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1 Introduction

Given a sequence of n € IN independent realizations { X;}7_; of the random variable X, having density f on

R, the Rosenblatt-Parzen kernel estimator (Rosenblatt (1956), Parzen (1962)) of f is given by

fal@) = =3 (Sh, K)(@ = X5), (1.1)

SRS

where S}, is an operator defined by

(Sh, K)(z) = iK (;;) ; (1.2)

K is a kernel, i.e., a function on R such that [ K(z)dx =1 and h,, > 0 is a non-stochastic bandwidth such
that h, — 0 as n — oo.!

One of the most natural and mathematically sound (Devroye and Gyorfi (1985), Devroye (1987)) criteria
to measure the performance of f,, as an estimator of f is the Ly distance [ |f, — f|. In particular, given that
this distance is a random variable (measurable function of { X;}’_;) it is convenient to focus on F ([ 1fn =11,

where E denotes the expectation taken using f. For this criterion, there is a simple bound (Devroye, 1987,

(f1h- 1)< [10snm) = f14 8 (15~ es0.81).

where for arbitrary f,g € L1, (f x g)(z) = [g(y)f(z — y)dy is the convolution of f and g. The term

p. 31)

J1f % Sh, K — [ is called bias over R and E ([ |f, — f * Sh, K]|) is called the variation over R. There exists
a large literature devoted to establishing conditions on f and K that assure suitable rates of convergence
of the bias to zero as n — oo (see, inter alia, Silverman (1986), Devroye (1987) and Tsybakov (2009)). In
particular, if K is of order s, ie., a;(K) =0for j =1,...,s — 1 and ay(K) # 0, where o;(K) = [t/ K(t)dt
is the jth moment of K, and f has an integrable derivative f(*), then [|f % Sy, K — f| is of order O(h%)
and this order cannot be improved, see, e.g., (Devroye, 1987, Theorem 7.2). In this note, we show that if in
(1.2) the kernel is allowed to depend on n, then the order O(h?) can be replaced by the order o(h$), without

increasing the order of the kernel or the smoothness of the density. In addition, another result from Devroye

IThroughout this note, integrals are over R, unless otherwise specified.



(1987) states that if K is a kernel of order greater than s and the derivative f (*) is a-Lipschitz then the bias

is of order O(h$™). We achieve the same rate of convergence with kernels of order s.
2 Main results

Let L; and C denote the spaces of integrable and (bounded) continuous functions on R with norms || f||; =

JIfland |||l = sup|f|, and Bs(K) = [ [t|* |K(¢)|dt. Let {K,} be a sequence of kernels and define

S|

fulz) = Z(ShnKn)(I - Xj;).

In the following Theorem 1, the density f has the same degree of smoothness and the kernels K, are of the
same order as in (Devroye, 1987, Theorem 7.2), but the bias is of order o(h$) instead of O(h$). This results

because the kernels depend on n and have “disappearing” moments of order s.

Theorem 1. Let {K,} be a sequence of kernels of order s such that: 1. as(K,) — 0; 2. {v*K,(u)} is
uniformly integrable. For all f with absolutely continuous f=1) and f) € Ly, we have || f * S, K, — f|l1 =

o(h%).
Proof. Note that since K, is a kernel
80, 80(0) = £@) = [ KO~ hot) — f(a). @)

Since f is s-times differentiable, by Taylor’s Theorem,

- - _S,1 f(J)({,C) - ; r—hnt (m—hnt—u)s_l )
o= )= 12) = 3 It + / )

Furthermore, given that K, is of order s,

z—hnt
f*Sp, Kn(z) — f(z) = ﬁ / /x (2 — hpt — u)* 7L ) (w)du K, () dt. (2.2)
Letting A = —4=¢ we have
z—hpt 1
/ (2 — hnt — u)* O (w)du = (—hnt)* / FO (@ — b1 — A)*—1dA. (2.3)
x 0



Substituting (2.3) into (2.2) we obtain

f*Sh, Kn(x) — f(x) = (=h x — hpAt)s(1 — N)* LAt K, (t)dt. (2.4)
Since fol(l —A)*~td\ = L we have that
(inl); / /0 FO (@) (1= N AN K, (t)dt = (=h ) ) () / t° K, (t)dt. (2.5)

Then, adding and subtracting (2.5) to the right-hand side of (2.4) gives

S, K@) — fla) = ) (f< // F) (@ — hat) — £ (@)]s(1 - A)*~ 1dAtSKn<t>dt).

Since f(*) € L; we write its continuity modulus as w(§) = supy <5 | ‘f(s) (x —t) — f) (m)’ dz. Tt is well-

known (see properties M.2, M.6 and M.7 in Zhuk and Natanson (2003)) that

, w is nondecreasing and lim w(d) = 0. (2.6)
1 6—0
Then,
s T 1
If % S, Kn = fl1 < B 15 las (K| + FO (@ = hoAt) — £ (@) da s(1 — N)* " LdA|t* K, (1) dt
s! 1
©L 0
hs [ ! .
< B\t s [ [ e emalast - -]
©L 0
hs i 1
=B s ot [ [ el edes(i - 2y
s 0 |t\§\/;7 |t\>\/L
(2.7)
h;gl S S S
< Hf” s ()| +w(\/hn) Bs(Kn)+2Hf<) / K dt] . (2.8)
S 1 1 \t\>\/%

Given that a,(K,) — 0 as n — oo, {t°K,,(¢)} is uniformly integrable, which implies sup 8s(K,) < oo, and

using (2.6) and (2.8) we have

1S * S, Kn = [l = o(hy,). (2.9)
O

Remark 1. Kernel sequences {K,} that satisfy the restrictions imposed by Theorem 1 can be easily

constructed. To this end, denote by By the space of functions with bounded norm || K| 5. = 8o (K) + B85 (K).



Take functions K gy, K () € Bs such that
ao(Ky) =1, (K@) =0 for j =1,....,8; aj(K(5)) =0 for j =0,1,...,5 = 1, as(K) = 1. (2.10)

We define the n-dependent kernel K, = Ky + hnK(5) with 0 < hy, < 1. Note that K, is a kernel of order
s with a(K,,) = hy, which tends to zero as n — oo. It is clear that any kernel K of order s can be written
as K = K + as(K)K), so that the conventional s-order kernels obtain from ours with a,(K) = hy,.
Furthermore, it follows from (2.10) that {t*(K(o)(t) + hnK(5)(t))} is uniformly integrable.

Now, to obtain Ky and K(), assume that for a nonnegative kernel K we have f25(K) < oo. Then, we

can associate with K a symmetric matrix

ao(K) o (K) as(K)
A, = | ) (k) s (K)
as(K) asy1(K) o asy(K)

such that det A, # 0 (see Mynbaev et al. (2014)). For an arbitrary vector b € R*T! let a = A;'b and
define a polynomial transformation of K by (T,K)(t) = (Y.;_,a;it’) K (t). Then, we put Ko = T,K with
b= (1,0,..,0) and K = T,K with b = (0,...,0,1)’, which satisfy (2.10). Thus, we have the following

corollary to Theorem 1.

Corollary 1. Let K,, = Kg) + h,K(5) where K and K are as defined in Remark 1. Then, for all f

with absolutely continuous f~1) and f*) € Ly, we have ||f * Sy, K, — f|l1 = o(h%).

Remark 2. If K,, are supported on [—M, M] for some M > 0 and for all n, then in (2.7), instead of splitting

R = {|t| <1/Vhy} U{|t| > 1/V/hy} we can use R = {|t| < M} U{|t| > M} and then instead of (2.8) we get
hS
1F 5 Sn, K = fll < 22 [[ 70| s ()l + w(hndD)B, ()]

Hence, selecting {K,,} in such a way that as(K,) = O(w(hy)), sup 8s(K,) < oo and using the fact that

wh,M) < (M +1)w(hy,)? we get a result that is more precise than (2.9), i.e.,

1f # Sh, Kn = flly = O(hjw(hn))-

2See property M.5 in Zhuk and Natanson (2003).



Remark 3. By Young’s inequality, the variation of fn using K, = Ky + hp, K(5) is such that

E/|fn _FeSuKnl < E/|fn [ S K +hn/|f*shnK<s>|

B [1fa=fesn ol +h [ 1] 150

Letting f\” be the estimator in (1.1) with K = K, we have E [ |f, — f % Sp, Koy| < E [|f” — [

IN

ShnK(O)| +hnf|f‘f‘K(e)| Hencev

E/ o= f % Sn Kl < E/ 5O~ f xSy Kol + 2hn / 1 / K-

Since, h,, — 0 as n — oo, the variation of fn is asymptotically bounded by the variation of the conventional
estimator f,, using K ), i.e., E [ |f7(10) — [ % Sh, K-
Under the assumptions that f has a variance, [(1+ ¢*)(K ) (t))?dt < oo, (Devroye, 1987, Theorem 7.4)

showed that E [ [\ — f % Su, K| = O((nhy,)~*/2). Thus,

v ”h"E/ o = %S0 Kl = (1+ (nh3)Y2)0(1) = O(1),

where the last equality follows if nh? < ¢ < cc.
We now provide an analog for Theorem 7.1 in Devroye (1987). There, the bias order O(h*+%) is achieved
for kernels with orders greater than s, while in the following theorems we obtain the same order of bias for

kernels of order s.

Theorem 2. Let {K,} be a sequence of kernels of order s such that: 1. as(K,) = O(h%); 2. sup Bsia(Ky) <

oo, for some a € (0,1]. For f with absolutely continuous f&~Y and f) € L, assume that for some

0<e< o
w(d) < cld|*. (2.11)
Then, ||f * Sn, Kn = fllr = O(h3*).
Proof. As in the proof of Theorem 1, we have
hs 1
£ % Sh, K = flls < 7 {Hf“) Jas (Kl +/ /w()\hn|t|)s(1 — N K, ()] dtdA (2.12)
: 0




By (2.11)

hs !
15 0560 = < 2 [ ot ent [ [ st tan e o) ]
: 0

Hence, under conditions 1. and 2. in the statement of the theorem we have || f*S), K, — f|1 = O(hsT®). O

Remark 4. Practitioners may find condition (2.11) too general, preferring more primitive conditions on
f). To this end, we say that a function g defined on R satisfies a global Lipschitz condition of order a € (0, 1]

if there exist positive functions I(x), r(x) such that
lg(x — h) — g(z)| < I(x)|h|* for |h| < r(z), z € R. (2.13)

The function [ is called a Lipschitz constant and the function r is called a Lipschitz radius. The class

Lip(a,d), for § > 1, is defined as the set of functions g which satisfy (2.13) with [ and r such that

/(l(x) +r(z) %) dz < co. (2.14)

In the next lemma we give two sufficient sets of conditions for g € Lip(a,d). In the first case g is compactly

supported, and in the second it is not.

Lemma 1. a) Suppose g has compact support, supp g C [—N, N| for some N > 0, and g satisfies the usual
Lipschitz condition |g(x — h) — g(x)| < c|h|® for any x,h and some a € (0,1]. Set l(z) = ¢, r(z) =1 for
|z] < N and l(z) =0, r(xz) = |x| = N for |x| > N. Then, g € Lip(a,d) with any 6 > 1.

b) Suppose that |V (t)| < ce M, t € R. Let I(z) = cexp(—|z|/2 4+ 1/2), r(z) = (1 + |z])/2, = € R. Then,

g € Lip(1,6) with any 6 > 1.

Proof. a) If |x| < N, then |g(z —h) — g(x)| < |h|*l(z) for all A (and not only for |h| < r(x)). If |z| > N, then
|h| < r(x) = || — N implies |z — h| > || — |h| > N, so that |g(x — h) — g(z)| = 0 = |h|*l(z) for |h| < r(zx).

b) Let |z| > 1. We have

lg(e =) = g(@)| < | sup g (B)] < [hle sup eI, (2.15)
[t—=z|<]|h| [t—z|<|h]

[t — x| < |h] <7(x) =(1+|2z|)/2 implies |¢t| = |z +t — 2| > || — |t — x| > |z|/2 —1/2 > 0 and (2.15) gives

lg(z — h) — g(x)| < |h|cexp(1/2 — |z|/2) = |h|l(x) for |h| < r(z). Now let |z| < 1. Then, e~1#1/2 > ¢=1/2 50



that by (2.15), |g(z — h) — g(2)| < |hle < |h|cexp(1/2 — |x|/2) = |h|l(x) for all h and not only for |h| < r(z).

Condition (2.14) is obviously satisfied in both cases. O

By part a) of Lemma 1, compactly supported densities with derivative f (s) that satisfies the usual a-
Lipschitz condition are such that f(&) e Lip(a,d) for any § > 1. This corresponds to the case treated in
Theorem 7.1 of Devroye (1987). Part b) shows that for densities with unbounded domains, not covered by
Theorem 7.1, if f(*)(x) has derivative that decays exponentially as |z| — oo, then f(*) € Lip(1,6) for any

§ > 1. Next we provide a version of Theorem 2 for densities with derivative f(*) € Lip(a, 6).

Theorem 3. Suppose that the density f is such that its deriative f) belongs to Ly, C (the respective
norms are finite) and Lip(a,d). Let {K,} be a sequence of kernels of order s such that: 1. as(K,) = O(h%);

2. sup max{ﬂs-f—a(Kn)vBs-‘ré(Kn)} < 00. Then, Hf * Sh, Kn — f”l = O(h“;""a).

Proof. As in the proof of Theorem 1, we have

|72, Koy < 2 Mf“’ Jon(l+ [ 1 [ [ 179@ = hart) = 19| 1 )kt s = 07

Let Z(x) = [ |f®)(x — hpAt) — ) (@)| [t° K, (t)|dt and note that since f(*) € Lip(a, d)

o= [+ [ |- man - 1w ek,
Ay |t|<r(z)  Ahp|t|>r(x)
< [ wenrigds [ 106 -k - @)K ol
Ay, |t <r(z) Ay |t >7(x)

< 1B (Ko)l(a) + / FO (@ — hat) — £ @)1 Ko ()]t
Ahy |t]|>r(x)

Letting Z; (x) = [ 1Oz = hpAt) — £ (2)]|t° K, (t)|dt we have
Ahy, [t >7(z)

1

[t

IN

Ty () (£ @ = B AL+ £ @)]) 17+ K ()]t

Ahy |t >7(x)
. -5 516 -5 . (s) : ()|, A’he
Noting that [¢|° < A°hor(z)~° and given that ||f*)||c < oo, we obtain Z; (z) < 2||f'*|c r(z)éﬁer(;(Kn).

Consequently,

T(o) < W max{ oK) Bera()) (160) 4 20872179 s ) (216)



Since fol s(1 = A)*"*ds = 1 and given (2.14)

hs
1f%Sn, Kon=Fl < 3 [Hf“)

L |ovs (K| + éhz maX{Bs%—a(Kn),Bs-‘ré(Kn)}/ (l(z) + 2||f(S)HC 71(:1‘)5> da:} .
(2.17)

Thus, using conditions 1. and 2. in the statement of the theorem, we have || f xSy, K, — f|1 = O(h$T®). O

Remark 5. As in the case of Theorem 1, Theorems 2 and 3 do not address the construction of the kernel
sequence {K, }. The following corollary to Theorem 3 shows that K, = K + hj K, is a suitable kernel

sequence, where K gy and K, are as defined above.

Corollary 2. Suppose the density f is such that its derivative f*) belongs to L1, C and to Lip(a,?),
where a € (0,1], 0 > 1. Let Ky, K satisfy (2.10) and belong to the intersection Bsiq N Bsys. Put

K, = K)+h%K), 0 < h, <1. Then K, is a kernel of order s for hy, > 0 and || f+Sh, Kn— f|l1 = O(hiT?).

The condition Ky € Bsy, and the definition K,, = K + hy, K(s) can be replaced by K € Bsy1 and

K, = K(g) + haK(s), respectively, without affecting the conclusion.
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