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Abstract

Differences-in-Differences (DID) is one of the most widely used identification strategies in applied eco-
nomics. However, how to draw inferences in DID models when there are few treated groups remains an
open question. We show that the usual inference methods used in DID models might not perform well
when there are few treated groups and errors are heteroskedastic. In particular, when there is variation
in the number of observations per group, inference methods designed to work when there are few treated
groups tend to (under-) over-reject the null hypothesis when the treated groups are (large) small relative to
the control groups. We provide evidence from Monte Carlo simulations and from placebo DID regressions
with the American Community Survey (ACS) and the Current Population Survey (CPS) datasets to show
that this problem is relevant even in datasets with large numbers of observations per group. We then de-
rive an alternative inference method that provides accurate hypothesis testing in situations where there are
few treated groups (or even just one) and many control groups in the presence of heteroskedasticity. Our
method assumes that we can model the heteroskedasticity of a linear combination of the errors. We show
that this assumption can be satisfied without imposing strong assumptions on the errors in common DID
applications. Importantly, we do not need to specify the structure of the serial correlation of the errors.
Our inference method can also be combined with feasible generalized least square (FGLS) estimation. This
way, it is possible to attain an asymptotically uniformly most powerful (UMP) test if the FGLS t-test is
asymptotically UMP, while still provide a test with correct size if the serial correlation is misspecified. With
many pre-treatment periods, we provide an alternative inference method that relies on strict stationarity and
ergodicity of the time series instead of relying on the correct specification of the heteroskedasticity. Finally,
we extend our inference methods to linear factor models when there are few treated groups.
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1 Introduction

Differences-in-Differences (DID) is one of the most widely used identification strategies in applied economics.
However, inference in DID models is complicated by the fact that residuals might exhibit intra-group and
serial correlations.! Not taking these problems into account can lead to severe underestimation of the DID
standard errors, as highlighted in Bertrand et al. (2004). Still, there is as yet no unified approach to dealing
with this problem. As stated in Angrist and Pischke (2009), “there are a number of ways to do this [deal
with the serial correlation problem/, not all equally effective in all situations. It seems fair to say that the
question of how best to approach the serial correlation problem is currently under study, and a consensus has
not yet emerged.”

One of the most common solutions to this problem is to use the cluster-robust variance estimator (CRVE)
at the group level.? By clustering at the group level, we allow for unrestricted correlation in the within-group
errors. More specifically, we allow not only for correlation in the errors of observations in the same group
x time, but also for correlation in errors of observations in the same group at different time periods. One
important advantage of CRVE is that it also allows for unrestricted heteroskedasticity. The variance of the
DID estimator can be divided into two components: one related to the variance of the treated groups and
another one related to the variance of the control groups. The CRVE takes heteroskedasticity into account
by essentially estimating the variance separately for the treated and for the control groups. Bertrand et
al. (2004) show that CRVE and pairs-bootstrap at the group level work well when the number of groups is
large.> Even when there are only a small number of groups, it might still be possible to obtain tests with
correct size even with unrestricted heteroskedasticity (for example, Cameron et al. (2008), Brewer et al.
(2013), Canay et al. (2014), Ibragimov and Miiller (2013), and MacKinnon and Webb (2015a)). However,
these inference methods will eventually fail when the proportion of treated groups goes to zero or one, even if
there are many groups in total (MacKinnon and Webb (2015b)). The problem is that, with a small number
of treated groups, it is hard to estimate the variance component related to the treated groups using only the
residuals of the treated group. In the polar case where there is only one treated group, the CRVE estimate

of this component of the variance would be identical to zero.*

1We refer to “group” as the unit level that is treated. In typical applications it stands for states, counties, or countries.

2The CRVE was developed by Liang and Zeger (1986). We can think of this method as a generalization of the
heterocedasticity-robust variance matrix due to White (1980).

3Wooldridge (2003) provides an overview of cluster-sample methods in linear models. The author shows that CRVE provides
valid inference when the number of groups increases and groups sizes are fixed.

4 Another alternative presented by Bertrand et al. (2004) is to collapse the pre- and post-information. This approach would
take care of the auto-correlation problem. However, in order to allow for heteroskedasticity, one would have to use robust
standard errors, in which case this method would also fail when there are few treated groups.



An alternative when there are few treated groups is to use information from the control groups in
order to estimate the component of the variance related to the treated groups. Donald and Lang (2007),
henceforth DL, use small sample inference procedures on the group x time DID aggregate model relying on
normality and serially uncorrelated errors.” Two alternative methods relax the normality assumption and
allow unrestricted serial correlation: Conley and Taber (2011), henceforth CT, and cluster residual bootstrap,
analyzed by Cameron et al. (2008). While these methods work even when there is only one treated group,
they all rely on the assumption that errors (or a linear combination of the errors) are homoskedastic, so that
we can use the residuals of the control groups to assess the distribution of the errors of the treated groups.’
However, this homoskedasticity assumption might be very restrictive in DID applications. In particular,
errors in the group x time DID aggregate model should be inherently heteroskedastic when there is variation
in the numbers of observations used to calculate each group x time average.”

In this paper, we first show that usual inference methods used in DID models might not perform well
when there are only a few treated groups. Methods that allow for unrestricted heteroskedasticity do not
work because they estimate the component of the variance related to the treated groups based on few
observations. Also, alternative methods that use information from the control groups will not work properly
in the presence of heteroskedasticity. In the particular case in which the number of observations per group
varies, these methods tend to (under-) over-reject the null hypothesis when the number of observations in the
treated groups is (large) small relative to the number of observations in the control groups. The problem is
that variation in the number of observations per group invalidates the homoskedasticity assumption, because
larger groups tend to have lower variance. The intuition of this result was already articulated in Assuncao
and Ferman (2015) in an application of CT.® We formalize this idea and derive conditions under which
this problem would be more relevant. In particular, we show that increasing the number of observations
per group has little impact on the heteroskedasticity when the intra-group correlation approaches zero. In
Monte Carlo simulations and simulations with the American Community Survey (ACS) and the Current
Population Survey (CPS), we provide evidence that this problem can be relevant even in datasets with very
large numbers of observations per group. Therefore, a large number of individual observations per group

should not provide a reasonable justification for homoskedasticity in the group x time model.

5Pengyuan et al. (2013) relax the normality assumption for the 2-periods case using a flexible skew-t distribution family to
model group time effects.

6CT present in their online Appendix an alternative method when there is heteroskedasticity generated by population sizes.
Their method, however, requires the full specification of the variance/covariance matrix.

"In case of individual-level data, all these methods require some kind of aggregation at the group x time level. Therefore,
this problem is relevant whether one has individual-level or aggregate data.

8 Assuncao and Ferman (2015) exclude the comparison of placebo estimates when the placebo treated group is much smaller
than the original treated group.



We then derive an alternative method for inference when there are only few treated groups (or even just
one) and errors are heteroskedastic. The main assumption is that we can model the heteroskedasticity of a
linear combination of the errors.® Under this assumption, we can re-scale the residuals of the control groups
using the (estimated) heteroskedasticity structure so that they become informative about the distribution
of the errors of the treated groups. Importantly, by focusing on a linear combination of the errors, we do
not need to specify the serial correlation structure and we also circumvent the incidental parameter problem
caused by the estimation of group fixed effects with a finite number of time periods. We show that a cluster
residual bootstrap with this heteroskedasticity correction provides valid hypothesis testing asymptotically
when the number of control groups goes to infinity, even when there is only one treated group. Our Monte
Carlo simulations and simulations with real datasets suggest that our method provides reliable hypothesis
testing when there are around 25 groups in total (1 treated and 24 controls).

Our inference method can also be combined with feasible generalized least squares (FGLS) estimation.
The use of FGLS to improve efficiency of the DID estimator has been proposed by Hausman and Kuersteiner
(2008), Hansen (2007), and Brewer et al. (2013). One important challenge for implementing a FGLS estimator
in the DID setting is that sample analogs for the variance/covariance matrix parameters will be biased when
the number of periods is fixed. While these papers provide bias-corrected estimators for the parameters of
the variance/covariance matrix, they rely on strong assumptions on the structure of the errors, including
homoskedasticity.!? Following Wooldridge (2003), Hansen (2007) and Brewer et al. (2013) combine their
FGLS estimators with cluster-robust inference. This way, their inference is robust to misspecification in
either the serial correlation or the heteroskedasticity structures. However, with few treated groups the use
of CRVE would not work. In this case, we show that it is possible to combine FGLS estimation with our
inference method. If the FGLS estimator is asymptotically equivalent to the GLS estimator and errors are
normally distributed, then we show that our test is asymptotically uniformly most powerful (UMP) when
the number of control groups goes to infinity. If, however, we have misspecification of the serial correlation,
the estimators of the serial correlation parameters are inconsistent, or we do not have normally, then a
t-test based on the FGLS estimator would not be valid, while our test would still provide the correct size.
Therefore, our method provides an important safeguard for the use of FGLS estimation in DID applications

with few treated groups.

9While our method is more general, this assumption would be satisfied in the particular example in which the heteroskedas-
ticity is generated by variation in the number of observations per group.

10Hausman and Kuersteiner (2008) assume that the variance/covariance matrix is block diagonal with the same block for
each group, while Hansen (2007) and Brewer et al. (2013) assume homoskedasticity and constant AR coeflicients.



With only one treated group, the assumption that we can model the heteroskedasticity of a linear com-
bination of the errors can only be relaxed if we impose instead restrictions on the intra-group correlation. If
we assume that, for each group, errors are strictly stationary and ergodic, then we show that it is possible to
apply Andrews’ (2003) end-of-sample instability test to a transformation of the DID model for the case with
many pre-treatment and a fixed number of post-treatment periods. This approach works even when there
is only one treated and one control group. We also consider the use of linear factor models for estimation
of regional policies treatment effects, as suggested by Gobillon and Magnac (2013). This approach requires
both large N and T, but it allows selection into treatment to freely depend on unobserved heterogeneity
terms. We show that our inference methods can be extended to linear factor models when there are only a
few treated groups. Another estimation method for the case with few treated groups is the synthetic control
(SC) estimator (Abadie and Gardeazabal (2003) and Abadie et al. (2010)). Ferman and Pinto (2016) derive
conditions under which the permutation test proposed in Abadie et al. (2010) is asymptotically valid in
the presence of heteroskedasticity. In addition to requiring restrictions on the time series that transitory
shocks are stationary, we show that the permutation test would only be valid if the SC weights converge in
probability to weights that satisfy the SC assumptions, which will not generally be the case.!!+12

Our inference method is related to the Randomization Inference (RI) approach proposed by Fisher (1935).
In this approach, one uses a permutation test that calculates the test statistic under all possible combinations
of treatment assignment, and rejects the null if the observed realization in the actual experiment is extreme
enough. The RI approach assumes that treatment assignment is the only stochastic element of the model. In
this case, RI provides exact hypothesis testing regardless of the characteristics of the residuals (Lehmann and
Romano (2008)). We argue that the RI approach would not provide a satisfactory solution to our problem.
First, a permutation test would not provide valid inference if the assignment mechanism is unknown.!?
Moreover, even under random assignment, a permutation test would only remain valid for unconditional
tests (that is, before we know which groups were treated). However, as suggested in Mcullagh (1992),

unconditional tests can be “inappropriate and possibly misleading for hypotheses concerning the data at

hand”, while “conditional probability calculation often provides an answer to which no right-thinking person

HIn a previous version of this paper, Ferman and Pinto (2015) show that the permutation test proposed in Abadie et al.
(2010) would be asymptotically valid under heteroskedasticity if the SC weights converge in probability to weights that satisfy
the SC assumptions and the transitory shocks are stationary. This discussion is now presented in Ferman and Pinto (2016).

2Powell (2016) and Carvalho et al. (2015) suggest alternative estimation methods for comparative studies that also provides
valid inference with one treated group. However, they rely on both the number of pre- and post-treatment periods going to
infinity.

13This would be the case if, for example, larger states are more likely to switch policies. Rosenbaum (2002) proposes a
method to estimate the assignment mechanism under selection on observables. However, with few treated groups and many
control groups, it would not be possible to reliably estimate this assignment mechanism. Note that it is possible that the DID
identification assumptions are valid even when the assignment mechanism is not uniform.



could object”.** In our setting, once one knows that the treated groups are (large) small relative to the
control groups, then one should know that a permutation test that does not take this information into
account would (under-) over-reject the null when the null is true. Therefore, such test would not have the
correct size conditional on the data at hand, providing inappropriate hypothesis testing. One alternative
solution would be to follow Canay et al. (2014). In their setting, they show that it would be possible to
incorporate information on (for example) group sizes if one had functions of the data that have the same
limiting distribution under the null hypothesis in all permutations. Canay et al. (2014) and MacKinnon
and Webb (2015a) consider RI tests using tests statistics that are asymptotically symmetric. However, their
inference methods do not perform well with very few treated groups. In contrast, our method provides a
valid correction for heteroskedasticity even when there is only one treated group.

Finally, our paper is also related to the Behrens-Fisher problem. They considered the problem of hy-
pothesis testing concerning the difference between the means of two normally distributed populations when
the variances of the two populations are not assumed to be equal.!® In order to take intra-group and serial
correlation into account, we consider a linear combination of the errors so that the DID estimator collapses
into a simple difference between treated and control groups’ averages. While there are several solutions to
this problem with good properties even in very small samples, there is, to the extend of our knowledge,
no solution for the case where there is only one observation in one of the groups. Our assumption that,
conditional on a set of observable variables, the distribution of the errors does not depend on treatment
status guarantees that we can learn about the distribution of the treated groups based on the residuals of
the control groups, while still allowing for some heteroskedasticity. Our method would work in any situation
in which the estimator can be rewritten as a comparison of means. For example, this would be the case for
experiments with cluster-level treatment assignment. We focus on the case of DID estimator because the
scenario of very few treated groups and many control groups is more common in this case.

The remainder of this paper proceeds as follows. In Section 2 we present our base model. We briefly
explain the necessary assumptions in the existing inference methods, and explain why heteroskedasticity
usually invalidates inference methods designed to deal with the case of few treated groups. Then we derive

an alternative inference method that corrects for heteroskedasticity even when there is only one treated

14Many authors have recognized the need to make hypothesis testing conditional to the particular data at hand, including
Fisher (1934), Pitman (1938), Cox (1958), Cox (1980), Fraser (1968), Cox and Hinkley (1979), Bradley Efron (1978), Barndorff-
Nielsen (1980), Barndorff-Nielsen (1983), Barndorf{f-Nielsen (1984), Hinkley (1980), Mcullagh (1984), Casella and Goutis (1995),
and Yates (1984)

15See Behrens (1929), Fisher (1939), Scheffe (1970), Wang (1971), and Lehmann and Romano (2008). Imbens and Kolesar
(2012) show that some methods used for robust and cluster robust inference in linear regressions, such as Bell and McCaffrey
(2002), can be considered as natural extensions of inference procedures designed to the Behrens-Fisher problem.



group. In Section 3 we extend our inference method to FGLS estimation. In Section 4 we consider an
alternative application of our method that relies on a different set of assumptions when the number of pre-
treatment periods is large. In Section 5, we extend our inference method to linear factor models with few
treated groups. In Section 6 we contrast our inference method with the RI approach. We perform Monte
Carlo simulations to examine the performance of existing inference methods and to compare that to the
performance of our method with heteroskedasticity correction in Section 7, while we compare the different

inference methods by simulating placebo laws in real datasets in Section 8. We conclude in Section 9.

2 Base Model

2.1 A Review of Existing Methods

Consider a group x time DID aggregate model:

Yje = adje + 65 + v + nje (1)

where Yj; represents the outcome of group j at time ¢; dj; is the policy variable, so « is the main parameter
of interest; §; is a time-invariant fixed effect for group j, while v, is a time fixed-effect; 7;; is a group x time
error term that might be correlated over time, but uncorrelated across groups. Depending on the application,
“groups” might stand for states, counties, countries, and so on. We assume that d;; is nonstochastic.

We start considering a group x time DID aggregate model because it is well known that this way we take
into account any possible individual-level within group x time cell correlation in the errors (DL and Moulton
(1986)). Therefore, we can focus on the inference problems that are still unsettled in the literature, which
is how to deal with serial correlation and heteroskedasticity when there are few treated groups. However,
both the diagnosis of the inference problem with existing methods and the solutions we propose are valid
whether we have aggregate or individual-level data. Note that, without individual-level covariates, the DID
estimator with individual-level data will be numerically the same as the estimator with aggregated data if
we use the number of observations per group x time cell as sampling weights.

There are INV; treated groups and Ny control groups. Let us assume that d;; changes to 1 for all treated



groups starting after date ¢*. In this case, the DID estimator will be given by:

1 Ny t* N T 1 t*
I o O R WA R ol P SR
t t*+1 t=1 j=N1+1 t=t*+1 t=1
1 Ny 1 N T 1 t*
= O‘Jrﬁz Z it — t*ZUJt]N Z Z tht*ant]
bj=1 et 0 j=N1+1 t=t* +1 =1
N
_ a+ﬁjw S W, @
Lj=1 0 j=Ni+1

where Wj = 7= S0y e — = S0sy e

It is clear from equation 2 that consistency of & will depend on both N; — oo and Ny — oo. As shown in
CT, if the number of treated groups (N7) and the number of periods (T') are fixed, then the DID estimator
is unbiased. However, this estimator is not consistent, since the first term, N E 1 Wj, would not converge
to zero when Ny — oc.

The variance of the DID estimator, under the assumption that 7;, are independent across j, is given by:

var(d) = [Mrim L\lfor i var(W,) 3)

j=1 J=Ni+1

Note that the variance of the DID estimator is the sum of two components: the variance of the treated
groups pre/post comparison and the variance of the control groups pre/post comparison. We allow for any
kind of correlation between 7;; and 7,4, which is captured in the linear combination of the errors W;.

When there are many treated and control groups, Bertrand et al. (2004) suggest that CRVE at the group
level works well, as this method allows for unrestricted intra-group and serial correlation in the residuals 7;;.
One important point is that this method is not only cluster-robust, but also heteroskedasticity-robust. The

CRVE has a very intuitive formula in the DID framework:'6

— 1120 L2 N
var (&) ope = {Nl] ZWJM[NJ S oW )
=1 j=N1+1

e T . A
where W; = T—lt* Dt y1 it — ti* 2ot Njt-
With CRVE, we calculate each component of the variance of the DID estimator separately. In other

words, we use the residuals of the treated groups to calculate the component related to the treated groups,

16Up to a degrees-of-freedom correction.



and the residuals of the control groups to calculate the component related to the control groups. This way,
CRVE allows for unrestricted heteroskedasticity. While CRVE is very appealing when there are many treated
and many control groups, equation 4 makes it clear why it becomes unappealing when there are few treated
groups. In the extreme case when Ny = 1, we will have Wf = 0 by construction. Therefore, the variance of
the DID estimator would be severely underestimated (MacKinnon and Webb (2015b)). The same problem
applies to other clustered standard errors corrections such as BRL (Bell and McCaffrey (2002)). It is also
problematic to implement heteroskedasticity-robust cluster bootstrap methods such as pairs-bootstrap and
wild cluster bootstrap when there are few treated groups. In pairs-bootstrap, there is a high probability
that the bootstrap sample will not include a treated unit. Wild cluster bootstrap generates variation in the
residuals of each j by randomizing whether its residual will be 7);; or —1);;. However, in the extreme case with
only one treated, the wild cluster bootstrap would not generate variation in the treated group, since Wl =0.
Another alternative presented by Bertrand et al. (2004) is to collapse the pre- and post-information. This
approach would take care of the auto-correlation problem. However, in order to allow for heteroskedasticity,
one would have to use heteroskedasticity-robust standard errors. In this case, this method would also fail
when there are few treated groups.

It is clear, then, that the inference problem in DID models with few treated groups revolves around how
to estimate the component of the DID estimator variance related to the treated group using the residuals 7);¢.
Alternative methods use information on the residuals of the control groups in order to estimate the component
of the variance related to the treated groups. These methods, however, rely on specific assumptions regarding
the error terms. DL assume that the group x time errors are normal, homoskedastic, and serially uncorrelated.

Under these assumptions, the variance of & becomes:

. 1 af]
var(d) = NTp(i—p) (5)

where var(nj:) = ag and p is the proportion of treated groups. Therefore, under these assumptions, one
could recover the variance of & by estimating 0‘% using the 7' x N estimated residuals 7;;. As suggested by
DL, if T'x N is small, then one should compare the test statistic t = &/ vm) to the student-t distribution
instead of calculating the critical values based on the normal distribution. The assumption that errors are
serially uncorrelated, however, might be unappealing in DID applications (Bertrand et al. (2004)).

CT provide an interesting alternative inference method that allows for unrestricted auto-correlation in

the error terms. Their method uses the residuals of the control groups to estimate the distribution of the



DID estimator under the null. The key difference relative to DL is that CT look at a linear combination of
the residuals that takes into account any form of serial correlation instead of using the group x time level
residuals. In the simpler case with only one treated group, & —a would converge to W7 when Ny — co. In this
case, they use {ﬁ/\] };V:(’; ! (a linear combination of the control group residuals) to construct the distribution
of W7. While CT relax the assumption of no auto-correlation, it requires that errors are i.i.d. across groups,
so that {/WJ}jV:“; 1 approximates the distribution of Wy when Ny — co.

Finally, cluster residual bootstrap methods resample the residuals while holding the regressors constant
throughout the pseudo-samples. The residuals are resampled at the group level, so that the correlation

structure is preserved. It is possible that a treated group receives the residuals of a control group. While this

helps when there are only few treated groups, a crucial assumption is again that errors are homoskedastic.

2.2 Leading Example: Variation in Group Sizes

As seen in Section 2.1, CRVE in DID models with few treated groups severely underestimates the variance
of &. Alternative methods such as DL, CT, and cluster residual bootstrap require strong distributional
assumptions on the errors. In particular, they all require some kind of homoskedasticity in the aggregate
group x time model. In this section, we show that the group x time DID aggregate models will be inherently
heteroskedastic when there is variation in the number of observations per group and derive the implications
of this heteroskedasticity for these inference methods. However, it is important to point out that this is not
the only case that might generate heteroskedasticity in the group x time aggregate DID model.

We start with a simple individual-level DID model:
Yiji = adje + 05 + v + vje + €5t (6)

where Y;;; represents the outcome of individual 7 in group j at time t; v;; is a group x time error term
(possibly correlated over time), and ¢;;; is an individual-level error term. The main features that define
a “group” in this setting are that the treatment occurs at the group level and that errors (vj; + €;5;) of
two individuals in the same group might be correlated, while errors of individuals in different groups are
uncorrelated. For ease of exposition, we assume that ¢;;; are all uncorrelated, while allowing for unrestricted
auto-correlation in vj;. However, our correction will require weaker assumptions on the error structure, as

will be presented in Section 2.3.
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When we aggregate by group x time, our model becomes the same as the one in equation 1:
Yt = adjs + 0; + v +n5¢ (7)
The important point is that errors in the group x time aggregate model (n;;) are heteroskedastic across
j, unless M (j,t) is constant across j. More specifically:
1 M(j,t)
=y y 8
Tyt Jt M(],t) ; €ijt ( )

where M (j,t) is the number of observations in group t at time ¢. Therefore, assuming for simplicity that
M(j,t) = M is constant across j and T is fixed, we have that the variance of W} conditional on M; is given

by:

var(W;|M;) = wvar

1 & 1 &
T O ’b‘t—t*zthj>
t=1

t=t*+1

for constants A and B, regardless of the auto-correlation of v;;.17

We are assuming so far that we have a panel of repeated cross-sections, so that ¢;;; are not correlated
over time. If we had a panel and allow for the individual-level residuals to be auto-correlated, then we
would have another term that would depend on the ¢;;; auto-correlation parameter divided by the number
of observations, so we would still end up with the same formula, var(W;|M;) = A + MAj. This formula
might also remain valid even in situations where, for example, the correlation between two observations in
the same school is stronger than the correlation between two observations in the same state but in different
schools.'® Finally, we do not need to assume that the individual-level model is homoskedastic to have the

formula var(W;|M;) = A+ Mij_

17"When the number of observations per group is not constant over time, the formula will be: var(W;) = A+
- 2 . _
1 T 1 12 t* 1
B L(Tt*> S o T (F)" Xty M(j,t)j|’ for constants A and B.
18This would be the case, for example, in a model Yikje = adji + 05 4+ vyt + Vit + wijt + €ikj¢ for student 4 in school k, state

J and time t. We allow for a common school-level shock wyj; in addition to the state-level shock v;;. If the number of schools
per state grow at the same rate as the number of observations, then this model would also generate var(Wj|M;) = A + %.
J

11



This heteroskedasticity in the error terms of the aggregate model implies that, when the number of
observations in the treated groups are (large) small relative to the number of observations in the control
groups, we would (over-) underestimate the component of the variance related to the treated group when we
estimate it using information from the control groups. This implies that inference methods that do not take
that into account would tend to (under-) over-reject the null hypothesis when the number of observations
of the treated groups is (large) small. This will be the case whether one has access to individual-level or
aggregate data.

Note that, if A > 0, this would not be a problem when M (j,t) — co. In this case, var(W;) — A for all j.

In other words, when the number of observations in each group x cell is large, then the correlated part of the

var(Wj)
var (W)

error would dominate. In this case, if we assume that the group x time error vj; is i.i.d., then — 1,
which implies that the residuals of the control groups would be a good approximation for the distribution
of the treated groups error even when the number of observations in each group is different. This is one of

the main rationales used in DL to justify the homoskedasticity assumption in the aggregate model.

However, an interesting case occurs when A = 0. In this case, even though var(W;) — 0 for all j when

M; — oo, the ratios % remain constant (unless ]\JZJ’ — 1), which implies that the aggregate model
remains heteroskedastic even asymptotically. Therefore, CT, DL, and cluster residual bootstrap would tend
to (under-) over-reject the null hypothesis when the number of observations of the treated groups are (large)
small relative to the number of observations of the control groups even when there is a large number of
individual observations. While A & 0 implies that the group x time common shock is not strong, note
that this does not mean that standard inference using OLS regression on the individual-level data would be

reliable. Even in the absence of group x time common shocks, OLS standard errors might be underestimated

if there is important serial correlation in the individual level error, €;;¢.

2.3 Inference with Heteroskedasticity Correction

As discussed in Section 2.1, the main challenge in estimating the variance of & when there are few treated
groups is how to estimate the component related to the treated groups. The CRVE estimates this component
of the variance without using information from the control groups. While this approach has the appealing
property of allowing for unrestricted heteroskedasticity, it is unfeasible when the number of treated groups is
small. On the other extreme, other methods surpass the problem of few treated groups by using information
from the control groups. The problem with these approaches is that they require homoskeadsticity.

In this section, we derive an inference method that uses information from the control groups to estimate
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the variance of the treated groups while still allowing for heteroskedasticity. Intuitively, our approach assumes
that we know how the heteroskedasticity is generated, which is the case when, for example, heteroskedasticity
is generated by variation in the number of observations per group. Under this assumption, we can re-scale
the residuals of the control groups using the (estimated) structure of the heteroskedasticity in a way that
allows us to use this information to estimate the distribution of the error for the treated groups. Our method
only requires information on the heteroskedasticity structure for a linear combination of the errors, which
implies that we do not have to impose strong assumptions on the structure of the serial correlation of the
errors. While we motivate our methods based on heteroskedasticity generated by variation in the number of
groups, it is important to note that our method is more general.

More formally, we assume we have a total of N groups where the first N; groups are treated. For
simplicity, we consider first the case where dj; changes to 1 for all treated groups starting after date ¢*.
Let X; be a vector of observable covariates that do not necessarily enter in model 1 and d; be an indicator
variable equal to 1 if group j is treated. We will define our assumptions directly on the linear combination

1 T ) 1 t* ) : : .
of the errors Wj = == > i1 Mt — 35 2_4—1 Mjt- The main assumptions for our method are:

1. {W,, X;}isiid. across j € {1,..., N1}, i.i.d. across j € {N7 +1,..., N} and independently distributed

across j € {1,...,N}.
2. W;|X;,d; < W;| X, where X; is a subset of X;.
3. W]|X ; has the same distribution across X j up to a scale parameter.
4. E[W;|X;,d;] = E[W;|X;] =0

Note that assumption 1 does not require that treatment is randomly assigned. Instead, we might consider
a case where, for example, larger states are more likely to switch policies than smaller states. Assumption
2 implies that, conditional on a subset of observable covariates, the distribution of W; will be the same
independently of the treatment status. This is crucial for our method, as it guarantees that we can extrapolate
information from the control groups residuals to estimate the distribution of the treated groups errors. This
assumption would not be required with large Ny and Ny for inference with heteroskedasticity-robust methods.
In this case, it would be possible to allow for different distributions conditional on treatment status since
there would be enough observations to estimate the variance component related to the treated groups using
only information from the treated groups. In our setting, this would not be feasible since we assume that

the number of treated groups is fixed and small. Assumption 3 implies that the distribution of W;|X;
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only depends on X; through the variance parameter. This assumption reduces the dimensionality of the
problem. It might be possible to relax this assumption and estimate the conditional distribution of Wj|)~( j
non-parametrically. However, this would require very large number of control groups, Ny. Finally, condition
4 is the standard identification assumption for DID.

Our method is an extension of the cluster residual bootstrap with Hgy imposed where we correct the
residuals for heteroskedasticity. In cluster residual bootstrap with Hj imposed, we estimate the DID re-
gression imposing that a = 0, generating the residuals {Wf}fil. If the errors are homoskedastic, then,
under the null, WJR would have the same distribution across j, which implies that we can resample with
replacement B times from {W]R}i]\il, generating {Wﬁb}f\rzl. Then we can calculate our bootstrap estimates
as Gp = Nil Zj\;ll Wﬁb — N%) Z;V: Nyl Wfb. Note that, in our setting, we do not need to work with the group
x time residuals 7);; to construct our bootstrap estimates. Instead, we can work with a linear combination
of the residuals that takes into account any form of auto-correlation in the residuals. This is one of the key
insights of CT.

As explained in Section 2.1, the problem with cluster residual bootstrap is that it requires the residuals
to be homoskedastic. In Theorem 2 in Appendix A.1, we show that, if we know the variance of each random
variable W; conditional on X, then we can re-scale the residuals Wfb so that it has (asymptotically) the
same distribution as unit j. First, we normalize each observed Wﬁ by Wﬁ”m = Wﬁ\/ﬁw. Then
we generate a bootstrap sample with the re-scaled residuals Wj’b = Wﬁgrm\/m. As a result,
this procedure generates bootstrap estimators &; = N% Z;\lel Wj,b - Z;V=N1+1 ijb that can be used to

No

N
j:la

draw inferences about a with the correct size.! The main assumption we need is that {W;} which is
a linear combination of the error terms 7;;, are independent across j and have the same distribution up to
the variance parameter.?® It is important to note that we only need the variance of a linear combination
of the errors. This point is crucial for our method, because we do not need to specify the serial correlation
structure of the errors 7;;.

The main problem, however, is that var(W;|X;) is generally unknown, so it needs to be estimated. In

Theorem 3 in Appendix A.1, we show that this heteroskedasticity correction works asymptotically when

19As we assume a setting in which the number of treated groups is fixed and small, we have to consider for inference the
distribution of & conditional on {Xj };\’:1 Note that CT would be valid as unconditional inference if we assume that {W;, X}
is i.i.d. across j € {1,...,N}. However, CT would not provide a reasonable solution conditional on the data at hand. As
we show in our example in Section 2.2, CT would provide a biased test conditional on the information about group sizes. If
{W;,X;} is not identically distributed (as is allowed in assumption 1), then it would be impossible to consistently estimate
var(Wj|d; = 1) for an unconditional test, because we would only have a finite number of treated observations (unless we have
more information about the distribution of X;|d;). Therefore, it would not be possible to conduct unconditional inference. In
Section 6, we discuss in more detail the case for conditional inference in the RI framework.

20Note that this assumption is weaker than assuming that the sequences {nj1,-..,mjT} are independent and have the same
distribution up to a variance parameter across j.
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Ny — oo if we have a consistent estimator for var(W;|X;). That is, we can use var(W;|X;) to generate

var(W;[X;)

L . Since we only need a consistent estimator for var(W;|X;), in theory, one
var(W; u| X, )

could estimate the conditional variance function non-parametrically. In practice, however, a non-parametric
estimator would likely require a large number of control groups.

In our leading example where heteroskedasticity is generated by variation in group sizes, we show in
Section 2.2 that we can derive a parsimonious function for the conditional variance without having to
impose a strong structure on the error terms. More specifically, in this example, the conditional variance
function would be given by var(W;|X,,d;) = var(W;|M;) = A + Mij, for constants A and B, where X,
is the set of observable variables including M;. We show in Lemma 4 in Appendix A.l that we can get
a consistent estimator for var(W;|M;) by regressing (W\J-R)2 on 1%1] and a constant.?! Note that we do
not need individual-level data to apply this method, provided that we have information on the number of
observations that were used to calculate the group x time averages. While we present our method for the
group x time aggregate model, we show below that it is straightforward to extend our method to the case
with individual-level data.

Finally, a problem with cluster bootstrap methods when there are few clusters is that there will be few

possible combinations of bootstrap samples (Cameron et al. (2008), Webb (2014), and MacKinnon and Webb

(2015a)). To ameliorate this problem, we apply the idea of wild cluster bootstrap to our method. Therefore,

—

for each j, we sample either Wj,b with probability 0.5 or —W; with probability 0.5. This procedure
provides a smoother bootstrap distribution. MacKinnon and Webb (2015a) recommend a similar procedure
for permutation tests.

Summarizing, our bootstrap procedure, for this specific case, consists of:

1. Calculate the DID estimate:

T t*

1 1
T 2 Y g Y

t=t*+1 t=1

Ny

. 1

j=1

t=t*+1

1 T 1< 1
T 2 th—t*Zth]—N 2
t=1 0 i=Ni+1

2. Estimate the DID model with Hy imposed (Y, = aodji +6; + v + 1;¢), and obtain {/WJ-R}?;. Usually

the null will be ag = 0.

N2
3. Estimate var(W;|M;) by regressing (WJ-R) on a constant and 7.
. J

2'When the number of observations per group is not constant over time, we regress (V[/'JR)2 on

2
1 T 1 1)\2 ot 1
{(T—t*) Di—t 1 7D T (&) iy M(j,t)} and a constant.
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—

4. Use var(W;|M;) to obtain the normalized residuals Wﬁo’”m —W# L

J y/var(W;TMj/)

5. Do B iterations of this step. On the b*" iteration:

—— \N N
(a) Resample with replacement N times from {Wform}f\il to obtain {Wj,b} , where W;; =
i=1
W]Tfl(;rm var(/VVj\|Mj) with probability 0.5 and _/W;?,grm var(/VVj\|Mj) with probability 0.5.

(b) Caleulate 6y, = 5= 00 Win — 2= 3200y g Wi

th

6. Reject Hy at level a if and only if & < &p[a/2] or & > &p[1 — a/2], where dp[q] denotes the ¢*" quantile

The method described above works when all the treated groups start treatment in the same period t*.
Consider a general case where there are Ny control groups and Ny, treated groups that start treatment after
period ¢, with k = 1,..., K. We show in Appendix A.2 that, for large Ny, the DID estimator is a weighted
average of K DID estimators, each one using one k > 0 as treated groups and k = 0 as control groups. The

weights are given by > AL Gl 791.7% Therefore, the weights increase with the number of treated groups

k=1 Ne(T—t0)t;

that start treatment after ¢}, (Nj) and are higher when ¢} divides the total number of periods in half. Let

S
Witk = 2

. . . . o .
j = Z;tz“ nﬁ - i >k nﬁ. We generalize our method to this case by estimating K functions

var(WJﬂ M;) by regressing (WJ‘R’]C)2 on a constant and ﬁj Each function var@Mj) provides the proper
rescale for the residuals of the DID regression using k as the treated groups. We then calculate & as a
weighted average of these K DID estimators.

We also show in Appendix A.3 that our method applies to DID models with both individual- and group-
level covariates. With covariates at the group x time level, we estimate the OLS DID regressions in steps 1
and 2 of the bootstrap procedure with covariates. The other steps remain the same. If we have individual-
level data, then we run the individual-level OLS regression with covariates in step 2 and then aggregate the
residuals of this regression at the group x time level. The other steps in the bootstrap procedure remain the

same.

3 Improving Efficiency with a FGLS

One important feature of our inference method is that we do not need to specify the structure of the
serial correlation. Since the linear combination W; does not depend on 6;, we circumvent the incidental

parameter problem caused by the estimation of group fixed effects. However, it might be possible to improve
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efficiency by exploiting the serial correlation with a FGLS-DID estimator. This strategy, however, presents
some challenges. First, one needs to impose some structure on the entire variance/covariance matrix. Also,
the residual 7);: depends on the group fixed effects estimator, which will not be consistent if 7' is fixed.
This complicates the estimation of the variance/covariance matrix even if parametric assumptions on the
variance/covariance matrix are correct. Finally, with few treated groups, the FGLS estimator might not be
normally distributed even when Ny — co. We show now that it is possible to combine FGLS estimation
with our inference method. This will allow for robust inference in case the serial correlation is misspecified,
estimators for the serial correlations parameters are biased, or errors are not normally distributed.

Since we assume that errors are uncorrelated across j, the variance/covariance matrix of n;; is block
diagonal with 7' x T blocks given by Q;. We assume that Q; = Q(X;). Let Q(XJ) be an estimator of Q(X;)
that converges to Q(X;) (we allow (AZ(XJ) to be biased). The FGLS estimator using Q(XJ) will be a linear
estimator Qpqrs = Zthl Zjvzl a;¢Yje. In Appendix A.4, we show that, in the case with only one treated

R d T - _ _ .
group, Grars — Yy A1¢N1t, Where a; = (@11, ..., a17)" is defined by:

a; = argmin ajQ(X))a; (10)
a;
T T
subject to: Z ayy =1 and Zalt =0 (11)
t=t*+1 t=1

Therefore, defining the linear combination W} = Zthl a1¢Mjt, we show in Appendix A.4 that all results
from Section 2.3 applies to the FGLS estimator. The only difference is that the assumptions should be
based on the linear combination W} instead of on the linear combination W;. Note that W;R KA W;, so
we would not have an incidental parameter problem by looking at the linear combination W;.QZ For our
leading example presented in Section 2.2, we would still have var(W;|M;) = A + Mij.

So far, we only assumed that Q(X ;) converges to Q(X;). So our inference method would be valid even
if Q(X;) # Q(X;). If n;; is multivariate normal and Q(X;) = Q(X;), then we show in Appendix A.4 that
our test has asymptotically the same power as a t-test based on the infeasible GLS estimator, which is
the uniformly most powerful (UMP) test in this case.?> Therefore, by combining our method with FGLS

estimation we provide a test that is asymptotically UMP if all these assumptions are satisfied. Importantly,

22 Another difference relative to the OLS DID is that the we have to estimate aj;. However, since we have a consistent
estimator for @, this does not impose any problem to apply our method.

23The main intuition of the proof is that, even under the alternative hypothesis, we have that W;‘R 4 W for all j in the
control group when Ng — oo but Nj is small and fixed. Since the probability of resampling a treated group goes to zero, then
the bootstrap distribution will approximate the distribution of &rgr,s under the null even when the null is false.
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if the serial correlation is misspecified, the estimators of the serial correlation parameters are biased, or the
error is not normally distributed, then our test would still have the correct size while a t-test based on the
FGLS estimator would be biased.

A final point is how to provide a consistent estimator ﬁ(f( ;). This is not a trivial challenge since, with
fixed T', 7 4 Njt — % ZtT,Zl N+ # N;t. Therefore, we would get biased estimators if we simply use sample
analogs based on DID residuals. If we assume homoskedasticity and constant AR(p) parameters, then
Hansen (2007) provides a consistent estimator for Q(f( ;) = Q. However, if we consider our leading example
in Section 2.2 and assume that v;; and ¢;;; follow an AR(p) model, then it is not straightforward to extend
Hansen’s (2007) strategy. The main challenge is that we would not have the linearity that Hansen (2007)
uses to derive the bias and provide the bias correction (see Appendix A.4). Imposing more assumptions,
we provide in Appendix A.4 a consistent estimator for Q(Mj) for the case that all serial correlation comes
from the ¢;5; and Mj is large. These results suggest that the possibility of deriving a consistent estimator for
Q(X ;) is case specific and relies on potentially strong assumptions on the structure of the serial correlation.
Therefore, our inference method provides an important safeguard for FGLS estimation in DID settings when
there are few treated groups. More specifically, we provide an alternative to cluster-robust inference in FGLS

when it is not possible to estimate the CRVE.

4 Heteroskedasticity Correction with Large t*

One of the main features of our inference method presented in Section 2.3 is that we collapse the time series
structure when we consider the linear combination of the errors W}, so that the inference problem becomes
equivalent to a comparison of means between treated and control groups. This is why our inference method
does not require any specification of the time series structure. However, in the case with only one treated
group, this implies that we would have in practice only one observation for the treated group to estimate
the distribution of the treated group error. This is why a crucial assumption of our method is that we know
how the heteroskedasticity is generated (that is, W;| X}, d; 4 W;|X;). Under this assumption, the residuals
of the control groups are informative about the distribution of the treated group errors. We can only relax
this assumption if we impose some structure on the time series.

We now show that, under strict stationarity and ergodicity of the time series, we can apply Andrews’
(2003) end-of-sample instability test to a transformation of the DID model if we have a large number of pre-

treatment periods and a small number of post-treatment periods. The main idea is that with large t* and
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small T'— ¢* the DID estimator would converge in distribution to a linear combination of the post-treatment
errors. Therefore, under strict stationarity and ergodicity, we can use blocks of the pre-treatment periods
to estimate the distribution of &. This is essentially the idea of the method suggested in CT, but exploiting

the time instead of the cross-section variation.

N

. C . . . o 1 N1 1
If we collapse the cross-section variation using the transformation Y; = 3> 2070 Yie — 70 200 x4

}/jh

then:

0+, for t =1,...,t*

a+0+id, fort=t*+1,...T

A N- 1 N ~ 1 N 1 N
where 6 = N% Zj:ll 0; — N Zj:Nﬁ-l 0; and 7 = N ijll it = Ny Zj:Nl—‘rl Tjt-
Therefore, this is a particular case of Andrews’ (2003) end-of-sample instability test in a model that

t.24

includes only a constan We want to test whether the average of Y; is different after the treatment. With

group-level covariates, we can estimate the OLS DID model and then construct Y, using Y — X J’tB Since
f is consistent, this approach will work under strict stationarity and ergodicity of n;;. The same approach
works if we have individual-level covariates.?®

This approach might be interesting because we do not need to assume the structure of the heteroskedas-
ticity. Also, this approach works even if we have as few as one treated and one control group. However,
this approach is unfeasible if there are few pre-treatment periods. Moreover, the stationarity assumption
might be violated if, for example, there is variation in the number of observations per group across time. For
example, if we divide the US states in the CPS by quartiles of number of observations for each year from
1979 to 2014, then 35 out of the 51 states belonged to 3 or 4 different quartiles depending on the survey year.

In this scenario, our method using the function var(W;|M;) would still provide a valid alternative, provided

that we have a large number of control groups and we know how the heteroskedasticity was generated.

5 Linear Factor Model - Large t* and Large N,

We now show that the inference methods we propose can be expanded to linear factor models with few

treated groups. This method has been studied in the panel data setting in Bai (2009) and analyzed in

24Note that the DID estimator would be given by & = 2= 27 . | Vi — & S Y
25With group-level covariates, we consider a model Yt = adji + X]’-tﬂ + 05 + vt + nj¢. With individual-level covariates, we
consider a model Y;;; = ad;q +X1{jt6+0j 4+t +vjt + €;5¢. In this case, we have to impose the strict stationarity and ergodicity

. 1 M(j,t)
assumptions on 7;¢ = vj; + GO Simt €ijt
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detail for estimating treatment effects of regional policies as a generalization of DID in Gobillon and Magnac
(2013).
Gobillon and Magnac (2013) consider a model in which the potential outcome in the absence of treatment

is given by:
Yie(0) = 2B+ fixj + it M (13)

where zj; are covariates, A; is a L x 1 vector of individual effects or factor loadings, and f; is a L x 1 vector

of time effects or factors. The treatment effect is given by o, so that:
Yjie(1) = Yje(0) + ae (14)

This model allows for more flexibility relative to the usual DID model. As shown in Gobillon and Magnac
(2013), we can go back to the usual DID model by setting the restrictions A\, = (6;,1)" and f; = (1,v)".
They assume that we know the number of factors in the true DGP and that the factors are sufficiently strong
so that the consistency condition for factors and factor loadings is satisfied.

As suggested in Gobillon and Magnac (2013), it is possible to estimate this model in two steps. In the
first step, we estimate the linear factor model in equation 13 using the sample composed of non-treated
observations over the whole period and treated observations in the pre-treatment (¢t < ¢*). If ¢* and Ny tend
to oo, then we get consistent estimators for 3, f; and A\;. In the second step, we estimate the counterfactual
term imputing the estimated 3, f; and A;. More specifically, we have that the average treatment on the

treated effect in period ¢ is given by:

E[Y;1(1) — Y;1(0)] treated | = E[aj| treated | = E[Yj; — x18 — X, f| treated ] (15)

Ny

Therefore, we can use the empirical counterpart & = N% > i— {th - xth - 5\2 ft to estimate E[aj| treated ].

If we let Ny and t* go to oo while N; is fixed, then:

1 & 1 &
v o= — S v, - 77}’7] SN Wi — - Nofi] =
Qv N1;[Jt T — Aift HNlj;[yt 2t — Nift]
1 &
= Elaj treauted]—i—ﬁ1 nftFM (16)
j=1
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If we want to estimate the average treatment on the treated as defined in Gobillon and Magnac (2013),
we just need to use & = ﬁ EtT:tUrl &¢. As Ny and t* go to oo while Ny and T — t* are fixed, & — « will
converge to ﬁ ZtT:t*H [N% Z;V:ll nj-LtFM} . In other words, with fixed N7 and fixed T'— t*, the error of the
linear factor model estimator will be dominated by the error of the treated groups.

This result is a natural extension of CT.2® The key point is that common factors and factor loads

F

are consistently estimated, so we can use the residuals from the linear factor model ﬁ]Lt P to estimate the

distribution of nf "M

;i - Since we have both ¢* — oo and Ny — 0o, we have two alternatives in this case. We can

~LFM

exploit the cross-section variation using the estimated residuals from the control groups, ﬁ Zf:t* 175

for 7 > Ni, to approximate the distribution of the errors of the treated groups, ﬁ EtT:t* 11 nthF M for
7 < Njp. Under homoskedasticity across j, this is essentially the method presented in CT applied to linear
factor models with few treated groups. If errors are heteroskedastic, then we can use our method, provided
that we know how the heteroskedasticity was generated. Alternatively, we can exploit the time series variation
LFM

as shown in Section 4 provided that n;

i is strictly stationary and ergodic.

6 Randomization Inference and Permutation Tests

We assume in our model that treatment assignment is nonstochastic, while the stochastic elements in the
model come from 7, V¢, and €;;;. This departs crucially from Randomization Inference (RI), which considers
that the only stochastic component of the model is the treatment assignment (Fisher (1935)). In RI, one
calculates the test statistic under all possible combinations of treatment assignment, and rejects the null
if the observed realization in the actual experiment is extreme enough. This idea is closely related to CT.
In fact, CT propose an alternative way to implement their method which is heuristically motivated by the
literature on permutation tests and RI. As stated in Lehmann and Romano (2008), RI provides exact test
statistics based solely on the null of no treatment effects and the fact that treatment was randomly assigned,
not depending on any assumption regarding the characteristics of outcome, covariates and residuals. Young
(2015) argues that many published papers in Economics that use standard inference methods in randomized
experiments produce invalid testing, and proposes the use of RI methods. While we agree that RI provides
a powerful inference method in randomized experiments, we believe this approach would not provide a
satisfactory inference method in our setting.

First, permutation tests should take into account the treatment assignment mechanism. In standard

26Note that we get an equivalent formula in the DID model if we let Ng and t* go to co while N1 and T — t* are fixed.
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permutation tests where one considers all possible combinations of treatment /control status, it is implicitly
assumed that all units had uniform assignment probability. This random assignment assumption guarantees
that the randomization distribution provides the exact distribution of the test statistic (for an unconditional
test). However, this assumption might be unreasonable in many DID applications. For example, one might
believe that larger states switch policies more often than smaller states. Note that the DID identification
assumption can still be valid in this scenario, while the assumption of uniform assignment probability is vio-
lated. Therefore, a standard permutation test that considers all possible combinations of treatment/control
status would not provide valid inference. In this scenario, permutation tests that take into account the
assignment mechanism would be valid. However, the assignment mechanisms will usually be unknown to the
econometrician in DID applications. Moreover, with only one or just a few treated groups there is little hope
in reliably estimating the assignment mechanism from the data. Therefore, with unknown assignment mech-
anisms, the assumptions for the RI approach would not be satisfied, while our method would still provide
valid inference.

We argue now that, even under uniform assignment probability, RI would usually provide an unsatisfac-
tory solution to the inference problem in our setting. The key point is that, while a standard permutation
test would provide a valid unconditional test (that is, before we know the information on the size of the
treated groups), it would not provide a reasonable inference solution for a researcher given the data he has
at hand. The case for conditional inference traces back Fisher (1934), Pitman (1938), and Cox (1958). As
Mcullagh (1992) argues, unconditional tests can be “inappropriate and possibly misleading for hypotheses
concerning the data at hand”, while “conditional probability calculation often provides an answer to which no
right-thinking person could object”. In our example described in Section 2.2, if one has information on group
sizes, then we argue it would be more reasonable to consider a test conditional on this information. The
reason is that once one knows that the treated groups are (large) small relative to the control groups, then
one knows that a permutation test that ignores this information would (under-) over-reject the null when
the null is true, even if the assignment probabilities were uniform. In this case, this test would no longer
have the correct size given the data at hand. One way of incorporating this information in a permutation
test would be to apply the permutation conditional on the information of group sizes. However, if there
are few control groups with the same size as the treated groups, then one would not have many possible
permutations. In the extreme case where there is one treated group and no control group of the same size,
this conditional permutation test would generate a p-value interval of [0, 1].

Canay et al. (2014) provide alternative randomization tests that can incorporate information on group
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sizes. Differently from the traditional RI theory (Fisher (1935)), Canay et al. (2014) assume that the
limiting distribution of a function of the data exhibits approximate symmetric under the null, and not exact
symmetry as in the traditional randomization tests. In their setting, they can work with asymptotic results
in nature. Their approach might be useful in our setting because, in this alternative framework, one could
do a permutation test using a test statistic that does not depend asymptotically on the size of the groups.
As an application of their method, Canay et al. (2014) suggest an inference method for DID with a
finite number of treated groups (N7) and many control groups (Ng). The main idea of their method is to
consider N7 DID estimators where in each one they use one of the treated groups and all control groups to
construct a DID estimator for « (say, &;, for j = 1,..., Ny). With the sequence (1, ...,én,) they construct

a test statistic given by T = S‘O‘/_\‘/X]%, where & = Zjvzll é; and s = ﬁ Z;V:ll(ézj — &)2. Then they

N1

consider sign changes given by (g16u, ..., gn, G, ) where g; € {—1,1} and recalculate the test statistic. Let
71 < 7@ < .. < TW1) he the ordered values of the test statistic considering all sign change transformation,
and let 7™ be the Ni(1 — a)™* largest value of the test statistics, where a is the significance level. The
test will reject with probability 1 if 7 > T®) and with probability zero if T' < T®). If T = T®*) | we would
have to randomize whether we reject the null, so that asymptotically the test has the correct size. This
randomization when 7' = T'®) translates into an important drawback for their method when there are very
few treated groups. For example, if Ny = 2 then there would be a 50% probability (under the null) that

rejection will be decided by randomization.?”

While the test would still be unbiased, it would have poor
power, as they point out in remark S.2.5 (Canay et al. (2014)).28 This happens because they rely only on
variation among the treated units. Since we also exploit variation from the control groups, our method does
not suffer from this problem even when we have only one treated group.

Finally, in a recent paper, MacKinnon and Webb (2015a) suggest a permutation test on a t-statistic,
which is constructed using CRVE. Based on Canay et al. (2014) approach, their method works when the
numbers of treated and control groups are large enough, as asymptotically the t-statistic would have the
same distribution under the null for all permutations. However, their method does not work well with very

few treated groups. In particular, their method collapses to CT when there is only one treated group. The

reason is that CRVE would assign an estimated variance for the treated group equal to zero, so there would

27In the extreme case with N; = 1 it would not be possible to calculate their test statistic, since s4 would be equal to zero.
If we consider other alternatives for the test statistic such as |& — ag|, then all sign transformations would generate exactly the
same value for the test statistics. In this case, the test would collapse to randomly deciding whether to reject the null with
probability 5%. Therefore, although the test would reject with correct size under the null, the power would also be equal to 5%
for any alternative hypothesis.

28Canay et al. (2014) also consider a setting with both Ny and Ny finite. This alternative would also have poor power with
very few treated groups.
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not be much variation in the estimated variance of the placebo estimators. The key point is that one goes
back to the original problem of estimating the variance of the treated groups using CRVE with few treated
groups. By contrast, our method provides a valid correction for heteroskedasticity even when there is only

one treated group.

7 Monte Carlo Evidence

In this section, we provide Monte Carlo evidence of different hypothesis testing methods in DID. We assume

that the underlying data generating process (DGP) is given by:

Yije = vji + €iju (17)

In our simulations, we estimate a DID model given by equation 6 where only j = 1 is treated and 7' = 2,
and then we test the null hypothesis of @« = 0 using different hypothesis testing methods. We consider

variations in the DGP along three dimensions:
1. The number of groups: Ny + 1 € {25, 50, 100,400}.

2. The intra-group correlation: vj; and €;;; are drawn from normal random variables. We hold constant

the total variance var(v;; + €;;¢) = 1, while changing p = o € {.01%,1%,4%}.

2 2
oi+o?

3. The number of observations within group: we draw for each group j the number of observations per

period from a discrete uniform random variable with range [M, M| € {[50, 200], [200, 800], [50, 950] }.2°

For each case, we simulated 100,000 estimates. We present rejection rate results for inference using robust
standard errors in the individual-level OLS regression, CT, DL, and for the cluster residual bootstrap with
and without our heteroskedasticity correction. We do not include in the simulations methods that allow for
unrestricted heteroskedasticity. As explained in Section 2.1, these methods do not work well when there is
only one treated group. We also do not include the method suggested by MacKinnon and Webb (2015a) in

the simulations because their method collapses to CT when there is only one treated group.

29Tn the Monte Carlo simulations, we always consider the case M(j,t) = M. In the simulations with real datasets in Section
8, there is variation in M(j,t) across t.
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7.1 Test Size

We present in Table 1 results from simulations using 400 groups (one treated and 399 controls) for different
numbers of observations per group and for different values of the intra-group correlations. In panel A, we
present results when the number of individual observations per group varies from 50 to 200. Column 1 shows
that average rejection rates for a test with 5% significance using robust standard errors in the individual level
DID regression. The rejection rate is slightly higher than 5% when the intra-group correlation p = 0.01%
(5.4%), but increases sharply for larger values of the intra-group correlation. The rejection rate is 19% when
p = 1% and 42% when p = 4%. When we use DL, CT, or cluster residual bootstrap without correction, the
average rejection rate is always around 5% (columns 3, 5, and 7). However, this average rejection rate hides
an important variation with respect to the number of observations in the treated group (My).

In Figure 1.A, we show rejection rates for cluster residual bootstrap without correction conditional on
the size of the treated group.?® The rejection rate is around 14% when the treated group is in the first decile
of number of observations per group, while it is only 0.8% when the treated group is in the 10th decile. Note
also that this distortion in rejection rates is not confined to the extremes of the distribution of group sizes.
For example, the rejection rate is 3% when the treated group is in the 6th decile of number of observations
per group. We summarize this variation in rejection rates by looking at the absolute difference in rejection
rates for each decile of M relative to the average rejection rate. Then we average these absolute differences
across deciles. We present these results in columns 4, 6, and 8 for the methods without heteroskedasticity
correction. Conditional on the number of observations of the treated group, these methods present an average
variation in the rejection rates of 3.4-3.9 percentage points for a 5% significance test.

We present rejection rates by decile of the treated group for cluster residual bootstrap without correction
when p = 1% and when p = 4% in Figures 1.B and 1.C, respectively. As expected, this variation in rejection
rates becomes less relevant when the intra-group correlation becomes stronger. This happens because the
aggregation from individual to group x time averages induces less heteroskedasticity in the residuals when
a larger share of the residual is correlated within group. Still, even when p = 4% the difference in rejection
rates by number of observations in the treated group remains relevant. The rejection rate is around 6.5%
when the treated group is in the first decile of number of observations per group, while it is 4.2% when the
treated group is in the 10th decile. The average absolute difference in rejection rates for DL, CT, and for
the residual bootstrap without correction is around 0.7 percentage points in this scenario.

Given that inference using these methods is problematic when there is variation in the number of obser-

30Results for DL and CT are similar.
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vations per group, we consider our residual bootstrap method with heteroskedasticity correction derived in
Section 2.3. We present rejection rates by decile of the treated group when the intra-group correlation is
0.01%, 1%, and 4% in Figures 1.D to 1.F. Average rejection rates using our method are always around 5%
and, more importantly, there is no variation with respect to the number of observations in the treated group.
These results are also presented in columns 9 and 10 of Table 1. The average absolute difference in rejection
rates is only around 0.1-0.2 percentage points, regardless of the value of the intra-group correlation.

In panel B of Table 1, we present the simulation results when the number of observations per group
increases from [50,200] to [200,800]. We increase the number of observations per group while holding the
ratio between the number of observations in different groups constant. Note that increasing the number
of observations per group worsens the over-rejection problem of inference relying on robust OLS standard
errors. When we consider DL, CT, and residual bootstrap without correction, increasing the number of
observations per group ameliorates the problem of (over-) under-rejecting the null when M; is (small) large
relative to the number of observations in the control groups when p = 1% or p = 4%. In particular, when
p = 4% the average absolute difference in rejection rates across deciles of M; is only 0.3 percentage points.
However, increasing the number of observations has no detectable effect when the intra-group correlation is
0.01%. In this case, the individual component of the residual becomes more relevant. Therefore, the ratio
between the variance of W; and the variance of W; becomes less sensitive with respect to the number of
observations per group. As explained in Section 2.2, in the extreme case with p = 0, heteroskedasticity
would still be a problem even when M — oo.

In panel C of Table 1, we present the simulation results when the number of observations varies from
50 to 950. Therefore, the average number of observations remains constant, but we have more variation in
M relative to the simulations in panel B. As expected, more variation in the number of observations per
group worsens the inference problem we highlight in CT, DL, and residual bootstrap without correction. On
the contrary, our residual bootstrap with heteroskedasticity correction remains accurate irrespective of the
variation in the number of observations per group.

As presented in Section 2.3, our method works asymptotically when Ny — oo. This assumption is
important for two reasons. First, as in any other cluster bootstrap method, a small number of groups
implies a small number of possible distinct pseudo-samples. In this case, the bootstrap distribution will not
be smooth even with many bootstrap replications (Cameron et al. (2008)). In order to mitigate this problem,
we apply the insight of wild cluster bootstrap to our method, so that we can generate more variation in

the bootstrap samples, as explained in Section 2.3. Additionally, our method requires that we estimate
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var(W;|M;) using the group x time aggregate data so that we can apply our heteroskedasticity correction.
If there are only a few groups, then our estimator of var(W;|M;) will be less precise. In particular, it might
be the case that var(/I/Vj\|Mj) < 0 for some j, which implies that we would not be able to normalize the
residual of observation j. When Uar(/I/VjTM ;) < 0 for some j, we use the following rule: if A <0, then we use
varWMj) = ﬁj’ as A < 0 would suggest that there is not not a large intra-group correlation problem. If
B < 0, then we use varWMj) =1, as B < 0 would suggest that there is not much heteroskedasticity. It
is important to note that asymptotically this rule would not be relevant, since var(W;|M;) > 0 for all M.
We had var(/VVj\|Mj) > 0 for all j in more than 99.97% of our simulations with N = 400. However, when
there are fewer control groups, the function var(W;|M;) will be estimated with less precision.

We present in Tables 2 to 4 and in Figures 2 to 4 the simulation results when the total number of groups
are 100, 50, and 25. Average rejection rates are always lower than 5.3% when the total number of groups is
100 or 50, which is reasonably close to the correct size of the test. More importantly, the average absolute
difference in rejection rates is always lower than 0.5 percentage points, suggesting that there is not much
variation in rejection rates depending on the size of the treated group. These results are confirmed in Figures
2 and 3. When we have 25 groups, then average rejection rates are slightly higher, at around 5.5%, and
we start to have more variation in rejection rates depending on the size of the treated group. As shown in
Figure 4, there is some distortion in rejection rates when the treated group is in the first decile of group
size. Still, our method provides reasonably accurate hypothesis testing with 25 groups. In particular, our
method provides substantial improvement relative to alternative methods when the intra-group correlation
is not too strong.

As a robustness check, we consider a DGP where vj; ~ x?(1)/v/2 instead of being normally distributed.®!
Note that, in this case, it would not be true that W;|M; is identically distributed up to a scale parameter.
The simulation results under this alternative DGP are presented in Table 5 for N € {25,50, 100,400} and
p € {0.01%,1%,4%}. In all simulations we consider M; uniformly distributed between 50 and 200. We
consider inference using residual bootstrap with and without heteroskedasticity correction. Our simulation
results suggest that our method still provides reliable inference in this setting. The simulation results are
very similar to the case where v;; is normally distributed. In particular, our method substantially improves
relative to a bootstrap without correction when the intra-group correlation is not too strong. In Section 8
we provide evidence that our inference method also improves inference relative to alternative methods in

simulations with real datasets, where we do not have control over the DGP.

31We divide by v/2 so that var(v;;) = 1. This makes these simulations more comparable to the case vj; ~ N(0,1).
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7.2 Test Power

We have focused so far on Type I error. We saw in Section 7.1 that our method is efficient in providing tests
that reject the null with the correct size when the null is true. We are interested now in whether our tests
have power to detect effects when the null hypothesis is false. We run the same simulations as in Section 7.1,
with the difference that we now add an effect of 5 standard deviations for observation {ijt} when d;; = 1.

Given that we know the DGP in our Monte Carlo simulations, we can calculate the variance of & given the

[e3
os "

parameters of the model and generate a t-statistic t = Note that with two periods and one treated
group, with Ny — oo, the DID OLS estimator is asymptotically equivalent to the GLS estimator where
the full structure of the variance/covariance matrix is known. Therefore, since the errors in our DGP are
normally distributed, we also know that a test based on this t-statistic is the uniformly most powerful test
(UMP) for this particular case. Given our results from Section 3, we know that our inference method has
asymptotically the same power of the UMP test.

In Figure 5, we present power results for different intra-group correlation parameters and for different
distributions of group sizes when there are 400 groups (1 treated and 399 control groups) separately when
the treated group is above and below the median of number of observations per group. The most important
feature in these graphs is that, for this particular DGP, the power of our method converges to the power of
the UMP test when we have many control groups in all intra-group correlation and group size scenarios. It
is also interesting to note that the power is higher when the treated group is larger. This is reasonable, since
the main component of the variance of the DID estimator with few treated and many control groups comes
from the variance of the treated groups. The difference in power for above- and below-median treated groups
vanishes when the intra-group correlation increases. This happens because a higher intra-group correlation
makes the model less heteroskedastic, so the size of the treated group would be less related to the precision
of the estimator. Finally, the power of the test decreases with the intra-group correlation which reflects that,
for a given number of observations per group, a higher intra-group correlation implies more volatility in the
group X time regression.

When we have 25 groups (1 treated and 24 control), then the power of our method is slightly lower
than the power of the UMP test (Figure 6). This is partially explained by fact that we need to estimate
the function var(W;|M;) and, with a finite number of control groups, this function would not be precisely
estimated. Still, the power of our method is relatively close to the power of the UMP test, especially when

the intra-group correlation is not high.
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8 Simulations with Real Datasets

The results presented in Section 7 suggest that heteroskedasticity generated by variation in group sizes
invalidates inference methods that rely on homoskedasticity such as DL, CT, and cluster residual bootstrap,
while our method performs well in correcting for heteroskedasticity when there are 25 or more groups.
However, a natural question that arises is whether these results are “externally valid.” In particular, we
want to know (i) whether heteroskedasticity generated by variation in group sizes is a problem in real datasets
with large number of observations, and (ii) whether our method works in real datasets, where we do not
have control over the DGP. More specifically, our DGP in Section 7 implies that the real variance of W;
would have exactly the relationship var(W;|M;) = A + Mij, which might not be the case in real datasets.
To illustrate the magnitude of the heteroskedasticity problem and to test the accuracy of our method, we
conduct simulations of placebo interventions using two different real datasets: the American Community
Survey (ACS) and the Current Population Survey (CPS).3?

We consider two different group levels for the ACS based on the geographical location of residence: Public
Use Microdata Areas (PUMA) and states. Simulations using placebo interventions at the PUMA level would
be a good approximation to our assumption that N7 is small while Ny — oco. Simulations using placebo
interventions at the state level would mimic situations of DID designs that are commonly used in applied
work where the treatment unit is a state, with a dataset that includes a very large number of observations
per group x time cell. We also consider the CPS for simulations with more than two periods. As shown in
Bertrand et al. (2004), this dataset exhibits an important serial correlation in the residuals, so we want to
check whether our method method is efficient in correcting for that.

We use the ACS dataset for the years 2005 to 2013, and the CPS Merged Outgoing Rotation Groups for
the years 1979 to 2014. We extract information on employment status and earnings for women between ages
25 and 50, following Bertrand et al. (2004). We present in Table 6 the distribution of number of observations
per group x cell for the PUMA-level ACS (column 1), for the state-level ACS (column 2) and for the state-
level CPS (column 3). There are, on average, 778 observations in each PUMA x time cell in the ACS. This
number, however, hides an important heterogeneity in cell sizes. The 10th percentile of PUMA x time cell
sizes is 174, while the 90th percentile is 1,418. There is also substantial heterogeneity in state x time cell
sizes in the ACS. While the average cell size is 10,138, the 10th percentile is 1,250, while the 90th percentile

is 21,099. Finally, the state x time cells in the CPS have substantially fewer observations compared to the

32We created our ACS extract using TPUMS (Ruggles et al. (2015)).
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ACS. While the average cell size is 771, the 10th percentile is 392, and the 90th percentile is 1709.

For the ACS simulations, we consider pairs of two consecutive years and estimate placebo DID regressions
using one of the groups (PUMA or state) at a time as the treated group. Note that this differs from Bertrand
et al. (2004) simulations, as they randomly selected half of the states to be treated. In each simulation, we
test the null hypothesis that the “intervention” has no effect (a« = 0) using robust standard errors, and
bootstrap with and without our heteroskedasticity correction. Since we are looking at placebo interventions,
if the inference method is correct, then we would expect to reject the null roughly 5% of the time for a test
with 5% significance level. For each pair of years, the number of PUMASs that appear in both years ranges
from 427 to 982, leading to 5,188 regressions in total. For the state-level simulations, we have 51 x 8 = 408
regressions (we include Washington, D.C.). For the CPS simulations, we used 2, 4, 6, or 8 consecutive years,
always using the first half of the years as pre-treatment and the second half as post-treatment. This leads

to 1479 to 1785 regressions, depending on the number of years used in each regression.

8.1 American Community Survey (ACS) Results

In Panel A of Table 7, we present results from simulations using the PUMA-level treatments using the
ACS. In column 1, we show rejection rates using OLS robust standard errors in the individual-level DID
regression. Rejection rates for a 5% significance test are 7.2% when the outcome variable is employment, and
8.1% when it is log wages. This over-rejection suggests that there is important intra-group correlation that
the robust individual-level standard error does not take into account. In column 3 of Table 7, we present
results for the bootstrap without the heteroskedasticity correction (results for DL and CT are simular). As
in the Monte Carlo simulations, average rejection rates without correction are very close to 5%. However,
there is substantial variation when we look at rejection rates conditional on the size of the treated group.
We present in column 4 of Table 7 the difference in rejection rates when the number of observations in
the treated group is above and below the median.?® For both outcome variables, the rejection rate is 8
percentage points lower when the treated group has a group size above the median. This implies a rejection
rate of almost 9% when the treated group is below the median, and slightly lower than 1% when the treated
group is above the median. In columns 5 and 6 of Table 7, we present the rejection rates using bootstrap
with our heteroskedasticity correction. For both outcomes, average rejection rate has the correct size of 5%

and, more importantly, there is virtually no difference between rejection rates when the treated group is

33Given that we have a limited number of simulations, we do not calculate the average absolute difference in rejection rates
across deciles, as we do in the Monte Carlo simulations. For the PUMA-level simulations, there are only approximately 500
simulations for each decile. For the state-level simulations there would be only around 40 simulations for each decile.

30



above or below the median. Therefore, our method was successful in correcting for the heteroskedasticity
problem even in a setting where we do not have control over the DGP.

We present in Panel B of Table 7 the results for state-level simulations. The most striking result in
this table is that rejection rates using bootstrap without correction still depend on the size of the treated
group. This happens in a dataset with, on average, more than 10,000 observations per group x time cell.
In particular, the rejection rate in the simulations with log wages as the outcome variable is zero when
the treated group is below the median, and 10% when the treated group is above the median. We present
rejection rates using bootstrap with our heteroskedasticity correction in columns 5 and 6. Average rejection
rates are around 5%, and we cannot reject that there is no difference in rejection rates above and below
the median. However, this test of our method is under-powered, since we estimate rejection rates in the
state-level models based on only 408 simulations. In order to provide more precision to estimate the rejection
rates of our method, we simulate DID placebo regressions randomly selecting 50 PUMASs in each simulation,
which generates many more placebo estimates. These results are presented in panel C of Table ACS. We
also present results DID placebo regressions randomly selecting 25 PUMAS in each simulation in Panel D of
Table 7. Remarkably, our method still provides hypothesis testing with correct size regardless of the size of

the treated group when N = 50 and when N = 25.

8.2 Current Population Survey (CPS) Results

We present the simulation results using the CPS in Table 8. Panel A presents rejection rates of DID models
using 2 years of data, while Panels B, C, and D present rejection rates using respectively 4, 6, and 8 years.
Inference with OLS robust standard errors on the individual-level model becomes worse when we include
more years of data in the model (column 1). This result is consistent with the findings in Bertrand et al.
(2004). The key point is that the panel structure of the CPS Merged Outgoing Rotation Groups generates
serial correlation in the errors. We present rejection rates for the residual bootstrap without correction in
columns 3 and 4. The average rejection rates are close to 5% irrespective of the number of periods, which was
expected given that this method takes serial correlation into account by looking at a linear combination of
the residuals (as in CT). However, since this linear combination of the residuals is heteroskedastic, rejection
rates based on this method vary with the size of the treated group. We present rejection rates using bootstrap
with our heteroskedasticity correction in columns 5 and 6. As in the ACS simulations, we cannot reject that
rejection rates have the correct size on average and that rejection rates do not depend on the size of the

treated group in all simulations. Therefore, our method is efficient in correcting for heteroskedasticity in a
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scenario that serial correlation is important without the need to specify the structure of the serial correlation.

8.3 Power with Real Data Simulations

We saw in Sections 8.1 and 8.2 that our method provides tests with correct size in simulations with the
ACS and the CPS. We now present power results from simulations with these datasets in Figure 7. Figure
7.A shows power results using the ACS with state-level treatment. When the treated group is above the
median, our method is able to detect an effect size of 0.06 log points with probability greater than 70%.
When the treated group is below the median, we are only able to attain this power for effects greater than
0.1 log points. This again reflects that the variance of & is higher when the treated group is smaller. Figures
7.B to 7.E present results for simulations using the CPS with different numbers of time periods. The power
in the CPS simulations is considerably lower than in the ACS simulations. The power to reject an effect
of 0.06 log points when the treated group is above the median ranges from 26% to 41%, depending on the
number of periods used in the simulations. This happens because the ACS has a much larger number of
observations than the CPS. Even though we have only one treated group in all simulations, the larger number
of observations in the ACS implies that the group x time variance of the error would be smaller.?*

As opposed to the power results presented in Section 7.2, we do not know the true variance of &, so it
is not possible to compare the power of our method with the power of the UMP test. Still, results from the
Monte Carlo simulations suggest that the power of our method should be very close to the power of a UMP

test.

9 Conclusion

This paper shows that usual inference methods used in DID models might not perform well in the presence
of heteroskedasticity when the number of treated groups is small. Then we derive an alternative infer-
ence method that corrects for heteroskedasticity when there are few treated groups (or even just one) and
many control groups. With few pre-treatment periods, the main assumption is that we can model the het-
eroskedasticity of a linear combination of the errors. By focusing on this linear combination, we circumvent

the incidental parameter problem and avoid imposing strong assumptions on the serial correlation. We focus

34For some CPS simulations, the power when the treated group is below the median crosses the power when the treated
group is above the median when the effect size is large. This happens because a large effect size would imply that VV12 (which is
calculated from a model with Ho imposed) would be large, which would bias our estimate of var(W;|M;). Note that this does

—

not invalidate the method, since var(W}|Mj) is consistent under the null. Also, this distortion only appears when the power of
the test was already above 90%.
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on the example of variation in group sizes, in which it is possible to derive a parsimonious function for the
conditional variance as a function of the number of observations per group under very mild assumptions on
the errors. However, our model is more general and can be applied in any situation in which we are able
to assume a structure on the variance of a linear combination of the errors, W;. It is important to note
that there is no heteroskedasticity-robust inference method in DID when there is only one treated group.
Therefore, although our method is not robust to any form of unknown heteroskedasticity, it provides an
important improvement relative to existing methods that rely on homoskedasticity. Our method can also
be combined with FGLS estimation, providing a safeguard in situations a where a t-test based on the FGLS
estimator would be invalid. With many pre-treatment periods, we provide an alternative inference method
that relies on strict stationarity and ergodicity of the time series instead of the assumption on how the
heteroskedasticity was generated. Finally, we extend our inference method to linear factor models with few
treated groups, an estimation method that has been recently proposed as an alternative to DID when there

are many pre-treatment periods and many control groups.
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Figure 1: Rejection Rates in MC Simulations by Decile of M;, N = 400

1.A: w/o correction, p = 0.01%  1.B: w/o correction, p = 1% 1.C: w/o correction, p = 4%
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Notes: These figures present the rejection rates conditional on the decile of the number of observation of the treated group
when N = 400 and M € [50,200]. These rejection rates are based on Monte Carlos simulations explained in Section 7. Figures
1.A to 1.C present results using the residual bootstrap without correction, while Figures 1.D to 1.F present results using the

residual bootstrap method with our heteroskedasticity correction, as explained in Section 2.3.

Figure 2: Rejection Rates in MC Simulations by Decile of M;, N = 100
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Notes: These figures present the rejection rates conditional on the decile of the number of observation of the treated group
when N = 100 and M € [50,200]. These rejection rates are based on Monte Carlos simulations explained in Section 7. Figures
2.A to 2.C present results using the residual bootstrap without correction, while Figures 2.D to 2.F present results using the

residual bootstrap method with our heteroskedasticity correction, as explained in Section 2.3.
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Figure 3: Rejection Rates in MC Simulations by Decile of M;, N =50
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Notes: These figures present the rejection rates conditional on the decile of the number of observation of the treated group
when N = 50 and M € [50,200]. These rejection rates are based on Monte Carlos simulations explained in Section 7. Figures
3.A to 3.C present results using the residual bootstrap without correction, while Figures 3.D to 3.F present results using the

residual bootstrap method with our heteroskedasticity correction, as explained in Section 2.3.

Figure 4: Rejection Rates in MC Simulations by Decile of M;, N =25
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Notes: These figures present the rejection rates conditional on the decile of the number of observation of the treated group
when N = 25 and M € [50,200]. These rejection rates are based on Monte Carlos simulations explained in Section 7. Figures
4.A to 4.C present results using the residual bootstrap without correction, while Figures 4.D to 4.F present results using the

residual bootstrap method with our heteroskedasticity correction, as explained in Section 2.3.
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Figure 5: Test Power by Treated Group Size - Monte Carlo Simulations with N = 400
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Notes: These figures present the power of the bootstrap with heteroskedasticity correction as a function of the effect size

separately when the treated group is above and below the median of group size. The standard deviation of the individual level

observation is equal to one across the different scenarios. Therefore, the effect size is in standard deviation terms. Results are

based on simulations with total number groups N = 400.

Figure 6: Test Power by Treated Group Size - Monte Carlo Simulations with N = 25
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Notes: These figures present the power of the bootstrap with heteroskedasticity correction as a function of the effect size

separately when the treated group is above and below the median of group size. The standard deviation of the individual level

observation is equal to one across the different scenarios. Therefore, the effect size is in standard deviation terms. Results are

based on simulations with total number groups N = 25.
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Figure 7: Test Power by Treated Group Size - Simulations with Real Dataset
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Notes: These figures present the power of the bootstrap with heteroskedasticity correction for simulations using real datasets.

Results are presented separately when the treated group is above and below the median of group size. The outcome variable

is log wages, and effect sizes are measured in log points. Figure 7.A presents results using the ACS, while Figures 7.B to 7.E

present results using the CPS with varying number of periods.
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Table 1: Rejection Rates in MC Simulations with Ny + 1 = 400

Inference Method

Donald Conley Bootstrap Bootstrap
Robust OLS and Lang and Taber w/o correction with correction
Absolute Absolute Absolute Absolute Absolute
p Mean Difference Mean Difference Mean Difference Mean Difference Mean Difference
(1) (2) (3) (4) () (6) (7) (8) 9) (10)
Panel A: M € [50,200]

0.01% 0.054 0.002 0.053 0.039 0.050 0.036 0.049 0.034 0.051 0.001
1% 0.192 0.036 0.050 0.019 0.050 0.018 0.049 0.017 0.050 0.002
1% 0.420 0.059 0.049 0.007 0.050 0.006 0.050 0.007 0.050 0.002

Panel B: M € [200, 800]

0.01% 0.057 0.002 0.053 0.036 0.051 0.034 0.049 0.034 0.049 0.002
1% 0.415 0.065 0.051 0.008 0.049 0.006 0.050 0.008 0.050 0.002
4% 0.661 0.051 0.049 0.004 0.051 0.003 0.050 0.003 0.050 0.002

Panel C: M € [50, 950]

0.01% 0.057 0.003 0.054 0.061 0.051 0.057 0.050 0.057 0.051 0.002
1% 0.396 0.098 0.051 0.019 0.051 0.019 0.049 0.018 0.050 0.001
4% 0.637 0.093 0.051 0.006 0.049 0.006 0.050 0.006 0.049 0.002

Note: This table presents results from Monte Carlo simulations with 400 groups, as explained in Section 7. In all simulations, only one group
is treated. Each line presents simulation for different values of intra-group correlation, while each panel presents results for different numbers of
observations per group. We consider 5 inference methods: hypothesis testing using robust standard errors from the individual level regression, DL,
CT, cluster residual bootstrap without correction, and cluster residual bootstrap with our heteroskedasticity correction. For the bootstrap methods,
we imposed Hp, and we used the wild bootstrap idea of randomizing whether we multiply the residuals by 1 or -1. For each inference method,
we report the average rejection rate for a 5% significance level test. We also report a measure of how rejection rates depend on the number of
observations in the treated group, which we call “absolute difference”. To construct this measure, we calculate the absolute difference in rejection
rates for each decile of M; relative to the average rejection rate, and then we average these absolute differences across deciles. We run 100,000
simulations for each M X p x Ng scenario. The standard error for the average rejection rates is around 0.07 percentage points, while the standard
error for the absolute difference is around 0.04-0.07 percentage points.
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Table 2: Rejection Rates in MC Simulations with Ny + 1 = 100

Inference Method

Donald Conley Bootstrap Bootstrap
Robust OLS and Lang and Taber w/o correction with correction
Absolute Absolute Absolute Absolute Absolute
p Mean Difference Mean Difference Mean Difference Mean Difference Mean Difference
(1) (2) (3) (4) () (6) (7) (8) 9) (10)
Panel A: M € [50,200]

0.01% 0.054 0.003 0.054 0.036 0.049 0.032 0.051 0.034 0.052 0.003
1% 0.193 0.032 0.052 0.017 0.049 0.018 0.052 0.017 0.052 0.002
4% 0.418 0.062 0.052 0.008 0.047 0.007 0.051 0.007 0.051 0.002

Panel B: M € [200, 800]

0.01% 0.057 0.001 0.052 0.037 0.049 0.032 0.050 0.033 0.050 0.002
1% 0.415 0.058 0.050 0.008 0.049 0.008 0.052 0.007 0.052 0.002
4% 0.658 0.049 0.050 0.004 0.048 0.003 0.052 0.002 0.053 0.002

Panel C: M € [50,950]

0.01% 0.057 0.002 0.057 0.060 0.049 0.053 0.050 0.054 0.052 0.003
1% 0.400 0.095 0.050 0.019 0.049 0.018 0.050 0.017 0.051 0.002
4% 0.636 0.089 0.049 0.006 0.048 0.005 0.052 0.006 0.051 0.001

Note: This table presents results from Monte Carlo simulations with 100 groups, as explained in Section 7. In all simulations, only one group
is treated. Each line presents simulation for different values of intra-group correlation, while each panel presents results for different numbers of
observations per group. We consider 5 inference methods: hypothesis testing using robust standard errors from the individual level regression, DL,
CT, cluster residual bootstrap without correction, and cluster residual bootstrap with our heteroskedasticity correction. For the bootstrap methods,
we imposed Hp, and we used the wild bootstrap idea of randomizing whether we multiply the residuals by 1 or -1. For each inference method,
we report the average rejection rate for a 5% significance level test. We also report a measure of how rejection rates depend on the number of
observations in the treated group, which we call “absolute difference”. To construct this measure, we calculate the absolute difference in rejection
rates for each decile of M; relative to the average rejection rate, and then we average these absolute differences across deciles. We run 100,000
simulations for each M X p x Ng scenario. The standard error for the average rejection rates is around 0.07 percentage points, while the standard
error for the absolute difference is around 0.04-0.07 percentage points.
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Table 3: Rejection Rates in MC Simulations with Ny + 1 = 50

Inference Method

Donald Conley Bootstrap Bootstrap
Robust OLS and Lang and Taber w/o correction with correction
Absolute Absolute Absolute Absolute Absolute
p Mean Difference Mean Difference Mean Difference Mean Difference Mean Difference
(1) (2) (3) (4) () (6) (7) (8) 9) (10)
Panel A: M € [50,200]

0.01% 0.052 0.003 0.054 0.035 0.046 0.030 0.052 0.033 0.053 0.003
1% 0.192 0.037 0.051 0.017 0.046 0.014 0.051 0.016 0.053 0.003
1% 0.420 0.057 0.050 0.006 0.045 0.005 0.052 0.006 0.053 0.003

Panel B: M € [200, 800]

0.01% 0.057 0.002 0.053 0.034 0.047 0.029 0.051 0.031 0.052 0.003
1% 0.415 0.060 0.049 0.007 0.047 0.006 0.052 0.006 0.052 0.003
4% 0.663 0.047 0.049 0.002 0.047 0.002 0.051 0.002 0.052 0.003

Panel C: M € [50,950]

0.01% 0.056 0.002 0.057 0.060 0.046 0.048 0.050 0.052 0.052 0.004
1% 0.398 0.099 0.051 0.019 0.047 0.017 0.051 0.015 0.051 0.004
4% 0.635 0.089 0.050 0.006 0.046 0.005 0.051 0.003 0.051 0.005

Note: This table presents results from Monte Carlo simulations with 50 groups, as explained in Section 7. In all simulations, only one group is
treated. Each line presents simulation for different values of intra-group correlation, while each panel presents results for different numbers of
observations per group. We consider 5 inference methods: hypothesis testing using robust standard errors from the individual level regression, DL,
CT, cluster residual bootstrap without correction, and cluster residual bootstrap with our heteroskedasticity correction. For the bootstrap methods,
we imposed Hp, and we used the wild bootstrap idea of randomizing whether we multiply the residuals by 1 or -1. For each inference method,
we report the average rejection rate for a 5% significance level test. We also report a measure of how rejection rates depend on the number of
observations in the treated group, which we call “absolute difference”. To construct this measure, we calculate the absolute difference in rejection
rates for each decile of M; relative to the average rejection rate, and then we average these absolute differences across deciles. We run 100,000
simulations for each M X p x Ng scenario. The standard error for the average rejection rates is around 0.07 percentage points, while the standard
error for the absolute difference is around 0.04-0.07 percentage points.
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Table 4: Rejection Rates in MC Simulations with Ny + 1 =25

Inference Method

Donald Conley Bootstrap Bootstrap
Robust OLS and Lang and Taber w/o correction with correction
Absolute Absolute Absolute Absolute Absolute
p Mean Difference Mean Difference Mean Difference Mean Difference Mean Difference
(1) (2) (3) (4) () (6) (7) (8) 9) (10)
Panel A: M € [50,200]

0.01% 0.052 0.002 0.053 0.033 0.078 0.038 0.053 0.032 0.055 0.004
1% 0.193 0.032 0.051 0.016 0.079 0.020 0.053 0.015 0.055 0.005
4% 0.424 0.055 0.050 0.006 0.079 0.008 0.054 0.005 0.056 0.006

Panel B: M € [200, 800]

0.01% 0.056 0.002 0.053 0.031 0.077 0.037 0.051 0.029 0.056 0.006
1% 0.417 0.060 0.049 0.009 0.078 0.008 0.054 0.005 0.056 0.006
4% 0.664 0.048 0.050 0.005 0.079 0.003 0.055 0.001 0.054 0.007

Panel C: M € [50, 950]

0.01% 0.057 0.003 0.056 0.055 0.076 0.059 0.047 0.045 0.056 0.004
1% 0.403 0.091 0.052 0.015 0.077 0.019 0.052 0.015 0.056 0.007
4% 0.643 0.084 0.052 0.004 0.080 0.006 0.054 0.005 0.055 0.007

Note: This table presents results from Monte Carlo simulations with 25 groups, as explained in Section 7. In all simulations, only one group is
treated. Each line presents simulation for different values of intra-group correlation, while each panel presents results for different numbers of
observations per group. We consider 5 inference methods: hypothesis testing using robust standard errors from the individual level regression, DL,
CT, cluster residual bootstrap without correction, and cluster residual bootstrap with our heteroskedasticity correction. For the bootstrap methods,
we imposed Hp, and we used the wild bootstrap idea of randomizing whether we multiply the residuals by 1 or -1. For each inference method,
we report the average rejection rate for a 5% significance level test. We also report a measure of how rejection rates depend on the number of
observations in the treated group, which we call “absolute difference”. To construct this measure, we calculate the absolute difference in rejection
rates for each decile of M; relative to the average rejection rate, and then we average these absolute differences across deciles. We run 100,000
simulations for each M X p x Ng scenario. The standard error for the average rejection rates is around 0.07 percentage points, while the standard
error for the absolute difference is around 0.04-0.07 percentage points.



Table 5: Rejection Rates in MC Simulations with v;;, ~ x%(1)/v/2

Bootstrap Bootstrap
w/o correction with correction
Absolute Absolute
P Mean Difference Mean Difference

(1) (2) (3) (4)
Panel A: N =400

0.01% 0.050 0.035 0.050 0.002
1% 0.050 0.013 0.050 0.002
4% 0.050 0.003 0.050 0.003

Panel B: N =100

0.01% 0.051 0.035 0.053 0.002
1% 0.052 0.013 0.052 0.003
4% 0.051 0.004 0.051 0.003

Panel A: N =50

0.01% 0.051 0.033 0.053 0.003
1% 0.052 0.012 0.053 0.004
1% 0.053 0.003 0.053 0.004

Panel B: N =25

0.01% 0.051 0.029 0.055 0.005
1% 0.052 0.012 0.056 0.007
4% 0.055 0.003 0.056 0.007

Note: This table replicates the Monte Carlo simulation results
presented in Table 1 to 4 with v;; ~ x2(1)/v/2. All simulations
consider M € [50,200].
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Table 6: Number of Observations per Group x Time cell

ACS CPS
PUMA State State
(1) (2) (3)
Average 778.12 10,137.79 771.23
1% 129 883 119
5% 157 1,037 355
10% 174 1,250 392
25% 218 2,527 464
50% 338 7,205 546
5% 703 11,509 775
90% 1,418 21,099 1,709
95% 2,469 32,961 1,937
99% 9,555 62,752 3,297

Note: This Table presents the distribution of
number of observations per groups in the sim-
ulations with real datasets (Section 8). Col-
umn 1 presents information for PUMA-level
ACS simulations, column 2 presents information
for state-level ACS simulations, while column 3
presents information for state-level CPS simu-
lations.
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Table 7: Simulations with the ACS Survey
Inference Method

Bootstrap Bootstrap

Robust OLS w/o correction with correction

Outcome Mean Diff Mean Diff Mean Diff

Variable (1) (2) (3) (4) (5) (6)

Panel A: ACS with PUMA level interventions

Employment 0.072***  0.010 0.050 -0.082%** 0.049  -0.003
(0.004)  (0.008) (0.003) (0.006) (0.003)  (0.006)

Log(wages) 0.081***  0.000 0.050 -0.086*** 0.050 0.002
(0.004)  (0.008) (0.003) (0.006) (0.003)  (0.007)

Panel B: ACS with state level interventions
Employment 0.064 0.003 0.044 -0.087*** 0.0561  -0.013
(0.011)  (0.021) (0.016) (0.028) (0.011)  (0.020)
Log(wages) 0.081**  -0.021 0.054 -0.106** 0.056  -0.032
(0.015)  (0.031) (0.022) (0.042) (0.015)  (0.030)
Panel C: ACS with PUMA level interventions, N = 50
Employment  0.072***  (0.001 0.045%  -0.072%** 0.050  -0.005
(0.004)  (0.007) (0.003) (0.005) (0.003)  (0.005)
Log(wages) 0.084***  _0.001 0.046 -0.073%** 0.052  -0.001
(0.004)  (0.008) (0.003) (0.005) (0.003)  (0.005)
Panel D: ACS with PUMA level interventions, N = 25

Employment 0.069***  0.009 0.041*%**  _0.062*** 0.050  -0.007
(0.004)  (0.007) (0.003) (0.004) (0.002)  (0.004)
Log(wages) 0.082***  0.000 0.042*%**  -0.064*** 0.051 -0.001
(0.004)  (0.008) (0.003) (0.004) (0.003)  (0.005)

Note: This table presents rejection rates for the simulations using ACS data. For each pair of
consecutive years, we run a DID regression using one group as treated and the other groups as a
control. The outcome variable is employment status or log(wages) for women aged between 25 and
40. Then we test the hypothesis that the effect of the “intervention” is equal to zero using different
inference methods: hypothesis testing using robust standard errors from individual level DID model,
bootstrap without and bootstrap with our heteroskedasticity correction. Panel A reports results
when groups are defined as PUMASs, while Panel B reports results when groups are defined as states.
In Panels C and D we present results with PUMA-level treatments using 50 and 25 randomly selected
PUMAS (for each PUMA x year we simulated with 5 different randomly chosen sets of control PUMA,
leading to 25,940 simulations). We report average rejection rate and the difference in rejection rates
when the size of the treated group is above or below the median. Given that we have a limited
number of simulations, we do not calculate the average absolute difference in rejection rates across
deciles, as we do in the Monte Carlo simulations. We present in brackets standard errors for the
rejection rates. Standard errors are clustered at the treated group level. For average rejection rates
(columns 1, 3, and 5), * means that we reject at 10% that the average rejection rate is equal to 5%,
while for the differences in rejection rates (columns 2, 4, and 6) * means that we reject at 10% that
rejection rate for My above and below the median are equal. ** means that we reject at 5%, while
*** means that we reject at 1%.
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Table 8: Simulations with the CPS Survey
Inference Method

Bootstrap Bootstrap
Robust OLS w/o correction with correction
Outcome Mean Diff Mean Diff Mean Diff
Variable (1) (2) (3) (4) (5) (6)
Panel A: 2 years
Employment 0.047 -0.003 0.046  -0.043%*** 0.053 0.004
(0.007)  (0.011) (0.007) (0.012) (0.007) (0.012)
Log(wages)  0.066***  -0.011 0.046  -0.047%%* 0.052  -0.002
(0.006)  (0.012) (0.007) (0.011) (0.006) (0.012)
Panel B: 4 years
Employment  0.062* 0.016 0.046  -0.042%** 0.052  -0.012
(0.007)  (0.013) (0.007) (0.013) (0.007) (0.013)
Log(wages) 0.102***  0.024 0.048  -0.041%** 0.050 0.009
(0.011)  (0.023) (0.007) (0.013) (0.008) (0.015)
Panel C: 6 years
Employment  0.087***  0.001 0.053  -0.046%** 0.054  -0.018
(0.009)  (0.017) (0.007) (0.014) (0.006) (0.014)
Log(wages) 0.143***  0.059* 0.047  -0.044%** 0.051 0.000
(0.014)  (0.035) (0.008) (0.014) (0.009) (0.017)
Panel C: 8 years
Employment  0.135%**  0.044 0.043  -0.040%*** 0.046  -0.009
(0.013)  (0.028) (0.008) (0.015) (0.007) (0.014)
Log(wages) 0.207***  0.043 0.045 -0.029* 0.049 0.006
(0.015)  (0.036) (0.009) (0.016) (0.010) (0.017)

Note: This table presents rejection rates for the simulations using CPS data. In each simulation,
we run a DID regression using one group as treated and the other groups as a control. The outcome
variable is employment status or log(wages) for women aged between 25 and 40. Then we test the
hypothesis that the effect of the “intervention” is equal to zero using different inference methods:
hypothesis testing using robust standard errors from individual level DID model, bootstrap without
and bootstrap with our heteroskedasticity correction. Panel A reports results of DID models using
2 consecutive years of data, while Panels B and C report results of DID models using respectively
4 and 6 consecutive years of data. We report average rejection rate and the difference in rejection
rates when the size of the treated group is above or below the median. Given that we have a limited
number of simulations, we do not calculate the average absolute difference in rejection rates across
deciles, as we do in the Monte Carlo simulations. We present in brackets standard errors for the
rejection rates. Standard errors are clustered at the treated group level. For average rejection rates
(columns 1, 3, and 5), * means that we reject at 10% that the average rejection rate is equal to
5%, while for the differences in rejection rates (columns 2, 4, and 6) * means that we reject at 10%
that rejection rate for My above and below the median are equal. ** means that we reject at 5%,
while *** means that we reject at 1%.
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A Supplemental Appendix: Inference in Differences-in-Differences
with Different Group Sizes

A.1 Proof of the Main Results

This supplemental appendix contains the main theorems and proofs of the paper “Inference in Differences-in-Differences with
Different Group Sizes”. We use the same notation as in the main paper.
The aggregated model is:
Yjt = adje + 05 + BXj¢ + v +mje (18)

where Xj; is a kx1 vector of covariates. For simplicity, we start with the case that § = 0 and then extend to the case with
covariates.
We assume T periods of time (¢ =1,..,7") and N treated groups and Ny control groups in such a way that Ng + N3 = N.

Consider the restricted model in which we impose the null hypothesis, Hp : a = ag,
Yji = aodjt + 05 + v + mje

We will work with a linear combination of the residuals of this regression,

/Wj Z 77Jt Z”Jt

t=t*+1

We can calculate the DID coefficient @ based on a linear combination of /W].R. Define the operator 7Y; = ﬁ Z?:t*+1 Yji—

ti* Z;;l Yj¢. We can write & as:
1 1 R, R N “h g
a=— ij_N Z VY_*ZVY +W Z VY]' +Wj)
Lj=1 0 j=Ni+1 j=N1+1

) R ~ - T =N o i = T ~
Since Y]It% = apd;t+0;+7t, then ijR = aO‘f‘T%t* Zt:t*+1 'Vt_ti* Zi:l Jt forj =1,..., N1 and VY]'R = T%t* Zt:t*+1 Yt—
A St Aifor j =Ny +1,..,N.

Therefore:
1 Ny N
~ _ TR TR
G—ao= 1> Wi - No > W
j=1 Jj=Ni+1

We define W; as a linear combination of the error terms,

W;

Z njt — ;th

t=t*+1
We impose assumptions about the behavior of W;. We assume that T is fixed. In the leading example of the paper, we
assume that the heteroskedaticity is generated by variation of the groups’ sample size. In this appendix, we deal with the
general case, and then specialize to this example.
Assumption 1 (Independence): {W;, X;} is i.i.d. across j € {1,..., N1}, i.i.d. across j € {N1 + 1,..., N} and indepen-
dently distributed across j € {1, ..., N}.

Assumption 2 (Distribution): W;|X},d; 2 W;|X;, where X; is a subset of X;.
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Assumption 3 (Heteroskedasticity): W; |XJ has the same distribution across Xj up to a scale parameter.

Assumption 4 (Exogeneity): E[W;|X;,d;] = E[W;|X,] =0.
Lemma 1 Under assumptions 1-4, under the null, W].R 4 Wj, forj=1,2,...,N

Proof. Note that ﬁﬁ is the residual of a OLS regression under the null hypothesis, and it can be written as

~R ~ =~
Mt = Yt — codje — 05 — 5 =14

~ T N T N
where 77, = nj¢ — 7; — 7, + 7, with 7j; = 2 it Ty = ¥ 2 njt and 7 = T~ PIPILIT
= 1= =11i=
Therefore:
— 1 & 1 &
Wit = o X (=T =) = o > (i =7 = T+ )
—t tr £
t=t*+1 t=1
1 & 1 &
T Z (njt—ﬁt)—;Z(mz—ﬁt)
t=t*+1 t=1
1N
= W;—-— Z W = Wj + op (1) as No — oo, by assumptions 1 and 4.
§'=1
u

In general, if we know the variance of W |X 4, we could re-scale the residuals /V[7J.R and use a cluster residual bootstrap on the

re-scaled residuals even if the model is heteroskedastic. The idea is to normalize W1 such that Wrorm = WE. s
J J J Var| WE[X;]
generate a bootstrap sample using the re-scaled residuals ’V[7]-7b = Wj?fg"m -y/Var[W;| X;], and the use the residuals Wj,b to

estimate ap — ag,

R 1 N o
G —ao=1-3 Win—o D Wi
Lj=1 O j=Ni+1
where b indicates each re-sampling, b = 1,...,8. In each re-sampling, we calculate a;,. We reject Hp at level « if and only

if @ —ao < (@ —ap)[5] or @ —ap > (@ —ao) [l — 5], where (& — ap) [g] denotes the qth quantile of the distribution of
{(@1 —a0),..., (@5 — a0)}.

Let’s X be the matrix with Xj forj=1,..,.N

Theorem 2 Defined; o and d% as the (1—§)th and Sth quantile of the empirical distribution of (Qp — ap) given X, forb =
2 2

1,...,B. Assuming that we know the variance of Wj|)2j, under assumptions 1, 2, 3 and 4 Pr [d{7 o <a@—ap <dy ‘ ap, X] —p
2

1—a.

Proof. We divide this proof in two parts. Define I' (w) = Pr {Z;V:ll W; < w|Xj] and T, (w) = Pr [ §V11 ij < w\f(j,b].
First we show that fb (w) converges in probability to I' (w) uniformly on any compact subset of the support of W, as Ng — oo

and B — oco. Then, we show that Pr {d’l‘ig <a-—ap<diy
2 2

ao,X] —p 1 — .

Under our assumptions, Wj|Xj’s are independent across j and have the same distribution except by the variance, we can
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write
Ny

I'(w) =Pr ZWj < w|X;
j=1

Ny
:/..,/1 DoWi<wpdFy g (W) -dFy g (W) dF 5 (W)
j=1

and
N1 N
Ty (U)) =Pr Z Wj,b < ’wj,blxj,b
=1

Ny
:/.../1 D W <wodFy g (Wi)-dFy g (W) dFy g (W)
Jj=1

In order to estimate this distribution, we use ﬁj\)? (.) which is the empirical CDF obtained using the re-scaled residuals
J

T _ TR .| _Var[Wi|X;]
Wi = Wi\ Var[W, [ X,.0]
_ 183 -
iz, (wy) = B bz HWjp <wjp}
=1
B
:121 wr . [ VerWilX] o [ Var Wyl X,
B U7 VW Var (Wi X50] 7V Var [Wy] X0]
Var[Wj‘Xj]

where w; , = w; - cjp, with ¢, = | —F—-2L+=25 . In this case, ¢, is a constant.
3b = T Cb it Var[W;u[X;,0] ek

Define F\;p‘(v (wj) = % stzl 1{W]{,b < wjp}, where W]{,b = W4 - ¢jp. Note that
j

sup Foo (w)—F., s (w = sup Fo (wi)—F*. (w;)+F*
o [, () = s, @] = s [y ) = B, )
< /\. ~ N A* ~ ] ’ /\Tkh N o )
=, Fjx; (wi) = Fji g (wi)| + sup |Ffg (w)) = Fj 5, (w)

n & 1 —~
sup |1 ¢, (w5) = Fji w‘=sup = (1W-R<w-,b71Wf <w~’b>
w; €O J\Xj( 3) ]|Xj( 5) S 81;1 { 4sb 5,0} { b 3,b )
18 _
<3 Z sup ‘I{Wj}?b <wjp}— 1{Wj{,b < w]’,b}‘
BiHwice
=op (1)

In the last equality, we use the result of lemma 1, WJR converges in distribution to Wj.

Now, we work with the second term.

sup |F* . (w:) — F. - < s ’A?ﬂ N_Fo. ‘
wsjuepe Fle]‘ (wy) FJ\Xj (w)‘_ sup FJ|Xj (wy) FJ\Xj (wj)|+
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where F, (wj,p) is the cumulative distribution function of sz =wierm . /Var [W;| X;]. Note that Wj/ are i.i.d. across

Fibont
j. By the Glivenko-Cantelli Theorem,

P TR

By assumptions 2-4,

sup —F. % w‘:o 1
s [Fis, 1%, ()] = 0p (1)

By the results above,

sup |I'(w) — 'y (w)| = 0p (1)
w; €O

Now, we show that Pr [d*{_g <a—ap<diy X] —p 1 —a. As Ng — oo,
2 2

1 =

a—ao—>—§ W and ap — ag = — E Wi

Ny 4
Jj=1 Jj=

Using the results above, we can show that

r[d; <a-ag<dy ao,X]:Pr[ o <@ —ao<dy oco,X]+op(1)

—a
2

=1l-«a

The approach proposed to estimate W b is unfeasible since we do know not the variances of W;’s. Theorem 3 shows that

. . . = = Var[W;|X;
if we have a consistent estimator of , we can construct W, = leg . M , and use the approach

Vll’!‘[ mxjwb]
proposed above.

Theorem 3 Define di_o and d as the (1 — F)th and Fth quantile of the empirical distribution of (ay — ap) given X, for
2 2

% , under assumptions 1, 2, 8 and 4

b=1,...,B. If for each j is a consistent estimator for

<a—-ao<da
2

ao,X] —pl—a

Proof. Now, we do not know the variance of W;. In this case, we define F\j‘ (wy) = B Zb 1 { b < w]}

F. o (@)= Fi 5 = F 13 P A . _ ‘
wsjuepe JIX; (w]) iIX; (w) wsjuep® |X; (w]) X; (w]) + JIX; (w]) 1% (wj) + 1% (w]) JIX; w)
< sup |Fyg (@) = Fyg, (w)| + sup |Fre (@) = F g (wy)| ‘F 1%, )]
B “’bygepe‘ i1%; (@) = Bz, (wj)‘ * uz.uepe’ a1x; @) = Fiig, (w)| + et  (05) = By, (w)
We show in the previous theorem that sup,, ce |F' J\X (wy) — %, (wj)| = op(1) and SUp,,; co F;|X_7‘ (wy) — Fj\f(j (w)‘ =
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op (1). We only need to work with the first term,

B B

~ ~ 1 1
sup F.~V{u\-—F.~vw":5up — W, <w;-Cjp}— = W, <wj-cj
w; €6 ]\X]( J) ]|X]( J) w0 Bl; { 73, J ]} 6172::1 { 7,b J ]}
1 B
S - Z sup ‘I{W;b < wy Ejb} - I{Wj{,b < wj - Cjb}’
BT wee

P, : PO
— 0 since ¢jp = ¢y, -

For the leading example in the paper, the conditional variance of W; on X; only depends on M(j,t) and it is given by:

T t*

~ 1 1 1 1
Var |W;| M1, ..., M; = A+B — + -
LWl il (T —t*)? t:;lM(J,t) (t*)QZ;M(J,t)

A+ B-h(M(j,1)

where A and B are constants, and h (M (j,t)) = ﬁ Z?:t*+1 m + ﬁ S ﬁ For simplicity, we work with
the case in which M (j,t) = M. In this case, the variance simplifies to Var [W;| M;] = A+ % for a constant B. We assume
J

that the distribution of Mj; does not vary with Ng.

. . Var|W;|M; . . . .
We propose a consistent estimator of % based on an ordinary least squares estimator. We estimate a linear

Var[W; p|M; p)

— 2 —~
regression that relates (W].R> with ﬁ and constant. We obtain A as the least squares coefficient associated with the constant,
i

and B as the coefficient associated with ﬁ, and then we use A and B to construct a consistent estimator for the Var| WJ-R\M]} s
J
I B
R = ~
Var [W] ’Mj}fAJr :

Var| WR|M;
We use these two estimators to estimate the ratio ¢j, = [TJH . Lemma 4 shows that is Cj; is a consistent estimator

vor wjp
Var[Wq|M;]
for [ Varlw, a1

. . _~ . . . 14 Wi p|M;
Lemma 4 Under assumptions 1, 2, 8 and 4, for our leading example, ¢}, is a consistent estimator for cj, = Var[ W p| M)

Var[w[a;]
Proof.
B
Var [W;| M;] = A+ VA and E[W;|M;] =0
J
So we can write
B
E[wW?[ ] =4+ —
W[ M) = A+ 7
or
B
2
(Wj) =A + E +w
where E [w| M;] = 0. Using the result of lemma 1 and the continuity theorem, we estimate A and B by ordinary least squares

regression of WjR on a constant, and ﬁ We obtain consistent estimators as No — oo and M does not vary with No. ®
J
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A.2 Extension: Two or more treated periods

So far, we consider that that treatment happens only at t*. Now, we extend the proofs to the case that treatment happens in
different periods. We assume that there Ny control groups and Ny, treated groups that started treatment at ¢, for k =1, ..., K.

We will say that j € Ny to refer to a group j that belongs to the control group and j € Nj with k > 0 to refer to a treated
K

group j that started treatment at t;. In this case, N = No + ZNk.
k=1
First, we show that in this case, we can write the estimator & as a linear combination of Nik ZjeNk vk Y;— Z]EN{) VkY]-,

ky, _ 1 1 k_ 1 1
where V*Y; = T Zt>tz Y — i Ztgt; Yj¢. Also, let W7 = s Zt>t2 it ~ 5% Ztgt;; Njt-
Define th as
- 1 XN
P ST D SYNREES b SPi
j'=1 tlf jl=1t'=1

By the Frisch-Waugh-Lovell theorem we know that
. Z]‘ 2o ditYie
X4,
We will first analyze the denominator. For j € Ny, we have that:
K K

1 *
djt_O——kX:ll[t>tk]><Nk—0+—TkZ:1(T—tk)Nk

Since J?t does not depend on j, then

2 K 2 9 (K K
] *
-0 [ (B am) s (S am) -2 (S (S )

JFENo k=1 k=1

Since Nj, with k£ > 0 is fixed, as Ng — o©

gt
JE€No
For j € Ni with k > 0 we have
- 1 E 1
dje = dje — k’z—:l 1[t > t}] X Ny — ?(T —t5) + ﬁ k,X_: (T = ;) )Ny
When Ny — oo:
2
2, = (d Lor t*))
gt — gt T k
1 t
:d?t+ﬁ(Tftk) _odi (Tftk) (19)

Therefore:

T
S &=t (=) + (0= ) (14 5T = ) 20 = 1))

t=1
(T —t)

-1 [t(T —t:)* + (T — t3) ()] = T 20)

T2
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This implies that the denominator becomes (as Ny — 00):

N T
DY dh=
j=1t=1

K
Z — ;)] (21)

’ﬂ \

Now we will analyze the numerator. For a j € Ng, we have that:

K K
- 1
djt = — > (T —t;)Ng — — > _1[t > ;] x Ny,
NT
k=1 k=1
K
1 (T —t7) .
= ZNk {T — 10t > t5] (22)
k=1
1 T — t T —t%)
Zdﬁyﬁzﬁ<m%+..,w )Zyjﬁ
t t<t*
L) (=t (T~ t3)
— (N N, 4 Ng—— K Y;
N<1T+2T++KT > Yt
ty<t<t}
1 (=t1) (=t3) (T —t3) (T—t}}))
— (N N, N o Ng—— K Y;
N(1T+2T+3T++KT *Z*]ﬁ
ty<t<t}
(=t7) (=t3)
Ny Y;
N( oot Tt N Z it
t>t
Ny [t ) N [t
= N ?Zyjt—izyyt — N ?Zth ZYN (23)
t>t; t<t* t>t;< t<t*

As Ng — oo:

YD STMTD S SRR 1 SECEE S0

JENg t JENQ k=1 >t t<ty

For j € Ni with k > 0 as Ng — oo: we have:

~ 1
djt = dj¢ — ?(T —t5) (24)

Then (when Ny — o),

ngtygtf*kzygt—izygt

t>t’(< t<t*
Therefore,
K * *
& No—eo - Nk[tk(T; 9] . 1 S vhY - Z vty,
=1 =1 N [t5/(T = t3)] | Ne jex, 0 jeNy
Note that
K * *
Nk[tk(T_tk)] i Z vky, __7 Z Vk
K * *
o1 X N [t5, (T = t5)] | Ne JEN 0 jeny
K
N [t5 (T —t3) 1 —
=ao+ K ]\Evk o T]f]t* FZWJE’R 72
= D=1 Nir [t (T —15,)] k jeny 0 jeng
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In the general case, if we knew the variance of W]k, then we could generate a bootstrap sample using the re-scaled residuals

Wk —/Wk’R VQT‘[W;C‘M]':I
' Var| Wk, [M;,]

=W, , and use the residuals Wfb to estimate oy, — ap,

~ Niltp (T — t7)] 1 w1 Tk
G-a0=) o2 Wih g 2 Wi

K
=1 k=1 N [t5/(T = ;)] | Ve &7, 0 jeN,

and use the same hypothesis test stated in the previous section. If the variance of W is unknown, then we can estimate this

variance using theorem 4.

A.3 Extension: Model with Covariates

In this case, we work with the aggregate model that includes the covariates:
Yji= ad;jt+0;+B8X j,+v,+n5, (25)

where X; is a k x1 vector of covariates. We consider the case in which treatment happens only at ¢*.

By the OLS normal equations:

¥, S dj (th - Eth)

a = =
22522 45y
and,
K
N[t (T — t5 1 1
R Y e E D DAL SR
i D=1 N [t (T —t5)] | Nk JEN, No jex,

In this case, under Hp and for the treatment group,

kaj:T_lt* > (th _Bth) —ti* > <th —Bth)

kt>tr kt<tr
fF-A) | E g X
= —_ _— b — — .
0 T—1t; T it
t>t% t<t}
1 1
el DRl DT
kt>tr kt<tr
1 1
+ - Z Njt— % E Njt
T—t; ~ et
t>t% t<t}

By proposition 1 in Conley and Taber (2011), E&B . Therefore:

K

N Ny [t5(T — t* 1 1

& Qoooco-l— 74 [k(* k)]* fzwyk_ﬁzwjk
=1 D=1 Ni [t5 (T = t5,)] k jEN, 0 jeny

and we have the same result as in the previous section.

A.4 FGLS Estimation

In this section, we prove the main results of section 3. Under the assumption that the errors are uncorrelated across j, the

variance/covariance matrix of f 7n;; is block diagonal with T"x T. We define Q; as one of the blocks. Under assumption 2,
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Q; = Q(X ). Note that (X) is a symmetric matrix that allows for heteroskedasticity and serial correlation. Suppose that

we know (Xj). In this case, we can appply the standard GLS theory to the problem. The linear model is:
yj = adj +0; + v +1;

where y; is a Tx1 vector with {yj’t}z;l, d; is a Tx1 vector with {djyt}le and 7; is a Tx1 vector with {77]-,,5}?:1. The GLS

estimator will be based on the following model:

_1 1 1 1 -1
Q(X]) 2yj:OcQ (XJ> 2dJ+Q(X]> 293+Q<XJ) 2'Yt+Q<XJ) 27“
Note that the GLS estimator is the Gauss-Markov estimator in this problem. In other words, it has the lowest variance

among all the linear unbiased estimator. The GLS is in the class of linear unbiased estimator that can be represented by:

N

T N T T
Q@) = &(a):ZZatjyjt: Z ajt:I,Zajt:Oforalljand Zajt:Oforallt

t=1j=1 t=t*+1 t=1 j=1

Note that the variance of any estimator in this class is:

Var|a(a)| D, X] = Zaﬂ( >

where a; = . The GLS estimator is the estimator in the class (&) that has the minimum variance. In other words, it

arj
is the estimator that solves the following optimization problem:
N _
min Zan (Xj) aj s.t. Z ay =1 Zaﬁ = 0 for all],Za]t =0 for all ¢ (26)

ai,..,a
Lo @8N ST t=t* +1

Let @ (No) = (a1 (No), (No)) be the unique solution of the minimization problem above.

Lemma 5 Define a] as the unique solution for following the minimization problem:

. / 4
n;llnalﬁ (X1) aj s.t. Z ay] =1 Za“ =

t=t*+1

As Ng — oo,

35We show that the restrictions imposed on the aj; are necessary and sufficient for unbiasedness of the linear estimators

Consider any linear estimator & (a) = Z Z ajtyje:
t=15=1

T N

Ela(a)|D,X] = E|D> > ajyj|D.X|=a

t=1j=1

N N
Z ajedjt +Zg Za]t+z’7tza3t+zza]t]}i 773t|X D]
j=1 = t=1 t=

t=1j5=1

I\M'ﬂ

Assuming that E [n;¢| X, D] = 0, in order to have an unbiased estimator, we need:

Zzaﬁdﬁ_ Z air =1, Zajt—Oforall], Zajt—[)forallt

t=1j=1 t=t*+1
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@1 (No) B af and @; (No) B0 for j=2,..,N

Proof. By contradiction, suppose that a1 (Ng) does not converge in probability to aj. If this is the case, 3 € and c1 > 0 such

that Pr [|51 (No) — a’1‘| > 6] > c¢1 VNg. For every a1 (No) : |?1'1 (No) — a’{| > ¢, we have that
a1 (No) Q@ ()?1) @1 (No) — a' Q ()?1) al > co

for some positive constant ca. One possible solution for the minimization problem 26 is:

a
a1 =a and a; = ——2
1 1 j N_1
This solution satisfies all the constraints in the minimization problem, including the restriction that a;; = — Z;’V:2 aj; for all

t. Therefore, we have an upper bound for the optimization function when Ng — oo,

a1 (Vo) ()?1)61 (No) <

a1 (No)' @ (551) @ (No) + ia} (No) 2 (%) a;j (No)
j=2

So by the expression above,
i (Vo) @ (X1) @ (No) —af @ (%) af < —— i@(}?) t = op(1)
a1 (No 1) a1 (No)—ay 1)a1 S —— 35 ay j)a1 =0p
(Nf 1)2 j=2

However, as we showed before if @1 (Np) does not converge in probability to af, a1 (No)/ Q ()2'1) a1 (No)—a’{/Q ()?1) ai > c2
for some positive constant cz. So, by contradiction,

61 —p a{
Using this result, the value of the objective function that we are minimizing when Ng — oo is:
N
! o * / > *! v *
ai’ @ (X1) af + > a5 (Vo) @ (X5 ) a5 (Vo) < a7 (£1) af + 05 (1)
j=2
so the best choice of a; (Nog) is one that converges in probability to zero as Ng — co. ®

By Lemma 5, we have that

T

agrLs — o —4 E ajemt
=1

Assumption 5(Consistent Variance Matrix): There is an estimator Q ()@) that converges in probability to a positive
semidefinite matrix, called Q ()z]>
Now, we work a FGLS estimator using Q ()?]> as an estimator for Q(XJ) The FGLS estimator will converge to

T

QFGLS — Q0 —d § a1t
t=1
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where @1; depends on the elements of the matrix Q ()?1)
T
We combine our method with FGLS by using W; = > ajmj¢t- In order to apply our method, we need to impose
t=1
assumptions 1-4 on the behavior of Wfi
1* {W]?‘, Xj} is i.i.d across j € {1, ..., N1}, i.i.d across j € {N1 + 1, ..., N} and independently distributed across j € {1,..., N}.

2* wr|x;.d; £ wr| X

3* wr X j has the same distribution across )?]- up to a scale parameter.

a* E[wy|X;.4] =E[w;

x;] =o.

These assumptions can be implied by primitive conditions on 7;¢,for j =1,..., N and t =1,...,T.

In our leading example,
* >k * B*
Var [Wf| X;,d;] = Var [WF| M;] = A* + i

where A* and B* will depend on {ait}le and the variance-covariance matrix of 7;;.
T - T
We apply our method to Wi = @*,mj¢s. For each control unit, we construct W*E = at,7Mj¢ using the estimator
J 1t g 1t
t=1 t=

of the variance-covariance matrix, Q <)~(]> Then, we generate a bootstrap sample of {ﬁ/\;f}. As in the main procedure,

— wrR
we generate the normalized W;‘f = 1L , and then we generate a bootstrap sample using the re-scaled residuals,

Var

—% —~%

=

Wiy = WJ*{? -4/ Var [Wl* } )?]} This procedure generates bootstrap estimators, @pgrs,y — @0 = Wi
We reject Hp at level « if and only if apgrs — ap < (aFGLS’b — ao) [%] or ApgLs — oo > (&FGLS,,, — ao) [1 — 5],

where (aFGLS,,, — ao) [g] denotes the gth quantile of the distribution of {(aFGLS,l — ao) ey (aFGLS,B — ao) }

Theorem 6 Definec, o and cg as the (1 — %)th and 5 th quantile of the empirical distribution of ArgLs, — o given X,
p)
forb=1,...,B. Assuming that we know the variance of W;‘|)z'j, under assumptions 1*-4%,
Pr [c

o SapgLsp — a0 < c%] —pl—a

wlR

Proof. The proof is very similar to the proof of Theorem 2, so we skip some steps. First, we need to show that I'; =

Pr [W;b < w‘ Xj, b] converges in probability to I'* = Pr [Wl* < w| )~(1]. Under assumption 1%,
* * Tox *
T _/1{W1 <w}-dFj‘)~{j (wy)

r* = /1{W1* <w}-dFy 5 (W)

on VarlWi K]

In this case, we estimate the empirical CDF F* _ (.) using the re-scaled residuals, W;b =Wy f———
X5 ’ ’ Var[Wj*|Xj:|

~ 1B —
P, ) = 5 22 1{ Wi < v}

~. 1 B — —. —.R /VQT[Wl*I)'El} . =.Rr
Define F* - (wj) = 5 > 1{W7, <w; b}, where W, = Wit ——=—— with W},* comes from a bootstrap sample
J1X; b=1 5 ’ 5 b Va'r[w* )?] 5
|t

— T B
*R __ —x * _ 1 *
of Wj = tgl ay,njt and Fjlffj (wy) = B b§1 1 {WM < wj,b}.



. ﬁ* _ N_F. = < - ﬁ* _ N ﬁ* _ .
wee| 1% (wg) = Fyg, (w1)] < 1,;‘23@' aix,; (W) = Fz, (wg)| +
* ) — RO .
wsa.uepe 'Fj\??j (wi) = Fliz, (wi)| +
* . —_ ~
Ui-uepe 'Fﬂgy‘ (wi) =z, (wn)
By assumption 5, SUPy;co Fj\)?j (wj) — Fjljéj (w;)| = o0p (1).
Using the proof of Lemma 1, SUp,,; co Fj\)?j (wy) — Fjl)?j (wj;)| = op (1).

Under assumptions 1-4, and by the Glivenko-Cantelli Theorem, Supy co =o0p(1).

F;|)~(j (wj) — Fl\)?l (w1)

At the end, Pr [cl_% <apgrs —ag < c%] —pl—ca. m

It is important to note that in this section we are dealing with the case of one treated group and many control groups.
However, we can extend all the results to the case of few treated groups (more than one).

Now, we compare the power of of GLS test with the inference procedure that combines our main methodology with FGLS.
First, notice that in our case, the inference procedure is respect to one dimensional parameter, «, and it well know from the
literature that uniformly most powerful test (UMP) will exist for one sided alternative, and uniformly most powerful unbiased
test (UMPU) for two sided alternative. In addition, since the GLS is the Gauss-Markov estimator, under normality the t-test
based on the GLS estimator with known variance-covariance matrix is the UMP (or UMPU) test (Hausman and Kuersteiner,
2004). In order to show the power result, we need to add the normality assumption.

Assumption 6 (Normality): 7;|d; follows a normal distribution with mean zero and variance Q <)? j).

Theorem 7 Under assumptions 1-6, if Q <)?]> =0 (5{,])) then the power of the inference procedure based on the bootstrap

of the FGLS converge to the power of UMP test against one sided fixed alternative.
Proof. Without lost of generality, we are going to look to the following one-sided test:
Ho:a<apand Hi : a> ap
Since we are considering, for simplicity, the case with only one treated group, then, under assumptions 1 and 6:
agrs —ao —a N (0,(0})?)

where o} = \/var(W;[X1).

For a fixed alternative, the power of a t-test based on the unfeasible GLS is:

5 (@) = Pr Kw) S Zl_a} —Pr [(w) L

.
91 91 91

Notice that, under assumptions 1-6, if Q ()}]) =Q ()Z'j), then:
drars — oo —q N (0,(07)?)

Let c1—a = (aFGLS,b - 040) [1 — a]. Then, under fixed alternatives, the power of the procedure that combines FGLS with
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bootstrap is,

B(a) = Prl@rgrs —a>ci—a—(a—ao)

a —« Clea — (a—«
_ Pr[ FGLf S o (* 0)}
91 91

Cl—a
*

Since argrs — @grs = op(l), then it suffices to show that
Bla) —=p B*(a).

We argue first that, under the alternative, SUpy co

—p Z1—a even under the alternative to show that

= 0p(1). Notice that /V[7J*R —g W for all j

F* _ (w)—F* - (w
S, (w0) = Fl o ()

in the control group, even if the null is false. Now notice that, with a small and fixed number of treated groups, the probability

of resampling a treated group converges to zero as Ng — oo. Therefore, our Theorem 6 would apply even under the alternative.

Finally, since, under normality, the quantiles of apgrs are well defined, then we can apply the continuity theorem to show

that C;}“ converges in probability to z1_q.
|

Finally, we consider the estimation of ﬁ()?]) in our leading example in which heteroskedasticity is generated by variation
in group sizes, so 7n;; is defined as in formula 8. We first show that the estimator of the AR parameters do not have the
linearity that Hansen (2007) uses to derive the bias and provide his bias correction. Then we show that it would be possible to
consistently estimate Q()?J) if we impose stronger assumptions on the errors. This is important because the hypothesis testing
with the FGLS estimator relies on the consistency of the ﬁ()?]) estimator. Therefore, combining our inference method with
FGLS provides a safeguard in case ﬁ()?J) is not consistent.

For simplicity, assume that the number of observations is constant across time for each group (M(j,t) = M;) and that v,
and €;;¢ follow an AR(1) process with parameters p, and p.. We also assume that €;;; is i.i.d. across . In this case, the diagonal
elements of Q(Mj;) would be given by o2 + ﬁja? while the non-diagonal elements would be given by pPo2 + Mijpgag. Note
that, differently from Hansen (2007) who assumes that the model is homoskedastic, we need to consistently estimate p,, 02, pe
and 02.3% If we could observe njt¢, then we could estimate all these parameters using a non-linear least squares estimates, given

[t—t'|

’
that E[njin;y |M;] = p‘l,t_t loﬁ + ﬁpe o2. The problem, however, is that we can only observe 7;; 4 njt — % 25:1 Njt! s
J

which implies that:

T
’ 1 ’
B (e |M5] = [(0)* =102 = 237 (o) =71+ (o)1) 02

=1

1 ’ 1 T ’
v {we)“ o2 = =37 (0! =+ (o)) af}

T=1
Therefore, the non-linear least squares estimator would be biased when T is fixed. Moreover, we do not have the linearity
that Hansen (2007) uses to derive the bias and provide the bias correction.

If we assume that all serial correlation comes from e€;¢, then we would have that:
1 & 1 &
Vi — — Yiis = €5y — — €in
jt Mj Z ijt 1jt Mj Z ijt
i=1 i=1

. M; .
If Mj is large, then Y, — ﬁg Zi:ﬁ Yijt i €;j¢. We do not have a problem of incidental parameter here. Therefore, we can

M; M, . . .
regress Yjj; — ﬁ] > Yije on Yijeq — ﬁ] > 21 Yije—1 to get consistent estimators for p.. The diagonal elements of Q(M;)

36In Hansen (2007), Q = 0'%2 where ¥ only depends on the AR(p) parameters. Therefore, he does not need to estimate cr?]
to construct the FGLS estimator.
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are given by o2 + ﬁa? while the off-diagonal elements are given by ﬁ pPo2. Note that:
i J

M; M; 2
- -~ Ve ijt — T ijt o¢
T t=1 Nj:l J =1 MJ i=1
We still need to estimate the diagonal elements. We can do that looking at ﬁjz-t. Note that
o 1 &
) I -
njt d Mjt T . Nit
t'=1

1 & 1 8 1 &
= Vit — f Z Vjt’ + M. Z |:€ijt - ? Z Eijt’:|

t/=1 Ji=1 t/=1
T M; T
T—-1 1 1 1
Tyjt - ? Z vy + ﬁ Z |:€ijt - ? 6ijt’:|
t#t J =1 t/'=1
Therefore, since we are assuming that all serial correlation comes from e, then:
R (T -1)(T"—-2)
i) = |2 e+ v

where I'(pe, 02) is known function of pe and o2. Since we have consistent estimators for both pe and o2, we can get an unbiased
estimator for 2.
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