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Abstract

We consider a two-person zero-sum game with two sets of strategic variables which are
related by invertible functions. They are denoted by (s 4, sg) and (¢ 4, t ) for players A and
B.

We will show that the following four patterns of competition are equivalent, that is, they
yield the same outcome.

1. Player A and B choose s 4 and sz (competition by (s 4, sp)).
2. Player A and B choose ¢4 and 5 (competition by (74, )).

3. Player A and B choose 74 and s (competition by (74, sg)).
4. Player A and B choose s 4 and # 5 (competition by (s 4,7p)).
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1 Introduction

We consider a two-person zero-sum game with two sets of strategic variables which are related
by invertible functions. They are denoted by (s 4, sz) and (¢4, 7) for players A and B.

We will show that the following four patterns of competition are equivalent, that is, they
yield the same outcome.

1. Player A and B choose s, and s, (competition by (s 4, sp)).
2. Player A and B choose 7, and 7, (competition by (7 ,,7p)).
3. Player A and B choose 7, and s, (competition by (74, 5 )).

4. Player A and B choose s, and 7 (competition by (s 4,7p)).

Relative profit maximization in duopoly with differentiated goods is an example of zero-
sum game with two alternative strategic variables'. Each firm chooses its output or price. The
results of this paper imply that when firms in duopoly maximize their relative profits, Cournot
and Bertrand equilibria are equivalent, and price-setting behavior and output-setting behavior
are equivalent?.

The key to our results is Lemma 4 in Section 6. This lemma implies that the maximin
strategies in four patterns of competition are equivalent, and the minimax strategies in four
patterns of competition are equivalent.

2 The model

Consider a two-person zero-sum game as follows. There are two players, A and B. They have
two sets of alternative strategic variables, (s, s5) € Sy X Sgand (14,15 € Ty X Tp. S4, S,
T, and T are compact sets in metric spaces. The relations of them are represented by

Sp= faltytp), and sp = fp(t,,tp).

(f 4, fp) 1s a continuous invertible function, and so it is a one-to-one and onto function. We
denote

t,=284(5,,5g), and 15 = gp(s,, Sp).

(g4, gp) 1s also a continuous invertible function. The payoff function of Player A is u,(s,, sp)
and the payoff function of Player Bis ug(s,, sp). Since the game is zero-sum, we have uz(s 4, S5) =
—u,(s 4, Sp). U, 1s upper semi-continuous and quasi-concave on .S, for each s, € S (or each
tg € Tp), upper semi-continuous and quasi-concave on T, for each t; € Ty (or each sz € Sp),

'A game of relative profit maximization in duopoly is a zero-sum game because the sum of the relative profits
of firms is zero.

2 About relative profit maximization under imperfect competition please see Matsumura, Matsushima and Cato
(2013), Satoh and Tanaka (2013), Satoh and Tanaka (2014a), Satoh and Tanaka (2014b), Tanaka (2013a),
Tanaka (2013b) and Vega-Redondo (1997).



and lower semi-continuous and quasi-convex on .S, for each s, € S, (oreacht, € T)), lower
semi-continuous and quasi-convex on T foreacht, € T, (oreach s, € S,).

We note that any value of s , can be realized by appropriately choosing 7, given s 5, any value
of 7, can be realized by appropriately choosing s, given sp, any value of 7, can be realized
by appropriately choosing s, given 7 ,, and any value of s, can be realized by appropriately
choosing ¢, given,°.

3 Competition by (s 4, sp)

First consider competition by (s 4, 5 5). Let 57, and s7 be the values of s, and s which, respec-
tively, maximizes u (s 4, s) given s, and maximizes ug(s,, s5) given s’,. Then,

U (8’ Sp) > uy(sy, sp) forall s, # 575,

and
up(s’y, sp) > up(sy,sp) forall s # s7.

Since uy = —u,, this is rewritten as
u (s, sg) > uy(ssy, sp), forall sy # s%.
Thus, we obtain
u (85, Sg) > uy(s%y, sp) > uy(sy, sp) forall s, # 57, and all s # s7.
This is equivalent to
uy(s’y, sp) = rrizjx Uy(sy, Sy = nslinuA(sj, Sp)-
(5% s7p) is a Nash equilibrium of competition by (s 4, s 5) game.

On the other hand, by the Sion’s minimax theorem (Sion (1958), Komiya (1988), Kindler
(2005)) we have

s — : _ : — .8
U, = maxminu,(s,, Sp) = minmaxu,(sy,Sg) = Up.
S4 SB S Sa

We can show the following lemma.

Lemma 1. The following three statements are equivalent.
1. There exists a Nash equilibrium in competition by (s ,, sg) game.
2. The following relation holds.

S — . — . .8
vy, = maxminu,(s,,Sg) = minmaxu,(s,, Sg) = Uj.
Sa 3B S Sa

3 Also any value of s, can be realized by appropriately choosing 7, given ¢, any value of 7, can be realized by
appropriately choosing s, given t, any value of f5 can be realized by appropriately choosing s given s,
and any value of s can be realized by appropriately choosing 7z given s 4.



3. There exists a real number v, s, € S, and s’y € Sy such that

u,(s”,sp) > vy forany sz € Sy, and u,(s,, s) < v, forany s, € S,. (1)

Proof. (1 = 2)
Let s% and s7 be the equilibrium strategies. Then,

vp = IISIII;II ngx uu(s,y,8p) < ngx US4, Sp) = uy (s, sp)

=minu,(s’,sp) < maxminu,(s,, sg) = V.
SB Sa SB

On the other hand, min;, u (s 4, sp) < u,(s 4, sp), thenmax,, ming, u,(s,, sp) < max,, u,(sy, sp),
. . s s S _ ..
and so max,, min,, u,(s 4, sp) < min,, max;, u,(s 4, sp). Thus, v, < v, and we have v’ = v},.

2-3)
Let s, = arg max,, min,, u,(s 4, sp) (the maximin strategy), s, = arg min,, max;, u,(s4, Sp)
(the minimax strategy), and let vy = v’, = v}. Then, we have

U, (87, sp) 2 minu,(sy, sp) = max minu,(s,, Sp) = Vg
Sp Sa 5B

=minmaxu,(s,, Sg) = maxu,(s,, sp) > (s, sp).
SB Sa Sa

B-1
From (1)
u (s, 55) 2 vy 2 uy(sy,sp)foralls, € §,, s € Sp.

Putting s, = 5" and s, = s, we see v, = u, (s, s’) and (s, s%;) is an equilibrium.
O

We have (s, s’3) = (s, s3). Denote the value of ¢, which is derived from 7, = g,(s%, s%)
by 7, and denote the value of 75 which is derived from 7, = gz(s7,, s3) by 1.
4 Competition by (7 4,%5)
Next consider competition by (7, 7). Substituting f, and f into u, and u, yields

uy =uy (ot 1p), fp(ty1p)), up =up(fut,.1p), [t 1)

Let7, and 7 be the values of ¢ , and ¢ ; which, respectively, maximizes u ,(f ,( 4, ), f5(t4-15))
given 7, and maximizes ug(f ,(¢4,13), f5(t 4, 1p)) given 7. Then,

Us(fa(gsTp), f(FasTp)) 2 uy(f4(t 4 Tp), [ty Tp)) forallt, #17,,

and

uB(fAGA’ ;B)’ fB(?A’?B)) > uB(fA(;A’ 1p)s fB(?A’ tg) for all tp # ;B'



Since uz = —u,, this is rewritten as
uA(fA(;A’ tB)’ fB(?A, tB)) > ”A(fA(;Aa;B)a fB(?A’;B)) for all Ip * ?3-
Thus, we obtain

uA(fA(;A’ tB)» fB(;A’ IB)) 2> ”A(fA(;A’;B)» fB(;As;B)) > uA(fA(tA’;B)» fB(tA’;B))
forallt, #7,, and all 5 # 7.

This is equivalent to
Ug(fa g, 1), f4(T45T0)) = n}f‘lx U (f 4t asTp), f5(tarTp))
= n}in us(falgstp), fpa1p))-
Similarly to Lemma 1 we can show.
Lemma 2. The following three statements are equivalent.
1. There exists a Nash equilibrium in competition by (t 4,1 ) game.
2. The following relation holds.

v, = rr}axntlin Uy(fatantp), fltstp) = ntlinn}ax Us(fatastp), fp(tatp) = Ul
A B B A

3. There exists a real number v,, t'y € T, and t}; € Ty such that

uA(fA(t’X9 1p), fB(IZ, tg)) > v, forany i, € Ty, and u(f (1, tﬁ), Fa(t4, tﬁ)) <v
foranyt, € T,.

We have (1}, 1) = (7, 7). Denote the value of s, which is derived from s, = f,(7,,7) by
5 4, and denote the value of s, which is derived from s = fz(7,,75) by 5.

5 Competition by (¢4, s3)
Next consider competition by (7 4, s5). we have
Sqp = Sa(ts:88(S4>5p))s tp = 8p(f4(t4,1p), Sp).
The payoffs of Player A and B are written as
Up(S455p) = Ug(fp(1451p): Sp)s Up(S4.Sp) = Up(f5(14:1p): Sp)-

Let 7, and 5 be the values of ¢, and s which, respectively, maximizes u, given 5, and max-
imizes up given 7 ,. Then,

uA(fA(?Aa tB)a EB) > UA(fA(tAa tB)a EB) for all Iy * fA,



and

ug(fat4,1p),5p) = up(f,(t4,1p),sp) forall sz # 5.
Since ugy = —u,, this is rewritten as

U (faastp),sp) = u (fa(ty,tg),5p) forall sy # 5,.

Thus, we obtain

uA(fA(;Aa tg),Sp)) = uA(fA(fA, tg),Sp)) = us(fa(t4,15),5p)
forallz, #17,, and all s; # 55.

This is equivalent to
uA(fA(;A’ IB)’ S'B) = n}ax uA(fA(tA’ tB)’ S'B) = n}in uA(fA(;A’ IB)’ SB)-
A B
Similarly to Lemma 1 we can show.
Lemma 3. The following three statements are equivalent.

1. There exists a Nash equilibrium in competition by (t ,, s g) game.

2. The following relation holds.

1s —

vy = maxminu,(f4(t4,1p), $p) = minmaxu, (f,(14,1p), ) = v's.
A B B A

3. There exists a real number v, 1y, € T, and s'y € Sy such that

uA(fA(t’/f,tB),SB) > v, for any sz € S, and uA(fA(tA,tB),s’g) <vyforanyt, €T,.

We have (7'}, s’3) = (71, 5). Denote the value of s, whichis derived from s, = f,(7, g5(5,, 55))
by 54, and denote the value of 7, which is derived from 75 = gz(f,(f4,15)35), by 75. Then, 7,
and 5 are written as

fA = gA(SA’ 33)9 and EB = fB(iA’?B)‘

6 Equivalence of four patterns of competition

In this section we show the equivalence of four patterns of competition. First we show the
following lemma which is key to our results.

Lemma 4. The following relations hold.

1. max, ming, u,(f,(t4,15), sp) = max,, ming, u,(s 4, Sp).



2. min,, max;, u,(f,(4,1p),5p) = min,, max,, u,(f,(t4,15), [, 1p)).

Proof. 1. ming, u,(f4(t4,1p),sp) is the minimum of u, with respect to s given ¢,. Let

sp(ty) = argming, u,(f,(t4,15),sp), and fix the value of s, at f (7, gg(s,, 5(f4))).
Then, we have

ngin MA(fA(tA’ gB(SA’ SB(tA)))’ SB)

Su (fat s, 85(s 4,55 4))), sp(E4)) = n}in U (fats,15),5p),

where ming, u,(f (7 4, g5(54, 5p(14))), 5 ) 18 the minimum of u, with respect to s, given
the value of s, at f,(t,, g5(s4, 55(t4))). This holds for any 7 ,. Thus,

max minu,(f (4, 85(54 Sp(t4))), sp) < maxminu,(f,(4,15), Sp)-
Fat4:88(54-58(t4)) sp Ix Sp

Any value of s , can be realized by appropriately choosing z , givensgass, = f,(f4, 85(54, S(t4))).
Therefore, this can be rewritten as

maxminu (s, sg) < maxminu ,(f,(t4,7p), Sp)- (2)
sq,  Sp L9 Spg

On the other hand, min,, u,(s,, sp) is the minimum of u, with respect to s given s ,.
Let sp(s,) = argming, u,(s,, Sp), and fix the value of 7, at g,(s,, s(s4)). Then, we
have

Hslin Up(fa(8a(54,55(54)), p(5 4, Sp(54))), Sp)

Suy(fa(84(54558(54)), 8p(5 4, 5p(54))), Sp(54)) = uy(s4,5p(s4)) = Hslli}n Uy(Sy,Sp),

where min, u,(f4(g4(s4, Sp(54)), &5(S4, S(54))), sp) is the minimum of u , with respect
to s given the value of 7, at g ,(s 4, (s 4)). This holds for any s ,. Thus,

max minu,(f (8454, Sp(54)), 8p(S 4, 55(54))), 5p) < max

minu,(s,, Sg)
8a(s4.58(s4)) 5B K K

B

Any value of ¢ , can be realized by appropriately choosing s , givensgast, = g,(s4, Sg(54))-
Therefore, this can be rewritten as

maxminu,(f,(t4,15),5p) < maxminu,(s,, sp). (3)
T4 Sp 5S4 SB

Combining (2) and (3), we get

maxminu,(s,, sp) = maxminu,(f,(t4,15), Sp).
sq,  Sp 19 Sp



2. max;, u,(f4(t4,15),sp) is the maximum of u, with respect to 7, given sp. Let f,(sp) =
argmax,, u,(f4(t4,15),sp), and fix the value of 75 at gz(f,(t,(sp),15),sp). Then, we
have

n}ax Uy (f4(t 45 85(F 4t 4(sp),15):5p)), Sp)
= maxu, (faly, 85(fa(t4(sp)1p), 5p)), fp(t 4, 8p(f a1 4(sp),1p), 5p)))

2 u,(f4(t,(sp), 8(f4(t4(5p),1R),Sp)), Sp) = H}ax Uy (faty,1p),5p),

where max;, u, (f4(t 4, gp(f4(t4(sp). 1), 5p)), 5 ) 1s the maximum of u, with respect to
t, given the value of 75 at gg(f,(4(sp).1p), Sg)). This holds for any s,. Thus,

min maxu,(f (4, 8g(f 4 4(5p),15), 5p)), [p(t 4, 8p(f 4t 4(5p), 1), SB)))
ga(fata(sp)ip)sp)) 14

> minmax u,(f,(t4,15), Sp)-
s I

Any value of ¢ ; can be realized by appropriately choosing sz givent, astg = gg(f4(t4(sp).1p), Sp)-
Therefore, this can be rewritten as

rrtlin max U (fata.tp), fp(ts,t5) = min max U (fata.tg5),8p). 4)
B A SB A

On the other hand, max;, u,(f,(t 4, 1), f5(t4.1p)) is the maximum of u, with respect to
t4 given ty. Lett,(tp) = argmax,, u,(f,(t4,1p), f(t4,15)), and fix the value of s at
St 4(tp),15). Then, we have

max uy(f4(tgs1p), fp(ta(Tp),15))

> u (f4(4@p),tp), fpt4(tp).15)) = H}?X U (fa@g,tp), fplty,tp)),

where max;, u,(f4(t4,1p), fp(t4(tp),1p)) is the maximum of u, with respect to 7, given
the value of s at f(# (), 7). This holds for any 7. Thus,

min - maxu,(f,(t4,1p), fpt4(tp),15)) = minmaxu,(f,(t4, 1), [t 1p)).
TFealtp)tp) 14 g 1

Any value of sz can be realized by appropriately choosing 7z givent , as sz = fp(t4(tp).1p).
Therefore, this can be rewritten as

min n}ax U (fats.tp),85) = n}in n}ax U (fa@a.tp), f(ts,tp)). 5
SB A B A
Combining (4) and (5), we get

n}in n}ax U (fa(tystp), fplty,tp) = l’ISlin n}ax uy(faltystp), sp)-
B I B I



Now we show the following propositions.
Proposition 1. 1. Competition by (s 4, s g) and competition by (t ,, s g) are equivalent.
2. Competition by (t ,, s g) and competition by (t ,, ) are equivalent.
Proof. 1. We show that (5, 5p) satisfies the conditions for (57, s3). From Lemma 3
rr}Aax rrslzn U (faty.tp),sp) = Hslzn rr}Aax Uy(fata.tg),sg) =u (S, Sp).
Since any value of s, can be realized by appropriately choosing 7, given sz, we have
max;, u,(f,(t4,1p),Sp) = max,, u,(sy, sp) for any s;. Thus,

minmax u,(s,, Sg) = minrr}aqu(fA(tA,tB), Sg) =u,(54,5p)-
S Sa SB A

From Lemma 4 we have max,, min,, u,(f4(t4,p), Sp) = max,, miny, u,(s 4, sp). There-
fore, we obtain

maxminu,(s,, Sp) = minmaxu,(s,, Sg) = u (54, Sp).
Sy Sp Sg Su

This is 2 of Lemma 1.

2. We show that (7,7 ) satisfies the conditions for (7 ,,7). From Lemma 3

n}aX nginuA(fA(tA’ tB)’ SB) = ITslln l'r}ax uA(fA(tA’ tB)’ SB) = uA(fA(?A’;B)’ fB(?Aaig))'
A B B A

Since any value of 75 can be realized by appropriately choosing s, given 7 ,, we have
ming, u,(f,(4,1p),5g) = min,, u,(f4(t4,1p), fp(t4,1p)) for any 7,. Thus,

U}ax Htlin U (f4(tystp), fplty,tp) = rr}ax rrslin Uy (fatgstp),sp) = U (fa(E 4. 15), fp(E 4, 15)).

From Lemma 4 we have miny, max;, u,(f,(f4,7p), sp) = min;, max;, u,(f,(,1p), f5(t4,15)).
Therefore, we obtain

H}axrrtlin U (fa(tgstp), [ty tp) = ntlinn}ax u (faytp), fpt4s1p)
A I B Ia

= uy (f4 4. Tp), f5(4:1p)).

This is 2 of Lemma 2.

Exchanging A with B we can show the following proposition.

Proposition 2.  [. Competition by (s 4, s g) and competition by (s 4, tg) are equivalent.
2. Competition by (s 4,t5) and competition by (t ,, t ) are equivalent.
Finally, from these results we get

Proposition 3. Competition by (s 4, sg) and competition by (t 4, z) are equivalent.

Therefore, all of four patterns of competition are equivalent.



7 Concluding Remark

We have shown that in a two-person zero-sum game with two sets of alternative strategic vari-

ables, any pattern of competition is equivalent, and any selection of strategic variables is equiv-

alent. We want to extend the results of this paper to a symmetric n-person zero-sum game*.
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