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Abstract

The synthetic control (SC) method has been recently proposed as an alternative to estimate treatment
effects in comparative case studies. In this paper, we revisit the SC method in a linear factor model setting
and consider the asymptotic properties of the SC estimator when the number of pre-treatment periods
(To) goes to infinity. Differently from Abadie et al. (2010), we do not condition the analysis on a close-to-
perfect pre-treatment fit, as the probability that this happens goes to zero when Tj is large. We show that,
even when a close-to-perfect fit is not achieved, the SC method can substantially improve relative to the
difference-in-differences (DID) estimator, both in terms of bias and variance. However, we show that, in our
setting, the SC estimator is asymptotically biased if treatment assignment is correlated with the unobserved
heterogeneity. If common factors are stationary, then the asymptotic bias of the SC estimator goes to zero
when the variance of the transitory shocks is small, which is also the case in which it is more likely that the
pre-treatment fit will be good. If a subset of the common factors is non-stationary, then the SC estimator can
be asymptotically biased even conditional on a close-to-perfect fit. In this case, the identification assumption
relies on orthogonality between treatment assignment and the stationary common factors. Finally, we also
consider the statistical properties of the permutation tests suggested in Abadie et al. (2010).
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1 Introduction

In a series of influential papers, Abadie and Gardeazabal (2003), Abadie et al. (2010), and Abadie et al. (2015)
proposed the Synthetic Control (SC) method as an alternative to estimate treatment effects in comparative
case studies when there is only one treated unit. The main idea of the SC method is to use the pre-treatment
periods to estimate weights such that a weighted average of the control units reconstructs the pre-treatment
outcomes of the treated unit. Then they use these weights to compute the counterfactual of the treated
unit in case it were not treated. According to Athey and Imbens (2016), “the simplicity of the idea, and the
obuvious improvement over the standard methods, have made this a widely used method in the short period of
time since its inception”.

Abadie et al. (2010) show that, conditional on a perfect matching in the pre-treatment periods, the bias of
the SC estimator is bounded by a term that goes to zero with the number of pre-treatment periods (7p), even
if treatment assignment is correlated with the unobserved heterogeneity.! In this paper, we revisit the SC
method in a linear factor model setting, and consider the asymptotic properties of the SC estimator when T
goes to infinity. Differently from Abadie et al. (2010), we do not condition the analysis on a close-to-perfect
pre-treatment match, as the probability that this happens goes to zero when Tj is large. Assuming a model
with stationary common factors, we show that the SC weights, in our setting, converge in probability to
weights that do not reconstruct the factor loadings of the treated unit.? As a consequence, the SC estimator
is asymptotically biased if treatment assignment is correlated with the unobserved heterogeneity.® This
result is not as conflicting with the results in Abadie et al. (2010) as it might appear at first glance. The
asymptotic bias of the SC estimator goes to zero when the transitory shocks are small, which is also the case
in which it is more likely that the pre-treatment match will be close to perfect for a moderate Tj.

We recommend a slight modification in the SC method where we demean the data using the pre-
intervention period, and then construct the SC estimator using the demeaned data. We show that, if selection
into treatment is only correlated with time-invariant common factors (which is essentially the identification
assumption of the difference-in-differences (DID) model), then this demeaned SC estimator is unbiased. In

this case, we can guarantee that the asymptotic variance of this demeaned SC estimator is lower than the

L Abadie et al. (2010) derive this result based on a linear factor model for the potential outcomes. However, they point out
that the SC estimator can be useful in more general contexts.

2We focus on the SC specification that uses all pre-treatment periods as economic predictors. We also consider the case
of the average of the pre-treatment periods and the average of the pre-treatment periods plus other covariates as economic
predictors.

3We define the asymptotic bias as the difference between the expected value of the asymptotic distribution and the parameter
of interest. We also show that, in the context of the SC estimator, the limit of the expected value converges to the expected
value of the asymptotic distribution.



asymptotic variance of the DID estimator. If selection into treatment is correlated with time-varying com-
mon factors, then both the demeaned SC and the DID estimators would be asymptotically biased. We show
that the asymptotic bias of the demeaned SC estimator is lower than the bias of DID for a particular class of
linear factor models. However, we provide a very specific example in which the asymptotic bias of the SC can
be larger. This might happen when selection into treatment depends on common factors with low variance.
Therefore, while we argue that the SC method is asymptotically biased if treatment assignment is correlated
with time-varying confounders, it still provides important improvement over standard methods, even if a
close-to-perfect pre-treatment match is not achieved. We also provide an instrumental variables estimator
for the SC weights that generates an asymptotically unbiased SC estimator under additional assumptions
on the error structure, which would be valid if, for example, the idiosyncratic error is serially uncorrelated
and all the common factors are serially correlated.

We consider, in Monte Carlo (MC) simulations, the capacity of the SC method to allocate weights that
correctly reconstruct the factor loadings of the treated unit conditional on a close-to-perfect pre-treatment
match. With stationary errors, we show that, with moderate Tj, the pre-treatment fit will only be good if
the variance of the transitory shocks is very low. In this case, the discrepancy between the factor loadings
of the treated and the SC units would be relatively low. If the variance of the transitory shocks is higher,
then the pre-treatment fit will only be good if we have very few pre-treatment periods. In this case, the
discrepancy between the factor loadings of the treated and the SC units can be large even conditional on
having a good pre-treatment fit, as suggested in Abadie et al. (2010) and Abadie et al. (2015). Therefore,
we provide evidence that, with stationary data and a moderate Tj, the SC estimator would only provide a
close-to-perfect match, and therefore be close to unbiased even if treatment assignment is correlated with
unobserved characteristics that vary with time, when the variance of the transitory shocks converges to zero.

We also consider the case with non-stationary errors, which is more consistent with the applications pre-
sented in Abadie and Gardeazabal (2003), Abadie et al. (2010), and Abadie et al. (2015). In MC simulations
with both stationary and non-stationary common factors, we show that the probability of having a good
pre-intervention fit is substantially higher than in the stationary case, and that the SC weights is highly suc-
cessful in reconstructing the factor loadings associated with the non-stationary common factors. However,
the SC weights may not reconstruct well the factor loadings associated with the stationary common factors,
even conditional on having a good pre-intervention fit. This happens because, even with moderate Tj, the
non-stationary common factors dominate the stationary common factors and the transitory shocks. These

results suggest that this is a scenario where the SC method significantly improves relative to DID, as it is



extremely successful in selecting a SC unit that follows the same non-stationary trend as the treated unit.
However, an important qualification is that the identification assumption in this case relies on orthogonality
between treatment assignment and the stationary common factors, as the SC method fails to reconstruct the
factor loadings associated with the stationary common factors, even conditional on a close-to-perfect match.

Finally, we consider the statistical properties of the permutation test proposed in Abadie et al. (2010).%
In the absence of random assignment, Abadie et al. (2010) and Abadie et al. (2015) interpret the p-value
from their permutation test as “the probability of obtaining an estimate at least as large as the one obtained
for the unit representing the case of interest when the intervention is reassigned at random in the data set”
(Abadie et al. (2015), page 500). While we agree this is a useful measure, it is important to evaluate the
statistical properties of the permutation test. We first show that the graphical analysis proposed in Abadie
et al. (2010) or a permutation test using the post-treatment mean squared prediction error (MSPE) as
test statistic might lead to important size distortions, as the distribution of the post-treatment prediction
errors for a given permutation might depend on, for example, the variance of the transitory shocks or the
concentration of the SC weights. We show that a permutation test using the ratio of post/pre-treatment
MSPE as test statistic, also suggested in Abadie et al. (2010), ameliorates this problem as, under some
conditions, it generates test statistics with the same asymptotic (marginal) distribution for all permutations.’
However, even under such conditions, we cannot guarantee that the test is asymptotically valid, as the test
statistics are generally not based on functions of the data that exhibit approximate symmetry.> We provide
examples in which we can have size distortions even when the test statistics for all permutations have the
same marginal distribution. We also show that heteroskedasticity might generate important size distortions
if the number of pre-treatment periods is small, even in situations in which the asymptotic size distortions
would be negligible. This might happen because, with small T, the model might overfit the pre-treatment

mean squared prediction error (MSPE), so it might not provide a proper correction for the post-treatment

4There are two recent papers that analyze in detail the permutation test proposed in Abadie et al. (2010). Firpo and
Possebom (2016) formalize the permutation test for the case where treatment is randomly assigned. In this case, the inference
method suggested in Abadie et al. (2010) would provide valid inference for unconditional tests. Our paper considers the
asymptotic properties of the permutation test when we relax the hypothesis of random assignment. Also, even under random
assignment, we can consider hypothesis testing conditional on the data on hand. See Ferman and Pinto (2016) for details on
why conditional tests should be preferable when there are few treated units. In another recent paper, Ando and Sévje (2013)
argue that the permutation test proposed by Abadie et al. (2010) is generally not valid and derive an alternative inference
method. Differently from Ando and Savje (2013), we consider the asymptotic properties of Abadie et al. (2010) permutation
test when the number of pre-intervention is large.

5This will be the case if linear combinations of the transitory shocks and common factors are stationary, serially uncorrelated,
and i.i.d. across units up to a scale parameter. We derive an alternative test statistic that guarantees the same asymptotic
expected value and variance for all permutations under weaker conditions.

6Canay et al. (2014) develop a theory of randomization tests under an approximate symmetry assumption. They provide
conditions under which it is possible to construct tests that asymptotically control the probability of a false rejection whenever
the distribution of the observed data exhibits approximate symmetry in the sense that the limiting distribution of a function
of the data exhibits symmetry under the null hypothesis.



MSPE.

Our paper is related to a recent literature that analyzes the asymptotic properties of the SC estimator and
of generalizations of the method. Gobillon and Magnac (2013) derive conditions under which the assumption
of perfect match in Abadie et al. (2010) can be satisfied when both the number of pre-treatment periods and
the number of control units go to infinity. They require that the matching variables (factor loadings and
exogenous covariates) of the treated units belong to the support of the matching variables of control units.
In this case, the SC estimator would be equivalent to the interactive effect methods they recommend. Xu
(2016) proposes an alternative to the SC method in which in a first step he estimates the factor loadings,
and then in a second step he constructs the SC unit to match the estimated factor loadings of the treated
unit. This method also requires a large number of both control units and pre-treatment units, so that the
factor loadings are consistently estimated. Differently from Gobillon and Magnac (2013) and Xu (2016), we
consider the case with a finite number of control units and let the number of pre-intervention periods go to
infinity. We also provide an example in which the SC weights do not reconstruct the factor loadings of the
treated unit even when the number of control units goes to infinity. This happens because the number of
common factors grow with the number of control units, breaking one of the assumptions in Gobillon and
Magnac (2013) and Xu (2016). Wong (2015) and Powell (2016) also consider the asymptotic properties of
the SC estimator (or a generalization of the SC estimator) when T goes to infinity while holding the number
of control units constant. They argue that the estimators would be asymptotically unbiased. However, it
is possible to show that, in their setting, the estimators will also be asymptotically biased under the same
conditions we find in our paper.”

The remainder of this paper proceeds as follows. We start Section 2 with a brief review of the SC esti-
mator. We highlight in this section that we rely on different assumptions and consider different asymptotics
than Abadie et al. (2010). Then we show that the SC estimator that uses all pre-treatment outcome lags
as economic predictors is, in our setting, asymptotically biased. We also consider the asymptotic properties
of alternative specifications of the SC estimator. In Section 3 we propose two alternatives to the original
SC estimator. In Section 4 we present a particular class of linear factor models in which we consider the
asymptotic and finite Ty properties of the SC estimator. We start with a stationary model, and then we
consider a model in which a subset of the common factors is non-stationary. In Section 5 we consider the
statistical properties of the permutation test proposed in Abadie et al. (2010) in our setting. We conclude

in Section 6.

"Details in Appendix A.5.



2 Revisiting the Synthetic Control Model

2.1 The Synthetic Control Model

Suppose we have a balanced panel of J + 1 units indexed by i observed on t =1, ..., T periods. We want to
estimate the treatment effect of a policy change that affected only unit j = 1 from period To +1 < T to T.

The potential outcomes are given by:

Yit(0) = 8¢ + Aepes + €
(1)
Yit (1) = o + :(0)

where d; is an unknown common factor with constant factor loadings across units, A is a (1 x F') vector of
common factors, p; is a (F x 1) vector of unknown factor loadings, and the error terms €;; are unobserved
transitory shocks. We only observe y;; = diyi:(1) + (1 — dit)yi:(0), where d;; = 1 if unit 4 is treated at time
t. We assume ¢;; independent across units and in time. Note that the unobserved error w;; = Atp; + €4
might be correlated across unit and in time due to the presence of Ary,;. As in Abadie et al. (2010), Gobillon
and Magnac (2013) and Powell (2016), we allow for correlation between A;p; and the treatment assignment.
Since we hold the number of units (J + 1) fixed and look at asymptotics when the number of pre-treatment
periods goes to infinity, we treat the vector of unknown factor loads (p;) as fixed and the common factors
(A\t) as random variables. In order to simplify the exposition of our main results, we consider the model
without observed covariates Z; until Section 2.3.2.

We assume that there is a stable linear combination of the control units that absorbs all time correlated
shocks Aype;.

Assumption 1 (existence of weights):

Iw' ={wi b [ =Y wilpy, Y wi’ =1, and wi’ >0
J#1 J#1
Note that we consider the existence of weights that reconstruct the unobserved factors loadings p1, following
the structure of Ando and Sivje (2013) and Powell (2016).% There is no guarantee that there is a unique
set of weights that satisfies assumption 1, so we define ®; = (w = {w]}j21 | p1 = D iz wl pj, > it wl =

1, and w{ > 0) as the set of weights that satisfy this condition. We treat w* as a nuisance parameter that

8Powell (2016) treats p; as random variables, so he considers that assumption 1 is valid in expectation. Wong (2015) considers
weights that reconstruct the expected value of the potential outcome if the observation is not treated, without imposing a linear
factor model structure. As we show in Appendix A.5, our main results remain valid in the setting considered in Wong (2015).



need to be estimated to construct the SC estimator.

Tt is important to note that Abadie et al. (2010) do note make any assumption on the existence of weights
that reconstruct the factor loadings of the treated unit. Instead, they consider that there is a set of weights
that satisfies y1; = 21 wfj y;¢ for all ¢ < Ty. While subtle, this reflects a crucial difference between our
setting and the setting considered in the original SC papers. Abadie et al. (2010) and Abadie et al. (2015)
consider the properties of the SC estimator conditional on having a good pre-intervention fit. As stated in
Abadie et al. (2015), they “do not recommend using this method when the pretreatment fit is poor or the
number of pretreatment periods is small”. They show that the condition y1; = 2#1 w’{jyjt for all t < Ty (for
large Tp) can only be satisfied as long as our assumption 1 holds approximately. In this case, the bias of the
SC estimator would be bounded by a term that goes to zero when Ty increases. We depart from the original
SC setting in that we do not condition on having a perfect pre-intervention fit. The motivation to analyze
the SC method in our setting is that, even if assumption 1 is valid, the probability that we find a perfect
pre-intervention fit in the data converges to zero when T — oo, unless the variance of the transitory shocks
is equal to zero. Still, we show that the SC method can provide important improvement over alternative
methods even if the pre-intervention fit is imperfect. We analyze the properties of the SC weights conditional
on a good pre-intervention fit in Monte Carlo simulations in Section 4.

The main idea of the SC method consists of estimating the SC weights w; = {uﬁ{ }j#1 using information
on the pre-treatment period. Then we construct the SC estimator &1; = y1: — Zj#l w{yﬁ for t > Ty. Abadie
et al. (2010) suggest a minimization problem to estimate these weights using the pre-intervention data. They
define a set of K economic predictors where X7 is a (K x 1) vector containing the economic predictors for the
treated unit and Xy is a (K x J) matrix of economic predictors for the control units.® The SC weights are
estimated by minimizing ||X; — Xow/||y subject to Z;];Ql wl =1 and w] > 0, where V is a (K x K) positive
semidefinite matrix. They discuss different possibilities for choosing the matrix V, including an iterative
process where V' is chosen such that the solution to the || X; — Xow||y optimization problem minimizes the
pre-intervention prediction error. In other words, let Y¥ be a (T x 1) vector of pre-intervention outcomes
for the treated unit, while Y3 be a (T x J) matrix of pre-intervention outcomes for the control units. Then
the SC weights would be chosen as W(V*) such that V* minimizes |[Y — Y5w (V).

As argued in Ferman et al. (2016), the SC method does not provide a clear guidance on how one should

choose the economic predictors in matrices X7 and X. This reflects in a wide range of different specification

9Economic predictors can be, for example, linear combinations of the pre-intervention values of the outcome variable or
other covariates not affected by the treatment.



choices in SC applications. We consider here 3 common specifications: (1) the use of all pre-intervention
outcome values, (2) the use of the average of the pre-intervention outcomes, and (3) the use of other time

invariant covariates in addition to the average of the pre-intervention outcomes.!?

2.2 The asymptotic bias of the SC estimator

We focus first on the case where one includes all pre-intervention outcome values as economic predictors.
In this case, the matrix V that minimizes the second step of the nested optimization problem would be the
identity matrix (see Kaul et al. (2015)), so the optimization problem suggested by Abadie et al. (2010) to

estimate the weights simplifies to an M-estimator given by:

r 2

To
i . 1 B
{@n}jzr = argmingew >y = wiyp
Ot=1 | j#1
1 n [ . : ’
= argminyew S len =D wlep+ M | =D win (2)
0 =1 J#1 J#1

where W = {{w]};21 € R’|w] >0 and D i1 wl =1}.

We impose conditions such that this objective function converges uniformly in probability to its popula-
tion average. We relax this assumption in Section 4.3.

Assumption 2 (stationary process): (e;¢, A\¢)" is weakly stationary and second moment ergodic.

Under assumption 2, we have that:

2 2
1 &

?Otd 61t_j§¢:1w{6jt+>\t m—;w{u]— NS elt—j%:lw{ejt—i—)\t ,ul—jz?;lw{uj (3)

Let W = {@]};21 be the weights that minimize this expectation and treat W = {1J};x as an M-
estimator. We show in Appendix A.1 that w —, w. We show now that w ¢ ®;, which implies that the
SC weights will converge in probability to weights that do not satisfy the condition stated in assumption 1,
even under the assumption of existence of such weights. We consider a simple case where var(e;;) = o2 for

all 7 and €;; is uncorrelated with A;. Let E[X,\¢] = Q be the matrix of second moments of A;. Therefore, the

10Kaul et al. (2015) show that the weights allocated to time-invariant covariates would be zero if one uses all pre-treatment
intervention outcome values as economic predictors. Therefore, we do not consider this case.



objective function simplifies to:

/
T({w]}jer) =02 [ 14D (w])? | + [ =D wip | Q=D wiy; (4)
J#1 J#1 j#1

Note that the objective function has two parts. The first one reflects that different choices of weights will

generate different weighted averages of the idiosyncratic shocks €;;. In this simpler case, this part would be

minimized when we set all weights equal to % The second part reflects the presence of common factors \;

that would remain after we choose the weights to construct the SC unit. If assumption 1 is satisfied, then
we can set this part equal to zero by choosing w* € ®;.

Consider that we start at {w}?};2; € ®; and move in the direction of wl = Lforall j=2,.,J+1, with

w = wi + A(3 —w}i?). Note that, for all A € [0, 1], these weights will continue to satisfy the constraints of

the minimization problem. If we consider the derivative of function 4 with respect to A at A = 0, we have

that:
4 L=, 4 o
I({wi} ) = 202 T;w:])"’ <0 unless wi’ = 5 (5)

Therefore, w* € ®; cannot be, in general, a solution of the objective function of the M-estimator. This
implies that, when Ty — 0o, the SC weights will converge in probability to weights w that does not satisfy
assumption 1, unless it turns out that w* also minimizes the variance of the idiosyncratic errors. The SC

estimator will be given by:

Qe = Y1t — Zﬁ){yu 4 arg + | €1e — Z@{Eﬁ + A | - Zw{ﬂj (6)

J#1 J#1 J#1
The SC estimator will only be asymptotically unbiased if we have that E [6175 — Zj# wgejt|d1t =0
and FE [)\t (,ul — 24 u’){uj) |d1t} = 0.'' Since (,u1 =2 A u’){,uj) # 0, this implies that we cannot have
selection on unobservables, even if selection is based on the common factors. Abadie et al. (2010) argue
that, in contrast to the usual DID model, the SC model would allow the effects of confounding unobserved
characteristics to vary with time. It is important to note that the discrepancy of our results arises because

we rely on different assumptions. Abadie et al. (2010) consider the properties of the SC estimator conditional

H'We consider the definition of asymptotic unbiasedness as the expected value of the asymptotic distribution of &1t — a1y
equal to zero. An alternative definition is that E[&1; — a1¢] — 0. We show in Appendix A.2 that these two definitions are
equivalent in our setting under standard assumptions.



on having a good fit in the pre-treatment period in the data at hand. They do not consider the asymptotic
properties of the SC estimator when Tj goes to infinity. Instead, they show that the bias of the SC estimator is
bounded by a term that goes to zero when Ty increases, if the pre-treatment fit is close to perfect. Differently
from Abadie et al. (2010), we consider the asymptotic distribution of the SC estimator when Ty — oo.
Therefore, we cannot condition on a close-to-perfect pre-intervention fit, as the probability of having a
close-to-perfect fit converges to zero when Tj is large. We show that, in our setting, the SC estimator is
asymptotically biased, and the bias is increasing with the variance of the transitory shocks. Note that our
results are not as conflicting as they may appear at first glance. In a model with stationary factors, the
probability that one would actually have a dataset at hand such that the SC weights provide a close-to-
perfect pre-intervention fit with a moderate Tj is close to zero, unless the variance of the transitory shocks
is small. Therefore, our results agree with the theoretical results in Abadie et al. (2010) in that the bias of
the SC estimator should be small in situations where one would expect to have a close-to-perfect fit. We
consider in MC simulations the properties of the SC estimator conditional on finding a good pre-treatment

match in Section 4.

2.3 Alternative SC specifications
2.3.1 Average of pre-intervention outcome as predictor

We consider now another very common specification in SC applications, which is to use the average pre-
treatment outcome as the economic predictor. Note that if one uses only the average pre-treatment outcome
as the economic predictor then the choice of matrix V' would be irrelevant. In this case, the minimization

problem would be given by:

r 2

Ty
{witj»1 = argmin,cy Z 1t—zw1yjt
t=1 J#1
- 2
= argmin,cy T Z elt;wlejtJr)\t 1 — ;wlﬂj (7)
J J

where W = {{w]};1 € R7|w] >0 and Dz wl =1}.

10



Therefore, assuming weakly dependence of \;, the objective function converges in probability to:

2
T{wi}iz) = |EN (1 =D winy (8)

j#1
Assuming that there is a time-invariant common factor (that is, A} = 1 for all ¢) and that \; is weakly
stationary, we have that, without loss of generality, E[A\F] = 0 for k& > 1. In this case, the objective function

collapses to:

T({w]}jen) = | | 1 =Y wip] 9)
J#1

Therefore, while we assume that there exists at least one set of weights that reproduces all factor loadings
(assumption 1), the objective function will only look for weights that approximate the first factor loading.
This is problematic because it might be that assumption 1 is satisfied, but there are weights {w? Yiz1 € ®4
that satisfy pul = > 21 wl pj- In this case, there is no guarantee that the SC control method will choose
weights that are close to the correct ones. This result is consistent with the Monte Carlo simulations in
Ferman et al. (2016), who show that this specification performs particularly bad in allocating the weights

correctly.

2.3.2 Adding other covariates as predictors

Most SC applications that use the average pre-intervention outcome value as economic predictor also consider
other time invariant covariates as economic predictors. Let Z; be a (R x 1) vector of observed covariates

(not affected by the intervention). Model 1 changes to:

yzt(o) - 5t + otZz + )\tul + €;¢

yit(1) = ait + 3i(0)

We also modify assumption 1 so that the weights reproduce both p; and 7.

Assumption 1’ (existence of weights):

IH{wi s = 3wy, Zo =3 w2y, 3w’ =1, and wi’ 20
371 J#1 j#1

11



Let X; be an (R + 1 x 1) vector that contains the average pre-intervention outcome and all covariates
for unit 1, while Xy is a (R4 1 x J) matrix that contains the same information for the control units. For a
given V', the first step of the nested optimization problem suggested in Abadie et al. (2010) would be given
by:

w(V) € argming, oy || X1 — Xow||v (11)

where W = {{w{ bz € Rﬂw{ >0and 3, w{ = 1}. Note that the objective function of this minimization

problem converges to ||X; — Xow||y, where:

E[6,] (Z1 — s w{Zj> + (,u} =2z wiﬂ%)

- Z1 -y wjzl)
X1 — Xow = ( ! j';ﬂ 1

(ZIR - Zj;él w{ZJR)

Similarly to the case with only the average pre-intervention outcome value as economic predictor, it
might be that assumption 1’ is satisfied, but there are weights {u?{}#l that satisfy ui = D i1 u?{,ujl and
Z, = Zj# u?{Zj, although ub # Ej# u?{uf for some k > 1. Therefore, there is no guarantee that an
estimator based on this minimization problem would converge to weights that satisfy assumption 1’ for any
given matrix V.

The second step in the nested optimization problem is to choose V' such that w(V) minimizes the pre-

intervention prediction error. Note that this problem is essentially given by:

2
To

w = argmin, g Tio Z Y1e — Zw{yjt (13)

t=1 j#1
where W C W is the set of w such that w is the solution to problem 11 for some positive semidefinite matrix
V. Similarly to the SC estimator that includes all pre-treatment outcomes, there is no guarantee that this
minimization problem will choose weights that satisfy assumption 1’ even when Ty — co. More specifically,
if the variance of €;; is large, then the SC estimator would tend to choose weights that are uniform across
the control units in detriment of weights that satisfy assumption 1’. Moreover, since we might have multiple

solutions to problem 11, there might be no V such that w(V') converges in probability to weights in ®;.

12



Therefore, it is not possible to guarantee that this SC estimator would be asymptotically unbiased.

3 Alternatives

3.1 Demeaned SC Estimator

In contrast to the SC estimator, the DID estimator for the treatment effect in a given post-intervention

period t > Ty, under assumption 2, would be given by:

To

. 1 1 1
S DDt O DR DI
J#1 0r=1 J#1
1 1 1 & 1 1
= Elt_jzejt+>\t ﬂ1—jZMj —?OZ €1r—jZGjT+)\r u1—qug—
J#1 J#1 =1 J#1 J#1
d 1 1
- €1t — i th +M—EN]) [ 1 — 7 Zﬂj (14)
J#1 Jj#1

where we assumed that the pre-intervention average for the common factors converges in probability to their
unconditional means.'?

Therefore, the DID estimator would only be asymptotically unbiased if common factors that are not
constant over time are uncorrelated with treatment assignment. In this case, these common factors would
enter the error term and would not cause bias because their expectation conditional on treatment status
would be equal to zero. The DID model allows for selection on common factors that are constant over time.
In this case, the characteristics that are correlated with treatment assignment would be captured by the unit
fixed effects. Therefore, if the DID assumptions are satisfied, then the DID estimator would be unbiased
while the SC estimator would be, in general, asymptotically biased.

As an alternative to the standard SC estimator, we suggest a modification in which we calculate the
pre-treatment average for all units and demean the data.'® If common factors are stationary, this implies a
model with no time-invariant common factor. We show in Appendix A.3 that the only difference relative to

the original model is that the common factors \; and factor loadings fi; would not include the time-invariant

common factor. Also, we can assume, without loss of generality, that [S\t] = 0. In this case, we guarantee

12This is guaranteed with our assumption 2 even if \; is correlated with the treatment assignment for ¢ close to Tp.

13Doudchenko and Imbens (2016) propose a generalization of the SC method which includes an intercept parameter in the
minimization problem to estimate the SC weights. As in our demeaned SC estimator, this also allows for the possibility of a
systematic additive difference between treated and control units.
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that the SC estimator is asymptotically unbiased when the DID assumptions are satisfied. Note that we also
make assumption 1 weaker, since there might be weights that reconstruct all common factors A that are
not constant over time, but does not match the level of the treated unit.'* We can show that, if the DID
assumption is valid, then both this demeaned SC estimator and the DID estimator will be asymptotically
unbiased, but the variance of the asymptotic distribution of the demeaned SC estimator will always be weakly
lower relative to the DID estimator. Let 413" be the demeaned SC estimator. Under the DID assumption,
\; and €;; will be independent of the fact that unit 1 was treated after Ty. Therefore, for a given for ¢ > Tp,

under assumption 2, the variance of the asymptotic distribution of the SC estimator would be given by:

2
avar(@ —ay)=FE || &, — Zw{fjt + N |- Zw{ﬂj (15)
i1 i
while:
2
avar(ay"™® —ay) =E | | &4 — ; %Qt + N | - ; %ﬁj (16)

Since the DID weights belong to W and the demeaned SC weights converge in probability to weights that

minimize the function F [(€1t =i w{Ejt) + (Ml =2 A w{ﬂj)} 2, it must be that a.var(a3° —ay;) <
a.var(é 7™ — ai¢). Note that this result is valid even if assumption 1 does not hold.

If the correlation comes from common factors that are not constant over time and assumption 1 is
satisfied, then the bias of the SC estimator would usually be lower than the bias of the DID estimator. We
show in Section 4 a particular class of linear factor models in which the asymptotic bias of the demeaned SC
estimator will always be lower. However, we provide in Appendix A.4 an example in which the DID bias can

be smaller than the bias of the SC. This might happen when selection into treatment depends on common

factors with low variance.

3.2 IV-Like SC Estimator

We also propose an alternative way of estimating the SC weights that provide consistent estimators if we
impose additional assumptions on the common factors and transitory shocks. Note that the asymptotic
bias of the SC estimator derived in Section 2.2 comes from the first step of the SC method in which one

estimates the SC weights using the pre-treatment information. As noted by Doudchenko and Imbens (2016),

14Note that if assumption 1 is valid for the original model, then it will also be valid for the demeaned model.
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the minimization problem when one includes all pre-intervention lags is equivalente to a restricted OLS
estimator of y1; on Yo, ..., Ys+1,¢. For weights {wi‘j}jﬁ € ¥, we can write:

J+1

yie = > _ wilyj +m, for t < Ty
=1

where:

J+1
_ *J
N = €1t — E W1~ €5t
j=1

The key problem is that 7, is correlated with y;;, which implies that the restricted OLS estimators
are inconsistent. Imposing strong assumptions on the structure of the idiosyncratic error and the common
factors, we show that it is possible to consider moment equations that will be equal to zero if, and only if,
{wi7}jz1 € D1

Let y, = (Y2, -, Ys+1,4)s o be a (F x J) matrix with columns pj, € = (€24,...,€541¢), and w =

(w?,...,w] ). In this case, we can look at:

Yo —yiw) = (poX_q + e—1)Ae (p1 — pow) + (poAi_y + €—1) (€1t — W) (17)

= poN—1 e (1 — pow) + €1 (1 — prow) + oAy _q (€10 — W) +er—1(e1r — W)

If we assume that €;; is independent across ¢ and independent of )\, then:

Ely, 1y —yiw)] = poE [M_ A (1 — pow) (18)

Therefore, if the (J x F) matrix pyE [X;_; A¢] has full rank, then the moment conditions equal to zero if,
and only if, w € ®;. One particular case in which this assumption is valid is if )\{ and /\f " are uncorrelated
and /\{ is serially correlated for all f =1,..., F. Intuitively, under these assumptions, we can use the lagged
outcome values of the control units as instrumental variables for the control units’ outcomes.'®> One challenge
to analyze this method is that there might be multiple solutions to the moment condition. Based on the

results in Chernozhukov et al. (2007), it is possible to consistently estimate this set. Therefore, it is possible

15The idea of SC-IV is very similar to the IV estimator used in dynamic panel data. In the dynamic panel models, lags of the
outcome are used to deal with the endogeneity that comes from the fact the idiosyncratic errors are correlated with the lagged
depend variable included in the model as covariates. The number of lags that can be used as instruments depends on the serial
correlation of the error terms.
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to generate an I'V-like SC estimator that is asymptotically unbiased. A possible limitation of this method is
that it might rely on a very large number of pre-treatment periods so that weights are close to weights that

satisfy assumption 1. Results from MC simulations available upon request.

4 Asymptotic vs. Finite 7; Properties of the SC Estimator

We consider now in detail the implications of our results for a particular class of linear factor models in
which all units are divided into groups that follow different times trends.'® More specifically, we consider

that the J + 1 units are divided into K groups, where for each j we have that:
yjt(O) = (515 + )\{5C + €t (19)

for some k =1, ..., K. We start considering the asymptotic properties of the SC estimator in this particular
class of linear factor models when Ty — co. Then we consider the properties of the SC estimator in the setting
proposed in Abadie et al. (2010), where Tp is fixed and the analysis is conditional on a good pre-intervention

fit.

4.1 Asymptotic Results

We start considering the case in which the model is stationary. Consider first an extreme case in which
K = 2, so the first half of the J + 1 units follows the parallel trend given by A}, while the other half follows
the parallel trend given by A?. In this case, the SC estimator should only assign positive weights to units in
the first group. Assume that var(A\F) =1 and var(e;;) = 02. We calculate, for this particular class of linear
factor models, the asymptotic proportion of misallocated weights of the SC estimator using all pre-treatment
lags as economic predictors. From the minimization problem 4, we have that, when Ty — oo, the proportion

of misallocated weights converges to:

J+1

; J+1
2 _ -7 _ 2
206, 7) = ZJ 1= P iaxixor—1 7 (20)
j=5t+1

where i (02, J) is the proportion of misallocated weights when the J + 1 groups are divided in K groups.

We present in Figure 1.A the relationship between asymptotic misallocation of weights, variance of the

16Monte Carlo simulations using this model was studied in detail in Ferman et al. (2016).
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transitory shocks, and number of control units. Note that, for a fixed J, the proportion of misallocated

weights converges to zero when o2 — 0, while this proportion converges to % (the proportion of misallo-
cated weights of DID) when 02 — co. This is consistent with the results we have in Section 2.2. Moreover,
note that, for a given o2, the proportion of misallocated weights converges to zero when the number of control
units goes to infinity. This is consistent with Gobillon and Magnac (2013), who derive support conditions
so that the assumptions in Abadie et al. (2010) for unbiasedness are satisfied.

Note that, in this example, the SC estimator converges to:

. d _j

a1y = g+ | €1t — ZW{eﬁ F AL X 2(02, ) = A X 72(0?, ) (21)
i#1
Therefore, if E[A}|d1: = 1] = 1 (that is, the expected value of the common factor associated to the treated
unit is one standard deviation higher), then the bias of the SC estimators in terms of the standard deviation
2
of y1; would be given by 22(0e,)) Therefore, while a higher 2 increases the misallocation of weights, the
V1+02

importance of this misallocation in terms of bias of the SC estimator is limited by the fact that the common
factor (which we allow to be correlated with treatment assignment) becomes less relevant. We present the
asymptotic bias of the SC estimator as a function of ¢ and J in Figure 1.B. Note that, if J + 1 > 20,
then the bias of the SC estimator will always be lower than 0.1 standard deviations of y;; when treatment

assignment is associated with a one standard deviation increase in A\;. This happens because, in this model,

the misallocation of weights diminishes when the number of control groups increases.

J+1
2

We consider now another extreme case in which the J + 1 units are divided into K = groups that
follow the same parallel trend. In other words, in this case each unit has a pair that follows its same parallel
trend, while all other units follow different parallel trends. The proportion of misallocated weights converges
to:

J—-1
x o2

2 _ I
Yoz (ol D) =) @

L7 2402+ (1+02)(J—1) (22)

€

We present the relationship between misallocation of weights, variance of the transitory shocks, and

number of control units in Figure 1.C. Note that, again, the proportion of misallocated weights converges

2
€

2

to zero when o 2

— 0 and to the proportion of misallocated weights of DID when o2 — oo (in this case,

J—1

= ). Differently from the previous case, however, for a given o2, the proportion of misallocated weights

2
a; 7 when J — oo. Therefore, the SC estimator would remain asymptotically biased even when

converges to 1 T
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the number of control units is large. This happens because, in this model, the number of common factors
increases with J, so the conditions derived in Gobillon and Magnac (2013) are not satisfied. As presented
in Figure 1.D, in this case, the asymptotic bias can be substantially higher, and it does not vanishes when
the number of control units increases. Therefore, the asymptotic bias of the SC estimator can be relevant
even when the number of control units increases.

Finally, note that, in both cases, the proportion of misallocated weights is always lower than the propor-
tion of misallocated weights of DID. Therefore, in this particular class of linear factor models, the asymptotic
bias of the SC estimator will always be lower than the asymptotic bias of DID. However, this is not a general

result, as we show in Appendix A.4.

4.2 Finite Tj results - stationary process

The results presented in Section 4.1 are based on the setting studied in this paper in which we consider Ty —
oo. We now consider, in MC simulations, the finite T properties of the SC estimator, both unconditional
and conditional on a good pre-treatment fit. We present Monte Carlo (MC) simulation results using a data
generating process (DGP) based on equation 19. We consider in our MC simulations .J +1 = 20, AF normally
distributed following an AR(1) process with 0.5 serial correlation parameter, €;; ~ N(0,02), and T'— Ty = 10.
We also impose that there is no treatment effect, i.e., y;: = y;+(0) = y;:(1) for each time period t € {1,...,T'}.

We consider variations in DGP in the following dimensions:

e The number of pre-intervention periods: Ty € {5, 20, 50,100}.
e The variance of the transitory shocks: 2 € {0.1,0.5,1}.

e The number of groups with different AF: K =2 (2 groups of 10) or K = 10 (10 groups of 2)

For each simulation, we calculate the SC estimator that uses all pre-treatment outcome lags as economic
predictors, and calculate the proportion of misallocated weights. We also evaluate whether the SC method
provides a good pre-intervention fit and calculate the proportion of misallocated weights conditional on a
good pre-intervention fit. While Abadie et al. (2015) recommend that the SC method should not be used if
the pre-treatment if is poor, they do not provide an objective rule to determine whether one should consider
that the pre-treatment fit is good. We determine that the SC estimator provided a good fit if the R2 of a
regression of the pre-treatment outcomes of the treated unit on the pre-treatment outcomes of the SC unit

is greater than 7. For each scenario, we generate 20,000 simulations.
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In columns 1 to 3 of Table 1, we present the proportion of misallocated weights when K = 10 for different
values of Ty and o2. Consistent with our analytical results from Section 4.1, the misallocation of weights is
increasing with the variance of the transitory shocks. With Ty = 100, the proportion of misallocated weights
is close to the asymptotic values. The proportion of misallocated weights is substantially higher when Tj is
very small. We present in columns 4 to 6 of Table 1 the probability that the SC method provides a good fit
when we define good fit as an R? > 0.8. As expected, with a large Ty the SC method only provides a good
pre-intervention fit if the variance of the transitory shock is low. If the variance of the transitory shocks
is higher, then the probability that the SC method provides a good match is approximately zero, unless
the number of pre-treatment periods is rather low. These results suggest that, in a model with stationary
factors, the SC estimator would only provide a close-to-perfect pre-treatment fit with a moderate number of
pre-treatment periods if the variance of the transitory shocks is low, which implies that the bias of the SC
estimator would be relatively small. With Ty = 20 and o2 = 0.5 or 02 = 1, the probability of having a good
fit is, respectively, equal to 3.4% and 0.7%. Interestingly, when we condition on having a good pre-treatment
fit the proportion of misallocated weights reduces but still remains quite high (goes from 50% to 38% when
02 = 0.5 and from 66% to 54% when o2 = 1). These results are presented in Table 1, columns 7 to 9. In
Appendix Table A.1 we replicate Table 1 using a more stringent definition of good fit, which is equal to
one if R? > 0.9. In this case, conditioning has a larger effect in reducing the discrepancy of factor loadings
between the treated and the SC units, but at the expense of having a lower probability of accepting that
the pre-treatment fit is good. These results suggest that, with stationary data, the SC estimator would only
provide a close-to-perfect match with a moderate Tj, and therefore be close to unbiased, when the variance
of the transitory shocks converges to zero. In Appendix Table A.2 we also consider the case with 2 groups
of 10 units each (K = 2). All results are qualitatively the same.

Note that, in this particular class of linear factor models, the proportion of misallocated weights is
always lower than the proportion of misallocated weights of the DID estimator, which implies in a lower bias
if treatment assignment is correlated with common factors. This is true even when the pre-treatment match
is not perfect and when the number of pre-treatment periods is very small. From Section 3.1, we also know
that, if the DID identification assumption is satisfied, then a demeaned SC estimator is unbiased and has a
lower asymptotic variance than DID. Since this DGP has no time-invariant factor, this is true for this model
as well. We also present in Table 2 the DID/SC ratio of standard errors. With Ty = 100, the DID standard
error is 2.6 times higher than the SC standard errors when o2 = 0.1. When o2 is higher, the advantage of

the SC estimator is reduced, although the DID standard error is still 1.4 (1.2) times higher when o2 is equal
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to 0.5 (1). This is expected given that, in this model, the SC estimator converges to the DID estimator
when 02 — oco. More strikingly, the variance of the SC estimator is lower than the variance of DID even
when the number of pre-treatment periods is small. These results suggest that the SC estimator can still
improve relative to DID even in situations where Abadie et al. (2015) suggest the method should not be
used. However, a very important qualification of this result is that, in these cases, the SC estimator requires
stronger identification assumptions than stated in the original SC papers. More specifically, it is generally

asymptotically biased if treatment assignment is correlated with time-varying confounders.

4.3 Finite 7Tj results - non-stationary process

So far we have considered stationary models. However, the applications in Abadie and Gardeazabal (2003),
Abadie et al. (2010), and Abadie et al. (2015) are clearly non-stationary. In this Section, we consider a

model in which a subset of the common factors is non-stationary. We consider the following DGP:

Yjt(0) = 0 + Af + & + €5t (23)

for some k = 1,...., K and r = 1,..., R. We maintain that A} is normally distributed following an AR(1)
process with 0.5 serial correlation parameter, while ¢} follows a random walk. We consider in our simulations
K =10 and R = 2. Therefore, units j = 2, ..., 10 follow the same non-stationary path ¢} as the treated unit,
although only unit j = 2 also follows the same stationary path A} as the treated unit.

The proportion of misallocated weights (in this case, weights not allocated to unit 2) is very similar to
the proportion of misallocated weights in the stationary case (columns 1 to 3 of Table 3). If we consider the
misallocation of weights only for the non-stationary factors, then the misallocation of weights is remarkably
low with moderate Tp, even when the variance of the transitory shocks is high (columns 4 to 6 of Table 3).
The reason is that, with a moderate Ty, the non-stationary trend dominates the transitory shocks, so the
SC method is extremely efficient selecting control units that follow the same non-stationary trend as the
treated unit. For the same reason, the probability of having a dataset with a close-to-perfect pre-treatment
fit is also very high if a subset of the common factors is non-stationary (columns 7 to 9 of Table 3). Finally,
we show in columns 10 to 12 of Table 3 that conditioning on a close-to-perfect match makes virtually no
difference in the proportion of misallocated weights for the stationary factor.

These results suggest that the SC method works remarkably well to control for non-stationary factors. In

this scenario, one would usually have a close-to-perfect fit, and there would be virtually no bias associated
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to the non-stationary factors. However, these results also suggest that, in a non-stationary model, we might
have a substantial misallocation of weights for the stationary common factors even conditional on a close-to-
perfect pre-treatment match. Taken together, these results suggest that the SC method provides substantial
improvement relative to DID in scenarios with non-stationary common factors, as the SC estimator is
extremely efficient in capturing the non-stationary factors. Also, if the DID and SC estimators are unbiased,
then the variance of the DID would be substantially higher, as presented in Table 4. However, one should
be aware that, in this case, the identification assumption only allows for correlation of treatment assignment
with the non-stationary factors. Still, this potential bias of the SC estimator due to a correlation between

treatment assignment and the stationary common shocks would be lower than the bias of DID.

5 Permutation Tests

Abadie et al. (2010) argue that large sample inferential techniques are not well suited to comparative case
studies when the number of units in the comparison group is small.'” They propose a permutation test
where they apply the SC method to every potential control in the sample. First, they consider a graphical
analysis where they compare the post-treatment prediction error of the SC estimator with the prediction
error for each of SC placebo estimator. Then they consider whether the prediction error when one considers
the actual treated unit is “unusually” large relative to the distribution of prediction errors for the units in
the donor pool. They also suggest a permutation test using the post/pre-treatment mean squared prediction
error (MSPE) as test statistic. Abadie et al. (2010) and Abadie et al. (2015) recognize that the assumptions
required in the classical randomization inference setting (in particular, random treatment assignment) are
rather restrictive in the SC setting. Still, they argue that it is possible to interpret the p-value from their
permutation test as “the probability of obtaining an estimate at least as large as the one obtained for the unit
representing the case of interest when the intervention is reassigned at random in the data set” (Abadie et
al. (2015), page 500). While we agree that this interpretation of the permutation test p-value is useful, it is
important to consider the statistical properties of the test. We start considering the asymptotic properties

of the permutation test, and then we provide evidence from MC simulations.

I7Carvalho et al. (2015) and Powell (2016) rely on large sample inferential techniques. Instead of testing the null hypothesis of
no effect for all post-treatment periods, they test whether the average effect across time is equal to zero. If both the number of
pre- and post-intervention periods is large, then they are able to derive the asymptotic distribution of the estimator. This method
would not work if one wants to test the null of no effect for all post-treatment periods or if the number of post-intervention
periods is finite.
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5.1 Asymptotic Properties

Note that the graphical analysis suggested in Abadie et al. (2010) does not provide a clear decision rule
on whether the null hypothesis should be rejected. Still, this analysis would implicitly reject the null when
the post-intervention mean squared prediction error (MSPE) for the SC estimate is greater than the post-

intervention MSPE for the placebo estimates. We consider the post-intervention MSPE as the test statistic:

2

B =7 _1 T Sy =D @iy (24)

0 t=To+1 i

We start assuming that assumption 1 is valid for all .18 In particular, we assume that:

3 {wfj}j# | pi = Zw;‘juj, Zw;"j =landw* >0Vi=1,....,J +1 (25)
i i

Therefore, if we assume that the estimator of the SC weights Ww; EN w; € ®;, then for all ¢ we will have

that:
2
d 1 4 i
et — 7T, Z €it — Z wlejy (26)
t=Tp+1 YE)

where ®; = ({w! Yz | pi = D i wi g, Zj#iw*g =1, and w* > 0).

There are at least three reasons why this test statistic might not have the same (marginal) asymptotic
distribution for all permutations. First, the transitory shock might be heteroskedastic. Ferman and Pinto
(2016) show that this would usually be true if we have unit x time aggregate values when there is variation in
the number of observations per unit. This would be the case, for example, if one uses the Current Population
Survey (CPS). Note that, in this case, t:°* would tend to attain higher values when the treated unit is small
relative to the units in the donor pool. Second, even if the transitory shock is homoskedastic, the variance
of €x — >, #w*f e;; will depend on the weights {w*/},;. If the weights for unit i are more concentrated
around a few units in the donor pool, then the variance of ¢°** should be higher than if the weights were

more evenly distributed. Finally, ¢2°** would not have the same distribution as #;*** if assumption 1 is not

18 Ando and S#vje (2013) argue that in most applications it would not be reasonable to assume that this assumption is valid
for all i. We believe that this condition might be reasonable in some applications. For example, this condition is satisfied if we
have different groups of units where time trends are different across groups but parallel within groups, as considered in Ferman
et al. (2016). We analyze this case in detail in Section 4. In this case, the main idea of the SC estimator would be to select the
control units that follow the same time trend as the treated unit. We consider below the implications in case assumption 1 is
not valid for all 4.
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valid for unit ¢ or if the SC weights converge in probability to weights that do not satisfy assumption 1.
In this case, we would have that y;; — Zj# w{yﬁ S €it — Z#i u’;fejt + At (,ui - Z#i wfuj). Hahn and
Shi (2016) provide MC simulations showing that a permutation test using t°** as test statistic may severely
over-reject under the null, even if one uses an infeasible SC estimator that relies on weights that correctly
reconstruct the factor loadings of the treated unit.

Abadie et al. (2010) correctly noticed that the outcome variable may not be well reproduced for some units
by a convex combination of the other units for the pre-intervention periods, and that the post-intervention
MSPE for these units should be high as well. For this reason, they exclude permutations in which the
pre-intervention MSPE is 20 times (or 5 times) larger than the pre-intervention MSPE for the treated unit.
Note that, if assumption 1 is satisfied and w; - w; € @, for all ¢, then the prediction error would converge
to €;; — Zj# w*{ejt as Ty — oo whether time ¢ is pre- or post-intervention. Therefore, assuming that €;; is
stationary, then it would be likely that, in our setting, ¢*°** has the same asymptotic marginal distribution
as t7°°" if the pre-intervention MSPE for unit ¢ and unit 1 are similar. Note, however, that Abadie et al.
(2010) procedure only excludes permutations with pre-intervention MSPE higher than the pre-intervention
MSPE for the treated unit. Therefore, if there are many permutations with lower pre-intervention MSPE,
then the test would over-reject the null since t7°** would tend to attain larger values. In this case, Abadie et
al. (2010) graphical analysis could be misleading, even if the SC weights converge in probability to weights
that satisfy assumption 1 for all units.

A second inference procedure suggested by Abadie et al. (2010) is a permutation test using the ratio of
post/pre-intervention MSPE (¢:*°). According to them, “the main advantage of looking at ratios is that it
obviates choosing a cut-off for the exclusion of ill-fitting placebo runs”. Ando and Sévje (2013) argue that
the distribution of this test statistic would not have the same distribution for all permutations. However,
they do not consider the asymptotic distribution when Ty — co. Assuming that Ty — oo and that T'— Tj

is fixed, then:

2
1 T ~J
T—Ty Zt:T0+1 [yit - Zj;ﬁi “’gyjt}

tx:atio —
! 1 To ~J 2
Ty 2t=1 |Yit — Zj;éi W; Yjit
- » »
d 1 €it = D iz w}eje + Ae(pi — >t w} puj)

T —Th t=To+1 \/’UGT(GZ‘t - Zj;ﬁi ’LTJ?Ejt + )\t(/Ji - Zj;éi w{ﬂj))

(27)

~7 P _1
where w] = w].
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Equation 27 makes it clear that, if the SC estimator is asymptotically biased (that is, p; # >, w{ Wi
and treatment assignment is correlated with the unobserved heterogeneity), then the expected value of the
asymptotic distribution of ¢}*"° should be higher than the expected value of the asymptotic distribution of
t:ve for ¢ > 1. This would lead to over-rejection.

If the SC estimator is unbiased, then ¢;*"° will have the same asymptotic (marginal) distribution for all 4 if
Qi = eit—zj# 711{ €jt+)\t</ﬁi_2j¢i u’)g,uj) is stationary, serially uncorrelated, and i.i.d. across ¢ up to a scale
parameter. If we assume that % is constant, and still maintain that errors are serially uncorrelated
and stationary, then the test statistic has, asymptotically, the same expected value and variance for all

permutations. If we also relax the assumption that errors are serially uncorrelated, then we can construct a

test statistic #; that has asymptotically the same expected value and variance for all permutations. Define

2
T » »
S; = T%TO D =Tt [Eit = > i€+ A (s — D wf,uj)} . We can use:

. 2

—_ 5T [ L e } _ EIS,

- — —Ty+1 | Yit > i Wi Yjt [Si]
7, T—To t=To+ J# (28)

——

var(S;)

—

where E[S;] is an estimator for F[S;] and var(.S;) is an estimator for var[S;]. With large T, we can construct

1 t+T—To
T—To t'=t

a new time serie S;; = {yit/ — Zj# ﬁ){yj,y} ’ using the pre-treatment periods and calculate
£7[5\1] and ’Um). In Appendix A.6, we provide conditions such that these are consistent estimators, and
show that, in this case, the asymptotic distribution of ¢; has expected value equal to zero and variance equal
to 1 for all permutations.

The test statistics ¢;*"° and t; help prevent that test statistics for different permutations have wildly
different asymptotic (marginal) distributions, which could generate severe size distortions. However, it is
important to note that, even if the test statistics for all permutations have the same asymptotic (marginal)
distributions, it is not possible to guarantee that the permutation test is asymptotically valid. Following
Canay et al. (2014), a permutation test would be asymptotically valid if the test statistics are based on a
function of the data that exhibits approximate symmetry. In the SC setting, this will not generally be the
case, because the SC estimator is a function of transitory shocks of the treated and control units, which
induces correlation between test statistics in different permutations. With fixed J, this correlation will not
vanish, even when Ty — oo, as noticed in Powell (2016). We show in Section 5.2 examples in which the
test statistics can have the same asymptotic distribution for all permutations, but we still can have size

distortions. We also consider in Section 5.2 the finite T properties of the permutation test.
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5.2 Examples and Monte Carlo Simulations

We consider first examples in which the permutation test might have size distortions even though the test
statistics have the same asymptotic marginal distributions for all permutations. We assume first that we
know w; € ®; and that we know the variance of y;; — > ot wf y;¢. Therefore, the size distortions we present
in these examples are not related to our result in Section 2.2 that the SC weights converge to weights that
do not reconstruct the factor loadings of the treated unit, nor by the fact that weights are estimated with
a finite Tp.'® Then we show that the permutation test using the actual SC estimator can have important
size distortions when Ty is small and/or w; is estimated, even when the asymptotic size distortions of the
infeasible SC estimator are negligible.

Consider first a model with two common factors, A\; = (Af, A?), where p; = (1,0) for i = 1,2,3 and
wi = (0,1) for i = 4,...,20. Assume also that €; b N(0,1) for all ¢ and ¢. An (infeasible) SC esti-
mator for the treatment effect at time ¢ in this model for units ¢ = 1,2,3 uses the average of the other

2 units that have the same factor loadings to construct the SC estimator, while for units ¢ = 4,...,20

it uses the average of the the other 16 units that have the same factor loadings. Now consider the vec-

/
a1 Ao G20 A . . .. .
tor <\/uar(d1)’ Teoran) \/mr(&%)) , where &; is the SC estimator using unit j as treated. For all 1,
—2__ ~ N(0,1). However:
var(é&;)

—0.5ifi€{1,2,3} and k € {1,2,3}/{i}

“ <\/Uj7“i(d‘)’ \/vjrk(dk)> = 0ifie{1,2,3} and k € {4, ..,20} (29)

—0.06 if i € {4,...,20} and k € {4, ...,20}/{i}

Therefore, while all elements in this vector have the same marginal distribution, the conditional distri-
butions are not the same for all permutations. This implies a mild under-rejection of 4.3% for a 5% test

&y
var(é&)

when we consider unit 1 as treated.2® Intuitively, this happens because the high correlation between

&

and ﬁ implies that, when —2L— is extreme, the realization of —9%2— is likely to be extreme as well.
2) var(ér) var(éz)

On the contrary, when a realization of #(@a) for i > 3 is extreme, it does not imply that the realizations of

other ﬁ for k # i are likely to be extreme as well. Of course, if we do have random assignment, then
k)

the permutation test would still have the correct size for unconditional tests. However, if the probability

9Hahn and Shi (2016) also consider size distortions with an infeasible SC estimator. However, they consider in their
simulations a test statistic that does not have the same distribution for all permutations.
20This rejection rate was calculated based on 10.000.000 MC simulations.
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that a unit with the same characteristics as unit 1 is more likely to receive treatment, then we would have
under-rejection.

We now show another example in which heteroskedasticity can also generate size distortions, even if the
linear factor structure is symmetric. Assume now that we have 20 units in total. We have 5 common factors
At = (AL, ., AP), and p; = (1,0,0,0,0) for units i = 1, ...,4, p; = (0,1,0,0,0) for units s = 5, ..., 8, and so on.
Consider that var(ej;) = o2 and var(e;) = 1 for all i > 1. We calculate the infeasible SC estimator &; as
the minimum variance estimator such that w; € ®;.2! In this case, a higher ¢ implies a lower correlation
between &1 and &; for i € {2,3,4}. This happens because, when o2 is higher, then the SC estimator &;
for i € {2,3,4} will assign lower weights for yi;. If 02 = 2, then rejection rate is 5.3%, while rejection
rate is 5.5% if 02 = 5. If 02 < 1, then we increase the correlation between &; and &; for i € {2,3,4}. If
02 = 0.5, then rejection rate is 4.6%, while if 2 = 0.1, then rejection rate is 4%. These results suggest that
heteroskedasticity can generate size distortions in the permutation test even when the marginal distributions
of the test statistics are the same for all permutations. However, based on our examples, size distortions are
relatively mild even if we consider a highly heteroskedastic model.

The examples so far provided evidence that we can have some size distortions even if we consider an
infeasible test statistic. We now consider MC simulations in case the SC weights are estimated using a fixed
To. We explore a model where J 4+ 1 = 20 units are divided into 10 groups of 2 units each. Note that the
permutation test would work in this case if we use w; € ®; and the variance of y;; — > ki wf ;¢ is known,
even if the transitory shocks are heteroskedastic.??

We consider first the size of a permutation test when treatment assignment is correlated with the un-
observed heterogeneity. In this case, the SC estimator is asymptotically biased, as the SC weights do not
completely reconstruct the factor loadings of the treated unit. In columns 1 to 3 of Table 5 we present
rejection rates in a stationary model when E[A}|dy; = 1] = 1, while in columns 4 to 6 we present rejection
rates when E[\|d;; = 1] = 2. As expected, the permutation test over-rejects the null, as the expected
value of the test statistic is higher for the treated unit. Interestingly, we find the largest over-rejection when
02 = 0.1, in which case we found that the misallocation of weights (and, therefore, the asymptotic bias)
should be relatively lower. This happens because, while the bias is lower in this case, the variance of the SC

estimator is also lower. We present in columns 7 to 12 of Table 5 the same results for the non-stationary

21n this case, if i = 1 or 4 > 4, then we construct the SC unit as the simple average of the other units that have the same
factor loading as the treated unit. If ¢ € {2,3,4}, then we construct the SC unit assigning weight equal to ﬁ for unit 1 and
2
#ﬂ for the other two units.

22In this case, the infeasible SC estimator is equal to y;; — y;/¢, where i’ is the pair that follows the same parallel trend as i.
Therefore, for all 4, the correlation between ¢ and j will be equal to one if j is the pair of j, and zero otherwise.
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model. The permutation test still over-rejects the null, but not as much as in the stationary model. The
reason is that the variance of the SC estimator is higher in the non-stationary model, due to the small
discrepancy in the factor loadings of the treated and SC units associated with the non-stationary common
factor. Overall, these results suggest that, when the SC estimator is biased, then the permutation test can
over-reject the null even when the bias of the SC estimator is relatively small.

We consider next whether heteroskedasticity can generate size distortions in this model. In this case, we
consider the same model where J + 1 = 20 units are divided into 10 groups of 2 units each, but we set the
variance of the transitory shocks of the treated unit equal to 0.1, while the variance of the transitory shocks
of the control units is equal to one. We present in column 1 of Table 6 rejection rates when transitory shocks
and common factors are serially uncorrelated, using the test statistic proposed in Abadie et al. (2010) (¢;*"°).
With Ty = 1000, rejection rate is around 5%. This was expected given that, with serially uncorrelated
transitory shocks and common factors, ¢;**'> would have the same asymptotic marginal distribution for all
permutations.??> With finite Ty, however, our simulation results suggest that the size distortion can actually
be relevant even if the common factors are serially uncorrelated. We over-reject the null when the treated
unit has a lower variance. With a finite Tj, the distribution of ¢;**"° is given by:

. . 2
T ~ ~
pratio T_lT0 Zt:To-H [fit - Zj;&i W}eje + Me(pi — Zj;éi wi‘ﬂj)} (30)
7: =

2
. " "
T% pIri {Eit - Zj;ﬁi W]€je + Api — Zj;ﬁi wgﬂj)}

While both numerator and denominator of the test statistic depend on a linear combination of common

and transitory shocks, the weights w?

are chosen as to minimize the denominator. If T is not large enough
relative to J, we might “over-fit” the model. As a consequence, the denominator (in-sample prediction
error) would not provide an adequate correction for the variance of the numerator (out-of-sample prediction
error), so the marginal distribution of the test statistic would depend on the variance of the treated unit.
One possible solution to this problem is to use pre-treatment periods not used in the estimation of the SC
weights in the denominator. However, this implies not using all pre-treatment outcome lags as economic
predictors exactly when Tj is small. Also, the variance of the denominator should be large if one leaves out
only a few pre-treatment lags, which would imply in a test with low power. Another possible solution might

be to avoid over-fitting using a different method to estimate the SC weights that takes into account the fact

that the number of parameters might be large relative to the number of pre-treatment periods. Doudchenko

23Differently from the infeasible SC estimator, the actual SC estimator will not assign 100% of the weight to the pair of the
treated unit, even when Tp — oco. Therefore, there is no guarantee the the permutation test is asymptotically valid even in this
case. Still, our MC simulations suggest that asymptotic size distortions are negligible for this particular DGP.
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and Imbens (2016) consider the use of regularization methods such as best subset regression or LASSO to
estimate the SC weights.

We present in column 3 of Table 6 rejection rates when common factors follow an AR(1) process with
serial correlation equal to 0.9. In this case, the test statistic ¢;**° does not have the same asymptotic
marginal distribution for all permutations. This implies an over-rejection even when Tj is large. In this
case, an alternative test statistic, #;, that properly corrects the marginal distributions of the test statistics
when Ty — oo provides rejection rates close to 5% when Ty is large (column 4 of Table 6). With finite
Ty, however, we have over-rejection when the treated unit has a lower variance, whether we use ;" or #;,
as in the case with serially uncorrelated common factors. The results using the non-stationary DGP are
qualitatively similar (columns 5 to 8 of Table 6).

Finally, note that Abadie et al. (2010) and Abadie et al. (2015) suggest that the SC estimator should not
be used if the pre-treatment fit is poor. However, when they recommend the permutation test using the ¢;***
test statistic, they suggest that all permutations should be considered. In other words, ¢}*""° is conditional on
a good pre-treatment fit, while ¢;*"'° for ¢ > 1 is unconditional. We evaluate now whether this might generate
size distortions. We consider an homoskedastic model in which the SC estimator is asymptotically unbiased
(that is, treatment assignment is uncorrelated with common factors). Note that this model is consistent with
random assignment of the treated unit. The only difference is that we will only consider simulations in which
the pre-treatment fit for the actual SC estimator is good. We present in Table 7 rejection rates conditional
on a good pre-treatment fit for the treated unit. We also present in this table the probability of having a
good pre-treatment match. The results suggest that the test may over-reject when the probability of finding
a good match is not high. As an extreme example, if we set a threshold for good fit as R? > 0.9 and look
at the (Tp,02) = (20,0.1) case, then we would have a probability of 20% of having a good pre-treatment fit,
and we would have a rejection rate of 9% for a 5% test if we consider only SC estimators that provided a
good pre-treatment fit. If the probability of having a good fit is close to one (which is usually the case in

the non-stationary model), then over-rejection is very mild.

6 Conclusion

In this paper, we revisit the theory behind the SC method. We consider the asymptotic properties of the
SC estimator when the number of pre-treatment periods goes to infinity in a linear factors model. This

is different from the setting analyzed in Abadie et al. (2010) and Abadie et al. (2015), as they consider
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properties of the SC estimator with Ty fixed and conditional on a good pre-treatment fit. If the model
is stationary, we show that, in our setting, the SC estimator is asymptotically biased when T — oco. The
asymptotic bias goes to zero when the variance of the transitory shocks goes to zero, which is exactly the case
in which one would expect to find a good pre-treatment fit. Therefore, our results are consistent with the
results in Abadie et al. (2010). Still, we find that the SC estimator can improve relative to the DID estimator
even if the pre-treatment fit is not close to perfect. However, in this case the method would rely on stronger
identification assumptions. If the model has a non-stationary component, then we show that the SC method
is extremely efficient in reconstructing the factor loadings associated with the non-stationary factors, and
that the method will usually provide a good pre-treatment match if Ty is moderate. However, the method
might fail to reconstruct the factor loadings associated with the stationary factors for the treated unit, even
if we condition on a close-to-perfect pre-treatment match. Therefore, the method would be approximately
unbiased if treatment assignment is correlated with non-stationary factors, although it may be severely biased
if it is correlated with stationary factors. We also show that a slight modification in the permutation test
proposed in Abadie et al. (2010) can generally improve relative to DID both in terms of bias and variance.

Overall, our results suggest that the SC method substantially improves relative to the DID estimator.
However, researchers should be more careful in interpreting the identification assumptions required for this
method. If the pre-treatment fit is poor in a stationary model, then the identification assumption in a
demeaned SC estimator is essentially the same as in the DID estimator. If the model has both non-stationary
and stationary factors, then the method allows only for correlation between treatment assignment and the
non-stationary factors, even if we conditional on a close-to-perfect pre-treatment fit.

Finally, we consider the statistical properties of the permutation test proposed in Abadie et al. (2010).
We show that the permutation test might exhibit size distortions even if the test statistics in all permutations
have the same asymptotic marginal distribution. We provide examples in which we can have size distortions
even when we consider an infeasible SC estimator that correctly reconstructs the factor loadings of the
treated unit. While the size distortions we find in these examples are relatively small, further research is
necessary to determine whether there might be examples in which size distortions could be more severe, or
whether there is a bound to the size distortions we might have in the SC permutation test. We also show
that heteroskedasticity can generate important size distortions when the number of pre-treatment periods is

not large.

29



References

Abadie, Alberto, Alexis Diamond, and Jens Hainmueller, “Synthetic Control Methods for Com-
parative Case Studies: Estimating the Effect of California’s Tobacco Control Program,” Journal of the

American Statiscal Association, 2010, 105 (490), 493-505.

_, —,and _, “Comparative Politics and the Synthetic Control Method,” American Journal of Political

Science, 2015, 59 (2), 495-510.

_ and Javier Gardeazabal, “The Economic Costs of Conflict: A Case Study of the Basque Country,”
American Economic Review, 2003, 93 (1), 113-132.

Ando, Michihito and Fredrik Savje, “Hypothesis Testing with the Synthetic Control Method,” 2013.

Working Paper.

Athey, Susan and Guido Imbens, “The State of Applied Econometrics-Causality and Policy Evaluation,”
arXw preprint arXiw:1607.00699, 2016.

Canay, Ivan A., Joseph P. Romano, and Azeem M. Shaikh, “Randomization Tests under an Ap-

proximate Symmetry Assumption?,” 2014.

Carvalho, Carlos V., Ricardo Mansini, and Marcelo C. Medeiros, “ArCo: An Artificial Counter-

factual Approach for Aggregate Data,” February 2015. Working Paper.

Chernozhukov, Victor, Han Hong, and Elie Tamer, “Estimation and Confidence Regions for Param-

eter Sets in Econometric Models,” Econometrica, 2007, 75 (5), 1243-1284.

Doudchenko, Nikolay and Guido Imbens, “Balancing, regression, difference-in-differences and synthetic

control methods: A synthesis,” 2016.

Ferman, Bruno and Cristine Pinto, “Inference in Differences-in-Differences with Different Group Sizes,”

2016. Working Paper.
_, _ , and Vitor Possebom, “Cherry Picking with Synthetic Controls,” 2016. Working Paper.

Firpo, Sergio and Vitor Possebom, “Synthetic Control Estimator: A Generalized Inference Procedure

and Confidence Sets,” April 2016.

30



Gobillon, Laurent and Thierry Magnac, “Regional Policy Evaluation: Interactive Fixed Effects and

Synthetic Controls,” PSE Working Papers halshs-00849071, HAL July 2013.
Hahn, Jinyong and Ruoyao Shi, “Synthetic Control and Inference,” 2016.

Kaul, Ashok, Stefan Klébner, Gregor Pfeifer, and Manuel Schieler, “Synthetic Control Methods:

Never Use All Pre-Intervention Outcomes as Economic Predictors,” May 2015. Working Paper.

Newey, Whitney K. and Daniel McFadden, “Chapter 36 Large sample estimation and hypothesis
testing,” in “in,” Vol. 4 of Handbook of Econometrics, Elsevier, 1994, pp. 2111 — 2245.

Powell, David, “Synthetic Control Estimation Beyond Case Studies: Does the Minimum Wage Reduce
Employment?,” 2016. RAND Corporation, WR-1142.

Wong, Laurence, “Three Essays in Causal Inference.” PhD dissertation, Stanford University March 2015.

Xu, Yiqing, “Regional Policy Evaluation: Interative Fixed Effects and Synthetic Controls,” Political Anal-

ysis, 2016. Forthcoming.

31



Figure 1: Asymptotic Misallocation of Weights and Bias
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Notes: these figures present the asymptotic misallocation of weights and bias of the SC estimator as a function of the
variance of the transitory shocks for different numbers of control units. Figures 1.A and 1.B report results when there are 2
groups of % units each, while figures 1.C and 1.D report results when there are % groups of 2 units each. The misallocation
of weights is defined as the proportion of weight allocated to units that do not belong to the group of treated unit. The bias of
the SC estimator is reported in terms of standard deviations of y;¢ (which is equal to m) when the expected value of the
common factor associated to the treated unit, conditional on this unit being treated, is equal to one standard deviation of the

common factor.
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Table 1: Misallocation of weights and probability of perfect match - stationary model

Misallocation of Probability of perfect Misallocation conditional
weights match (R? > 08) on perfect match
02=01 02=05 o7=1 02=01 02=05 o2=1 02=01 02=05 o2=1
(1) (2) (3) 4) (5) (6) (7) (3) (9)
To=5 0.415 0.708 0.804 0.869 0.752 0.750 0.415 0.722 0.817
[0.002] [0.002]  [0.002] [0.002] [0.003]  [0.003] [0.002] [0.002]  [0.002]
To =20 0.196 0.493 0.653 0.728 0.036 0.006 0.178 0.369 0.558
[0.001] [0.001]  [0.001] [0.003] [0.001]  [0.001] [0.001] [0.006]  [0.020]
Ty =50 0.150 0.415 0.573 0.747 0.000 0.000 0.139 - -
[0.000] [0.001]  [0.001] [0.003] [0.000]  [0.000] [0.000] - -
Tp = 100 0.130 0.384 0.540 0.793 0.000 0.000 0.124 - -
[0.000] [0.001]  [0.001] [0.003] [0.000]  [0.000] [0.000] - -

Notes: this table presents MC simulations results from a stationary model. We consider the SC estimator that uses all pre-treatment
outcome lags as economic predictors for a given (Tp,02). In all simulations, we set J + 1 = 20 and K = 10, which means that the
20 units are divided into 10 groups of 2 units that follow the same common factor )\f Columns 1 to 3 present the proportion of
misallocated weights, which is given by the sum of weights allocated to units 3 to 20. Columns 4 to 6 present the probability that the
pre-treatment match is close to perfect, defined as a R? greater than 0.8 in a regression of the treated unit pre-treatment outcomes
on the SC unit pre-treatment outcomes. Columns 7 to 9 present the proportion of misallocated weights conditional on a perfect
match.
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Table 2: DID/SC ratio of standard errors - stationary model
02=01 02=05 o2=1
(1) (2) (3)
To=5 1.758 1.152 1.045
[0.014] [0.008]  [0.006]

To=20  2.412 1321 1.121
(0.013]  [0.007]  [0.005]

To=50  2.557 1.388  1.163
(0.014]  [0.008]  [0.006]

To =100  2.569 1.403  1.187
[0.015]  [0.008]  [0.005]

Notes: this table presents MC simulations results
from a stationary model as in Table 1. We present
the ratio of standard errors of the DID estimator vs.
the SC estimator for different (Tp, 02) scenarios.
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Table 3: Misallocation of weights and probability of perfect match - non-stationary model

Misallocation of Misallocation of
weights weights (non-stationary factors)

02=01 02=05 o7=1 02=01 02=05 o2=1

(1) @ © (4) (5) (6)

To =5 0.367 0.655 0.758 0.103 0.191 0.235
[0.002] [0.002]  [0.002] [0.001] [0.002] [0.002]

Ty =20 0.174 0.440 0.589 0.029 0.069 0.095
[0.001] [0.001]  [0.001] [0.000] [0.001] [0.001]
Th = 50 0.136 0.373 0.518 0.014 0.035 0.049
[0.001] [0.001]  [0.001] [0.000] [0.000] [0.000]
Tp = 100 0.120 0.346 0.488 0.009 0.021 0.030
[0.000] [0.001]  [0.001] [0.000] [0.000] [0.000]

Probability of perfect Misallocation conditional

match (R? > 08) on perfect match

02=01 02=05 o2=1 02=01 02=05 o2=1

(7) 8 9 w0  ‘ay (2
To=5 0.911 0.764 0.726 0.367 0.663 0.769
[0.002] [0.003]  [0.003] [0.002] [0.002] [0.002]
To = 20 0.988 0.618 0.366 0.173 0.428 0.576
[0.001] [0.003]  [0.003] [0.001] [0.002] [0.002]

To =50 1.000 0.856 0.586 0.136 0.370 0.512
[0.000] [0.002]  [0.003] [0.001] [0.001] [0.001]

Ty =100 1.000 0.975 0.836 0.120 0.346 0.488
[0.000] [0.001]  [0.003] [0.000] [0.001] [0.001]

Notes: this table presents MC simulations results from a model with non-stationary and sta-
tionary common factors. We consider the SC estimator that uses all pre-treatment outcome lags
as economic predictors for a given (Tp,02, K). In all simulations, we set J + 1 = 20, K = 10
(which means that the 20 units are divided into 10 groups of 2 units each that follow the same
stationary common factor )\f) and R = 2 (which means that the 20 units are divided into 2
groups of 10 units each that follow the same non-stationary common factor ¢} ). Columns 1 to
3 present the proportion of misallocated weights, which is given by the sum of weights allocated
to units 3 to 20. Columns 4 to 6 present the proportion of misallocated weights considering only
the non-stationary common factor, which is given by the sum of weights allocated to units 11
to 20. Columns 7 to 9 present the probability that the pre-treatment match is close to perfect,
defined as a R? greater than 0.8 in a regression of the treated unit pre-treatment outcomes on
the SC unit pre-treatment outcomes. Columns 10 to 12 present the proportion of misallocated
weights conditional on a perfect match. Standard errors in brackets.
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Table 4: DID/SC ratio of standard errors - non-stationary model
02=01 02=05 o2=1
(1) (2) (3)
To=5 3.516 2.003 1.655
[0.029] [0.014]  [0.010]

To=20  8.430 4006  3.017
[0.061]  [0.026]  [0.021]

To=50 13526 6371  4.739
[0.116]  [0.033]  [0.037]

To=100 19.193  9.019  6.695
[0.138]  [0.053]  [0.046]

Notes: this table presents MC simulations results
from a non-stationary model as in Table 3. We
present the ratio of standard errors of the DID es-
timator vs. the SC estimator for different (Tp, 02)
scenarios. Standard errors in brackets.
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Table 5: Permutation test with asymptotically biased estimator

Stationary model

EN\di=1=1 E\|di=1]=2

02=01 02=05 o7=1 02=01 02=05 o7=1

n @ ® W 6 ©
To =5 0.070 0.064 0.062 0.128 0.107 0.100
0.001]  [0.001]  [0.001] 0.002]  [0.002]  [0.001]
To =20 0.128 0.094 0.082 0.326 0.225 0.185
0.002]  [0.001]  [0.001] 0.002]  [0.002]  [0.002]
Ty =50 0.159 0.116 0.100 0.397 0.295 0.244
0.002]  [0.002]  [0.001] 0.002]  [0.002]  [0.002]
To = 100 0.172 0.125 0.109 0.416 0.323 0.271
0.002]  [0.002]  [0.002] 0.002]  [0.002]  [0.002]

Non-stationary model

EM\di; =1]=1 ENdyy=1]=2

02=01 02=05 o2=1 02=01 02=05 o7=1

M ® a) a1y ()

To =5 0.058 0.056 0.053 0.079 0.071 0.067
0.001]  [0.001]  [0.001] 0.001]  [0.001]  [0.001]

To =20 0.072 0.065 0.061 0.124 0.105 0.096
0.001]  [0.001]  [0.001] 0.002]  [0.002]  [0.001]

Tp =50 0.081 0.071 0.067 0.136 0.118 0.109
0.001]  [0.001]  [0.001] 0.002]  [0.002]  [0.002]

Tp =100 0.088 0.077 0.072 0.139 0.124 0.115
0.001]  [0.001]  [0.001] 0.002]  [0.002]  [0.002]

Notes: this table presents MC simulations results on a permutation test where the SC
estimator is asymptotically biased. Simulations are the same as in Tables 1 and 3 with the
exception that in columns 1 to 3 we add 1 to A} when t > Tp, while in columns 4 to 6 we
add 2. Columns 1 to 6 present results for a stationary model, while columns 7 to 12 present
results for a model with both non-stationary and stationary common factors. Standard
errors in brackets.
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Table 6: Permutation Test with Heteroskeadsticity

Stationary model

Non-stationary model

without serial

with 0.9 serial

without serial

with 0.9 serial

correlation correlation correlation correlation
t;atio tl t;atio tl t;atio tl t;atio tl
(1) (2) (3) (4) (5) (6) (7) (8)
To=5 0.140 - 0.238 - 0.116 - 0.187 -
[0.002) - [0.003] - [0.002] - [0.003] -
To =20 0.089 0.085 0.178 0.163 0.072 0.067 0.133 0.114
[0.002] [0.002] [0.003] [0.003] [0.002] [0.002] [0.002] [0.002]
To =50 0.071 0.071 0.131 0.121 0.063 0.058 0.111 0.097
[0.002] [0.002] [0.002] [0.002] [0.002] [0.002] [0.002] [0.002]
To = 100 0.062 0.060 0.106 0.091 0.056 0.053 0.094 0.079
[0.002] [0.002] [0.002] [0.002] [0.002] [0.002] [0.002] [0.002]
To = 1000 0.051 0.052 0.072 0.054 0.049 0.050 0.073 0.054
[0.002] [0.002] [0.002] [0.002] [0.002] [0.002] [0.002] [0.002]

Notes: this table presents rejection rates when the variance of the transitory shocks for the treated unit is 0.1
while the variance of the transitory shocks for the control unit is 1. Columns 1 and 2 consider the stationary
model when the common factor is serially uncorrelated using, respectively, the test statistic suggested in Abadie
et al. (2010) and the one suggested in equation 28. Columns 3 and 4 present results when the serial correlation
of the common factor is 0.9. Columns 5 to 8 present results for the non-stationary model. It is not possible to
calculate ¢; with Tp = 5. Standard errors in brackets.
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Table 7: Conditional Permutation Test

Stationary model Non-stationary model
02=01 02=05 o7=1 02=01 02=05 o2=1
(1) 2  © (4) (5) (0
Panel i: conditional on R?> > 0.8
To=5 0.057 0.066 0.067 0.055 0.065 0.068
[0.000] [0.000] [0.000] [0.000] [0.000] [0.000]
(0.871) (0.756)  (0.751) (0.913) (0.768)  (0.731)
To =20 0.056 0.154 0.276 0.050 0.061 0.074
[0.000] [0.003] [0.009] [0.000] [0.000] [0.001]
(0.731) (0.035)  (0.006) (0.988) (0.622)  (0.366)
Ty =50 0.055 0.337 - 0.050 0.052 0.056
[0.000] [0.052] - [0.000] [0.000] [0.000]
(0.751) (0.000)  (0.000) (1.000) (0.858)  (0.590)
Ty = 100 0.053 - - 0.050 0.050 0.051
[0.000] - - [0.000] [0.000] [0.000]
(0.794) (0.000)  (0.000) (1.000) (0.976)  (0.835)
Panel #: conditional on R? > 0.9
To=5 0.071 0.089 0.090 0.063 0.084 0.090
[0.000] [0.001] [0.001] [0.000] [0.001] [0.001]
(0.704) (0.560)  (0.557) (0.796) (0.591)  (0.551)
To =20 0.088 0.388 0.600 0.053 0.079 0.105
[0.001] [0.031] [0.098] [0.000] [0.001] [0.002]
(0.196) (0.001)  (0.000) (0.876) (0.250)  (0.092)
Ty =50 0.099 - - 0.050 0.057 0.063
[0.002] - - [0.000] [0.001] [0.001]
(0.050) (0.000)  (0.000) (0.989) (0.481)  (0.217)
Ty = 100 0.107 - - 0.050 0.052 0.054
[0.006] - - [0.000] [0.000] [0.001]
(0.007) (0.000)  (0.000) (1.000) (0.757)  (0.459)

Notes: this table presents rejection rates conditional on the a good pre-treatment fit for the
treated unit. Columns 1 to 3 present results for the stationary model (as in Table 1), while
columns 4 to 6 present results for the non-stationary model (as in Table 3). Panel i defines
good pre-treatment fit as a R2 > 0.8 for the regression of the pre-treatment outcomes of
the treated unit on the pre-treatment outcomes of the SC unit. Panel ii defines good pre-
treatment fit as R? > 0.9. In parenthesis, we present the probability of having a good match.
Standard errors in brackets.
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Table A.1: Misallocation of weights and probability of perfect match - alternative definition of

perfect match

Misallocation of

Probability of perfect

Misallocation conditional

weights match (R? > 09) on perfect match
02=01 02=05 o7=1 02=01 02=05 o2=1 02=01 02=05 oZ=1
(1) (2) (3) (4) (5) (6) (7) (8) 9)
To=5 0.415 0.708 0.804 0.703 0.559 0.552 0.424 0.738 0.828
0.002]  [0.002]  [0.002] 0.003  [0.004]  [0.004] 0.003]  [0.003]  [0.002]
Ty =20 0.196 0.493 0.653 0.195 0.001 0.000 0.149 - -
0.001]  [0.001]  [0.001] 0.003]  [0.000]  [0.000] [0.001] ; ;
To =50 0.150 0.415 0.573 0.050 0.000 0.000 0.106 - -
0.0000  [0.001]  [0.001] 0.002]  [0.000]  [0.000] [0.001] . ;
Ty = 100 0.130 0.384 0.540 0.007 0.000 0.000 0.087 - -
0.000]  [0.001]  [0.001] 0.001]  [0.000]  [0.000] [0.002] ; ;

Notes: this table replicates the results from Table 1 using a more stringent definition of perfect match.
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Table A.2: Misallocation of weights and probability of perfect match - stationary model (K = 2)

Misallocation of

Probability of perfect

Misallocation conditional

weights match (R? > 08) on perfect match
02=01 02=05 o2=1 02=01 02=05 o2=1 02=01 02=05 o2=1
(1) (2) (3) (4) () (6) (7) ®) 9)

To=5 0.090 0.200 0.263 0.911 0.787 0.768 0.088 0.197 0.263
[0.001] [0.001]  [0.002] [0.002] [0.003]  [0.003] [0.001] [0.002]  [0.002]
Th =20 0.064 0.136 0.192 0.948 0.268 0.077 0.062 0.106 0.137
(0.000]  [0.001]  [0.001] 0.002]  [0.003]  [0.002] 0.000]  [0.001]  [0.003]

To =50 0.052 0.112 0.158 0.988 0.039 0.000 0.052 0.067 -

[0.000] [0.001]  [0.001] [0.001] [0.001]  [0.000] [0.000] [0.002] -

Ty = 100 0.044 0.095 0.134 0.999 0.003 0.000 0.044 0.043 -

(0.000]  [0.000]  [0.000] 0.000]  [0.000]  [0.000] 0.000]  [0.005] -

Notes: this table replicates the results from Table 1 using a DGP with K = 2.
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A Supplemental Appendix: Revisiting the Synthetic Control Es-
timator

A.1 Minimum Distance Problem
Using the notation of Abadie et al. (2010), the SC weights will solve the following optimization problem:

1X1 — XoW/ly

J o )
where Y w] =1 and w] >0 forall j =2,...,J, and
j=2

J#1 s=1

7 - S wlz; ]
J#1

To . To

> kiYis — Zw{ > kiYis
X1 — XoW = s=1 J#1 s=1
Ty Ty

kXY, — S w] S kXY,

Ls=1 J

We prove the properties of the M-estimator for the weights for the special case in which we use all the pre-treatment periods

as predictors. In this case, V becomes the identity matrix, and the optimization problem for this particular case is:

’
T ) )
>to=1 (yu - ZMW) <y1t - Zw{yy‘t>
i#1 i#1
arg min
weWw

To
J . . =R .
subject to Y w{ =1 and w{ > 0 for all j = 2, ..., J.. Define the vector Jx1 w = {u){ }j#1 as the solution of this minimization
=2
problem.?* Using the population model for y;;, we can write this optimization problem as:

weWw

2
PO Kelt - §lw{6jt> + A (uu - %w{wtﬂ
arg min J J

To

In order to show the uniform convergence of the objective function, we need to impose assumptions about the stochastic
processes of {ejt}tTgl and {At}?ﬁl .

Assumption 1: (ej;, \t)’ is weakly stationary and second moment ergodic.

[(elt -3 w{Ejt> + At <,u1t - w{/»‘jt)
J#1 i#1

T

Lemma 1 Define g (y1t, yj¢, w)

2

. Under assumption 1,

sup || — > g (y1s, 956, w) — Elg (¢, yje, w)]|| —p O
wew || To to=1

(31)
24If the number of control units is greater than the number of pre-treatment periods, then the solution to this minimization

problem might not be unique. However, since we consider the asymptotics with Ty — oo, then we guarantee that, for large
enough Tp, the solution will be unique.
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NJ
Proof. Note that g (y1¢,y;t,w) is continuous a each set of {@{ }]_

. In addition,
2

7o J
lg Wre, yje, w)ll < |lyre = D wlyje|| |lyre — D wiyje
j=2 Jj=2

<cC

By lemma 2.4 of Newey and McFadden (1994), we have uniform convergence:

T

1
sup || — g (Y1e, yit, w) — Elg (y1e, yje, w)]|| —p 0
weW TO to=1

N J
Now, we need to show that there is one only set of wg = {w{} that maximizes E [g (y1¢, Yj¢, w)] -
j=2

2

ar, in E — e — I s
gf&% €1t Zwlejt + A | pae Zwlﬁgt
J#1 J#1

In order to simplify the problem, we impose assumptions about the second moments of {ejt}zgl and {)‘t}tTil .
Assumption 2: €;; is uncorrelated with Ay for ¢t = 1,...,Tp. In addition, Var [ej;] = 02 and E [/\;)\t] =Q.
Under assumption 2, the population objective function simplifies to:

’

Elg (yie, yje,w)] = o [ 14+ (w{)Q + e =Y winge | Q| e — Y wipge
j#1 J#1 J#1
Note that the first element of this expression is a constant, and it does not matter for the optimization problem. Except for
the constant, we can represent this objective function using matrices. Define w as a vector (J x 1) of the weights, {w{ Figtts 1
is a vector (K X 1) with the factor loadings for the treated units and pg is a matrix (K x J) that contains the factor loadings

for the all the control units, we can write population optimization problem as:
arg min w'w + (u1 — pow)’ Q (1 — pow)
weWw

subject to W = {w: w/t = 1,w > 0}, with ¢ being a vector (J x 1) of 1’s. This is a minimization of a quadratic function in a
convex space, and has a unique solution wg.

Using the results above, we could use the theory about M-estimator to show consistent of w = {@{} .
j=2

Theorem 2 Under assumptions 1 and 2, W —p Wo

Proof. Using the results of previous lemma and the fact that wq is the unique mazimum of Qo (w) = E [g (y1¢,y;¢, wo)] and

W is compact, we can use Theorem 2.1 of Newey and McFadden (1994) to show that W —p wo.
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A.2 Definition: Asymptotically Unbiased

We now show that the expected value of the asymptotic distribution will be the same as the limit of the expected value of the

SC estimator. Let v be the expected value of the asymptotic distribution of &1 — a1¢. Therefore, we have that:

Elé1t —oat] = v+ E Z(w{—ﬁ){)%’t +FE AtZ(TIJ{—ﬁJ{)M
£ A

v+ Z E [(’JJ{ — 1@{)6]1] + Z E [/\t(w{ - UA}{)] Hj
j#1 J#1

Given that 11){ is a consistent estimator for ﬁ;{, if we have that €;; has finite variance, then:

’E [(w{ - ua{)e]-t] ‘ <E H(u-;{ - w{)ejtﬂ < \/E [(u-]{ - 111{)2] E[(ej1)?] = 0

Similarly, if )\tf has finite variance for all f = 1,..., F, then FE [)\t (u?{ — w{)] i — 0.

A.3 Demeaned Estimator

In this section, we formalize the alternative SC estimator that we propose in section 7?7 of the paper. In this new method,
before finding the weights, we calculate the pre-treatment average of all units and demean the data. The “within-model” for

treatment and control units are, respectively:
c_ - _ 5\ ~
Yit =Y = (At - A) wi + (€it — &)
T _ _
Yit —Y; = iz + (yg - yi)

1 D 1 D 1 D
where 7, = Y tgl Yity A = T tgl At and €; = Y tgl €it-
Note that we can write this model as,
~_
U = Nl + &t

T _ ~C
Yit = Qe + Yt

where A¢ does not include any time-invariant common factor, and fi; does not involve factor loadings associated with a constant

common factor. This model is the same as before, but using the demeaned variables. In this case,
Q1t — a1t + | €1t Zﬁ}?jt + 2 | 7 ijl-ﬁj
J#1 J#1
Under the assumptions of the Difference-in-Difference Model,
E [Xt] =0

and

E Elt—zﬁjl-gjt =0
J#L

In this case, the SC estimator is asymptotically unbiased.
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A.4 Example: SC Estimator vs DID Estimator

We provide an example in which the asymptotic bias of the SC estimator can higher than the asymptotic bias of the DID
estimator. Assume we have 1 treated and 4 control units in a model with 2 common factors. For simplicity, assume that there
is no additive fixed effects and that E[A\¢] = 0. We have that the factor loadings are given by:
1 0.5 1.5 0.5 1.5
p = s p2 = s p3 = s e = s s = (32)
1 1 1 0 1
Note that the linear combination 0.5u2 + wi’ug + wfug) = w1 with w:{’ + wg’ = 0.5 satisfy assumption 1. Note also that
DID equal weights would set the first factor loading to 1, which is equal to u%, but the second factor loading would be equal
to 0.75 # ,u% We want to show that the SC weights would improve the construction of the second factor loading but it will
distort the combination for the first factor loading. If we set 02 = E[(A})2] = E[(A?)2] = 1, then the factor loadings of the SC
unit would be given by (1.038,0.8458). Therefore, there is small loss in the construction of the first factor loading and a gain
in the construction of the second factor loading. Therefore, if selection into treatment is correlated with the common shock )\%,

then the SC estimator would be more asymptotically biased than the DID estimator.

A.5 Relation with Powell (2016) and Wong (2015)

In this section of the Appendix, we show how the proofs in Wong (2015) and Powell (2016) differ from our approach.

In the third chapter of his thesis, Wong (2015) shows in Section 3.9 that the SC estimator of the weights is given by:
w—w= (YY) - 'Y)hE Y)Y T Y (- Y W) (33)

where ( is a (Tp X 1) vector with the pre-intervention outcomes for the treated group (with elements y14), while Y is a (Tp x J)
matrix with the pre-intervention outcomes for the control units (with rows y}). Also, let j be a (J x 1) vector of ones.

Let E[yi¢] = yi, and Ely;] =y}, so that y1; = yi, + €1t and y; = y; + €;. The SC assumption in his model states that
there exists weights w such that y}, = y}’w. Assuming (y1¢,y}) stationary and ergodic, they show that %OY/Y — Ely,y}]

and T%)Y’(C —Yw) = Ely,(y1: —y;w)]. Wong (2015) argues that Ely,(y1: — y;w)] = 0. However, we have that:

Ely,(yit —yiw)l = Ely,y1) — Ely,yiw] = El(yi + &) (i, + €16)] — El(y7 + e)(yi + e1)'w]

= Yiyi —Yivi'w — Elere)]w = —Elere;]w (34)

Therefore, this term will only be equal to zero if var(e;) = 0, which is exactly the condition we find so that the SC weights
would be consistent.

In another article, Powell (2016) proposes a generalization of the SC method where the treatment can be multivalued and
more than one unit may be treated. He jointly estimates the treatment effect and the SC weights, and argues that the estimator
for the treatment effect is consistent. In Theorem 3.1 of his paper, he argues that the following objective function has a unique

minimum at b = ag (although there might be multiple choices of weights):

P, {w]}) = B |[[Yie = Digb = > (w] (Vs = Djub)) | (35)
J#i
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where D;; is a (K x 1) vector of treatment variables and «g is the (K X 1) vector of treatment effects.
We show that this generally will not be the case. For simplicity, we assume that pu; is fixed and that pu; — Z]-# wg*uj =0
for some {wf*}j#. Therefore:

2
P {wl}) = E|lea-> wle
JF#i
i
s =D wlng | BN e =D wlp
i i
!

+(a0 — b)/ D;: — ZwZDjt D;: — ngDjt (ao — b)

i i
! !
+ [ s — nguj cov | A}, | Dit — Zw{Dﬁ (ap —b) (36)
iFi i#i

Note that we can set the second, third, and the forth terms of this objective function equal to zero by setting wf = wzj*

and b = ap. However, there is a first order gain in moving in the direction of weights that minimize the first term. Therefore,

¥
7

j*
i

there is a set of parameters ﬁ){ # wz* and b = g that attains a lower value than w] and b = ag (unless w! minimizes the
first term). Since b = ap minimizes the objective function conditional on setting w{ = wzj*, then it cannot be that the optimal
weights will be given by wg*, Let u:)Z be the weights that minimize the objective function. Therefore, p; — Zj;ﬁi UZ’{M;‘ # 0.
Now we consider whether u:Jlj and b = ¢ can be the solution to the problem. Note that the third term can be set to zero by
choosing b = ag. However, if treatment assignment is correlated with A, then we could make the forth term lower than zero.
Since the first order effect of moving away from b = g on the third term is equal to zero, while we can have a first order gain
in the forth term, then ap would not be the solution to this minimization problem. Note that b = ap minimizes this problem if
treatment assignment is uncorrelated with the common factors. Again, this is consistent with the results we find that the SC

is asymptotically unbiased in this case.

A.6 Permutation test

We now prove that that the test statistic £; has, asymptotically, the same expected value and variance for all permutations. We

have that:
T 2
T,ITD ti; |:yit - Z@Zyjz} - E1S;]
= =Tp+1 J#i
t; = ——
Var[S;]

2
T ) )
where S; = T—lT S leir — Zﬁzejt + At | i — ng,uj . We use T — Ty blocks of a combination of pre-treatment
% +=Tp i i
. k+T—Tp—1 ) 2
variables defined by P, = T_lTo Yis — Zﬁf\fyjs for k = 1,...,2T9 — T. In this case, the expectation of S; is
s=k Ve
estimated by:
. 1 2T
E[S]=—— [P- ]
[ z] 2T() _T kgl ik
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and the estimator of the variance is:
2To—T

> [Pe-EI)

k=1

1

Var|[S;] = 72710 T

We need to impose the following assumptions. Consider the sequence {Pik}iZOfT. We assume that:
1. Pj is a covariance-stationary sequence.
2. Py is a-mixing with size — 5, r > 4.
3. E [|Pik|r+6] < A <0 for some § > 0 at all s.

1 T
4. To >0 Pfk —p E [Pi2kJ

Lemma 3 Under assumptions 1-5, and assuming that ﬁFZ —p @g, then we have that the expected value of the asymptotic

distribution of t; is equal to zero and the asymptotic variance is equal to 1.

Proof. Using the result that ﬁ?g —p Ez,

1 2Ty —T 1 2Ty —T
. 2 ] =— Pl + op (1
2T0—TZ [““ 2T0—TZ [Pir] +0p (1)
k=1 k=1
Under assumptions 1-5, and using Corollary 3.48 in White(1999),
1 2TosT 1 T ) 2
e > [ Pak] op EIPul= B S wis = > @y
2T — T = T —"To =T gy
Under assumption 2 in the main text,
. . . 2 ‘ 2
T_T Z Yis — Zﬁgyjs =F Yis — Zﬁgyjs
0¢=T, i i
J+1
Using the model for y;s and under the condition that EZ =1,
j=2
2 2
E Yis — Zw{yjs =F €is — ngﬁ's + As Mis — nguj
JF#i J#i JFi
At the end,
E[S] =, B[]

Using a proof analogous to the lemma above, we can show that Vm] —p Var[S].

Therefore:
L T ) _ 2 L T . ) 2
o 2 (et — XWlej A (i — L winy —Elrr X |eit— Zwlejr+ M | mi — LW
- t=Tp+1 J#i J#i t=To+1 J#i J#i
ti —a
- 2
Var T,lTO Sl — XWleje+ A | i — Wiy
t=To+1 j#i j#i
n
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Notation

Variable Dimension  Description
Yit (I1x1) Outcome for unit i at time t
vS, (Ix1) Potential outcome for unit i at time t if not treated
vl (I1x1) Potential outcome for unit i at time t if treated
Yf (Th x 1) Vector of pre-treatment outcome for the treated
YOP (To x J)  Matriz of pre-treatment outcome for the controls
Y, (J x1) Vector of outcomes for the controls at time ¢
Z; (Rx1) Vector of covariates
X1 (K x1) Vector of economic predictors for the treated
Xo (K x J) Matrixz of economic predictors for the controls
At (I1x F) Vector of common factors
Q (FxF) E[NA]
1 (Fx1) Vector of factor loadings
140 (F x J) Matrixz of factor loadings for the controls
Qi (Ix1) Treatment effect for unit i at time t
w or {w]}j1 (J x1) Vector of weights
w or {]}41 (J x1) M-estimator of weights
W or {w]};1 (J x1) Probability limit of the M-estimator of weights
€it (Ix1) Idiosyncratic error for unit i at time t
€t (J x1) Idiosyncratic error for the control units at time t
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