✈❡rs ✐♥ ♠❡❛♥s ❛♥❞

✈❛r✐❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ❢♦r❡✐❣♥ ♠❛r❦❡ts ❛♥❞ t❤❡ ▼♦r♦❝❝❛♥ ♦♥❡✳

❚❤❡ str✉❝t✉r❡ ♦❢ ♦✉r ♣❛♣❡r ✐s ♣r❡s❡♥t❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✶ ❜r✐❡✢② r❡✈✐❡✇s t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐s✲

s✐♦♥✳ ❙♣❡❝✐❛❧ ❡♠♣❤❛s✐s ✐s ❣✐✈❡♥ t♦ r❡s❡❛r❝❤ ❢♦❝✉ss✐♥❣ ♦♥ s♣✐❧❧♦✈❡rs✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♦✉t❧✐♥❡ t❤❡ ♠❡t❤♦❞♦❧♦❣② ✉s❡❞

t♦ ❞❡✈❡❧♦♣ ♦✉r ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✳ ❚❤❡ ❞❛t❛ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❢♦❧❧♦✇❡❞ ❜② str✉❝t✉r❛❧ ❜r❡❛❦ ❞❡t❡❝t✐♦♥✳

❙❡❝t✐♦♥ ✹ ✐s ❞❡✈♦t❡❞ t♦ ♦✉r ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ❛♥❞ ❞✐s❝✉ss✐♦♥s✳ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s✳

✷ ▼❡t❤♦❞♦❧♦❣②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r❡s❡♥t t❤❡ ❡❝♦♥♦♠❡tr✐❝ t♦♦❧s ✇❡ ✉s❡ t♦ ❞❡✈❡❧♦♣ ♦✉r ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✳ ❲❡ ✐♥t❡♥❞ t♦ st✉❞②

✇❤❡t❤❡r t❤❡ ❯❙ s✉❜♣r✐♠❡ ✜♥❛♥❝✐❛❧ t✉r♠♦✐❧ ❤❛s ❤❛❞ ❛♥② st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❡✛❡❝t ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t②

♦❢ st♦❝❦ ♣r✐❝❡s ✐♥ t❤❡ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t✱ ❢♦r ✇❤✐❝❤ t❤❡ ❇❊❑❑ ♠❡t❤♦❞♦❧♦❣② ✐s ❛❞♦♣t❡❞✱ ❞❡✈❡❧♦♣❡❞ ❜② ❊♥❣❧❡

❛♥❞ ❑r♦♥❡r ✭✶✾✾✺✮✳ ■♥ ♦r❞❡r t♦ ❞♦ t❤✐s st✉❞②✱ ✇❡ ✇✐❧❧ t❡st t❤❡ s♣✐❧❧♦✈❡r ❡✛❡❝ts ❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ st♦❝❦

♠❛r❦❡t ❛♥❞ t❤❡ ❯✳❙✳✱ ❋r❛♥❝❡✱ ❯✳❑✳ ❛♥❞ ●❡r♠❛♥② st♦❝❦ ♠❛r❦❡ts ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♣r❡✲ ❛♥❞ ♣♦st ❝r✐s✐s ♣❡r✐♦❞s✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦❢ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♥❞ ❝♦♥t❛❣✐♦♥ ❛♠♦♥❣ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts

❛r♦✉♥❞ t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ♦❢ ✷✵✵✼✲✷✵✵✾✳ ❋✐rst❧②✱ ✇❡ ✉s❡ t❤❡ ❇❛✐✲P❡rr♦♥✬s ✭✶✾✾✽✱ ✷✵✵✸✮ ❛♥❞ ▲❡❡✲❙tr❛③✐❝✐❝❤✬s

✸



✭✷✵✵✸✱ ✷✵✵✹✮ t❡sts ❢♦r t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❛❧ ❜r❡❛❦ ❛♥❞ ❧♦❝❛t❡ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡ ❝r✐s✐s✳

❙❡❝♦♥❞❧②✱ ✇❡ ❡♠♣❧♦② t❤❡ ❱❆❘✲❇❊❑❑ ●❆❘❈❍ ❛♣♣r♦❛❝❤ t♦ ❛♥❛❧②③❡ t❤❡ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❡✛❡❝ts

❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❛♥❞ t❤❡ ♦t❤❡r ❝♦♥s✐❞❡r❡❞ ♠❛r❦❡ts✳

✷✳✶ ❙tr✉❝t✉r❛❧ ❜r❡❛❦ t❡sts

❚♦ ✐❞❡♥t✐❢② t❤❡ ♣♦ss✐❜❧❡ str✉❝t✉r❛❧ ❝❤❛♥❣❡s✱ ✇❡ ✉s❡ t✇♦ r❡❧✐❛❜❧❡ t❡sts ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ♦♥ ✜♥❛♥❝✐❛❧

❛♥❞ ♠❛❝r♦❡❝♦♥♦♠✐❝ t✐♠❡ s❡r✐❡s ❢♦r ❛♥❛❧②s✐s ♦❢ str✉❝t✉r❛❧ ❜r❡❛❦s ✿ ❚❤❡ ✜rst ♦♥❡ ✐s ❞✉❡ t♦ ❇❛✐ ❛♥❞ P❡rr♦♥ ✭✶✾✾✽✱

✷✵✵✸✮ ✇❤♦ ❤❛✈❡ ♣✐♦♥❡❡r❡❞ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ❡♥❞♦❣❡♥♦✉s ♠❡t❤♦❞ ❢♦r ♠✉❧t✐♣❧❡ str✉❝t✉r❛❧ ❝❤❛♥❣❡ ♠♦❞❡❧s✳

❚❤❡✐r ♠❡t❤♦❞ ✇❛s s✉♣❡r✐♦r ❛♥❞ st❛t✐st✐❝❛❧❧② s♦♣❤✐st✐❝❛t❡❞ ❛s ❝♦♠♣❛r❡❞ t♦ t❤❡ ❡①♦❣❡♥♦✉s ♠❡t❤♦❞ ❛s ✐t ❛❧❧♦✇❡❞

s✐♠✉❧t❛♥❡♦✉s ❡st✐♠❛t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ ❜r❡❛❦ ♣♦✐♥ts✳ ❚❤❡ s❡❝♦♥❞ ♦♥❡ ✐s t❤❡ ▲❡❡ ❛♥❞ ❙tr❛③✐❝✐❝❤ ✭✷✵✵✸✱ ✷✵✵✹✮ t❡st

✇❤✐❝❤ ❛❧❧♦✇s ❢♦r t✇♦ str✉❝t✉r❛❧ ❜r❡❛❦s ✐♥ t❤❡ tr❡♥❞ ✉♥❞❡r ❜♦t❤ t❤❡ ♥✉❧❧ ❛♥❞ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s✐s ♦❢ ❛ ✉♥✐t

r♦♦t✱ ❛♥❞ ❞♦❡s ♥♦t s✉✛❡r ❢r♦♠ s♣✉r✐♦✉s r❡❥❡❝t✐♦♥ ♦❢ t❤❡ ♥✉❧❧✳

✷✳✶✳✶ ❇❛✐ ❛♥❞ P❡rr♦♥ t❡sts

❋✐rst✱ ✇❡ ❛❞❞r❡ss t❤❡ ✐ss✉❡ ♦❢ ❡st✐♠❛t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦s ❛♥❞ t❤❡✐r ❧♦❝❛t✐♦♥s ✐♥ t❤❡ ◆❆❙❉❆◗ ❞❛✐❧② st♦❝❦

✐♥❞❡① s❡r✐❡s ✉s✐♥❣ ❇❛✐✲P❡rr♦♥ t❡sts ✭✶✾✾✽✱ ✷✵✵✸✮✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❛❧❧♦✇s t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡ str✉❝t✉r❛❧

s❤✐❢ts ✐♥ ❛ ❧✐♥❡❛r ♠♦❞❡❧ ❡st✐♠❛t❡❞ ❜② ❧❡❛st✲sq✉❛r❡s✳ ■t ✐s ❛ s❡❧❡❝t✐♦♥ ♣r♦❝❡❞✉r❡ ❜❛s❡❞ ♦♥ ❛ s❡q✉❡♥❝❡ ♦❢ t❡sts t♦

❡st✐♠❛t❡ ❝♦♥s✐st❡♥t❧② t❤❡ ♥✉♠❜❡r ♦❢ ❝❤❛♥❣❡s✳ ■t ❢♦❝✉s❡s ♦♥ t❤❡ ✐♥st❛❜✐❧✐t② ♣r♦❜❧❡♠ ✐♥ t❤❡ t✐♠❡✳

❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ st❛♥❞❛r❞ ❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ❛s ❢♦❧❧♦✇✐♥❣ ✿

Yt = X ′
tβ + Z

′

tδj + ut; ❢♦r t = Tj + 1, . . . , Tj+1 ❛♥❞ j = 0, ...,m. ✭✶✮

✇✐t❤ Yt ✐s t❤❡ ♦❜s❡r✈❡❞ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡✱ Xt ❛♥❞ Zt ❛r❡ ✈❡❝t♦rs ♦❢ ❝♦✈❛r✐❛t❡s✱ ❛♥❞ β ❛♥❞ δj ❛r❡ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ✈❡❝t♦rs ♦❢ ❝♦❡✣❝✐❡♥ts✳ ❚❤❡ ♣❛r❛♠❡t❡r m ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❜r❡❛❦s✳ ❚❤❡ ❜r❡❛❦ ♣♦✐♥ts (T1, ..., Tm)

❛r❡ ❡①♣❧✐❝✐t❧② tr❡❛t❡❞ ❛s ✉♥❦♥♦✇♥ ❛♥❞ ❢♦r j = 1, ...,m ✱ ✇❡ ❤❛✈❡ λj = Tj/T ✇✐t❤ 0 < λ1 < λ2 < · · · < λm < 1✳

◆♦t❡ t❤❛t ✐♥ t❤✐s str✉❝t✉r❛❧ ❝❤❛♥❣❡ ♠♦❞❡❧✱ ♦♥❧② δj ❝♦❡✣❝✐❡♥ts ❛r❡ s✉❜❥❡❝t t♦ ❝❤❛♥❣❡ ♦✈❡r t✐♠❡✳ ❚❤❡ ❤②♣♦t❤❡s✐s

t❤❛t t❤❡ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts r❡♠❛✐♥ ❝♦♥st❛♥t ✐s ❛s ❢♦❧❧♦✇s ✿

H0 : δj = δ0 ❢♦r j = 1, . . . ,m. ✭✷✮

❛❣❛✐♥st t❤❡ ❛❧t❡r♥❛t✐✈❡ t❤❛t ❛t ❧❡❛st ♦♥❡ ❝♦❡✣❝✐❡♥t ✈❛r✐❡s ♦✈❡r t✐♠❡✳

❚❤❡ ♣✉r♣♦s❡ ✐s t♦ ❡st✐♠❛t❡ t❤❡ ✉♥❦♥♦✇♥ r❡❣r❡ss✐♦♥ ❝♦❡✣❝✐❡♥ts ❛♥❞ t❤❡ ❜r❡❛❦ ❞❛t❡s (β, δ0, δ1, . . . , δm, T1, . . . , Tm)

✇❤❡♥ T ♦❜s❡r✈❛t✐♦♥s ♦♥ (Yt, Xt, Zt) ❛r❡ ❛✈❛✐❧❛❜❧❡✳

❇❛✐ ❛♥❞ P❡rr♦♥ ✭✶✾✾✽✮ ✐♠♣♦s❡ s♦♠❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ t❤❡ ❜r❡❛❦ ❞❛t❡s✳ ■♥❞❡❡❞✱ t❤❡② ❞❡✜♥❡

✹



t❤❡ ❢♦❧❧♦✇✐♥❣ s❡t ❢♦r s♦♠❡ ❛r❜✐tr❛r② s♠❛❧❧ ♣♦s✐t✐✈❡ ♥✉♠❜❡r ǫ ❛s ❢♦❧❧♦✇✐♥❣ ✿

λǫ = {(λ1, . . . , λm) ; |λi+1 − λi| ≥ ǫ, λ1 ≥ ǫ, λm ≥ ǫ} ✭✸✮

❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♠❛❞❡ t♦ r❡str✐❝t ❡❛❝❤ ❜r❡❛❦ ❞❛t❡ t♦ ❜❡ ❛s②♠♣t♦t✐❝❛❧❧② ❞✐st✐♥❝t ❛♥❞ ❜♦✉♥❞❡❞ ❢r♦♠ t❤❡ ❜♦✉♥❞✲

❛r✐❡s ♦❢ t❤❡ s❛♠♣❧❡✳

❚❤❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞ ❝♦♥s✐❞❡r❡❞ ❜② ❇❛✐ ❛♥❞ P❡rr♦♥ ✭✶✾✾✽✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❧❡❛st✲sq✉❛r❡s✳ ❋♦r ❡❛❝❤ m✲ ♣❛r✲

t✐t✐♦♥ (T1, . . . , Tm)✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❧❡❛st✲sq✉❛r❡s ❡st✐♠❛t❡ ♦❢ β ❛♥❞ δj ❛r❡ ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐③✐♥❣ t❤❡ s✉♠ ♦❢

sq✉❛r❡❞ r❡s✐❞✉❛❧s ❞❡♥♦t❡❞ ST (T̂1, . . . , T̂m)✳ ❚❤❡♥ t❤❡ ❡st✐♠❛t❡❞ ❜r❡❛❦ ❞❛t❡s (T̂1, . . . , T̂m) ❛r❡ ♦❜t❛✐♥❡❞ ❛s ❣✐✈❡♥

❜❡❧♦✇ ✿

(T̂1, . . . , T̂m) = arg min
(T1,...,Tm)

ST (T1, . . . , Tm). ✭✹✮

✷✳✶✳✷ ▲❡❡ ❛♥❞ ❙tr❛③✐❝✐❝❤ t❡sts

❚❤❡ ▲▼ ✉♥✐t✲r♦♦t t❡sts ♣r♦♣♦s❡❞ ❜② ▲❡❡ ❛♥❞ ❙tr❛③✐❝✐❝❤ ✭✷✵✵✸✱ ✷✵✵✹✮ ❛❧❧♦✇ ❢♦r ✉♥t✐❧ t✇♦ ❜r❡❛❦s ✐♥ t❤❡ ❞❡t❡r✲

♠✐♥✐st✐❝ tr❡♥❞ ✉♥❞❡r ❜♦t❤ t❤❡ ♥✉❧❧ ❛♥❞ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❤②♣♦t❤❡s❡s ✐♥ ❛ ❝♦♥s✐st❡♥t ♠❛♥♥❡r✳ ❚❤❡ t❡sts ❡♠♣❧♦② ❛

❞❛t❛ ❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss ✭❉●P✮ ❛s ❢♦❧❧♦✇s✿

Yt = δ
′

Zt + et, et = βet−1 + ǫt ✭✺✮

✇❤❡r❡ Zt ✐s ❛ ✈❡❝t♦r ♦❢ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ❛♥❞ (ǫt) ∼ iidN(0, σ2)✳ ❲❡ ❝♦♥s✐❞❡r t✇♦ str✉❝t✉r❛❧ ❜r❡❛❦s ❛s

❢♦❧❧♦✇s✿ ▼♦❞❡❧ ❆ ❛❧❧♦✇s t✇♦ ❝❤❛♥❣❡s ✐♥ ❧❡✈❡❧s s♦ t❤❛t Zt = [1, t,D1t, D2t]
′

✱ ✇❤❡r❡ Djt ✐s ❛ ❞✉♠♠② ✈❛r✐❛❜❧❡

❡q✉❛❧ ✶ ✐❢ t ≥ TBj + 1❀ ❛♥❞ 0 ♦t❤❡r✇✐s❡ ❛♥❞ TBj r❡♣r❡s❡♥ts t❤❡ ❞❛t❡ t❤❡ ❜r❡❛❦✳ ▼♦❞❡❧ ❈ ❛❧❧♦✇s t✇♦ ❝❤❛♥❣❡s ✐♥

❜♦t❤ ❧❡✈❡❧s ❛♥❞ tr❡♥❞✱ s♦ t❤❛t Zt = [1, t,D1t, D2t, DT1t, DT1t]
′

✱ ✇❤❡r❡ DTjt = t− TBj ✐❢ t ≥ TBj + 1✱ j = 1, 2✱

❛♥❞ 0 ♦t❤❡r✇✐s❡✳

▲❡❡ ❛♥❞ ❙tr❛③✐❝✐❝❤ ✭✷✵✵✸✮ ❞❡♠♦♥str❛t❡ t❤❛t t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❡♥❞♦❣❡♥♦✉s

str✉❝t✉r❛❧ t✇♦✲❜r❡❛❦s ▲▼ ✉♥✐t r♦♦t t❡st ❢♦r ♠♦❞❡❧ ❆ ✐s ✐♥✈❛r✐❛♥t t♦ t❤❡ ❧♦❝❛t✐♦♥ ❛♥❞ s✐③❡ ♦❢ t❤❡ str✉❝t✉r❛❧ ❜r❡❛❦s✳

❆❧t❤♦✉❣❤ t❤❡ ✐♥✈❛r✐❛♥❝❡ ♣r♦♣❡rt② ❞♦❡s ♥♦t ❤♦❧❞ str✐❝t❧② ❢♦r t❤❡ ♠♦❞❡❧ ❈✱ t❤❡ ♠✐♥✐♠✉♠ ▲▼ t❡st st❛t✐st✐❝✱ ✐♥

❝♦♥tr❛st t♦ t❤❡ ▲✉♠s❞❛✐♥❡ ❛♥❞ P❛♣❡❧❧ ✭✶✾✾✼✮ t❡st✱ ❞♦❡s ♥♦t ❞✐✈❡r❣❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ str✉❝t✉r❛❧ ❜r❡❛❦s ✐♥ t❤❡

♥✉❧❧✱ ❡✈❡♥ ✇❤❡♥ t❤❡ ❜r❡❛❦s ♠❛❣♥✐t✉❞❡ ✐s ❧❛r❣❡✳

✷✳✷ ❱❆❘✭p✮✲●❆❘❈❍✭1, 1✮ ♠♦❞❡❧ ✉s✐♥❣ t❤❡ ❇❊❑❑ ♠❡t❤♦❞

❲❡ ❝♦♥s✐❞❡r ❛ ❱❆❘✭p✮✲●❆❘❈❍✭1, 1✮ ♠♦❞❡❧ ✐♥ ❛ ❇❊❑❑ ❢♦r♠✳ ❚❤❡ ❇❊❑❑ ❦✐♥❞ ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s

✭❊♥❣❧❡ ❛♥❞ ❑r♦♥❡r✱ ✶✾✾✺✮ ❛❧❧♦✇s t♦ ❦❡❡♣ t❤❡ ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ✈❛r✐❛♥❝❡s ♦❢ ♠✉❧t✐♣❧❡ s❡r✐❡s✳ ❚❤✐s ✐s ✉s❡❢✉❧ t♦

s❤♦✇ t❤❡ ✈♦❧❛t✐❧✐t② tr❛♥s❢❡rs ❢r♦♠ ♦♥❡ ♠❛r❦❡t t♦ ❛♥♦t❤❡r✳ ▼♦r❡♦✈❡r✱ t❤❡ ❇❊❑❑ ❦✐♥❞ ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍

❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❛ss♦❝✐❛t✐♦♥ ✇✐t❤ ❛ ❱❆❘ s♣❡❝✐✜❝❛t✐♦♥✱ ❛❧❧♦✇✐♥❣ ❛ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ❱❆❘✲❝♦❡✣❝✐❡♥ts t❤❛t ❛r❡

✺



❡✣❝✐❡♥t ❛♥❞ ❝♦♥s✐st❡♥t ❡✈❡♥ ✐❢ t❤❡ r❡s✐❞✉❛❧s ♦❢ t❤❡ ❝❧❛ss✐❝❛❧ ❱❆❘ ❞♦ ♥♦t ♣r❡s❡♥t ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❛

❝♦♥st❛♥t ✈❛r✐❛♥❝❡✳

❚❤❡ ♠❡❛♥ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ ✿

rt = α+

p
∑

i=1

β(i)rt−i + ǫt ✭✻✮

✇✐t❤ ǫt ∼ ◆(0, Ht)✱ ✇❤❡r❡ t❤❡ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❛s ❢♦❧❧♦✇s ✿

Ht = C
′

C +A
′

1(ǫt−1ǫ
′

t−1)A1 +B
′

1Ht−1B1 ✭✼✮

✇❤❡r❡ t❤❡ ♠❛tr✐❝❡s β(i)✱ C✱ A1 ❛♥❞ B1 ❛r❡ ♦❢ ❞✐♠❡♥s✐♦♥ d × d ✭C ✐s ❤✐❣❤❡r tr✐❛♥❣✉❧❛r✮✱ ✇✐t❤ d ❡q✉❛❧s t❤❡

♥✉♠❜❡r ♦❢ ❡q✉❛t✐♦♥s✳ ❇❡❝❛✉s❡ ♦❢ ♣❛✐r❡❞ ♠❛tr✐❝❡s✱ s②♠♠❡tr② ❛♥❞ ♥♦♥ ♥❡❣❛t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

✈❛r✐❛♥❝❡ ♠❛tr✐① Ht ✐s ❛ss✉r❡❞ ✭s❡❡ ❊♥❣❧❡ ❛♥❞ ❑r♦♥❡r✱ ✶✾✾✺✮✳

■♥ t❤❡ ❝❛s❡ ✇✐t❤ ✷ ❞✐♠❡♥s✐♦♥s✱ ✇❡ ❤❛✈❡ ✿

✶✳ ❋♦r t❤❡ ♠❡❛♥ ❡q✉❛t✐♦♥ ✭✻✮✿

rt =





r1t

r2t



 , α =





α1

α2



 , β(i) =





β11(i) β12(i)

β21(i) β22(i)





{i=1,...,p}

, ǫt =





ǫ1t

ǫ2t





✷✳ ❋♦r t❤❡ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ✭✼✮✿

A1 =





a11 a12

a21 a22



 , B1 =





b11 b12

b21 b22



 , C =





c11 c12

0 c22



✳

❲❡ ♥♦t❡ t❤❛t ✐♥ t❤✐s ❇❊❑❑ ♠♦❞❡❧✱ a21 ❛♥❞ a12 ❛r❡ ❞✐✛❡r❡♥t ❢r♦♠ ❡❛❝❤ ♦t❤❡r✱ ❛s ❛r❡ b21 ❛♥❞ b12✳

❚❤❡ ✈❛r✐❛♥❝❡ s②st❡♠ ❤❛s ✶✶ ♣❛r❛♠❡t❡rs ❢♦r t✇♦ ❡q✉❛t✐♦♥s ✭✷✹ ❢♦r t❤r❡❡ ❡q✉❛t✐♦♥s✮✳ ❚❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠❡❛♥

❛♥❞ t❤❡ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ ❛r❡ ❡st✐♠❛t❡❞ ❜② ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✳

❲❡ ❡st✐♠❛t❡ ❛ s❡r✐❡s ♦❢ ❜✐✈❛r✐❛t❡ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ t❤❡ ❡q✉❛t✐♦♥s 6 ❛♥❞ 7 ❛❜♦✈❡ ✐♥ ♦r❞❡r t♦ ❝❛♣t✉r❡ ❝r♦ss ♠❛r❦❡t

r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ✿

r1t = α1 +

p
∑

i=1

β11(i)r1t−1 +

p
∑

i=1

β12(i)r2t−1 + ǫ1t ✭✽✮

r2t = α2 +

p
∑

i=1

β21(i)r1t−1 +

p
∑

i=1

β22(i)r2t−1 + ǫ2t ✭✾✮

❚❤❡ s✐♠✉❧t❛♥❡♦✉s ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ♠❡❛♥ ❛♥❞ ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥s ✐s r❡❛❝❤❡❞ ❜②

♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞✳

✻



❚♦ ❡①♣❧❛✐♥ t❤❡ ✈♦❧❛t✐❧✐t② tr❛♥s❢❡rs ❜❡t✇❡❡♥ ♠❛r❦❡ts ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❛ ❇❊❑❑✲❦✐♥❞ ♦❢ ❱❆❘(p)✲ ●❆❘❈❍✭✶✱✶✮

♠♦❞❡❧ ❢♦r ✷ ✈❛r✐❛❜❧❡s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥s ✿

h11t = a11
(

a11ǫ
2
1t−1 + a21ǫ1t−1ǫ2t−1

)

+ a21
(

a11ǫ1t−1ǫ2t−1 + a21ǫ
2
2t−1

)

+b11
(

b11h11t−1 + b21h12t−1

)

+ b21
(

b11h21t−1 + b21h22t−1

)

+ c211

h12t = a11
(

a12ǫ
2
1t−1 + a22ǫ1t−1ǫ2t−1

)

+ a21
(

a12ǫ1t−1ǫ2t−1 + a22ǫ
2
2t−1

)

+b11
(

b12h11t−1 + b22h12t−1

)

+ b21
(

b12h21t−1 + b22h22t−1

)

+ c11c12

h21t = a12
(

a11ǫ
2
1t−1 + a21ǫ1t−1ǫ2t−1

)

+ a22
(

a11ǫ1t−1ǫ2t−1 + a21ǫ
2
2t−1

)

+b12
(

b11h11t−1 + b21h12t−1

)

+ b22
(

b11h21t−1 + b21h22t−1

)

+ c11c12

h22t = a12
(

a12ǫ
2
1t−1 + a22ǫ1t−1ǫ2t−1

)

+ a22
(

a12ǫ1t−1ǫ2t−1 + a22ǫ
2
2t−1

)

+b12
(

b12h11t−1 + b22h12t−1

)

+ b22
(

b12h21t−1 + b22h22t−1

)

+ c212 + c222

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ✐s ❡①❛♠✐♥❡❞ ❜② t❡st✐♥❣ t❤❡ ✈❛❧✐❞✐t② ♦❢ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❛❜♦✈❡

♠♦❞❡❧✳ ❙♦✱ ✇❡ t❡st s♣✐❧❧♦✈❡rs ✐♥ ♠❡❛♥s ❛♥❞ ✈❛r✐❛♥❝❡s ❜② ♣❧❛❝✐♥❣ r❡str✐❝t✐♦♥s ♦♥ t❤❡ r❡❧❡✈❛♥t ♣❛r❛♠❡t❡rs ❛♥❞

❝♦♠♣✉t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❲❛❧❞ t❡st ✿

W = [Rθ̂]
′

[RV ar(θ̂)R
′

]−1[Rθ̂] ✭✶✵✮

✇❤❡r❡ R ✐s t❤❡ q × k ♠❛tr✐① ♦❢ r❡str✐❝t✐♦♥s ✇✐t❤ q ❡q✉❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ r❡str✐❝t✐♦♥s ❛♥❞ k ❡q✉❛❧ t♦ t❤❡

♥✉♠❜❡r r❡❣r❡ss♦rs ❀ θ̂ ✐s ❛ k×1 ✈❡❝t♦r ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs✱ ❛♥❞ V ar(θ̂) ✐s t❤❡ ❤❡t❡r♦s❝❡❞❛st✐❝✐t② r♦❜✉st

❝♦♥s✐st❡♥t ❡st✐♠❛t♦r ❢♦r t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s✳ ❚❤❡ t❡sts ✐♥✈♦❧✈❡ ❥♦✐♥t ❤②♣♦t❤❡s❡s

❛t 2✱ p✱ 2p+4 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ (k)✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❤②♣♦t❤❡s❡s t❤❛t ❛❧❧♦✇ ❢♦r ♥♦ s♣✐❧❧♦✈❡rs ✐♥ ♠❡❛♥✱ ♥♦ s♣✐❧❧♦✈❡rs

✐♥ ✈❛r✐❛♥❝❡ ❛♥❞ ♥♦ s♣✐❧❧♦✈❡rs ✐♥ ❜♦t❤ ✇❡r❡ t❡st❡❞ ✿

❍②♣♦t❤❡s❡s✿ ◆♦ ❙♣✐❧❧♦✈❡rs ✐♥ ♠❡❛♥

H1 : β12(1) = β12(2) = · · · = β12(p) = 0 , H2 : β21(1) = β21(2) = · · · = β21(p) = 0

❍②♣♦t❤❡s❡s✿ ◆♦ ❙♣✐❧❧♦✈❡rs ✐♥ ✈❛r✐❛♥❝❡

H3 : a12 = b12 = 0 , H4 : a21 = b21 = 0

❍②♣♦t❤❡s✐s ✿ ◆♦ ❙♣✐❧❧♦✈❡rs

H5 : β12(1) = · · · = β12(p) = β21(1) = · · · = β21(p) = a12 = b12 = a21 = b21 = 0.

✼



✸ ❉❛t❛ ❛♥❞ str✉❝t✉r❛❧ ❜r❡❛❦ ❞❡t❡❝t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst❧② ♣r❡s❡♥t t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❞✐✛❡r❡♥t ❞❛t❛ ✉s❡❞ ✐♥ ♦✉r ❛♥❛❧②s✐s✳ ❙❡❝♦♥❞❧②✱ ✇❡ ❛♣♣❧②

t❤❡ t❡sts ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ❢♦r str✉❝t✉r❛❧ ❜r❡❛❦ ❞❡t❡❝t✐♦♥✳

✸✳✶ ❉❛t❛ ❞❡s❝r✐♣t✐♦♥

❚❤❡ ❈❛s❛❜❧❛♥❝❛ ❙t♦❝❦ ❊①❝❤❛♥❣❡ ✭❈❙❊✮✱ ✇❤✐❝❤ ❛❝❤✐❡✈❡s ♦♥❡ ♦❢ t❤❡ ❜❡st ♣❡r❢♦r♠❛♥❝❡s ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ t❤❡ ▼✐❞❞❧❡

❊❛st ❛♥❞ ◆♦rt❤ ❆❢r✐❝❛ ✭▼❊◆❆✮✱ ✐s ❆❢r✐❝❛✬s t❤✐r❞ ❧❛r❣❡st ❇♦✉rs❡ ❛❢t❡r ❏♦❤❛♥♥❡s❜✉r❣ ❙t♦❝❦ ❊①❝❤❛♥❣❡ ✭❙♦✉t❤

❆❢r✐❝❛✮ ❛♥❞ ◆✐❣❡r✐❛♥ ❙t♦❝❦ ❊①❝❤❛♥❣❡ ✐♥ ▲❛❣♦s✳ ❖r✐❣✐♥❛❧❧②✱ ❈❙❊ ❤❛❞ t❤❡ ✧■♥❞✐❝❡ ●❡♥❡r❛❧ ❇♦✉rs✐❡r✧ ✭■●❇✮ ❛s

❛♥ ✐♥❞❡①✳ ■●❇ ✇❛s r❡♣❧❛❝❡❞ ♦♥ ❏❛♥✉❛r② ✷✵✵✷ ❜② t✇♦ ✐♥❞✐❝❡s✿ ▼❆❙■ ✭▼♦r♦❝❝❛♥ ❆❧❧ ❙❤❛r❡s ■♥❞❡①✮ ❛♥❞ ▼❆❉❊❳

✭▼♦r♦❝❝❛♥ ▼♦st ❆❝t✐✈❡ ❙❤❛r❡s ■♥❞❡①✮✳ ❚❤❡ ❖♣❡♥ ▼❛r❦❡t ❉❛②s ❛r❡ ▼♦♥❞❛②✲❋r✐❞❛② ❛♥❞ t❤❡ ✜♥❛♥❝✐❛❧ ♠❛r❦❡t

tr❛❞✐♥❣ ❤♦✉rs ❛r❡ ✾✿✵✵ ❆▼ t♦ ✵✸✿✸✵ P▼ ✭●▼❚✴●▼❚✰✶ ✐♥ t❤❡ s✉♠♠❡r✮✳

■♥ ♦✉r ❡♠♣✐r✐❝❛❧ st✉❞✐❡s✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ st♦❝❦ ♠❛r❦❡t ✐♥❞✐❝❡s✱ ♥❛♠❡❧②✱ ▼❆❙■ ✭▼♦r♦❝❝♦✮✱ ◆❆❙❉❆◗ ✶✵✵

✭❯♥✐t❡s ❙t❛t❡s✮✱ ❈❆❈ ✹✵ ✭❋r❛♥❝❡✮✱ ❋❚❙❊ ✶✵✵ ✭❯♥✐t❡❞ ❑✐♥❣❞♦♠✮✱ ❛♥❞ ❉❆❳ ✸✵ ✭●❡r♠❛♥②✮✳ ❚❤❡s❡ ✐♥❞✐❝❡s ❛r❡

❡①t❡♥s✐✈❡❧② ❜❛s❡❞ ♦♥ ✜♥❛♥❝✐❛❧ ❛♥❞ ❡❝♦♥♦♠❡tr✐❝ ❧✐t❡r❛t✉r❡ ❛♥❞ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ♠♦st ❝♦♠♣r❡❤❡♥s✐✈❡ ✐♥❞❡①

❢♦r t❤❡ ❛❜♦✈❡ ❝♦✉♥tr✐❡s✳ ❚❤❡ s❛♠♣❧❡ s❡ts ♦❢ ❞❛t❛ ✉s❡❞ ❛r❡ ❞❛✐❧② ❝❧♦s✐♥❣ ♣r✐❝❡s ♦❢ t❤❡ ✜✈❡ ✐♥❞✐❝❡s ❢r♦♠ ❏❛♥✉❛r②

✷✵✵✷ t♦ ❉❡❝❡♠❜❡r ✷✵✶✷ ❡①❝❧✉❞✐♥❣ ❤♦❧✐❞❛②s ✭✷✽✻✾ ♦❜s❡r✈❛t✐♦♥s✮✳

❲❡ ❝♦♠♣✉t❡ t❤❡ r❡t✉r♥s ✭❙t♦❝❦ r❡t✉r♥✱ Rit ✐s ♠❡❛s✉r❡❞ ❛s ❧♦❣❛r✐t❤♠✐❝ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ♣r✐❝❡ s❡r✐❡s✱ Pit ❛s

❢♦❧❧♦✇s✿ Rit = 100 ∗ ln(Pit/Pi(t−1))✮ ❢♦r ❡❛❝❤ ✐♥❞❡①✳ P❛♥❡❧ ✶ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① s❤♦✇s t❤❡ ❞②♥❛♠✐❝s ♦❢

❛❧❧ r❡t✉r♥ s❡r✐❡s✳

✸✳✷ ❚❡st✐♥❣ ❢♦r t❤❡ str✉❝t✉r❛❧ ❜r❡❛❦s

■♥ ♦r❞❡r t♦ ❛♥❛❧②③❡ t❤❡ s♣✐❧❧♦✈❡r ❡✛❡❝ts ❜❡t✇❡❡♥ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❛♥❞ t❤❡ ❢♦✉r ♦t❤❡r ❝♦♥s✐❞❡r❡❞ ♠❛r❦❡ts ❜❡❢♦r❡

❛♥❞ ❛❢t❡r t❤❡ s✉❜♣r✐♠❡ ❝r✐s✐s✱ ✇❡ ✜rst ❡st✐♠❛t❡ t❤❡ ❜r❡❛❦ ♣♦✐♥t ❞✉❡ t♦ t❤❡ s✉❜♣r✐♠❡ ❝r✐s✐s ♦♥ ◆❆❙❉❆◗ ✐♥❞❡①

✉s✐♥❣ t❤❡ ✉♥✐t r♦♦t t❡sts ✇✐t❤ ♠✉❧t✐♣❧❡ str✉❝t✉r❛❧ ❜r❡❛❦s ♦❢ ❇❛✐✲P❡rr♦♥ ✭✶✾✾✽✱ ✷✵✵✸✮ ❛♥❞ ▲❡❡✲❙tr❛③✐❝✐❝❤ ✭✷✵✵✸✱

✷✵✵✹✮✳ ■t ✜❣✉r❡s ♦✉t ❢r♦♠ ♦✉r ❛♥❛❧②s✐s t❤❛t ❙❡♣t❡♠❜❡r ✷✻✱ ✷✵✵✽ ✐s ❜r❡❛❦ ❞❛t❡ ✇❤✐❝❤ ♦❝❝✉rr❡❞ ❞✉❡ t♦ t❤❡ ❯❙

s✉❜♣r✐♠❡ ❝r✐s✐s✶✳

❋✐rst✱ ✇❡ ✉s❡ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r♦♣♦s❡❞ ❜② ▲❡❡✲❙tr❛③✐❝✐❝❤✳ ❚❤✉s✱ t❤❡ ♦♥❡ ❧❛❣ ✭❦❂✶✮ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❊q✉❛t✐♦♥

✭✺✮ ✐s ❝❤♦s❡♥ t♦ ❡❧✐♠✐♥❛t❡ r❡s✐❞✉❛❧s ❛✉t♦❝♦rr❡❧❛t✐♦♥s✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ r❡s✉❧ts✱ t❤❡ ✉♥✐t r♦♦t ♥✉❧❧ ✐s r❡❥❡❝t❡❞✳ ❚❤❡

❜r❡❛❦ ❞❛t❡s ▼❛r❝❤ ✶✵✱ ✷✵✵✸ ❛♥❞ ❙❡♣t❡♠❜❡r ✷✻✱ ✷✵✵✽ ✇❤✐❝❤ ♠✐♥✐♠✐③❡ t❤❡ ▲▼ st❛t✐st✐❝s ❝♦rr❡s♣♦♥❞ r❡s♣❡❝t✐✈❡❧②

t♦ t❤❡ r❡✈❡rs❡ ♦❢ t❤❡ ❯✳❙✳ ❡❝♦♥♦♠② ❛❢t❡r t❤❡ st♦❝❦ ♠❛r❦❡t ❞♦✇♥t✉r♥ ♦❢ ✷✵✵✷ ❛♥❞ t❤❡ st❛rt✐♥❣ ♦❢ t❤❡ ❣r❡❛t

r❡❝❡ss✐♦♥ ♦❢ ✷✵✵✽✳ ❚❤❡ P❛♥❡❧ ✸ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ✭✜❣✉r❡ ✐♥ ❘❍❙✮ s❤♦✇s t❤❡ ◆❆❙❉❆◗ ✐♥❞❡① s❡r✐❡s

✶▲❡❤♠❛♥ ❇r♦t❤❡rs✱ ❢♦✉rt❤✲❧❛r❣❡st ✐♥✈❡st♠❡♥t ❜❛♥❦ ✐♥ t❤❡ ❯✳❙✳ ✜❧❡❞ ❢♦r ❈❤❛♣t❡r ✶✶ ❜❛♥❦r✉♣t❝② ♣r♦t❡❝t✐♦♥ ♦♥ ❙❡♣t❡♠❜❡r ✶✺✱ ✷✵✵✽✳

✽



❛♥❞ ✐ts ❜r♦❦❡♥ ❞❡t❡r♠✐♥✐st✐❝ tr❡♥❞✳

❋✉rt❤❡r✱ ✇❡ ✉s❡ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣r♦♣♦s❡❞ ❜② ❇❛✐✲P❡rr♦♥ ✭✶✾✾✽✱ ✷✵✵✸✮ t♦ ✐❞❡♥t✐❢② t❤❡ ❝❤❛♥❣❡ ❞❛t❡s ✐♥ t❤❡

♠❡❛♥ ♦❢ ◆❆❙❉❆◗ ✐♥ ♦r❞❡r t♦ ❝♦♥✜r♠ t❤❡ ❜r❡❛❦ ♣♦✐♥t ❞✉❡ t♦ t❤❡ ✷✵✵✽ ❝r✐s✐s ✐❞❡♥t✐✜❡❞ ❜② ▲❡❡✲❙tr❛③✐❝✐❝❤ t❡sts✳

❖✉r r❡s✉❧ts s❤♦✇ t❤❛t ✜✈❡ ❜r❡❛❦s ♦❝❝✉rr❡❞ ✐♥ t❤❡ ♠❡❛♥ ♦❢ ◆❆❙❉❆◗ ❜❡t✇❡❡♥ ✷✵✵✷ ❛♥❞ ✷✵✶✷ ✐♥❝❧✉❞✐♥❣ t❤❡ s❛♠❡

❞❛t❡ r❡❧❛t❡❞ t♦ t❤❡ s❡❝♦♥❞ ❜r❡❛❦ ✭❙❡♣t❡♠❜❡r✱ ✷✻✱ ✷✵✵✽✮ ✐♥✐t✐❛❧❧② ✐❞❡♥t✐✜❡❞ ❜② ▲❡❡✲❙tr❛③✐❝✐❝❤ t❡st✷✳ ❇❛s❡❞ ♦♥

t❤❡ ❇❛✐✲P❡rr♦♥ t❡st r❡s✉❧ts✱ t❤❡ ❡st✐♠❛t❡❞ t✐♠❡✲✈❛r②✐♥❣ ♠❡❛♥ ✐s s❤♦✇♥ t❤❡ P❛♥❡❧ ✸ ✭✜❣✉r❡ ✐♥ ▲❍❙✮✱ ❞✐s♣❧❛②❡❞

✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ ❛❧♦♥❣ ✇✐t❤ ♦❜s❡r✈❡❞ ◆❆❙❉❆◗ ✐♥❞❡① s❡r✐❡s✳ ❇❡t✇❡❡♥ ❙❡♣t❡♠❜❡r ✷✻✱ ✷✵✵✽ ❛♥❞ ❏✉❧② ✷✷✱ ✷✵✵✾✱

t❤❡ ◆❆❙❉❆◗ ❤❛s ❝r❛s❤❡❞ ❞♦✇♥ ❛r♦✉♥❞ t❤❡ ♠❡❛♥ ✶✱✷✾✹ ♣♦✐♥ts✳

❲❡ t❤✉s ♦❜t❛✐♥ ❡✈✐❞❡♥❝❡ t❤❛t ❙❡♣t❡♠❜❡r ✷✻✱ ✷✵✵✽ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❜r❡❛❦ ❞❛t❡ ❞✉❡ t♦ t❤❡ s✉❜♣r✐♠❡ ❝r✐s✐s✳ ■♥

t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❞✐✈✐❞❡ t❤❡ ♦✈❡r❛❧❧ s❛♠♣❧❡ ❞❛t❛ ✐♥t♦ t✇♦ s✉❜✲♣❡r✐♦❞s✿ t❤❡ ♣r❡✲❝r✐s✐s ✭❏❛♥✉❛r② ✷✱ ✷✵✵✷✲❙❡♣t❡♠❜❡r

✷✻✱ ✷✵✵✽✿ ✶✼✺✽ ♦❜s❡r✈❛t✐♦♥s✮ ❛♥❞ t❤❡ ♣♦st✲❝r✐s✐s ✭❙❡♣t❡♠❜❡r ✷✾✱ ✷✵✵✽ ✲ ❉❡❝❡♠❜❡r ✸✶✱ ✷✵✶✷✿ ✶✶✶✶ ♦❜s❡r✈❛t✐♦♥s✮✳

❋♦❧❧♦✇✐♥❣ t❤❡ ◆❆❙❉❆◗ ❝r❛s❤✱ t❤❡ ▼❆❙■ ❛♥❞ t❤❡ t❤r❡❡ ♦t❤❡r ❊✉r♦♣❡❛♥ ♠❛r❦❡ts ✐♥❞✐❝❡s✱ s❤♦✇♥ ✐♥ t❤❡ P❛♥❡❧ ✷

❞✐s♣❧❛②❡❞ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱ ❛♣♣❡❛r t♦ ❞❡❝r❡❛s❡ ❞r❛♠❛t✐❝❛❧❧② ❛r♦✉♥❞ ❙❡♣t❡♠❜❡r ✷✻✱ ✷✵✵✽✳

✸✳✸ ❉❛t❛ ♣r❡❧✐♠✐♥❛r② ❛♥❛❧②s✐s

❚❛❜❧❡ ❆✳✶ ❣✐✈❡♥ ✐♥ t❤❡ ❆♣♣❡♥❞✐① ❝♦♥t❛✐♥s t❤❡ s✉♠♠❛r② st❛t✐st✐❝s ♦❢ t❤❡ ♠❛r❦❡t r❡t✉r♥s ✐♥ t❤❡ ❢✉❧❧ ❛♥❞ t✇♦

❞❡✜♥❡❞ s✉❜✲♣❡r✐♦❞s✳ ❚❤❡ ❦✉rt♦s✐s ♦❢ ❛❧❧ r❡t✉r♥ s❡r✐❡s ✐s ♠✉❝❤ ❧❛r❣❡r t❤❛♥ t❤r❡❡✳ ❋✉rt❤❡r✱ t❤❡ ❏❛rq✉❡✲❇❡rr❛

♥♦r♠❛❧✐t② t❡st ✭♣❁✵✳✵✵✵✶✮ r❡✈❡❛❧s ❛ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❢♦r♠ ♥♦r♠❛❧✐t②✳ ❚❤❡ ▲❥✉♥❣✲

❇♦① t❡st Q st❛t✐st✐❝s ❝♦♥✜r♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ♦♥ t❤❡ r❡t✉r♥ s❡r✐❡s✳ ❚❤❡ ▲❥✉♥❣✲❇♦① t❡st ❢♦r

❤❡t❡r♦s❝❡❞❛st✐❝✐t②✱ Q2 st❛t✐st✐❝s✱ ✐s s✐❣♥✐✜❝❛♥t ✭♣❁✵✳✵✵✵✶✮ ❢♦r ❛❧❧ sq✉❛r❡❞ r❡t✉r♥s✱ ✇❤✐❝❤ ❝♦♥✜r♠ t❤❡ ♣r❡s❡♥❝❡ ♦❢

❤❡t❡r♦s❝❡❞❛st✐❝✐t② ✐♥ ❛❧❧ r❡t✉r♥ s❛♠♣❧❡ s❡r✐❡s✳ ❚❤❡ ❆✉❣♠❡♥t❡❞ ❉✐❝❦❡②✲❋✉❧❧❡r ✭❆❉❋✮ ❛♥❞ P❤✐❧❧✐♣s✲P❡rr♦♥ ✭PP✮

t❡st st❛t✐st✐❝s ❢♦r ❛❧❧ r❡t✉r♥ s❡r✐❡s ❛r❡ ❧❡ss t❤❛♥ t❤❡✐r ❝r✐t✐❝❛❧ ✈❛❧✉❡s ❛t t❤❡ 1%✳ ❚❤✐s ❝❧❡❛r❧② s❤♦✇s t❤❛t t❤❡

r❡t✉r♥ s❡r✐❡s ❤❛✈❡ ♥♦ ✉♥✐t r♦♦ts✳ ❚❤✉s✱ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❞✐✛❡r❡♥t✐❛t❡ t❤❡ ❞❛t❛ t♦ ✉s❡ t❤❡ ❱❆❘✲●❆❘❈❍

♠♦❞❡❧ ❛♣♣r♦❛❝❤✳

❚❤❡ ❯♥r❡str✐❝t❡❞ ❇✐✈❛r✐❛t❡ ❱❆❘✲❇❊❑❑ ♠♦❞❡❧ ♦✉t❧✐♥❡❞ ❛❜♦✈❡ ✐s ❡st✐♠❛t❡❞ ✐♥ ♣r❡✲ ❛♥❞ ♣♦st✲❝r✐s✐s ♣❡r✐♦❞s

❢♦r t❤❡ ❝♦✉♥tr✐❡s ♣❛✐rs ✭✶✮ ▼♦r♦❝❝♦✲❯✳❙✳✱ ✭✷✮ ▼♦r♦❝❝♦✲❋r❛♥❝❡✱ ✭✸✮ ▼♦r♦❝❝♦✲❯✳❑✳ ❛♥❞ ✭✹✮ ▼♦r♦❝❝♦✲●❡r♠❛♥②✳

❚♦ ✐❞❡♥t✐❢② t❤❡ ♠♦st ❛♣♣r♦♣r✐❛t❡ ❧❛❣ ♦r❞❡r ❢♦r t❤❡ ❱❆❘ ♠♦❞❡❧✱ ✇❡ ✉s❡ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐❛ ✐♥❝❧✉❞✐♥❣ ❆❦❛✐❦❡

■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥ ✭❆■❈✮✱ t❤❡ ❙❝❤✇❛r③ ❇❛②❡s✐❛♥ ❈r✐t❡r✐♦♥ ✭❙❇❈✮ ❛♥❞ t❤❡ ❍❛♥♥❛♥✲◗✉✐♥♥ ❈r✐t❡r✐♦♥ ✭❍◗✮✳

❋♦r t❤❡ ♣r❡✲❝r✐s✐s ♣❡r✐♦❞✱ ✇❡ ❝❤♦♦s❡ r❡s♣❡❝t✐✈❡❧② ✶✱ ✶✱ ✸ ❛♥❞ ✷ ❛s ❧❛❣ ❧❡♥❣t❤s ❢♦r t❤❡ ♣❛✐rs ✭✶✮ t♦ ✭✹✮✳ ❋♦r t❤❡

♣♦st✲♣❡r✐♦❞ ❝r✐s✐s✱ ✇❡ ❛❞♦♣t ❢♦r t❤❡ s❛♠❡ ♣❛✐rs t❤❡ ❧❛❣s ✶✱ ✷✱ ✺ ❛♥❞ ✷ r❡s♣❡❝t✐✈❡❧②✳

●r❛♥❣❡r ❝❛✉s❛❧✐t② t❡sts ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❛❣ ♦r❞❡rs ✐♥❞✐❝❛t❡ ❡✈✐❞❡♥❝❡ ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ s♣✐❧❧♦✈❡r ❡✛❡❝ts

✷❯s✐♥❣ ❇❛✐✲P❡rr♦♥ str✉❝t✉r❛❧ ❜r❡❛❦ t❡st ✇❡ ✜♥❞ ✽✴✷✽✴✷✵✵✸✱ ✶✵✴✶✶✴✷✵✵✻✱ ✾✴✷✻✴✷✵✵✽✱ ✼✴✷✷✴✷✵✵✾✱ ✶✶✴✸✵✴✷✵✶✵ ❛s ❜r❡❛❦ ♣♦✐♥ts

♦❝❝✉rr❡❞ ❜❡t✇❡❡♥ ✷✵✵✷ ❛♥❞ ✷✵✶✷✳

✾



❢r♦♠ t❤❡ ❝♦♥s✐❞❡r❡❞ ❡❝♦♥♦♠✐❝ ♣❛rt♥❡rs t♦ ▼♦r♦❝❝♦ ✐♥ t❤❡ ♣r❡✲❝r✐s✐s ♣❡r✐♦❞ ❛♥❞ ❢r♦♠ t❤❡ ❯✳❙✳ ❛♥❞ t❤❡ ❯✳❑✳ ✐♥

t❤❡ ♣♦st✲❝r✐s✐s ♣❡r✐♦❞✳ ▼♦r❡♦✈❡r✱ t❤❡ t❡sts s❤♦✇ ❛❧s♦ t❤❛t t❤❡r❡ ✐s ❛❧s♦ s♣✐❧❧♦✈❡r ❡✛❡❝ts ❢r♦♠ ▼♦r♦❝❝♦ t♦ ❋r❛♥❝❡

❛♥❞ ❯✳❑✳ ✐♥ t❤❡ s❛♠❡ ♣❡r✐♦❞ ✭❙❡❡ ❚❛❜❧❡ ❆✳✹ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✮✳

✹ ❊♠♣✐r✐❝❛❧ r❡s✉❧ts

❯s✐♥❣ t❤❡ ❱❆❘✲●❆❘❈❍ ❢r❛♠❡✇♦r❦ ✇✐t❤ t❤❡ ❇❊❑❑ r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❡ ❡①❛♠✐♥❡ ✐♥ ♦✉r ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s t❤❡

r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❡✛❡❝ts ❜❡t✇❡❡♥ ❢♦✉r ♠❛t✉r❡s st♦❝❦ ♠❛r❦❡ts ✭❯✳❙✳✱ ❋r❛♥❝❡✱ ❯✳❑✳ ❛♥❞ ●❡r♠❛♥②✮

❛♥❞ t❤❡ ❧♦❝❛❧ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t ❜❡❢♦r❡ ❛♥❞ ❞✉r✐♥❣ t❤❡ ❣❧♦❜❛❧ ❝r✐s✐s ♣❡r✐♦❞✳ ■♥ t❤❡ ❆♣♣❡♥❞✐①✱ ✇❡ ♣r❡s❡♥t

✐♥ t❤❡ ❚❛❜❧❡s ❆✷✲❆✸ t❤❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❜✐✈❛r✐❛t❡ ❱❆❘✲❇❊❑❑ ●❆❘❈❍ ♠♦❞❡❧ ✐♥ ♣r❡✲ ❛♥❞ ♣♦st✲❝r✐s✐s

♣❡r✐♦❞s ❢♦r ❡❛❝❤ ♣❛✐r✿ ▼♦r♦❝❝♦✲❯✳❙✳✱ ▼♦r♦❝❝♦✲❋r❛♥❝❡✱ ▼♦r♦❝❝♦✲❯✳❑✳ ❛♥❞ ▼♦r♦❝❝♦✲●❡r♠❛♥②✳

❚♦ ❛♥❛❧②③❡ t❤❡ ♣❤❡♥♦♠❡♥♦♥ ♦❢ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❜❡t✇❡❡♥ t❤❡ ❢♦r❡✐❣♥ st♦❝❦ ♠❛r❦❡ts ❛♥❞ t❤❡

▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t✱ ✇❡ ♣r♦♣♦s❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ s✉❜s❡❝t✐♦♥s✳ ■♥ t❤❡ ✜rst ♦♥❡✱ ✇❡ ✐♥t❡r♣r❡t t❤❡ s✐❣✲

♥✐✜❝❛♥❝❡ ♦❢ ♦✉r ❡st✐♠❛t❡❞ ❇❊❑❑ ♣❡rs✐st❡♥❝❡ ♣❛r❛♠❡t❡rs✳ ■♥ t❤❡ s❡❝♦♥❞✱ ✇❡ ❛♥❛❧②③❡ t❤❡ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t②

s♣✐❧❧♦✈❡r ❡✛❡❝ts ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ❝♦♥s✐❞❡r❡❞ ❢♦r❡✐❣♥ ♠❛r❦❡ts ❛♥❞ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ✐♥ t❤❡ ♣r❡✲ ❛♥❞ ♣♦st✲❝r✐s✐s

♣❡r✐♦❞s✳

✹✳✶ ❙❤♦❝❦s ❛♥❞ ✈♦❧❛t✐❧✐t② ♣❡rs✐st❡♥❝❡

❆❝❝♦r❞✐♥❣ t♦ ❚❛❜❧❡s ❆✷✲❆✸✱ ❛❧❧ aii ❛♥❞ bii ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts ♦❢ ❇❊❑❑ ♠♦❞❡❧ ✐♥ t❤❡ ♣r❡✲ ❛♥❞ ♣♦st✲❝r✐s✐s ♣❡r✐✲

♦❞s ❛r❡ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❛t ✶✪ ❧❡✈❡❧✳ ❚❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts aii ♠❡❛♥s t❤❛t ♥❡✇s✴s❤♦❝❦s

✐♥ ❛ s♣❡❝✐✜❝ ♠❛r❦❡t ❛r❡ ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ ❢♦r ❢✉t✉r❡ ✈♦❧❛t✐❧✐t② ✐♥ t❤❛t s♣❡❝✐✜❝ ♠❛r❦❡t✳ ■♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✱

t❤❡ ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts a11 ❛r❡ ❤✐❣❤❡r t❤❛♥ a22✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♥❡✇s✴s❤♦❝❦s ❤❛✈❡ ♠♦r❡ ✐♠♣❛❝t ♦♥

t❤❡ ✈♦❧❛t✐❧✐t② ✐♥ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❝♦♠♣❛r❡❞ t♦ ❯✳❙✳ ❛♥❞ ❊✉r♦♣❡❛♥ ♠❛r❦❡ts✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s✐❣♥✐✜❝❛♥t❧②

❤✐❣❤ ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts b11 ❛♥❞ b22 ✐♥❞✐❝❛t❡ t❤❡ ❤✐❣❤❧② ♣❡rs✐st❡♥❝❡ ♦❢ ✈♦❧❛t✐❧✐t② ✐♥ ❛❧❧ t❤❡ ✜✈❡ ♠❛r❦❡ts✳ ❚❤❡

❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥ts b22 ❛r❡ ❤✐❣❤❡r t❤❛♥ b11✳ ❚❤❛t ✐s✱ t❤❡ ♦✇♥ ♣❛st ✈♦❧❛t✐❧✐t② ❡✛❡❝ts t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡

✐♥ t❤❡ ❢♦r❡✐❣♥ ❡q✉✐t② ♠❛r❦❡ts ♣❡rs✐st ♠♦r❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ▼♦r♦❝❝❛♥ ♦♥❡✳

◆♦t❡ t❤❛t ❢♦r ❛❧❧ ❝♦✉♥tr✐❡s ♣❛✐rs✱ t❤❡ ❡st✐♠❛t❡❞ ❝♦❡✣❝✐❡♥t a11 ✇❛s ♥❡❣❛t✐✈❡ ✐♥ ♣r❡✲❝r✐s✐s ♣❡r✐♦❞ ❛♥❞ ♣♦s✐t✐✈❡ ✐♥

♣♦st✲❝r✐s✐s ♣❡r✐♦❞✳ ❙♦ ✐t ♠❡❛♥s t❤❛t t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ✈♦❧❛t✐❧✐t② ✐s ♠♦r❡ s❡♥s✐t✐✈❡ t♦ ♠❛r❦❡t ❡✈❡♥ts ✐♥ t❤❡

♣♦st✲❝r✐s✐s ♣❡r✐♦❞✳

✹✳✷ ❙♣✐❧❧♦✈❡r ❡✛❡❝ts ♦❢ ❯✳❙✳ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ♦♥ t❤❡ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t

❆s ❣❡♥❡r❛❧❧② ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ✐♠♣❧✐❡s t❤❛t ♦♥❡ ❧❛r❣❡ s❤♦❝❦ ✐♥❝r❡❛s❡s t❤❡

✈♦❧❛t✐❧✐t② ♥♦t ♦♥❧② ✐♥ ✐ts ♦✇♥ ❛ss❡t ♦r ♠❛r❦❡t ❜✉t ❛❧s♦ ✐♥ ♦t❤❡r ❛ss❡ts ♦r ♠❛r❦❡ts✳ ❚❤❡ st✉❞② ♦❢ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs

✶✵



❝❛♥ ❜❡ ❤❡❧♣❢✉❧ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✐♠♣♦rt❛♥❝❡ ❛♥❞ ❡①t❡♥❞ ♦❢ ✜♥❛♥❝✐❛❧ ✈♦❧❛t✐❧✐t② ❧✐♥❦❛❣❡s ❛❝r♦ss ❝♦✉♥tr✐❡s✳ ■♥

t❤✐s s✉❜✲s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ t❤❡ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❡✛❡❝ts ❜❡t✇❡❡♥ t❤❡ ❢♦✉r ❝♦♥s✐❞❡r❡❞ ❢♦r❡✐❣♥ st♦❝❦

♠❛r❦❡ts ❛♥❞ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t ❞✉r✐♥❣ t❤❡ ❝r✐s✐s ❛♥❞ tr❛♥q✉✐❧ ♣❡r✐♦❞s✳ ■♥ t❤❡ ❆♣♣❡♥❞✐①✱ ❚❛❜❧❡s ❆✷✲❆✸

❣✐✈❡ ❡st✐♠❛t✐♦♥ r❡s✉❧ts ♦❢ t❤❡ ❜✐✈❛r✐❛t❡ ❱❆❘✲❇❊❑❑ ●❆❘❈❍ ♠♦❞❡❧ ✐♥ ♣r❡✲ ❛♥❞ ♣♦st✲❝r✐s✐s ♣❡r✐♦❞s ❢♦r ❡❛❝❤

♣❛✐r✿ ▼♦r♦❝❝♦✲❯✳❙✳✱ ▼♦r♦❝❝♦✲❋r❛♥❝❡✱ ▼♦r♦❝❝♦✲❯✳❑✳ ❛♥❞ ▼♦r♦❝❝♦✲●❡r♠❛♥②✳

❋✉rt❤❡r♠♦r❡✱ ❚❛❜❧❡ ❆✳✺ s✉♠♠❛r✐s❡s t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ♦✉t❧✐♥❡❞ ❛❜♦✈❡ t❡st✐♥❣ ♠❡t❤♦❞♦❧♦❣② ❛❜♦✉t

♠❡❛♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❜❡t✇❡❡♥ ❢♦r❡✐❣♥ st♦❝❦ ♠❛r❦❡ts ❛♥❞ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡

❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ❛❜♦✈❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② t❡sts ✭s❡❡ ❚❛❜❧❡ ❆✳✹✮✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ♥♦t❡ t❤❛t t❤❡ t❡st st❛t✐st✐❝s

❢♦r t❤❡ ❤②♣♦t❤❡s✐s ♦❢ ♥♦ s♣✐❧❧♦✈❡rs ❞✉r✐♥❣ t❤❡ ❚✉r♠♦✐❧ ♣❡r✐♦❞ ❛❧✇❛②s ❤❛✈❡ ❤✐❣❤ ✈❛❧✉❡s t❤❛♥ ❞✉r✐♥❣ t❤❡ ❝❛❧♠

♣❡r✐♦❞ ❡①❝❡♣t ❢♦r t❤❡ ♣❛✐r ▼♦r♦❝❝♦✲❯✳❙✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ✷✵✵✽ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ❧❡❞ t♦ ✐♥❝r❡❛s❡ ♦❢ ♠❛r❦❡t

❧✐♥❦❛❣❡s ❜❡t✇❡❡♥ ❊✉r♦♣❡❛♥ ❝♦♥s✐❞❡r❡❞ ❝♦✉♥tr✐❡s ❛♥❞ ▼♦r♦❝❝♦✳

✹✳✷✳✶ Pr❡✲❝r✐s✐s ♣❡r✐♦❞

❚❤❡ ♦✛✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ ♠❛tr✐❝❡s β(i) ✭β12(i)✱ β21(i)✮✱ ❆ ✭a12✱ a21✮ ❛♥❞ ❇ ✭b12✱ b21✮ ♦❢ t❤❡ ❱❆❘✲❇❊❑❑

●❆❘❈❍ ♠♦❞❡❧ ❝❛♣t✉r❡ t❤❡ ❝r♦ss✲♠❛r❦❡t ❡✛❡❝ts✱ s✉❝❤ ❛s✱ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♠♦♥❣ t❤❡ ❢♦✉r ♣❛✐rs✳

❘❡❣❛r❞✐♥❣ t❤❡ s❤♦❝❦ tr❛♥s♠✐ss✐♦♥s ❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❛♥❞ ♦t❤❡rs ✐♥ t❤❡ ♣r❡✲❝r✐s✐s ♣❡r✐♦❞✱ t❤❡ r❡s✉❧ts

❞✐s♣❧❛②❡❞ ✐♥ ✜rst ❤❛❧❢ ♦❢ ❚❛❜❧❡ ❆✳✺ s✉❣❣❡st t❤❛t ✉♥✐❞✐r❡❝t✐♦♥❛❧ ♠❡❛♥ s♣✐❧❧♦✈❡r ❡✛❡❝ts ❡①✐st ❢r♦♠ ❯✳❙✳✱ ❋r❛♥❝❡✱

❯✳❑✳ ❛♥❞ ●❡r♠❛♥② t♦ ▼♦r♦❝❝♦ ✭H1✮✳ ❖♥ t❤❡ s❡❝♦♥❞ ❤❛♥❞✱ t❤❡r❡ ✐s ♥♦ s✐❣♥✐✜❝❛♥t ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❜❡t✇❡❡♥

t❤❡ ❢♦r❡✐❣♥ ♠❛r❦❡ts ❛♥❞ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ✭H3 ❛♥❞ H4✮✳ ❚❤❡s❡ r❡s✉❧ts ❣✐✈❡ ❝❧❡❛r ❡✈✐❞❡♥❝❡ t❤❛t✱ ❜❡❢♦r❡

t❤❡ s✉❜♣r✐♠❡ ❝r✐s✐s✱ ♠❡❛♥ s♣✐❧❧♦✈❡rs ❡①✐st❡❞ ❢r♦♠ t❤❡ ❯✳❙✳✱ ❋r❛♥❝❡✱ ❯✳❑✳ ❛♥❞ ●❡r♠❛♥② ♠❛r❦❡ts t♦ ▼♦r♦❝❝❛♥

▼❛r❦❡t✳

✹✳✷✳✷ P♦st✲❝r✐s✐s ♣❡r✐♦❞

❆s ✐t ✇❛s ♣♦✐♥t❡❞ ♦✉t ✐♥ t❤❡ ❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡✱ t❤❡ ❝♦rr❡❧❛t✐♦♥s ❛♠♦♥❣ t❤❡ ♠❛r❦❡ts ❛♥❞ ❝♦✉♥tr✐❡s s❤♦✇ ❛♥

✐♥❝r❡❛s✐♥❣ tr❡♥❞ ✐♥ t❤❡ ❝r✐s✐s ♣❡r✐♦❞✳ ❚♦ ❛♥❛❧②③❡ t❤❡ s❤♦❝❦ ❛♥❞ ✈♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ✐♥ t❤❡ ♣♦st✲❝r✐s✐s ❜❡t✇❡❡♥

t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❛♥❞ t❤❡ ❢♦✉r ❢♦r❡✐❣♥ ♠❛r❦❡ts✱ ✇❡ r❡❢❡r t♦ t❤❡ s❡❝♦♥❞ ❤❛❧❢ ♦❢ ❚❛❜❧❡ ❆✳✺ ❞✐s♣❧❛②❡❞ ✐♥ t❤❡

❆♣♣❡♥❞✐①✳ ❍②♣♦t❤❡s✐s ✶ ❞♦❡s ♥♦t ❛❝❝❡♣t t❤❡ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts β12(i) ❢♦r t❤❡ ♣❛✐r ▼♦r♦❝❝♦✲❯✳❑✳ ❛t

✶✪ ❧❡✈❡❧✳ ❚❤✐s ✐♥❞✐❝❛t❡s t❤❛t✱ ❞✉r✐♥❣ t❤❡ ❝r✐s✐s ♣❡r✐♦❞✱ ✉♥✐❞✐r❡❝t✐♦♥❛❧ ♠❡❛♥ s♣✐❧❧♦✈❡r ❡✛❡❝ts ❡①✐st ❢r♦♠ t❤❡ ❯✳❑✳

♠❛r❦❡t t♦ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t✳ ❚❤✐s ♣r♦✈✐❞❡s ❡✈✐❞❡♥❝❡ s✉♣♣♦rt✐♥❣ r❡t✉r♥ s♣✐❧❧♦✈❡r ❢r♦♠ ❯✳❑✳ t♦ ▼♦r♦❝❝♦✳

❖♥ ♦t❤❡r ❤❛♥❞✱ ❍②♣♦t❤❡s✐s ✹ ✐s r❡❥❡❝t❡❞ ❛t ✶✪ ❧❡✈❡❧ ❢♦r t❤❡ ♣❛✐rs ▼♦r♦❝❝♦✲❋r❛♥❝❡ ❛♥❞ ▼♦r♦❝❝♦✲●❡r♠❛♥②✳ ❚❤❡

r❡s✉❧ts ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ♣❛r❛♠❡t❡rs✱ ❝❛♣t✉r✐♥❣ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❢r♦♠ ♠♦r♦❝❝❛♥ ♠❛r❦❡t✱ ❝❤❛♥❣❡ ❞✉r✐♥❣ t❤❡

t✉r❜✉❧❡♥t ♣❡r✐♦❞ ✐♥ t❤❡ ❋r❡♥❝❤ ❛♥❞ ●❡r♠❛♥ ♠❛r❦❡ts✸✳ ❚❤✐s ❝♦♥s✐st❡♥t ✜♥❞✐♥❣ ✐s ✐♥ ❢❛✈♦r ♦❢ ✐♥❝r❡❛s✐♥❣ ✈♦❧❛t✐❧✐t②

✸❚❤❡ r❡s✉❧ts ❢♦r ❋r❛♥❝❡ ❛♥❞ ●❡r♠❛♥② ❛r❡ ✐♥ ❧✐♥❡ ✇✐t❤ t❤♦s❡ ♦❜t❛✐♥❡❞ ❜② ❇❡✐r♥❡ ❡t ❛❧✳ ✭✷✵✵✽✮

✶✶



❧✐♥❦❛❣❡ ❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t ❛♥❞ t❤❡ ❊✉r♦♣❡❛♥ ❝♦♥s✐❞❡r❡❞ st♦❝❦ ♠❛r❦❡ts ✭❋r❛♥❝❡✱ ❯✳❑✳ ❛♥

●❡r♠❛♥②✮ ❞✉r✐♥❣ t❤❡ ❧❛st ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳

✺ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ❝✉rr❡♥t ✐♥t❡r♥❛t✐♦♥❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ✇❤✐❝❤ st❛rt❡❞ ✐♥ ❯✳❙✳ ❤❛s r❡✈❡❛❧❡❞ ❛ ❤✐❣❤ ✐♥t❡r❞❡♣❡♥❞❡♥❝❡ ❜❡t✇❡❡♥

✜♥❛♥❝✐❛❧ ♠❛r❦❡ts ✇♦r❧❞✇✐❞❡✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ❢♦❝✉s❡s t♦ ❡♠♣✐r✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡ t❤❡ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t②

s♣✐❧❧♦✈❡r ❡✛❡❝ts ❜❡t✇❡❡♥ t❤❡ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t ❛♥❞ t❤❡ ❋r❛♥❝❡✱ ❯✳❙✳✱ ❯✳❑✳ ❛♥❞ ●❡r♠❛♥② st♦❝❦ ♠❛r❦❡ts

♦✈❡r t❤❡ ♣❡r✐♦❞ ♦❢ ✷✵✵✷✲✷✵✶✷✳ ❚❤❡ ♣❛♣❡r ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦❢ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❛♠♦♥❣ t❤❡ ✜♥❛♥❝✐❛❧

♠❛r❦❡ts ❛r♦✉♥❞ t❤❡ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ♦❢ ✷✵✵✼✲✷✵✵✾✳ ❋✐rst❧②✱ ✇❡ ✉s❡ t❤❡ ❇❛✐✲P❡rr♦♥✬s ✭✶✾✾✽✱ ✷✵✵✸✮ ❛♥❞ ▲❡❡✲

❙tr❛③✐❝✐❝❤✬s ✭✷✵✵✸✱ ✷✵✵✹✮ t❡sts t♦ ❡st✐♠❛t❡ t❤❡ ❜r❡❛❦ ♣♦✐♥t✱ ❞✉❡ t❤❡ s✉❜♣r✐♠❡ ❝r✐s✐s✱ ❢♦✉♥❞ ❡q✉❛❧s t♦ ✵✾✴✷✻✴✷✵✵✽✳

❙❡❝♦♥❞❧②✱ t❤❡ ✢❡①✐❜❧❡ ♠✉❧t✐✈❛r✐❛t❡ ❱❆❘✲❇❊❑❑♠♦❞❡❧ ✇❛s ❛♣♣❧✐❡❞ t♦ ❡①❛♠✐♥❡ t❤❡ r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs

❜❡t✇❡❡♥ t❤❡ ❢♦✉r ❢♦r❡✐❣♥ ♠❛r❦❡ts ✭❯✳❙✳✱ ❋r❛♥❝❡✱ ❯✳❑✳ ❛♥❞ ●❡r♠❛♥②✮ ❛♥❞ t❤❡ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ✐♥ t❤❡ ♣r❡✲ ❛♥❞

♣♦st✲❝r✐s✐s ♣❡r✐♦❞s✳

❚❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ s✐❣♥✐✜❝❛♥t r❡t✉r♥ ❛♥❞ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❜❡t✇❡❡♥ t❤❡ ❝♦♥s✐❞❡r❡❞ ❡❝♦♥♦♠✐❝ ♣❛rt♥❡rs ❛♥❞

▼♦r♦❝❝♦ ✇❛s ♣♦✐♥t❡❞✳ ❲❡ ✜♥❞ t❤❛t ✐♥ t❤❡ ♣r❡✲❝r✐s✐s ♣❡r✐♦❞ t❤❡r❡ ✇❛s ♣♦s✐t✐✈❡ r❡t✉r♥ s♣✐❧❧♦✈❡r ❡✛❡❝ts ❢r♦♠ t❤❡

❢♦✉r ❝♦♥s✐❞❡r❡❞ ❢♦r❡✐❣♥ ♠❛r❦❡ts t♦ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t✳ ❚❤❡ s❛♠❡ s♣✐❧❧♦✈❡r ❡✛❡❝ts ✇❛s ❛❧s♦ s✐❣♥✐✜❝❛♥t❧②

♣r❡s❡♥t ❢r♦♠ t❤❡ ❇r✐t✐s❤ st♦❝❦ ♠❛r❦❡t t♦ t❤❡ ▼♦r♦❝❝❛♥ ♦♥❡ ✐♥ t❤❡ ♣♦st✲❝r✐s✐s ♣❡r✐♦❞✳ ▼♦r❡♦✈❡r✱ ✇❡ ❢♦✉♥❞ t❤❛t

s✉❝❤ ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡r ❡✛❡❝ts ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ ♣♦st✲❝r✐s✐s ♣❡r✐♦❞ ❢r♦♠ ▼♦r♦❝❝❛♥ st♦❝❦ ♠❛r❦❡t t♦ ❋r❡♥❝❤ ❛♥❞

●❡r♠❛♥ st♦❝❦ ♠❛r❦❡ts✳

●✐✈❡♥ t❤❡s❡ ❧❛tt❡r ✜♥❞✐♥❣s✱ ✐t ✐s ❛♣♣❛r❡♥t t❤❛t t❤❡ r❡❝❡♥t ❣❧♦❜❛❧ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ❧❡❛❞s t♦ ✐♥❝r❡❛s❡ t❤❡ ✜♥❛♥❝✐❛❧

❧✐♥❦❛❣❡s ❜❡t✇❡❡♥ ▼♦r♦❝❝❛♥ ♠❛r❦❡t ❛♥❞ t❤❡ ♦t❤❡r ❝♦♥s✐❞❡r❡❞ ♠❛r❦❡ts✳ ❚❤✐s r✐s✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❢✉❧❧②

❝♦♥s✐❞❡r❡❞ ❜② t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ✐♥✈❡st♦rs ✐♥ t❤❡✐r tr❛❞✐♥❣ str❛t❡❣② ✇❤✐❝❤ ❝♦♥s✐sts ♦❢ t❛❦✐♥❣ ❛ ♣♦s✐t✐♦♥ ✐♥ ♦♥❡

♠❛r❦❡t ❢♦❧❧♦✇✐♥❣ t❤❡ s✐❣♥❛❧s ❣✐✈❡♥ ❜② t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ❛♥♦t❤❡r ♠❛r❦❡t✳ ❆ ❣♦♦❞ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ✈♦❧❛t✐❧✐t②

s♣✐❧❧♦✈❡r ❡✛❡❝t ✐s ❛♥ ✐♠♣♦rt❛♥t ✐♥❣r❡❞✐❡♥t ❢♦r ❞❡s✐❣♥✐♥❣ tr❛❞✐♥❣ ❛♥❞ ❤❡❞❣✐♥❣ str❛t❡❣✐❡s ❛♥❞ ♦♣t✐♠✐③✐♥❣ ♣♦rt❢♦❧✐♦s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆♥❣❦✐♥❛♥❞✱ ❆✳✱ ❇❛rt❤✱ ❏✳ ❛♥❞ ❑✐♠✱ ❍✳ ✭✷✵✶✵✮✳ ❙♣✐❧❧♦✈❡r ❡✛❡❝ts ❢r♦♠ t❤❡ ❯❙ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✿ ❙♦♠❡ t✐♠❡✲

s❡r✐❡s ❡✈✐❞❡♥❝❡ ❢r♦♠ ♥❛t✐♦♥❛❧ st♦❝❦ r❡t✉r♥s✳ ❚❤❡ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠✐❝ ❈r✐s✐s✿ ❆♥ ■♥t❡r♥❛t✐♦♥❛❧ P❡rs♣❡❝t✐✈❡✱

❇❡♥t♦♥ ●✉♣ ❊❞✐t♦r✳

❬✷❪ ❇❛✐✱ ❏✳ ❛♥❞ P❡rr♦♥✱ P✳ ✭✶✾✾✽✮✳ ❊st✐♠❛t✐♥❣ ❛♥❞ t❡st✐♥❣ ❧✐♥❡❛r ♠♦❞❡❧s ✇✐t❤ ♠✉❧t✐♣❧❡ str✉❝t✉r❛❧ ❝❤❛♥❣❡s✳

❊❝♦♥♦♠❡tr✐❝❛✱ ✻✻✱ ✹✼✲✼✽✳

✶✷



❬✸❪ ❇❛✐✱ ❏✳ ❛♥❞ P❡rr♦♥✱ P✳ ✭✷✵✵✸✮✳ ❈♦♠♣✉t❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ♠✉❧t✐♣❧❡ str✉❝t✉r❛❧ ❝❤❛♥❣❡ ♠♦❞❡❧s✳ ❏♦✉r♥❛❧ ♦❢

❆♣♣❧✐❡❞ ❊❝♦♥♦♠❡tr✐❝s✱ ✶✽✱ ✶✲✷✷✳

❬✹❪ ❇❛✐❣✱ ❚✳✱ ●♦❧❞❢❛❥♥✱ ■✳ ✭✶✾✾✾✮✳ ❋✐♥❛♥❝✐❛❧ ▼❛r❦❡t ❈♦♥t❛❣✐♦♥ ✐♥ t❤❡ ❆s✐❛♥ ❈r✐s✐s✳ ■♥t❡r♥❛t✐♦♥❛❧ ▼♦♥❡t❛r②

❋✉♥❞✱ ✹✻✱ ✶✻✼✲✶✾✺✳

❬✺❪ ❇❡✐r♥❡✱ ❏✳✱ ●✳ ▼✳ ❈❛♣♦r❛❧❡✱ ▼✳ ❙❝❤✉❧③❡✲●❤❛tt❛s✱ ❛♥❞ ◆✳ ❙♣❛❣♥♦❧♦ ✭✷✵✵✽✮✳ ❱♦❧❛t✐❧✐t② ❙♣✐❧❧♦✈❡rs ❛♥❞ ❈♦♥t❛✲

❣✐♦♥ ❢r♦♠ ▼❛t✉r❡ t♦ ❊♠❡r❣✐♥❣ ❙t♦❝❦ ▼❛r❦❡ts✳ ■▼❋ ❲♦r❦✐♥❣ P❛♣❡r✱ ✷✽✻✳

❬✻❪ ❇❡❦❛❡rt✱ ●✳✱ ❍❛r✈❡②✱ ❈✳❘✳✱ ◆❣✱ ❆✳ ✭✷✵✵✺✮✳ ▼❛r❦❡t ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ❝♦♥t❛❣✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss✱ ✼✽✭✶✮✱

✸✾✲✻✾✳

❬✼❪ ❈❛♣♦r❛❧❡✱ ●✳▼✳✱ P✐tt✐s✱ ◆✳✱ ❙♣❛❣♥♦❧♦✱ ◆✳✭✷✵✵✻✮✳ ❱♦❧❛t✐❧✐t② tr❛♥s♠✐ss✐♦♥ ❛♥❞ ✜♥❛♥❝✐❛❧ ❝r✐s✐s✳ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝s ❛♥❞ ❋✐♥❛♥❝❡✱ ✸✵ ✭✸✮✱ ✸✼✻✕✸✾✵✳

❬✽❪ ❉✐❞✐❡r✱ ❚✳✱ ▼❛✉r♦✱ P✳✱ ❙❝❤♠✉❝❦❧❡r✱ ❙✳ ✭✷✵✵✽✮✳ ❱❛♥✐s❤✐♥❣ ✜♥❛♥❝✐❛❧ ❝♦♥t❛❣✐♦♥❄ ❏♦✉r♥❛❧ ♦❢ ♣♦❧✐❝② ♠♦❞❡❧❧✐♥❣

✸✵✱ ✼✼✺✕✼✾✶✳

❬✾❪ ❊♥❣❧❡✱ ❘✳ ❋✳ ❛♥❞ ❑r♦♥❡r ❋✳ ❑✳ ✭✶✾✾✺✮✳ ▼✉❧t✐✈❛r✐❛t❡ ❙✐♠✉❧t❛♥❡♦✉s ●❡♥❡r❛❧✐③❡❞ ❆❘❈❍✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r②✱

✶✶✱ ✶✷✷✕✶✺✵✳

❬✶✵❪ ❋r❛♥❝q✱ ❈✳ ✫ ❩❛❦♦ï❛♥✱ ❏✳▼✳ ✭✷✵✶✵✮✳ ●❆❘❈❍ ▼♦❞❡❧s✿ ❙tr✉❝t✉r❡✱ ❙t❛t✐st✐❝❛❧ ■♥❢❡r❡♥❝❡ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❆♣✲

♣❧✐❝❛t✐♦♥s✳ ❲✐❧❡②✳

❬✶✶❪ ●♦❡t③♠❛♥♥✱ ❲✳ ◆✳✱ ▲✐✱ ▲✳✱ ✫ ❘♦✉✇❡♥❤♦rst✱ ❑✳ ●✳ ✭✷✵✵✺✮✳ ▲♦♥❣✲t❡r♠ ❣❧♦❜❛❧ ♠❛r❦❡t ❝♦rr❡❧❛t✐♦♥s✳ ❚❤❡

❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss✱ ✼✽✭✶✮✱ ✶✲✸✽✳

❬✶✷❪ ❍♦♥❣✱ ❨♦♥❣♠✐❛♦ ✭✷✵✵✶✮✳ ❆ ❚❡st ❢♦r ❱♦❧❛t✐❧✐t② ❙♣✐❧❧♦✈❡r ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❊①❝❤❛♥❣❡ ❘❛t❡s✳ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠❡tr✐❝s✱ ✶✵✸✱ ✶✽✸✕✷✷✹✳

❬✶✸❪ ❑❛♠✐♥s❦②✱ ▲✳✱ ❙❝❤✉❦❧❡r✱ ❙✳ ✭✶✾✾✾✮✳ ❲❤❛t ❚r✐❣❣❡rs ▼❛r❦❡t ❏✐tt❡rs❄ ❆ ❈❤r♦♥✐❝❧❡ ♦❢ t❤❡ ❆s✐❛♥ ❈r✐s✐s✳ ❏♦✉r♥❛❧

♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ▼♦♥❡② ❛♥❞ ❋✐♥❛♥❝❡ ✱ ✶✽✱ ✺✸✼✕✺✻✵
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Panel 2 : Daily Stock Market Indices with the crisis break line (09/26/2008) 

 

 

       

      

 

Panel 3 : Structural changes in the NASDAQ series 
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MASI NASDAQ CAC FTSE DAX

 Mean 0.035 0.022 -0.008 0.004 0.014

 Median 0.019 0.044 0.000 0.000 0.044

 Maximum 8.192 13.588 10.595 9.384 10.797

 Minimum -7.435 -11.115 -9.472 -9.265 -7.433

 Std. Dev. 0.859 1.617 1.556 1.280 1.595

 Skewness -0.163 0.259 0.084 -0.122 0.059

 Kurtosis 14.235 9.392 8.275 9.864 7.688

 Jarque-Bera 15096.8*** 4914.3*** 3328.9*** 5637.3*** 2627.4***

Ljung-Box Q(24) 169.1*** 47.8*** 70.4*** 92.0*** 35.6*

Ljung-Box Q
2
(24) 820.4*** 1991.7*** 2856.7*** 3702.1*** 3118.2***

ADF -42.6*** -58.5*** -26.8*** -26.0*** -54.9***

PP -42.3*** -58.9*** -56.4*** -57.1*** -55.1***

( Observations : 2868) Significance level: *** 1%, ** 5%, *10%

MASI NASDAQ CAC FTSE DAX

 Mean 0.076 0.002 -0.005 -0.001 0.009

 Median 0.054 0.022 0.000 0.000 0.045

 Maximum 5.564 10.097 8.868 8.469 7.553

 Minimum -5.017 -6.191 -7.077 -5.637 -7.433

 Std. Dev. 0.824 1.544 1.379 1.148 1.498

 Skewness -0.268 0.191 0.093 0.041 -0.049

 Kurtosis 9.459 5.579 7.366 8.058 6.684

 Jarque-Bera 3075.0*** 497.5*** 1397.9*** 1873.1*** 994.5***

Ljung-Box Q(24) 199.2*** 41.3** 78.5*** 102.9*** 57.4***

Ljung-Box Q
2
(24) 634.5*** 1605.1*** 1950.4*** 1394.7*** 2815.4***

ADF -30.2*** -45.8*** -44.2*** -27.8*** -44.7***

PP -30.0*** -46.0*** -44.9*** -47.1*** -44.8***

( Observations : 1757) Significance level: *** 1%, ** 5%, *10%

MASI NASDAQ CAC FTSE DAX

 Mean -0.031 0.052 -0.013 0.011 0.019

 Median 0.000 0.062 0.000 0.001 0.041

 Maximum 8.192 13.588 10.595 9.384 10.797

 Minimum -7.435 -11.115 -9.472 -9.265 -7.336

 Std. Dev. 0.908 1.725 1.801 1.466 1.738

 Skewness -0.001 0.324 0.078 -0.247 0.167

 Kurtosis 19.310 13.033 7.904 10.019 8.243

 Jarque-Bera 12325.4*** 4683.5*** 1115.4*** 2293.9*** 1278.8***

Ljung-Box Q(24) 39.6** 28.3 41.8** 52.6*** 26.8

Ljung-Box Q
2
(24) 318.1*** 626.1*** 785.2*** 1269.1*** 893.9***

ADF -30.1*** -36.3*** -34.0*** -16.1*** -25.2***

PP -29.9*** -36.5*** -34.5*** -34.1*** -32.6***

 (Observations : 1111) Significance level: *** 1%, ** 5%, *10%

Post-Crisis Period

Table A.1 : Descriptive statistics of return series

(September 29, 2008 to December 31, 2012)

(January 3, 2002 to September 26, 2008)

(January 3, 2002 to December 31, 2012)

Full Period

Pre-Crisis Period

✶✼



 

 

 

 

 

 

  
Table A.2 : Bivariate VAR BEKK-GARCH (1,1) model estimations  

- Pre-Crisis Period – 
 

  Morocco-USA Morocco-France Morocco-UK Morocco-Germany 

  Coef. S.E. Coef. S.E. Coef. S.E. Coef. S.E. 

αααα1111    0.054*** (0.014) 0.058*** (0.014) 0.054*** (0.015) 0.055*** (0.015) 

αααα2222    0.037 (0.031) 0.068*** (0.023) 0.06*** (0.02) 0.077*** (0.026) 

ββββ11111111(1)(1)(1)(1)    0.257*** (0.03) 0.254*** (0.029) 0.264*** (0.031) 0.250*** (0.030) 

ββββ12121212(1)(1)(1)(1)    0.021** (0.008) 0.030*** (0.01) 0.053*** (0.012) 0.023*** (0.009) 

ββββ21212121(1)(1)(1)(1)    0.008 (0.035) -0.006 (0.029) -0.020 (0.024) 0.017 (0.033) 

ββββ22222222(1)(1)(1)(1)    -0.077*** (0.027) -0.080*** (0.025) -0.099*** (0.027) -0.056** (0.025) 

ββββ11111111(2)(2)(2)(2)    - - - - -0.004 (0.031) 0.006 (0.031) 

ββββ12121212(2)(2)(2)(2)    - - - - 0.004 (0.013) -0.005 (0.009) 

ββββ21212121(2)(2)(2)(2)    - - - - 0.014 (0.026) 0.001 (0.033) 

ββββ22222222(2)(2)(2)(2)    - - - - -0.002 (0.027) 0.037 (0.026) 

ββββ11111111(3)(3)(3)(3)    - - - - 0.009 (0.028) - - 

ββββ12121212(3)(3)(3)(3)    - - - - 0.011 (0.013) - - 

ββββ21212121(3)(3)(3)(3)    - - - - -0.005 (0.024) - - 

ββββ22222222(3)(3)(3)(3)    - - - - -0.053** (0.026) - - 
            

c11    0.184*** (0.021) 0.201*** (0.026) 0.194*** (0.022) 0.195*** (0.023) 

c21    -0.002 (0.029) 0.051** (0.021) 0.045** (0.018) 0.040 (0.024) 

c22    0.045 (0.037) 0.103*** (0.022) 0.073*** (0.019) 0.119*** (0.023) 

a11    -0.497*** (0.029) -0.485*** (0.033) -0.489*** (0.032) -0.479*** (0.033) 

a12    -0.049* (0.030) -0.043 (0.027) -0.020 (0.024) -0.040 (0.031) 

a21    0.011 (0.010) -0.009 (0.013) -0.015 (0.016) -0.013 (0.011) 

a22    -0.154*** (0.013) -0.261*** (0.019) -0.273*** (0.020) -0.242*** (0.018) 

b11 0.855*** (0.017) 0.853*** (0.021) 0.855*** (0.018) 0.858*** (0.020) 

b12 -0.025* (0.014) -0.031** (0.015) -0.020* (0.012) -0.025 (0.016) 

b21 0.004 (0.003) -0.003 (0.004) -0.005 (0.005) -0.003 (0.003) 

b22 0.988*** (0.002) 0.963*** (0.005) 0.961*** (0.005) 0.966*** (0.005) 

Note: ***, **, * denote significance at the 1%, 5% and 10% levels respectively. 
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Table A.3 : Bivariate VAR BEKK-GARCH (1,1) model estimations  
- Post-Crisis Period - 

 

  
Morocco-USA Morocco-France Morocco-UK Morocco-Germany 

  Coef. S.E. Coef. S.E. Coef. S.E. Coef. S.E. 

αααα1111    -0.011 (0.020) 0.001 (0.022) -0.020 (0.020) 0.001 (0.021) 

αααα2222    0.154*** (0.041) 0.035 (0.042) 0.068** (0.034) 0.054 (0.037) 

ββββ11111111(1)(1)(1)(1)    0.169*** (0.036) 0.210*** (0.037) 0.153*** (0.038) 0.199*** (0.038) 

ββββ12121212(1)(1)(1)(1)    0.028* (0.015) 0.018 (0.014) 0.035** (0.017) 0.033** (0.015) 

ββββ21212121(1)(1)(1)(1)    0.076* (0.045) 0.017 (0.05) 0.048 (0.038) 0.008 (0.045) 

ββββ22222222(1)(1)(1)(1)    -0.074** (0.034) -0.019 (0.032) -0.019 (0.032) -0.001 (0.033) 

ββββ11111111(2)(2)(2)(2)    - - -0.038 (0.037) 0.017 (0.039) -0.038 (0.037) 

ββββ12121212(2)(2)(2)(2)    - - -0.005 (0.013) -0.01 (0.016) -0.008 (0.013) 

ββββ21212121(2)(2)(2)(2)    - - -0.056 (0.046) -0.038 (0.038) -0.001 (0.047) 

ββββ22222222(2)(2)(2)(2)    - - -0.011 (0.034) -0.032 (0.032) -0.014 (0.033) 

ββββ11111111(3)(3)(3)(3)    - - - - -0.134*** (0.034) - - 

ββββ12121212(3)(3)(3)(3)    - - - - 0.034** (0.015) - - 

ββββ21212121(3)(3)(3)(3)    - - - - -0.002 (0.036) - - 

ββββ22222222(3)(3)(3)(3)    - - - - -0.076** (0.031) - - 

ββββ11111111(4)(4)(4)(4)    - - - - -0.039 (0.034) - - 

ββββ12121212(4)(4)(4)(4)    - - - - 0.051*** (0.017) - - 

ββββ21212121(4)(4)(4)(4)    - - - - 0.004 (0.037) - - 

ββββ22222222(4)(4)(4)(4)    - - - - 0.033 (0.032) - - 

ββββ11111111(5)(5)(5)(5)    - - - - -0.004 (0.033) - - 

ββββ12121212(5)(5)(5)(5)    - - - - -0.018 (0.016) - - 

ββββ21212121(5)(5)(5)(5)    - - - - -0.021 (0.035) - - 

ββββ22222222(5)(5)(5)(5)    - - - - -0.018 (0.031) - - 

c11 0.273*** (0.026) 0.295*** (0.031) 0.268*** (0.021) 0.287*** (0.028) 

c21 0.054 (0.041) 0.075 (0.074) 0.003 (0.033) 0.04 (0.045) 

c22 0.227*** (0.032) 0.243*** (0.058) 0.129*** (0.027) 0.163*** (0.04) 

a11 0.458*** (0.038) 0.41*** (0.035) 0.527*** (0.039) 0.411*** (0.037) 

a12 0.071* (0.042) -0.057 (0.043) 0.008 (0.038) -0.038 (0.046) 

a21 -0.006 (0.021) -0.118*** (0.025) -0.027 (0.021) -0.129*** (0.022) 

a22 0.255*** (0.027) -0.345*** (0.054) 0.267*** (0.024) -0.314*** (0.034) 

b11 0.843*** (0.020) 0.823*** (0.021) 0.814*** (0.018) 0.821*** (0.02) 

b12 -0.043** (0.020) 0.017 (0.026) -0.015 (0.019) 0.009 (0.032) 

b21 -0.002 (0.007) -0.039** (0.018) 0.009 (0.007) -0.038*** (0.01) 

b22 0.955*** (0.008) 0.93*** (0.022) 0.958*** (0.007) 0.946*** (0.011) 

Note: ***, **, * denote significance at the 1%, 5% and 10% levels respectively. 
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F-statistic

NASDAQ does not Granger Cause MASI 5.608**

CAC does not Granger Cause MASI 8.984***

FTSE does not Granger Cause MASI 12.928***

DAX does not Granger Cause MASI 6.985**

MASI does not Granger Cause NASDAQ 0.081

MASI does not Granger Cause CAC 2.050

MASI does not Granger Cause FTSE 4.963

MASI does not Granger Cause DAX  4.188

Significance level: *** 1%, ** 5%, *10%

F-statistic

NASDAQ does not Granger Cause MASI  12.450***

CAC does not Granger Cause MASI  1.139

FTSE does not Granger Cause MASI  11.553**

DAX does not Granger Cause MASI  2.874

MASI does not Granger Cause NASDAQ  0.135

MASI does not Granger Cause CAC   8.294**

MASI does not Granger Cause FTSE  16.856***

MASI does not Granger Cause DAX   2.559

Significance level: *** 1%, ** 5%, *10%

No spillovers

H1 :

   

β12(1)=...=β12(p)=0

H2 :

   

β21(1)=...=β21(p)=0

H3 :

  

a12=b12=0

H4 :

  

a21=b21=0

H5 :

  

β12(1)=...=β12(p)=β21(1)=…=β21(p)=0

a12=b12=a21=b21=0

U.S. 6.138** 0.048 3.179 2.254 11.279*

France 9.147*** 0.047 4.445 0.608 15.544**

U.K. 18.765*** 0.853 3.741 1.191 25.527***

Germany 7.532** 0.324 2.471 1.626 12.511

U.S. 3.418* 2.894* 4.328 0.605 8.881

France 1.741 1.553 2.184 32.650*** 43.370***

U.K. 20.516*** 3.171 1.276 2.099 25.651**

Germany 4.865* 0.035 1.247 34.098*** 49.710***

 0.238

 0.713

 0.016

 0.005

 0.278

Conclusion

NASDAQ  � MASI

CAC  �    MASI

FTSE  �    MASI

DAX  � MASI

MASI  � FTSE

MASI  � DAX

Prob.

 0.000

 0.566

 0.042

Post-Crisis Period (September 29, 2008 to December 31, 2012)

0.175

 0.123

Prob. Conclusion

NASDAQ  � MASI

CAC  � MASI

FTSE  � MASI

DAX  � MASI

MASI  � NASDAQ

MASI  � CAC

0.018

0.002

0.005

0.030

0.776

0.152

Table A.5 : Wald Tests

Null Hypothesis

Null Hypothesis

Table A.4 : Granger Test

Pre-Crisis Period (January 3, 2002 to September 26, 2008)

MASI  � NASDAQ

MASI  � CAC

MASI � FTSE

MASI � DAX

Post-Crisis Period

(September 29, 2008 

to December 31, 2012)

Significance level: *** 1%, ** 5%, *10%

Period Country

No spillovers in mean No spillovers in variance

Pre-Crisis Period 

(January 3, 2002 to 

September 26, 2008)

✷✵


