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ABSTRACT

In this document, we set out the details for extending the New Area-Wide Model
(NAWM; cf. Christoffel, Coenen and Warne, 2008) with a non-zero import content
of exports. We first describe the technology used by the intermediate-good firms for
producing their differentiated outputs sold abroad. We then formulate the modified
market clearing conditions as well as the aggregate resource constraint for the extended
model. Finally, we outline the computation of the modified steady state.
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The Intermediate-Good Firms’ Optimal Choice of Inputs

By GUNTER COENEN AND IGOR VETLOV*

In this note, we describe the technology used by the intermediate-good firms for producing
their differentiated outputs. In extension of the baseline version of the New Area- Wide
Model (NAWM), we allow for a non-zero import content of the intermediate goods that are
sold abroad. We then characterise the firms’ optimal choices of capital and labour inputs,
and present the implied marginal cost schedules. We finally report the log-linearised versions
of all expressions.

Technology

There is a continuum of monopolistically competitive firms indexed by f € [0,1], each of
which produces a differentiated intermediate good Y;; with an increasing-returns-to-scale

Cobb-Douglas technology that is subject to fixed costs of production, z; v,

Yie = max e (K" (2 Npo)' ™ = 29, 0], (1)
utilising as inputs homogenous capital services, K Fi that are rent from households in
fully competitive markets, and an index of differentiated labour services, Ny ;, which com-
bines household-specific varieties of labour that are supplied in monopolistically competitive
markets. The variable €; represents a transitory technology shock that affects total-factor
productivity, while the variable z; denotes a permanent technology shock affecting the pro-
ductivity of labour. Both shocks, and the fixed cost of production, are assumed to be
identical across firms. The fixed cost is scaled by the permanent technology shock to guar-
antee that the fixed cost as a fraction of output do not vanish as output grows.!

The permanent technology shock, which introduces a unit root in the firms’ output, is

assumed to evolve according to the following serially correlated process,

90 = (1=pg.) gz + pg. gza—1 +nj", (2)
where g, = 2;/2;—1 represents the (gross) rate of labour-augmenting productivity growth

with steady-state value g,.

*Econometric Modelling Division, Directorate General Research, ECB.
!The parameter 1 will be chosen to ensure zero profits in steady state. This in turn guarantees that
there is no incentive for other firms to enter the market in the long run.



The differentiated intermediate good Yy; can be sold to domestic producers of final
goods or it can be combined with imported foreign intermediate goods, IM Jfg, and then be
sold abroad; that is, exported. The import content of the exported intermediate good is
modelled by assuming that the production of the exported good X ; features the following

CES production technology:

X

1 px—1 1 px—1 nx—1
Xpe = ((ux,mx (7)™ + (= vxn)ix (IMF) ) : (3)

where H ;(t and IM ;(t are respectively the domestic and the foreign intermediate-good inputs

used in the production, the latter input being given by the index
1 1 o
X X, *
ngf = ([ (ng) 7 ar) (1)
where the possibly time-varying parameter ¢f is inversely related to the intratemporal
elasticity of substitution between the differentiated goods supplied by foreign exporters,
with 6 = ¢ /(¢f — 1) > 1.
In the production technology (3), the parameter px > 1 is the intratemporal elasticity
of substitution between the domestic and the foreign intermediate-good inputs; and the
possibly time-varying parameter vx; € [0,1] measures the home bias in the production of

the exported good.

Inputs and Marginal Costs

Taking the rental cost of capital Rk and the aggregate wage index W; as given, the
intermediate-good firms optimal demand for capital and labour services must solve the
problem of minimising total input cost Rx ¢ K f7t+(1+7'twf) Wi Ny, subject to the technology
constraint (1). Here, Tth denotes the payroll tax rate levied on wage payments (representing
the firms’ contribution to social security).

Defining as MC't; the Lagrange multiplier associated with the technology constraint (1),
the first-order conditions of the firms’ cost minimisation problem with respect to capital

and labour inputs are given, respectively, by

Yie+ 29
o Lt TEY

KS MCfvt = RKvt’ (5)
fit



or, more compactly,
Lo K _ Rt . (7)
1—a Ny 1+,
The Lagrange multiplier MC't; measures the shadow price of varying the use of capital
and labour services; that is, nominal marginal cost. We note that, since all firms f face

the same input prices and since they all have access to the same production technology,

nominal marginal cost MC'y; are identical across firms; that is, MCy; = MC; with

MO = o s ) (4 W ®)

Similarly, to determine the optimal demand for the domestic and foreign inputs in the
production of exports, an intermediate-good producer must solve the problem of minimising
total input cost MCyH ])cft + Py IM ;(t subject to the technology constraint (3), taking the
prices of the inputs, MC} and Ppyy, as given.

Defining as MC])cft the Lagrange multiplier associated with the technology constraint (3),
the first-order conditions of the firm’s cost minimisation problem with respect to domestic

and foreign inputs are given by
1

(X \ MY
MC;ft(Vx,t)“X <H—];(t> = MGy, (9)
f?t

1

a2 [ X 3¢
MC])cft (1 —vxy)rx < fit ) = Py (10)

IMJ{(t

The above optimality conditions determine firm’s f demand for domestic and imported

intermediate goods:

Mc, \ "
HfYy = wxy <MC}¥> Xfts (11)
i
X = (1 P _MXX 12
f7t - ( _vat) MC;( fvt' ( )
R

Substituting (11) and (12) into the production technology (3), we can express the La-

grange multiplier, or nominal marginal cost, MC’])ft, in terms of the given input prices:
1
MCF, = (v (MC)' ™% 4 (1= v ) (Prare) 4% ) 0 (13)

3



Again, since all firms f face the same input prices and the same production technology,
nominal marginal cost MC’])ft will be identical across firms; that is, MC’])ft = MC’tX .
Finally, recalling that IM ft represents an index of imported differentiated intermediate

goods, the demand by firm f for the imported good IMy«; is given by

*

Pt

Porges) 70
J Y N A T (14)
’ Py ’

where Ppy ¢+; and Ppys denote the price of the imported differentiated good f* and the
aggregate import price index, respectively. Hence, the aggregate demand by domestic pro-

ducers for the imported good is given by

*

Pt

1 P . 750*—1
M, = /OIMii:Z df = (ﬁ) LM, (15)

where IMX = [} IMF, df .

The Log-Linearised Equations

We now present the log-linearised versions of production technologies (1) and (3), the com-
bined first-order condition (7) and the optimal demand relations (11) and (12), which jointly
characterise the firms’ optimal choice of inputs, and the marginal cost schedules (8) and
(13). We first transform all variables into stationary quantities, and then proceed with the
log-linearisation of the resulting expressions around the deterministic steady state. In so
doing, the firm-specific index f can be dropped because all firms choose identical inputs in

equilibrium.

Transformation of Variables

Because of the assumed unit-root technology of the intermediate-good firms, output and
factor inputs contain a real stochastic trend. Similarly, since we allow for a unit-root in
nominal variables, the wage index and the rental rate of capital contain a nominal stochastic
trend. To render the relevant variables stationary, we scale all variables that contain a real
trend with the level of productivity z;, while we scale all variables that contain a nominal

trend with the price of the consumption good Fc .



In order to simplify notation, we introduce the convention that all scaled variables are
represented by lower-case letters, rather than by the upper-case letters used so far. For
example, we use y; = Y;/z to denote the stationary level of output, while we use rg; =
Rk +/Pcy to represent the rental rate of capital relative to the price of the consumption
good. Note that, since the quantity of labour services is assumed to be stationary, the wage
index is non-stationary reflecting productivity trends; and thus the latter needs to be scaled
with z; to become stationary. Accordingly we define wy = W, /(2 Pc ). Furthermore, as an
exception to be motivated elsewhere, we define kf = K /z ;.

With these conventions, and assuming that domestic production is positive, the

stationarity-inducing transformation of the production technologies results in:

y = e(goy k)N =, (16)
1 px—1 1 px—1 ug()il
o ((nyt)“x () ™ 4 (1 =) Px (imf) ) (17)
Similarly, the transformation of the combined first-order condition (7) yields:
a gzt Ny Kt
’ = — (18)
l-a kf (1+Ttm)wt

while using the optimal foreign demand schedules for the differentiated domestic intermedi-
ate goods (11) and (12), and integrating over the continuum of domestic intermediate-good

producers, the transformation of variables yields:

me —HX
t
hg( == VX,t SX,t ( X) Tt, (19)
mc;
Pim o
) it
sz( = (I—vxt)sxe ( X) T, (20)
me;
where the variable
X

_ Tt
1 P X _q
Sxt = / ( ;(—’f’t ) i df (21)
0 Xt

measures the degree of price dispersion across the differentiated goods f sold abroad.

Finally, the transformed marginal cost schedules are given by:

men = e e (R ) 22
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1
mcf( = (yxyt(mct)lf“x +(1- Vx,t)(PIM,t)P”X) X

Log-Linearisation around the Deterministic Steady State

(23)

Indicating the percentage-point deviation of a variable from its steady-state value by a

hat (“7’) and implicitly defining the steady-state value of a variable by dropping the time

subscript, we obtain the following log-linearised expressions for the production technologies

(16) and (17), the relations (18), (19) and (20) characterising optimal factor inputs, and

the marginal cost schedules (22) and (23):

Go= Q+vy ) (EB+al —g0+0-a)Ny),
X = X :
L (h X 4 (4 BX
Ty = (vx)rx <—> R + (1 —vx)Px (zm ) zmtX
x
X\ X
1 KX 1 ) KX
n 1 (v )X (h_) Vx (1= vx)ix (zm )
px —1 x 1-vx T

~ ~ = _1 W —~ -~
Pt = ot + N+ QA+ @y — kS,

T)

5|~

~x R
hi =z — px (me, —me; ) + — Ux,
vx

—~X N N - 1
my = Ty — UX (pIM,t - me() -

~

Vxt,

— vy

/ﬁl‘\ct = _gAt‘i‘Oé'FK,t‘i‘(l—a) ((1—|—7’W/f)*1ﬁm+wt)’

1-px
__x me _
me; = vx ( ) mer + (1 —vx) (

pIM,t
meX )

) )e
1 — X meX meX Xt

(24)

(28)

(29)
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Market Clearing and Aggregate Resource Constraint

By Giinter Coenen and Igor Vetlov*

In this note, we formulate the market clearing conditions and the aggregate resource con-
straint for an extended version of the New Area- Wide Model (NAWM) which allows for a
non-zero important content in the domestic intermediate goods sold abroad.

Market Clearing Conditions

Market Clearing in the Labour Markets
Each household h acts as wage setter in a monopolistically competitive market. Hence, in
equilibrium the supply of its differentiated labour service needs to equal intermediate-good

firms’ demand,
! h h
Noi = /O NI df = NP (1)

Aggregating over the continuum of households h, we have

1 1
/ Nisdh = / NP dh
0 0

LW\~ 2l
- Dt ) e N dn
/0 ( Wy ) '

= Swit Ny, (2)

where the variable

1w _el
h,t oW -1
Swit = / ( —_— ) v dh 3
t 7 (3)
measures the degree of wage dispersion across the differentiated labour services h.

Given the optimal wage-setting strategies for the households, the measure of wage dis-

persion evolves according to

W, i W, I e
swe = (1—&w) <—t> ' +5W( L it ) swi-1, (4)

xw o riexw
Wi Wi1 TIEY (11,

*Econometric Modelling Division, Directorate General Research, ECB.



where W; denotes the optimal wage contract chosen by those households that have received
permission to reset their wages in period ¢, and Ilcy = Pot/ Pc,t,l.l
As regards the total wage sum paid by firms to the households, we have

w
Pt
1 ! Whie\ oV -1
/ Wh,t Nh7t dh = Nt / Wh,t ( h,t ) gpyv 1 dh
’ 0 Wy

= W, N, (5)

where the first equality has been obtained using the aggregate demand for labour services
of variety h, while the last equality has been obtained using the properties of the wage

index W;.

Market Clearing in the Intermediate-Good Markets
Each intermediate-good producing firm f acts as price setter in domestic and foreign mo-
nopolistically competitive markets. Hence, in equilibrium the supply of its differentiated

output needs to equal domestic and foreign demand,
Yyo = Hp+Hpy, (6)

where H ])cft refers to the domestic component of the output sold abroad, which is given by

MC —KBXx
: ) Xii (7)

X _
Hy, = vxqu (M—Ctx

with
_ e
P X
Xpe = <PX—ft> X (8)
Xt

Aggregating over the continuum of firms f, we have

1 1 1
Yt:/o i df = /OHf,tdf+/O HY, df

H X
S MG, \ 5 ( Py \
t t t t t
- SH.f Hydf +vxy |t / LXS X,d
/0 < Pyy ) edf +vxi <MCtX> 0 ( Px ) v

MC, ) ’ ©)

= syt Hi+vxisx <M—C’tX

Notice that sw,: is equal to one in steady state and fluctuations in sw,; do vanish in the log-linearised
version of the model.



where the variables

oH

1/ p 7_Ht_1
SH-
SHi = / <_va¢> Ldf, (10)
0 Py
e
1 P X _1
oy = / (X_ft> . 1)
0 Px

measure the degree of price dispersion across the differentiated goods f sold either domes-
tically or abroad.
Given the optimal price-setting strategies for intermediate-good firms, the two measures

of price dispersion evolve according to

~ __%t ek
Py eil -1 1§78 ot
sgr = (1—-&u) | 5— §H — SHt—1, 12
t ( ) <PH,t> my, T ! (12)
~ __%t ;g(l
Px | # -t ITx ¢ e
sxt = (1-&x) | 5— Ex —— SX,t—1, 13
t ( ) (PX,I‘,> H;(()ft_ll—[i XX t ( )

where PH,t and ISXJ denote the optimal price contracts chosen by those firms that have
received permission to reset their prices in their home and foreign markets in period ¢, and
Upt = Put/Pri—1 and llx: = Px+/Pxi-1.2

Similarly, in nominal terms we have

1 1 1
Py, Y, = /0 Py gy Hypdf + /0 Sy Py pi Xprdf — /0 Ppy IM7, df (14)

of! vp

1 Prygr\ #f-1 1 Px i\ ¢t
= H, / P, — df + X; S, / P — d
v, Prg ( Pt ) If S | P Py If

)

X
_ %t
P\ VO Px i) ot

— (1 — VX,t) PIM,t < —MCtX> Xt /0 —PXJ/ df

Py _MXX
MCX !

= PyiH + St Px: Xe — (1 —vxy)sxe Pt (

PIM —HX
= PpiHi+ | S Pxy— (1 —vxy)sx, Py ; X,
MC;

*Notice that s, and sx,¢ are equal to one in steady state. Furthermore, fluctuations in s, and sx,q
do vanish in the log-linearised version of the model.



where the second equality has been obtained using the aggregate demand relationships for
the domestic intermediate goods sold in home and foreign markets, Hy; and Xy, and the

domestic component of the latter IM }{(t, with

P]M —KBXx
X _ )t
M7, = (1-vxy) <M—Ctx> Xpt (15)
and o
P X
Xpp = <PX_ft> X, (16)
Xt

while the third equality has been obtained using the properties of the aggregate price indexes
Py and Py ; and the previous result on the price dispersion of the intermediate goods sold

abroad.

Market Clearing in the Imported-Good Markets

Each foreign exporter f* acts as price setter for its differentiated output in domestic mo-
nopolistically competitive markets. Hence, in equilibrium the supply of its differentiated
output needs to equal demand, IMps;.

Aggregating over the continuum of firms f*, we have

_ e
1 1 P N eF—1
/ IMys df* = / <IIDM7H> C M df? (17)
0 0 IM ¢
= SIMt IM;,
where the variable
et
1 P . pF—1
0 Py

measures the degree of price dispersion across the differentiated goods f*.
Given the optimal price-setting strategies for intermediate-good firms, the measure of

price dispersion evolves according to

*

o

o [ Poae 7 15573 e
spry = (1—¢&9) | =2 +¢ X—_tl,x SIMt—15 (19)
Py My 10

where PIM’t denotes the optimal price contracts chosen by those importers that have received

permission to reset their prices in period ¢, and I = P / PIM’t_1.3

3Like in the case of the domestic intermediate-good producers, spy.+ is equal to one in steady state and
fluctuations in sms,+ do vanish in the log-linearised version of the model.



Market Clearing in the Final-Good Markets

Market clearing in the fully competitive final-good markets implies:

Qf = G, (20)
Q{ = I +Ty(w) Ky, (21)
QY = G (22)

Market Clearing in the Capital Market and Distribution of Profits
Market clearing in the rental market for capital services implies that the effective utilisation

of capital by households satisfies

1
wK, = / K3, df = K;. (23)
0
As to the distribution of profits to households, we have

1 1
Dt = /0 -DH,f,t df + /0 DX,f,t df (24)

= PuyHi+ S Px Xe — MCy (spe He + 1 2) — MCtX (sx,¢ Xt)- (25)

or, written as profit share,

Dy Py ﬁ S¢Pxy Xy MCy sy Hy +1 2 B MCtX sx,t Xt

Py:Y;  Py: Yy Pyy Yy Py Y; Pyy Y

(26)

SDt =

Market Clearing in the Domestic Government Bond Market
The equilibrium holdings of domestic government bonds evolve over time according to the
fiscal authority’s budget constraint, reflecting the fiscal authority’s need to issue debt in

order to finance its deficit.

Market Clearing in the Market for Internationally Traded Bonds
At a given point in time ¢, the supply of internationally traded foreign bonds is fully elastic,
while the holdings of foreign bonds are zero in steady state reflecting the existence of an

financial intermediation premium.

Log-Linearisation around the Steady State

Transformation and log-linearisation of the relevant market clearing conditions (9), (20),



(21), (22) and (23) yields:*

R h hX
Y Yy
qf - 6t7 (28)
. Lk
@ = i+reprlys! o — Uy, (29)
@i = G (30)
and
ur+ ke = ki, (31)

where we recall that T, (1) = v,1 = rx p; -

Similarly, rewriting the profit share in terms of stationary variables,

PHt I xy  mep sgphe + meX SX,t Tt
Spt = LU StPxt— — —— - ) (32)
Pyt Yt Yt Pyt Yt Pyt Yt

we obtain the following log-linearised expression for the profit share:

N PH D . . T P
Spt = @ —— (th+ht Dyt — Ut) + spx— (8t +Dxt + Tt — Ut)
by Yy )
meh R N me , __ N R
— = (M, + hy — Py — i) — —— (M, — Pvy — )
by Yy by Yy
X
me>X x R R
- = (M + Ty — Py — Br)- (33)
by Yy

Aggregate Resource Constraint

The market clearing conditions, jointly with the budget constraints of the households and

the fiscal authority, imply the following aggregate resource constraint:

Py;Y, = PgiH+ S PX,tXt—PIM,tIMtX (34)
= PciCy+ Pry (I + Ty(ue) Kt) + Pot G + S Pxt Xy

1-T IMC /1Q¢ — T (IM]/QF
~ Pors (IMto TWo< MELQE) | gy L= Dot UME/QD) )
F[MC( Mt /Qt) IMI( M /Qt)

where

1
MY = / IM7, df, (35)
0

4For details, see, e.g., Christoffel and Coenen, 2006a, “The Households’ Optimal Choice of Allocations”,
mimeo, ECB.



with IM f(t being determined by equations (15) and (16).
Appropriate transformations and subsequent log-linearisation of the aggregate resource

constraint yields

PoC

PrK

Pyi+ U @ +A)+PII(A +7) + a (36)
= e C E— 1 U
Pyt T Yt Py Y bcit t Py Y Pt t Py Y Yu,1 Ut
PoG N SPxX - .
+ Py Y (PGt + ) + By (8t + Dyt + Px,t + Tt)
Py IMC —~C —~C —~C
TRy (PIM,t +umy + e (th — G —imy_y + @th))
Poy IMT —~1 ~1 g I .
TRy (pIM,t +my + Yyt (Wlt - qz{ —1my_q + qz{fl))
Ppy IMX —~X
- PY7Y (pIM,t + 1y ) )
where
—~X ~ ~ ~ X 1 ~
imy, = T¢— pux (D —mep ) — 1 Ux t. (37)
—Ux
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Computation of the Steady State

By GUNTER COENEN AND IGOR VETLOV*

In this note, we outline the computation of the steady state for an extended version of the
New Area-Wide Model (NAWM) which allows for a mon-zero import content of domestic
intermediate goods sold abroad. Our strategy is to reduce the steady-state version of the model
to a system of seven equations consisting of relations characterising the equilibrium in the
labour, capital and goods markets as well as the system of equilibrium relative prices. For
given import prices, these relations allow us to solve simultaneously for the steady-state
values of the capital stock, k, consumption purchases, c, hours worked, N, the relative price
of the investment good, Pr/Pc, the relative prices of the domestic intermediate goods sold
domestically and abroad, Pr/Pc and Px/Pc, and the relative price of aggregate production,
Py /Pg, with all prices being expressed relative to that of the consumption good*

The Households’ Optimal Allocations

We start by stating several first-order conditions characterising the households’ optimal
allocations in steady state. Because of the assumed unit-root technology and the unit root
in prices, all variables that contain a real trend are scaled by the level of productivity z
(with trend growth rate g,), while all variables that contain a nominal trend are scaled by
the price of the consumption good Pc.

The first-order condition characterising the households’ optimal purchases of the con-

sumption good then yields:

1
YT U eenase W

Similarly, from the first-order condition characterising the optimal purchases of the

investment good we obtain:

Py

o= 2)

*Econometric Modelling Division, Directorate General Research, ECB.
The computation of the steady state follows closely a solution strategy proposed by Paolo Pesenti.



From the first-order condition characterising the optimal holdings of capital we can

derive the following steady-state expression for Q):

1—7K R
Q = 1 K —K (3)
g0 1+d—-1—-750 Po

Evaluating the first-order condition for the capital stock in steady state and making use

of the first-order condition for the optimal utilisation of capital,
RK = Yu,1 PI) (4)

we can determine the first derivative of the capital adjustment function:

Bk Fo

Yu,1 PC PI

1 _
= % (987 +5-1-750). (5)
Finally, we note that the capital accumulation equation can be written as

i o= (1—1_5>k. (6)

9z

Labour-Market Equilibrium

On the labour-supply side, the first-order condition characterising the households’ optimal

wage-setting decision yields the following (Lerner) relation:

W N¢
(1—TN—TWh)PCZ = V. (7)

Using the first-order condition (1), we can re-write this relation as

w

(1 -7 =7 = VN (1+79) (1 -krg e (8)
Pcz
or, alternatively,
W 1+7_C -1 w ¢
Pz TN o, I—rg)p" Noe 9)

Regarding the characterisation of labour demand, we utilise the combined first-order

conditions characterising the intermediate-good firms’ optimal choice of inputs:

Rk /Pc _ a N

A+ W/(Fez)  (—a) k7

2



or, alternatively,

%% l—-a kN' Ry

= — 11
Pz a g (1+7") P (11)

Combining (9) and (11), we obtain the following equilibrium relation for the labour

market:
1+7¢ W 1—ag;'kN-! Ry
1— NS¢ = z —. 12
TN oy, (L—kg)e" Noe o 1+ Po (12)
Re-arranging and using (5), we obtain
14+ 7¢ 1y W ArCHL -1
gzm(l—ﬁgz )" NoTick™ =
l—a 1 1 1 K o\ Pr
o0—1—-726)—=—. (13
o 1—|—TWf1—7'K(gZﬂ + i )Pc (13)
We can re-write this expression as follows:
(% 1+ TC -1 1+ TVVf w — PC
1— — L OWNGHL et 22 = 14
gzl—al—TN—TWh( K3, ) Va1 ¥ ¢ Py ( )
Using the definition
o 1+7¢ 1+ w
® = 1 — 15
T Ty () (15)
we finally obtain:
¢ AN P

Capital-Market Equilibrium

Combining the first-order condition characterising the intermediate-good firms’ optimal

demand for capital services,

N\ R
11—« K
_ Or 1
9 <k) MC’ a7

and the first-order condition characterising the intermediate-good firms’ optimal price-

setting decision in domestic markets,



we obtain the following equilibrium condition for the capital market:

E\'""* R P
— e (M 2K H ZC

Using (5), we can re-write this equilibrium condition as

ey (RN P Po
a = g, (=) (N) Yu,1 @HP—CE (20)

Goods-Markets Equilibrium

As regards the production of intermediate goods, the following real resource constraint holds

in steady state:
g kKON — ) = B+ RN, (21)

where h*X denotes the amount of domestic intermediate goods used in the production of the

intermediate goods sold abroad, which is determined by the following demand equation:

Py Po o~ T
I A . 292
vy (PC o) e (22

Here, the parameters o and X denote the intermediate-goods firms’ markups over the
marginal cost of producing goods for respectively domestic and foreign markets.?
Similarly, the demand for imported intermediate goods used in the production of the

intermediate good sold abroad is given by

P, P —HX
im® = (1-vx) (%P—;&) z. (23)

At the final-goods producers’ level, the demand for the bundles of domestic intermediate

goods used in the production of the consumption and the investment good, respectively, is

given by

P\ —HC
e = ve (—H) c (24)
Pc

2Notice that we have used the fact that the demand for domestic intermediate goods used for producing
the intermediate goods sold abroad depends on the ratio of the marginal costs of producing the domestic
intermediate goods and the intermediate goods sold abroad, which, in steady state, are given by Py /™
and Px /o™, respectively.



and
Py Po\ H ,—1+90
o= <_H _C) <u k:> : (25)

where we have used relation (6).

Similarly, the demand for the bundles of the imported intermediate goods is given by

el
im€ = (1-we) <P’—M> c (26)
Po
and
Pny Po\ M —14+96
I 1— ( IM _C) (gz ) 9
im ( vr) —PC P, 793 k (27)

Taking into account the identity h = ¢ + h! + hY and using (22) and (24), we can

re-write the aggregate resource constraint (21) as

o [ EN\® Py Po X\ ¥ Py ~He
h = g (N) N_w_VX<P_CP_X<P_H x—I/C(P—C) c— hC. (28)

Substituting (27) and (28) into the investment-good technology,

1 1 1_L

iR = y;% (hf)l_ﬁ + (=i () (29)

and using (6), we then obtain the following expression:

(gz—1+5k)1ﬁ B
9z
T A A Py Po X\ Py\ 7t L)
vt (gza(ﬁ) N -9 —vx <P—C§¢—H x— Vo (P_C) c—h

Py Po\ M -1 T
How) ()T ()T e

or, equivalently,

1
g: —1+6 N'wr (0 (PI_M@)“” _
( g- k) (1 (L =vr) Fc Pr a



Equilibrium Relative Prices

Using the price of the consumption good as the numeraire, the relative prices of the domestic

intermediate goods sold at home and the investment good are given by

Py 1—pc P l—pc
1 = = 1— e 32
e (Pc) T VC)(PC) (32
and
Py 1—pr Py 1-pr P 1—pr
=L = =il 1— ) (222 . 33
(Pc> Y <PC> (=) (Pc) (33)
Re-arranging equation (32), we obtain:
1
1- =i~
Py [1-0-we) (B) T (34)
Po ve ’
and, similarly, re-arranging equation (33) yields:
1—pr\ =57
Py _ (1-0-v) (B %) : (35)
Po P v '

As the price of the domestic intermediate goods sold abroad is determined as a markup
over marginal cost (given by a CES aggregate of the marginal cost of producing the domestic
intermediate goods sold at home and the price of the imported intermediate goods), the

relative price of the domestic intermediate goods sold abroad is given by

1
Px X Py >1”X <PIM) Impx ) Toux
LE. G 1y (M . 36
Pc v (VX (PCSOH T =vx) Pc (36)

Finally, the relative price of aggregate production, or output, is determined by the

nominal resource constraint:
Pry = PHh+PXx—P]MimX, (37)

or, equivalently, in relative terms:

P P, P\ ~HC Py P\ —H —1
o_ Jtm VC<—H) C+W<_H_O> (Mk)+ha
Pc Pc Pc Pc Pr 9z
P P, Py P, —Hx 1
+ [ = - 21 - vx) (—IM—CsOX) T —aranica o (38
Pc P Po Px [ kaN1 O‘—'Lﬂ

where we have made use of the identity h = h¢ 4 h! + h¥, together with equations (24)

and (25), as well as equation (23).



The Reduced Steady-State Model

Collecting equations (16), (20), (31), (34), (35), (36) and (38), the steady-state model can
now be reduced—by conditioning on government consumption, g = h®, exports, x, fixed
cost in production, ¢, and the relative price of the bundle of imported goods, Pns/Pc—
to a set of seven equations in the unknown steady-state values of the capital stock, k,
consumption purchases, ¢, hours worked, N, the relative price of the investment good,
Pr/Pc, the relative prices of domestic intermediate goods sold at home and abroad, Py /Pc

and Py /Pc, and the relative price of domestic output, Py /Pg:?

1. Labour-market equilibrium:

AN P
Nee[—=)] = =1
ONc ( N> = (39)
2. Capital-market equilibrium:
AN P P,
_ —(-a) (M H I 1c 4
o 9: <N) Y1 BB (40)

3. Goods-markets equilibrium:

1
g:—1+9 )1E o <PIM E)l_‘” _
( gz g ! (1 VI) PC Pr B

1—-L
il D A Py Po o\ ™ Py \ He "

4. Equilibrium relative price of the investment good:

1—pr\ =57
Pc _ P (L=(-w) (B %) : (42)
P Py vy
5. Equilibrium relative price of intermediate goods sold domestically:
TEpp——
—HC 1—
Py [1-0-wo) () - (43)
Po ve

3In principle, the system of equation could be further reduced by substituting equations (34) and (36)
for Py /Pc and Px/Pc. For expositional clarity, however, these equations are retained in the system of
equations characterizing the steady-state model.



6. Equilibrium relative price of intermediate goods sold abroad:

1
Px X Py \'7Hx Prap\ e\ Tex
i 1— —_— 44
Fc 7 <VX (PcwH) 1= vx) ( 0] ) (44
7. Equilibrium relative price of output:
P P Py He Py Po\H —1+9
» _ )Pr I/C(—H) C+VI(_H_O) (uk)ma
Fc Pc Fc Po Pr 9=

P P Pny P HXx 1
+ = - —IM(l —vx) (—IM —CapX) Ty — — (45)
P P Po Px gz koeN1-a _ P

Solving the Reduced Steady-State Model

Conditional on the relative price of the bundle of imported goods P/ Pc, we solve for the
unknown steady-state values k, ¢, N, P;/Pc, Py/Pc, Px/Pc and Py /Pc using numerical
methods. In so doing, we simultaneously calibrate some key steady-state ratios of the model
in order to pin down g = h®, z and 1. First, we choose the desired level of the nominal
government consumption share s¢ = (PgG)/(PyY). Second, we calibrate the desired
nominal import shares s;,c = (Ppy IM©)/(Py Y), spyr = (Ppr IMT) /(Py Y) and spx =
(P IMX)/(Py Y) by appropriately adjusting the quasi-share parameters v, vy and vy.
Imposing balanced trade in steady state, the nominal export share sx = (S Px X)/(PyY)
is then given by sx = spy = spc + spyr + spyx. In addition, we choose the fixed cost in
production ¥ such that firms’ profits are zero in steady state:

Px 1 1 Px
ht e = —hty—-X
—l—PHx o +<pXPHx

+ @LH 1, (46)
where we have made use of the fact that, in steady state, the marginal costs of the two
types of intermediate goods are equal to Py /¢! and Py /@™, respectively.

Finally, we calibrate the desired nominal investment share s; = (PrI)/(PyY) by ap-
propriately adjusting the level of the capital income tax rate 75.* The nominal con-
sumption share s¢ = (PoC)/(PyY) can then be determined as a residual; that is,

sc=1—sr—sg— (sx — sm)-

4 Alternatively, the investment share could be calibrated by adjusting the rate of capital depreciation &
or the capital share in production «.



As the price of imported goods is set by monopolistically competitive firms abroad, we
treat the import price Prys as exogenous. Hence, without loss of generality, we can normalise
the relative price of imports to one; that is, we set Pps/Po = 1. As a result, most relative
prices are equal to one as well; that is, P;/Pc = Py/Pc = Pg/Pc = 1. The relative price
of export goods, Px/Pc, however, may deviate from unity even in case when the market
power in both domestic and foreign markets is assumed to be the same. Similarly, also the
relative price of output, Py /Pc, will differ from unity.”

Because of Ppyy/Pc = Pr/Pc = 1, the model’s steady state is invariant to changes in the
intratemporal substitution elasticities between domestic and imported intermediate goods,
e and pr. In contrast, the steady state, notably the relative prices Px/Pc and Py /Pe,
depends on the intratemporal substitution elasticity between the domestic and imported
intermediate goods in the production of the exported intermediate goods, px. Further-
more, the model’s steady state depends on the trend growth rate g,, the inverse of the
labour-supply elasticity ¢ and—via ©®—the habit parameter k. However, while the param-
eters ¢ and k do influence the steady-state level of real variables such as labour, capital
and consumption, their steady-state ratios are invariant to changes in those parameters.
In contrast, the trend growth rate g, also influences key steady-state ratios, including the
capital-to-labour ratio. Hence, as the log-linearised model is parameterised in terms of
steady-state ratios rather than steady-state levels, it is only the variation in the intratem-
poral substitution elasticity px and the trend-growth rate g, that would eventually require

the updating of the steady-state computations at the estimation stage.

5The relative prices of the intermediate goods sold abroad and of output are equal to unity in case the
import content of the intermediate goods sold abroad is assumed to be zero; i.e., vx = 1.
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