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Abstract

This paper presents a theory of biased technological change in which firms pursue a random,
local, search for productivity-enhancing innovations. They implement profitable innovations at
fixed prices, subsequently adjusting prices and wages. Factor productivity growth rates are shown
to respond positively to factor cost shares. Combined with price-setting behavior, an equilibrium
is characterized by constant cost shares and productivity growth rates. Under target-return
pricing, capital productivity growth is zero at equilibrium, yielding Kaldor’s “stylized facts” of
constant capital productivity and rate of profit. Equilibrium can be disturbed by changes in the
pricing regime or technological potential for productivity improvement.
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1 Introduction

In a well-known paper, Kaldor (1961, pp. 178—179) introduced six “stylized facts”, of
which the first four are: rising labor productivity and output; rising capital per worker; a
steady rate of profit; and steady capital-output ratios. Two of Kaldor’s “facts” are not
strictly true: the rate of profit and capital-output ratios have not been steady. By
compiling long historical data series, Maddison (1994, p. 10) demonstrated that capital
productivity, although it does not exhibit a long-run trend, wanders over a wide range,
while Piketty (2014) documents variations in both rate of profit and capital-output ratios
and describes their social impact. Nevertheless, Kaldor’s stylized facts hold in a looser
form: in high-income countries, labor productivity and output have risen substantially,
while capital productivity and profit rates vary widely, but show no overall trend.

We explain these stylized facts using a theory of biased technological change. In such
theories, the relative pace of labor-saving or capital-saving innovation depends on the
shares of labor and capital costs in production. The inspiration comes originally from
Hicks (Hicks, 1932, p. 124 ff.), with further contributions from neoclassical (Kennedy,
1964; Roemer, 1977), Sraffian (Okishio, 1961, 2001), Marxian and evolutionary
(Duménil & Lévy, 1995), and classical (Foley, 2003, p. 42 ff.) perspectives. We follow
the evolutionary approach of Duménil and Lévy (1995), but ground our assumptions in
post-Keynesian theory. In our model, technological change and the functional income
distribution are jointly determined through two mechanisms. First, firms seek innovations
that increase returns under prevailing prices, inducing a bias toward saving on the input
with the highest cost share. Second, as innovations diffuse throughout the economy, firms
adjust their prices and the wages they pay in response to the new cost structure. Firms
may use a variety of discovery processes, including learning by doing, funded R&D, or
adaptation of competitors’ innovations. The resulting productivity change is random, and
bounded by technological potential.

The theory of biased technological change can be contrasted with neoclassical theories of
induced technological change. Neoclassical theory assumes that firms maximize profits
given either a production function (e.g., Berndt & Wood, 1975) or a production
possibilities frontier. Recent theories are dynamic, with endogenous expansion of the
production possibilities frontier (Acemoglu, Aghion, Bursztyn, & Hemous, 2012; Kumar
& Managi, 2009) or knowledge accumulation (Goulder & Schneider, 1999; Gritsevskyi
& Nakicenovi¢, 2000). In contrast, the evolutionary theory of biased technological
change we present in this paper makes no sharp distinction between exogenous and
endogenous technological change, and firms need not know the production possibilities
frontier. Rather, firms make a local search relative to their current technology, and
implement discoveries that increase their return on capital in the short run.

We start from Duménil and Lévy’s (1995) model, but go significantly beyond it. We
relax their restrictive assumptions about technological discovery. We then show that if
firms adopt target-return pricing, the stylized fact of trendless capital productivity
emerges through an endogenous process. The combination of technological innovation
and pricing generates an equilibrating dynamic, but in this post-Keynesian model, prices
do not clear markets. Rather, the equilibrium is characterized by stable cost shares and
productivity growth rates.



2 The model of Duménil and Lévy

We begin by presenting a version of Duménil and Lévy’s (1995) evolutionary model,
which has one sector and two factors of production — labor and capital. Firms are
continually searching for technological discoveries; those discoveries may or may not be
biased towards saving on one input or another, but a bias will arise in any case because,
as argued by Okishio (1961), firms only adopt those discoveries that increase their return
on capital.

Firms have a capital productivity x and labor productivity A. In this post-Keynesian
model, firms operate in an oligopolistic environment in which they have considerable
flexibility to set both wages and prices (Coutts & Norman, 2013). They employ labor at a
wage w and set their price P. The profit rate r is then

w
r_m_K@-P—J, (1

where 7 is the profit share. If a firm makes a discovery that would, if implemented,
change productivities by amounts Ax, A4, the firm then asks whether implementing it will
raise profitability in the short run while keeping prices fixed. Using a hat to denote a
growth rate, x = Ax/x, we have

A, 2)

r=x+
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where w = 1 — x is the wage share. Firms adopt a discovery if it raises the profit rate at
constant costs, giving the viability condition

7R+l > 0. 3)

When the expression on the left side of this inequality is equal to zero, it is an
orthogonality relationship — that is, the vector with elements (x, 1) is perpendicular to a
vector with elements (7, ). The inequality in (3) then says that viable technologies sit at
points in (x, A1) -space that lie in a positive direction perpendicular to a line that passes
through the origin and (7, w). We illustrate this condition for the average viable
technology in Figure 1. In the figure we suppose, with Duménil and Lévy (1995), that
discovery is entirely neutral. Discoveries, if implemented, move productivities in a
random direction, with a probability distribution that is circularly symmetric and also
symmetric around the € = 4 line. With these assumptions, the firm is just as likely to
make a labor-saving or a capital-saving discovery. However, viable technologies must lie
on the positive side of the line perpendicular to (7, @), which introduces a bias.

Two such lines are shown, one with 7 = 0.3 (so @ = 0.7) and one with 7 =0.4 (so w =
0.6). The average viable technology lies along a vector perpendicular to the lines, and in a
positive direction away from them, shown in the figure by the vectors labeled (x, /il) and
(K,,4,) . As shown, in both cases capital productivity is falling, because both «, and &,
are negative. As the profit share rises, the vector rotates clockwise, so when 7 = 0.4,
capital productivity is falling more slowly, and labor productivity rising more slowly,

than when 7 = 0.3.
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Figure 1: Source of bias toward labor-saving invention

As successful discoveries are implemented through innovation and emulation, firms
subsequently adjust their prices. They engage in explicit or implicit bargaining over
wages and may reduce prices to expand their market or discourage entry by rival firms.
Duménil and Lévy (1995, p. 237) argued that labor productivity growth depends on the
wage share such that the system approaches an equilibrium with constant labor
productivity growth and a fixed wage share. In the example shown in Figure 1, this drives
a steady improvement in capital productivity and a steadily falling rate of profit.
However, the result depends on the probability distribution of technological discovery.
As the origin of the probability distribution shifts, and as its boundary expands and
contracts, it is reasonable to suppose that labor productivity growth continues to be biased
in a positive direction, but capital productivity can either rise or fall, as the average rate
of capital productivity growth becomes positive or negative. In this way Duménil and
Lévy (1995) explained Kaldor’s (1961) stylized facts.

3 A general model of biased technological change

Duménil and Lévy’s model neatly explains Kaldor’s stylized facts, but has some
limitations. It requires a specific form for the probability distribution of technological
discoveries, and exogenous changes in the distribution drive capital productivity growth.
In this section we generalize their model and show how the capital productivity growth
rate can emerge endogenously.



3.1 A multi-factor viability condition

We continue to denote capital productivity by x and the price level by P, but we now
allow for an arbitrary number of factors, N, indexed by i = 1,...N, with costs per unit
input ¢;. Those factors, including labor, are used in production with productivity v;, so the
profit rate is

L

r=k [1——2‘5’] o)

Suppose that a firm makes a discovery that would, if implemented, change productivities
atrates v,. The change in the profit rate at constant prices is then

L 1&g) 13,
r=K+(1—;Z—] ;Z V.. 5)
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while the cost share for each factor is
1g.
o =—-". 7
=5 (7N

Using this notation, we can write equation (5) as
1 N
P ®)
2

A discovery is viable if it increases the profit rate. Imposing the condition that 7 >0, we
have

7K + ﬁ: ov,>0. 9)
To simplify the notation, we extend the set of factors to include capital, defining shares
and productivity for index i =0,
Oy, =7, V,=KkK. (10)
We can then write equation (9) compactly as
c-v>0. (11)

This is the viability condition for new discoveries — when it holds, discoveries tend to be
accepted, and when it fails, discoveries are certainly rejected.

3.2 Induced bias in a random discovery process

We follow Hicks (1932, p. 125) and Duménil and Lévy (1995) in supposing that
discovery is a random process. Specifically, we label discoveries by their effect on
productivities, and assume that any individual discovery is drawn from a probability
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distribution f(v). The average productivity improvement, (Vv), is then given by
integrating over all possible values of (V) that satisfy the viability condition (11). We
enforce the viability condition using the Heaviside function A(x), which is equal to one
when its argument is positive and zero when its argument is negative,

{) = j dv h(e -9V (V). (12)

The Heaviside function has zero slope everywhere except when its argument is zero,
where it has an infinite slope. This behavior is captured through a standard relationship,

ih(x) =0(x). (13)
dx

In this expression, d(x) is the Dirac delta function,? equal to zero except at x = 0. The cost
share ¢ only appears within the Heaviside function in equation (12), so we can take the
derivative of the ith element of (V), (V,), with respect to g; to find

o _ [a% 569w 0, £ (). (14)
oo,

This is an essential result. Because of the Dirac delta function, the integral is taken over a
reduced space (a hyperplane) in which ¢-v=0. Also, it holds for any probability
distribution f(v). This is a more general and flexible expression than that found by
Duménil and Lévy (1995), who assumed a specific form for the probability distribution
and who went to some pains to evaluate the integral in equation (12) over the domain

6 - v > 0, rather than just the hyperplane that bounds it.

We can express the right-hand side of equation (14) as the entries M;; in a matrix M,

M, =M=jd0 569 0, f (). (15)
oo,

J

The off-diagonal elements of M are symmetric, M;; = Mj;, while its diagonal elements are
positive,

M, =[d% 5(c-9)7 f(9)>0. (16)
For an arbitrary vector x, a quadratic form constructed with M is non-negative,

xT-M~x=jd© 5(c~o)(ixivj) f®)=0. (17)

This expression is zero only for vectors x that are proportional to ¢, because

M6 =[d¥ 5(c-9)7,(6-9) £(§) =0, (18)

2 Strictly speaking, d(x) is not a function, but a distribution, which means that it is only well-defined within
an integral. Aside from this formal expression, we keep it within integrals.
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where we have used the property of the Dirac delta function that xo(x) = 0. These
properties mean that M is an (N +1)x (N +1) dimensional positive semi-definite matrix
of rank N.

From the properties of M, we get the immediate result that the own-response of the
productivity growth rate to a change in the cost share is positive,

X2 _ . 0. (19)
oo,

l

If the probability distribution f (V) does not change, the total change in (V) is given by

AA—NA a<‘;">—NMA 20

Wy=2 O'ja—_z 20 20)
J=0 j =0

Because o is a vector of shares that must sum to one, the change Ae¢ has to sum to zero,

so it cannot be proportional to 6. From this fact, and the positive semi-definiteness of M,

we find
Ac’ -A(V)=Ac’ -M-Ac > 0. (1)

That is, given a change in the cost share, the response is, on balance, an increase in the
productivity growth rates of those factors that saw their cost share rise.

3.3 Complementary factors as a special case

Both the positivity of the own-response in (19) and the general positivity condition in
(21) suggest that the total response of the productivity growth rate of a particular factor to
arise in the cost share will generally be positive, but they do not guarantee it. A possible
exception can arise when two factors are complementary.

We say that two factors i and j are complements if M;; is positive, and substitutes if
negative. If the only two factors are capital, with index i = 0, and labor, with index j =1,
then they must be substitutes, and all coefficients are determined up to an overall
parameter. With two factors, equation (18) becomes

10 Mll

Ty
(4]

Because Mo1 = Mo, this implies

M, =M

o1 — My =

@

w0="—M,;. (23)
V4

All entries can then be expressed in terms of a single entry, for example Moo. When there

are more than two factors, it is possible for some factors to be complements.

The distinction between complements and substitutes is important when determining the
total change in productivity growth rates. Cost shares must sum to one, so any increase in
the cost share of one factor must be compensated by a net decrease in the cost shares of
other factors. Suppose that an increase z in the cost share for factor i is compensated
entirely by a fall in the cost share for factor j,



Aoc,=z, Ao;=-z, Ao, =0fork=#i,. 24)

Then the total change in (V) is equal to

A(&},):Z[@_M]:z(Mﬁ—M,j)- 2

oo, 0o,

If factors i and j are substitutes, this is certainly positive, because M;; is negative.
However, if they are complements then this expression could, in principle, be negative.
To constrain the possibilities, we use a property of positive semi-definite matrices, that
the absolute value of the off-diagonal elements is bounded by the average of the
corresponding diagonal entries,’

M, g%(Mﬁ +M ). (26)

If i and j are complements, then [M;| = Mj;, and we have

27
do, 0o, @D

A(\?,)Z%(Mﬂ—MU):%(

As we have assumed z to be positive, the total change in (v,) is certainly positive when
factor i’s own-response exceeds that for factor j. However, using the same argument, a
rise in the cost share of the other factor, j, could be negative, which can introduce a
positive feedback. Under the assumed conditions, when the jth factor’s cost share rises
and the ith factor’s cost share falls by the same amount, processes that use more of factor
i become profitable even if they drive unit inputs of the jth factor upward. If they are
adopted, we expect the cost share oj to increase, driving a further decline in v;.

This positive feedback, which drives the cost share of factor j steadily upward and that of
factor i downward, clearly cannot continue indefinitely; at some point, factor j figures so
heavily in costs that firms can no longer accept increases in its use even if accompanied
by declines in the cost of factor i. We therefore argue, on economic grounds, that pairs of
factors should normally satisfy

vy _avy . [aw) oY)
oo, 0o, oo, o0, :

! J

(28)

For complementary factors, this inequality may be temporarily violated, accompanied by
an unstable dynamic that halts when cost shares have shifted sufficiently that the
inequality is re-established.

3.4 An equilibrating dynamic
From the above, aside from a transient condition for some complementary factors, we
expect the following to hold:

3 This can be shown by defining x* such that x* = 1, x/* = 1, x; = 0 for k # i, j, and applying the inequality
(17).
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Ao, >0 = A{y,)>0. (29)

This is the essential assumption in models of biased technological change: a rise in the
cost share of a factor stimulates faster productivity growth in that factor. We have
provided a justification for the assumption using a general probabilistic model of
discovery and innovation.

For as long as the probability distribution f(v) does not change, changes in factor
productivity depend on changes in cost shares, mediated by the 6-dependent matrix M,

AV =M-Ao. (30)

After innovation, firms respond to productivity changes by setting prices (following their
pricing policies) and wages (through tacit or explicit negotiation with their employees).
From the expression for the cost shares in equation (7), the subsequent growth in cost
shares is

6=(4-P)-%. 31)

The term in parentheses is a vector of growth rates of real costs. These, in turn, can be
expected to respond to changes in productivity. Equations (30) and (31) form a dynamic
system with an equilibrium solution Av = Ae = 0. That is, equilibrium is characterized by
fixed cost shares and productivity growth rates.

Equation (12), which relates o to v, holds both in and out of equilibrium. An
equilibrium, once established, can be disturbed by changes in pricing strategy or by
changes in technological potential as captured in the probability distribution f(v). These
results generalize those of Duménil and Lévy (1995).

4 Biased technological change with target-return pricing

Under target-return pricing, firms adjust their profit margins to maintain a fixed value for
the profit rate, r, through a combination of changing price and changing wages, so after
price adjustment,

Ar = A(7K) = mhic + kA7 = 0. (32)
The change in the profit share is then equal to
A =—K71. (33)

Assuming biased technological change, and assuming the economy-wide productivity
change to equal the average, we apply (29) to the specific case of the profit share and
capital productivity,

Ar>0 = Ax>0. (34)

Between (33) and (34) we have an equilibrating mechanism. If & is positive then, from
equation (33), target-return pricing pushes 7 downward. The process of biased
technological change, as expressed in (34), subsequently pushes x downward.
Conversely, if & is negative, the combination of target-return pricing and biased
technological change pushes it upward. Equilibrium is reached when & =0, at which
point capital productivity «, the profit share z, and the profit rate (which is the product of
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the two) are all constant. As in Duménil and Lévy (1995), the wage share, and the labor
productivity growth rate, also approach constant values, while the real wage tracks labor
productivity.

Through a combination of biased technological change and target-return pricing we
therefore recover Kaldor’s stylized facts. By assuming target-return pricing we impose
one of those facts, a steady rate of profit, which drives capital productivity towards its
equilibrium value. The result is a generally rising labor productivity; stable capital
productivity; and stable functional income shares. As noted in the Introduction, in actual
economies neither capital productivity nor the profit rate are steady (e.g., see Maddison,
1994, p. 10), and departures from them can have serious economic consequences (as
noted by Piketty, 2014). However, while we have identified an equilibrating dynamic, the
equilibrium itself is contingent on firm pricing strategies and technological potential;
changes in these factors can disrupt an equilibrium, and it can take time to establish a
new one.

5 Conclusion

We have expanded on past developments in the theory of biased technological change,
particularly the work of Duménil and Lévy (1995). Our treatment is more general than
previous contributions and yields stronger results. We find a dynamic with an equilibrium
characterized by fixed cost shares and productivity growth rates. Under target-return
pricing, a combination of discovery, innovation, and pricing creates a dynamic that drives
the economy to a state in which Kaldor’s (1961) “stylized facts” hold, but economies
may depart from that pattern when equilibrium is disturbed by changes in the pricing
regime or the technical potential for increasing productivity.
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