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❱❛r✐❛♥❝❡ t❛r❣❡t✐♥❣ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❇❊❑❑✲❳ ♠♦❞❡❧

▲❡ ◗✉②❡♥ ❚❤✐❡✉✱∗

❯♥✐✈❡rs✐té P✐❡rr❡ ❡t ▼❛r✐❡ ❈✉r✐❡✳

❆❜str❛❝t

❚❤✐s ♣❛♣❡r st✉❞✐❡s t❤❡ ❇❊❑❑ ♠♦❞❡❧ ✇✐t❤ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ✭❇❊❑❑✲❳✮✱ ✇❤✐❝❤

✐♥t❡♥❞s t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❛ss❡t r❡t✉r♥s✳ ❙tr♦♥❣ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ ❛

✈❛r✐❛♥❝❡ t❛r❣❡t✐♥❣ ❡st✐♠❛t♦r ✭❱❚❊✮ ✐s ♣r♦✈❡❞✳ ▼♦♥t❡ ❈❛r❧♦ ❡①♣❡r✐♠❡♥ts ❛♥❞ ❛♥

❛♣♣❧✐❝❛t✐♦♥ t♦ ✜♥❛♥❝✐❛❧ s❡r✐❡s ✐❧❧✉str❛t❡ t❤❡ ❛s②♠♣t♦t✐❝ r❡s✉❧ts✳

❑❡②✇♦r❞s✿ ❇❊❑❑ ♠♦❞❡❧ ❛✉❣♠❡♥t❡❞ ✇✐t❤ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✱ ❇❊❑❑✲❳ ♠♦❞❡❧✱ ❱❛r✐❛♥❝❡

t❛r❣❡t✐♥❣ ❡st✐♠❛t✐♦♥ ✭❱❚❊✮✱

✶ ■♥tr♦❞✉❝t✐♦♥

❆♥❛❧②s✐♥❣ ❛ss❡t r❡t✉r♥ ❝♦✈❛r✐❛♥❝❡s ✐s ✐♠♣♦rt❛♥t s✐♥❝❡ ✐t ✐s ❛ ❝r✉❝✐❛❧ ✐♥♣✉t✱ ✐♥ ♣❛rt✐❝✉❧❛r✱

❢♦r ♣♦rt❢♦❧✐♦ s❡❧❡❝t✐♦♥✱ ❛ss❡t ♠❛♥❛❣❡♠❡♥t ❛♥❞ r✐s❦ ❛ss❡ss♠❡♥t✳ ❋♦r❡❝❛st✐♥❣ s❡q✉❡♥❝❡s

♦❢ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s ❝❛♥ ❜❡ ❞♦♥❡ ❜② ✉s✐♥❣ ♠✉❧t✐✈❛r✐❛t❡ ❝♦♥❞✐t✐♦♥❛❧ ❤❡t❡r♦s❦❡❞❛st✐❝

✭●❆❘❈❍✮ ♠♦❞❡❧s✱ s❡❡ ❇❛✉✇❡♥s ❛♥❞ ❘♦♠❜♦✉ts ✭✷✵✵✻✮ ❛♥❞ ❙✐❧✈❡♥♥♦✐♥❡♥ ❛♥❞ ❚❡r❛s✈✐rt❛

✭✷✵✵✾✮ ❢♦r ❡①t❡♥s✐✈❡ s✉r✈❡②s✳ ❚❤❡ ✜rst ❣❡♥❡r❛t✐♦♥ ♦❢ ♠♦❞❡❧s✱ ❢♦r ❡①❛♠♣❧❡ t❤❡ ❱❊❈ ♠♦❞❡❧

♦❢ ❇♦❧❧❡rs❧❡✈ ❛♥❞❲♦♦❧❞r✐❞❣❡ ✭✶✾✽✽✮ ❛♥❞ t❤❡ ❇❊❑❑♠♦❞❡❧ ♦❢ ❊♥❣❧❡ ❛♥❞ ❑r♦♥❡r ✭✶✾✾✺✮✱ ❛r❡

❞✐r❡❝t ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ✉♥✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧ ♦❢ ❇♦❧❧❡rs❧❡✈ ✭✶✾✽✻✮✳ ❚❤❡s❡ ♠♦❞❡❧s t❛❦❡

✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♣❛st ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❛ss❡t r❡t✉r♥s✱ ❜✉t ❝❛♥

∗❈♦rr❡s♣♦♥❞✐♥❣ ❛✉t❤♦r✿ ▲❡ ◗✉②❡♥ ❚❤✐❡✉✱ ❯♥✐✈❡rs✐té P✐❡rr❡ ❡t ▼❛r✐❡ ❈✉r✐❡✱ ❋r❛♥❝❡✳ ❚❡❧❡♣❤♦♥❡✿

✭✰✸✸✮✼ ✽✶ ✾✺ ✷✺ ✽✾✳ ❊✲♠❛✐❧✿ t❤✐❡✉❧❡q✉②❡♥✶✹✶✶❅❣♠❛✐❧✳❝♦♠

✶



♥♦t ❡①♣❧♦✐t ❡①t❡r♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡ ✈♦❧❛t✐❧✐t✐❡s ❛♥❞ ❝♦✲

✈♦❧❛t✐❧✐t✐❡s ♦❢ s❡✈❡r❛❧ ♠❛r❦❡ts ❝❛♥ ❜❡ ❛✛❡❝t❡❞ ❜② ❡①t❡r♥❛❧ ✐♥✢✉❡♥❝❡s t❤❛t ✇❡ ❝❛❧❧ ❡①♦❣❡♥♦✉s

✈❛r✐❛❜❧❡s✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❡♠♣❧♦② t❤✐s t❡r♠ ✐♥ ❛ ✇✐❞❡ s❡♥s ❢♦r ❛♥② ❡①t❡r♥❛❧ ❡①♣❧❛♥❛t♦r②

✈❛r✐❛❜❧❡ ✭s❡❡ ❑♦♦♣♠❛♥s ❛♥❞ ❘❡✐❡rs♦❧ ✭✶✾✺✵✮✱ ❊♥❣❧❡ ❡t ❛❧✳ ✭✶✾✽✸✮✱ ❋❧♦r❡♥s ❛♥❞ ▼♦✉❝❤❛rt

✭✶✾✽✷✮ ❛♥❞ ❇♦✉✐ss♦✉ ❛♥❞ ❱✉♦♥❣ ✭✶✾✽✻✮ ❢♦r ♦t❤❡r ❝♦♥❝❡♣ts ♦❢ ❡①♦❣❡♥❡✐t②✮✳ ❊♥❣❧❡ ✭✷✵✵✾✮

♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ t❤❛t ❡❝♦♥♦♠✐❝ ❢✉♥❞❛♠❡♥t❛❧s s✉❝❤ ❛s ✐♥✢❛t✐♦♥ ❛♥❞ ✐♥❞✉str✐❛❧ ♣r♦❞✉❝t✐♦♥

❣r♦✇t❤ ❞r✐✈❡ st♦❝❦ ♠❛r❦❡t ✈♦❧❛t✐❧✐t②✳ ❈❛❦♠❛❦❧✐ ❛♥❞ ❉✐❥❦ ✭✷✵✶✵✮ ❞❡♠♦♥str❛t❡ t❤❛t ❛

♥✉♠❜❡r ♦❢ ♠❛❝r♦❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s ❝❛♥ ❤❡❧♣ ♣r❡❞✐❝t✐♥❣ ❯❙ st♦❝❦s ✈♦❧❛t✐❧✐t② ❜❡t✇❡❡♥ ✶✾✽✵

❛♥❞ ✷✵✵✺✳ ❈❤r✐st✐❛♥s❡♥ ❛♥❞ ❙❝❤r✐♠♣❢ ✭✷✵✶✷✮ ❣❡t s✐♠✐❧❛r r❡s✉❧ts ❢♦r t❤❡ ❢♦r❡✐❣♥ ❡①❝❤❛♥❣❡✱

t❤❡ ❝♦♠♠♦❞✐t②✱ ❛♥❞ t❤❡ ❜♦♥❞ ♠❛r❦❡t✳

❉❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t s✉❝❤ ❛❞❞✐t✐♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ✜♥❛♥❝✐❛❧ ❛♥❞ ♠❛❝r♦❡❝♦♥♦♠✐❝

✈❛r✐❛❜❧❡s ❛r❡ ✇✐❞❡❧② ✉s❡❞ t♦ ❡①♣❧❛✐♥ ❛♥❞ ❢♦r❡❝❛st ✈♦❧❛t✐❧✐t② ✐♥ ✜♥❛♥❝✐❛❧ ♠❛r❦❡ts✱ t❤❡r❡ ❛r❡✱

❤♦✇❡✈❡r✱ r❡❧❛t✐✈❡❧② ❢❡✇ r❡s✉❧ts ♦♥ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✐♥ ♣r❡s❡♥❝❡

♦❢ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳ ■♥ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✱ ❍❛♥ ❛♥❞ ❑r✐st❡♥s❡♥ ✭✷✵✶✹✮ ❣✐✈❡ ❝♦♥❞✐t✐♦♥s

❢♦r t❤❡ ❈♦♥s✐st❡♥❝② ❛♥❞ ❆s②♠♣t♦t✐❝ ◆♦r♠❛❧✐t② ✭❈❆◆✮ ♦❢ t❤❡ ●❛✉ss✐❛♥ ◗▼▲❊ ❢♦r t❤❡

st❛♥❞❛r❞ ●❆❘❈❍✭✶✱✶✮ ❛✉❣♠❡♥t❡❞ ❜② ❛ s✐♥❣❧❡ ❝♦✈❛r✐❛t❡✳ ❋r❛♥❝q ❛♥❞ ❚❤✐❡✉ ✭✷✵✶✺✮ st✉❞②

t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ◗▼▲❊ ❢♦r ❛ ✈❡rs❛t✐❧❡ ❝❧❛ss ♦❢ ♠♦❞❡❧✿ ❚❤❡ ❆s②♠♠❡tr✐❝

P♦✇❡r ❆❘❈❍(p, q)✲❳ ♠♦❞❡❧ ✇✐t❤ ❛♥ ✉♥r❡str✐❝t✐✈❡ ♥✉♠❜❡r ♦❢ t❤❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳ ■♥

t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❝❛s❡✱ ❋r❛♥❝q ❛♥❞ ❙✉❝❛rr❛t ✭✷✵✶✺✮ ♣r♦✈✐❞❡ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❈❆◆ ♦❢ ❛♥

❡st✐♠❛t♦r ♦❢ t❤❡ ✈♦❧❛t✐❧✐t❡s ❢♦r t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ❛ ✈❡❝t♦r✐❛❧ ❧♦❣✲●❆❘❈❍ ♠♦❞❡❧ ✇✐t❤ ❝♦✲

✈❛r✐❛t❡s✳ ❚❤❡✐r ❢r❛♠❡✇♦r❦ ❞♦❡s ♥♦t ❞✐r❡❝t❧② s♣❡❝✐❢② t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡✳ ❊♥❣❧❡ ❛♥❞

❑r♦♥❡r ✭✶✾✾✺✮ s✉❣❣❡st t❤❡ ❇❊❑❑ ♠♦❞❡❧ ❛✉❣♠❡♥t❡❞ ❜② ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ✭❇❊❑❑✲❳✮✳

■♥ t❤❡✐r ♠♦❞❡❧✱ t❤❡ ❝♦✈❛r✐❛t❡s ❝❛♥ ❛✛❡❝t ❛❧❧ t❤❡ ✈♦❧❛t✐❧✐❡s ❛♥❞ ❝♦✲✈♦❧❛t✐❧✐t✐❡s ♦❢ t❤❡ r❡t✉r♥s✳

❍♦✇❡✈❡r✱ t❤❡② ♦♥❧② ♣r♦✈✐❞❡ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤♦✉t ❡①♦❣❡♥♦✉s ✐♥✢✉❡♥❝❡s✳

▼♦r❡♦✈❡r✱ t❤❡ ❈❆◆ ♦❢ t❤❡✐r ❡st✐♠❛t♦r ✐s ♥♦t ♣r♦✈❡❞✳ ■♥ t❤✐s ♣❛♣❡r✱ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡

❇❊❑❑✲❳ ♠♦❞❡❧ ✇✐❧❧ ❜❡ ♣r❡s❡♥t❡❞ ❛♥❞ ✐ts ❈❆◆ ✇✐❧❧ ❜❡ ❡st❛❜❧✐s❤❡❞✳ ❚❤❡r❡ ❛r❡ s❡✈❡r❛❧

❛❞✈❛♥t❛❣❡s ✇✐t❤ t❤❡ ❇❊❑❑ ♠♦❞❡❧✳ ❋✐rst✱ ❛❧t❤♦✉❣❤ t❤❡ ❛s②♠♣t♦t✐❝ t❤❡♦r② ❢♦r ♠✉❧t✐✈❛r✐✲

❛t❡ ●❆❘❈❍ ❤❛s ❜❡❡♥ ❧❡ss ✐♥✈❡st✐❣❛t❡❞ t❤❛♥ t❤❡ ❛s②♠♣t♦t✐❝ t❤❡♦r② ❢♦r ✉♥✐✈❛r✐❛t❡ ♠♦❞❡❧s✱

s❡✈❡r❛❧ ♣❛♣❡rs ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ ❛s②♠♣t♦t✐❝ r❡s✉❧ts ❢♦r ❞✐✛❡r❡♥t ♠❡t❤♦❞s ♦❢ ❡st✐♠❛t✐♦♥ ♦❢

t❤❡ ❇❊❑❑ ♠♦❞❡❧ ✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s✳ ❈♦♠t❡ ❛♥❞ ▲✐❡❜❡r♠❛♥ ✭✷✵✵✸✮ s❤♦✇ t❤❡ ❈❆◆ ♦❢

t❤❡ ◗▼▲❊✳ ❍♦✇❡✈❡r✱ t❤❡ ❇❊❑❑ ♠♦❞❡❧ ❝♦♥t❛✐♥s ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs✱ ❡✈❡♥ ❢♦r

✷



♠♦❞❡r❛t❡ ❞✐♠❡♥s✐♦♥s✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✐t ✐s ❞✐✣❝✉❧t t♦ ❡st✐♠❛t❡ t❤❡ ♠♦❞❡❧ ❜② t❤❡ ❝❧❛s✲

s✐❝❛❧ ◗▼▲❊✳ P❡❞❡rs❡♥ ❛♥❞ ❘❛❤❜❡❦ ✭✷✵✶✹✮ ❝♦♥s✐❞❡r ❛ s✐♠♣❧✐✜❡❞ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞✱ t❤❡

✈❛r✐❛♥❝❡ t❛r❣❡t✐♥❣ ❡st✐♠❛t✐♦♥ ✭❱❚❊✮✱ ❛♥❞ ♣r♦✈✐❞❡ ✐ts ❈❆◆✳ ❚❤❡ ❱❚❊ ♠❡t❤♦❞ ❤❛s ❜❡❡♥

♣r♦♣♦s❡❞ ❜② ❊♥❣❧❡ ❛♥❞ ▼❡③r✐❝❤ ✭✶✾✾✻✮ t♦ ❛❧❧❡✈✐❛t❡ t❤❡ ♥✉♠❡r✐❝❛❧ ❞✐✣❝✉❧t✐❡s ❡♥❝♦✉♥t❡r❡❞

✐♥ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ q✉❛s✐ ❧✐❦❡❧✐❤♦♦❞✳ ❚❤❡ ❱❚❊ ✐s ♥✉♠❡r✐❝❛❧❧② ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥

t❤❡ ◗▼▲❊✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✱ ❜❡❝❛✉s❡ ✐t r❡q✉✐r❡s ❛♥

♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❧♦✇❡r ❞✐♠❡♥s✐♦♥✳ ❚❤✐s ❡st✐♠❛t♦r ❤❛s ❛❧s♦ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❜❡✐♥❣ r❡❧❛✲

t✐✈❡❧② r♦❜✉st ❢♦r ❧♦♥❣ t❡r♠ ♣r❡❞✐❝t✐♦♥s ✭s❡❡ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✶✮✮✳ ■♥ t❤❡ ♣r❡s❡♥t

♣❛♣❡r✱ ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❈❆◆ ♦❢ t❤❡ ❱❚❊ ❢♦r t❤❡ ❇❊❑❑✲❳ ♠♦❞❡❧✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s t❤❡ ❇❊❑❑ ♠♦❞❡❧ ❛✉❣♠❡♥t❡❞

✇✐t❤ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛♥❞ ♣r❡s❡♥ts t❤❡ ❱❚❊ ♠❡t❤♦❞✳ ❚❤❡ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣✲

t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❱❚❊ ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ◆✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥s ❛r❡

♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s t❤❡ ♣❛♣❡r✳ ❆❧❧ t❤❡ ♣r♦♦❢s ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥

❙❡❝t✐♦♥ ✻✳

✷ ❚❤❡ ♠♦❞❡❧ ❛♥❞ ✈❛r✐❛♥❝❡ t❛r❣❡t✐♥❣ ❡st✐♠❛t✐♦♥

✷✳✶ ❚❤❡ ♠♦❞❡❧

▲❡t {εt = (ε1t, · · · , εmt)
′} ❜❡ ❛ m−❞✐♠❡♥s✐♦♥❛❧ ♣r♦❝❡ss ❛♥❞ xt = (x1t, · · · , xrt)

′ ∈ R
r ❜❡

❛ ✈❡❝t♦r ♦❢ r ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳ ❉❡♥♦t❡ Ft−1 t❤❡ σ−✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣❛st ♦❢ εt

❛♥❞ xt❀ ✐✳❡✳ Ft−1 = σ{εu,xv; u < t, v < t}✳ ❆ss✉♠❡ t❤❛t

E(εt|Ft−1) = 0, V ar(εt|Ft−1) = H t ❡①✐sts ❛♥❞ ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✳ ✭✶✮

❚❤❡ m×m ♠❛tr✐① H t ✐s s♣❡❝✐✜❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛st ✈❛❧✉❡s ♦❢ εt ❛♥❞ xt✳

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❇❊❑❑✲❳✭✶✱✶✮ ♠♦❞❡❧





εt = H
1/2
t ηt

H t = Ω+Aεt−1ε
′
t−1A

′ +BH t−1B
′ +Cxt−1x

′
t−1C

′,
✭✷✮

✇❤❡r❡ Ω,A,B ❛r❡ m × m ♣❛r❛♠❡t❡r ♠❛tr✐❝❡s ❛♥❞ C ✐s m × r ♣❛r❛♠❡t❡r ♠❛tr✐①✳ ❚♦

❡♥s✉r❡ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ H t✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t

♠❛tr✐① Ω > 0✱ ✇❤❡r❡ t❤❡ s②♠❜♦❧ > ❞❡♥♦t❡s t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ ❛ ♠❛tr✐①✳

✸



❚❤❡ ❛ttr❛❝t✐✈❡ ♣r♦♣❡rt② ♦❢ t❤❡ ❇❊❑❑♠♦❞❡❧ ✐s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐❝❡s

❛r❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ❜② ❝♦♥str✉❝t✐♦♥✳ ■♥tr♦❞✉❝✐♥❣ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ✉♥❞❡r t❤❡

❢♦r♠ Cxt−1x
′
t−1C

′ st✐❧❧ ❣✉❛r❛♥t❡❡s t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ H t✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡②

❛r❡ ♥♦t r❡str✐❝t❡❞ t♦ ❛ s✐♥❣❧❡ ✈❛r✐❛❜❧❡✳

▲❡t ‖A‖ =
√
Tr(A′A) ❜❡ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ♦❢ ❛ ✈❡❝t♦r ♦r ❛ ♠❛tr✐① A ✱ ✇❤❡r❡ Tr(·)

✐s t❤❡ tr❛❝❡ ♦❢ ❛ sq✉❛r❡ ♠❛tr✐①✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ ♠❛❞❡ t❤r♦✉❣❤♦✉t t❤❡

♣❛♣❡r✳

❆✶✿ E(ηt|Ft−1) = 0 ❛♥❞ E(ηtη
′
t|Ft−1) = Im✳

❆✷✿ (εt,xt) ✐s ❛ str✐❝t❧② st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ ♣r♦❝❡ss✳

❆✹✿ E‖xt‖2 < ∞ ❛♥❞ E‖εt‖2 < ∞✳

❘❡♠❛r❦ ✶ ❇♦✉ss❛♠❛ ❛♥❞ ❙t❡❧③❡r ✭✷✵✶✶✮ ♣r♦✈✐❞❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢

❛ ✉♥✐q✉❡ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ s♦❧✉t✐♦♥ t♦ ❇❊❑❑ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s✳ ❋♦r t❤❡

♠♦❞❡❧ ✭✷✮ ✇✐t❤♦✉t ❝♦✈❛r✐❛t❡✱ ❢♦r ❡①❛♠♣❧❡✱ t❤✐s s♦❧✉t✐♦♥ ❡①✐sts ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s

❛r❡ s❛t✐s✜❡❞

✐✮ ❚❤❡ ✐♥♥♦✈❛t✐♦♥ ηt ❛❞♠✐ts ❛ ❞❡♥s✐t② ❛❜s♦❧✉t❡❧② ❝♦♥t✐♥✉♦✉s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡

♠❡❛s✉r❡ ♦♥ R
m ❛♥❞ ♣♦s✐t✐✈❡ ✐♥ ❛ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ ♣♦✐♥t ③❡r♦

✐✐✮ ρ(A0 ⊗A0 +B0 ⊗B0) < 1

✇❤❡r❡ t❤❡ s②♠❜♦❧ ⊗ st❛♥❞s ❢♦r t❤❡ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t ❛♥❞ ρ(·) ❞❡♥♦t❡s t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢
❛ ♠❛tr✐① ✇❤✐❝❤ ✐s t❤❡ ♠❛①✐♠✉♠ ❛♠♦♥❣ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ❛ ♠❛tr✐①✳

❋✉rt❤❡r♠♦r❡✱ ✉♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❡①✐st❡♥❝❡ E‖εt‖2 < ∞ ✐♥ ❆✹ ✐s s❛t✐s✜❡❞✳

❘❡♠❛r❦ ✷ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✷✱ ❆✹✱ t❤❡ ✐♥t❡r❝❡♣t ♠❛tr✐① ✐♥ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ✭✷✮

❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞

♦❢ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ s❡❝♦♥❞ ♠♦♠❡♥t ♦❢ ❝♦✈❛r✐❛t❡s✳ ❚❤❛t ❛❧❧♦✇s ✉s t♦ ❛♣♣❧② t❤❡ ✈❛r✐❛♥❝❡

t❛r❣❡t✐♥❣ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞✳

✹



✷✳✷ ❱❛r✐❛♥❝❡ t❛r❣❡t✐♥❣ ❡st✐♠❛t✐♦♥

❚❤❡ ❱❚❊ ✐s ❛ t✇♦✲st❡♣ ❡st✐♠❛t✐♦♥ t❡❝❤♥✐q✉❡ ✇❤♦s❡ ❛❞✈❛♥t❛❣❡s ❛r❡ t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉✲

t❛t✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❞✉❝❡ ✭s❡❡ P❡❞❡rs❡♥ ❛♥❞ ❘❛❤❜❡❦ ✭✷✵✶✹✮✱ ❋r❛♥❝q

❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✶✮ ❛♥❞ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✹✮✮ ❛♥❞ t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ✐♠♣❧✐❡❞

✈❛r✐❛♥❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ s❛♠♣❧❡ ✈❛r✐❛♥❝❡✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❜❛s❡❞ ♦♥ ❛ r❡♣❛r❛♠❡r✐③❛t✐♦♥ ♦❢

t❤❡ ✈♦❧❛t✐❧✐t② ❡q✉❛t✐♦♥✱ ✐♥ ✇❤✐❝❤ t❤❡ ✐♥t❡r❝❡♣t ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ r❡t✉r♥s ✉♥❝♦♥❞✐t✐♦♥❛❧

✈❛r✐❛♥❝❡ ✐♥ ❝❛s❡ t❤❛t t❤❡r❡ ✐s ♥♦ ❝♦✈❛r✐❛t❡s✳

❉❡♥♦t❡ ❜② Σε := V ar(εt) = E(εtε
′
t) = E(H t) t❤❡ ✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ♦❜s❡r✈❛t✐♦♥s

❛♥❞ Σx := E(xtx
′
t) t❤❡ s❡❝♦♥❞✲♦r❞❡r ♠♦♠❡♥t ♦❢ t❤❡ ✈❡❝t♦r ♦❢ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳ ❚❤❡s❡

♠❛tr✐❝❡s ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ❆✹✳ ❇② t❛❦✐♥❣ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡ t✇♦

❤❛♥❞ s✐❞❡s ♦❢ ✭✷✮✱ ✇❡ ❣❡t

Σε = Ω+AΣεA
′ +BΣεB

′ +CΣxC
′. ✭✸✮

❚❤❡♥ ✭✷✮ ❝❛♥ ❜❡ r❡♣❛r❛♠❡t❡r✐③❡❞ ❜②





εt = H
1/2
t ηt,

H t = (Σε −AΣεA
′ −BΣεB

′ −CΣxC
′) +Aεt−1ε

′
t−1A

′ +BH t−1B
′

+Cxt−1x
′
t−1C

′.

✭✹✮

◆♦t❡ t❤❛t ✐♥ t❤✐s r❡♣❛r❛♠❡tr✐③❛t✐♦♥✱ t❤❡ ❝♦♥str❛✐♥t ♦❢ t❤❡ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡♥❡ss ♦❢ t❤❡

✐♥t❡r❝❡♣t Ω > 0 ✐♥ ✭✷✮ ❜❡❝♦♠❡s

Σε −AΣεA
′ −BΣεB

′ −CΣxC
′ > 0. ✭✺✮

❚❤❡ ❣❡♥❡r✐❝ ♣❛r❛♠❡t❡r ♦❢ t❤❡ ♠♦❞❡❧ ✭✹✮ ❝♦♥s✐sts ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ♠❛tr✐❝❡s Σε✱

Σx ❛♥❞ t❤❡ ♦♥❡s ♦❢ t❤❡ ♠❛tr✐❝❡s A,B ❛♥❞ C✳ ❆s ♠❡♥t✐♦♥❡❞✱ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡

♠♦❞❡❧ ✇✐❧❧ ❜❡ ❡st✐♠❛t❡❞ ✐♥ t❤❡ t✇♦ st❡♣s ❱❚❊✳ ■♥ t❤❡ ✜rst st❡♣✱ t❤❡ ♠❛tr✐❝❡s Σε ❛♥❞

Σx ✇✐❧❧ ❜❡ ❡♠♣✐r✐❝❛❧❧② ❡st✐♠❛t❡❞ ✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣✱ t❤❡ ♦t❤❡r ♣❛r❛♠❡t❡rs ✇✐❧❧ ❜❡

❡st✐♠❛t❡❞ ❜② ◗▼▲ ♦♣t✐♠✐③❛t✐♦♥✳ ❚❤❡ ✈❡❝t♦r ♦❢ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ✐s t❤✉s ❞❡❝♦♠♣♦s❡❞

❜② ϑ0 = (γ ′
0,θ

′
0)

′ ∈ R
d ✇✐t❤

γ0 = (γ ′
x0,γ

′
ε0)

′
= (vech′(Σx), vech

′(Σε))
′ ∈ R

d1 , d1 =
r(r + 1)

2
+

m(m+ 1)

2
,

θ0 = (vec′(A0), vec
′(B0), vec

′(C0))
′ ∈ R

d2 , d2 = 2m2 +mr

✺



❛♥❞ d = d1 + d2 ✐s t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡r ♦❢ ✭✹✮✱ ✇❤❡r❡ vec ❞❡♥♦t❡s

t❤❡ ♦♣❡r❛t♦r t❤❛t st❛❝❦s ❛❧❧ ❝♦❧✉♠♥s ♦❢ ❛ ♠❛tr✐① ✐♥t♦ ❛ ❝♦❧✉♠♥ ✈❡❝t♦r✱ ❛♥❞ vech ❞❡♥♦t❡s

t❤❡ ♦♥❡ t❤❛t st❛❝❦s ♦♥❧② t❤❡ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♣❛rt ✐♥❝❧✉❞✐♥❣ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ ❛ s②♠♠❡tr✐❝

♠❛tr✐① ✐♥t♦ ❛ ✈❡❝t♦r✳ ▲✐❦❡✇✐s❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡

Θ := Θγ ×Θθ ⊂ R
d1 × R

d2 ,

✇❤♦s❡ ❛ ❣❡♥❡r✐❝ ♣❛r❛♠❡t❡r ✈❡❝t♦r ✐s ❞❡♥♦t❡❞ ❜②

ϑ = (γ ′,θ′)′ = (γ ′
x,γ

′
ε,θ

′)
′
= (vech′(Σx), vech

′(Σε), vec
′(A), vec′(B), vec′(C))

′
.

❚♦ ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐♥ ✭✹✮ ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛r❛♠❡t❡rs

γ ❛♥❞ θ ❛♥❞ t❤❛t t❤❡② ❛r❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❡st✐♠❛t❡❞✱ ✇❡ ✇r✐t❡ H t(γ,θ)✳

▲❡t (ε1, · · · , εn) ❜❡ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ ❧❡♥❣t❤ n ♦❢ t❤❡ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ ♣r♦❝❡ss (εt)

❛♥❞ (x1, · · · ,xn) ❜❡ n ♦❜s❡r✈❛t✐♦♥s ♦❢ t❤❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s (xt)✳ ❈♦♥❞✐t✐♦♥❛❧❧② ♦♥ t❤❡

✐♥✐t✐❛❧ ✈❛❧✉❡s ε0,x0 ❛♥❞ H̃0✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❝❛♥ ❜❡ r❡❝✉rs✐✈❡❧② ❞❡✜♥❡❞✱

❢♦r t ≥ 1✱ ❛s ❢♦❧❧♦✇s

H̃ t (γ,θ) =(Σε −AΣεA
′ −BΣεB

′ −CΣxC
′) +Aεt−1ε

′
t−1A

′ +BH̃ t−1 (γ,θ)B
′

+Cxt−1x
′
t−1C

′. ✭✻✮

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢✉♥❝t✐♦♥s

Q̃n (γ,θ) =
1

n

n∑

t=1

ℓ̃t(γ,θ), ℓ̃t(γ,θ) = ε′tH̃
−1

t (γ,θ) εt + log det
(
H̃ t (γ,θ)

)
. ✭✼✮

❆s ♠❡♥t✐♦♥❡❞✱ ✐♥ t❤❡ ✜rst st❛❣❡ ♦❢ ❱❚ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞✱ t❤❡ ♣❛r❛♠❡t❡r γ = (γ ′
x,γ

′
ε)

′

✐s ♣r❡✲❡st✐♠❛t❡❞ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ s❛♠♣❧❡ ❜② t❤❡ ♠❡t❤♦❞ ♦❢ ♠♦♠❡♥ts✿

γ̂n =
(
γ̂
′
xn, γ̂

′
εn

)′
=
(
vech′(Σ̂xn), vech

′(Σ̂εn)
)′
, ✭✽✮

✇❤❡r❡ Σ̂εn =
1

n

n∑
t=1

εtε
′
t ❛♥❞ Σ̂xn =

1

n

n∑
t=1

xtx
′
t ❛r❡ t❤❡ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t♦rs ♦❢ t❤❡ ❝♦✈❛r✐✲

❛♥❝❡ ♠❛tr✐① ♦❢ εt ❛♥❞ t❤❡ s❡❝♦♥❞✲♦r❞❡r ♠♦♠❡♥t ♦❢ xt✱ r❡s♣❡❝t✐✈❡❧②✳ ❖♥❝❡ γ̂n ✐s ♦❜t❛✐♥❡❞✱

t❤❡ ♣❛r❛♠❡t❡r θ ✐s ❡st✐♠❛t❡❞ ❜② ✉s✐♥❣ t❤❡ q✉❛s✐ ❧✐❦❡❧✐❤♦♦❞✱ ❝♦♥❞✐t✐♦♥✐♥❣ ♦♥ t❤❡ ♣❛r❛♠❡t❡rs

❡st✐♠❛t❡❞ ✐♥ t❤❡ ✜rst st❛❣❡

Q̃n (γ̂n,θ) =
1

n

n∑

t=1

ℓ̃t(γ̂n,θ) =
1

n

n∑

t=1

ε′tH̃
−1

t (γ̂n,θ) εt + log det
(
H̃ t (γ̂n,θ)

)
, ✭✾✮

✻



✇❤❡r❡ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♣r♦❝❡ss H̃ t (γ̂n,θ) ❝❛♥ ❜❡ r❡❝✉rs✐✈❡❧② ❝❛❧❝✉❧❛t❡❞ ❜② r❡♣❧❛❝✐♥❣ Σε

❛♥❞ Σx ✐♥ ✭✻✮ ❜② Σ̂εn ❛♥❞ Σ̂xn r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡st✐♠❛t♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡r θ ✐s t❤✉s

❞❡✜♥❡❞ ❛s ❛♥② ♠❡❛s✉r❛❜❧❡ s♦❧✉t✐♦♥ θ̂n ♦❢

θ̂n = argmin
θ∈Θθ

Q̃n (γ̂n,θ) . ✭✶✵✮

❚❤❡ ❱❚❊ ♦❢ ϑ0 ✐s t❤❡♥ ❣✐✈❡♥ ❜② ϑ̂n =
(
γ̂
′
n, θ̂

′

n

)′
✳

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ Ω ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❇❊❑❑✲❳ ♠♦❞❡❧ ✭✷✮ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜②

Ω̂n = Σ̂εn − ÂnΣ̂εnÂ
′

n − B̂nΣ̂εnB̂
′

n − ĈnΣ̂xnĈ
′

n, ✭✶✶✮

✇❤❡r❡ Ân, B̂n ❛♥❞ Ĉn ❛r❡ t❤❡ ◗▼▲ ❡st✐♠❛t♦rs ♦❢ A,B ❛♥❞ C r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡♥ t❤❡

❡st✐♠❛t♦r ♦❢ ♦r✐❣✐♥❛❧ ♣❛r❛♠❡t❡r ✈❡❝t♦r✱ ❞❡♥♦t❡❞ ❜② ξ0 = (vech(Ω0)
′,θ′

0)
′✱ ♦❢ ✭✷✮ ❝❛♥ ❜❡

❣✐✈❡♥ ❜② ξ̂n =
(
vech′(Ω̂n), θ̂

′

n

)′
✳

✸ ❱❚❊ ✐♥❢❡r❡♥❝❡

■♥ t❤✐s s❡❝t✐♦♥✱ t❤❡ ❛s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❱❚❊ ✇✐❧❧ ❜❡ ❡st❛❜❧✐s❤❡❞✳ ❚❤❡ ❝♦♠♣✉t❛✲

t✐♦♥ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✇✐❧❧ ❜❡ ❛s❧♦ ❣✐✈❡♥✳

✸✳✶ ❈♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②

❋♦r t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❱❚❊✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s ❛r❡ r❡q✉✐r❡❞

❆✺✿ ❚❤❡ tr✉❡ ♣❛r❛♠❡t❡r ϑ0 ∈ Θ ❛♥❞ Θ ✐s ❝♦♠♣❛❝t✳

❆✻✿ ρ(B) < 1 ❛♥❞ ρ(A⊗A+B ⊗B) < 1 ❢♦r ❛❧❧ ϑ ∈ Θ✳

❆✼✿ ■❢ ❢♦r ❛♥② θ ∈ Θθ✱ H t(γ0,θ) = H t(γ0,θ0) ❛✳s✳✱ t❤❡♥ θ = θ0✳

❆✽✿ ■❢ π ✐s ❛ ♥♦♥ ③❡r♦ ✈❡❝t♦r ♦❢ Rr t❤❡♥ π′x1 ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳

❘❡♠❛r❦ ✸ ❆ss✉♠♣t✐♦♥ ❆✼ ✐s ❛ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✐❞❡♥t✐✜❛❜✐❧✐t② ♦❢ t❤❡ ♠♦❞❡❧✳ ◆♦t❡ t❤❛t✱

❈♦♠t❡ ❛♥❞ ▲✐❡❜❡r♠❛♥ ✭✷✵✵✸✮✱ ❍❛❢♥❡r ❛♥❞ Pr❡♠✐♥❣❡r ✭✷✵✵✾✮ ❛♥❞ P❡❞❡rs❡♥ ❛♥❞ ❘❛❤❜❡❦

✭✷✵✶✹✮ ❣✐✈❡ ❛♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ❝♦♥❞✐t✐♦♥ ❡q✉✐✈❛❧❡♥t t♦ ❆ss✉♠♣t✐♦♥ ❆✼ ❢♦r ❇❊❑❑ ♠♦❞❡❧s

✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s✳

✼



❘❡♠❛r❦ ✹ ❆ss✉♠♣t✐♦♥ ❆✽ ✐s ❛♥ ✐❞❡♥t✐✜❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ✐s ♦❜✈✐♦✉s❧② ♥❡❝❡ss❛r②

t♦ ❛✈♦✐❞ ♠✉❧t✐❝♦❧❧✐♥❡❛r✐t② ♦❢ t❤❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳

❚❤❡♦r❡♠ ✶ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✶ ✲ ❆✽✱

ϑ̂n → ϑ0, ❛✳s✳ ❛s n → ∞. ✭✶✷✮

❚♦ ❡st❛❜❧✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ ❱❚❊ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s

❛r❡ ♥❡❡❞❡❞✳

❆✾✿ ❚❤❡ tr✉❡ ♣❛r❛♠❡t❡r θ0 ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡r✐♦r ♦❢ Θθ✳

❆✶✵✿ E ‖εt‖6 < ∞ ❛♥❞ E ‖xt‖6 < ∞✳

❲❡ ❞❡♥♦t❡ ❜② αX(h) t❤❡ str♦♥❣ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥t ♦❢ ❛ st❛t✐♦♥❛r② ♣r♦❝❡ss X = (Xt)

αX(h) = sup
A∈σ(Xu,u≤t),B∈σ(Xu,u≥t+h)

|P (A ∩ B)− P (A)P (B)|.

❆✶✶✿ zt = (x′
t, ε

′
t,η

′
t)

′ ✐s ❛ α−♠✐①✐♥❣ ♣r♦❝❡ss s✉❝❤ t❤❛t✱ ❢♦r s♦♠❡ ν > 0 ❛♥❞ δ > 0✱

E‖εt‖(4+2ν)(1+1/δ) < ∞, E‖xt‖(4+2ν)(1+1/δ) < ∞, E‖ηt‖(4+2ν)(1+δ) < ∞

❛♥❞
∑∞

h=0{αz(h)}ν/(2+ν) < ∞✳

▲❡t H t,s(ϑ) ❜❡ s✉❝❤ t❤❛t✱ ❢♦r s > 0✱

vec(H t,s(ϑ)) =
s∑

k=0

(B⊗2)k
(
vec(Ω) +A⊗2vec(εt−k−1ε

′
t−k−1) +C⊗2vec(xt−k−1x

′
t−k−1)

)
,

✇❤❡r❡ A⊗2 ❞❡♥♦t❡s t❤❡ ❑r♦♥❡❝❦❡r ♣r♦❞✉❝t ♦❢ ❛ ♠❛tr✐① A ❛♥❞ ✐ts❡❧❢✳ ▲❡t ❛❧s♦ S ❜❡ ❛

s✉❜s♣❛❝❡ s✉❝❤ t❤❛t ❢♦r ❛❧❧ ϑ ∈ Θ✱ H t(ϑ) ∈ S ❛♥❞ ❢♦r ❛❧❧ s > 0✱ H t,s(ϑ) ∈ S✳

❆✶✷✿ ❚❤❡r❡ ❡①✐sts K > 0 s✉❝❤ t❤❛t

∥∥∥H1/2
t (ϑ)−H

∗1/2
t (ϑ)

∥∥∥ ≤ K ‖H t(ϑ)−H∗
t (ϑ)‖ ❢♦r ❛❧❧ H t(ϑ),H

∗
t (ϑ) ∈ S.

❘❡♠❛r❦ ✺ ❚❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t t❤❡ ♦❜s❡r✈❛t✐♦♥s εt ❛❞♠✐t ✜♥✐t❡ ♠♦♠❡♥t ♦❢ ♦r❞❡r 6 ✐s ❛❧s♦

❢♦✉♥❞ ✐♥ t❤❡ ❡①✐st✐♥❣ ❜♦❞② ♦❢ ❧✐t❡r❛t✉r❡ ♦♥ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ◗▼▲❊ ✭s❡❡ ❍❛❢♥❡r

❛♥❞ Pr❡♠✐♥❣❡r ✭✷✵✵✾✮✮ ♦r t❤❡ ♦♥❡ ♦❢ t❤❡ ❱❚❊ ✭s❡❡ P❡❞❡rs❡♥ ❛♥❞ ❘❛❤❜❡❦ ✭✷✵✶✹✮✮ ♦❢ t❤❡

♠♦❞❡❧s ✇✐t❤♦✉t ❝♦✈❛r✐❛t❡s✳ ❆ss✉♠♣t✐♦♥ ❆✶✵ ✐s ♥❡❡❞❡❞ t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♠♦♠❡♥t

♦❢ s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❧♦❣✲❧✐❦❡❧✐❤♦♦❞ ❢✉♥❝t✐♦♥ ❛♥❞ ✐ts ✉♥✐❢♦r♠ ❝♦♥✈❡r❣❡♥❝❡ ♦♥

t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡✳

✽



❘❡♠❛r❦ ✻ ❯♥❞❡r ❆ss✉♠♣t✐♦♥ ❆✶✱ (ηt,Ft) ✐s ❛ ❝♦♥❞✐t✐♦♥❛❧❧② ❤♦♠♦s❝❡❞❛st✐❝ ♠❛rt✐♥❣❛❧❡

❞✐✛❡r❡♥❝❡ ❛♥❞ ✭✷✮ ❜❡❝♦♠❡s ❛ s❡♠✐✲str♦♥❣ ♠♦❞❡❧✳ ❚❤❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ♥❡❡❞ ♥♦t t♦ ❜❡

✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✐♥♥♦✈❛t✐♦♥s ηt✳ ❚❤❡ ♠✐①✐♥❣ ❛ss✉♠♣t✐♦♥ ✐♥ ❆✶✶ ✐s ✉s❡❞ t♦ ❛♣♣❧② t❤❡

❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✭❈▲❚✮ ♦❢ ❍❡rr♥❞♦r❢ ✭✶✾✽✹✮ t♦ s♣❡❝✐❢② t❤❡ ❧✐♠✐t✐♥❣ ❞✐str✐❜✉t✐♦♥ ✐♥

❚❤❡♦r❡♠ ✷✳ ❲❤❡♥ ✭✷✮ ✐s ❛ str♦♥❣ ♠♦❞❡❧✱ ✐✳❡✳ ✇❤❡♥ ηt ✐s ✐✐❞✱ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ✐♥

❆✶✶ ❝❛♥ ❜❡ ✇❡❛❦❡♥❡❞ ❛s ❢♦❧❧♦✇s

❆✶✶✯✿ zt = (x′
t, ε

′
t,η

′
t)

′ ✐s ❛ α−♠✐①✐♥❣ ♣r♦❝❡ss s✉❝❤ t❤❛t✱ ❢♦r s♦♠❡ ν > 0✱ E‖zt‖4+2ν < ∞
❛♥❞

∑∞
h=0{αz(h)}ν/(2+ν) < ∞✳

❘❡♠❛r❦ ✼ ■♥ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✱ ❆ss✉♠♣t✐♦♥ ❆✶✷ ✐s ❛❧✇❛②s s❛t✐s✜❡❞✳ ■♥❞❡❡❞✱ ❢♦r s✐♠✲

♣❧✐❝✐t②✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✉♥✐✈❛r✐❛t❡ ●❆❘❈❍(1, 1) ♠♦❞❡❧ εt = σ2
t (θ)ηt✱ ✇❤❡r❡ σ2

t (θ) =

ω + αε2t−1 + βσ2
t−1(θ)✱ ✇✐t❤ ω ≥ ω > 0✳ ❋♦r ❛♥② σ2

t (θ) ❛♥❞ σ∗2
t (θ)✱ ✇❡ ❤❛✈❡

|σt(θ)− σ∗
t (θ)| =

∣∣∣∣∣
√
σ∗2
t (θ) + (σ2

t (θ)− σ∗2
t (θ))

1

2
√
σ̄2
t (θ)

−
√

σ∗2
t (θ)

∣∣∣∣∣ ≤ K
∣∣σ2

t (θ)− σ∗2
t (θ)

∣∣ ,

✇❤❡r❡ σ̄2
t (θ) ✐s ❜❡t✇❡❡♥ σ2

t (θ) ❛♥❞ σ∗2
t (θ) ❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ❢r♦♠ σ̄2

t (θ) ≥ ω ❢♦r ❛❧❧

θ✳

▲❡t Qn (γ,θ) ❛♥❞ ℓt (γ,θ) ❜❡ ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ H̃ t (γ,θ) ❜② H t (γ,θ) ✐♥ Q̃n (γ,θ)

❛♥❞ ℓ̃t (γ,θ)✳ ❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐❝❡s✳

J = E

(
∂2ℓt(γ0,θ0)

∂θ∂θ′

)
, Kε = E

(
∂2ℓt(γ0,θ0)

∂θ∂γ ′
ε

)
, Kx = E

(
∂2ℓt(γ0,θ0)

∂θ∂γ ′
x

)
✭✶✸✮

❛♥❞

Σ11 =
∞∑

h=−∞

cov
(
vech(xtx

′
t), vech(xt−hx

′
t−h)

)
, ✭✶✹✮

Σ22 =
∞∑

h=−∞

cov
(
Υ0tvec (ηtη

′
t) ,Υ0,t−hvec

(
ηt−hη

′
t−h

))
, ✭✶✺✮

Σ12 =
∞∑

h=−∞

cov
(
vech(xtx

′
t),Υ0,t−hvec

(
ηt−hη

′
t−h

))
, ✭✶✻✮

✇❤❡r❡

Υ0t =


 H

1/2
0t ⊗H

1/2
0t

−∂vec′(H0t)

∂θ

(
H

−1/2
0t ⊗H

−1/2
0t

)′


 . ✭✶✼✮

✾



❉❡♥♦t❡ ❜② Dm ❛♥❞ Lm t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♠❛tr✐① ❛♥❞ ❡❧✐♠✐♥❛t✐♦♥ ♠❛tr✐① ❞❡✜♥❡❞ s✉❝❤ t❤❛t✱

❢♦r ❛♥② s②♠♠❡tr✐❝ (m×m) ♠❛tr✐① A✱ vec(A) = Dmvech(A) ❛♥❞ vech(A) = Lmvec(A)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ ❱❚❊ ❡st✐♠❛t♦rs✳

❚❤❡♦r❡♠ ✷ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✶ ✲ ❆✶✷✱ ❛s n → ∞,

√
n




γ̂xn − γx0

γ̂εn − γε0

θ̂n − θ0




d→ N (0,ΓΦΣΦ
′
Γ

′) , ✭✶✽✮

✇❤❡r❡

Σ =


 Σ11 Σ12

Σ
′
12 Σ22


 , Γ =




Ir(r+1)/2 0 0

0 Im(m+1)/2 0

−J−1Kx −J−1Kε −J−1


 ✭✶✾✮

❛♥❞

Φ =




Ir(r+1)/2 0 0

Lm(Im2 −A⊗2
0 −B⊗2

0 )−1C⊗2
0 Dr Lm(Im2 −A⊗2

0 −B⊗2
0 )−1(Im2 −B⊗2

0 ) 0

0 0 −I2m2+mr


 .

✭✷✵✮

❚❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣❛r❛♠❡t❡rs ✐s ❣✐✈❡♥ ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❈♦r♦❧❧❛r② ✶ ❯♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✱ t❤❡ ❱❚❊ ♦❢ ξ0 s❛t✐s✜❡s

√
n
(
ξ̂n − ξ0

)
d→ N (0,∆ΓΦΣΦ

′
Γ

′∆′) , ✭✷✶✮

✇❤❡r❡

∆ =


 ∆1 ∆2

0(2m2+mr)×(m2+r2) I(2m2+mr)×(2m2+mr)


 ✭✷✷✮

✇✐t❤

∆1 =
(

−Lm (C0 ⊗C0)Dd Lm (Im2 −A0 ⊗A0 −B0 ⊗B0)Dm

)
,

∆2 = −Lm(Im2 +Mmm)
(

(A0Σε0 ⊗ Im) (B0Σε0 ⊗ Im) (C0Σx0 ⊗ Im)
)

❛♥❞Mpq ❞❡♥♦t❡s t❤❡ ❝♦♠♠✉t❛t✐♦♥ ♠❛tr✐① s✉❝❤ t❤❛t✱ ❢♦r ❛♥② (p×q) ♠❛tr✐① A✱ Mpqvec(A) =

vec(A′)✳

✶✵



✸✳✷ ❊st✐♠❛t✐♥❣ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①

■♥ t❤❡ ❡❝♦♥♦♠❡tr✐❝ ❧✐t❡r❛t✉r❡ t❤❡ ♥♦♥♣❛r❛♠❡tr✐❝ ❦❡r♥❡❧ ❡st✐♠❛t♦r✱ ❛❧s♦ ❝❛❧❧❡❞ ❤❡t❡r♦s❝❡❦❛s✲

t✐❝ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❝♦♥s✐st❡♥t ✭❍❆❈✮ ❡st✐♠❛t♦r ✭s❡❡ ◆❡✇❡② ❛♥❞ ❲❡st ✭✶✾✽✼✮✱ ❆♥❞r❡✇s

✭✶✾✾✶✮ ❛♥❞ P❤✐❧❧✐♣s ❛♥❞ ❏✐♥ ✭✷✵✵✸✮✮ ✐s ✇✐❞❡❧② ✉s❡❞ t♦ ❡st✐♠❛t❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡

❢♦r♠ Σ11✳ ❚❤❡ ❝♦♥s✐st❡♥t ❡st✐♠❛t♦rs Σ̂11n✱ Σ̂22n ❛♥❞ Σ̂12n ♦❢ Σ11✱ Σ22 ❛♥❞ Σ12✱ r❡s♣❡❝✲

t✐✈❡❧②✱ ❝❛♥ t❤✉s ❜❡ ❣✐✈❡♥ ❜②

Σ̂11n =
1

n

n∑

t,s=1

w|t−s|vech(xtx
′
t)vech

′(xsx
′
s),

Σ̂22n =
1

n

n∑

t,s=1

w|t−s|Υ̂tvec (ηtη
′
t) vec

′ (ηsη
′
s) Υ̂

′

t,

Σ̂12n =
1

n

n∑

t,s=1

w|t−s|vech(xtx
′
t)vec

′ (ηsη
′
s) Υ̂

′

s,

✇❤❡r❡ w0, . . . , wn−1 ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✇❡✐❣❤ts ✭s❡❡ ◆❡✇❡② ❛♥❞ ❲❡st ✭✶✾✽✼✮✱ ❆♥❞r❡✇s ✭✶✾✾✶✮

❛♥❞ P❤✐❧❧✐♣s ❛♥❞ ❏✐♥ ✭✷✵✵✸✮ ❢♦r t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ ✇❡✐❣❤ts✮ ❛♥❞

Υ̂t =




H̃
1/2

t (ϑ̂n)⊗ H̃
1/2

t (ϑ̂n)

−
∂vec′

(
H̃ t(ϑ̂n)

)

∂θ

(
H̃

−1/2

t (ϑ̂n)⊗ H̃
−1/2

t (ϑ̂n)
)′


 .

▲❡t

Ĵn =
1

n

n∑

t=1

∂2ℓ̃t(ϑ̂n)

∂θ∂θ′ , K̂xn =
1

n

n∑

t=1

∂2ℓ̃t(ϑ̂n)

∂θ∂γ ′
x

, K̂εn =
1

n

n∑

t=1

∂2ℓ̃t(ϑ̂n)

∂θ∂γ ′
ε

. ✭✷✸✮

❚❤❡♥ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✷✱ str♦♥❣❧② ❝♦♥s✐st❡♥t ❡st✐♠❛t♦rs ♦❢ Γ ❛♥❞ Σ

❛r❡ ❣✐✈❡♥ ❜②

Γ̂n =




Ir(r+1)/2 0 0

0 Im(m+1)/2 0

−Ĵ
−1

n K̂xn −Ĵ
−1

n K̂εn −Ĵ
−1

n


 ❛♥❞ Σ̂n =


 Σ̂11n Σ̂12n

Σ̂
′

12n Σ̂22n


 ✭✷✹✮

◆♦t❡ t❤❛t✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ♠❛tr✐❝❡s Γ̂n ❛♥❞ Σ̂n r❡q✉✐r❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❝♦♠♣❧✐✲

❝❛t❡❞ ✜rst ❛♥❞ s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r Σ̂22n ❛♥❞ Σ̂12n ♦♥❡ ♥❡❡❞s t♦

❝♦♠♣✉t❡ ∂vec′
(
H̃ t(ϑ̂n)

)
/∂θ✳ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✹✮ s❤♦✇ t❤❛t t❤❡s❡ n ✈❡❝t♦rs ♦❢

❞❡r✐✈❛t✐✈❡s ❝❛♥♥♦t ❜❡ ♥✉♠❡r✐❝❛❧❧② ❝❛❧❝✉❧❛t❡❞ ✇✐t❤✐♥ ❛ r❡❛s♦♥❛❜❧❡ ❛♠♦✉♥t ♦❢ t✐♠❡✳ ❚❤❡②

♣r♦✈✐❞❡ t❤✉s r❡❝✉rs✐✈❡ ❢♦r♠✉❧❛s ❢♦r ❛ r❛♣✐❞ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡s❡ ❞❡r✐✈❛t✐✈❡s✳

✶✶



✹ ◆✉♠❡r✐❝❛❧ ✐❧❧✉str❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✐❧❧✉str❛t❡ ♦✉r ❛s②♠♣t♦t✐❝ r❡s✉❧ts ♦❢ ❙❡❝t✐♦♥ ✸ ♦♥ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛✲

t✐♦♥s ❛♥❞ ♦♥ ❯❙ st♦❝❦ s❡r✐❡s✳

✹✳✶ ❆ ▼♦♥t❡ ❈❛r❧♦ ❡①♣❡r✐♠❡♥t

❚❤✐s s✉❜s❡❝t✐♦♥ ♣r❡s❡♥ts t❤❡ r❡s✉❧ts ❢r♦♠ ❛ s❡r✐❡s ♦❢ ▼♦♥t❡ ❈❛r❧♦ ❡①♣❡r✐♠❡♥ts t❤❛t ❛❧❧♦✇

✉s t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❇❊❑❑ ❢r❛♠❡✇♦r❦ ✇❤❡♥ t❤❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s

❛r❡ ✐♥tr♦❞✉❝❡❞✳

■♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ❜✉r❞❡♥ ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥s✱ ✇❡ ❝♦♥s✐❞❡r ❛ s✐♠♣❧✐✜❡❞

✈❡rs✐♦♥ ♦❢ t❤❡ ❜✐✈❛r✐❛t❡ ❇❊❑❑✲❳✭✶✱✶✮ ♠♦❞❡❧ ✭✷✮ ✇✐t❤ B ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐①✳ ❚❤❡ ✈❡❝t♦r

♦❢ t❤❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ✐s xt = (x1t,x2t)
′ ✇❤❡r❡ x1t ❛♥❞ x2t ❛r❡ t✇♦ ❧❛❣❣❡❞ ✈❛❧✉❡s ♦❢

❛♥ ❆P❆❘❈❍✭✶✱✶✮




zt = σtet,

σt = 0.046 + 0.027z+
t−1 + 0.092z−

t−1 + 0.843σt−1,
✭✷✺✮

✇❤❡r❡
√
2et ✐s ✐✳✐✳❞ ❛♥❞ ❢♦❧❧♦✇s ❛ ❙t✉❞❡♥t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ 4 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✳ ❚✇♦

❝♦♠♣♦♥❡♥ts ♦❢ ηt ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ♥♦r♠❛❧❧② ❞✐str✐❜✉t❡❞ N (0, 1)✳ ❚❤❡ tr✉❡ t❤❡ ♣❛✲

r❛♠❡t❡r ♠❛tr✐① ❛r❡ t❛❦❡♥ ❛s ❢♦❧❧♦✇s

Ω0 =


 0.3 0.2

0.2 0.4


 ,A0 =


 0.15 0.1

0.1 0.2


 ,B0 =


 0.8 0.0

0.0 0.9


 ,C0 =


 0.15 0.05

0.1 0.2


 .

✭✷✻✮

❲❡ ✐♥✈❡st✐❣❛t❡ s❛♠♣❧❡s ✇✐t❤ n = 1000 ❛♥❞ n = 5000 ♦❜s❡r✈❛t✐♦♥s✳ ❆❧❧ s✐♠✉❧❛t✐♦♥s ❛r❡

r❡♣❡❛t❡❞ 500 t✐♠❡s✳ ❋♦r ❡❛❝❤ ❞❛t❛ s❡r✐❡s✱ ✇❡ s✐♠✉❧❛t❡❞ (n + 500) ♦❜s❡r✈❛t✐♦♥s ♦❢ εt ❛♥❞

t❤❡♥ t❤❡ ✜rst 500 ♦❜s❡r✈❛t✐♦♥s ❛r❡ ❞✐s❝❛r❞❡❞ ✐♥ ❡❛❝❤ s✐♠✉❧❛t✐♦♥ t♦ ♠✐♥✐♠✐③❡ t❤❡ ❡✛❡❝t

♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s✳ ■♥ ♦r❞❡r t♦ ❛ss❡ss t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❡st✐♠❛t❡s ✇❡

❤❛✈❡ ❝♦♠♣✉t❡❞ t❤❡ ❜✐❛s✱ t❤❡ r♦♦t ♠❡❛♥ sq✉❛r❡❞ ❡rr♦r ✭❘▼❙❊✮ ❛♥❞ t❤❡ q✉❛rt✐❧❡s ♦❢ t❤❡

❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ξ̂n

bias
(
ξ̂n

)
=

1

500

500∑

i=1

(
ξ̂
(i)

n − ξ0

)

RMSE
(
ξ̂n

)
=

(
1

500

500∑

i=1

(
ξ̂
(i)

n − ξ̄
)2)1/2

✶✷



✇❤❡r❡ ξ̂
(i)

n ✐s t❤❡ ❡st✐♠❛t♦r ❛t t❤❡ ith r❡♣❧✐❝❛t✐♦♥ ❛♥❞ ξ̄ ✐s t❤❡✐r ❡♠♣✐r✐❝❛❧ ♠❡❛♥✳ ❚❤❡

r❡s✉❧ts ♦❢ t❤❡ s✐♠✉❧❛t✐♦♥ st✉❞② ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ❚❤❡② ❛r❡ ✐♥ ❛❝❝♦r❞❛♥❝❡ ✇✐t❤ t❤❡

❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❱❚❊✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ♠❡❞✐❛♥s ♦❢ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠❡t❡rs ❛r❡ ❝❧♦s❡

t♦ t❤❡ tr✉❡ ✈❛❧✉❡s✳ ❆s ❡①♣❡❝t❡❞✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❡st✐♠❛t✐♦♥ ✐♥❝r❡❛s❡s ❛s t❤❡ s❛♠♣❧❡

s✐③❡ ✐♥❝r❡❛s❡s ❢r♦♠ n = 1000 t♦ n = 5000✳

✹✳✷ ❆♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ st♦❝❦s ❯❙

■s t❤❡ ✐♥tr❛❞❛② r❡❛❧✐③❡❞ ✈♦❧❛t✐❧✐t② ✉s❡❢✉❧ ❢♦r ♣r❡❞✐❝t✐♥❣ t❤❡ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ✜♥❛♥❝✐❛❧

r❡t✉r♥s❄ ■♥ t❤❡ ✉♥✐✈❛r✐❛t❡ ❝❛s❡✱ ❋r❛♥❝q ❛♥❞ ❚❤✐❡✉ ✭✷✵✶✺✮ ❞❡♠♦♥str❛t❡ t❤❛t✱ ❢♦r t❤❡ ❝❛♣✲

✐t❛❧✐③❛t✐♦♥ st♦❝❦s ♦❢ ❆♠❡r✐❝❛♥ st♦❝❦ ❡①❝❤❛♥❣❡s✱ ②❡st❡r❞❛②✬s r❡❛❧✐③❡❞ ✈♦❧❛t✐❧✐t② ♦❢t❡♥ ❤❡❧♣s

✐♥ ♣r❡❞✐❝t✐♥❣ t♦❞❛②✬s sq✉❛r❡❞ r❡t✉r♥s✳ ❆♥♦t❤❡r q✉❡st✐♦♥ t❤❛t ✇❡ ✇♦✉❧❞ ❧✐❦❡ t♦ ✐♥✈❡st✐✲

❣❛t❡ ✐s ✇❤❡t❤❡r t❤❡ r❡❛❧✐③❡❞ ✈♦❧❛t✐❧✐t✐❡s ♦❢ s♦♠❡ s❡r✐❡s r❡t✉r♥s ❛✛❡❝t t❤❡✐r ❝♦✲✈♦❧❛t✐❧✐t✐❡s✳

❚❤❡ ❛✐♠ ♦❢ t❤✐s s✉❜s❡❝t✐♦♥ ✐s t♦ ❛♣♣❧② t❤❡ ❇❊❑❑✲❳ ♠♦❞❡❧ ✐♥ ♦r❞❡r t♦ ❛♥s✇❡r t❤✐s q✉❡s✲

t✐♦♥✳ ❋♦r ✐❧❧✉str❛t✐♦♥ ♣✉r♣♦s❡s ✇❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ♦♥❧② ✸ ✐♥❞✐❝❡s✱ t❤❡ ▼❙❋❚

✭▼✐❝r♦s♦❢t ❈♦r♣♦r❛t✐♦♥✮✱ t❤❡ ❆❆P▲ ✭❆♣♣❧❡✮ ❛♥❞ t❤❡ ❉❊▲▲✱ ❛♥❞ ✐♥✐t✐❛❧❧② ✇❡ ♦♥❧② ✐♥❝❧✉❞❡

♦♥❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡ t❤❛t ✐s t❤❡ ②❡st❡r❞❛②✬s r❡❛❧✐③❡❞ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ▼❙❋❚✳

❚❤❡ ❞❛t❛ ❝♦♠❡ ❢r♦♠ ❙❡❝t✐♦♥ ✹✳✷ ♦❢ ▲❛✉r❡♥t ❡t ❛❧✳ ✭✷✵✶✹✮✱ ❝♦✈❡r✐♥❣ t❤❡ ♣❡r✐♦❞ ❢r♦♠

❏❛♥✉❛r② ✹✱ ✶✾✾✾ t♦ ❉❡❝❡♠❜❡r ✸✶✱ ✷✵✵✽ ✭✷✱✹✽✾ tr❛❞✐♥❣ ❞❛②s✮✳ ■♥ t❤❡ ❡♥❞ ♦❢ ❡❛❝❤ tr❛❞✐♥❣

❞❛② t✱ t❤❡ ❧♦❣✲r❡t✉r♥ ✐♥ ♣❡r❝❡♥t❛❣❡ εkt ❛♥❞ t❤❡ r❡❛❧✐③❡❞ ✈♦❧❛t✐❧✐t② rvkt ✭❝♦♠♣✉t❡❞ ❛s t❤❡

s✉♠ ♦❢ ✐♥tr❛❞❛② sq✉❛r❡❞ ✺✲♠✐♥✉t❡ ❧♦❣✲r❡t✉r♥s✮ ❛r❡ ❛✈❛✐❧❛❜❧❡✳

❲✐t❤ ♦❜✈✐♦✉s ♥♦t❛t✐♦♥s ✭✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❡st✐♠❛t❡❞ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s✱ ♦❜t❛✐♥❡❞

❢r♦♠ t❤❡ ❡♠♣✐r✐❝❛❧ ❡st✐♠❛t♦r ✭✷✹✮ ✐♥ ❙❡❝t✐♦♥ ✸✱ ❛r❡ ✐♥t♦ ❜r❛❝❦❡ts✮✱ t❤❡ ❡st✐♠❛t❡❞ ♣❛r❛♠✲

❡t❡rs ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Ω̂V TE
n =




0.0218
(0.0418)

0.0118
(0.0186)

0.0257
(0.0218)

0.0041
(0.0065)

−0.0070
(0.0047)

0.0052
(0.0070)




, ÂV TE
n =




0.1888
(0.0320)

−0.0032
(0.0113)

−0.0015
(0.0184)

0.0062
(0.0673)

0.1378
(0.0457)

−0.0157
(0.0143)

−0.0049
(0.0330)

0.0455
(0.0138)

0.2014
(0.0204)




B̂V TE
n =




0.9721
(0.0142)

0 0

0 0.9888
(0.0006)

0

0 0 0.9731
(0.0056)




, ĈV TE
n =




0.0390
(0.0523)

0.0181
(0.0126)

0.0167
(0.0264)




✶✸



❚❛❜❧❡ ✶✿ ❙❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ❱❚❊ ♦❢ ϑ0 ♦✈❡r ✺✵✵ r❡♣❧✐❝❛t✐♦♥s ❢♦r t❤❡ ❇❊❑❑✲❳✭✶✱✶✮

♠♦❞❡❧

♣❛r❛♠❡t❡r tr✉❡ ✈❛❧✳ ❜✐❛s ❘▼❙❊ ♠✐♥ Q1 Q2 Q3 ♠❛①

n = 1, 000

vec(Ω) ✵✳✸✵ ✲✵✳✵✵✷✹ ✵✳✵✾✹✷ ✵✳✵✸✼✻ ✵✳✷✹✶✶ ✵✳✷✾✺✷ ✵✳✸✺✹✹ ✵✳✻✵✹✺

✵✳✷✵ ✵✳✵✵✹✼ ✵✳✶✵✺✸ ✲✵✳✵✽✶✵ ✵✳✶✹✵✾ ✵✳✶✾✾✽ ✵✳✷✻✾✷ ✵✳✺✽✶✼

✵✳✹✵ ✵✳✵✶✵✶ ✵✳✷✵✸✼ ✵✳✵✵✵✺ ✵✳✷✽✹✷ ✵✳✹✵✸✼ ✵✳✺✵✼✾ ✷✳✷✶✷✼

A ✵✳✶✺ ✲✵✳✵✶✵✶ ✵✳✵✼✾✵ ✵✳✵✵✵✵ ✵✳✵✽✹✶ ✵✳✶✹✷✵ ✵✳✶✾✻✵ ✵✳✸✹✷✽

✵✳✶✵ ✲✵✳✵✶✷✹ ✵✳✶✹✵✹ ✲✵✳✸✽✷✸ ✵✳✵✶✽✺ ✵✳✶✵✾✹ ✵✳✷✵✷✼ ✵✳✺✷✶✺

✵✳✶✵ ✲✵✳✵✵✵✹ ✵✳✵✹✵✹ ✲✵✳✵✹✹✼ ✵✳✵✼✸✹ ✵✳✶✵✵✵ ✵✳✶✷✻✶ ✵✳✷✵✽✼

✵✳✷✵ ✲✵✳✵✶✸✽ ✵✳✵✼✼✵ ✵✳✵✵✵✵ ✵✳✶✹✵✵ ✵✳✶✾✵✽ ✵✳✷✸✾✹ ✵✳✹✵✶✷

diag(B) ✵✳✽✵ ✲✵✳✵✵✶✶ ✵✳✵✸✺✸ ✵✳✻✽✺✹ ✵✳✼✽✵✶ ✵✳✼✾✽✹ ✵✳✽✷✷✹ ✵✳✾✶✸✺

✵✳✾✵ ✲✵✳✵✵✸✵ ✵✳✵✷✷✼ ✵✳✻✻✻✺ ✵✳✽✽✺✼ ✵✳✽✾✾✽ ✵✳✾✶✶✷ ✵✳✾✺✶✾

C ✵✳✶✺ ✲✵✳✵✵✶✵ ✵✳✵✶✺✹ ✵✳✶✵✸✸ ✵✳✶✸✾✵ ✵✳✶✹✾✷ ✵✳✶✻✵✵ ✵✳✷✶✷✸

✵✳✶✵ ✲✵✳✵✵✵✶ ✵✳✵✷✻✺ ✵✳✵✵✼✾ ✵✳✵✽✶✸ ✵✳✶✵✵✺ ✵✳✶✶✼✹ ✵✳✶✽✶✹

✵✳✵✺ ✵✳✵✵✵✼ ✵✳✵✶✻✹ ✵✳✵✵✶✹ ✵✳✵✹✵✺ ✵✳✵✺✶✵ ✵✳✵✻✶✻ ✵✳✶✵✽✷

✵✳✷✵ ✲✵✳✵✵✵✻ ✵✳✵✷✺✶ ✵✳✶✷✼✺ ✵✳✶✽✸✹ ✵✳✶✾✾✵ ✵✳✷✶✹✼ ✵✳✷✽✺✹

n = 5, 000

vec(Ω) ✵✳✸✵ ✵✳✵✵✶✺ ✵✳✵✸✽✺ ✵✳✵✼✼✼ ✵✳✷✼✺✷ ✵✳✸✵✵✽ ✵✳✸✷✼✵ ✵✳✹✸✹✷

✵✳✷✵ ✵✳✵✵✷✽ ✵✳✵✸✾✸ ✲✵✳✵✻✻✵ ✵✳✶✼✼✵ ✵✳✷✵✶✷ ✵✳✷✷✽✹ ✵✳✸✼✶✼

✵✳✹✵ ✵✳✵✵✹✻ ✵✳✵✻✽✼ ✵✳✵✺✻✵ ✵✳✸✻✵✵ ✵✳✹✵✶✵ ✵✳✹✹✻✾ ✵✳✻✾✵✾

A ✵✳✶✺ ✲✵✳✵✵✷✼ ✵✳✵✸✷✹ ✵✳✵✸✾✷ ✵✳✶✷✾✺ ✵✳✶✹✽✶ ✵✳✶✻✽✸ ✵✳✷✹✵✸

✵✳✶✵ ✵✳✵✵✶✸ ✵✳✵✺✹✸ ✲✵✳✵✼✶✹ ✵✳✵✻✺✶ ✵✳✵✾✾✾ ✵✳✶✸✺✷ ✵✳✷✽✽✺

✵✳✶✵ ✵✳✵✵✶✶ ✵✳✵✶✻✽ ✵✳✵✸✼✼ ✵✳✵✾✵✺ ✵✳✶✵✶✶ ✵✳✶✶✶✽ ✵✳✶✺✺✼

✵✳✷✵ ✲✵✳✵✵✶✾ ✵✳✵✸✵✼ ✵✳✵✽✼✶ ✵✳✶✼✾✾ ✵✳✶✾✾✷ ✵✳✷✶✼✷ ✵✳✹✶✸✽

diag(B) ✵✳✽✵ ✲✵✳✵✵✶✸ ✵✳✵✶✹✻ ✵✳✼✺✼✺ ✵✳✼✽✾✽ ✵✳✽✵✵✵ ✵✳✽✵✽✹ ✵✳✽✹✽✼

✵✳✾✵ ✲✵✳✵✵✵✽ ✵✳✵✵✼✺ ✵✳✽✼✽✺ ✵✳✽✾✹✸ ✵✳✽✾✾✻ ✵✳✾✵✹✹ ✵✳✾✸✵✾

C ✵✳✶✺ ✵✳✵✵✵✶ ✵✳✵✵✼✶ ✵✳✶✸✵✺ ✵✳✶✹✺✻ ✵✳✶✹✾✽ ✵✳✶✺✹✼ ✵✳✶✼✺✷

✵✳✶✵ ✵✳✵✵✵✸ ✵✳✵✶✶✽ ✵✳✵✻✽✹ ✵✳✵✾✷✼ ✵✳✵✾✾✽ ✵✳✶✵✽✻ ✵✳✶✹✵✹

✵✳✵✺ ✵✳✵✵✵✷ ✵✳✵✵✼✷ ✵✳✵✷✺✹ ✵✳✵✹✺✼ ✵✳✵✺✵✹ ✵✳✵✺✹✼ ✵✳✵✼✷✶

✵✳✷✵ ✵✳✵✵✵✷ ✵✳✵✶✶✷ ✵✳✶✺✻✶ ✵✳✶✾✷✽ ✵✳✷✵✵✹ ✵✳✷✵✼✺ ✵✳✷✺✻✸

❘▼❙❊ ✐s t❤❡ ❘♦♦t ▼❡❛♥ ❙q✉❛r❡ ❊rr♦r✱ Qi✱ i = 1, 3✱ ❞❡♥♦t❡ t❤❡ q✉❛rt✐❧❡s✳

✶✹



✺ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r ✇❡ ❡st❛❜❧✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✈❛r✐❛♥❝❡✲t❛r❣❡t✐♥❣ ❡st✐♠❛t♦r

♦❢ t❤❡ ♣❛r❛♠❡t❡rs ❢♦r t❤❡ ♠✉❧t✐✈❛r✐❛t❡ ❇❊❑❑ ❛✉❣♠❡♥t❡❞ ❜② ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s✳ ❲❡

❞♦ ♥♦t r❡str✐❝t t❤❡ ♥✉♠❜❡r ♦❢ ❝♦✈❛r✐❛t❡s t❤❛t ✇❡ ✇❛♥t t♦ ✐♥✈❡st✐❣❛t❡✳ ❚❤❡② ❛r❡ ✐♥tr♦✲

❞✉❝❡❞ ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ❡q✉❛t✐♦♥ s✉❝❤ t❤❛t t❤❡ ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✐s st✐❧❧ ❛ss✉r❡❞✳ ❚❤❡ ♠♦❞❡❧ ❇❊❑❑✲❳ ✐s r❡♣❛r❛♠❡t❡r✐③❡❞ s✉❝❤ t❤❛t t❤❡

✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❡ ♠❛tr✐① ♦❢ t❤❡ ♦❜s❡r✈❡❞ ♣r♦❝❡ss ❛♥❞ t❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ♠❛tr✐①

♦❢ t❤❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❛♣♣❡❛r ❡①♣❧✐❝✐t❧② ✐♥ t❤❡ ♠♦❞❡❧ ❡q✉❛t✐♦♥✳ ❲❡ ❞❡♠♦♥str❛t❡

t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ❱❚❊ ✉♥❞❡r t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞✲♦r❞❡r ♠♦♠❡♥ts ♦❢

t❤❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ t❤❡ ❝♦✈❛r✐❛t❡s✳ ❲❡ ❛❧s♦ ❡st❛❜❧✐s❤ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ✉♥❞❡r

t❤❡ ❝♦♥❞✐t✐♦♥s t❤❛t t❤❡ ♣r♦❝❡ss ❛♥❞ t❤❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ❤❛✈❡ ✜♥✐t❡ s✐①t❤✲♦r❞❡r ♠♦✲

♠❡♥ts ❛♥❞ t❤❛t t❤❡ ❡①♦❣❡♥♦✉s ✈❛r✐❛❜❧❡s ❢♦❧❧♦✇ ❛♥ α✲♠✐①✐♥❣ ♣r♦❝❡ss✳ ❲❡ ❛❧s♦ ♣r♦✈✐❞❡ t❤❡

❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♣❛r❛♠❡t❡rs✳ ❖♥❡ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ❛♥❞ ♦♥❡

❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ✐❧❧✉str❛t❡ t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡ r❡s✉❧ts✳

✻ Pr♦♦❢s

✻✳✶ Pr♦♦❢ ♦❢ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ❱❚❊ ✐♥ ❚❤❡♦r❡♠ ✶

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳ ❚❤❡ str♦♥❣ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ γ̂n t♦ γ0 ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡

❡r❣♦❞✐❝ t❤❡♦r❡♠ ❛♥❞ ❆ss✉♠♣t✐♦♥ ❆✹✳ ❚♦ s❤♦✇ t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ♦❢ θ̂n✱ ✐t s✉✣❝❡s

t♦ ❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

✐✮ lim
n→∞

sup
θ∈Θθ

∣∣∣Qn (γ0,θ)− Q̃n (γ̂n,θ)
∣∣∣ = 0 ❛✳s✳

✐✐✮ E

(
sup
ϑ∈Θ

|ℓt (γ,θ)|
)

< ∞ ❛♥❞ ✐❢ θ 6= θ0✱ E (ℓt (γ0,θ)) > E (ℓt (γ0,θ0))✳

✐✐✐✮ ❋♦r ❛♥② θ̄ 6= θ0✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V (θ̄) s✉❝❤ t❤❛t

lim inf
n→∞

inf
θ∈V (θ̄)

Q̃n (γ̂n,θ) > Eℓ1 (γ0,θ0) ❛✳s✳

❋♦r ♥♦t❛t✐♦♥ s✐♠♣❧✐❝✐t②✱ ✇❡ ❞❡♥♦t❡ ft := ft(γ,θ) ❢♦r ❛♥② ❢✉♥❝t✐♦♥ ft ❞❡♣❡♥❞✐♥❣ ♦♥

♣❛r❛♠❡t❡rs (γ,θ) ❛♥❞ ❞❡♥♦t❡ f0t ✇❤❡♥ (γ,θ) = (γ0,θ0)✳ ■♥ t❤❡ s❡q✉❡❧✱ K ❛♥❞ ̺ ❞❡♥♦t❡

❣❡♥❡r✐❝ ❝♦♥st❛♥ts s✉❝❤ t❤❛t K > 0 ❛♥❞ ̺ ∈ (0, 1) ✇❤♦s❡ ❡①❛❝t ✈❛❧✉❡s ❛r❡ ✉♥✐♠♣♦rt❛♥t✳

✶✺



❆ss✉♠♣t✐♦♥ ❆✻ ✐♠♣❧✐❡s t❤❛t ρ(B⊗2) < 1 ❢♦r ❛❧❧ ϑ ∈ Θ✳ ❇② t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Θ✱

✇❡ ❡✈❡♥ ❤❛✈❡

sup
ϑ∈Θ

ρ(B⊗2) < 1. ✭✷✼✮

❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥ vec(ABC) = (C ′⊗A)vec(B)✱ t❤❡ vec r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ✭✹✮ ✐s ❣✐✈❡♥ ❜②

vec (H t) =(Im2 −A⊗2 −B⊗2)vec(Σε)−C⊗2vec(Σx) +A⊗2vec(εt−1ε
′
t−1)

+B⊗2vec(H t−1) +C⊗2vec(xt−1x
′
t−1). ✭✷✽✮

■t❡r❛t✐✈❡❧② ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✽✮✱ ✇❡ ❞❡❞✉❝❡ t❤❛t ❛❧♠♦st s✉r❡❧②

sup
ϑ∈Θ

∥∥∥H̃ t −H t

∥∥∥ ≤ K̺t, ∀t. ✭✷✾✮

❖❜s❡r✈❡ t❤❛t K ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t ❞❡♣❡♥❞s ♦♥ t❤❡ ♣❛st ✈❛❧✉❡s {εs,xs; s ≤ 0} ❜✉t

❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t✳ ■t ❝❛♥ t❤✉s ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦♥st❛♥t✱ s✉❝❤ ❛s ρ✳ ❆♣♣❧②✐♥❣ t❤❡

✐♥❡q✉❛❧✐t② det(A+ B) ≥ det(A)✱ ❢♦r A > 0 ❛♥❞ B ≥ 0✱ ✇❤❡r❡ ≥ ❞❡♥♦t❡s t❤❛t t❤❡ ♠❛tr✐①

✐s ♣♦s✐t✐✈❡ s❡♠✐ ❞❡✜♥✐t❡✱ ✇❡ ❤❛✈❡ det (H t) > 0✱ ❢♦r ❛❧❧ t ❛♥❞ ❢♦r ❛❧❧ ϑ ∈ Θ✳ ■t ✐♠♣❧✐❡s t❤❛t

H t ✐s ✐♥✈❡rt✐❜❧❡✳ ▼♦r❡♦✈❡r✱ ❜② ✉s✐♥❣ t❤❡ ❡q✉❛❧✐t② 0 < tr ((A+B)−1) ≤ tr (B−1)✱ ✇❡ ❤❛✈❡

‖H−1
t ‖ ≤ ‖H−1/2

t ‖2 = tr
(
H−1

t

)
≤ tr (Σε −AΣεA

′ −BΣεB
′ −CΣxC

′)
−1 ≤ K.

❍❡♥❝❡✱ ✐t ②✐❡❧❞s

sup
ϑ∈Θ

‖H−1
t ‖ < K. ✭✸✵✮

❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ H̃ t ✐s ❛❧s♦ ✐♥✈❡rt✐❜❧❡ ❛♥❞✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t K

sup
ϑ∈Θ

‖H̃−1

t ‖ < K. ✭✸✶✮

❲❡ t❤✉s ❤❛✈❡ ❛❧♠♦st s✉r❡❧②✱

sup
ϑ∈Θ

∥∥∥H−1
t − H̃

−1

t

∥∥∥ ≤ sup
ϑ∈Θ

∥∥∥H̃
−1

t

∥∥∥
∥∥∥H̃ t −H t

∥∥∥
∥∥H−1

t

∥∥ ≤ K̺t. ✭✸✷✮

◆♦✇

sup
ϑ∈Θ

∣∣∣Qn(γ,θ)− Q̃n(γ,θ)
∣∣∣

≤ 1

n

n∑

t=1

sup
ϑ∈Θ

∣∣∣tr
(
εtε

′
t

(
H−1

t − H̃
−1

t

))∣∣∣+ 1

n

n∑

t=1

sup
ϑ∈Θ

∣∣∣∣∣∣
log

det (H t)

det
(
H̃ t

)

∣∣∣∣∣∣

≤ 1

n

n∑

t=1

sup
ϑ∈Θ

(
‖εtε′t‖

∥∥∥H−1
t − H̃

−1

t

∥∥∥
)
+

1

n

n∑

t=1

sup
ϑ∈Θ

∣∣∣∣∣∣
log

det (H t)

det
(
H̃ t

)

∣∣∣∣∣∣
. ✭✸✸✮

✶✻



❚❤❡ ✜rst s✉♠ ❝♦♥✈❡r❣❡s t♦ ③❡r♦ ❛❧♠♦st s✉r❡❧② ❜② ✉s✐♥❣ ❆ss✉♠♣t✐♦♥❆✹✱ ✭✸✷✮ ❛♥❞ t❤❡ s❛♠❡

❛r❣✉♠❡♥ts t♦ s❤♦✇ ❚❤❡♦r❡♠ ✶✶✳✼✭❛✮ ✐♥ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✵✮✳ ❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦

③❡r♦ ♦❢ t❤❡ s❡❝♦♥❞ s✉♠ ✐s ❛❧s♦ s❤♦✇❡❞ ❛s ♦♥ ♣❛❣❡ 297 − 298 ♦❢ t❤❡ ♣r❡✈✐♦✉s r❡❢❡r❡♥❝❡✳

❚❤❡r❡❢♦r❡ ✇❡ ♦❜t❛✐♥

lim
n→∞

sup
ϑ∈Θ

∣∣∣Qn (γ,θ)− Q̃n (γ,θ)
∣∣∣ = 0 ❛✳s✳ ✭✸✹✮

◆♦✇ ✇❡ ❤❛✈❡

sup
θ∈Θθ

∣∣∣Qn (γ0,θ)− Q̃n (γ̂n,θ)
∣∣∣

≤ sup
θ∈Θθ

|Qn (γ0,θ)−Qn (γ̂n,θ)|+ sup
θ∈Θθ

∣∣∣Qn (γ̂n,θ)− Q̃n (γ̂n,θ)
∣∣∣

≤ sup
θ∈Θθ

|Qn (γ0,θ)−Qn (γ̂n,θ)|+ sup
ϑ∈Θ

∣∣∣Qn (γ,θ)− Q̃n (γ,θ)
∣∣∣ . ✭✸✺✮

❚♦ s❤♦✇ ♣♦✐♥t i)✱ ✐t t❤✉s r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t t❤❡ ✜rst t❡r♠ ✐♥ ✭✸✺✮ ❛❧s♦ ❛❧♠♦st s✉r❡❧②

❝♦♥✈❡r❣❡s t♦ ③❡r♦✳ ❋♦r m ❧❛r❣❡ ❡♥♦✉❣❤✱ ❧❡t Vm(γ0) ❜❡ t❤❡ ♦♣❡♥ ❜❛❧❧ ♦❢ ❝❡♥t❡r γ0 ❛♥❞

r❛❞✐✉s 1/m✳ ❇❡❝❛✉s❡ ♦❢ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ γ̂n✱ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱ ✇❡ ❤❛✈❡

sup
θ∈Θθ

|Qn (γ̂n,θ)−Qn (γ0,θ)| ≤ sup
θ∈Θθ

1

n

n∑

t=1

sup
γ∈Vm(γ0)

|ℓt (γ,θ)− ℓt (γ0,θ)| .

❚❤❡♥

lim
n→∞

sup
θ∈Θθ

|Qn (γ̂n,θ)−Qn (γ0,θ)| ≤ lim
n→∞

1

n

n∑

t=1

sup
θ∈Θθ

sup
γ∈Vm(γ0)

|ℓt (γ,θ)− ℓt (γ0,θ)|

= E sup
θ∈Θθ

sup
γ∈Vm(γ0)

|ℓt (γ,θ)− ℓt (γ0,θ)|

✇❤❡r❡ t❤❡ ❧❛st ❡q✉❛❧✐t② ❢♦❧❧♦✇s ❜② t❤❡ ❡r❣♦❞✐❝✐t② ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❡①♣❡❝t❛t✐♦♥ ♦❢ t❤❡

t❡r♠ ✉♥❞❡r t❤❡ s✉♠♠❛t✐♦♥ s②♠❜♦❧✳ ❇② ▲❡❜❡s❣✉❡✬s ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ t❤❡

❧❛tt❡r ❡①♣❡❝t❛t✐♦♥ t❡♥❞s t♦ ③❡r♦ ✇❤❡♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ Vm(γ0) s❤r✐♥❦s t♦ t❤❡ s✐♥❣❧❡t♦♥

γ0✳ ❚❤❡ ♣♦✐♥t i) ✐s ♣r♦✈❡❞✳

❲❡ t✉r♥ ♥♦✇ t♦ ♣r♦✈❡ ✐✐✮✳ ■t❡r❛t✐✈❡❧② ✉s✐♥❣ ❡q✉❛t✐♦♥ ✭✷✽✮ ❛♥❞ t❤❡♥ ✉s✐♥❣ ✭✷✼✮ ❛♥❞

❆ss✉♠♣t✐♦♥ ❆✹✱ ✇❡ ❡❛s✐❧② ❣❡t

E

(
sup
ϑ∈Θ

‖vec(H t)‖
)

≤
∞∑

k=0

K̺k
(
1 + E‖εt−k−1‖2 + E‖xt−k−1‖2

)
< ∞. ✭✸✻✮

✶✼



❚❤❡♥ ✉s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s |tr(AB)| ≤ ‖A‖‖B‖ ❛♥❞ log|A| ≤ Tr(A)✱ ❢♦r ♠❛tr✐① A > 0✱

✇❡ ❤❛✈❡

E

(
sup
ϑ∈Θ

|ℓt (γ,θ)|
)

≤ E

(
sup
ϑ∈Θ

‖εtε′t‖‖H−1
t ‖
)
+ E

(
sup
ϑ∈Θ

|tr (H t)|
)

≤ E

(
sup
ϑ∈Θ

‖εtε′t‖‖H−1
t ‖
)
+
√
mE

(
sup
ϑ∈Θ

‖H t‖
)

< ∞.

▲❡t λkt, k = 1, . . . ,m ❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ ♠❛tr✐① H t(γ0,θ0)H
−1
t (γ0,θ)✳ ❯s✐♥❣ t❤❡ s❛♠❡

❛r❣✉♠❡♥ts ✉s❡❞ t♦ s❤♦✇ t❤❡ ♣♦✐♥t ✭❝✮ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✶✳✼ ✐♥ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥

✭✷✵✶✵✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

E (ℓt (γ0,θ))− E (ℓt (γ0,θ0)) =
m∑

k=0

E(λkt − 1− log(λkt)) ≥ 0.

❚❤❡ ✐♥❡q✉❛❧✐t② ✐s str✐❝t ✉♥❧❡ss ✐❢✱ ❢♦r ❛❧❧ k✱ λkt = 1 ❛✳s✳✱ t❤❛t ✐s✱ ✐❢ H t(γ0,θ0) = H t(γ0,θ)

❛✳s✳ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t ϑ = ϑ0✳ ❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ♦❢ t❤❡ ♣♦✐♥t ✐✐✮ ✐s t❤✉s ♦❜t❛✐♥❡❞✳

■t ♥♦✇ r❡♠❛✐♥s t♦ s❤♦✇ t❤❡ ♣♦✐♥t ✐✐✐✮✳ ❋♦r ❛♥② θ̄ 6= θ0✱ ❧❡t Vk(θ̄) ❜❡ t❤❡ ♦♣❡♥ ❜❛❧❧ ✇✐t❤

❝❡♥t❡r θ̄ ❛♥❞ r❛❞✐✉s 1/k✳ ❇② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✉♣r❡♠✉♠ ❛♥❞ ✐♥✜♠✉♠ ♦❢ ❛ ❢✉♥❝t✐♦♥ ❛♥❞

✉s✐♥❣ s✉❝❝❡ss✐✈❡❧② i)✱ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ t❤❡ ♠♦♥♦t♦♥❡ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠ ❛♥❞ ii)✱

✇❡ ♦❜t❛✐♥ ❛❧♠♦st s✉r❡❧②

lim inf
n→∞

inf
θ∈Vk(θ̄)∩Θθ

Q̃n (γ̂n,θ)

≥ lim inf
n→∞

inf
θ∈Vk(θ̄)∩Θθ

Qn (γ0,θ)− lim sup
n→∞

sup
θ∈Θθ

∣∣∣Q̃n (γ̂n,θ)−Qn (γ0,θ)
∣∣∣

≥ lim inf
n→∞

1

n

n∑

t=1

inf
θ∈Vk(θ̄)∩Θθ

ℓt (γ0,θ)

= E inf
θ∈Vk(θ̄)∩Θθ

ℓt (γ0,θ)

> Eℓ1 (γ0,θ0)

❢♦r k ❧❛r❣❡ ❡♥♦✉❣❤✳ ✷

✻✳✷ Pr♦♦❢ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ✐♥ ❚❤❡♦r❡♠ ✷

❋♦r t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥ ✇❡ ♥❡❡❞ ❛ ❢❡✇ ❡❧❡♠❡♥t❛r② r❡s✉❧ts ♦♥ t❤❡

❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❡①♣r❡ss✐♦♥s ✐♥✈♦❧✈✐♥❣ ♠❛tr✐❝❡s✳

✶✽



■❢ X ∈ Mn(R) ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐① t❤❡♥

∂vec(AXB)

∂vech(X)′
= (B′ ⊗ A)Dm. ✭✸✼✮

■❢ X ∈ Mm×n(R) ❛♥❞ A ∈ Mn(R) ✐s ❛ s②♠♠❡tr✐❝ ♠❛tr✐① t❤❡♥

∂vec(XAX ′)

∂vec(X)′
= (Im2 +Mmm)(XA⊗ Im). ✭✸✽✮

▲❡t x ❜❡ ❛ ✈❡❝t♦r
∂vec(Y k)

∂x′
=

k∑

i=0

(
(Y ′)k−i−1 ⊗ Y i

) ∂vec(Y )

∂x′
. ✭✸✾✮

❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ s❡✈❡r❛❧ t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s✳

▲❡♠♠❛ ✶ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✶✲❆✶✶✱

E

(
sup
ϑ∈Θ

∥∥∥∥
∂2ℓt(γ,θ)

∂ϑ∂ϑ′

∥∥∥∥
)

< ∞ ✭✹✵✮

❢♦r ❛❧❧ i, j = 1, . . . , d✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✳ ❲❡ ❤❛✈❡

∂ℓt
∂ϑi

=Tr

((
H−1

t −H−1
t εtε

′
tH

−1
t

) ∂H t

∂ϑi

)
, ✭✹✶✮

∂2ℓt
∂ϑi∂ϑj

=− Tr

(
H−1

t

∂H t

∂ϑj

H−1
t

∂H t

∂ϑi

)
+ Tr

(
H−1

t

∂2H t

∂ϑi∂ϑj

)

+ 2Tr

(
H−1

t εtε
′
tH

−1
t

∂H t

∂ϑj

H−1
t

∂H t

∂ϑi

)
− Tr

(
H−1

t εtε
′
tH

−1
t

∂2H t

∂ϑi∂ϑj

)
. ✭✹✷✮

❚❤❡ tr✐❛♥❣❧❡ ✐♥❡q✉❛❧✐t② ❛♥❞ |Tr(AB)| ≤ ‖A‖‖B‖ ❣✐✈❡

sup
ϑ∈Θ

∣∣∣∣
∂2ℓt

∂ϑi∂ϑj

∣∣∣∣ ≤ sup
ϑ∈Θ

∥∥H−1
t

∥∥2
∥∥∥∥
∂H t

∂ϑi

∥∥∥∥
∥∥∥∥
∂H t

∂ϑj

∥∥∥∥+ sup
ϑ∈Θ

∥∥H−1
t

∥∥
∥∥∥∥

∂2H t

∂ϑi∂ϑj

∥∥∥∥

+ sup
ϑ∈Θ

2
∥∥H−1

t

∥∥3 ‖εtε′t‖
∥∥∥∥
∂H t

∂ϑi

∥∥∥∥
∥∥∥∥
∂H t

∂ϑj

∥∥∥∥+ sup
ϑ∈Θ

∥∥H−1
t

∥∥2 ‖εtε′t‖
∥∥∥∥

∂2H t

∂ϑi∂ϑj

∥∥∥∥ .

◆♦t❡ t❤❛t sup
ϑ∈Θ

∥∥H−1
t

∥∥3 < K ❢♦❧❧♦✇s ❢r♦♠ ✭✸✵✮✳ ❚❤❡♥ ❜② ❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❛s✲

s✉♠♣t✐♦♥ ❆✶✵✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ s❡❝♦♥❞✲♦r❞❡r ♠♦♠❡♥t ♦❢ t❤❡ s❝♦r❡ ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ❜②

s❤♦✇✐♥❣

E

(
sup
ϑ∈Θ

∥∥∥∥
∂H t

∂ϑi

∥∥∥∥
3
)

= E

(
sup
ϑ∈Θ

∥∥∥∥
∂vec(H t)

∂ϑi

∥∥∥∥
3
)

< ∞ ✭✹✸✮

✶✾



❛♥❞

E

(
sup
ϑ∈Θ

∥∥∥∥
∂2H t

∂ϑi∂ϑj

∥∥∥∥
2
)

= E

(
sup
ϑ∈Θ

∥∥∥∥
∂2vec(H t)

∂ϑi∂ϑj

∥∥∥∥
2
)

< ∞, ✭✹✹✮

❢♦r ❛♥② i, j = 1, . . . , d✳

❉❡♥♦t❡ a = vec(A), b = vec(B) ❛♥❞ c = vec(C)✳ ❯s✐♥❣ ✭✸✼✮✱ ✇❡ ❝❛♥ ❝❛❧❝✉❧❛t❡ t❤❡

❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✜rst ❞❡r✐✈❛t✐♦♥ ♦❢ vec(H t) ❛s t❤❡ ❢♦❧❧♦✇✐♥❣

∂vec(H t)

∂γ ′
ε

=
∞∑

k=0

(
B⊗2

)k (
Im2 −A⊗2 −B⊗2

)
Dm, ✭✹✺✮

∂vec(H t)

∂γ ′
x

= −
∞∑

k=0

(
B⊗2

)k
C⊗2Dm, ✭✹✻✮

∂vec(H t)

∂a′
= (Im2 +Mmm)

(
A(εt−1ε

′
t−1 −Σε)⊗ Im

)
+B⊗2∂vec(H t−1)

∂a′
,

=
∞∑

k=0

(
B⊗2

)k
(Im2 +Mmm)

(
A(εt−k−1ε

′
t−k−1 −Σε)⊗ Im

)
✭✹✼✮

∂vec(H t)

∂c′
= (Im2 +Mmm)

(
C(xt−1x

′
t−1 −Σx)⊗ Im

)
+B⊗2∂vec(H t−1)

∂c′
,

=
∞∑

k=0

(
B⊗2

)k
(Im2 +Mmm)

(
C(xt−k−1x

′
t−k−1 −Σx)⊗ Im

)
, ✭✹✽✮

❛♥❞

∂vec(H t)

∂b′
=

∞∑

k=1

((
A⊗2vec(εt−k−1ε

′
t−k−1 −Σε)

+C⊗2vec(xt−k−1x
′
t−k−1 −Σx)

)′ ⊗ Im2

) ∂vec(
(
B⊗2

)k
)

∂b′
, ✭✹✾✮

✇❤❡r❡✱ ✉s✐♥❣ ✭✸✾✮✱

∂vec(
(
B⊗2

)k
)

∂b′
=

k∑

i=0

((
B⊗2′

)k−i−1

⊗
(
B⊗2

)i
)

∂vec(B⊗2)

∂b′
✭✺✵✮

❚♦ s❤♦✇ ✭✹✸✮✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t E

(
sup
ϑ∈Θ

∥∥∥∥
∂H t

∂d′

∥∥∥∥
3
)

= E

(
sup
ϑ∈Θ

∥∥∥∥
∂vec(H t)

∂d′

∥∥∥∥
3
)

< ∞✱

✇❤❡r❡ d = γε,γx,a, b, c✳ ❲❡ ✐♠♠❡❞✐❛t❡❧② s❡❡ ❢r♦♠ ✭✹✺✮ ❛♥❞ ✭✹✻✮ t❤❛t t❤❡ ❞❡r✐✈❛t✐✈❡s

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❡❧❡♠❡♥ts ♦❢ γ ❛r❡ ♦❜✈✐♦✉s❧② ❜♦✉♥❞❡❞✳ ❯s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ‖A ⊗
B‖sp = ‖A‖sp‖B‖sp✱ ‖A‖sp ≤ ‖A‖ ≤ √

m‖A‖sp✱ E (
∑

ai)
3 ≤

(∑
(Ea3i )

1/3
)3
✱ ✭✷✼✮ ❛♥❞

✷✵



❛ss✉♠♣t✐♦♥ ❆✶✵✱ ✇❡ ❣❡t

E

(
sup
ϑ∈Θ

∥∥∥∥
∂vec(H t)

∂a′

∥∥∥∥
3
)

≤ K

(
∞∑

k=0

(
E sup

ϑ∈Θ
‖B⊗2‖3k‖vec(εt−k−1ε

′
t−k−1 −Σε)‖3

)1/3
)3

≤ K

(
∞∑

k=0

̺k
(
E‖εt−k−1ε

′
t−k−1 −Σε‖3

)1/3
)3

< ∞. ✭✺✶✮

❙✐♠✐❧❛r② ✇❡ ❛❧s♦ ♦❜t❛✐♥

E

(
sup
ϑ∈Θ

∥∥∥∥
∂vec(H t)

∂c′

∥∥∥∥
3
)

< ∞. ✭✺✷✮

❋r♦♠ ✭✷✼✮

sup
ϑ∈Θ

k∑

i=0

∥∥∥∥
(
B⊗2′

)k−i−1

⊗
(
B⊗2

)i
∥∥∥∥ ≤

k∑

i=0

sup
ϑ∈Θ

∥∥∥B⊗2′
∥∥∥
k−i−1

sup
ϑ∈Θ

∥∥∥
(
B⊗2

)i∥∥∥ < Kk̺k.

❯s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts t♦ s❤♦✇ ✭✺✶✮ ❛♥❞ ✭✺✷✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛❧s♦ ♦❜t❛✐♥❡❞

E

(
sup
ϑ∈Θ

∥∥∥∥
∂vec(H t)

∂b′

∥∥∥∥
3
)

< ∞.

✭✹✸✮ ✐s t❤✉s s❤♦✇♥✳ ❚❤❡ s❡❝♦♥❞ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥ ✭✹✹✮ ✐s ♦❜t❛✐♥❡❞ ❜② ❞♦✐♥❣ s✐♠✐❧❛r

❞❡✈❡❧♦♣♠❡♥ts ❢♦r t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳ ✷

▲❡♠♠❛ ✷ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✶✲❆✶✶✱ J ✐s ♥♦♥✲s✐♥❣✉❧❛r✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✳ ❲❡ ❛♣♣❧② t❤❡ ❛♣♣r♦❛❝❤ ♦❢ ❈♦♠t❡ ❛♥❞ ▲✐❡❜❡r♠❛♥ ✭✷✵✵✸✮ t♦ ♣r♦✈❡

t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ t❤❡ ♠❛tr✐① J ✳ ❙t❛rt✐♥❣ ❜② ✇r✐t✐♥❣ J ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ H t ❛♥❞ ♦❢ ✐ts

❞❡r✐✈❛t✐✈❡s✳ ❋r♦♠ ✭✹✷✮✱ ✇❡ ❤❛✈❡

E

(
∂2ℓt(γ0,θ0)

∂θi∂θj

|Ft−1

)
= Tr

(
H−1

0t

∂H0t

∂θi

H−1
0t

∂H0t

∂θj

)

=

((
H

−1/2
0t

)⊗2

vec

(
∂H0t

∂θi

))′((
H

−1/2
0t

)⊗2

vec

(
∂H0t

∂θj

))
.

▲❡t uti =
(
H

−1/2
0t

)⊗2

vti,vti = vec

(
∂H0t

∂θi

)
❛♥❞ t❤❡ ♠❛tr✐❝❡s ut = (ut1| · · · |utd2) ❛♥❞

vt = (vt1| · · · |vtd2)✳ ❚❤❡♥ ut =
(
H

−1/2
0t

)⊗2

vt ❛♥❞ J = E(u′
tut)✳ ■❢ J ✐s s✐♥❣✉❧❛r✱ t❤❡r❡

❡①✐sts c = (c1, . . . , cd2)
′ ∈ R

d2 s✉❝❤ t❤❛t c 6= 0 ❛♥❞

c′Jc = c′E(u′
tut)c = E ((utc)

′(utc)) = 0 ❛✳s✳

✷✶



❉✉❡ t♦ t❤❡ ♣♦s✐t✐✈✐t② ♦❢ (utc)
′(utc)✱ t❤❡♥ ❛❧♠♦st s✉r❡❧②

(utc)
′(utc) = c′u′

tutc = c′v′
t

((
H

−1/2
0t

)⊗2
)′ (

H
−1/2
0t

)⊗2

vtc = 0 ❛✳s✳

❇❡❝❛✉s❡

((
H

−1/2
0t

)⊗2
)′ (

H
−1/2
0t

)⊗2

✐s str✐❝t❧② ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✱ ✐t

❢♦❧❧♦✇s t❤❛t

vtc =

d2∑

i=1

civec

(
∂H0t

∂θi

)
= 0 ❛✳s✳

▲❡t Ω∗
0 = (Im2 −A⊗2

0 −B⊗2
0 )vec(Σε)−C⊗2

0 vec(Σx)✳ ❚❤❡♥ ✇❡ ❤❛✈❡

0 = Ω0 +A0vec(εt−1ε
′
t−1) +B0vec(H0t−1) +C0vec(xt−1x

′
t−1),

✇❤❡r❡Ω0 =
∑d2

i=1 ci
∂Ω∗

0

∂θi

✱A0 =
∑d2

i=1 ci
∂A⊗2

0

∂θi

✱B0 =
∑d2

i=1 ci
∂B⊗2

0

∂θi

✱ C0 =
∑d2

i=1 ci
∂C⊗2

0

∂θi

✳

❚❤❡♥ vec(H0t) ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞ ❜②

vec(H0t) =
(
Ω

∗
0 −Ω0

)
+
(
A⊗2

0 −A0

)
vec(εt−1ε

′
t−1) +

(
B⊗2

0 −B0

)
vec(H0t−1)

+
(
C⊗2

0 −C0

)
vec(xt−1x

′
t−1).

❇❡❝❛✉s❡ c 6= 0✱ ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛♥♦t❤❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ vec(H0t)✱ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts

❆ss✉♠♣t✐♦♥ ❆✼✳ ❍❡♥❝❡✱ J ♠✉st ❜❡ ♥♦♥✲s✐♥❣✉❧❛r✳ ✷

▲❡♠♠❛ ✸ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✶✲❆✶✷✱

√
n

∥∥∥∥∥
∂Q̃n (γ0,θ0)

∂θ
− ∂Qn (γ0,θ0)

∂θ

∥∥∥∥∥→ 0 ✐♥ ♣r♦❜❛❜✐❧✐t② ✇❤❡♥ n → ∞. ✭✺✸✮

√
n sup

ϑ∈Θ

∥∥∥∥∥
∂2Q̃n (γ,θ)

∂ϑ∂ϑ′ − ∂2Qn (γ,θ)

∂ϑ∂ϑ′

∥∥∥∥∥→ 0 ✐♥ ♣r♦❜❛❜✐❧✐t② ✇❤❡♥ n → ∞. ✭✺✹✮

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✳ ❚❤✐s ❧❡♠♠❛ ♠❡❛♥s t❤❛t t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ♦♥ t❤❡

❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❝r✐t❡r✐♦♥ ✈❛♥✐s❤❡s ❛s②♠♣t♦t✐❝❛❧❧②✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Qn (γ,θ) ❛♥❞

Q̃n (γ,θ)✱ ✭✺✸✮ ❛♥❞ ✭✺✹✮ ❛r❡ ❡♥t❛✐❧❡❞ ❜② s❤♦✇✐♥❣ t❤❛t

1√
n

n∑

t=0

∥∥∥∥∥
∂ℓ̃t (γ0,θ0)

∂θ
− ∂ℓt (γ0,θ0)

∂θ

∥∥∥∥∥→ 0 ✐♥ ♣r♦❜❛❜✐❧✐t② ✇❤❡♥ n → ∞, ✭✺✺✮

1√
n

n∑

t=0

sup
ϑ∈Θ

∥∥∥∥∥
∂2ℓ̃t (γ,θ)

∂ϑ∂ϑ′ − ∂2ℓt (γ,θ)

∂ϑ∂ϑ′

∥∥∥∥∥→ 0 ✐♥ ♣r♦❜❛❜✐❧✐t② ✇❤❡♥ n → ∞. ✭✺✻✮

✷✷



❋♦r ❛♥② i = 1, . . . , 3m2✱ ✇❡ ❤❛✈❡

1√
n

n∑

t=0

∣∣∣∣∣
∂ℓ̃t (γ0,θ0)

∂θi

− ∂ℓt (γ0,θ0)

∂θi

∣∣∣∣∣

≤ 1√
n

n∑

t=0

∣∣∣∣∣Tr
(
H̃

−1

0t

∂H̃0t

∂θi

−H−1
0t

∂H0t

∂θi

)∣∣∣∣∣

+
1√
n

n∑

t=0

∣∣∣∣∣Tr
(
H̃

−1

0t εtε
′
tH̃

−1

0t

∂H̃0t

∂θi

−H−1
0t εtε

′
tH

−1
0t

∂H0t

∂θi

)∣∣∣∣∣ . ✭✺✼✮

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t t✇♦ t❡r♠s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ✭✺✼✮ t❡♥❞ t♦

③❡r♦ ❛s n → ∞✳ ❋♦r t❤❡ ✜rst t❡r♠✱ ✇❡ ❤❛✈❡

1√
n

n∑

t=0

∣∣∣∣∣Tr
(
H̃

−1

0t

∂H̃0t

∂θi

−H−1
0t

∂H0t

∂θi

)∣∣∣∣∣

≤ 1√
n

n∑

t=0

∥∥∥H̃
−1

0t −H−1
0t

∥∥∥
∥∥∥∥∥
∂H̃0t

∂θi

∥∥∥∥∥+
1√
n

n∑

t=0

∥∥H−1
0t

∥∥
∥∥∥∥∥
∂H̃0t

∂θi

− ∂H0t

∂θi

∥∥∥∥∥

≤ 1√
n

n∑

t=0

sup
ϑ∈Θ

∥∥∥H̃
−1

t −H−1
t

∥∥∥ sup
ϑ∈Θ

∥∥∥∥∥
∂H̃ t

∂ϑi

∥∥∥∥∥+
1√
n

n∑

t=0

sup
ϑ∈Θ

∥∥H−1
t

∥∥ sup
ϑ∈Θ

∥∥∥∥∥
∂H̃ t

∂ϑi

− ∂H t

∂ϑi

∥∥∥∥∥ .

❚❤❡ vec r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ H̃ t ✐s ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ H t ✐♥ ✭✷✽✮ ✇✐t❤ H̃ t✳ ❇② s✐♠♣❧❡

❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ✉s✐♥❣ ❆ss✉♠♣t✐♦♥ ❆✹ ❛♥❞ ✭✷✼✮✱ ✇❡ ❝❛♥ ♦❜t❛✐♥

E

(
sup
ϑ∈Θ

∥∥∥∥∥
∂H̃ t

∂ϑi

∥∥∥∥∥

)
< ∞ ❛♥❞ E

(
sup
ϑ∈Θ

∥∥∥∥∥vec
(
∂H̃ t

∂ϑi

− ∂H t

∂ϑi

)∥∥∥∥∥

)
= O(t̺t). ✭✺✽✮

❯s✐♥❣ ▼❛r❦♦✈✬s ✐♥❡q✉❛❧✐t②✱ ✭✸✷✮ ❛♥❞ ✭✺✽✮✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t✱ ❢♦r ❛♥② ǫ > 0✱

P

(
1√
n

n∑

t=0

sup
ϑ∈Θ

∥∥∥H̃
−1

t −H−1
t

∥∥∥ sup
ϑ∈Θ

∥∥∥∥∥
∂H̃ t

∂ϑi

∥∥∥∥∥ > ǫ

)
→ 0

❛♥❞

P

(
1√
n

n∑

t=0

sup
ϑ∈Θ

∥∥H−1
t

∥∥ sup
ϑ∈Θ

∥∥∥∥∥
∂H̃ t

∂ϑi

− ∂H t

∂ϑi

∥∥∥∥∥ > ǫ

)
→ 0.

❋♦r t❤❡ s❡❝♦♥❞ t❡r♠✱ ✇❡ ❤❛✈❡

1√
n

n∑

t=0

∣∣∣∣∣Tr
(
H̃

−1

0t εtε
′
tH̃

−1

0t

∂H̃0t

∂θi

−H−1
0t εtε

′
tH

−1
0t

∂H0t

∂θi

)∣∣∣∣∣

≤ 1√
n

n∑

t=0

∣∣∣∣∣Tr
(
H̃

−1

0t εtε
′
tH̃

−1

0t

(
∂H̃0t

∂θi

− ∂H0t

∂θi

))∣∣∣∣∣

+
1√
n

n∑

t=0

∣∣∣∣Tr
((

H̃
−1

0t εtε
′
tH̃

−1

0t −H−1
0t εtε

′
tH

−1
0t

) ∂H0t

∂θi

)∣∣∣∣ .

✷✸



❯s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② |Tr(AB)| ≤ ‖A‖‖B‖ ❛♥❞ Tr(AB) = Tr(BA) ❢♦r ♠❛tr✐❝❡s ♦❢ ❛♣♣r♦✲

♣r✐❛t❡ s✐③❡s✱ ✇❡ ❤❛✈❡

1√
n

n∑

t=0

∣∣∣∣∣Tr
(
H̃

−1

0t εtε
′
tH̃

−1

0t

(
∂H̃0t

∂θi

− ∂H0t

∂θi

))∣∣∣∣∣

≤ 1√
n

n∑

t=0

∥∥∥H̃
−1

0t

∥∥∥
2

‖H0t‖‖ηtη
′
t‖
∥∥∥∥∥
∂H̃0t

∂θi

− ∂H0t

∂θi

∥∥∥∥∥

≤ K
1√
n

n∑

t=0

sup
ϑ∈Θ

‖H t‖‖ηtη
′
t‖ sup

ϑ∈Θ

∥∥∥∥∥
∂H̃ t

∂ϑi

− ∂H t

∂ϑi

∥∥∥∥∥ .

❚❤❡♥ ❜② ❍♦❧❞ër✬s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❝❛♥ ❣❡t

P

(
K

1√
n

n∑

t=0

sup
ϑ∈Θ

‖H t‖‖ηtη
′
t‖ sup

ϑ∈Θ

∥∥∥∥∥
∂H̃ t

∂ϑi

− ∂H t

∂ϑi

∥∥∥∥∥ > ǫ

)
→ 0.

■t ✐♠♣❧✐❡s t❤❛t ❛❧♠♦st s✉r❡❧②✱ ❛s n → ∞

1√
n

n∑

t=0

∣∣∣∣∣Tr
(
H̃

−1

0t εtε
′
tH̃

−1

0t

(
∂H̃0t

∂θi

− ∂H0t

∂θi

))∣∣∣∣∣→ 0. ✭✺✾✮

❆♣♣❧②✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts t♦ s❤♦✇ ✭✺✾✮✱ ✇❡ ❛❧s♦ ❣❡t

1√
n

n∑

t=0

∣∣∣∣Tr
((

H̃
−1

0t εtε
′
tH̃

−1

0t −H−1
0t εtε

′
tH

−1
0t

) ∂H0t

∂θi

)∣∣∣∣→ 0 ❛✳s✳

■t ❢♦❧❧♦✇s t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ ♦❢ ✭✺✼✮ ❛❧♠♦st s✉r❡❧② t❡♥❞s t♦ ③❡r♦✳ ❚❤❡

♣r♦♦❢ ♦❢ i) ✐s t❤✉s ♦❜t❛✐♥❡❞✳ ❇② t❤❡ s❛♠❡ ❛r❣✉♠❡♥ts✱ ✭✺✻✮ ❝❛♥ ❜❡ ❛❧s♦ s❤♦✇❡❞✳ ✷

▲❡♠♠❛ ✹ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✶✲❆✶✶✱

∂2Q̃n(ϑn)

∂θ∂ϑ′ → E

(
∂2ℓt(ϑ0)

∂θ∂ϑ′

)
✐♥ ♣r♦❜❛❜✐❧✐t② ✇❤❡♥ ϑn → ϑ0 ✐♥ ♣r♦❜❛❜✐❧✐t②. ✭✻✵✮

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳ ❋✐rst ♥♦t❡ t❤❛t

P

(∥∥∥∥∥
∂2Q̃n(ϑn)

∂θ∂ϑ′ − E

(
∂2ℓt(ϑ0)

∂θ∂ϑ′

)∥∥∥∥∥ ≥ ǫ

)
≤ p1 + p2 + p3 + p4,

✇❤❡r❡

p1 = P

(
sup

ϑ∈V (ϑ0)∩Θ

∥∥∥∥∥
∂2Q̃n(ϑ)

∂θ∂ϑ′ − ∂2Qn(ϑ)

∂θ∂ϑ′

∥∥∥∥∥ ≥ ǫ

3

)
,

p2 = P

(
sup

ϑ∈V (ϑ0)∩Θ

∥∥∥∥
∂2Qn(ϑ)

∂θ∂ϑ′ − ∂2Qn(ϑ0)

∂θ∂ϑ′

∥∥∥∥ ≥ ǫ

3

)
,

p3 = P

(∥∥∥∥
∂2Qn(ϑ0)

∂θ∂ϑ′ − E

(
∂2ℓt(ϑ0)

∂θ∂ϑ′

)∥∥∥∥ ≥ ǫ

3

)
, p4 = P {ϑn 6∈ V (ϑ0)}

✷✹



❢♦r ❛♥② ǫ > 0 ❛♥❞ ❛♥② ♥❡✐❣❤❜♦r❤♦♦❞ V (ϑ0)✳ ❇② t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ϑn → ϑ0 ✐♥ ♣r♦❜❛✲

❜✐❧✐t②✱ ✇❡ ❤❛✈❡ p4 → 0 ❛s n → ∞✳ ❇② ✭✺✹✮✱ ❢♦r ❛♥② ǫ > 0 ❛♥❞ ✇❤❡♥ V (ϑ0) ✐s s✉✣❝✐❡♥t❧②

s♠❛❧❧✱ p1 → 0✳ ❇❡❝❛✉s❡
∂2ℓt(γ,θ)

∂θ∂ϑ′ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ (εt, εt−1, . . . ) ❛♥❞ (xt,xt−1, . . . )✱ ✉♥❞❡r

❆ss✉♠♣t✐♦♥ ❆✷ ✐t ✐s str✐❝t❧② st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✳ ❚❤❡ ✉♥✐❢♦r♠ ❧❛✇ ♦❢ ❧❛r❣❡ ♥✉♠❜❡rs

❢♦r st❛t✐♦♥❛r② ❡r❣♦❞✐❝ ♣r♦❝❡ss❡s ❛♥❞ ▲❡♠♠❛ ✶ t❤✉s ✐♠♣❧② t❤❛t p3 → 0 ❢♦r ❛♥② ǫ > 0✳ ❚♦

♣r♦✈❡ t❤❛t p2 → 0✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t✱ ❢♦r ❛❧❧ ǫ > 0✱ t❤❡r❡ ❡①✐sts V (ϑ0) s❛t✐s❢②✐♥❣

lim
n→∞

1

n

n∑

t=1

sup
ϑ∈V (ϑ0)∩Θ

∥∥∥∥
∂2ℓt(ϑ)

∂ϑ∂ϑ′ − ∂2ℓt(ϑ0)

∂ϑ∂ϑ′

∥∥∥∥ ≤ ǫ ❛✳s✳

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ t❤❡ ❞♦♠✐♥❛t❡❞ ❝♦♥✈❡r❣❡♥❝❡ t❤❡♦r❡♠✱ t❤❡

✉♥✐❢♦r♠ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ s❡❝♦♥❞ ♦r❞❡r ❞❡r✐✈❛t✐✈❡s ♦❢ ℓt(ϑ)✱ ❛♥❞ ❜② ▲❡♠♠❛ ✶✳ ✷

▲❡♠♠❛ ✺ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✶ ✲ ❆✶✶✱




√
n
(
γ̂x,n − γx,0

)
√
n
(
γ̂ε,n − γε,0

)

1√
n

∑n
t=1

∂ℓt(γ0,θ0)

∂θ




= Φ
1√
n



∑n

t=1 vech(xtx
′
t − Ex1x

′
1)

∑n
t=1 Υ0tvec(ηtη

′
t − Im)


+ op(1), ✭✻✶✮

✇❤❡r❡ Υ0t ❛♥❞ Φ ❛r❡ ❣✐✈❡♥ ✐♥ ✭✶✼✮ ❛♥❞ ✭✷✵✮✱ r❡s♣❡❝t✐✈❡❧②✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✳ ■♥tr♦❞✉❝❡ t❤❡ ♠❛rt✐♥❣❛❧❡ ❞✐✛❡r❡♥❝❡

νt = vec(εtε
′
t)− vec(H0t) =

(
H

1/2
0t

)⊗2

vec(ηtη
′
t − Im).

■♥ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ vec(H0t) ♦❜t❛✐♥❡❞ ❢r♦♠ ✭✷✮✱ ✇❡ r❡♣❧❛❝❡ vec(H0t) ❜② vec(εtε
′
t)−νt✳

❚❤❡♥✱ ✇❡ ❣❡t

vec (εtε
′
t − E(εtε

′
t)) =

(
A⊗2

0 +B⊗2
0

)
vec
(
εt−1ε

′
t−1 − E(εt−1ε

′
t−1)

)

+C⊗2
0 vec

(
xt−1x

′
t−1 − E(xt−1x

′
t−1)

)
+
(
νt −B⊗2

0 νt−1

)
.

◆♦t❡ t❤❛t ✉♥❞❡r ❛ss✉♠♣t✐♦♥ ❆✻✱ t❤❡ ♠❛tr✐① Im2 −A⊗2
0 −B⊗2

0 ✐s ✐♥✈❡rs✐❜❧❡✳ ❚❛❦✐♥❣ t❤❡

❛✈❡r❛❣❡ ♦❢ t❤❡ t✇♦ s✐❞❡ ♦❢ t❤❡ ❡q✉❛❧✐t② ❢♦r t = 1, . . . , n ❣✐✈❡s

γ̂ε,n − γε,0 =Lm(Im2 −A⊗2
0 −B⊗2

0 )−1(Im2 −B⊗2
0 )

1

n

n∑

t=1

νt

+ Lm(Im2 −A⊗2
0 −B⊗2

0 )−1C⊗2
0 Dr

(
γ̂x,n − γx,0

)
+ op(1), a.s.

✷✺



❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥ Tr(A′B) = vec′(A)vec(B)✱ ✇❡ ❤❛✈❡✱ ❢♦r i = 1, . . . , d2

∂ℓt(γ0,θ0)

∂θi

= Tr

((
H−1

0t −H−1
0t εtε

′
tH

−1
0t

) ∂H0t

∂θi

)

= vec′
(
∂H0t

∂θi

)
vec

((
H

−1/2
0t

)′
(Im − ηtη

′
t)
(
H

−1/2
0t

))

= −vec′
(
∂H0t

∂θi

)((
H

−1/2
0t

)⊗2
)′

vec(ηtη
′
t − Im).

■t ❢♦❧❧♦✇s t❤❛t

∂ℓt(γ0,θ0)

∂θ
= −∂vec′(H0t)

∂θ

((
H

−1/2
0t

)⊗2
)′

vec(ηtη
′
t − Im) ✭✻✷✮

❛♥❞ ✭✻✶✮ ✐s t❤✉s ♦❜t❛✐♥❡❞✳ ✷

▲❡♠♠❛ ✻ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ❆✶✲❆✶✶✱

1√
n



∑n

t=1 vech(xtx
′
t − Ex1x

′
1)

∑n
t=1 Υ0tvec(ηtη

′
t − Im)


 d→ N


0,Σ =


 Σ11 Σ12

Σ
′
12 Σ22






✇❤❡r❡ Σ ✐s ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✳ ❋r♦♠ ✭✷✮✱ ✇❡ ✇r✐t❡✱ ❢♦r s > 0✱ H0t = H0t,s +H0t,s s✉❝❤ t❤❛t

vec(H0t,s) =
∞∑

k=s+1

(B⊗2
0 )k

(
vec(Ω0) +A⊗2

0 vec(εt−k−1ε
′
t−k−1) +C⊗2

0 vec(xt−k−1x
′
t−k−1)

)
.

▲❡t H
1/2
0t = H

1/2
0t,s + Rt,s✳ ◆♦t❡ t❤❛t H

1/2
0t,s ✐s ✐♥✈❡rt✐❜❧❡✳ ❚❤❡♥ H

−1/2
0t = H

−1/2
0t,s + R∗

t,s✱

✇❤❡r❡ R∗
t,s = −H

−1/2
0t,s Rt,s

(
I +H

−1/2
0t,s Rt,s

)−1

H
−1/2
0t,s ✭s❡❡ ▼✐❧❧❡r ✭✶✾✽✶✮ ❢♦r t❤❡ ✐♥✈❡rs❡

♦❢ t❤❡ s✉♠ ♦❢ t✇♦ ♠❛tr✐❝❡s✮✳ ❯s✐♥❣ t❤❡ ❡❧❡♠❡♥t❛r② r❡❧❛t✐♦♥ (A + B) ⊗ (C + D) =

A⊗C +A⊗D +B ⊗C +B ⊗D✱ ✇❡ ❝❛♥ ✇r✐t❡ Υ0tvec(ηtη
′
t − Im) = Y t,s +Rt,s✱ ✇❤❡r❡

Y t,s =




H
1/2
0t,s ⊗H

1/2
0t,s

−∂vec′(H0t,s)

∂θ

(
H

−1/2
0t,s ⊗H

−1/2
0t,s

)′


 vec(ηtη

′
t − Im)

❛♥❞ Rt,s ✐s t❤❡ r❡st ♦❢ t❤❡ ❞❡✈❡❧♦♣♠❡♥t✳ ◆♦t❡ t❤❛t t❤❡ ♣r♦❝❡ss❡s (Y t,s)t ❛♥❞ (Rt,s)t ❛r❡

st❛t✐♦♥❛r② ❛♥❞ ❝❡♥t❡r❡❞✳ ❯s✐♥❣ t❤❡ r❡❧❛t✐♦♥s (A⊗B)(C ⊗D) = (AC ⊗BD)✱ (A⊗B)′ =

A′ ⊗ B′ ❛♥❞ Tr(A⊗ B) = Tr(A)Tr(B)✱ ✇❡ ❤❛✈❡

E
∥∥∥H1/2

0t,s ⊗H
1/2
0t,s

∥∥∥
2

= E
(
Tr
(
H0t,s ⊗H0t,s

))
= E

(
Tr(H0t,s)

)2 ≤ KE‖H0t,s‖2.

✷✻



❚❤❡♥ ✉s✐♥❣ t❤❡ ❍♦❧❞❡r ✐♥❡q✉❛❧✐t② ❛♥❞ ❆ss✉♠♣t✐♦♥ ❆✶✶✱ ✇❡ ❤❛✈❡✱ ❢♦r s♦♠❡ ν ❛♥❞ δ > 0

∥∥∥
(
H

1/2
0t,s ⊗H

1/2
0t,s

)
vec(ηtη

′
t)
∥∥∥
2+ν

≤
∥∥∥H1/2

0t,s ⊗H
1/2
0t,s

∥∥∥
(2+ν)(1+1/δ)

‖vec(ηtη
′
t)‖(2+ν)(1+δ)

≤
∥∥H0t,s

∥∥
(2+ν)(1+1/δ)

‖vec(ηtη
′
t)‖(2+ν)(1+δ) < ∞.

❙✐♠✐❧❛r❧②✱
∥∥∥∥
∂vec′(H0t,s)

∂θ

(
H

−1/2
0t,s ⊗H

−1/2
0t,s

)′
vec(ηtη

′
t)

∥∥∥∥
2+ν

≤ K

∥∥∥∥
∂vec′(H0t,s)

∂θ
vec(ηtη

′
t)

∥∥∥∥
2+ν

< ∞.

■t ❡♥t❛✐❧s t❤❛t ‖Y t,s‖2+ν < ∞✳ ❚❤❡r❡❢♦r❡✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥❆✶✶ ❛♥❞ s ✜①❡❞✱ t❤❡ ♣r♦❝❡ss

(Y t,s)t ✐s str♦♥❣❧② ♠✐①✐♥❣✱ ✇✐t❤ ♠✐①✐♥❣ ❝♦❡✣❝✐❡♥ts αY (h) ≤ αz(max{0, h−s})✳ ❆♣♣❧②✐♥❣
t❤❡ ❈▲❚ ♦❢ ❍❡rr♥❞♦r❢ ✭✶✾✽✹✮ ❢♦r ♠✐①✐♥❣ ♣r♦❝❡ss❡s✱ ✇❡ ❞✐r❡❝t❧② ♦❜t❛✐♥

1√
n

n∑

t=1

Y t,s
d→ N (0,Σ22,s), Σ22,s =

∞∑

h=−∞

cov(Y t,s,Y t−h,s).

▲❡t xt = vech(xtx
′
t − Ex1x

′
1) ❛♥❞ Σ12,s =

∑∞
h=−∞ cov(xt,Y t−h,s)✳ ❆s ✐♥ ❋r❛♥❝q ❛♥❞

❩❛❦♦ï❛♥ ✭✶✾✾✽✮ ▲❡♠♠❛ 3✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ♠❛tr✐❝❡s Σ22 = lim
s→∞

Σ22,s ❛♥❞ Σ12 =

lim
s→∞

Σ12,s ❡①✐st✳ ❯s✐♥❣ ❆ss✉♠♣t✐♦♥ ❆✶✷ ❛♥❞ t❤❡ ❛r❣✉♠❡♥ts ❣✐✈❡♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛

4 ✐♥ t❤❡ ♣r❡❝❡❞❡♥t r❡❢❡r❡♥❝❡ ✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

lim
s→∞

lim sup
n→∞

P

(∥∥∥∥∥n
−1/2

n∑

t=1

Rt,s

∥∥∥∥∥ > ǫ

)
= 0

❢♦r ❛♥② ǫ > 0✳ ❚❤❡♥ ✉s✐♥❣ ❆ss✉♠♣t✐♦♥ ❆✶✶ ❛♥❞ t❤❡ ❈▲❚ ♦❢ ❍❡rr♥❞♦r❢ ✭✶✾✽✹✮✱ ✇❡ ❣❡t

1√
n



∑n

t=1 vech(xtx
′
t − Ex1x

′
1)

∑n
t=1 Υ0tvec(ηtη

′
t − Im)


 =

1√
n




∑n
t=1 xt

∑n
t=1 Y t,s


+

1√
n


 0

∑n
t=1 Rt,s




d→ N (0,Σ).

✷

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳

❇② t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝②✱ ❛ss✉♠♣t✐♦♥❆✺ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ θ̂n✱ ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✱

θ̂n ✐s ❝♦♥t❛✐♥❡❞ a.s. ✐♥ ❛♥ ❛r❜✐tr❛r② s♠❛❧❧ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ θ0 t❤❛t ❜❡❧♦♥❣s t♦ ✐♥t❡r✐♦r ♦❢

t❤❡ ♣❛r❛♠❡t❡r s❡t Θθ✳ ❚❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥

0 =
1

n

n∑

t=1

∂ℓ̃t

(
γ̂n, θ̂n

)

∂θ
✭✻✸✮

✷✼



✐s t❤✉s s❛t✐s✜❡❞✳

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛tr✐❝❡s

Kεn(ϑ) =
∂2Q̃n(ϑ)

∂θ∂γ ′
ε

=
1

n

n∑

t=1

∂2ℓ̃t(ϑ)

∂θ∂γ ′
ε

. ✭✻✹✮

Kxn(ϑ) =
∂2Q̃n(ϑ)

∂θ∂γ ′
x

=
1

n

n∑

t=1

∂2ℓ̃t(ϑ)

∂θ∂γ ′
x

. ✭✻✺✮

Jn(ϑ) =
∂2Q̃n(ϑ)

∂θ∂θ′ =
1

n

n∑

t=1

∂2ℓ̃t(ϑ)

∂θ∂θ′ . ✭✻✻✮

❚❤❡ ♠❡❛♥✲✈❛❧✉❡ t❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✜rst✲♦r❞❡r

❝♦♥❞✐t✐♦♥ ❣✐✈❡s

0 =
1

n

n∑

t=1

∂ℓ̃t(γ0,θ0)

∂θ
+

1

n

n∑

t=1

∂2ℓ̃t(ϑ
∗)

∂θ∂γ ′
ε

(γ̂εn − γε0) +
1

n

n∑

t=1

∂2ℓ̃t(ϑ
∗)

∂θ∂γ ′
x

(γ̂xn − γx0)

+
1

n

n∑

t=1

∂2ℓ̃t(ϑ
∗)

∂θ∂θ′

(
θ̂n − θ0

)

=
1

n

n∑

t=1

∂ℓ̃t(γ0,θ0)

∂θ
+Kεn(ϑ

∗) (γ̂εn − γε0) +Kxn(ϑ
∗) (γ̂xn − γx0) + Jn(ϑ

∗)
(
θ̂n − θ0

)

✇❤❡r❡ ϑ∗ ✐s ❜❡t✇❡❡♥ ϑ̂n ❛♥❞ ϑ0✳ ❇② ▲❡♠♠❛ ✷✱ ▲❡♠♠❛ ✸✱ ▲❡♠♠❛ ✹ ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝②

♦❢ ϑ̂n✱ t❤❡ ♠❛tr✐① Jn(ϑ
∗) ✐s ❛✳s✳ ✐♥✈❡rt✐❜❧❡ ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ n✳ ❍❡♥❝❡ ♠✉❧t✐♣❧②✐♥❣ ❜②

√
n ❛♥❞ s♦❧✈✐♥❣ ❢♦r

√
n
(
θ̂n − θ0

)
❣✐✈❡s

√
n
(
θ̂n − θ0

)
=− J−1

n (ϑ∗)

(
1√
n

n∑

t=1

∂ℓ̃t(γ0,θ0)

∂θ

)
− J−1

n (ϑ∗)Kεn(ϑ
∗)
√
n (γ̂εn − γε0)

− J−1
n (ϑ∗)Kxn(ϑ

∗)
√
n (γ̂xn − γx0) .

❍❡♥❝❡✱ ♥♦t✐❝❡ t❤❛t
∂Q̃n(γ0,θ0)

∂θ
=

1

n

∑n
t=1

∂ℓ̃t(γ0,θ0)

∂θ
✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡♣r❡s❡♥t❛✲

t✐♦♥

√
n




γ̂xn − γx0

γ̂εn − γε0

θ̂n − θ0


 = Γn




√
n (γ̂xn − γx0)

√
n (γ̂εn − γε0)

1√
n

∑n
t=1

∂ℓ̃t(γ0,θ0)

∂θ




✇❤❡r❡

Γn =




Ir(r+1)/2 0 0

0 Im(m+1)/2 0

−J−1
n (ϑ∗)Kxn(ϑ

∗) −J−1
n (ϑ∗)Kεn(ϑ

∗) −J−1
n (ϑ∗)


 .

✷✽



❇② ▲❡♠♠❛ ✹ ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ϑ̂n✱ ✇❡ ❣❡t

Γn→Γ ✐♥ ♣r♦❜❛❜✐❧✐t② ❛s n → ∞

❛♥❞ ❜② ▲❡♠♠❛ ✸✱ ▲❡♠♠❛ ✺ ❛♥❞ ▲❡♠♠❛ ✻✱




√
n (γ̂xn − γx0)

√
n (γ̂εn − γε0)

1√
n

∑n
t=1

∂ℓ̃t(γ0,θ0)

∂θ




d→ N (0,ΦΣΦ
′) .

❚❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❱❚❊ ♥♦✇ ❢♦❧❧♦✇s t❤❡ ❙❧✉t③❦② t❤❡♦r❡♠✳ ✷

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✶✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤✐s ❝♦r♦❧❧❛r② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ ❞✐r❡❝t❧②

t❤❡ ❞❡❧t❛ ♠❡t❤♦❞ ✭s❡❡ ❚❤❡♦r❡♠ ✸✳✶ ✐♥ ✈❛♥ ❞❡r ❱❛❛rt✱ ✶✾✾✽✮✳ ■♥❞❡❡❞✱ ❧❡t φ ❜❡ t❤❡ ♠❛♣

✇❤✐❝❤ tr❛♥s❢♦r♠s ϑ0 ✐♥t♦ ξ0✳ ❚❤✐s ❧✐♥❡❛r ♠❛♣ ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t ϑ0✱ ❛♥❞ ✐s ❞❡s❝r✐❜❡❞ ❜②

t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐①

∂φ

∂ϑ′
0

=




∂vec(Ω0)

∂γ ′
x0

∂vec(Ω0)

∂γ ′
ε0

∂vec(Ω0)

∂a′
0

∂vec(Ω0)

∂b′0

∂vec(Ω0)

∂c′0
∂a0

∂γ ′
x0

∂a0

∂γ ′
ε0

∂a0

∂a′
0

∂a0

∂b′0

∂a0

∂c′0
∂b0
∂γ ′

x0

∂b0
∂γ ′

ε0

∂b0
∂a′

0

∂b0
∂b′0

∂b0
∂c′0

∂c0
∂γ ′

x0

∂c0
∂γ ′

ε0

∂c0
∂a′

0

∂c0
∂b′0

∂c0
∂c′0




✭✻✼✮

✇❤❡r❡ a0 = vec(A0), b0 = vec(B0) ❛♥❞ c0 = vec(C0)✳ ❯s✐♥❣ ✭✸✼✮ ❛♥❞ ✭✸✽✮✱ t❤❡ ❝♦♠♣♦✲

♥❡♥ts ♦❢ t❤❡ ❏❛❝♦❜✐❛♥ ♠❛tr✐① ❝❛♥ ❜❡ ❡❛s✐❧② ❝❛❧❝✉❧❡❞ ❛♥❞ ✇❡ ❣❡t
∂φ

∂ϑ′
0

= ∆✳

✷

❘❡❢❡r❡♥❝❡s

❆♥❞r❡✇s✱ ❉♦♥❛❧❞ ❲❑✳ ✭✶✾✾✶✮ ❍❡t❡r♦s❦❡❞❛st✐❝✐t② ❛♥❞ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❝♦♥s✐s✲ t❡♥t ❝♦✲

✈❛r✐❛♥❝❡ ♠❛tr✐① ❡st✐♠❛t✐♦♥✳ ❊❝♦♥♦♠❡tr✐❝❛ ✺✾✱ ✽✶✼✕✽✺✽✳

❇♦✉❜❛❝❛r ▼❛ï♥❛ss❛r❛✱ ❨✳ ❛♥❞ ❋r❛♥❝q✱ ❈✳ ✭✷✵✶✶✮ ❊st✐♠❛t✐♥❣ str✉❝t✉r❛❧ ❱❆❘▼❆♠♦❞✲

❡❧s ✇✐t❤ ✉♥❝♦rr❡❧❛t❡❞ ❜✉t ♥♦♥✲✐♥❞❡♣❡♥❞❡♥t ❡rr♦r t❡r♠s✳ ❏♦✉r♥❛❧ ♦❢ ▼✉❧t✐✈❛r✐❛t❡

❆♥❛❧②s✐s ✶✵✷✱ ✹✾✻✕✺✵✺✳

✷✾



❇✐❧❧✐♥❣s❧❡②✱ P✳ ✭✶✾✻✶✮ ❚❤❡ ▲✐♥❞❡❜❡r❣✲▲❡✈② t❤❡♦r❡♠ ❢♦r ♠❛rt✐♥❣❛❧❡s✳

❇♦❧❧❡rs❧❡✈✱ ❚✳ ✭✶✾✽✻✮ ●❡♥❡r❛❧✐③❡❞ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦♥❞✐t✐♦♥❛❧ ❤❡t❡r♦s❦❡❞❛st✐❝✐t②✳ ❏♦✉r✲

♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✸✶✱ ✸✵✼✕✸✷✼✳

❇♦❧❧❡rs❧❡✈✱ ❚✐♠✱ ❘♦❜❡rt ❋✳ ❊♥❣❧❡✱ ❛♥❞ ❏❡✛r❡② ▼✳ ❲♦♦❧❞r✐❞❣❡ ✭✶✾✽✽✮ ❆ ❝❛♣✐t❛❧

❛ss❡t ♣r✐❝✐♥❣ ♠♦❞❡❧ ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ❝♦✈❛r✐❛♥❝❡s✳ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ P♦❧✐t✐❝❛❧ ❊❝♦♥✲

♦♠②✱ ✶✶✻✕✶✸✶✳

❇♦✉✐ss♦✉✱ ▼✐❝❤❡❧ ❇✳✱ ❏❡❛♥✲❏❛❝q✉❡s ▲❛✛♦♥t✱ ❛♥❞ ◗✉❛♥ ❍✳ ❱✉♦♥❣ ✭✶✾✽✻✮ ❚❡sts ♦❢

♥♦♥❝❛✉s❛❧✐t② ✉♥❞❡r ▼❛r❦♦✈ ❛ss✉♠♣t✐♦♥s ❢♦r q✉❛❧✐t❛t✐✈❡ ♣❛♥❡❧ ❞❛t❛✳❊❝♦♥♦♠❡tr✐❝❛✿

❏♦✉r♥❛❧ ♦❢ t❤❡ ❊❝♦♥♦♠❡tr✐❝ ❙♦❝✐❡t②✱ ✸✾✺✕✹✶✹✳

❇♦✉ss❛♠❛✱ ❋❛r✐❞✱ ❋❧♦r✐❛♥ ❋✉❝❤s✱ ❛♥❞ ❘♦❜❡rt ❙t❡❧③❡r ✭✷✵✶✶✮ ❙t❛t✐♦♥❛r✐t② ❛♥❞ ❣❡✲

♦♠❡tr✐❝ ❡r❣♦❞✐❝✐t② ♦❢ ❇❊❑❑ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s✳❙t♦❝❤❛st✐❝ Pr♦❝❡ss❡s ❛♥❞

t❤❡✐r ❆♣♣❧✐❝❛t✐♦♥s ✶✷✶✱ ✷✸✸✶✕✷✸✻✵✳

❈❛❦♠❛❦❧✐✱ ❈❡♠✱ ❛♥❞ ❉✐❝❦ ❏❈ ❱❛♥ ❉✐❥❦ ✭✷✵✶✵✮ ●❡tt✐♥❣ t❤❡ ♠♦st ♦✉t ♦❢ ♠❛❝r♦❡❝♦✲

♥♦♠✐❝ ✐♥❢♦r♠❛t✐♦♥ ❢♦r ♣r❡❞✐❝t✐♥❣ st♦❝❦ r❡t✉r♥s ❛♥❞ ✈♦❧❛t✐❧✐t②✳

❈❤r✐st✐❛♥s❡♥✱ ❈❤❛r❧♦tt❡✱ ▼❛✐❦ ❙❝❤♠❡❧✐♥❣✱ ❛♥❞ ❆♥❞r❡❛s ❙❝❤r✐♠♣❢ ✭✷✵✶✷✮ ❆ ❝♦♠✲

♣r❡❤❡♥s✐✈❡ ❧♦♦❦ ❛t ✜♥❛♥❝✐❛❧ ✈♦❧❛t✐❧✐t② ♣r❡❞✐❝t✐♦♥ ❜② ❡❝♦♥♦♠✐❝ ✈❛r✐❛❜❧❡s✳ ❏♦✉r♥❛❧ ♦❢

❆♣♣❧✐❡❞ ❊❝♦♥♦♠❡tr✐❝s ✷✼✱ ✾✺✻✕✾✼✼✳

❈♦♠t❡✱ ❋❛❜✐❡♥♥❡✱ ❛♥❞ ❖✛❡r ▲✐❡❜❡r♠❛♥ ✭✷✵✵✸✮ ❆s②♠♣t♦t✐❝ t❤❡♦r② ❢♦r ♠✉❧t✐✈❛r✐❛t❡

●❆❘❈❍ ♣r♦❝❡ss❡s✳ ❏♦✉r♥❛❧ ♦❢ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧②s✐s ✽✹✱ ✻✶✕✽✹✳

❊♥❣❧❡✱ ❘✳❋✳✱ ❍❡♥❞r②✱ ❉✳❋✳ ❛♥❞ ❏✳❋✳ ❘✐❝❤❛r❞ ✭✶✾✽✸✮ ❊①♦❣❡♥❡✐t②✳ ❊❝♦♥♦♠❡tr✐❝❛ ✺✶✱

✷✼✼✕✸✵✹✳

❊♥❣❧❡✱ ❘♦❜❡rt ❋✳✱ ❉❛✈✐❞ ❋✳ ❍❡♥❞r②✱ ❛♥❞ ❏❡❛♥✲❋r❛♥❝♦✐s ❘✐❝❤❛r❞ ✭✶✾✽✸✮ ❊①♦❣❡♥❡✲

✐t②✳❊❝♦♥♦♠❡tr✐❝❛✿ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❊❝♦♥♦♠❡tr✐❝ ❙♦❝✐❡t②✱ ✷✼✼✕✸✵✹✳

❊♥❣❧❡✱ ❘♦❜❡rt ❋✳✱ ❛♥❞ ❑❡♥♥❡t❤ ❋✳ ❑r♦♥❡r ✭✶✾✾✺✮ ▼✉❧t✐✈❛r✐❛t❡ s✐♠✉❧t❛♥❡♦✉s ❣❡♥✲

❡r❛❧✐③❡❞ ❆❘❈❍✳ ❊❝♦♥♦♠❡tr✐❝ t❤❡♦r② ✶✶✱ ✶✷✷✕✶✺✵✳

✸✵



❊♥❣❧❡✱ ❘♦❜❡rt ✭✷✵✵✾✮ ❆♥t✐❝✐♣❛t✐♥❣ ❝♦rr❡❧❛t✐♦♥s✿ ❛ ♥❡✇ ♣❛r❛❞✐❣♠ ❢♦r r✐s❦ ♠❛♥❛❣❡♠❡♥t✳

Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✳

❋❧♦r❡♥s✱ ❏❡❛♥✲P✐❡rr❡✱ ❛♥❞ ▼✐❝❤❡❧ ▼♦✉❝❤❛rt ✭✶✾✽✷✮ ❆ ♥♦t❡ ♦♥ ♥♦♥❝❛✉s❛❧✐t②✳❊❝♦♥♦♠❡tr✐❝❛✿

❏♦✉r♥❛❧ ♦❢ t❤❡ ❊❝♦♥♦♠❡tr✐❝ ❙♦❝✐❡t②✱ ✺✽✸✕✺✾✶✳

❋r❛♥❝q✱ ❈❤r✐st✐❛♥✱ ❛♥❞ ❏❡❛♥✲▼✐❝❤❡❧ ❩❛❦♦✐❛♥ ✭✶✾✾✽✮ ❊st✐♠❛t✐♥❣ ❧✐♥❡❛r r❡♣r❡s❡♥t❛✲

t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r ♣r♦❝❡ss❡s✳❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ P❧❛♥♥✐♥❣ ❛♥❞ ■♥❢❡r❡♥❝❡ ✻✽✱ ✶✹✺✕

✶✻✺✳

❋r❛♥❝q✱ ❈❤r✐st✐❛♥✱ ❛♥❞ ❏❡❛♥✲▼✐❝❤❡❧ ❩❛❦♦✐❛♥ ✭✷✵✵✵✮ ❈♦✈❛r✐❛♥❝❡ ♠❛tr✐① ❡st✐♠❛t✐♦♥

❢♦r ❡st✐♠❛t♦rs ♦❢ ♠✐①✐♥❣ ✇❡❛❦ ❆❘▼❆ ♠♦❞❡❧s✳❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝❛❧ P❧❛♥♥✐♥❣ ❛♥❞

■♥❢❡r❡♥❝❡ ✽✸✱ ✸✻✾✕✸✾✹✳

❋r❛♥❝q✱ ❈❤r✐st✐❛♥✱ ❘♦❝❤ ❘♦②✱ ❛♥❞ ❏❡❛♥✲▼✐❝❤❡❧ ❩❛❦♦ï❛♥ ✭✷✵✵✺✮ ❉✐❛❣♥♦st✐❝ ❝❤❡❝❦✲

✐♥❣ ✐♥ ❆❘▼❆ ♠♦❞❡❧s ✇✐t❤ ✉♥❝♦rr❡❧❛t❡❞ ❡rr♦rs✳❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝❛❧

❆ss♦❝✐❛t✐♦♥ ✶✵✵✱ ✺✸✷✕✺✹✹✳

❋r❛♥❝q✱ ❈✳ ❛♥❞ ❏✲▼✳ ❩❛❦♦ï❛♥ ✭✷✵✶✵✮ ●❆❘❈❍ ▼♦❞❡❧s✿ ❙tr✉❝t✉r❡✱ ❙t❛t✐st✐❝❛❧ ■♥❢❡r✲

❡♥❝❡ ❛♥❞ ❋✐♥❛♥❝✐❛❧ ❆♣♣❧✐❝❛t✐♦♥s✳ ❏♦❤♥ ❲✐❧❡②✳

❋r❛♥❝q✱ ❈❤r✐st✐❛♥✱ ▲❛❥♦s ❍♦r✈❛t❤✱ ❛♥❞ ❏❡❛♥✲▼✐❝❤❡❧ ❩❛❦♦ï❛♥ ✭✷✵✶✶✮ ▼❡r✐ts ❛♥❞

❞r❛✇❜❛❝❦s ♦❢ ✈❛r✐❛♥❝❡ t❛r❣❡t✐♥❣ ✐♥ ●❆❘❈❍ ♠♦❞❡❧s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦✲

♠❡tr✐❝s ✾✱ ✻✶✾✕✻✺✻✳

❋r❛♥❝q✱ ❈❤r✐st✐❛♥✱ ▲❛❥♦s ❍♦r✈át❤✱ ❛♥❞ ❏❡❛♥✲▼✐❝❤❡❧ ❩❛❦♦ï❛♥ ✭✷✵✶✹✮ ❱❛r✐❛♥❝❡ t❛r✲

❣❡t✐♥❣ ❡st✐♠❛t✐♦♥ ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s✳❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠❡t✲

r✐❝s✱ ❤tt♣s✿✴✴♠♣r❛✳✉❜✳✉♥✐✲♠✉❡♥❝❤❡♥✳❞❡✴✺✼✼✾✹✴✶✴▼P❘❆❴♣❛♣❡r❴✺✼✼✾✹✳♣❞❢

❋r❛♥❝q✱ ❈❤r✐st✐❛♥✱ ❛♥❞ ❚❤✐❡✉✱ ▲❡ ◗✉②❡♥ ✭✷✵✶✺✮ ◗♠❧ ✐♥❢❡r❡♥❝❡ ❢♦r ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s

✇✐t❤ ❝♦✈❛r✐❛t❡s✳ ❯♥✐✈❡rs✐t② ▲✐❜r❛r② ♦❢ ▼✉♥✐❝❤✱ ●❡r♠❛♥②✱ ◆♦✳ ✻✸✶✾✽✳

❋r❛♥❝q✱ ❈❤r✐st✐❛♥✱ ❛♥❞ ●❡♥❛r♦ ❙✉❝❛rr❛t ✭✷✵✶✺✮ ❊q✉❛t✐♦♥✲❜②✲❊q✉❛t✐♦♥ ❊st✐♠❛t✐♦♥

♦❢ ❛ ▼✉❧t✐✈❛r✐❛t❡ ▲♦❣✲●❆❘❈❍✲❳ ▼♦❞❡❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❘❡t✉r♥s✳

❍❛❢♥❡r✱ ❈❤r✐st✐❛♥ ▼✳✱ ❛♥❞ ❆r✐❡ Pr❡♠✐♥❣❡r ✭✷✵✵✾✮ ❖♥ ❛s②♠♣t♦t✐❝ t❤❡♦r② ❢♦r ♠✉❧✲

t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s✳❏♦✉r♥❛❧ ♦❢ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧②s✐s ✶✵✵✱ ✷✵✹✹✕✷✵✺✹✳

✸✶



❍❛♥✱ ❍✳ ❛♥❞ ❉✳ ❑r✐st❡♥s❡♥ ✭✷✵✶✹✮ ❆s②♠♣t♦t✐❝ ❚❤❡♦r② ❢♦r t❤❡ ◗▼▲❊ ✐♥ ●❆❘❈❍✲

❳ ▼♦❞❡❧s ❲✐t❤ ❙t❛t✐♦♥❛r② ❛♥❞ ◆♦♥st❛t✐♦♥❛r② ❈♦✈❛r✐❛t❡s✳ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ✫

❊❝♦♥♦♠✐❝ ❙t❛t✐st✐❝s ✸✷✱ ✹✶✻✕✹✷✾✳

❍❡rr♥❞♦r❢✱ ◆♦r❜❡rt ✭✶✾✽✹✮ ❆ ❢✉♥❝t✐♦♥❛❧ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r ✇❡❛❦❧② ❞❡♣❡♥❞❡♥t

s❡q✉❡♥❝❡s ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s✳ ❚❤❡ ❆♥♥❛❧s ♦❢ Pr♦❜❛❜✐❧✐t②✱ ✶✹✶✕✶✺✸✳

❑❡♥♥❡t❤ ❙✳ ▼✐❧❧❡r ✭✶✾✽✶✮ ❖♥ t❤❡ ■♥✈❡rs❡ ♦❢ t❤❡ ❙✉♠ ♦❢ ▼❛tr✐❝❡s✳ ▼❛t❤❡♠❛t✐❝s ▼❛❣✲

❛③✐♥❡✳ ❤tt♣✿✴✴✇✇✇✳❥st♦r✳♦r❣✴st❛❜❧❡✴✷✻✾✵✹✸✼✱ ✺✹✱ ✻✼✕✼✷

❑♦♦♣♠❛♥s✱ ❚❥❛❧❧✐♥❣ ❈✳✱ ❛♥❞ ❖❧❛✈ ❘❡✐❡rs♦❧ ✭✶✾✺✵✮ ❚❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ str✉❝t✉r❛❧

❝❤❛r❛❝t❡r✐st✐❝s✳❚❤❡ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s ✷✶✱ ✶✻✺✕✶✽✶✳

▼❡③r✐❝❤✱ ❏✳✱ ❛♥❞ ❘✳ ❋✳ ❊♥❣❧❡ ✭✶✾✾✻✮ ●❆❘❈❍ ❢♦r ❣r♦✉♣s✳❘✐s❦ ✾✱ ✸✻✕✹✵✳

◆❡✇❡②✱ ❲❤✐t♥❡② ❑✳✱ ❛♥❞ ❑❡♥♥❡t❤ ❉✳ ❲❡st ✭✶✾✽✼✮ ❆ s✐♠♣❧❡✱ ♣♦s✐t✐✈❡ s❡♠✐✲❞❡✜♥✐t❡✱
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