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A bst ract
[Schilcht 1975] and [Bourguignon 1981] studied the case of a convex sav-

ing funct ion in the [St iglitz 1969] model. They have shown that if one of the
two proport ions of the rich or the poor is below a certain threshold, there is
a two-class equilibrium. However, they have only proved the existence of this
threshold. We give here a system of equat ions to calculate this threshold which
we interpret as the maximum proport ion of rich for having a stable two-class
con…gurat ion. If the proport ion of rich exceeds this threshold, the economy en-
ters a phaseof declinealthough thegolden-rulecapital has not yet been reached.
This decline is due to a speci…c art iculat ion between the rate of decrease in the
product ivity of capital and the rate of increase in the depreciat ion of capital.
The mechanism of this decline recalls the descript ion given in [Keynes 1936], of
the decline which happens when there is too much savings in an inegalitarian
context . This is an example of what is known as the " paradox of thrift " . It
is remarkable that this paradox takes place in a neoclassical set t ing that does
not include key Keynesian elements such as saturat ion of demand, monet izat ion
of savings, short -term e¤ects, expectat ion problems, involuntary unemployment
and rigidit ies. Numerical simulat ions are given to illustrate and analyze the
mechanisms involved.

Keywords : Paradox of Thrift , Inequality, Saving, Growth.

1 Int roduct ion

[Schilcht 1975] and [Bourguignon 1981] studied the case of a convex relat ion-
ship between savings and income in the [St iglitz 1969] model. The purpose of
the St iglit z model was to show the in‡uence of income and wealth distribu-
t ion on economic growth and on the convergence of social classes. Although
there is no evidence of the convex or non-convex nature of the relat ionship be-
tween savings and income at the aggregate level, at the individual and stat ic
level the convexity hypothesis is the most likely [Dynan-Skinner-Zeldes 2004,
Boushey-Hersh 2012]. Therefore, the present study is based on this hypothe-
sis of convexity. [Schilcht 1975] has shown that if this hypothesis is adopted
instead of the concavity or linearity of the relat ionship between individual sav-
ings and income, and if the proport ion of one of the social classes is less than
a certain threshold, the convergence of social classes no longer takes place and
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t he system evolves towards an inegalitarian equilibrium with two social classes.
Therefore, thespontaneous and generally observable trend towards a rich / poor
social st ructure rather than an egalitarian structure is further con…rmat ion of
theconvexity hypothesis. [Bourguignon 1981] shows that under this hypothesis,
inegalitarian equilibria Pareto-dominate the egalitarian equilibrium.

In this paper we give a system of equat ions which allows calculat ing this
threshold and we interpret it as the maximum proport ion of rich to have a
stable two-class con…gurat ion. If the proport ion of rich people exceeds this
threshold, the economy enters a phase of decline.

Thepurpose of this paper is also to examine in detail this decline in the light
of the descript ion in [Keynes 1936] of the economic decline caused by an excess
of savings in a context of inequality.

We begin in sect ion 2 by present ing the characterist ics of the model and the
main result s obtained by [Schilcht 1975] and [Bourguignon 1981]. We most ly
keep the notat ions and method of [Bourguignon 1981].

In Sect ion 3, we give the equat ions for calculat ing the maximal sustainable
proport ion of rich (MSPOR). We calculate the MSPOR from numerical values
proposed for the rate of capital depreciat ion and for product ion and saving
funct ions. The calculat ion is carried out for di¤erent values of the propensity to
save. These numerical values are also used for the following sect ions to illustrate
the …ndings.

In Sect ion 4, we analyze the dynamics of the decline. Given a certain re-
semblance to the descript ion in [Keynes 1936], we refer to it as the " Keynesian
decline" .

We then discuss the following quest ions:
- How does the equilibrium of the economy behave according to the distrib-

ut ion of wealth? (Sect ion 5) This sect ion shows that a t iny proport ion of rich
people makes it possible to push a locked economy into insu¢ cient savings and
egalitarian poverty towards a level close to the golden-rule. On the other hand,
it also shows that the increase in this proport ion is harmful.

- How does equilibrium behave according to the propensity to save, for a
given distribut ion of wealth? (Sect ion 6). This sect ion highlights the phe-
nomenon of " paradox of thrift " although the model does not include strict ly
Keynesian elements, such as saturat ion of demand, monet izat ion of savings,
short-term e¤ects, expectat ion problems, unemployment and rigidit ies.

Sect ion 7 concludes and presents possible direct ions for further study.

2 N ot at ion and main feat ures of t he model

Wemainly usetheassumpt ions, notat ions, method and resultsof [Bourguignon 1981].
The economy is represented by a per capita product ion funct ion () where

 is the average capital per capita.  is increasing, concave and twice di¤eren-
t iable. Individual savings are assumed to depend on income according to the
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funct ion () where  is the income of the individual concerned.  is convex,
increasing, di¤erent iable and checks lim

! 1
0() = 1.

The capital undergoes depreciat ion at a rate  per unit of t ime and capital.
Thisdepreciat ion plays thesameroleaspopulat ion growth in [Bourguignon 1981].
We have thought that it would be more appropriate, in modern economic con-
dit ions, to speak of depreciat ion of capital rather than demography. But the
interpretat ion of  as a populat ion growth rate remains valid.

We assume that the economy has a unique stable egalitarian equilibrium
0. Mathemat ically, this condit ion is equivalent to saying that 0 is the unique
solut ion of the equat ion (()) =  and that 0( (0))0(0)   .

We denote by ¤ the per capita capital of the golden-rule de…ned by

0(¤) = 

The society is composed of 2 classes: the poor, in proport ion 1 and the
rich in proport ion 2 = 1 ¡ 1. In a theoret ical perspect ive, this assumpt ion is
not restrict ive because the convexity of saving implies that the equilibrium has
at most two classes [Bourguignon 1981]. In the spirit of the present study, the
concept of "poor class" includes the middle class. Consequent ly, the poor class
is the majority. So, we have 2  1. We will assume this for all the following.
The capital stock per capita is 1 for the poor and 2 for the rich. The average
per capita capital therefore sat is…es  = 11 + 22.

As stated by the neoclassical theory of dist ribut ion, capital is paid for ac-
cording to its marginal product ivity. The remunerat ion of per capita capital is
therefore: 0(). By deduct ion, the per capita wage is  () ¡ 0(). All in-
dividuals receive the same payment in exchange for their contribut ions to work,
i.e.  () ¡ 0(). For capital, individuals are remunerated according to the
shares of capital they hold. Thus, an individual of class  (with  = 1 or 2)
receives 0() in exchange for his contribut ion to capital. Moreover, he bears
the share of the depreciat ion of the capital he owns: .

The equat ion of capital evolut ion for class  is therefore

¢
 =  [ () ¡ 0() + 

0()] ¡ 

The equilibrium is thus characterized by the following 3 equat ions for the 3
unknowns 1 2 and :

 [ () + (1 ¡ )0()] ¡ 1 = 0 (1)

 [ () + (2 ¡ )0()] ¡ 2 = 0

 = 11 + 22

Denote  the inverse funct ion of . We have

 0 1  00  0

and
lim 0() =

! 1

1
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Let () be the curve in the space ( ) de…ned by the equat ion :

 [ () + ( ¡ )0()] = 

or, equivalent ly:
 () + ( ¡ )0() =  ()

The curve () intersects the line ( = ) at the points sat isfying  () =
 (). By assumpt ion, this equat ion is veri…ed only in 0. Therefore the curve
() intersects the line ( = ) only in 0.

[Bourguignon 1981] shows that a necessary condit ion for an equilibrium with
two social classes is 0  ¤ . In this case and for  2 [0 ¤ [ he establishes that
the equat ion () + ( ¡ )0() =  () admits two solut ions 1() and 2()
such that 1() 6  and 2()  . These two solut ions are candidates for per
capita capital values of the two social classes at equilibrium.

All details and just i…cat ions concerning the elaborat ion of thecurve (), the
phaseplan and the dynamics of the system can be found in [Bourguignon 1981].
We have reproduced here the notat ions of [Bourguignon 1981] in order to facil-
itate the consultat ion of this reference at the same t ime as the present paper.

Weassumefor all the following that thecondit ion 0  ¤ is checked because
without it all social classes would necessarily converge. Indeed, in cont inuity
with thework of [Schilcht 1975] and [Bourguignon 1981], our concern is to study
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t he consequences of a persistent inequality, a pat tern that seems to be more
realist ic.

If we consider the product ion parameters as given (i.e. the product ion func-
t ion and the depreciat ion coe¢ cient) then the posit ion of 0 with respect to ¤

depends on the saving behavior, that is, on the funct ion . The intuit ive eco-
nomic interpretat ion of the condit ion 0  ¤ is that the poor class, if it where
alone, would not have the su¢ cient saving propensity to reach the golden-rule
2.

De…ning the funct ion () by theequat ion (1¡ ())1()+ ()2() = ,
[Bourguignon 1981] shows that  is posit ive and cont inuous over ]0 ¤[, t hat
(0) = 0 and lim

! ¤
() = 0. It followsthat () admitsa maximum on ]0 ¤[

denoted , and that under the condit ion 0  ¤, for a stable inegalitarian
equilibrium to exist , we must have inf(1 2)  . This condit ion is also
su¢ cient3 and the inegalitarian equilibrium Pareto-dominates the egalitarian
equilibrium.

Since we have assumed 2  1, t he necessary and su¢ cient condit ion be-
comes 2  . Let us observe that the social class which was init ially poor
will never be able to surpass the rich class. Indeed, assuming that the system
inverts the situat ions along the way, then, by cont inuity of the state variables 1

and 2, it would be necessary that at a certain date these two variables become
equal. Equat ions (1) show that these two variables would then always remain
equal from this date on.

We deduce that 2 const itutes the proport ion of the rich class at the begin-
ning and at the end. One can therefore reformulate the necessary and su¢ cient
condit ion for the existence of a stable inegalitarian equilibrium by saying that
the proport ion of rich must be less than .

3 T he maximal sust ainable propor t ion of r ich

If the proport ion of rich exceeds, [Bourguignon 1981] shows that there can be
only an egalitarian equilibrium Pareto-dominated by the inegalitarian equilibria
achievablewith proport ionsof rich less than . As soon astheproport ion of rich
exceeds , we will see that the economy ends up being trapped in a decline.
For this reason we refer to  as the maximal sustainable proport ion of rich
(MSPOR).

In this sect ion we establish a system of equat ions for calculat ing  . Then,
as example, di¤erent values of  corresponding to di¤erent values of certain
parameters are calculated.

2T his int uit ive int erpret at ion of 0  ¤ ent ails t hat 0 increases with t he saving propen-
sity, what is checked in all t he following. T he precise de…nit ion of t he saving propensity is

given in next sect ion.
3 In fact , Bourguignon assert s t hat inf (1  2 ) 6  is a necessary and su¢ cient condit ion,

but if inf (1  2 ) = , t he st abil it y is lost .
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To calculate , we start from the system (1) replacing 2 by (). From
now on, it is assumed that the system (1) is smooth enough for the funct ions
1() 2() and () to be di¤erent iable. Then we derive the 3 equat ions with
respect to  and we write that 

 = 0.
We have

 = (1 ¡ ())1 + ()2

Deriving with respect to , we get:

1 = ()
(2 ¡ 1)


+ (2 ¡ 1)




+

1



We write that 
 = 0 at , which gives:

 =
1 ¡ 1


2


¡ 1



(2)

Furthermore, the derivat ives of 1 and 2 with respect to  are obtained by
deriving the …rst two equat ions of the system (1):

1


=

" ()(1 ¡ )

 0(1) ¡ 0()
(3)

2


=

" ()(2 ¡ )

 0(2) ¡ 0()
(4)

Last ly, the third equat ion of the system (1) provides:

 =
 ¡ 1

2 ¡ 1

(5)

We obtain equat ions (2) to (5) for the unknowns: 1


 2


  and . By

adding the …rst two equat ions of the system (1), we obtain 6 equat ions for the
6 unknowns 1 2

1

 
2

   and .

It is noteworthy that thevalueof  depends only on theproduct ion funct ion,
the rate of depreciat ion and the saving funct ion, and not on the init ial state of
the economy (i.e. init ial capital and wealth distribut ion).

Since there is no explicit formula for , we have thought useful to take
numerical values for these 3 data (product ion funct ion, depreciat ion rate and
saving funct ion) to illustrateour point and get an idea of theorder of magnitude
of  for these numerical values. It is not argued that the following calculat ions
express the actual situat ion of a part icular country4.

The product ion funct ion is chosen so that the marginal product ivity of cap-
ital can decrease rapidly. The choice is a Cobb-Douglas with a share of the
capital income equal to 0.3. The parameters of the product ion funct ion have
been adjusted so that the capital coe¢ cient is 2.5 for an average per capita

4T he model is st i l l at the rudiment ary st age to lend it self to empir ical work.
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income normalized to 1. Consequent ly, the product ion funct ion per capita is
 () = 3

4
03.

An analyt ic form has been adjusted for the individual saving funct ion to
ensure that it is increasing, convex and that the limit of the marginal propensity
to save equal to 1:

() =  +
1

2
(1 + )( ¡ ) +

1 ¡ 

1 + 

s

0+

·
1

2
(1 + )( ¡ )

¸ 2

This form checks the requested condit ions. The coe¢ cients    and 0 are
adjusted to have the following values for individual savings rates at di¤erent
levels of income:

income 0.1 1 1.5 2
savings rate 7% 15% 20% 30%

By minimizing the sum of the absolute values of the deviat ions, the adjusted
values for    and 0 are:

 = 17105249

 = 00255809

 = 00677230

0 = 01889504

The term "social propensity to save" is used hereafter to indicate thegeneral
state of mind of society about the willingness to save. If funct ion  represents
the saving behavior, the change in the level of the social propensity to save can
be obtained by the form:

() =
1


()

The variat ion of the coe¢ cient  thus represents the variat ion of the overall
willingness to save of society (see the following graph). If  increases, the
willingness to save increases.  is referred to as the " social propensity to save" .
It is obvious, however, that the variat ion of the coe¢ cient  can not in itself
represent all the possibilit ies of modifying the pro…le of the willingness to save.
For example, one can think of an increase in the willingness to save among the
poor at the same t ime as a decrease among the rich. Such a change is not
captured by the parameter  and is not considered in the present study.

If   1 the propensity to save increases for all incomes. It decreases if
  1:

income 0.1 1 1.5 2

savings rate with  = 12 7.8% 16.7% 25.3% 37.1%

savings rate with  = 08 5.8% 13.6% 16.7% 21.8%
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We obtain the following curves that give the individual savings rate as a
funct ion of income for  = 08  = 1 and  = 12:

S( y )

S( 1 .2 y ) / 1 .2

S( 0 .8 y ) / 0 .8

Last ly, the annual capital depreciat ion rate is set at 3.7%.

With the various parameters speci…ed above, the following results for  as
a funct ion of  are obtained by computer:

 1 1.2 1.1 0.9 0.8

 5.44% 1.33% 4.45% 5.35% 4.85%

We see that the MSPOR  decreases quite sharply if the social propensity
to save increases from the reference situat ion  = 1.

For each value of  and with a proport ion of rich equal to , values of per
capita and per class capital and output at inegalitarian equilibrium are given as
well as per capita capital and output at egalitarian equilibrium:

 1 1.2 1.1 0.9 0.8

average per capita capital 8.89 11.75 9.89 8.29 7.86

average per capita income 1.44 1.57 1.49 1.41 1.39

per capita capital of the poor 6.51 10.73 7.98 5.62 5.01

per capita capital of the rich 50.2 87.5 50.86 55.53 63.72

per capita income of the poor 1.33 1.53 1.41 1.28 1.24

per capita income of the rich 3.46 4.61 3.35 3.83 4.36

per capita capital at egalitarian equilibrium 6.25 10.66 7.77 5.35 4.75

per capita income at egalitarian equilibrium 1.30 1.53 1.39 1.24 1.2

per capita capital at the golden-rule 13.18 13.18 13.18 13.18 13.18
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We see that the best situat ion for both the poor and the rich is the situat ion
 = 12, where the social propensity to save is high and the proport ion of
wealthy low. The most damaging situat ion for the poor is the situat ion  = 08
where the social propensity to save is low and the proport ion of rich is quite
high.

We now give the savings rates  () at equilibrium by social class and for
society as a whole, for each value of .

 1 1.2 1.1 0.9 0.8

savings rate of the poor 18.1% 26% 21% 16.3% 15%

savings rate of the rich 53.7% 70.2% 56.2% 53.6% 54%

aggregate savins rate 22.7% 27.7% 24.5% 21.7% 20.9%

We see that , apart from the case  = 12, the aggregate savings rates are
relat ively close. However, thesocial propensit ies to save, individual savings rates
and equilibrium incomes di¤er signi…cant ly. In fact the aggregate savings rate
is a parameter which, considered alone, does not re‡ect the saving behavior.
Other characterist ics are important such as the level of average income, the
distribut ion of wealth and income, or the posit ion in the accumulat ion process
(more or less close to equilibrium). For example, the aggregate savings rate
may increase due to a higher concentrat ion of income while the average income
falls. This may explain the inconclusive result s of the studies on the relat ionship
between aggregate savings rates and income [Dynan-Skinner-Zeldes 2004]. But
it should not be concluded that at the individual level, the savings rate does
not increase as income increases.

4 T he K eynesian decline

We are interested here in what happens when the proport ion of rich exceeds
. After a period of growth, the economy declines towards the egalitarian
con…gurat ion which happens to bePareto-dominated by inegalitarian equilibria,
as showed by [Bourguignon 1981]. We try to see the mechanisms of this decline
through a numerical example.

The parameters of the sect ion 3 are used again: product ion funct ion, saving
funct ion with  = 1 and depreciat ion rate. The following …gureshows the phase
plan if we take a proport ion of rich of 3%, less than the MSPOR which is 5.44%
for  = 1. The init ial per capita capital of the rich class is given the values
0

2 = 5 and 6 then 100, and the init ial per capita capital of the poor class the
value 0

1 = 06. The following trajectories (in green) are obtained:
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0
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6
0

2
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5
0

2
c

%3
2
a

We observe that if 0
2 = 6, the economy is freed from from the path to the

poor egalitarian equilibrium and grows towards the rich inegalitarian equilib-
rium. Whereas if one begins with 0

2 = 5, the income of the rich class is not
su¢ cient to allow a saving capable to release the economy from the path of
egalit arian poverty. This conclusion is not surprising. It is consistent with the
intuit ion that capital weakness can trap the economy into poverty.

It is less immediate to admit that an excess of capital can lead to trapping
the economy in poverty. Yet , if we take a proport ion of rich above the MSPOR,
this is what we observe. This is the case that is interest ing to analyze.

We take 2 = 6%. The curves
n

¢
1 = 0

o
and

n
¢
2 = 0

o
intersect only in the

poor egalitarian equilibrium. The following trajectory is obtained for 0
2 = 50

and 0
1 = 08:
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
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1
c
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2
a

In this set t ing, the rich begin with a per capita capital of 50. They then
climb to more than 90 to …nally plummet to 625 which is the capital per capita
of the poor egalitarian equilibrium. The poor also experience a drop at the end
of the trajectory from 690 to 625. But this decline is less marked and the
overall balance is posit ive for them: from 08 to 625.

To understand the reason for this decline, we are interested in what governs
the capital dynamics for the rich, that is, their savings on the one hand and the
depreciat ion of their capital on the other.
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t ime axis (years)

capital depreciat ion

of the rich

savings of 

the rich

At the start , both classes take advantage of the existence of inequality. In-
deed, the poor bene…t from a good level of product ion made possible by the
capital of the rich, whereas the rich pro…t from a good product ivity of their
capital thanks to the labor of the poor, or in other words, thanks to a st ill
modest macroeconomic capital per capita rat io. The economy is growing con-
siderably.

This strong growth has the e¤ect of an increase in the capital stock and a
rapid decline in capital marginal product ivity. This decline doubly a¤ects the
incomeof the rich in comparison with thecaseof an equal dist ribut ion of wealth.
Indeed, it curbs the increase in product ion, as is also the case in an egalitarian
society where capital stock is growing. But in addit ion to this, it diminishes the
income share of the wealthy acquired through the existence of inequalit ies.

In the above graph, the income and savings of the rich begin to decline
after about 20 years. However, their savings remain abundant. Their capital
therefore cont inues to rise and it begins to fall only after about 50 years of the
date of the decline in income. This discrepancy is the cause of an excessive
accumulat ion which leads to a situat ion where it is no longer possible to cover
the depreciat ion of capital by saving. The decline then begins and it is no
longer recoverable. In fact , this dynamic depends on the comparison between
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t he decline in the product ivity of capital and the increase in the depreciat ion of
capital. It should be noted that at the macroeconomic level, average per capita
capital does not reach the golden-rule stage beyond which capital product ivity
falls below depreciat ion rate. Thus, inequality makes the economic growth stop
before reaching the golden-rule stage. But it will be seen below (sect ion 5) that
inequality can also make it possible to approach thegolden-ruleby compensat ing
the weakness of the savings of the poor class.

Thus the init ial abundance of wealth is the very cause of subsequent decline.
A smaller proport ion of rich in the beginning could have delayed capital growth
and marginal product ivity decline so that the economy stabilizes without tum-
bling into poverty, as the case 2 = 3% shows.

Themechanism of thisdeclineremindsoneof thedescript ion in [Keynes 1936],
of the decline that occurs when there is too much unevenly distributed wealth.
That ’s what hecalls " theparadox of poverty in the midst of plenty, whereexces-
sive wealth and saving of the rich can lead to a decline in both aggregate wealth
and savings" [Keynes 1936, chapter 3, sect ion I I]. In this regard, he asserts that :

“ . . . the richer the community, the wider will tend to be the gap
between it s actual and its potent ial product ion; and therefore the
more obvious and outrageous the defects of the economic system.
For a poor community will be prone to consume by far the greater
part of its output , so that a very modest measure of investment will
be su¢ cient to provide full employment; whereas a wealthy commu-
nity will have to discover much ampler opportunit ies for investment
if the saving propensit ies of its wealthier members are to be compat-
ible with the employment of its poorer members. If in a potent ially
wealthy community the inducement to invest is weak, then, in spite
of its potent ial wealth, the working of the principle of e¤ect ive de-
mand will compel it to reduce its actual output , unt il, in spite of its
potent ial wealth, it has become so poor that its surplus over its con-
sumpt ion is su¢ cient ly diminished to correspond to the weakness of
the inducement to invest .”

The decline in investment opportunit ies in this paragraph of Keynes corre-
sponds in the present model to declining product ivity as capital accumulat ion
progresses. However, there is no quest ion of capital depreciat ion in this para-
graph of Keynes, but of underemployment .

Other elements generally present in Keynesian economics, such as demand-
driven economy, monet izat ion of savings, short-term e¤ects, expectat ion prob-
lems and rigidit ies, are not included in the present model of neoclassical essence.
It is remarkable that , despite this, the decline does occur anyway.
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5 T he propor t ion of r ich and t he aggregat e sav-

ings rat e

A number of economists share the view that greater inequality, by shift ing in-
come toward more saving agents, increases the aggregate savings rate, thus
accelerat ing capital accumulat ion and growth. This idea can be found, for ex-
ample, in [Barro 2000].

On the contrary, more recent opinions reconnect with thevision expressed in
Keynes‘s quote (sect ion 4) and att ribute a less posit ive role to inequalit ies with
respect to their impact on the economy and consequent ly saving [St iglitz 2011,
Ostry-Berg-Tsangarides 2014].

It should be noted that what is generally referred to as " inequality" is meant
to describea situat ion with a large incomegap between rich and poor. This con-
cept of inequality is not only dependent on the proport ion of rich. It can evolve
even in the opposite direct ion to the proport ion of rich if one keeps personal in-
comes constant and if one measures inequality by the Gini index. However, this
sect ion only examines therelat ionship between theproport ion of rich and theag-
gregatesavings rate, what is nevertheless a topical issueasthenumber of billion-
aires has doubled since 2008 …nancial crisis [Oxfam report “ Even It Up” 2014].

Within the present framework, we show that if we start from an egalitarian
situat ion and introduce a t iny proport ion of rich people, the aggregate savings
rateat equilibrium improves signi…cant ly. But if westart from a situat ion where
there are already some rich people, the addit ion of new rich people deteriorates
the income and the aggregate savings rate at equilibrium.

[Bourguignon 1981] shows that , for a given proport ion of rich 2 sat isfying
0  2  , the possible equilibria are pairs (1 2) each consist ing of an un-
stable equilibrium 1 and a stable equilibrium 2 with 2  1. We deduce that
the equilibrium determined by (2) = sup f () = 2g is a stable equilib-
rium. As stated in [Bourguignon 1981], the equilibrium  Pareto-dominates all
t he other equilibria where the proport ion of rich is 2.

Let us show that the equilibrium capital (2) and the aggregate savings
rate are decreasing as funct ions of 2 as long as 2  0:

At equilibrium, aggregate savings are necessarily equal to the depreciat ion
of the total capital:

 = 

The aggregate savings rate as a funct ion of  is therefore () = 
()

. It is

easily checked that () is an increasing funct ion of  because  is concave and
posit ive. We now prove that (2) is a decreasing funct ion of 2, which will
establish the decrease of the aggregate savings rate  as a funct ion of 2.

Suppose not. There would be two real numbers   in ]0 1[ such that   ,
which would check ()  () or () = (). Suppose ()  (). De…ne
the funct ion () = () ¡  on the interval

£
() ¤

¤
. The funct ion () is
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assumed to be cont inuous on [0 
¤] (by set t ing (¤) = 0 - for the de…nit ion

and propert ies of A, see sect ions 2 and 3).
Wehave(()) = (()) ¡  = ¡   0 and (¤) = (¤) ¡  = ¡   0.

The funct ion  being cont inuous, there would exist  in
£
() ¤

¤
such that

() = 0. We would have() ¡  = 0, with  > ()  (). This contradicts
the de…nit ion of () = sup f () = g. We thus have () > (). In fact ,
we have ()  (). Indeed, since  is cont inuous, we have (()) = . If
we suppose () = (), then (()) = (()), which implies  =  and
cont radicts   . QED

We now show that the limit of (2) when 2 ! 0 is ¤:
Since the funct ion () is decreasing, it has a limit when 2 ! 0. We show

that this limit is ¤. Consider an increasing sequence  which tends to ¤ from
the left . Denote  = (). The funct ion  being posit ive on ]0 ¤[ and
cont inuous on [0 ¤], the sequence  is posit ive and tends to 0. Moreover
() > . So () ! ¤, what shows that the limit of  when 2 tend to 0
from the right is ¤. QED

Therefore, when the proport ion of rich decreases, the average per capita
capital tends to thegolden-rule level, wheretheaveragenet income ismaximum.
The limit of the aggregate savings rate is the golden-rule’s savings rate (¤) =
¤

 (¤ )
. In the Cobb-Douglas case, this rate is equal to the share of capital, which

is 03 in our numerical simulat ion.
It is remarkable that this result does not depend on the saving funct ion,

provided it is increasing and convex. It should be noted that in our inegali-
tarian economy, this rate does not correspond to the individual savings rates.
The poor save less and the rich save much more. But it happens that capital
is dist ributed mechanically during the growth process so that the equilibrium
approaches spontaneously the golden-rule.

However, while it is t rue that the decline in the proport ion of rich increases
the aggregate savings rate and brings the economy closer to the golden-rule,
the total suppression of the rich reduces this rate and drops the economy in a
situat ion Pareto-dominated by all the inegalitarian situat ions.

In the case  = 1, the following graphs represent the aggregate savings
rate, the rat ios of income and capital between rich and poor as funct ions of the
proport ion of rich 2:
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a2

aggregate savings rate at equilibrium as a funct ion of a2

a2

rat io of income between rich and poor at equilibrium as a funct ion of a2
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a2

rat io of capital between rich and poor at equilibrium as a funct ion of a2

The relat ionship between the aggregate savings rate at equilibrium and the
proport ion of rich is thus cont rary to the immediate impression that wealth
increases savings. This …nding supports the idea, suggested by Keynes’s quote
(sect ion 4), that excessivewealth creates poverty. However, it does not advocate
egalitarianism since it also shows that a su¢ cient ly small proport ion of rich
makes it possible to approach the level of savings of the golden-rule and to
rescue the economy from egalitarian poverty.

6 T he paradox of t hr i ft

What has been called " Keynesian decline" presupposes that above a certain
point , saving plays a counterproduct ive role. This phenomenon is known as the
" paradox of thrift " . According to [Keynes 1936, Chapter 23, Sect ion VII], the
existence of this paradox has been the subject of controversy between econo-
mists. Indeed, it is not easy to admit that abundance can create scarcity when
one is accustomed to reasoning in terms of supply-demand balance.

[Keynes 1936, Chapter 23, Sect ion VII] presents the fable of the bees of
Mandeville where he sought to explain the counterproduct ive e¤ect of an excess
of savings, as well as the host ile react ions of some English authors of the 18th
century. St ill according to [Keynes 1936], controversy cont inued in the 19th
century between Ricardo and Malthus in the form of a debate on the possibility
of a situat ion of overproduct ion, which amounts to a debate on the paradox of
thrift . Indeed, if there is overproduct ion, there is under-consumpt ion therefore
over-saving. After theFirst World War, Hayek and Schumpeter stood up against
the paradox contrary to Keynes [Hayek 1931, Earley 1994]. Today, opinions
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st ill seem to be divided. On the side of the paradox, we …nd for example
[Krugman 2009] and the sept ic side we …nd [Barro 2000].

In this sect ion we examine numerically the relat ionship between the social
propensity to save and the average income at equilibrium, the proport ion of
rich being …xed. The social propensity to save  varies from 08 to 12. The
proport ion of rich is2 = 3%. Weobtain the following graph for theequilibrium
net income  = () ¡ :

social propensity to save

net income at equi librium

income increases 

with the propensity 

to save

income 

decreases with 

the propensity to 

save

inequali ty equali ty

We observe that there is an opt imal value for the social propensity to save
¤ = 1 064 (with a maximum error of 10¡ 3). The net equilibrium income for
 = ¤ is then  = 11356. This income is slight ly less than the net income
of the golden-rule ¤ = 1 1380. But it is much higher than the egalitarian net
income for  = ¤, which is 0(¤) = 1 0880.

Beyond ¤and before reaching  = 1 155 net income declines although
the economy remains in the inegalitarian and rich part . At  = 1155, the
economy crashes sharply in the egalitarian and poor area. It looks like the
Marxist t ransit ion from capitalism to socialism, but without the class struggle!
To recover once in the egalitarian st ructure, it would require a social propensity
to save of about  = 1 26, what means an increase in aggregate savings rate
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from 23% to 30%. Also observe that the decline in the inegalitarian situat ion
begins at (¤) = 11652, whereas in the egalitarian situat ion it begins only
when the economy is overaccumulated, i.e. when capital exceeds the golden-
rule level ¤ = 13182

To sum up, if the social propensity to save is not very high (less than ¤),
the int roduct ion of a proport ion of rich by 3% makes it possible to signi…cant ly
exceed theegalitarian net income and to approach thenet incomeof the golden-
rule. But this gain may quickly vanish if the social propensity to save increases.

7 Conclusion

This study highlighted one aspect of the consequences of inequality on the
macroeconomic relat ionship between savings and income in a basic neoclassical
model. Inequality is at the same t ime useful and harmful. It is useful because
it makes it possible to achieve an aggregate income out of reach if the savings
of the majority class is insu¢ cient . It is harmful in the sense that it renders the
economic equilibrium that it has achieved fragile. Indeed, the economy risks a
great decline if the size of the rich class or the social propensity to save exceeds
certain thresholds. This decline is due to a speci…c art iculat ion between the
rate of decline in the product ivity of capital and the rate of increase in the de-
preciat ion of capital. The dynamics of such a decline reminds one of Keynes’s
descript ion of the consequences of excess savings in a context of inequality. It is
noteworthy that this decline takes place in a neoclassical model that does not
include key Keynesian elements such as saturat ion of demand, monet izat ion of
savings, short-term e¤ects, expectat ion problems, involuntary unemployment
and rigidit ies. It is remarkable that the decline does occur anyway.

The following direct ions should be further explored: taking into account
taxat ion, technical progress, imperfect compet it ion and rent seeking behavior.
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