MPRA

Munich Personal RePEc Archive

Semiparametric Estimation and Testing
of Smooth Coefficient Spatial
Autoregressive Models

Malikov, Emir and Sun, Yiguo

Auburn University, University of Guelph

February 2017

Online at https://mpra.ub.uni-muenchen.de/77253/
MPRA Paper No. 77253, posted 03 Mar 2017 16:14 UTC



Semiparametric Estimation and Testing of Smooth
Coeflicient Spatial Autoregressive Models*

Emir Malikov* Yiguo Sun?

1Department of Agricultural Economics & Rur. Soc., Auburn University, Auburn, AL
2Department of Economics and Finance, University of Guelph, ON

First Draft: December 15, 2014
This Draft: February 25, 2017

Abstract

This paper considers a flexible semiparametric spatial autoregressive (mixed-regressive) model
in which unknown coefficients are permitted to be nonparametric functions of some contex-
tual variables to allow for potential nonlinearities and parameter heterogeneity in the spatial
relationship. Unlike other semiparametric spatial dependence models, ours permits the spatial
autoregressive parameter to meaningfully vary across units and thus allows the identification
of a neighborhood-specific spatial dependence measure conditional on the vector of contextual
variables. We propose several (locally) nonparametric GMM estimators for our model. The
developed two-stage estimators incorporate both the linear and quadratic orthogonality condi-
tions and are capable of accommodating a variety of data generating processes, including the
instance of a pure spatially autoregressive semiparametric model with no relevant regressors as
well as multiple partially linear specifications. All proposed estimators are shown to be consis-
tent and asymptotically normal. We also contribute to the literature by putting forward two
test statistics to test for parameter constancy in our model. Both tests are consistent.

Keywords: Consistent Test, Constrained Estimation, Local Linear Fitting, Nonparametric
GMM, Partially Linear, Quadratic Moments, SAR, Spatial Lag

JEL Classification: C13, C14, C21

* Email: emalikov@auburn.edu (Malikov), yisun@uoguelph.ca (Sun).

We would like to thank the editor, the associate editor and two anonymous referees for many insightful com-
ments and suggestions that helped improve this article. We are also thankful to conference participants at the NY
Camp Econometrics X, 2015 Midwest Econometrics Group Meeting at the St. Louis Fed, 85th Annual Meeting of
the Southern Economic Association and the 2015 Tsinghua International Conference for Econometrics in Beijing
for many helpful comments and suggestions. Yiguo Sun gratefully acknowledges financial support from the Social
Sciences and Humanities Research Council of Canada Insightful Grant 435-2016-0340. Any remaining errors are our
own.



1 Introduction

While spatial econometric methods have solidly become part of a standard methodological toolkit
of applied researchers in many fields of economics that deal with spatial data which include appli-
cations such as land use, hedonic pricing or cross-country growth studies, most empirical work has
confined its analysis to linear spatial models only. However, to paraphrase Paelinck & Klaassen
(1979), econometric relations in space result more often than not in highly nonlinear specifications
(as cited in van Gastel & Paelinck, 1995). For instance, allowing for nonlinearities in the hedonic
house price function is often argued to be crucial in order to obtain realistic marginal valuations
of housing attributes (e.g., see Parmeter, Henderson & Kumbhakar, 2007). Taking such potential
nonlinearities in spatial models for granted is likely to lead to inconsistent parameter estimates and
thus misleading conclusions.

This paper proposes a semiparametric method to handling nonlinearity (and parameter hetero-
geneity) in models of spatial dependence. We extend a particular class of semiparametric models in
which parameters of a linear regression are permitted to be unspecified smooth functions of some
contextual variables (Hastie & Tibshirani, 1993; Cai, Fan & Li, 2000; Li, Huang, Li & Fu, 2002) to
the case of data with spatial dependence. Specifically, we generalize a popular parametric spatial
autoregressive mixed-regressive model by allowing its coefficients, including the spatial autoregres-
sive parameter, to be nonparametric functions of unknown form [for concreteness, see eq. (2.1)].

While our “smooth coefficient” spatial autoregressive model closely relates to the family of
partially linear semiparametric spatial models recently proposed in the literature (Su & Jin, 2010;
Su, 2012; Zhang, 2013; Sun, Hongjia, Zhang & Lu, 2014), its distinct feature is that it permits
the spatial autoregressive parameter to meaningfully vary across units. The latter may be highly
desirable from a practitioner’s point of view since it allows the identification of a neighborhood-
specific spatial dependence measure conditional on the vector of contextual variables. For instance,
when a spatial autoregressive model is game-theoretically rationalized as a “response function”,
our model empowers a researcher to estimate heterogeneous “reaction” parameters that can vary
with some environmental control factors. Some potential applications of our model, for instance,
include the estimation of growth models that explicitly account for technological interdependence
between countries in the presence of spillover effects. Such technological interdependence is usually
formulated in the form of spatial externalities (e.g., see Ertur & Koch, 2007). However, the inten-
sity of knowledge spillovers is naturally expected to greatly depend on institutional and cultural
compatibility of neighboring countries (Kelejian, Murrell & Shepotylo, 2013). Our smooth coef-
ficient spatial autoregressive model presents a practical, easy-to-implement way to allow for such
indirect effects of institutions on the degree of spatial dependence in the cross-country conditional
convergence regressions.

Our semiparametric treatment of nonlinearities is also relatively more flexible than pioneer
nonlinear modeling approaches in spatial dependence models put forward by van Gastel & Paelinck
(1995), Baltagi & Li (2001), Pace, Barry, Slawson & Sirmans (2004) and Yang, Li & Tse (2006).
At the same time, like in all these studies as well as many others (e.g., Kelejian & Prucha, 1998,
1999, 2010; Lee, 2004, 2007; Su & Jin, 2010; Su, 2012), the consistency of our estimator rests on
an admittedly rather restrictive assumption of a correctly pre-specified spatial weighting matrix.
Dispensing with this assumption requires either making an alternative assumption of strong spatial
mixing along with spatial stationarity or modeling spatial weights as nonparametric functions of
the distance between neighbors (see Sun, 2016, and the references therein). The acute disadvantage
of both of these alternative approaches is an inability to quantify a spatial autoregressive parameter
(a “reaction” parameter) which many empirical studies are specifically interested in. In this paper,



we therefore abstract from the issue concerning the correct specification of spatial weights.!

We propose several (locally) nonparametric Generalized Method of Moments (GMM) estimators
for our model. The developed estimators incorporate both the linear and quadratic orthogonality
conditions and are capable of accommodating a variety of data generating processes, including the
instance of a pure spatially autoregressive semiparametric model with no relevant regressors as well
as multiple partially linear specifications. To this end, we contribute to the literature on four fronts.
First, our paper is the first (to the best of our knowledge) attempt in the nonparametric estimation
literature to make use of local quadratic orthogonality conditions, which are necessary for the IV
identification of spatially autoregressive models in the case when all explanatory covariates are
irrelevant in predicting the outcome variable (see Lee, 2007). Second, we propose a two-stage
estimation procedure whereby we first obtain an initial estimator of unknown parameter functions
using feasible, but likely not so strong, instruments which we then use for the construction of
more natural instruments suggested by the model’s reduced form. Again, to our knowledge, no
prior attempt has been made in the nonparametric econometrics literature to study such a class
of estimators which themselves are based on the estimated instruments. Third, we also consider
two special cases of our model by allowing some of its parameter functions to be constant thus
resulting in a partially linear specification. Our proposed estimators present an alternative to
those by Su (2012) and Zhang (2013) who study a similar class of partially linear spatial models.
Unlike their estimators, ours however preserves its consistency property if the true model is a pure
spatial autoregression. Fourth, we discuss ways of ensuring that the estimated model satisfies the
non-singularity condition needed to rule out unstable Nash equilibria. In the instance of a mixed-
regressive model, we impose this non-singularity restriction via the “tilting” procedure a la Hall &
Huang (2001) whose theoretical results we generalize to the case of GMM estimators in the presence
of endogenous regressors. Under fairly mild regularity conditions, we show that all our proposed
estimators are consistent and asymptotically normal.

Further, we contribute to the literature by putting forward two test statistics to test for pa-
rameter constancy in our model. These model specification tests allow us to discriminate between
a standard linear spatial autoregressive and our semiparametric models. The first consistent test
utilizes a popular residual-based specification test technique which we extend to spatial data with
cross-sectional dependence.? Given the well-known poor performance of nonparametric residual-
based tests in finite samples, we also suggest a (wild) bootstrap procedure for it which we show
to be asymptotically valid in approximating the null distribution of our test statistic regardless of
whether the null hypothesis holds true or not. However, our residual-based test is impractical when
the spatial model has no regressors. We therefore propose an alternative consistent test statistic a
la Henderson, Carroll & Li (2008) which provides a vehicle for testing for parameter constancy in
our model even when the model is a pure spatial autoregression.

We investigate the finite sample performance of the proposed estimators and test statistics in a
small set of Monte Carlo experiments. The results are encouraging and show that all estimators and
tests perform well in finite samples with considerable improvements as the sample size increases.
Overall, simulation experiments lend support to our asymptotic results. To showcase our method-
ology, we then apply it to estimate a spatial hedonic price function using the well-known Harrison
& Rubenfeld’s house price data from Gilley & Pace (1996), where we let unknown parameter func-

'Furthermore, theoretical basis for the widely-believed sensitivity of the estimates to the choice of spatial weights
remains rather unclear, as recently argued by LeSage & Pace (2014).

2 Asymptotic properties of such a test have been studied for independent data (e.g., Zheng, 1996; Li & Wang, 1998;
Stengos & Sun, 2001), weakly dependent time series data (e.g., Fan & Li, 1999; Li, 1999) and integrated time series
data (e.g., Gao, King, Liu & Tjgstheim, 2009; Wang & Phillips, 2012; Sun, Cai & Li, 2015), to mention few among
many contributions.



tions to vary with the NOyx concentration in the air. We find that spatial dependence between
house prices is statistically significant only at higher values of the NOy concentration in the air and
that the degree of this spatial dependence, on average, increases as the air quality declines. This
finding suggests that locational similarity may matter little for house valuations in pollution-free
localities.

The rest of the paper proceeds as follows. Section 2 outlines the model. We present our
estimators in Section 3, where we also provide their large-sample statistical properties. In Section 4,
we consider two different types of partially linear spatial autoregressive models. Section 5 discusses
specification tests for parameter constancy. The results of Monte Carlo simulations are described
in Section 6. Section 7 concludes.

Throughout the paper, we use M to denote a generic finite constant that can take different
values at different appearances and vec { A} stacks columns of an n X m matrix A into an (nm) x 1
vector. Lastly, tr { A} refers to the trace of a square matrix A.

2 Semiparametric Spatial Autoregressive Model

Consider a semiparametric generalization of the conventional (linear) spatial autoregressive mixed-
regressive model, where the coefficients are now permitted to be unknown smooth functions of some
relevant exogenous variables, i.e.,

yi = p(z;) Zwijyj +x.0(z) +u; ¥V i=1,...,n, (2.1)
J#i

where y; is the (scalar) outcome variable of interest; x; and z; are p x 1 and ¢ x 1 vectors of
exogenous covariates, respectively, and x; can contain a constant 1; w;; is the (4, j)-th element of
a given n X n non-stochastic spatial weighting matrix W such that w; = 0 for all i. Further,
B(z;) is a conformable vector of unknown slope parameter functions of z;, and p(z;) is an un-
known (scalar) spatial lag parameter function of z;. The random disturbance u; is identically and
independently distributed over i conditional on (x;,z;) with zero mean and finite variance, i.e.,
ui|xi,z; ~ i.d.d. (0,02).

We proceed by rewriting model (2.1) in the matrix form as
y = p(Z)Wy + mtx{X,3(Z)} + u, (2:2)

where y = (y1,...,yn) and u = (uy,...,u,) are n x 1 vectors; p(Z) = diag{p(z1), ..., p(zn)} is
an n X n diagonal matrix of spatial autoregressive parameter functions; and mtx{-} is the operator
that stacks up x,3(z;) into an n x 1 vector with the ¢ subscript matching those of y, u and p(Z).
Also, X = [xl xn]/ and Z = [zl e zn]/ are n X p and n X q data matrices, respectively.
To facilitate the economic interpretation of p(z;) as the “reaction” parameter (and to rule out
unstable Nash equilibria), we assume the following condition for p(-) to ensure the non-singularity
of I, — p(Z)W:3
max [\ {p(Z)W}] < 1, (2.3)
1<i<n

where \;{A} is the ith eigenvalue of an n X n matrix A.

3See Kelejian & Prucha (2010) for an excellent discussion of the assumptions concerning the parameter space of a
spatial autoregressive parameter.



Model (2.1) nests a standard smooth coefficient model with strictly exogenous covariates (Cai
et al., 2000; Li et al., 2002) as a special case when p(z;) = 0 for all 4, which implies no spatial
interaction in the outcome variable y;. In many applications, it is however imperative to allow
for potential spatial dependence in the data. For instance, house prices are widely believed to
be spatially autoregressive because residential property values tend to reflect shared local ameni-
ties as well as observed and unobserved neighborhood characteristics. While these characteristics
can be partly controlled for using locality fixed effects, such an approach may be quite unsat-
isfactory since it does not let characteristics of neighboring houses affect the price of a given
house (Anselin & Lozano-Gracia, 2009). However, by including the spatial lag in a house pricing
function, we are able to accommodate such cross-neighbor effects as can be seen from the follow-
ing expansion of the reduced form of equation (2.2) under the non-singularity condition in (2.3):

oo
Ely[X,Z] = [I, - p(Z)W] 'mtx{X, B(Z)} = ) [p(Z)W] mix {X, B(Z)} . (2.4)
s=0

From (2.4), it is evident that the conditional mean of y; depends not only on its own x; and z;
but also on its neighbors’ x; and z; for j # ¢. Perhaps more importantly, house prices are likely to
be spatially autoregressive because the very process of property valuation at its core relies on sale
price information for comparable houses in the local neighborhood that real estate agents base their
appraisals on. The latter is known as the “sales comparison approach” to a real estate appraisal
which can systematically influence equilibrium prices in the housing market, especially if property
owners have limited information about the market (see the reference in Small & Steimetz, 2012).
Our model will be able to accommodate this spatial dependence in house prices while also allowing
for nonlinearities and parameter heterogeneity in the house valuation function.

Studies of institutional change provide another example of applications where it is crucial to
explicitly model spatial dependence in the data. Existing theoretical and empirical work indicate
that institutional development in one country affects that of its neighbors (Mukand & Rodrik, 2005),
where the institutional diffusion may be driven, say, by lobbying of multinational corporations for
the harmonization of the commercial law across countries, requirements for members of a trade pact
to standardize regulations or even military conflicts (see Kelejian et al., 2013). The semiparametric
model we propose is equipped to examine such institutional diffusions across space while also
allowing for nonlinearities and heterogeneity in institutional spillovers.

Lastly, in the instance when p(z;) is a non-zero constant for all 7, our model nests a partially
linear smooth coefficient spatial autoregressive model as a special case (see Sun et al., 2014).

Remark 1 The differentiation between the two sets of covariates, x; and z;, is a practitioner’s
prerogative which is likely to change from one empirical application to another. The assignment
of relevant regressors into either of the two sets of variables may be done on the basis of practical
convenience or, better yet, economic theory suggesting the direct (X) and indirect, contextual (Z)
determinants of the spatially correlated outcome variable. From the theory’s point of view however,
our results do not require the variables in x; to be different from or unrelated to those in z;.

3 Nonparametric GMM Estimator

We propose to estimate the unknown coefficient functions [p(z;), 3(z;)’] in (2.1) by a local linear
regression approach. First, we rewrite equation (2.1) in a compact form as follows:



where m; = {(Zj# wijyj> ,xg]/ and ¥(z;) = [p(z), B(z:)'] are (p + 1) x 1 vectors. Model (3.1)
seemingly takes the form of the standard semiparametric smooth coefficient model subject to en-
dogeneity in one of the covariates, namely, the spatial lag term i Wiy - We estimate the above
model using the (locally) nonparametric GMM estimator along the lines of Cai & Li (2008) subject
to the non-singularity condition (2.3).

Under the assumption that smooth parameter functions are twice continuously differentiable
in the neighborhood of z, each element in () can then be approximated by its first-order Taylor
expansion around z, i.e., 75(2z;) = 7s(2) + V,4(2) (z; — 2) at point z; close to z for s =1,...,p+1,
where Vv, (z) = [07s(2)/0z1, ..., 07s(2)/0z4) is a g x 1 vector of the first-order derivative of vs(-).
Therefore, for z; close to z, we can approximate (3.1) by

yi ~ mi0(2)Zi(2) +u; = [Zi(2) @ my)' vec{O(2)} +u; ¥V i=1,...,n, (3.2)

where Z;(z) = [1,(z; — z)H Y is a (¢ + 1) x 1 vector with H = diag{h1,...,h,} being a ¢ x ¢
diagonal bandwidth matrix, and

n(z) Yy (a/H
0= : z
pi1(2) Vpar (o) H

denotes a (p+ 1) x (¢ + 1) parameter matrix.

Before introducing our estimator, we first take a closer look at the spatial lag term. Denoting
S, (Z) =L, — p(Z)W] ! and G, (Z) = WS,, (Z), we have the reduced form of our model in (2.2):

y = 8n (Z) (mtx{X, 8(Z)} +u),

from where it is evident that the spatial lag term Wy = G, (Z) [mtx {X, 3 (Z)} + u] is endogenous
because E [(Gy, (Z)u)' u] = o2E [tr {G,, (Z)}] # 0 in general. Now, let P, be some n x n matrix
satisfying E [(Pnu)’u] = 0. We then can rewrite Wy as follows: Wy = G, (Z) mtx{X, 3 (Z)} +
P,u + [G,, (Z) — P,]u, where both G, (Z)mtx{X,8(Z)} and P,u are uncorrelated with u.
This observation suggests that Gy, (Z) mtx{X,3(Z)} and P,u can be reasonable valid instru-
ments for Wy. There are multiple choices for the matrix P,, with a zero-trace P,, = G, (Z) —
n~1tr{G, (Z)} I, and a zero-diagonal P,, = G,, (Z) —diag {G, (Z)} being among the most popular
specifications in the parametric spatial regression literature (e.g., Kelejian & Prucha, 1999; Lee,
2007). However, note that neither G,, (Z) mtx {X, 3 (Z)} nor P,u are feasible instruments due to
the presence of unknown smooth coefficients p (Z) and 8 (Z) in G, (Z). In this paper, we therefore
propose to first obtain an initial consistent estimator of unknown parameter functions using feasible
instruments (in Section 3.1) and then to construct a second-stage estimator (in Section 3.2) which
instruments for the endogenous spatial lag with G,, (Z) mtx {X, 3 (Z)} and P,u constructed using
the initial first-stage consistent estimator of p (-) and B (+). In what follows, we describe these two
proposed estimators.

3.1 First-Stage Estimator

The expansion in (2.4) suggests that WX, WZ, W2X, W?Z, ... with linearly dependent columns
removed can be valid instruments for the endogenous spatial lag term Wy. Also note that
both matrices P, ; = W! — n~ltr {Wl}In and P, ; = Wi — diag{Wl} for [ = 1,2,... satisfy
E [(Pn,lu)/ u] = 0. We thus have identified feasible instruments which can be employed to obtain
an initial estimator for our model in (3.2).



Define an n x d matrix of instruments Q,, = [Q1,, X] = [le ... ann]/, where Q1,, contains
linearly independent instruments taken from {WX,WZ,WZX,WQZ, .. } We then obtain the
following kernel-weighted (local) orthogonal conditions:

E [Q(z)’KH(z) (y - M(z)vec{o(z)})} ~ 0, (3.3)

and
E [(y - M(z)vec{B(z)})/PmKH(z)(y - M(z)vec{@(z)})] ~0 ¥V 1=12....m (34)

for a finite integer m, where M(z) = [Z1(2) @m; ... Z,(2)® mn]/ isann x [(p+1)(g+1)]
data matrix; Q(z) = [Z1(2) ® Qu1 ... Zn(2)® Qnm]/ is an n X [d(g + 1)] instrument matrix;
Kpy(z) = diag{Kg(z1,2), ...,Kg(zn,2)} is an n x n diagonal matrix of kernel weights with
Ku(zi, z) = K (H™!(z; — z)) being a product kernel.

Denoting

[ (v- M(z)vec{e})/PnJKH(z) (v - M(z)vec()) |

(y - M(z)vec{@})/Pn,mi{H(z) (y - M(z)vec{@})
Q(2)Ky(2) (y _ M(z)vec{e})

fora (p+1) x (¢+ 1) vector 8, we construct our initial first-stage nonparametric GMM estimator:

vec {5(2)} = arg min g, (0(2)) g, (0(2)). (3.6)
0(z)

Below, we list assumptions used to derive the limiting distribution of our proposed estimator.

Assumption 1 {(x;,2;,u;)} is i.i.d. over index i, y; is generated according to (2.1) satisfying
(2.3). Also, E (HxiH2(2+6l)) <M and E |:HZZ'H4(2+61)] < M for some 6; > 0.

4+6

i vy — ) - 2y — - — g2 ) R J—
(2 (2 y &1 — - 9 (2 s A T - 1 1 T y A1 —
(i) Euilx; = 2,2, = 2] = 0, E [u?|x; = z,2; = 2] au>0andE[]u] X =2,2; =2| < M

for any = € RP and z € R? and some § > 0;

(ii) There exists a positive integer N such that both W and [I, — p (Z) W] ! have finite row-
and column-sum matrix norms for all n > N;

(iii) Py, is an n x n matrix with finite row- and column-sum matrix norms for all n > N and
tr{P,;} =0foralll=1,...,m, where m > 1 is a finite positive integer. And, the n x d
instrument matrix Q, has a full rank d > p + 1.

Here, the row- and column-sum matrix norms of some n X n matrix A are respectively defined
as [|All oy = maxi<i<n 3y [aij| and [|A |l oy = maxi<j<n ity |aij|. Assuming u; has a finite
(4 + 0)th-order conditional moment in Assumption 1(i) is necessary to apply the central limit
theorem derived by Kelejian & Prucha (2001).

Assumption 2 (i) p(2), B(z2), f (z) and E [Q,,;m]|z; = z] are all twice continuously differentiable
in a neighborhood of z, where f (z) > 0 is the probability density function of z; evaluated at point

z; (i) E (HQMHH(S1 |z; = z) is continuous and bounded in the neighborhood of z for some §; > 0.

7



Assumption 3 The kernel function & (v) is a symmetric probability density function with a com-
pact support [—1,1]. Also, we define ,u” k) = [k'(v)v/dv and Ry (K) = [K?(v)dv, where
Kv)=1lj=1 k@ ;) and v =[vg,...,0,]".

Assumption 4 As n — oo, ||H|| — 0, n|H] — 00, and lim, o n [H| |H||* = ¢ > 0, a finite
constant, where [H| = [[_, h; and |H|* = 11 h3

Theorem 1 Under Assumptions 1—4, and if »p (H, z) is nonsingular at an interior point z, we
have

VATH] (56 - 4(:) = 22 s (1.2

4 N(0ps1, S (2) Re (K) plim e (H, 2) ™' 9 (2) plim ¢ (H,2) ),

n—oo n—oo

where Bias(H,z) = Spy155 (H,2) " 24 (H,2) = O, (HHH2>, Sp+1 equals the first p + 1 rows
of the identity matriz I 1yq41), and x4 (H,2), s5 (H,2), and (z) are respectively defined in
Lemmas 1, 2 and 3 in Appendiz A.

Theorem 1 states that the local linear estimator of the varying coefficients p (z) and 3 (z) has
the conventional bias term of order O, <||HH2> and asymptotic variance of order O, ((n |H|)_1/2).

Remark 2 As discussed in Lemma 2, »p (H, z) can be singular if X is irrelevant in predicting y
or B(z) = 0, holds true over its domain. However, this problem occurs only to the local linear
regression approach and not to the local constant approach. Thus, the estimator derived from the
nonparametric GMM via a local constant fitting does not suffer from the singularity problem even
if X is irrelevant for y.

Next, notice that, since §(z) in (3.6) does not have an analytic formula due to the use of the
quadratic moment (3.4), the computation of our estimator can be significantly slow for relatively
large samples. However, if one is reasonably confident that 3 (z) is a non-zero vector over at least
one non-empty subset, we are able to construct an alternative consistent estimator of ~(z) which
has a simple closed-form formula and hence is fast to compute. This alternative estimator uses the
linear local orthogonal condition in (3.3) only.*

Specifically, we are interested in minimizing the following (local) objective function:

min QK (=) (y - M(z)vec(8()})| QK (2) (y - Mavec{0(2)} ), (37)

0(z)
which yields )
vec{é(z)} - [M(z)'EH(z)M(z)}_ M(2)Ep(2)y, (3.8)

where E(2) = Ky (2)'Q(2)Q(2)'Kg(z). Following the proof of Theorem 1, we obtain the limit

result for vec a(z) as follows.

4Note that Q. is not a valid instrument matrix if X and Z are both irrelevant in predicting y, which occurs if
B(z) = 0, and p(z) = po over their domains and our model (2.1) becomes a pure spatial autoregression y; =
00 Zj# wi;jy; + u; V i. See Lee (2007) for the detailed discussion in a parametric spatial autoregressive framework.



Corollary 2 Under Assumptions 1—4 and assuming E1(z)"E1(z) is non-singular, at an interior
point z, we have

vn|H] <’Ay(z) —v(z) — m’g(k)Bias (H,z)> LN N<0p+1,

o’
Tt (K) z(z)),

where Bias (H, z) = [E1(2)E1(2)] " E1(2)Es (H, 2) = O <||HH2>,

2(2) = [E1(2)E1(2)] ' [E1(2)E3(2)E1(2)] [Ei(2)Eq(2)]

and E1(2), E2 (H, z) and E3(z) are respectively defined in (A.8), (A.9) and (A.24) in Appendiz A.

3.2 Second-Stage Estimator

Having obtained the initial estimator of unknown parameter functions p(-) and B(-) in (3.6), we
can now construct the feasible versions of our originally desired instruments, namely, Qi, =

G, (Z) mtx {X, B (Z)} and, e.g., the zero-trace P, = G,, (Z)—n"tr {(A}n (Z)} I,, where G,, (Z) =
W (I, — p(Z) W]~ *. With this, we derive our second-stage nonparametric GMM estimator:

vec {E(z)} = arg ming, (0(2)) g, (0(2)), (3.9)
0(z)

where the moment function is defined as

g, (6) = (y - M(i)VGC{O})/f’nKHO (2) (y - M(z)vec{G})

: (3.10)
Q) Ky () (v ~ M(2)vee(0} )

~

H) is the new ¢ x ¢ diagonal bandwidth matrix; and M(z), Q(z) and vec{@} are as defined earlier
except for Q(z) being constructed using Qg in place of Qq,.

Asymptotic results for our second-stage estimator require the following additional assumptions.

Assumption 5 sup.cs. |7 () = ()| = Op (JHIP + v/Inn/ (n[H])).

Assumption 6 (i) |[H| — 0, |[Ho|| = 0, n|[H| = oo, n|[Ho| — oo, and n |[Hol| [|[Ho||* = O (1); (ii)
JEL)* / (IELo] [ |1*) = 0, o [EL| [ELo| | HEo|* /tnm — oo, and n/[H] [Ho| [Ho||* /Inn — oc.

Assumption 5 strengthens the pointwise consistency result for 4 (z) to a uniform convergence
result over its domain S,. This is a reasonable result to be expected if one assumes that S, is a
compact subset of R? and v/k (v) satisfies Lipschitz condition for 0 < j < 3 by closely following
the proof in Masry (1996). If the random variable z; contains a component taking values along the
real line, Assumption 5 will hold for an expanding subset growing at proper speed (Hansen, 2008).

Assumption 6 regulates the choice of the two bandwidth matrices for the first- and second-
stage estimators. For ease of discussion, we set H = diag{h,...,h} and Hy = diag{ho,...,ho}
with h = en™ and hy = con™ . Assumption 6(ii) implies ag = 1/ (4 + ¢q). Assumption 6(i)
requires ap (24 ¢) /4 < o < min{[1 — (¢ +3) @] 2/q, [1 — (¢+2) ) /q} which, when combined
with Assumption 6(ii), implies that ¢ < 2. When ¢ = 1, Assumption 6 states that ag = 1/5
and 0.15 < a < 0.4 so that we can set ag = o = 1/5 in both steps. However, when z; contains



more than one continuous variable, one needs to apply a higher-order local polynomial approach
in the first-stage estimation to ensure the optimal convergence rate in the second-stage estimation.
For instance, if we apply the local rth-order polynomial approach with an odd integer r > 1,

=/ (\H0| \|HU||2) = o(1) in Assumption 6(ii) will be replaced by ||HL|2" ") / (|Hoy HHOH?) -
o(1). Withag=1/(4+¢q), wehave ag (2+¢q)/[2(r+1)] < a <[l — (q+ 3) a)] 2/q which implies
that ¢ < v/4r+5 —1. So, if ¢ = 2, r > 1 is required, and hence we can apply the local cubic
polynomial approach in the first-stage estimation in that instance.

Theorem 3 Under Assumptions 1-3, 5 and 6, at an interior point z, we have

V) (mz) ()~ 1120 g z>)

LN N<0p+1, 71 (2) plim 55 (Ho, 2) " Q(z2) plim 5 (Ho, z) ™" ),

n—oo n—o0

where Bias (Hy, 2) = Spy12¢5 (Ho, 2) ™' 34 (Ho, 2), and 34 (Ho, 2), x5 (Hy, 2) and Q(z) are re-
spectively defined in Lemmas 4, 5 and 6 in Appendix A.

Theorem 3 states that the second-stage estimator is consistent and has an asymptotic normal
distribution at the usual nonparametric convergence rate with the proper order of a local polyno-
mial estimation approach. Intuitively, the second-stage estimator is expected to be asymptotically
more efficient than its first-stage counterpart because the instruments employed in the first-stage
estimation have lower predictive power for Wy than those used in the second stage. This intuition
is confirmed by our Monte Carlo simulations in Section 6.1. However, we are unable to analytically
verify this result since both asymptotic variances in Theorems 1 and 3 take complex forms.

Remark 3 The consistency and asymptotic normality results for the second-stage estimator con-
tinue to hold if we use the zero-diagonal P,, = G, (Z) — diag {én (Z)} in (3.10). Naturally, the
definition of s (Ho, 2), »#p (Ho, z) and €2(z) referenced in Theorem 3 will change accordingly.

3.3 Non-Singularity Constraint

Until now, we have proceeded with the estimation of (2.1) as if it were a standard smooth coefficient
model subject to endogeneity in one of its covariates, namely Wy. However, recall that the said
endogenous covariate is a spatially-weighted average of the left-hand-side variable. To ensure that
the outcome variable y is uniquely defined by (2.2), the non-singularity condition in (2.3) needs
to be satisfied. We do so using the “tilting” procedure proposed by Hall & Huang (2001) and Du,
Parmeter & Racine (2013). Here, we generalize Hall & Huang’s (2001) theoretical results to the
case of GMM estimators in the presence of endogenous regressors. The procedure essentially mutes
or magnifies the impact of any given data point used in the estimation. This allows us to impose
the non-singularity restriction post-estimation via a quadratic programming technique. The idea
is to reweigh observations used in the estimation so that the non-singularity constraint is satisfied
in the local neighborhood of point z:

11;1%)<n|)\¢ {p(z)W}| < 1. (3.11)

Since the estimator derived using not only linear orthogonality condition (3.3) but also quadratic
condition (3.4) does not have an analytical solution, the “tilting” procedure proposed by Hall &
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Huang (2001) does not apply. We therefore limit our attention to a more practical estimator in
(3.8) which makes use of linear moments only and hence is valid when 3 (z) # 0, over at least one
non-empty subset.?

In order to facilitate the imposition of condition (3.11) in the neighborhood of z, we assume that
maxi<i<n |Ai {W}| < 1 holds true, which is satisfied if one standardizes a raw spatial weighting
matrix by dividing all of its elements by its largest eigenvalue in absolute value. Then, the non-
singularity condition (3.11) is satisfied if |p(z)| < 1 (Kelejian & Prucha, 2004, 2010). To impose
the latter condition, we rewrite the kernel estimator of p(z) from (3.8) as a weighted average of the
outcome variable:

plz) = Z%‘(X, 2)Yi, (3.12)

where w;(X, z) is the ith (column) element in the first row of [M(z)’EH(z)M(z) M(2)'Eg(2).
Following Hall & Huang (2001), we can generalize (3.12) as

plzlp) =n)  pwi (X, 2) yi, (3.13)
=1

where p = (p1,...,pn) is the sequence of additional weights such that )" ; p; = 1. Note that p;
equals 1/n (i.e., uniform weights) in the case of an unconstrained estimator in (3.12).

If necessary, we can impose the non-singularity condition by selecting weights p to minimize the
La-metric D(p) = (1/ni, —p)'(1/ni, —p) subject to i/,p = 1 and —i, < [p(z1]p), ... ,ﬁ(zn|p)]/ < ip,
where i, is an n x 1 vector of ones. Here, D(p) is the sum of squared deviations of p; from the
unrestricted value of 1/n. In our choice of the distance metric, we thus follow Du et al. (2013), which
allows p to be both positive and negative.® The minimization problem is solved via a standard
quadratic programming technique. Let p be the solution to this optimization problem. To derive
the asymptotic results for p(z|p), we need the following additional assumptions.

Assumption 7 (i) The random variable z; has a compact support, i.e., S, = [a,b] = [a1,b1] X ... X
[aq, by is a compact subset of R? and has a common Lebesgue probability density f (z) satisfying
inf,es, f(2) > 0; (ii) B (z) # 0, over at least one non-empty interval; (iii) the kernel function & (v)
satisfies |07k (v) — sk (s)‘ < M |v —s| for any v,s € Rand 0 < j < 3.

Assumption 8 Let A, = {j: p(z|p) = £(1 —¢€)} for a given very small ¢ € (0,1) and W,
be an n x | A, | matrix with a typical element w;(X,z;)y; for j = 1,...,|A,|, where A, =
{1, dja,.} € {1,...,n}. Here, W, has a full rank of [Ay, | with Amin {E[W,W,] /n} =5
c1 > 0 for a finite constant cy.

Assumption 7 is required to ensure that p(z) converges to p(z) uniformly over z € S,. Assump-
tion 8 holds if matrix Z has a full rank and the partial derivative of w;(X,z;)y; with respect to z;
does not equal zero for all 7. Note that it is not essential to know the value of € since it is introduced
to ensure that p(z|p) does not reach +1. Under these additional assumptions, below we provide

A

the limit result for the constrained estimator p(z|p)

In practice, when estimating the estimators in (3.6) and (3.9), which incorporate quadratic orthogonality condi-
tions, the non-singularity condition (3.11) may be easily imposed via box constraints on p(z) during the numerical
optimization.

SHall & Huang (2001) use a power divergence metric which has a rather complicated form and is only valid for
non-negative weights.

11



Theorem 4 Under Assumptions 1—4, 7 and 8, we have: (i) there exists {p; },;.,, such that maxi<i<n |Di| =

Op (n™1) holds for all z € S.; (ii) p(z|p) = p(2) + Oy ((n |H|)_1/2> for an interior point z € S,.

By Corollary 2 and Theorem 4, we show that p(z|p) = p(z) + O, (HHH2 +(n |H])_1/2). Hence,

p(z|p) is a consistent estimator of p(z) and has the same convergence rate as p(z) does. From the
proof of this theorem in Appendix A, we obtain

~ A~ . — d
VaTH] (5(z1B) — p(=) — S1 1) Bias (H,2) = (n [H) "2 A(2)) 5 N (0, 8161208 i )+

where Bias (H, z) and X(z) are defined in Corollary 2, S;, is the first row of the identity matrix
I, and A (z) is some continuous function of z. Thus, compared with p(z), p(z|p) has an additional

vanishing asymptotic bias term of order O, ((n \H|)_1/ 2) resulting from the “tilting” procedure.

However, the two estimators have the same asymptotic variance.

4 Special Case: Partially Linear Spatial Autoregressive Model

In this section, we consider two special cases of our model in (2.1) by allowing some of the varying
coefficients to be constant. That is, we study a partially linear semiparametric spatially autore-
gressive model. The primary advantage of such a model (over a fully semiparametric specification)
is its potential for efficiency gains stemming from the additional information about constancy of
some of the parameter functions.

Such partially linear semiparametric models have been extensively studied for sampling with
no spatial or cross-sectional dependence by, e.g., Ahmad, Leelahanon & Li (2005), Kai, Li & Zou
(2011) and Cai & Xiao (2012). In the spatial autoregression literature, Su (2012) and Zhang (2013)
both focus on the case when p (z;) = py over its domain, however, with varying assumptions about
x.3 (z;) (in our notation). Zhang (2013) assumes that X3 (z;) = X3, + 35 (z;), whereas Su (2012)
assumes that x; = 1. The nonparametric GMM estimators proposed in these papers are however
inconsistent if the true model is a pure spatial autoregressive model without other regressors. In
contrast, the estimators that we put forward here do not suffer from such a problem.

Specifically, we study the case when x.3(z;) = x},8; + xb;85(2;), where x; = [x};,x5.]" is
partitioned into two p; x 1 sub-vectors x;; for j = 1,2, and B (z;) = [,8’1,,82(zi)’]/ is accordingly
split into a p; x 1 vector of constant parameters B, and py x 1 vector of varying parameter functions
B5(+). Depending on whether the spatial lag parameter p (z;) is also constant or not, we study two
alternative partially linear specifications of our model. Section 4.1 treats p (z;) as a varying function,
while Section 4.2 lets p (z;) be constant.

To keep our notation simple and to make a better connection with the results derived earlier,
throughout this section we adhere by the notation used in Section 3 wherever possible and redefine
variables when necessary.

4.1 Nonlinear in the Spatial Autoregressive Parameter

Consider the following partially linear model:

yi = p(2:) Y wigy; + X181 +XoBa(zi) +uwi ¥ i=1,....n (4.1)
i#i

12



/
for which we redefine m; = {(Zj# wijyj) ,Xéz} v (2:) = [p(2), Ba(z:)]. Also, let 4; = y; —x,8;.
Closely following the methodology introduced in Section 3, we have the following kernel-weighted
orthogonal moment conditions:

E [Q(z)/KH(z) (y . M(z)vec{@(z)})}
E [(y - M(z)vec{@(z)})anleH(z) (y - M(z)vec{@(z)})]

Q

04 (4.2)

Q

0V [=1,2...,m(43)

for some finite positive integer m, where y = [91,...,9.]"; Q(2), P,; and Kpy(z) are as defined
earlier in Section 3; and both M(z) and 6(z) are defined in the same fashion as in Section 3 but
using newly redefined m; and - (). Then, our nonparametric GMM estimator is given by

~ ~ n’
51 () e {8} | = arg ming, (02)) g, (602, (4.4)
ﬁlve(z)
where g, (-) has the same form as in (3.5) with y being replaced with y.

Since model (4.1) is nested within our model (2.1), the asymptotic normality result shown in
Theorem 1 continues to hold for 8(z) and is thus omitted. Remark 2 applies here too.

Lastly, we estimate constant parameters (3, in the second stage by 51 =n! >y Bfl)

. (zi),
where Bf’) (z;) is a leave-one-out (first-stage) estimator computed via (4.4) while excluding the
ith unit. We make use of the leave-one-out technique in order to remove an asymptotic bias term

of order O, ((n H|)"Y 2) in the estimation of 3;. To this end, we make the following assumption.

Assumption 9 |H| — 0, Inn/ (n|H|) — oo and n |[H||* = 0 as n — oc.
Theorem 5 Under Assumptions 1-8, 5 and 9, we have

Vi (Br=B1) 5 N0, ),
where g is defined in Lemma 11 in Supplementary Appendix.

Theorem 5 shows that ,51 is a root-n consistent estimator of 3, if the bandwidth converges to
zero at a faster speed than the optimal bandwidth would suggest.

4.2 Linear in the Spatial Autoregressive Parameter

Next, consider a partially linear model with the constant spatial autoregressive parameter:

Yi :pozwljyj +X/1i/61 +X/21/32(Z2>+u1 Vo oi= L...,n, (45)
J#i

where both the pyp and 3, are constant parameters. Incidentally, Sun et al. (2014) study a special
case of (4.5) where B; = 0,,. Extending their estimation method, one can apply a local linear
regression method to recover B5(-) and a profile likelihood method to recover pg and B;. Given that
a likelihood-based method may not be computationally feasible in many instances with moderate-
or large-sized samples (Kelejian & Prucha, 1999), we propose a nonparametric GMM estimator
which differs from the one introduced in Sun et al. (2014).

13



/
Specifically, we define mj; = {(Zj# wijyj) ,x’h} , My = Xoi, Yo = [po,ﬁ’l]/, v (z) = By(z) and
Ui = yi —mj;7. In addition, we redefine S,, = [I,, — pOWr1 and G,, = WS,,. Again, we have
the same form of the kernel-weighted orthogonal moment conditions given in (4.2)—(4.3) with the
newly redefined y, M(z) and 0(z). The corresponding nonparametric GMM estimator is

50 vee {82} | = ars ming (005 &2 (602 (4.6)

7079(2)

where g, (-) has the same form as in (3.5) with y being replaced with y. As in Section 4.1, we
estimate constant parameters v, in the second stage via ¥ =n=1 3", ’y(() 2 (z;), where 'Ayéﬂ) (zi)

is a leave-one-out (first-stage) estimator computed via (4.6) while excluding the ith unit.

Theorem 6 Under Assumptions 1-3, 5 and 9, we have

- d
V(Yo =) — N<0p1+1, 91)
where €1 is as defined in Lemma 15 in Supplementary Appendiz.

Analogous to the estimator in (4.4), the asymptotic normality result continues to hold for 5(,2)
and is thus omitted. Remark 2 carries to this section too. Lastly, Theorem 6 shows that 7, is a
root-n consistent estimator of v if we undersmooth in the first stage.

5 Consistent Testing for a Linear Spatial Autoregressive Model

Given that our semiparametric model nests the parametric linear spatial autoregressive model as
a special case, one may naturally wish to formally discriminate between the two models. In this
section, we propose two test statistics for testing the null hypothesis of a linear spatial autoregressive
model against a smooth coefficient spatial autoregressive model defined in (2.1). The proposed are,
essentially, specification tests for parameter constancy. Specifically, we consider the following null
and alternative hypotheses:

Hp : Pr{[p( i), ,B(zl)']/ = [,oo,ﬁf)]/} =1 for some [po, 3] € © C R!FP

Hi: Pri[o(z),8(z)]) = [p.8]'} <1forany [p.8] €6,

where © is a compact subset of R!™P. With model (2.1) as the model under the alternative
hypothesis, we are interested in testing whether it is necessary to allow for parameter heterogeneity
when studying spatial autoregressive models. In what follows, we adhere by our original notation
used in Section 3.

The first specification test we propose is based on the following residual-based test statistic:
T, n2]H\ ZZUZUJ/CH (2, 25), (5.1)
i=1 j#i
where u; = y; — m}4 with ¥ = [ﬁ,ﬁv’]/ being a consistent estimator of [po,ﬁf)]/, and Ky (2;,25) =

K (H™'(z; — z;)). Under Hy, model (2.1) becomes a linear spatial autoregressive model, i.e., y; =
00 Zj# wijy; + X8y + ui, @ = 1,...,n with an i.i.d. zero-mean finite-variance error u;. Hence,

14



Lee’s (2007) GMM estimator can be used to estimate pg and 3. Further, the test does not require
By # 0, so long as one can obtain a consistent estimator for pg and B, under Hy. Since our test
statistic involves the construction of an estimator of [p, Jci ]’, the following assumption is required
to regulate the limiting performance of the estimator under the alternative hypothesis.

Assumption 10 (i) Under H;, there exists v = [,o,ﬂ’]/ such that ¥ — v = O, (n_1/2); (ii)
sup.eg, E (u¥]z; = z) < M; (iii) B (z) # 0, holds over at least one non-empty subset.

With the properly chosen instrumental variables as discussed in Lee (2007), following his proof,
one can show that Assumption 10(i) holds. Assumption 10(ii) is required to calculate the stochastic
order of the test statistic under H;. We make Assumption 10(iii) because our test statistic J,
given below has the same limiting distribution under both the null and alternative hypotheses if
B (z) = 0,. Below we give the limiting distribution of the test statistic and relegate the proof to
Appendix B.

Theorem 7 Under Assumptions 1—4 and 10 , we have, under Hg,

Jo =ny/H|T, /52 5 N(0,1),
where

2 P
- Z WK (zi.2) B 200R: (K)E[ (2)].
i=1 j#i
and under Hy, Pr{|J,| > My} — 0 for any non-stochastic, positive sequence M, = o (nﬁ)

Theorem 7 indicates that J, is a consistent test. Since the test statistic is based on the fact
that E [¢;E (gi]z;)] equals zero under Hy and takes a positive value under H;, where ¢; = y; —
PZ#Z' wijy; — x,03 for i = 1,...,n, the proposed test is a one-sided test. That is, we reject the
null hypothesis if the test statistic J, is greater than c,, where ¢, is the upper 100« percentile of
a standard normal distribution for a given a € (0, 1).

However, it is well-known that the residual-based nonparametric tests perform rather poorly in
finite samples leading to a widely popular use of bootstrap methods in order to improve their finite
sample performance. Sharing this sentiment, below we propose a bootstrap procedure for our test
statistic J,:

Step 1. Estimate the linear model under the null, i.e., y; = pz#i wi;yj + X,8 + &, via Lee’s
(2007) efficient GMM estimator to obtain residuals u; = y; — § > ; wijy; — xéﬁ* foralli=1,...,n

Step 2. Obtain two-point wild bootstrap errors by setting u = au; with probability r and
u} = bu; with probability 1 —r, where a = (1 — f) /2,b= (1 + \f) /2 and r = (1 + f) / ( \/5)
Then, compute y* = [I,, — pW] ! (XBv + u*) and call {(x;,2;,y})}_; the bootstrap sample.

Step 3. Reestimate the model under the null via efficient GMM estimator using the constructed
bootstrap sample, ie., yi = p3_, . wyy; + x,8 + u} to obtain bootstrap residuals uf = y —
P2 Wiy — x;,é* foralli=1,...,n

Step 4. Compute the bootstrap test statistic J* = n/|H|T;/+/5:2, where T} = (n2|H])_1 Dot D
WK (2i,27) and 532 = 2 (n?[H]) ' 0, S0 202K (21, 25).

Step 5. Repeat steps 1-4 B times.
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Step 6. Use the empirical distribution of B + 1 bootstrap statistics, where the first bootstrap
test statistic equals the test statistic calculated from the raw data, to obtain the upper 100«
percentile value ¢,. Use this ¢, to approximate the upper percentile value of the test statistic .J,,
under Hy.

Theorem 8 Under Assumptions 1—4 and 10, we have

sup [Pr* (J;, <s) — @ (s)] =0, (1), (5.2)
seR
where Pr* () = Pr (| {(xi,2i,y})}1-y), and ®(-) is the standard normal cumulative distribution
function.

Theorem 8 shows that the proposed bootstrap method is asymptotically valid in approximating
the null distribution of J,, regardless of whether the null hypothesis holds true or not. Specifically,
the result in (5.2) means that the bootstrap test statistic J;* converges to a standard normal random
variable in distribution in probability.

As discussed earlier, our test statistic .J,, has its limitations when Assumption 10(iii) is violated.
In what follows, we therefore propose an alternative test statistic a la Henderson et al. (2008) which
provides a vehicle for discriminating between Hy and H; even when 3 (z) = 0,. The new test

statistic is defined as .
1 o ~ 2
Dy =~ [miy —mid (2], (5.3)
i=1
where 7 (z;) is estimated via local constant regression approach following the methodology we
propose in Section 3. The below theorem gives the limit property of D,,.

Theorem 9 Under Assumptions 1-5 and 10(i), we have: D, — 0 under Hy, and D, =
201 30 [mi (v — ’70)]2 + 0, (1) = O (1) under Hy.

Theorem 9 states that D,, is a consistent, one-sided test. It is reasonable to expect the proposed
test statistic to be asymptotically normal after some proper scaling but we are unable to derive its
limit distribution due to the complexity of our estimator 4 (-). We therefore suggest employing a
bootstrap procedure to approximate the finite sample null distribution of D,,. For details on the
appropriate bootstrap procedure, see Henderson et al. (2008).

6 Finite Sample Performance

We first study the finite sample performance of our proposed estimators and test statistics in
a small set of Monte Carlo simulations. We then showcase our methodology by applying it to
estimate a spatial hedonic price function using the well-known Harrison & Rubenfeld’s house price
data from Gilley & Pace (1996), where we let unknown parameter functions to vary with the NOy
concentration in the air. To conserve space, we relegate the discussion of empirical application to
Supplementary Appendix and, in what follow, we only report the results of Monte Carlo simulations.

6.1 Estimators
We generate the data using the following process:

vi = p(z:) Y wigy; +ziB(z) +ui ¥ oi=1,...,n, (6.1)
J#
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where the variables are randomly drawn as follows: z; ~ i.i.d. U(0,1), & ~ i.i.d. N(0,1) and u; ~
i.1.d. N(0,0.5); all are mutually independent. Variables x; and z; correlate as follows: x; = 0.5z;+¢&;.
As in Lee (2007) and Liu, Lee & Bollinger (2010), rather than generating {w;;}, we instead use
the spatial weighting matrix from the crime study for 49 districts in Columbus, OH from Anselin
(1988). The spatial weighting matrix is contiguity-based and uses the (first-order) queen definition
for Columbus and corresponds to a sample of n = 49. To increase the sample size, we generate a
block-diagonal spatial matrix with the original 49 x 49 Columbus matrix used as a diagonal block.

We consider sample sizes n = {98, 245, 490}. For each n, we simulate the model 500 times.
We use the same Silverman’s (1986) rule-of-thumb bandwidth for the smoothing variable z; in all
stages, i.e., h = hg = 1.06 x ,n /%, where &, is the sample standard deviation of z;. For each
simulation, we compute the root mean squared error (RMSE) and the mean absolute error (MAE)
for each coefficient function and report their averages computed over 500 simulations.

In the first stage, we use the following feasible instruments: Qi, = (Wx, Wz), where x =
(z1,...,2n) and z = (21,..., 2,)', for linear moment conditions and P,,; = W!—n~"1tr {W'} I, for
[ = 1,2 for quadratic moments. For the second-stage estimation, we set Qm =G, (z) mtx{x, B (z) }
and P, = G, (z) — n‘ltr{(A}n (z) }1,, where G, (z) = WL, — p(z) W] ™!} all constructed using
the first-stage estimates of p(z;) and 3(z;).7

We begin by first considering the case when x; is a relevant variable, i.e., §(z;) # 0. In particular,
the coefficient functions are specified as follows: 8(z;) = 1—22 and p(z;) = 0.75 x sin(7z;). Here, we
use a local linear fitting. Table 1 reports the corresponding results for both the first- and second-
stage nonparametric GMM estimators fitted using two sets of orthogonality conditions: (i) linear
and quadratic moments (left panel) and (%¢) linear moments only (right panel).

For each of the two stages, we also report the results for the local linear least squares estimator
of B (z;) from the equation constructed by moving the endogenous spatial lag term p (2;) > i WisY;
to the left-hand side of model (2.1) and replacing unknown p (z;) with its estimator p* (z;), where
the latter equals p(z;) in the first stage and p(z;) in the second stage. It is attractive to explore
such a model for likely efficiency gains in finite samples. More concretely, we apply the conventional
local linear least squares approach to [I,, — p*(Z)W]y = mtx {X, 3(Z)} + u to obtain, in the local
neighborhood of z:

y' = X(z)vec{B(z)} +u*, (6.2)
where y* = [I, — p*(Z)W]y; X(2) = [Z1(z) ®x1 ... Zn(2) ®xn]/ is an n x [p(qg + 1)] data
matrix; and B(z) = {ﬂ(z) [VBi(2) ... V,@p(z)]/] It is easy to show that the resulting non-

parametric least squares estimator is given by
i / -1 / *
vec{B(z)} - [X(z) KH(Z)X(Z)} X(2) Ky (2)y". (6.3)

The results in Table 1 indicate that, in all instances, the estimation of both p(-) and B(-) co-
efficients becomes more stable as the sample size increases. Both the RMSE and MAE decline
significantly as n increases. Regardless of the instrument set, as expected, the second-stage estima-
tor delivers a sizable improvement over its first-stage counterpart, with a greater impact exhibited
for the estimation of p(-). We also observe that adding quadratic orthogonality conditions leads
to an increase in accuracy of the first-stage estimator only. Similarly, the reestimation of 3(-) via
least squares also yields better results in the first stage only.

"Throughout, to ensure the non-singularity of I, — p(z)W, we impose (3.11) via either box constraints on p(z)
during the numerical optimization when employing quadratic moments or the post-estimation “tilting” procedure
when making use of linear moments only.
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Table 1. Simulation Results for the Estimators when z; is Relevant

Linear & Quadratic Moments Linear Moments Only
n=98 n=245 n=490 | n=98 n=245 =490

First Stage First Stage

p(zi)

RMSE 0.2335 0.1451 0.1067 | 0.2786 0.2009 0.1638
MAE 0.1844 0.1146 0.0846 | 0.2096 0.1418 0.1081
B(z:)

RMSE 0.1163 0.0764 0.0564 | 0.1205 0.0821 0.0598
MAE 0.0884 0.0582 0.0425 | 0.0917 0.0612 0.0443
B(z;) via LS

RMSE 0.0992 0.0641 0.0477 | 0.1025 0.0681 0.0509
MAE 0.0791 0.0515 0.0383 | 0.0811 0.0538 0.0401

Second Stage Second Stage

p(z:)

RMSE 0.2078 0.1299 0.0959 | 0.2011 0.1203 0.0878
MAE 0.1665 0.1034 0.0761 0.1586 0.0960 0.0699
B(zi)

RMSE 0.1010 0.0660 0.0483 | 0.0994 0.0643 0.0474
MAE 0.0802 0.0528 0.0388 | 0.0798 0.0516 0.0381
B(z:) via LS

RMSE 0.0974 0.0634 0.0470 | 0.0975 0.0632 0.0468
MAE 0.0777 0.0508 0.0377 | 0.0774 0.0507 0.0375

Notes: The reported are the averages of respective statistics over 500 simulations. LS
stands for least squares.

Next, we turn to the case when x; is irrelevant in explaining y;, i.e., f(z;) = 0. The coefficient
functions are specified as follows: 8(z;) = 0 for all z; and p(z;) = 0.75 xsin(7z;). In this instance, we
estimate our first- and second-stage nonparametric GMM estimators via a local constant approach®
using the following two sets of orthogonality conditions: (i) linear and quadratic moments (left
panel) and (i) quadratic moments only (right panel). The first set of instruments is meant to
simulate the case when the researcher is not aware that 5(z;) = 0, whereas the second set assumes
the researcher knows that the model is a pure spatial autoregressive model with no covariates (and
hence, only p(-) is estimated).

Table 2 presents the results. Consistent with our theory, all estimators improve with an increase
in the sample size. The second-stage estimator offers some gains in the estimation of the p(-)
coefficient function primarily only when the model incorrectly presumes that 5(z) # 0; no gains
are exhibited for 3(-) in this case (left panel of Table 2). In line with one’s intuition, the results
indicate that the estimator of a correctly specified pure spatial autoregressive model (right panel
of Table 2) outperforms that of a “misspecified” model which includes an invalid instrument Wx
in its instrument set.

Overall, simulation experiments lend support to asymptotic results for our proposed estimators.

8Consistent with Remark 2.
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Table 2. Simulation Results for the Estimators when z; is Irrelevant

Linear & Quadratic Moments Quadratic Moments Only
n=98 n=245 n=490 | n =98 n =245 n = 490

First Stage First Stage

p(zi)

RMSE 0.2451 0.1841 0.1592 | 0.2094 0.1751 0.1587
MAE 0.1979 0.1495 0.1320 | 0.1735 0.1458 0.1335
B(z:)

RMSE 0.0761 0.0524 0.0395

MAE 0.0638 0.0436 0.0331

Second Stage Second Stage

p(z:)

RMSE 0.2214 0.1759 0.1548 | 0.2076 0.1737 0.1573
MAE 0.1810 0.1457 0.1324 | 0.1720 0.1445 0.1321
B(z:)

RMSE 0.0767 0.0524 0.0395

MAE 0.0645 0.0437 0.0331

Note: The reported are the averages of respective statistics over 500 simulations.

6.2 Specification Tests

We next examine the small sample performance of our proposed specification tests. As earlier, we
consider sample sizes n = {98, 245, 490}. For each n, we simulate the model 500 times. Test
statistics are bootstrapped 299 times each to obtain the 1%, 5%, 10% and 20% upper percentile
(critical) values of their null distributions.

We first study our residual-based statistic J,. To assess its size and power, we consider the
following two experimental designs for the data-generating process given in (6.1):

(i) Linear model: 5(z;) = 0.75 and p(z;) = 0.5 for all z;.
(ii) Nonlinear model: 3(z;) =1 — 22 and p(z;) = 0.75 x sin(7z;).

The residuals under the null hypothesis necessary for the construction of J,, are estimated via
Lee’s (2007) GMM estimator using the same linear and quadratic instruments as the ones we use
in the first-stage estimation in Section 6.1 above. To assess the sensitive of the results to the choice
of bandwidth for z;, we try different values of the scale parameter in the Silverman’s (1986) rule-
of-thumb bandwidth: ¢ = {0.80, 1.06, 1.50}. Table 3 reports the estimated size [design (i)] and
power [design (ii)] of our test computed as rejection frequencies over 500 simulations. We find that
out test statistic J,, exhibits a relatively good size across all considered sample sizes and bandwidth
values. From the right panel of Table 3, we also see that the power of the test increases with the
sample size as anticipated.

Given that the applicability of the J, statistic does not extend to the case of pure spatial
autoregressive models, we next analyze the performance of our second test statistic D,,. To examine
its size and power, we consider the following four experimental designs for the data-generating
process given in (6.1):

(i) Linear model:

— Relevant z;: B(z;) = 0.75 and p(z;) = 0.5 for all z;;
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Table 3. Simulation Results for the J,, Statistic when x; is Relevant

FEstimated Size Estimated Power
Sign. Level n=98 n=245 n=490 | n=98 n=245 n =490

c=0.8

1% 0.012 0.006 0.008 0.164 0.548 0.868
5% 0.034 0.080 0.054 0.359 0.756 0.954
10% 0.073 0.134 0.100 0.485 0.813 0.988
20% 0.153 0.247 0.218 0.615 0.898 0.996
c=1.06

1% 0.010 0.012 0.006 0.171 0.569 0.870
5% 0.034 0.075 0.054 0.376 0.770 0.966
10% 0.071 0.126 0.092 0.493 0.827 0.986
20% 0.153 0.260 0.192 0.630 0.894 1.00
c=1.5

1% 0.010 0.012 0.006 0.141 0.556 0.878
5% 0.042 0.070 0.048 0.363 0.780 0.970
10% 0.080 0.116 0.086 0.510 0.839 0.988
20% 0.158 0.234 0.198 0.640 0.902 1.00

Note: The reported are the rejection frequencies over 500 simulations.

— Irrelevant z;: B(z;) = 0 for all z; and p(z;) = 0.5 for all z;.
(ii) Nonlinear model:
— Relevant z;: B(z;) =1 — 22 and p(z;) = 0.75 x sin(7z;);

— Irrelevant z;: B(z;) = 0 for all z; and p(z;) = 0.75 x sin(7z;).

We use Silverman’s (1986) rule-of-thumb bandwidth with ¢ = 1.06 throughout. For the case
of a relevant x;, both the model under Hy and the model under H; are estimated using linear
and quadratic moments. However, in the case of a pure spatial autoregressive model, we make
use of quadratic moments only thus assuming that the irrelevancy of z; is an a priori knowledge.
The results reported in Table 4 show that the D,, test has quite accurate size across all n regard-
less whether x; is relevant or not. It exhibits superb power when x; is relevant in predicting y;.
The power is also decent and rises with the sample size when the true model is a pure spatial
autoregression.

7 Conclusion

Most empirical work that deals with spatial data employs standard linear spatial models. These
models are however prone to misspecification due to a rather strong assumption of linearity of the
spatial relationship. The literature has long ago recognized that econometric relations in space
result more often than not in highly nonlinear specifications.

This paper offers a semiparametric method to handling nonlinearity (and parameter heterogene-
ity) in models of spatial dependence. Specifically, we consider a semiparametric spatial autoregres-
sive (mixed-regressive) model in which unknown coefficients are permitted to be nonparametric
functions of some contextual variables to allow for potential nonlinearities and parameter het-
erogeneity in the spatial relationship. Unlike other semiparametric spatial dependence models,
ours permits the spatial autoregressive parameter to meaningfully vary across units. The latter
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Table 4. Simulation Results for the D,, Statistic

FEstimated Size Estimated Power
Sign. Level n=98 n=245 n=490 | n=98 n=245 n =490

Relevant z;

1% 0.008 0.012 0.006 0.932 1.00 1.00
5% 0.043 0.053 0.056 0.997 1.00 1.00
10% 0.101 0.117 0.112 1.00 1.00 1.00
20% 0.224 0.207 0.205 1.00 1.00 1.00

Irrelevant z; (Pure SAR Model)

1% 0.010 0.006 0.014 0.035 0.149 0.392
5% 0.061 0.064 0.064 0.158 0.382 0.652
10% 0.130 0.116 0.132 0.281 0.500 0.768
20% 0.245 0.235 0.235 0.440 0.672 0.892

Notes: The reported are the rejection frequencies over 500 simulations. SAR
stands for spatially autoregressive.

may be highly desirable from a practitioner’s point of view since it allows the identification of a
neighborhood-specific spatial dependence measure conditional on the vector of contextual variables.

We propose several (locally) nonparametric GMM estimators for our model. The developed two-
stage estimators incorporate both the linear and quadratic orthogonality conditions and are capable
of accommodating a variety of data generating processes, including the instance of a pure spatially
autoregressive semiparametric model with no relevant regressors as well as multiple partially linear
specifications. All proposed estimators are shown to be consistent and asymptotically normal.
We also contribute to the literature by putting forward two test statistics to test for parameter
constancy in our model. Both tests are consistent.

Appendix

To simplify notation, we define the following: m; = Ky (z;,2) = K(H 1(z; — 2)); AS = A, + A/,
for any n x n matrix A,; ?g(z) = 0%g(2)/0207" is the second-order derivative of a differentiable
function g : R — R; iy and Oy is an s X 1 vector of ones and zeros, respectively; igx; and Ogx; is an
s x t matrix of ones and zeros, respectively; >, . =370 D7 and D7, = 30 D0 3
Also, X,, = O (a,) means that X,, = O (ay,) but not X,, = o, (a,), and A, ~ B, indicates that
B,, is the leading term of A,.

A Brief Mathematical Proofs of Theorems 1-4

Proof of Theorem 1. Define 0, =&, [ 7(z) —v(2) [vA(z)—vy(@)]H ]J,a(p+1)x(¢+1)
matrix, yf = y; — mly (z) —m} v v (2) (z; — 2) and u; (0) = yF — &, 'm}02,(z), where {£,} is a
sequence of positive constants such that 0 < M; < [|0,] < Mz < oo for all n. Then, we can rewrite
(3.5) as

u ()P, 1 Ky(2)u(8)

gn (0) = : (A.1)

u (0), Pn,mKH(Z)u (0)
Q(2)Kp(z)u(0)
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where u (0) is an n x 1 vector with a typical element being equal to u; (@). Then, we have

u () [Py Kp(2)]" M (2)
Jgn () _ _5—1 :

dvec (8)’ " u(0) [P Ku(2)]" M(z)
Q(2)' K (2)M (2)

Minimizing the GMM objective function referenced in (3.6) is equivalent to minimizing A,, () =
g, (0) g, () over O € S, where the latter is a compact subset of RP*! x RI+1. Since §,, minimizes
A, (0) =g, (0) g, (0), we have that

_ 98.(60,) 08 0] %gn (0)
—70)&1 (0,) = Dvec (0) {gn (@‘FWV@C(‘%) ;

where én lies between 6,, and 0, 1)(q+1)- From above, we obtain

10gn (0,)]
vee (6,) = — { e((f(') e >] 8g”£(z) . (0).

0) Ovec () ve )

Denoting Ep(z)
above as follows

Ky (2)Q(2)Q(2)Kpg(2), we decompose the two components of vec (6),)

= QLZM@) [P Ky ()" w (6n) y™ [PuKn (2)y" + 2 L MG EL )y
=1 n
and
1 0gy (0n
s = S )

= ;22 u(8,) [Pn,zKH(z)]SM(z)}'u (’én)'[Pn,lKH(z)]SM(z) + @M En(IM(:).
n =1 n

For each i, we define a (p+ 1) x 1 vector II(z}) whose [th element equals 1I;(z}) = (z; —
2)" 72 (z})(z; — z), and z} lies between z; and z for [ = 1,...,p + 1. Then, we have y} =
w; + m;II(z})/2. Further, we define an n x 1 vector C(z), whose ith term equals m/II(z})/2,
along Wlth Fl,l =u [Pn,lKH( )] C( ) F27l =C (Z) [PnVlKH(Z)]SC(Z), F37l =u [PnVlKH(Z)]Su,
Uy =u' [P Ky (2)]° M(2), Vo = C (2) [PnuKu(2)]° M(2) and U3, = M (2) [P Ku(2)]° M(2)
for 1 =1,...,m. Then, we have A, (z) = An1 (2) + An2 (2) — Ap3 (2) with

ik 1
A (Z) = Z FQZ \Ifl 1+ v, l) (2Fl,l + FS,Z) \Illl,l] + g—M (z)’ EH(Z)C(Z)

T
z (2r“+r31)\1;2[+ M()E(z)u

I Ms I
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A (2) = 2;% lf; (201 + Ty + Tay) Wy vec (8,,),
and
B.() = ;i (20000 & oo (8] w2) (s = - [ (8.)] ) +
LM () En(2)M(2)

By Lemmas 1-3, we have
(n[H) 26 (2) = f2(2) 54 (H,2)' + o, (|HIP) (A-2)
(n[H) " 04 (2) 5 N (Openygrn) £ (2) Re () Q(2))
and
(n[H) & A () = O, (I + (n[E)™) 1| )

(n[H) 2 EBu () = 2 (2) 5 (H,2) + Oy (& IHI) " + (&0 JHI)2) +0, (1) (A3)
uniformly over all En € S. Therefore, we have

& ([70)-76) [976) - vy @IH ] - ()2 &8, ()] () 60dn ()
b [EBa(0)] badna(2) | [EBa(2)] " & () A4
el ko B b =T A

Combining (A.2)—(A.4) with the fact that ||8,| < M for all n, we can deduce that &, must be
of order /n|H|. The logic is as follows.

First, if &,/+/n [H| — oo, it implies that /n[H|[ 7 (2) = v (2) [v7(2) = v (2)]H | = 0 as
n — 0o. By (A.2)—(A.4) and Assumption 4, we obtain

ValH] ([ 5() =7 () [97 () = 77 ()] H | = s (H,2) 504 (H, 2)')

L e (L2 N 01y £ (2) e (K)R(2)) + 0, ( I (e + o)) HH\‘1> ,

where A, 4 B,, means that A, and B, have the same distribution asymptotically. Since the first
term is of order O (1), a contradiction occurs.

Now, suppose that &,/+/n|H| — 0 holds true. By (A.2)—(A.4) and Assumption 4, we have
0,, = o, (1) which contradicts the fact that ||@, || is uniformly bounded and positive.

Therefore, applying the exclusion method, we have shown that &, must be of order /n|H]
exactly, which gives

ValH] ([ 5() = 7(=) [93(2) = 97 () H ] = e (H,2) " sea (H,2)')

L 5ep (H,2) "N (0piy(ge1) 2 (2) R (K)Q(2)) .
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This completes the proof of this theorem. m

In the following three lemmas, we define »; (H,2) = ;9 (H,2) + »; p (H, 2) for j = {A, B}
and Q (z) = Qg (2) + Qp (2) + Qg,p (2), where the subscripts ) and P mean that the variable
comes from the use of Q,, and {P,,ju} as an instrument, respectively, while the “double” subscript
Q, P indicates the use of both types of instruments.

Lemma 1 Under Assumptions 1—4, we obtain (n |H|) > £, An1 (2) = f2(2) 24 (H, 2)' 40, (HHH2>
(1) If B (z) # 0, holds over at least one non-empty subset, we have

sean(H,2) = m,;(k) [ By (H,2) B (2) 0., } (A.5)
xap(H,z) = [1,0,]® Z <F3,l (H, z2) [Fu (H,2) + %FQ,l (z)} +
=1
2P (H,2)F (L) ), (A.6)

where Eq (2), Bo (H,2), F1; (H, 2), Fa(2), F3; (H,2) and Fy; (H, 2) are defined below;
(1t) If B (z) = 0, holds over its domain and p (z) is not constant over at least one non-empty subset,

we have 4.0 (H, 2) = 0, (||HH2 (n \H|)_1/2) and seap (H,2) = 2 [1,0,] @30, By, (H, 2) Fy, (H, 2);
(i) If both B(z) = 0, and p(z) = po hold over their domains, we have »aq (H, z) = 0(41)(g+1)

and za,p (H,z) = O, <<n\/@>_l>

Proof. We first consider case (7). Applying straightforward calculation, we obtain

1 /
= @) { 01q pi 2(236) I, } DEL(z)+0p <HHH2 * (n‘HD_l/QbA'?)
and

O Ku(2)Q() = %,H‘men (2 © Q]

n IH\
= féz)m,g(k) [ E2(H,2) 0, ] (1+0p (HH|]2+ (n]H\)_1/2)>7
where we define

i=1

E,(H.2) = —12( { Iy }E[(Wym;,i\zi:zh

o[ Pl g [, ) 29

This gives (A.5).

24



Next, let the (4,)th element of G, (Z) = W [I, — p(Z) W] ™! be g;;. Since {P,;} has finite
row- and column-sum norms for all I, letting p; ;; be the (7, j)th element of P, ;, we obtain that

Uy, 1 v / /
9 — .. . .. . . Z .
n ’H| n |H‘ ;; (pl,mﬂ'] +pl,jzﬂ'z)ul ( j(z) ® m])
_ 2 - =/ 2 —1/2 —1 o7 o/
nHE]| Zpl,iiﬂzzi(z) ® [giiui, uixi] +0, ( (n [H]) LIH[™ | @i,
i=1
= 2f(2)[1,0,] @ F1; (H,2) 4 0, (1) (A.10)
L g ) m'II(z*) (Z' 4
n ’H| m ’H| ZZ;]Z; (plﬂ]ﬂ-] +pl,]27rl) m; (Zz) ( ](Z) ® mj)
1 *
= e S TG (2(2) @ m)) + O, (H])
nHl
1
= if(z) [1,0;] @ Fy;(2) 4+ 0p (1) (A.11)
and
n\H| = 4n‘H|;jZ;(pl,ij7Tj +Pl,jiﬂi)mgn(zf)n(z?)/mj
1 * *
- > pmmi T (z) T (Z)'m; + O, (|[H]|")
2n |H] vy

= S ()R (L 2) + O, (JH o+ (o 1) V2 )

where we define

FiuH,z) = |0, (n’H\f(Z))_lzPl,iigiim, 0;] (A.12)
=1
_ —1 / * ! _
Fou(2) = n ') E [pimiIL(z})m]|z; = 2] (A.13)
i#£]

and

) . 82 82 /
P IL(z7) ((WY)j 858(;’) + ((;:ifZ))>

Since {P,,;} has finite row- and column-sum norms for all [, we have F;; (H,2) = O, (1),
Fa(2) = O (1) and Fy (H,2) = O ([H]P).

In addition, denoting @ = G, (Z)u and y = G, (Z) mtx{X,3(Z)}, we have Wy = § + qQ,
where the ith elements of n x 1 vectors @i and ¥y are respectively denoted by u; and g;. Next,
define m; = [g;, %] and n; (2) = (z; — 2)' V2 p(z}) (zi — 2). With T1; = v [P,,; K (2)]° C(2) and
le = u [P, Ku(2))° C(z), where the ith elements of C(z) and C(z) are respectively equal to
m/II(z})/2 and ;n; (z) /2, and given that tr {P,;} = 0, we obtain

Fs;(H,z) = %Ztr {HE z; = z] H} . (A.14)

i#]

]_1171 1 n o n -
Tl X e w2
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— ”|1m Zn:]?z,n‘giimu?m (2) + Oy <(n\/|ﬁ>_1> = f(2)Fyy (H,2) + O, <<n |H\>_1>
i=1

INWLZW [H]|? U3 1¥1, ( 1 )
Lo and M _o (),
(nEpD* " (\/”|H! (nHD? " \ny/[H]

F4,l (H, Z) n |H| f Zpl uguﬂ-znz = p <||H”2) . (A]-5)

and

where

Therefore, we verify (A.6), combing all the above results together.
Next, we consider case (ii). In this instance, m;= [t;,x}] and E1 (z) = [0q, n™' Y1 | E [Qyix}|2; = 2]].
In addition, we have

1 <
T COVKR(IQ) = g S mitn (2) [21() @ Q1) = Op (I (n 1) 72)
=1
Iy 1
n]H| = 4n|H| ZZ pl i T 5 +pl]z7rz) Uzu]nz( )77]( )
=1 j=1
- 2n|H| > gmitigni(2)ng(2) + Op (IH*) = 0, (I8 /o + H) )
i#£]
and
qj?,l / — 7 2
n|H\ 2n|H\ ZZ pl i Ty +pl,jl7rl) Th( )Z ( ) [uin,uin] - OP (HHH >
=1 j=1

Combining all the above results together gives (n|H|) > &, 4.1 (2) ~ (n[H|) 237, le\If’l’l,
which verifies case (7).

Lastly, note that if both 8 (z) = 0, and p(z) = po hold over their domains [i.e., case (iii)], we

have C (2) = 0,,, which implies I't ; = 0, Ty = 0 and Wo; = 0{,, ;). ;). Hence, (n H|) 2 & A (2) =

-1
(2n [H)) 723", L3, =0, ((n\/ \H|) ) This completes the proof of this lemma. m

Remark If diag{P,,;} = 0 for all I, we have s4p (H,z) =471 [1,0,] @ Y12 [F3; (H, z) Fo; (2)]
. 4\ . .. -1 .
in case (i), 2a.p (H,2) = op (n_1/2 + | H]| ) in case (ii), and x4 p (H,2) = 0, <<n\/|H]> ) in

case (iii).

Lemma 2 Under Assumptions 1—4, we obtain

(n[H) 2B, (2) = £ () 55 (H,2) + 0, (& [HI) " + (&0 [HI) ) +0, (1), (A16)
where
spq(H,2) — [01 u%;)é)l ]®[E1(z)’E1<z>]

1=

[

xpp(H,2) = [ 01q Oyrs ] ®{i {2F11 (H,z) + 2Fgl( )]/ {2}?1,1 (H,z)+%F2J (z)”.
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Proof. By (A.7), we have

1 1
M:)Eg(z)M(z) = ——M(2)YKy(z z 2V K (2)YM(z
(n [H])? (2) Br(2)M(2) (0 [H]? (2)Ku(2)Q(2)Q(2) Ky (2)M(z)
= g (H,2)(1+0,(1)). (A.17)

In addition, we have

\11371 1 n n
nH M;;(I’%wﬁpz,ﬁm) [2i(2)Zj(2)] @ (mqm})
0, o, (I i)
_ o . ® Op (ip+1)x(p1)) -
O, (IEI™ 1) Oy (igxs) P

Combining this result with (A.17), (A.10) and (A.11) yields

(n|H|) 2B, () = <n|i1|> S (W0 4+ W) (U4 W) +
=1

Op (& |~ + &% 11 ~2)

— s (H,2) + .0 (H,2) + 0, (1) + 0, (6 [HI™ + 6.2 1))

1

(n H])? M(2)Eg(2)M(z) +

This completes the proof of this lemma. m

Remark If diag{P,;} = 0 for alll, we have 5 p (H, z) = 47 diag{1, 0, }®[>_]2; Fa, (2)' Fo, (2)].
Further, E1 (z) = [04, n=!' Y1 E[Qpix]|z; = 2]] if B (2) = 0, holds over its domain, which leads
to a singular »p (H, 2) because E; (2)" E; (2) becomes singular. However, this problem vanishes if
one uses a local constant estimator (instead of a local linear one) because Y | [2Fy; (H,2) + 3F2; (2)]
+ E1 (2)'E1 (2) can be non-singular.

Lemma 3 Under Assumptions 1—4, we obtain

(n[H) 26, 4,2 () 5 N(0, /2 (2) B2 (K) R(2) ). (A.18)
where Q2 (z) is defined in the proof.
Proof. By (A.7) and (A.11), we have
(n ‘H|)73/2 gnAn,2 (2) % lz; (21:‘1’1 + FgJ) [1, 0;]/ ® Fa (Z)/ +
f(z) )

\/WAH (2) Q(2) Ku(2)u+o, (1) = Apa(2) + 0, (1),
n
where A, (z) = diag{1, p12 (k) I;} ® Eq (2). Letting o # 0 be a [(p+ 1) (¢ + 1)] x 1 vector, we
define

A (2) =’ Aps (2) =uAju+blu, (A.19)

)
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Since both A, and b,, are exogenous, we can apply Kelejian & Prucha’s (2001) central limit
theorem for linear-quadratic forms with minor modification. That is, we need to check the following
two conditions:

ZE [\bn,i|2+51] — 0 for some d; > 0 (A.20)
i=1
0 <co<Var[A, (2)] <1 < o0, (A.21)

where by, ; is the ith element of b,.

First, we verify (A.20). Applying direct calculations gives

f(2) /m[l] /n ey, (2) , ,
bpi = —F——=a QFy; (2 (prigmj + pujimi) MG II(z7 )+ i | Zi(2) ® Q| An (2) a.
4y/n |H| ; 0y ]; 7 ’ T /nH] [ 4

Applying Minkoski’s inequality gives

2401 2461

n n 1\ 1/(2+61)
E (1 (prijmj + pujimi) ) TI(z)) < !E (E |(puigm; + pugoms) T (z5) ) < M [H]|

j=1 j=1
and bes

+
E|mi [2i(2) ® Q] A (2) o 7 < ME [m || 25(2) AP < M H

if E [ i 201 |4, = z] < M is continuous and bounded in the neighborhood of z, E [||xi\|2(2+51)] <

M and E [||zi||4(2+51)} < M. Hence, we obtain E [|bm]2+61} < M |H| (n |H|)™ (2+00)/2 " This gives
(A.20).
Second, we verify (A.21). Note that E[A,, (2)] = 0 since tr {P,;} = 0 for all [, and

Var[A, (2)] = 201E [tr {Ai}] + (IE [uﬂ — 203) ZE [afm] + ol ZE (an iian jj) +
i=1 i#j
ooE [blby] + 2K [uf] > " E [an,ibn.i] (A.22)
i=1

where ay, ;; is the (i, j)th element of A,,. Then, we obtain

ZE[an,iiGn,jj] 4n’H‘C¥/ZZ |: q :|®[F2,l( ) F, l’ QZE b npl’,jﬂrﬂr]] = O(’HD

i#] =1 I'=1 Ugxq i#j
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and

m m ’
E ltr f A2 =) { 1 0y
[1"{ n ] 16n|H|a ;l/; Oq quq
_ f2 (Z) /m - 1 O; ,
T 16n |H]| ; ; 0, 0, (29 [Fz,z (2) Fou (=
_ P N[ 10 ,
N 8n|H\a lzzll/gl 0, O,q ® [F2u (2) Fau (2)]
= Y Ela2,]/2+0(n")
i=1

so that 2038 [ir (A2)]+(E [uf] —208) T, E [a2 ]

O (n~! + [HJ). By definition, we have

n ) ) f2 (Z) , m m |: 1 O,q
;E[a”v“} | H[” ;; 0, O
f3 (2) Ry (K) &/'Q (2) /4.

Q

Hence, we obtain

1 0
- q
i (2) [ 05 Ogxq }

Next, we have

I=10=1

, £ (2)

b b, =

" in[H| =
F22) x~[1
2n [H| Z: [ 0
2 (2)

® Z Z Fou(2) Fou (

n
z) nh_yolo n! ZE [priip ilzi = 2] -

} @ [Fa (2) Fau (2)] oF [tr {[Pr, K (2)]° [Pr v K (2)]°)]

) @ S El(prims + prjim) (P + i gimi)]

i=1j=1

«a Z E [priipv,imi] +O (n71)

i=1

+oy, > iz E (anjiian ;) = Var (uf) 2 E {a%u} +

n

® [Fau(2) Fop (2)] @ ZE [piipr 1im? ]

axq |

=1

(A.23)
=1

[An (2) @) Q(2) K7 (2)Q () An (2) @
(2) [ Apro/4+ o Apa Ny (2) /2 + (A (2) &) AnsA, (2) @]

where the definition of A,; for j = 1,2, 3 is to be clear from the context below.

Applying standard calculations, we obtain

oy ]9%

axq =1

1 m m n n z

I=1I'=1i=14'=1 j=1

m

1 1
Eldal = ] [ 0,

o~

/:1

/
Oq

[ Olq o ] ® [Fay (2) Foy (2)]

4n |H]| =1 U'=11'#i#j

29

1 m m
DX D Elpypr ey miT(z))mg I1(z)] [

[Fo (2) Four ()] E|C(2) [P K ()] [PoyKi(2)]" C(2)]

Z Z ZE [(prijmj + prjimi) (pu iy + pojome) MGTL(z))mg I(z]) | x

1o,

0, Opry } ® [Fo (2) Foy (2)] +



o (|lHP)

Elda] = —rE Z[Olq]®F2,l<z>'<‘:<z>'[Pn,lKH<z>]SKH<z>Q<z>]

=1
B 2nl|HZ[01 ]®F” ZZE (pragmj + prgimi) mmIL(z7) Z5(2) @ Qg
=1 d i=1 j=1
- 2n1|HZ [01 ]@’F?l ) B [pymmiIia) [25(2) @ Q)] + 0 (IHP)
=1 1 i#]
~ f(2)R2(K)S2(z2)/2
and
El4a] = E Q) KH(:)Q()]
— g LER [20Z0] 8 @u)] ~ 0| B G ),
=1 s q

where make use of the following definitions:

1 . 1 — X\ = *
Si(2) = [ 0, 0 ] ®ZZF21 "Fou (2) im = Y E [pygpr g miIl(z; )} I(z})|z; = 2]
ax4q I=11'=1 TN it
1 .1 - "
Sa(z) = ® ZFQZ "lim = " E [p;miI(z])Q), |z; = 2]
05 Ogxq nmeen i
n
E;(2) = nh_}rrgo nt ZE [Qn,iQ;, 412 = 2] - (A.24)
i=1

Moreover, we have

n

12 10 o
;E[an,iibn,i} = 8n |(;I)| Z Z i Oq Oqzq :| [F2l F2 l’ ;; pl 3704 pl’ i Tj + Du ]Zﬂ-'l)m H( )] +
m m r 1 , ,
zn|H|ZZ 0, } ®F2 (2 ZE{Z’”“” ZOETMIEOL
I=1r=1 -
N [ 1 / 1 2
_ H|ZZ o, } ® Fay (2 ZE[pl/mr 2/ )®Qn’i]]An(z)a+O(HHH )
I=1r=1 -
= f3(Z) (K) o' (2) o0/ 2
where
1 m m
Q(2) = [ 0, ! ] ZZ hm n- ZE P i Q) ilzi = 2] hm Ei(2)|. (A.25)
0gxq 1=
Combining the above results, we get
1 0
Q = a E/ E E A.26
0@ = |0y sty @y thy/ma )1, | © OB OO (420
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Qp(z) = Var(u}) D (z)+S1(2) /4

- [ 0, 0 } ©2 2 Fou(3) Fay (2 <V‘”" (uf) lim n”? > B [priiprailzi = 2] +

g Ogxq 1=11'=1 i=1
1 1 1 E — /H *\ =/ ].__[ * — A
1 nsoo n /;é [pl7ijpl’,i’jmi (z; )y IL(z})|z; = Z] (A.27)
i/ #iF#]g

Qo.p(z) = 22(2)/2+82(2) An (2) /2

_ | 10 ®§:F (2) ilim n ' R [praQlzo = 2] +
= Oq 2.1 e Pr iR |27 =

=1 r=1 i=1
.1 _ « :
nh_}ngo . ZE [pujm;H(zi)Q;L’ﬂzj = z]) nh_}rrgo E; (2). (A.28)
i#]

Hence, we have Var[A, (z)] converges to f3(z) R (K)a/S2(z) > 0. This verifies (A.21).
Then, applying Theorem 1 in Kelejian & Prucha (2001) and the Cramér’s Wold device completes
the proof of (A.18). This completes the proof of this lemma. m
Remark If 3(z) = 0, over its domain, we have Fy; (2) = O (||H||2 /n) for all [, so that Qp (2) =
O (JH|I* /n?), Qq.p (2) = O (|HI /n) and

1 0;, 0 0,
0 (=) = [ 0,4 H%z (k) p22 (k) /Ra (K) 1, ] “ [ 0, Ei3 (Z)/Efi (2) E13 (2) ] ,

where Eq3(2) =n"1 Y " | E[Q,,ix}|z; = 2]. Hence, §2 () becomes singular.

Proof of Theorem 3. In this theorem, we have G, (Z) = WS, (Z), S, (Z) = [I, — p(Z) W] ! =
S0 (2)+ (L.~ p(Z) W]~ [L— p(Z) W] "),

and

P, = én(Z)—nfltr{én(Z)}In

— P, +G,(Z)—Gn(Z)—nttr {Gn (Z) — G, (Z)} L. (A.31)
In addition, closely following the proof of Theorem 1, we also denote

n N N R Y S D\ 1 =

m() = 5 [m (01 +Ts) + (2F) +T) \1:1] M) Em(2)C)  (A32)
~ 1 ~ ~\ = 1 =

() = 5 (20 +T5) By + & M) S, (2)u
Ai(2) = oo (201 + T+ Ty) Tyvee 60,)

262
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and

Bue) = g (Bt e e (0,)] ) (004 o - fvee (3,)] 0 +
where T = W/ [f’nKHO(z)rC(z), Ty = C(2) [f’nKHo(z)]s C(z), T3 = o [f)nKHO(z)ru, ¥, =

~ S ~ ~ S o~ ~ S o~
w [P Ky, (2 )} M(2), U5 = C(2)' [PuKp, ()] M(2), U5 = M (2) |PuKu, (2)] M(2), By (2) =
K, (2 )Q (2) Q (2)' K g, (2). This notation is analogous to that “without the hat” used in the proof
of Theorem 1 except for the replacement of P,, and Qq,, with P and an, respectively.

Closely following the proof of Theorem 1, we have &, = \/n|Hy|, and 24 (Hy, z), »p (Hy, z)
and Q (z) are defined in Lemmas 4-6, respectively. This completes the proof of this theorem. m

M (2) E, (2)M(2), (A.33)

Lemma 4 Under Assumptions 1-8, 5 and 6, we obtain (n|Hg|) 2, An (2) = 24 (Ho,2) +
Op (HHOHQ), where 24 g (Hy, 2) and x4 p (Ho, z) are the same as in Lemma 1 with the | subscript
and Y ", dropped from 4 p (Ho, 2).

Proof. Once we show A, (2) = A (2) [1 + op (1)], this lemma’s result follows from Lemma 1.

First, we have

L, —p(Z)W] " —[L, — p(Z) W]

sp

L. —p(Z)W] ™ [p(Z) — p(Z)]W L, — p(Z) W]

sp

L, — p(Z)W]!

IN

Ilp(Z) — p(2)] W],

sp

where we denote [|All,, = A2 (AA’). Note that [|All,, < [|A]l, where |A| = \/tr {AA’}. By
Weyl’s theorem (Seber, 2008, p.117), we have

where we obtain, under Assumption 5, that

[In - ﬁ (Z) W]_l

o = M= p(Z) Wi, + O(lllp(2) - p(Z)] WII),

1/2

17(2) ~ @)W = [ 5 0 - p )] [ ) — p ) —Op<HH|!2+ ;T;;‘).

1=1 j#i

In addition, ||I, — p(Z) W||,, < 1 almost surely under Assumption 1. Therefore, we obtain

It then follows that

=0, (2) - p (B WI)) = O, (HH\2 + ;7;,) . (A.34)

sp

‘n_ltr {én (Z) — Gy, (Z)}‘

n! zn: /W [§n (Z) — S, (Z)] e
=1
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IN

w7t eiw
=1
= 0y (IH)P + v/inn/ (nH])) (A.35)

where e; denotes the ith column of the identify matrix L.

S, (2) =8, (Z)|_ el

Next, we work on each component of (n |Ho|) ™2 &, Ay (2) given in (A.32).
(i) By Assumption 5 and (A.34) we obtain

T QKR (M) = e Q) Ky (M) + 0, (B + /i () )
n |Hg n o

1 , ~ B 1 ,
T CEOKm(RE) = e CE) K ()Q() + oy (IE0?)

(ii) By (A.31), we have
T, 1
= u
n [Ho| n [Ho|

= nﬁio‘ + n\ilo!u/ [(C‘.n (Z2) -G, (Z)) KHO(Z)FM(Z) _

‘ [ﬁnKHo(z)] TM(2)

vy
n [Hy

{én (Z) — Gy, (Z)} WK, (2)M(z) = +o,(1)  (A.36)

L
———— (I’
n? [Hy|

since applying (A.34) gives

S [ (602 - 6o @) )] )|
< - &IO‘ $,(2) = S0 (@) (11w WI 1K, (M) + || Koy ()] | WD) )

= 0, (It + v/iwn/ G D) 0, ( (VIERl [l ) = 0, (1)

under Assumption 6.

Similarly, we have

n|\IEO| - n|11{0|c(2)/ [f’n,lKHo(Z)rM(z)
3 1 /A .
= oy ) (G (2 - G (@) Kiny(2)] M(e) -
7122}101“{@11 (Z2) — Gn (Z)} C (2) K, (2)M(z)

— i+ 0y (1P + /] GaTFHD) 0, (Bl ) +
Oy (IH]> + /inn/ (nH])) O, (IHo|1*) = nfﬁd +0, (1) (A.37)

by (A.35) under Assumption 6, since applying (A.34) gives

iy € (802 - 6 (@) Kin (9]

S

|
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1

@) (1€ Wi 1K (M) + [ () Ko ()] [WM() )
(HHH +Vinn/(n rH) 0, (1 72).

Furthermore, following the proof of (A.36), we obtain

fg _ 1 1 [ S
T = ag C @) [PKm )] e

B n\F}QIo\ n \;{o! C [(é" (2) = Ga (Z)> KHO(Z)F Cz) -

(G (@) - G @} Ol K (e
= e+ 0p (1B i G D) 0 (1L | 2) +
0, (I + v/in/ G IHD ) O, (IHG*) = —2— + o, (H|
Vin/ (o [H) n\rﬁlol :

under Assumption 5.
Next, following the proof of (A.37), we obtain

Iy . 1
n|HO‘ n|H0\
fl 1 ! ~ S ~
n[Ho| * n[Hg" (G (@) - G.(@) K (2)] C2)

u’ [f’nKHO (z)] ’ C(z)

G (2) - G (@) 0K ()

= 0, (WP Vi G THD) O, (Bl + (n 1)) = T o, (11017

where

%u’ (Gn(2) - Gu (2)) Kiyy ()] C(2)
L 8,2 -s.(2) ( /

= 0, (JHI* + Vinn/ (n |H)  (n[Ho)™'7?).

(iii) Under Assumptions 5 and 6, we have

<

©CE) |+ oK) [WE))

(71:’1:1}‘1)2 N (nﬂlfi)l)z * ((n \I}IO\)QU/ [(é" (Z) — Gn, (Z)> KHO(Z):| C(z) +
® / F1\P1
n3|HO’2tr{Gn (Z) — Gn (Z)} LIKHo(Z)C(Z)) u' [P, K, (2)])° M(2) T (140, (1))

by (A.35), and




= |H0| 2 ZZ [(Gi — 9i5) ™5 + (Gji — gji) 7] um;TI(z7) x
i=1 j=1

Z Z (poymy + pyarmar) wg 2y (2)' @ iy

i'=1j'=1

2 ZZ gzy gz] T+ (./g\]l - gji) 772] z2 ;H(Zj) X

=1 j=1

Q

nIHI
n

Z (pijrmjr + pjrimi) 2y (2)] ®m/
=

" |H ) 2 Z ij » Z (G5i — 95i) ﬂ?] u?rﬁ}l’[(zj)zj/ (2) ® m;/
7j=1

i=1 j'=1

Q

= 0, (IH|1* + Vinn/ (n[H])) 0, (1)

3/2
n [Ho[*? [ Ho||
o, (I BT o (1), (1)
= 0, : o,
Vi [Ho| [ Ho|® v/n [Hy| /n [Hy|
along with
1 _
Wu’KHO(z)C(z)u’ P, Kp, (2)]° M(z)
0
1 n
— W ZW@"LL@'IT’I H Z Z Pirj Ty +pjll/7T,L ) uz/m ,H( ;" )
0 1=1 i'=1j'=1
< e 303 (o ppen?) ) ()
n‘ ’ ’L 1]/ 1
j mH m2u2mlIL(z] )m/, T (2,
n‘H()’QZpZZZ 7 ( )] TL’H|2ZZPJZ ) 4 (])

i=1 j/#i

Oy ((n [ )™ [ H1o]|*) + Oy (0 [Ho]) ™" [ H]1*) = O, ((n [Ho) " [ HEo )

This completes the proof of this lemma. =

Lemma 5 Under Assumptions 1-8, 5 and 6, we obtain

&n

mA (2) = f2(2) 25 (Ho, 2) + 0, (1) , (A.38)

where > (Ho, z) is as defined in Lemma 2 except for the | subscript and Y -, being removed.

Proof. By Lemma 2, we only need to show that (n |Ho|) "2 &, <§n (z2) — Bp (z)) = 0y (1). Making
use of the results in the proof of Lemma 4, we only need to show the following
{1\13 1 ;T s
= M (=)' [PuKopy ()| M
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- nﬁgcﬂ T |11‘IO|M () [(a" (2) = Ga (Z)) KHO(Z)FM(Z) a
n? [Ho| ’Hol { Z)} M (2) K, (2)M(2)

- O<||HH+\/W ) O (IH0 %)

by (A.35) under Assumption 6, since applying (A.34) gives

M) [(Gn(2) - Gu (2)) K ()] M(2)

n [Ho

IN

2)| (IMG) W K, (M) )
= 0, (IHIP + v/inn/ (0 H)) 0, (IHo| /?) = 0, (1

and
fg 1 =S S
= P.K
n [H| n[Ho| [ Ho(z)} "

. Fg 1 ’ ~ S

- b (60 - @) k]
2 ~ ! I

mtr{(}n (Z) — Gn (Z) } WK, (2)u = i e ()

because we have

o [(G(2) - G (2) Kiry ()] 1w < 2)| Wl K (2)ul

Oy (IE> + /inn/ (n[H])) O, ((n [Ho)~?).

This completes the proof of this lemma. =

Lemma 6 Under Assumptions 1-83, 5 and 6, we obtain

bndna (2)  a

L N(0, f*(2) R (K)Q(2) ), (A.39)

where Q2 (z) is as defined in Lemma 8 except for the I subscript and Y ;" being removed.

Proof. By means of the results in Lemmas 8 and 9 (see Supplementary Appendix), we can show

that N
gnAn,Q (Z) _ énAn,Q (Z)
(n|Ho|)*?  (n[Ho|)*?

Then, applying Lemma 3 completes the proof of this lemma. =

op(1).

Proof of Theorem 4. We first discuss the existence of p, where p = arg min,cgn(1/ni, —
p)/(1/nin — p) subject to 1,p = 1 and i, < [3(z1[p), ..., Fznlp)] < in-
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For some very small constant € € (0, 1), our restrictions can be equivalently written as |p(z|p)|
l—eor1—e+p(z|p) > 0and 1—e—p(z| p) > 0. Since Y ;" | p; = 1, we have Ry (z) = 1—e+p(z|p)
Yo pirii(z) and Re(2) =1 — € — p(z|p) = Y1y pir2s (2), where r1; (2) = nwi(X, 2)y; + 1 —
and rg; (2) = —nw;(X, 2)y; + 1 — € are both continuous functions of z € R for all i € {1,...,n}.

<
€

Let dy () and ds (z) be the numerator and denominator of p(z), respectively, where the former
can be written as

= miyi Y7 (Wy); Z(2) Zi(2)Q),;Qni = Zdl, X, )
i=1 j=1

Hence, we have w;(X, z) = d1; (X, 2) /d2 (#) for all i. Under Assumption 3, we have m; = 0 and
r,(2) =10 (2) =1—€>0if |2, — 2| > hy for some | € {1,...,q}, where 2;; and z; are the Ith
element of the g x 1 vector z; and z, respectively. Consequently, for a given bandwidth matrix H,

: (L U L
we can construct a sequence of overlapping open subsets O;; = (01,ij,01,z‘]-> X - X (o (0 z]> C R¢

Q7Z]7
such that (i) for each j, both r1;, (2) > 0 and o, (2) > 0 hold for z € O;;; (i) S. C szloij
for {i1,...,ix} € {1,...,n}; (iil) for any give z € S,, z is contained in at least one of the subsets.

Then, following the induction method used in the proof of Theorem 4.1 in Hall & Huang (2001),
we can show that there exists a solution p such that i/,p =1, p; € (0,1) for all ¢ and R; (z) > 0
forallze€ S, and j =1,2.

Next, we study the property of p. We define the Lagrangian function of our optimization
problem as follows:

L) = (hi—nH ¢ (Zpi_l) Z% (zjlp) +1—¢) Z% —n(zilp)),
i=1 i=1

where p(z|p) = n Y 1 piwi(X, 2)yi, @ = [p1,. -, ¢n] and P = [Yb1,...,%,]. Under Assumption 6
and the proof of the existence of p, the Karush-Kuhn-Tucker theorem holds so that there exist ¢,
@ and 1) such that

2(pi—n"') +(— nz —Yj)wi(X,2zj)y; = 0 (A.40)
0;i(p(zi|p)+1—€) = 0V (A.41)
bj(1—e=plzi|p)) = 0V (A.42)

Zﬁi =1 (A.43)
i=1
and ¢; > 0,1; >0and e — 1 < p(z;|p) <1 —e€forall 1 <j < n. Solving (A.40) yields

—+ Z — i) wi(X, z)yi % (A.44)

Combining (A.43) with (A.44), we have ¢ = 377, (p; — 15) Do wi(X, zj)yi = D20 (@5 — ¥5) p (2
which implies that

1
pi = —
n



1 1 ~
= 5 D0 (e ) (X, 7y — P ()] (A.45)
It then follows that

p(zilp) = p(z)+ % DD (o= ) Inws(X, 21y = 7 (2)] neoi(X, 2 )y

i=1 [=1
= p(z) + % D (o =) Y Inwi(X,z)yi — p(z)] [nwi(X, 25)y; — p ()] (A.46)
=1 i=1

Let Ay ={j:¢; >0} ={js,s=1,...,|Ani|}and Apa = {j : ¢; >0} ={jl,s =1,...,|An2l},
where |A,1| and |Ay,2| define the number of elements in A, and A2, respectively. By (A.41), we
have p(z;|p) = e —1 for j € A,1. By (A.42), we have p(z;|p) = 1 — € for j € A,a. Clearly, A, and
Ay share no common elements since € € (0, 1), hence |A,1| + |An2| < n. Therefore, for j; € Ay,
having denoted x;; = nw;(X, z;)y; — p (), we obtain

‘-AnQ | n |-An1 ‘ n

p(zj,) + Z Vi Z X, gt Xi,jl, Z Pjs Z Xi,je Xings | - (A.47)
s=1 i=1

For j, € A2, we obtain

‘An2| n |An1‘ n

,?)\(z%) (1—¢) Z Yjr Z Xiji Xi g, — Z o, Z Xi,ji Xijs | - (A.48)
s=1 =1

!/
Let § = [—%, e =G s ,qulfAnQJ b=1[p(z;,)+1—¢....p (Zlenlo—i-l—e,p (zﬁ)—
(I—€),...,p (zle a) (1 —¢)]'. Further, let o = |:Xi,j17 ce o Xy o Xiogp - - ’Xi’jI/Anz\:| be the
ith row of an n x (|Ap1| + |An2|) matrix A,,. Then, we can rewrite (A.47) and (A.48) in the
matrix form: A/ A,d = 2b, where A}, A, equals n times the sample covariance of {ca;};; and is
non-singular under Assumption 6. Hence, § = 2 (A’ A,)" ' b and by (A.45) we then obtain

. 1 1 1

pi= - 504;'5 o o (A%An)il b. (A.49)

Therefore, we obtain Y1 ; (p; — n*1)2 = b (ALA) 'Y (A’ A,) b =1b(ALA,) "b.
| =

I
By Corollary 2 and Assumption 5, we have sup,cs. [p(2) — p(2)] = O, <||HH + /Inn/ (nH) )

by, say, Masry (1996), so b’b Z‘A’”l (p (z]s) — e+ ZlA”2| (P (zj;) — (1 — e)) = Op (|An1| + |An2l)
= Op (n). Then, we obtain b’ (A}, A,/n? ) b < /\;lm ( AL A,/n3) b'b = O, (n) since Amin {AA,/n?} =

Amin { Wi Wy /n}t+0p (1) = Ain {E W W /n]}—i—op( ) under Assumption 6. Hence, Y7 | (p; — n*1)2
=0, ( ) which gives maxj<;<p ‘pl —n~ ‘ =0, (n_l). This proves Theorem 4(i).

Lastly, we study the distance between p(z| p) and p(z). By Holder’s inequality, we have

n

pEIP) =P (2) = Y (b~ DwiX,2)ys < | D (b = 1%, | D wi(X, 2)y?
i=1

i=1 i=1
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= 0,(1)0, (| ™) = 0, ((n[E])?),
where Y1) Wi (X, 2)y7 = dy? (2) Y1, d7 (X, 2)u, da (2) = Oy ((n\HI)_2) by (A.17), and (n |H]|)™
Yoy dii(X, 2)y? =0, ((n |H|)~ ) following the proof of Theorem 1. m
B Brief Mathematical Proofs of Theorems 7—9

Proof of Theorem 7. The proposed test statistic is T}, = (nZ\HD_1 Doy 2 Uit Kp (24, 25),
ot
where u; = y; — mj¥y and ¥ = [[3, ,8/} :

First, under Hp, we have u; = m/ (v, — %) + u;. Hence, we have

1
T, = n2|H| ZZmZm Ku (zi,25) (vo — ) +
=1 j;éz
2
S (=9 3D 12+ gy 33 ()
i=1 j#i i=1 j#i
=dp1 + 2Tn2 + Tn37 (Bl)

where the definitions of T},;, j = 1,2, 3, should be apparent from the following context. Lee (2007)
showed that v, —4 = O,(n~"/?), and it is straightforward to show that, under Hy, Tp; = O,(n1),

-1
Tho = O)p (n_l) and Tp,3 = O, <(n\/\H|) > Hence, T3 is the leading term of T;, under Hj

and E [T,,3] = 0. Applying Hall’s (1984, Th.1) central limit theorem for a second-order degenerate
U-statistic, one can show that

ny/[HTs % N(0, 208 Ry (K)E[f ()]) (B2)

since, denoting x; = [ui,z;]/, H,, (Xi’Xj) = |H|71/2 uiu; K (2;,2;) and
G (X1, X2) = E[H, (X1, x:) Hn (X2, Xi) [X15 Xa), for @ # j we have

E (G4 buox)] +n BB Gax)] _ O () +0 (™)
[E [H2 (x1, X)) - o) o

Second, under Hy, we have u; = m/ [y (z;) — 9] + u;. We decompose T, as

I = nQ]H\ ZZ A" mm] [y (z:) — 3] K (2, 25) +
1=1 ]751
) =) mu; Ky (2i,2;) wiu;i K (zi,25)
TLHH‘;; 199 1549 ’H‘;g 1ty iy 4yj

= T +2T2+Tn3,

-1
where T},3 is as defined in (B.1). Given the proof above, we have T,3 = O, ((n\/HD ) In

addition, applying straightforward calculations, we obtain

— n2’H‘ ZZ V / m,;uleH (Zi,Zj)

1=1 j#i
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2 n n

= g 2 O b ) = iy a2)+ e (= )0 D K ()

=1 ji i=1 j#i
= 0y (n712) + 0, (n7) = 0, (n712).

Next, we show that 7%, = O, (1). Under H;, Assumption 10(i) states that there exists v € ©
such that ¥ —v = O, (n‘l/Q). Then, we have

o = n2|1H| gg [v (zi) — 3] mym] [y (z;) — 5] K (2, 2;)
= n?\1H| gg [v (zi) —~) my ] [y (2:) — 7] K (2i,25) +
712‘2H| gg [v (z:) =~ my MKy (zi,25) (v — %) +
m —’?)ggmim}KH (202 (v — )
= TH,+0, <n_1/2> + 0, (n7h), (B.3)

where, denoting ¢; = ¥; [p (z;) — p] + %} [B (z;) — B], we have m/, [y (z;) — ] = ¢ +1; [p (zi) — p] and

1 n n
a1 = 22[H] Z Z [v (z:) =~ mym]} [y (zj) — 7] Kn (2, 2))
=1 j£i
IR X o U L 172
= 5 ZZQ@]KH (ZuZ]) + Op n
n*|H| = i
1

- -1/2
n2|H]§’CH (Z)s+ O, (n )

< §/§>\max {ICH (Z)} + Op (n71/2> )

n?H]

where ¢ is an n x 1 vector with a typical element being equal to ¢;, and g (Z) is an n X n matrix
with zero elements on the principal diagonal, the (i, j)th element being equal to Ky (z;,2;) for
i # j and the largest eigenvalue Apax {Kp (Z)} = max| = @Ky (Z) w for any n x 1 vector
w # 0,. Under Assumption 1, we have n-1l¢'c = O, (1), in addition to which we can show that
Amax {K# (Z)} = O, (n|H|) since

E [[Amax {Kn (Z)}]] < Hrélﬁxi(lZZ]winj]E[lCH (2i,2;)]
i=1 j#i

= [ [ELf ()] + 0 (JHI) | s 373 foil [
T i=1 j#i
< MnH|[E[f (21)] + O (|H])]
and applying Hélder’s inequality gives [ ;" ; |@i|]* < n||@|/*. Hence, we obtain T =0p(1).
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Furthermore, redefining x; = [x},z/] and H,, (xi>x;) = H| ™ [8(z;) — ,B]lxixg B (z;) — BIKw (2, 25)

i) “i
and because E [H, (x;, x;)] = O (]H\_ ) = o(n), applying Lemma 3.1 in Powell, Stock & Stoker
(1989), we have

n n

== > > [B(z:) — BI'xX;[B(z;) — B Kn (zi,2) = E[Hy (x5x;)] +0p (1)

1=1 j#i

5 E|f(2) (E [xi]z] [8(z1) - 8))°] > 0.

However, we are unable to show that T}, ; converges to a positive constant since {;} is not an
independent sequence.
Lastly, if 8 (z) = 0, holds over its domain, we have 1Ih = Op (n_l) for j = 1,2 and T3 =
-1
O, ((n |H|) > under H;. This means n/|H|T,, has the same distribution under both Hy and

H;. Therefore, our test fails to differentiate the null hypothesis from the alternative hypothesis.
Combing the above results with Lemma 7 completes the proof of this theorem. m

Lemma 7 Under Hy, 62 5 202Ry (K)E [f (z)]; under Hy, 5% = O, (1), where

Proof. Under Hy, following the proof of Theorem 7 , we can show that the leading term of &2 is

given by
202K2,(
~ 2=l |H| ZZ“ uiKh (2i,25),
1=1 j#i

which is a standard second-order U-statistic with Hi, (x;, x;) = 2 = u?u?lC%{(zi,zj) and x; =

(ui,2;)'. Given that E [H2 (xi>x;)] = O (1) = o(n), applying Lemma 3.1 of Powell et al. (1989)
gives 32 = E [67] + op, (1), where it is easy to show that E [¢%] = 204 Rs (K)E[f ()] + o (1).

Under Hy, we can show that the leading term of 5 is given by

> = nzymzz{wﬂn )= A} {a - m0d oy (25) — 1Y K (2, 2)
i=1 J#Z
- nwwzz{uz’“ﬁm 1) = )+ ) 1 () — ) -+ by () — )y () —
=1 J?él
= nZE| ZZ“ 3K (2i:2;) 22 || Zz{m 2) — )} uiKH (i, 25) +
n’|11J7£Z |‘llj;£z
e 33 il )~ ¥ 1 () ~ 21} K ) + 0, (0 ) 2) = 0, (1)
i=1 j#i

under Assumptions 1-4 and 10 (ii), following steps in the proof of Theorem 7. This completes the
proof of this lemma. m

Proof of Theorem 8. Since @ (s) is a continuous c.d.f., applying Pola’s Theorem (Bhattacharya
& Rao, 1986), we only need to show that Pr* (J} < s) — ®(s) = 0, (1) for any given value of s.
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The bootstrap test statistic 7)F = (112|H|)_1 Doy > UKy (24, 25), where U = y; —

2* % ok * * !
P34 wigy; — %8 =mf (¥ —5") +uf and mj = [Z#Z Wiy, X } Hence, we have

T3 =g U 7 3 3 mim K ) (547 +
=1 j;éz
2
I O IR u) i
i=1 j#i i=1 j#i
=T + 2T + Ts, (B.4)

where 17, for 7 = 1,2,3 are defined in the order of their appearance in the first equality.

Let B*[] = E[|{(xi,2i,y])};]. The wild bootstrap method implies that E*[u}] = 0,
E* [uf?] = 4?, and E* [u}3] = @ for all 4, where U; = m] (v — %) +¢; is the estimated residual from
a parametric linear spatial autoregressive model. Since ¥ — §* = Op(n_l/ 2) and E* [uf] = 0, it is

-1
easy to show that T = Op(n™t), T%, = O, (n™!) and T}y = O, <<n\/ \H|) ) Hence, T}}5 is the

leading term of T);. Since {u}} is independent but not identically distributed, we apply de Jong’s
(1987) central limit theorem for a second-order degenerate U-statistic to show the asymptotic result

for n\/|H|T;.

Specifically, denoting X} = [u},z!] and H (X;‘, X;) =2 (n2 ]H|)_1 uiuiKpy (z4,2;), we have

n3—z Z Hy, (X5 X))

=1 j=i+1

where E* []H[’,ib (Xf’ X;) |Xﬂ =0 for all ¢ # j. In addition, we have

o = E[13] =n4|H|zZ SN Y B [ K ) K (n,7)

1=1 j=1+14i=1j5=i'+1

202

202

- nﬂHPZ Z ICH (2i,2;) = n2|H]’
i=1 j=i+1

and 02 = O, <(n2\H|)_1) by Lemma 7.
Further, defining w;; = H, (X;k, xj), we can easily show that G5 = > | Z;L:Z 1 E* [wfj} =
-1 . . —1
Op (WHP) ™), G = Sy St Ty B [wed + w2 +wded] = 0, ((n°H2) )

— n n n n 4 -1
and G?V = Zi:l Zj:i—i—l lej—&—l Zt:l—i—l E* [wijwilwtjwtl + wijwiwjwie + Wilwitwjlet] = Op <(n |H|) )
because both u; and m; have finite fourth moments. Hence, G}, G7; and G7Jy, are all of order

op (07*). By Proposition 3.2 in de Jong (1987), we then obtain n/|H| /N o2 4 N (0,1). This
completes the proof of this theorem. m

Proof of Theorem 9. Under Hy, we have

42



= Sl ) - ol} 2D ml ) — ol (o) it 2D [m (5~ o))

i=1 =1 =1

Inn
= O (HH”4 + n]H|>

under Assumptions 5. Under Hy, we have

1< -
D, = - [mly—mi7(z)]"
i=1
1 @& /i~ 2 2o [ o / 2 ¢ 1 (% 2
= ;Z{mih(zi)—’)’o}} —ﬁzmi[’Y(zi)—’Yo](’Y—’YO) mi_'_EZ[mi(’Y_’YO)]
i=1 i=1 i=1
2l (o)) O (I [ ) % 2 it )] = 0, 1)
ni:1 i Y Yo p ’17,|H’ ni:1 i Y Yo e .

This completes the proof of this theorem. m

C Proofs of Theorems 5—6 and Empirical Application

Supplementary material related to this article can be found online.
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