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♦❢ ξ✱ ❛♥❞ ❛ s♣❡❝✐✜❝ r✉❧❡ t♦ ✇✐♥ t❤❡ ❡❧❡❝t✐♦♥ ✭❢♦r ❡①❛♠♣❧❡ ❛ s✐♠♣❧❡ ♠❛❥♦r✐t② r✉❧❡✮✱ ❝❛♥❞✐❞❛t❡ ✶ ❝❛♥

❝♦♠♣✉t❡ ❤✐s ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡ ❡❧❡❝t✐♦♥✳ ❊rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s ❤❛✈❡ t❤❡ ❛❞✈❛♥t❛❣❡ ♦❢

❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤✐♥❣ ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✈✐❝t♦r② ♦❢ s♦♠❡ ❝❛♥❞✐❞❛t❡ ❛♥❞ ❤✐s ❡①♣❡❝t❡❞ s❤❛r❡ ♦❢
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s❤❛r❡s ❛r❡ ♠♦r❡ ✐♠♣♦rt❛♥t ✇❤❡♥ ❝❛♥❞✐❞❛t❡s ♠❛①✐♠✐③❡ t❤❡✐r s❤❛r❡ ♦❢ ✈♦t❡rs✳ ❚❤❡ ❢❛❝ts t❤❛t ξ ❡♥t❡rs

t❤❡s❡ ♠♦❞❡❧s ❛❞❞✐t✐✈❡❧② ❛♥❞ t❤❛t ✐t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛♥♥♦✉♥❝❡❞ ♣♦❧✐❝✐❡s ❝♦♥s✐❞❡r❛❜❧② s✐♠♣❧✐❢②

t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤❡ ✇✐♥♥✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡s✳ ❚❤✐s ✐♥ t✉r♥ ❧❡❛❞s t♦ ♠♦r❡ tr❛❝t❛❜❧❡

❛♥❛❧②s✐s ♦❢ t❤❡ ❡q✉✐❧✐❜r✐❛ ♦❢ ❡❧❡❝t♦r❛❧ ❝♦♠♣❡t✐t✐♦♥s ✭❡✳❣ ❈❤❛♣t❡rs ✸ ❛♥❞ ✹ ✐♥ ❘♦❡♠❡r ✭✷✵✵✶✮✱ ❛♥❞

✷



❙❛♣♦r✐t✐ ✭✷✵✵✽✮✮✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ♣r❛❝t✐❝❡ ♦❢ ❛ss✉♠✐♥❣ t❤❛t t❤❡ ❡rr♦r t❡r♠ ξ ✐s ❜♦t❤

❛❞❞✐t✐✈❡ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛♥♥♦✉♥❝❡❞ ♣♦❧✐❝✐❡s ❝❛♥ ❧❡❛❞ t♦ ❧♦❣✐❝❛❧ ✐♥❝♦♥s✐st❡♥❝✐❡s✳ ❙♣❡❝✐✜❝❛❧❧②✱

✇❡ ❧✐st t❤r❡❡ ❛ss✉♠♣t✐♦♥s t❤❛t ❛r❡ ❢r❡q✉❡♥t❧② ✐♠♣♦s❡❞ ✇❤❡♥ t❤❡ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ❛♣♣r♦❛❝❤ ✐s ✉s❡❞✳

❲❡ t❤❡♥ s❤♦✇ t❤❛t✱ ✉♥❞❡r s✉❝❤ ❛ss✉♠♣t✐♦♥s✱ t❤❡ ✏ st❛♥❞❛r❞✑ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s ✐♠♣❧② t❤❛t

s♦♠❡ ❝❛♥❞✐❞❛t❡s ❜❡❧✐❡✈❡ t❤❛t ❝❡rt❛✐♥ ❧♦❣✐❝❛❧❧② ✐♠♣♦ss✐❜❧❡ ❡✈❡♥ts ❝❛♥ t❛❦❡ ♣❧❛❝❡ ✇✐t❤ ❛ str✐❝t❧② ♣♦s✐t✐✈❡

♣r♦❜❛❜✐❧✐t②✳ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ❢♦r ❛♥❛❧②③✐♥❣ ♣r♦❜❛❜✐❧✐st✐❝ ✈♦t✐♥❣ ♠♦❞❡❧s ✐s ♦❢t❡♥ ❡st❛❜❧✐s❤✐♥❣ t❤❡

❡①✐st❡♥❝❡ ♦❢ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ✉♥❞❡r❧②✐♥❣ ❣❛♠❡✳ ❍♦✇❡✈❡r✱ ❛ss❡rt✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣✉r❡

◆❛s❤ ❡q✉✐❧✐❜r✐❛ ✐♥ ❛ ❣❛♠❡ ✇❤❡r❡ ♣❧❛②❡rs ❛ss✐❣♥ str✐❝t❧② ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s t♦ ✐♠♣♦ss✐❜❧❡ ❡✈❡♥ts

✐♥✈❛r✐❛❜❧② ✉♥❞❡r♠✐♥❡s ❛♥② ❛r❣✉♠❡♥t t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ♠♦t✐✈❛t❡ ✐♥t❡r❡st ✐♥ s✉❝❤ ❡q✉✐❧✐❜r✐❛✳ ❲❡✱

t❤❡r❡❢♦r❡✱ ✐♥tr♦❞✉❝❡ ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s t❤❛t ❝✐r❝✉♠✈❡♥ts t❤✐s ♣r♦❜❧❡♠ ❜②

❛❜❛♥❞♦♥✐♥❣ t❤❡ ❛❞❞✐t✐✈✐t② ♦❢ t❤❡ ❡rr♦r t❡r♠ ✇❤✐❧❡ ♠❛✐♥t❛✐♥✐♥❣ ✐ts ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❛♥♥♦✉♥❝❡❞

♣♦❧✐❝✐❡s✳

▼♦st ❝✉rr❡♥t ♠♦❞❡❧s ♦❢ ❡❧❡❝t♦r❛❧ ❝♦♠♣❡t✐t✐♦♥s ❛ss✉♠❡ t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡s ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ✈✐❡✇s

r❡❣❛r❞✐♥❣ ✈♦t❡rs✬ ♣♦❧✐❝② ♣r❡❢❡r❡♥❝❡s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❝❛♥❞✐❞❛t❡s ❛❣r❡❡ ♦♥ ❤♦✇ t❤❡ ✐❞❡❛❧ ♣♦❧✐❝✐❡s

♦❢ t❤❡ ✈♦t❡rs ❛r❡ ❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ ♣♦❧✐❝② s♣❛❝❡ ✭✐♥ t❤❡ st❛t❡✲s♣❛❝❡ ❛♣♣r♦❛❝❤✱ t❤❡ ❝❛♥❞✐❞❛t❡s

❛❣r❡❡ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ✐❞❡❛❧ ♣♦❧✐❝② ♦❢ t❤❡ ♠❡❞✐❛♥ ✈♦t❡r✮✳ ❍♦✇❡✈❡r✱ ♣r❡✲❡❧❡❝t✐♦♥ ❞❡❜❛t❡s

❜❡t✇❡❡♥ ❝❛♥❞✐❞❛t❡s ♦❢t❡♥ r❡✢❡❝t ❛ ❞✐s❛❣r❡❡♠❡♥t ♦✈❡r ✏✇❤❛t t❤❡ ✈♦t❡rs r❡❛❧❧② ✇❛♥t✑✳ ❚❤✐s ✐♥❞✐❝❛t❡s

s♦♠❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ❜❡❧✐❡❢s t❤❛t ❝❛♥❞✐❞❛t❡s ❤❛✈❡ ❛❜♦✉t t❤❡ ♣♦❧✐❝② ♣r❡❢❡r❡♥❝❡s ♦❢ t❤❡ ✈♦t❡rs✳

❋✉rt❤❡r♠♦r❡✱ ❝❛♥❞✐❞❛t❡s✬ ✉♥❝❡rt❛✐♥t② r❡❣❛r❞✐♥❣ t❤❡ ♦✉t❝♦♠❡ ♦❢ t❤❡ ❡❧❡❝t✐♦♥ ❝❛♥ ❛r✐s❡ ❡✈❡♥ ✐❢ ✈♦t❡rs✬

♣♦❧✐❝② ♣r❡❢❡r❡♥❝❡s ❛r❡ ❝♦♠♠♦♥ ❦♥♦✇❧❡❞❣❡ ✇✐t❤ ❝❡rt❛✐♥t② ✭s❡❡ ❊r✐❦s♦♥ ✫ ❘♦♦♠❡r♦ ✭✶✾✾✵✮✱ ❈♦✉❣❤❧✐♥

✭✶✾✾✵✮✱ ❇✉r❞❡♥ ✭✶✾✾✼✮✱ ❛♥❞ ❊❣✉✐❛ ✭✷✵✵✼✮✮✳ ❚❤❡ ♠♦st ❝♦♠♠♦♥ r❡❛s♦♥s ❢♦r s✉❝❤ ✉♥❝❡rt❛✐♥t② ❛r❡ ✐✮

✈♦t❡rs✬ ♥♦♥✲♣♦❧✐❝② ♣r❡❢❡r❡♥❝❡s s✉❝❤ ❛s ♣r❡❢❡r❡♥❝❡s ♦✈❡r t❤❡ ♣❡rs♦♥❛❧ ❛ttr✐❜✉t❡s ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡s✱ ✐✐✮

r❛♥❞♦♠ ❡✈❡♥ts t❤❛t ✐♠♣❛❝t ❛❝t✉❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ✈♦t❡rs ♦♥ ❡❧❡❝t✐♦♥ ❞❛② s✉❝❤ ❛s ❡✈❡♥ts t❤❛t ❛✛❡❝t

✈♦t❡r t✉r♥♦✉t ❛♥❞ ♠✐st❛❦❡s ❜② ✈♦t❡rs✳ ❆❧❧ t❤❡s❡ ❢❛❝t♦rs ❝♦♥t❛✐♥ ❛ ❧❛r❣❡ ✉♥♦❜s❡r✈❛❜❧❡ ❝♦♠♣♦♥❡♥t✱

❛♥❞ t❤❡r❡❢♦r❡ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ♠♦❞❡❧ t❤❡✐r r♦❧❡ ❛s ❛ r❛♥❞♦♠ ❡rr♦r t❤❛t ✐♠♣❛❝ts t❤❡ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s

♦❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡ ❡❧❡❝t✐♦♥ ❜② ❡❛❝❤ ❝❛♥❞✐❞❛t❡✳ ❚❤❡ ♠♦❞✐✜❡❞ ♠♦❞❡❧ ❡rr♦r ❞✐str✐❜✉t✐♦♥

♠♦❞❡❧ ✇❡ ✐♥tr♦❞✉❝❡ ✐♥ t❤✐s ♣❛♣❡r ❛❧❧♦✇s ✉s t♦ ♠♦❞❡❧ ❝❛♥❞✐❞❛t❡s✬ ✉♥❝❡rt❛✐♥t② ✐♥ ❛ ❧♦❣✐❝❛❧❧② ❝♦♥s✐st❡♥t✱

r♦❜✉st✱ ❛♥❞ tr❛❝t❛❜❧❡ ♠❛♥♥❡r✳ ❆s ❙❡❝t✐♦♥ ✸ ✇✐❧❧ ❞❡♠♦♥str❛t❡✱ ❢♦r ❡❧❡❝t♦r❛❧ ❝♦♠♣❡t✐t✐♦♥s ❜❡t✇❡❡♥

❜❡t✇❡❡♥ t✇♦ ❝❛♥❞✐❞❛t❡s ♦✈❡r ❛ ✉♥✐✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝② s♣❛❝❡✱ ♦✉r ♠♦❞❡❧ ✐s r♦❜✉st ✐♥ t❤❡ s❡♥s❡ t❤❛t ✐t
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❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ❝❛♥❞✐❞❛t❡s t♦ ❤♦❧❞ ✐❞❡♥t✐❝❛❧ ❜❡❧✐❡❢s ❛❜♦✉t t❤❡ ♣♦❧✐❝② ♣r❡❢❡r❡♥❝❡s ♦❢ t❤❡ ✈♦t❡rs✱

❛♥❞ ✐t ♦♥❧② ✐♠♣♦s❡s ✈❡r② ❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ s♦✉r❝❡ ♦❢ ✉♥❝❡rt❛✐♥t② ❢❛❝✐♥❣ t❤❡ ❝❛♥❞✐❞❛t❡s✳

■t ✐s tr❛❝t❛❜❧❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t✱ ✐♥ ✈♦t✐♥❣ ❣❛♠❡s ❜❛s❡❞ ♦♥ ♦✉r ♠♦❞❡❧✱ ♦♥❡ ❝❛♥ r❡❛❞✐❧② ❡st❛❜❧✐s❤ t❤❡

❡①✐st❡♥❝❡ ♦❢ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐❛ ❛♥❞ t❤❡♥ ✐♥✈❡st✐❣❛t❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ♠♦❞❡❧

♦♥ t❤❡s❡ ❡q✉✐❧✐❜r✐❛✳

✷✳ ❚❤❡ ♥❡❡❞ t♦ ♠♦❞✐❢② t❤❡ st❛♥❞❛r❞ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧

❈♦♥s✐❞❡r ❛ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝❛♥❞✐❞❛t❡s t❤❛t ❛♥♥♦✉♥❝❡ ♣♦❧✐❝❡s ✐♥ ❛ s❡t T ⊆ IRn✳ ❲❡ ❧✐st

t❤r❡❡ ❛ss✉♠♣t✐♦♥s t❤❛t ♦❢t❡♥ ❛❝❝♦♠♣❛♥② ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s✳

❆ss✉♠♣t✐♦♥ ❆✿ ✈♦t❡rs ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (µ,Θ) ✇❤❡r❡ ❡❛❝❤ t②♣❡ ✐s r❡♣r❡s❡♥t❡❞

❜② ❛ ♣♦✐♥t ✐♥ Θ✳ ❚❤❡ t②♣❡s ❛r❡ ✇❡✐❣❤t❡❞ ❜② t❤❡ ♠❡❛s✉r❡ µ ✐♥ t❤❡ s❡♥s❡ t❤❛t ❢♦r ❛♥② ♠❡❛s✉r❛❜❧❡ s❡t

B ⊆ Θ✱ µ(B) ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ ✈♦t❡rs t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ s❡t B✳

❚❤❡ s❡❝♦♥❞ ❛ss✉♠♣t✐♦♥ r❡q✉✐r❡s s♦♠❡ ❞❡✜♥✐t✐♦♥s✳ ▲❡t t1 ❛♥❞ t2 ✐♥ T ❜❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♣♦❧✐❝✐❡s

❛♥♥♦✉♥❝❡❞ ❜② ❝❛♥❞✐❞❛t❡ ✶ ❛♥❞ ❝❛♥❞✐❞❛t❡ ✷✳ ❉❡✜♥❡

S(t1, t2) = {θ ∈ Θ| ✈♦t❡r θ str✐❝t❧② ♣r❡❢❡rs ♣♦❧✐❝② t1}

❛♥❞

I(t1, t2) = {θ ∈ Θ| ✈♦t❡r θ ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ t1 ❛♥❞ t2}

❲❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡ts I ❛♥❞ S ❛r❡ µ ♠❡❛s✉r❛❜❧❡✳ ❚❤❡ ❢r❛❝t✐♦♥ ♦❢ ✈♦t❡rs t❤❛t ✐♥t❡♥❞ t♦ ✈♦t❡ ❢♦r

t1 ✐s ❣✐✈❡♥ ❜②

FR(t1, t2) = µ(S(t1, t2)) +
1

2
µ(I(t1, t2)),

❛♥❞ FR(t, t) = 1
2 ✳

❆ss✉♠♣t✐♦♥ ❇✿ ❢♦r ❛♥② 0 < δ < 1✱ ❡✐t❤❡r

✭❛✮ t❤❡r❡ ❡①✐st t1 ❛♥❞ t2 ✐♥ [0, 1] s✉❝❤ t❤❛t 1− δ < FR(t1, t2) < 1✱

♦r

✭❜✮ t❤❡r❡ ❡①✐st t1 ❛♥❞ t2 ✐♥ [0, 1] s✉❝❤ t❤❛t 0 < FR(t1, t2) < δ.

❆ss✉♠♣t✐♦♥ ❇ ✐s s❛t✐s✜❡❞ ✐♥ ♠♦st s♣❛t✐❛❧ ✈♦t✐♥❣ ♠♦❞❡❧s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳ ❙♣❡❝✐✜❝❛❧❧②✱ ❝♦♥s✐❞❡r ❛♥②

♠♦❞❡❧ ✇❤❡r❡

✹



✐✮ Θ = T = A ⊂ IRn ✭✐✳❡✳✱ t②♣❡s ❛r❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡✐r ✐❞❡❛❧ ♣♦❧✐❝✐❡s✱ ❛♥❞ µ ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ▲❡❜❡s❣✉❡ ♠❡❛s✉r❡ ♦♥ IRn✮

✭✐✐✮ ❢♦r ❛♥② θ ❛♥❞ t ✐♥ A✱ t❤❡ ✉t✐❧✐t② ♦❢ t❤❡ ✈♦t❡r ♦❢ t②♣❡ θ ❢r♦♠ ♣♦❧✐❝② t ✐s ❣✐✈❡♥ ❜② t❤❡ ❢✉♥❝t✐♦♥

v(θ, t) = r(||θ − t||),

✇❤❡r❡ r : IR+ −→ IR ✐s ❛ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ || · || ✐s t❤❡ ♥♦r♠ ✐♥ IRn✳

✭✐✐✐✮ t❤❡r❡ ❡①✐st t̂ ∈ A ❛♥❞ ❛ s❡q✉❡♥❝❡ tn −→ t̂ ✐♥ A s✉❝❤ t❤❛t

lim
n−→+∞

µ{θ ∈ A| ||θ − t̂|| > ||θ − tn||} = 0

❚❤❡♥✱ ❛♥② s✉❝❤ ♠♦❞❡❧ ♠✉st s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ❇✳ ❚❤❡ ❢✉♥❝t✐♦♥ r ✐s t②♣✐❝❛❧❧② ❣✐✈❡♥ ❜② r = −|| · ||

♦r r = −|| · ||2✳ ◆♦t❡ t❤❛t ❣✐✈❡♥ ✭✐✮ ❛♥❞ ✭✐✐✮✱ ✭✐✐✐✮ ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ A ❛s t❤❡ ❢♦❧❧♦✇✐♥❣

❡①❛♠♣❧❡s ✐❧❧✉str❛t❡✳

❊①❛♠♣❧❡ ✶✳ ❆ss✉♠❡ t❤❛t Θ = T = [0, 1]✱ ❛♥❞ ✭✐✮ ❛♥❞ ✭✐✐✮ ❛❜♦✈❡ ❤♦❧❞✳ ❆ss✉♠❡ ❢✉rt❤❡r t❤❛t

r = −|| · ||✳ ❚❤❡♥✱ ❢♦r ❛♥② t1 ❛♥❞ t2✱

FR(t1, t2) =





t1+t2
2 ✐❢ t1 < t2

1
2 ✐❢ t1 = t2

1− t1+t2
2 ✐❢ t2 < t1

❚❤❡r❡❢♦r❡✱

FR(0, t2) = µ[0,
t2
2
].

❚❤❡ ❝♦♥t✐♥✉✐t② ♦❢ µ ✐♠♣❧✐❡s t❤❛t FR(0, t2) ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 0 ❜❡ t❛❦✐♥❣ t2 t❤❛t ✐s

❝❧♦s❡ ❡♥♦✉❣❤ t♦ 0✱ ❛♥❞ ❤❡♥❝❡ ✭❜✮ ♦❢ ❆ss✉♠♣t✐♦♥ ❇ ✐s s❛t✐s✜❡❞✳

❊①❛♠♣❧❡ ✷✳ ❈♦♥s✐❞❡r ❛♥♦t❤❡r ♠♦❞❡❧ ✇❤❡r❡ Θ = T ✐s t❤❡ ✉♥✐t ❜❛❧❧ ✐♥ IRn✳ ❆❣❛✐♥ ❛ss✉♠❡ r = −|| · ||✳

▲❡t t1 ❜❡ ❛ ♣♦✐♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✉♥✐t ❜❛❧❧✳ ▲❡t tn2 ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♣♦✐♥ts ✐♥s✐❞❡ t❤❡

❜❛❧❧ t❤❛t ❛♣♣r♦❛❝❤ t1 ❛❧♦♥❣ t❤❡ r❛② ❡♠❛♥❛t✐♥❣ ❢r♦♠ t❤❡ ♦r✐❣✐♥ ❛♥❞ ❤❡❛❞✐♥❣ t♦✇❛r❞s t1✳ ❚❤❡♥✱

limtn
2
−→t1 µ(FR(t1, t

n
2 )) = 0✱ ❛♥❞ ❆ss✉♠♣t✐♦♥ ❇ ✐s s❛t✐s✜❡❞✳

❙✐♠✐❧❛r❧②✱ ✐❢ Θ = T = A ⊂ IRn ✐s ❛ ❝♦♠♣❛❝t ❝♦♥✈❡① ♣♦❧②❣♦♥ ✇✐t❤ ♥♦♥✲❡♠♣t② ✐♥t❡r✐♦r✱ t❤❡♥ t❤❡

♠♦❞❡❧ ✇✐❧❧ s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ❇✳ ■♥ ❢❛❝t✱ ❢♦r ♠♦❞❡❧s s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮✱ ❛ s✉✣❝✐❡♥t

❝♦♥❞✐t✐♦♥ ❣✉❛r❛♥t❡❡✐♥❣ t❤❛t ✭✐✐✐✮ ❤♦❧❞s ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ A ❛♥❞ t❤❡

✺



❡①✐st❡♥❝❡ ♦❢ ❛ ♣♦✐♥t ♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ A ✇❤❡r❡ A ✐s ❧♦❝❛❧❧② ❝♦♥✈❡① ✭❡✳❣✳ 0 ✐♥ [0, 1] ❛♥❞ ❡✈❡r② ♣♦✐♥t

♦♥ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ ✉♥✐t ❜❛❧❧ ❛r❡ ❡①❛♠♣❧❡s ♦❢ s✉❝❤ ❛ ♣♦✐♥t✮✳ ❍♦✇❡✈❡r✱ ❢♦r♠❛❧❧② ❞❡r✐✈✐♥❣ s✉❝❤ ❛

❝♦♥❞✐t✐♦♥ ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ t❤✐s ♥♦t❡✳

❖✉r ❧❛st ❛ss✉♠♣t✐♦♥ ✐s t❤❡ ❞❡✜♥✐♥❣ ❢❡❛t✉r❡ ♦❢ t❤❡ st❛♥❞❛r❞ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧✳

❆ss✉♠♣t✐♦♥ ❈✿ ❝❛♥❞✐❞❛t❡ ✶ ❜❡❧✐❡✈❡s t❤❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✈♦t❡rs t❤❛t ✇✐❧❧ ✈♦t❡ ❢♦r ❤✐♠ ♦♥ ❡❧❡❝t✐♦♥

❞❛② ✐s ❣✐✈❡♥ ❜②

F̂R = FR(t1, t2) + ξ

✇❤❡r❡ ξ ✐s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♦✈❡r [−β, β] ✇✐t❤ ❝❞❢ G t❤❛t G(0) = γ > 0 ❛♥❞ G ✐s ❝♦♥t✐♥✉♦✉s ❛t 0✳

◆♦r♠❛❧❧②✱ G ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ ❛❧❧ ♦❢ [−β, β] ❛♥❞ G(0) = 1
2 ✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❆♥② ♠♦❞❡❧ s❛t✐s❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ❆ t❤r♦✉❣❤ ❈ ✐s ✐♥t❡r♥❛❧❧② ✐♥❝♦♥s✐st❡♥t✳

Pr♦♦❢✳ ▲❡t E ❜❡ t❤❡ ❡✈❡♥t t❤❛t ❝❛♥❞✐❞❛t❡ ❜❡❧✐❡✈❡s t❤❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✈♦t❡rs ✈♦t✐♥❣ ❢♦r ❤✐♠ ✐s

❡✐t❤❡r str✐❝t❧② ❧❛r❣❡r t❤❛♥ ✶ ♦r str✐❝t❧② ❧❡ss t❤❛♥ ✵✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ E✱ ❝❧❡❛r❧② ✇❡ s❤♦✉❧❞ ❤❛✈❡

Pr(E) = 0✳ ❍♦✇❡✈❡r✱

Pr(E) = Pr(FR(t1, t2) + ξ > 1) + Pr(FR(t1, t2) + ξ < 0)

❍❡♥❝❡✱

Pr(E) = Pr(ξ > 1− FR(t1, t2)) + Pr(ξ < −FR(t1, t2))

❛♥❞

Pr(E) = 1−G(1− FR(t1, t2)) +G(−FR(t1, t2)).

❆ss✉♠♣t✐♦♥ ❇ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts t1 ❛♥❞ t2 ✐♥ [0, 1] s✉❝❤ t❤❛t ❡✐t❤❡r FR(t1, t2) ✐s ❛r❜✐tr❛r✐❧②

❝❧♦s❡ t♦ 0 ♦r FR(t1, t2) ✐s ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ ✶✳ ❍❡♥❝❡✱ ❆ss✉♠♣t✐♦♥ ❈ ✐♠♣❧✐❡s t❤❛t ❡✐t❤❡r G(1 −

FR(µ(t1, t2)) ♦r G(−FR(t1, t2)) ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ γ✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t P (E) ✐s

str✐❝t❧② ♣♦s✐t✐✈❡✱ ✇❤✐❝❤ ✐s ♥♦t ♣♦ss✐❜❧❡✳

◆♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ✐♠♣♦s❡ ♥♦ r❡str✐❝t✐♦♥s ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡s✱

❛♥❞ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❞♦ ♥♦t s♣❡❝✐❢② t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ✇✐♥♥✐♥❣ t❤❡ ❡❧❡❝t✐♦♥ ✭❡✳❣ ❛ s✐♠♣❧❡ ♠❛❥♦r✐t②

r✉❧❡ ✈s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ r✉❧❡s✮✳ ❚♦ ✐❧❧✉str❛t❡ s♦♠❡ ♦❢ t❤❡ ❝♦♠♣❧✐❝❛t✐♦♥s t❤❛t ❛r✐s❡ ❢r♦♠ ❡rr♦r

✻



❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s ✐♥ ❛ s❡tt✐♥❣ t❤❛t s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥s ❆ t❤r♦✉❣❤ ❈✱ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣

❡①❛♠♣❧❡✳

❊①❛♠♣❧❡ ✸✳ ❚❤❡ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s ✉s❡❞ ✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮ s❛t✐s❢② ❆ss✉♠♣t✐♦♥s ❆✱ ❇✱ ❛♥❞

❈✳ ❚❛❦❡ ❢♦r ❡①❛♠♣❧❡ t❤❡ ♠♦❞❡❧ ♦❢ ❙❡❝t✐♦♥ ✸✳✷ ✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮ ✇❤❡r❡ T = Θ = [0, 1]✱ t❤❡ t②♣❡s

❛r❡ ❞✐str✐❜✉t❡❞ ♦♥ [0, 1] ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ❝❞❢ F ✱ v(θ, t) = −||θ− t||✱ ❛♥❞ ξ ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞

♦♥ [−β, β]✳ ❆ss✉♠❡ ❛ s✐♠♣❧❡ ♠❛❥♦r✐t② r✉❧❡✳ ❚❤❡ r❡s✉❧ts ✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮ s❤♦✇ t❤❛t ✐♥ t❤✐s ♠♦❞❡❧✱

✇❤❡♥ ❝❛♥❞✐❞❛t❡s ❛r❡ ♣♦❧✐❝② ❛♥❞ ♦✣❝❡ ♠♦t✐✈❛t❡❞✱ t❤❡ s❡t ♦❢ ❡q✉✐❧✐❜r✐❛ ♦❢ ❛♥ ❡❧❡❝t♦r❛❧ ❝♦♠♣❡t✐t✐♦♥

❜❡t✇❡❡♥ t❤❡ ❝❛♥❞✐❞❛t❡s ❞❡♣❡♥❞ ♦♥ t❤❡ r❡❧❛t✐✈❡ ✈❛❧✉❡s ♦❢ β ❛♥❞ t❤❡ ✏✐♥tr✐♥s✐❝ ✈❛❧✉❡s✑ t❤❛t ❝❛♥❞✐❞❛t❡s

❛ttr✐❜✉t❡ t♦ ✇✐♥♥✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❝❡rt❛✐♥ ✈❛❧✉❡s ♦❢ t❤❡s❡ ♣❛r❛♠❡t❡rs✱ t❤❡ ♠♦❞❡❧ ♣♦ss❡ss❡s

♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐❛✳ ❍♦✇❡✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✱ t❤❡ ♠♦❞❡❧ ✐s ❧♦❣✐❝❛❧❧② ✐♥❝♦♥s✐st❡♥t

❢♦r ❛♥② ✈❛❧✉❡ ♦❢ β✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ t❤❛t t❤✐s ♠♦❞❡❧ s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥s ❆ ❛♥❞ ❈✳ ❆s ✐♥ ❊①❛♠♣❧❡

✶✱ ❛♥❞ ❢♦r ❛♥② β > 0✱ t❤❡ ♠♦❞❡❧ ❛❧s♦ s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ❇✳ ❍❡♥❝❡✱ s✉❝❤ ❛ ♠♦❞❡❧ ✐s ❧♦❣✐❝❛❧❧②

✐♥❝♦♥s✐st❡♥t✳

❚❤❡ ✐♥❝♦♥s✐st❡♥❝② ❤✐❣❤❧✐❣❤t❡❞ ✐♥ ❊①❛♠♣❧❡ ✸ ❛❜♦✈❡ ❛❧s♦ ❛♣♣❡❛rs ✐♥ ❡①❛♠♣❧❡s ✸✳✶ ❛♥❞ ✸✳✷ ✐♥ ❘♦❡♠❡r

✭✷✵✵✶✮ ❛s ✇❡❧❧ ❛s ✐♥ s♦♠❡ ♦❢ t❤❡ r❡s✉❧ts ❞❡r✐✈❡❞ ✐♥ s❡❝t✐♦♥s ✸✳✷✱ ✸✳✹✱ ❛♥❞ ✸✳✺ ✐♥ ❘♦❡♠❡r ✭✷✵✵✶✮✳ ❖❢

❝♦✉rs❡✱ t❤❡s❡ ❝❛s❡s✱ ✇❤✐❝❤ ❛❧s♦ s❛t✐s❢② ❝♦♥❞✐t✐♦♥s ❆ t❤r♦✉❣❤ ❈✱ ✇❡r❡ ✉s❡❞ t♦ ✐❧❧✉str❛t❡ ❛♥❞ s✐♠♣❧✐❢②

t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧ts✳ ❆❢t❡r ❛❧❧✱ t❤❡ r❡s✉❧ts ✐♥ s❡❝t✐♦♥s ✸✳✷✱ ✸✳✹✱ ❛♥❞ ✸✳✺ ♦❢ ❘♦❡♠❡r

✭✷✵✵✶✮ ❤❛❞ ❜❡❡♥ ♣r❡✈✐♦✉s❧② ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ st❛t❡✲s♣❛❝❡ ❛♣♣r♦❛❝❤✳ ❯s✐♥❣ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s

✐♥ ❛ s❡tt✐♥❣ t❤❛t s❛t✐s✜❡s ❛ss✉♠♣t✐♦♥s ❆✱ ❇✱ ❛♥❞ ❈ ✐♥ ♦r❞❡r t♦ ✐♥tr♦❞✉❝❡ ❛♥❞ ♣r♦✈❡ ♥❡✇ r❡s✉❧ts ✐s

❤❛r❞❡r t♦ ❥✉st✐❢②✳

P♦ss✐❜❧❡ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧

❆❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ ✶✿ ❆t ✜rst ❣❧❛♥❝❡✱ ✐t ♠✐❣❤t ❛♣♣❡❛r t❤❛t t❤❡ ♣r♦❜❧❡♠ ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ❝❛♥ ❜❡

❛✈♦✐❞❡❞ ❜② s✐♠♣❧② ❧✐♠✐t✐♥❣ t❤❡ s✉♣♣♦rt ♦❢ ξ t♦ ✐♥s✉r❡ t❤❛t FR+ ξ r❡♠❛✐♥s ✐♥s✐❞❡ t❤❡ ✐♥t❡r✈❛❧ [0, 1]✳

❍♦✇❡✈❡r✱ s✉❝❤ ❛♣♣r♦❛❝❤ ✇✐❧❧ ❧❡❛❞ t♦ ❛ t②♣❡ ♦❢ ❝❛♥❞✐❞❛t❡ ✉♥❝❡rt❛✐♥t② t❤❛t ✇♦✉❧❞ ✲✐♥ ❡✛❡❝t✲ tr✐✈✐❛❧✐③❡

t❤❡ ♠♦❞❡❧✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❢♦r ❛♥② t1 ❛♥❞ t2 ✐♥ T ✱ ❧❡t δ = −FR(t1, t2) ❛♥❞ δ = 1−FR(t1, t2)✳ ▲❡t

ξt1,t2 ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞ ♦♥ [δ, δ] ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ❝❞❢ Ht1,t2(ξ)✳ ❆ss✉♠✐♥❣ ❛ s✐♠♣❧❡

♠❛❥♦r✐t② r✉❧❡✱ ❧❡t π ❞❡♥♦t❡ t❤❡ s✉❜❥❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ ❢♦r ♣❧❛②❡r ✶✳ ❚❤✉s✱

✼



π(t1, t2) = Pr(F̂R(t1, t2) >
1

2
)

❛♥❞

π(t1, t2) = 1−Ht1,t2(
1

2
− FR(t1, t2))

■❢ ξt1,t2 ✐s s②♠♠❡tr✐❝ ♦♥ [δ, δ] ✭❡✳❣✳ ✉♥✐❢♦r♠ ♦♥ [δ, δ]✮✱ t❤❡♥ ❢♦r ❛♥② t1 ❛♥❞ t2 ✐♥ T

π(t1, t2) = 1−Ht1,t2(
1

2
− FR(t1, t2)) =

1

2
.

❛♥❞ π(t1, t2) ❞♦❡s ♥♦t ❡♥t❡r t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ❜❡st r❡♣❧② ❢✉♥❝t✐♦♥ ♦❢ ❝❛♥❞✐❞❛t❡ ✶✳ ■♥ ❛

❉♦✇♥s✐❛♥ ❝♦♠♣❡t✐t✐♦♥✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❛♥② ♣❧❛t❢♦r♠ (t1, t2) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ ✐♥ t❤❡ ❲✐tt♠❛♥

♠♦❞❡❧✱ t❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡ ♦♥❧② ❡q✉✐❧✐❜r✐✉♠ ✐s (t∗1, t
∗
2)✱ t❤❡ ♠♦st ♣r❡❢❡rr❡❞ ♣❧❛t❢♦r♠s ❢♦r ❝❛♥❞✐❞❛t❡s

✶ ❛♥❞ ✷ r❡s♣❡❝t✐✈❡❧②✳✶ ❚❤❡ s❛♠❡ ♣❤❡♥♦♠❡♥♦♥ ✇✐❧❧ ♦❝❝✉r✱ ✐❢ ✐♥st❡❛❞ ♦❢ r❡q✉✐r✐♥❣ FR + ε t♦ r❡♠❛✐♥

✐♥ t❤❡ s❛♠❡ ✐♥t❡r✈❛❧✱ ✇❡ ❛ss✉♠❡ t❤❛t ❢♦r ❡✈❡r② (t1, t2)✱ ξt1,t2 ✐s ❛ ❤♦r✐③♦♥t❛❧ tr❛♥s❧❛t✐♦♥ ♦❢ s♦♠❡ ✜①❡❞

ξ ♦♥ [−1
2 ,

1
2 ] ✐✳❡✳✱ ✐❢ ht1,t2(ξ) = h(ξ − (12 −FR(tt, t2))) ✇❤❡r❡ ht1,t2 ❛♥❞ h ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♣❞❢s ♦❢

ξt1,t2 ❛♥❞ ξ✳

❆❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ ✷✿ ❆ s❡❝♦♥❞ ♦❜✈✐♦✉s ❛♣♣r♦❛❝❤ ✇♦✉❧❞ ❜❡ t♦ ♠♦❞❡❧ t❤❡ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ ✇❛②✳ ❉❡✜♥❡ F̂R ❜②

F̂R(t1, t2) = ξ × FR(t1, t2)) (1)

✇❤❡r❡ ξ ❜❡ ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞❡✜♥❡❞ ♦♥ [0, 1]✳ ❍♦✇❡✈❡r✱ t❤✐s ♠♦❞❡❧ ❞♦❡s ♥♦t ❛❧❧♦✇ ✭✉♥♦❜s❡r✈❛❜❧❡✮

❢❛❝t♦rs t❤❛t ❝❛♥ ♠❛❦❡ F̂R(t1, t2) ❧❛r❣❡r t❤❛♥ FR(t1, t2) ✭✇❤❛t ✐❢ t❤❡r❡ ❝♦✉❧❞ ❜❡ ❛ s❤♦❝❦ t♦ t❤❡

❡❝♦♥♦♠② ♦r ✐❢ t❤❡r❡ ✐s ❛ ✇❡❛t❤❡r ❝♦♥❞✐t✐♦♥ ♦♥ ❡❧❡❝t✐♦♥ ❞❛② t❤❛t ❧♦✇❡rs t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ♦❢ ✈♦t❡rs ✇❤♦

♣r❡❢❡r t2 ♠♦r❡ t❤❛♥ ✐t ❧♦✇❡rs t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ♦❢ t❤♦s❡ ✇❤♦ ♣r❡❢❡r t1❄✮✳ ◆♦t❡ ❛❧s♦ t❤❛t t1 = t2 = t ✐♥

t❤✐s ♠♦❞❡❧ ✐♠♣❧✐❡s π(t, t) = Pr(ξ×FR(t, t) > 1
2) = Pr(ξ× 1

2 >
1
2) = 0✳ ❚❤✐s ♠❡❛♥s t❤❛t ❝❛♥❞✐❞❛t❡

✶ ❜❡❧✐❡✈❡s t❤❛t t❤❡ ✈♦t❡rs ❛r❡ ❡①tr❡♠❡❧② ❜✐❛s❡❞ ❛❣❛✐♥st ❤✐♠✱ ✇❤✐❝❤ ✇♦✉❧❞ r✉❧❡ ♦✉t ❛♥② ❝♦♥✈❡r❣❡♥❝❡

r❡s✉❧ts ✐♥ ❛ ❉♦✇♥s✐❛♥ s❡tt✐♥❣✳✷

✶■♥ ❛ ❉♦✇♥s✐❛♥ ♠♦❞❡❧✱ ❝❛♥❞✐❞❛t❡s ♦♥❧② ❝❛r❡ ❛❜♦✉t ✇✐♥♥✐♥❣ t❤❡ ❡❧❡❝t✐♦♥s✳ ■♥ ❛ ❲✐tt♠❛♥ ♠♦❞❡❧✱ ❝❛♥❞✐❞❛t❡s ♦♥❧②
❝❛r❡ ❛❜♦✉t t❤❡ ♣♦❧✐❝② ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ✇✐♥♥❡r r❡❣❛r❞❧❡ss t♦ ✇❤♦ ✇✐♥s t❤❡ ❡❧❡❝t✐♦♥✳

✷■♥ ❛ ❉♦✇♥s✐❛♥ ♠♦❞❡❧✱ ❝❛♥❞✐❞❛t❡s ♠❛①✐♠✐③❡ t❤❡✐r ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ ✇✐♥♥✐♥❣ t❤❡ ❡❧❡❝t✐♦♥s✳ ❆ st❛♥❞❛r❞ r❡s✉❧t ❢♦r
s✉❝❤ ♠♦❞❡❧s ✇❤❡♥ ❆ss✉♠♣t✐♦♥s ❆✱❇ ❛♥❞ ❈ ❤♦❧❞ ✐s t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜♦t❤ ❝❛♥❞✐❞❛t❡s ❛♥♥♦✉♥❝❡ t❤❡ s❛♠❡ ♣♦❧✐❝②
✭❚❤❡♦r❡♠ ✸✳✶ ✐♥ ❘♦❡♠❡r ✭✷✵✵✶✮✮✳
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✸✳ ❆ ✈✐❛❜❧❡ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ t❤❡ st❛♥❞❛r❞ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧

❆s ✇❡ ❤❛✈❡ ❥✉st ❞❡♠♦♥str❛t❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ✏♦❜✈✐♦✉s✑ ♠♦❞✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❡rr♦r

❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧ ❛r❡ ♥♦t s❛t✐s❢❛❝t♦r②✳ ❲❡ t❤❡r❡❢♦r❡ ♣r♦♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦❞✐✜❝❛t✐♦♥✳

❆❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ ✸✿ ❚❤❡ ♠♦st ♣r♦♠✐s✐♥❣ ❛♣♣r♦❛❝❤ ❢♦r ✜①✐♥❣ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ❡rr♦r ❞✐str✐❜✉t✐♦♥

♠♦❞❡❧s ✐s ❛♥ ❛♣♣r♦❛❝❤ t❤❛t ✐s ❡①t❡♥s✐✈❡❧② ✉s❡❞ ✐♥ t❤❡ ❡❝♦♥♦♠❡tr✐❝ ❧✐t❡r❛t✉r❡ ♦♥ ❞✐s❝r❡t❡ ❝❤♦✐❝❡

♠♦❞❡❧s✳ ❋♦r ❛ ❣✐✈❡♥ (t1, t2)✱ ❞❡✜♥❡ t❤❡ r❛t✐♦

Γ(t1, t2) =
F̂R(t1, t2)

1− F̂R(t1, t2)
, (2)

❛s t❤❡ r❡❧❛t✐✈❡ ✇❡✐❣❤t ♦❢ ✈♦t❡rs t❤❛t ✇✐❧❧ ✈♦t❡ ❢♦r ❝❛♥❞✐❞❛t❡ ✶ ♦♥ ❡❧❡❝t✐♦♥ ❞❛②✳ ❚❤❡ ❝❛♥❞✐❞❛t❡ ✉s❡s

t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t②♣❡s t♦ ❝♦♠♣✉t❡ FR(t1, t2)✳ ❍❡ t❤❡♥ ❡st✐♠❛t❡s Γ ✉s✐♥❣ ❛♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠

Γ(t1, t2) = ϕ(FR(t1, t2), ξ), (3)

✇❤❡r❡ t❤❡ ❡①❛❝t ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ♦♥ ϕ ✐s s♣❡❝✐✜❡❞ ❜② t❤❡ ♠♦❞❡❧❡r✱ ❛♥❞ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ξ

r❡♣r❡s❡♥ts ❛♥ ❡st✐♠❛t✐♦♥ ❡rr♦r✳ ❚❤❡ ❡①♣r❡ss✐♦♥ Γ ✐♥ (2) ❝❛♥ t❛❦❡ ❛♥② ✈❛❧✉❡ ✐♥ [0,+∞)✳ ❚❤❡r❡❢♦r❡✱

❛s ❧♦♥❣ ❛s ϕ ✐s s✉❝❤ t❤❛t ϕ(FR(t1, t2), ξ) ∈ [0,+∞) ❢♦r ❛♥② ✈❛❧✉❡s ♦❢ ξ ❛♥❞ FR✱ ✇❡ ❝❛♥ ❛✈♦✐❞ ❛❧❧

t❤❡ ✐♥❝♦♥s✐st❡♥❝✐❡s ❝❛✉s❡❞ ❜② t❤❡ ❝❧❛ss✐❝ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧✳ ❚❤❡ ❝❛♥❞✐❞❛t❡ ✜♥❛❧❧② ❝♦♠♣✉t❡s

t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣ t❤❡ ❡❧❡❝t✐♦♥ ❜② ❝♦♠♣✉t✐♥❣

π(t1, t2) = Pr(Γ(t1, t2) > 1).

■♥ ♦r❞❡r t♦ ❛♣♣❧② t❤✐s ♠♦❞❡❧ ✐♥ ✈❛r✐♦✉s ❡①❛♠♣❧❡s ✈♦t✐♥❣ ❣❛♠❡s✱ ✇❡ ♥❡❡❞ t♦ ❝❤♦♦s❡ ❛ s♣❡❝✐✜❝ ❛♥❞

❝♦♥✈❡♥✐❡♥t ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r ϕ✳ ❍❡♥❝❡❢♦rt❤✱ ❧❡t

ϕ(FR, ξ) =
1

ξ
FR.

❚❤✐s ♠❡❛♥s t❤❛t ❢♦r ❛♥② (t1, t2)✱ ✇❡ ❤❛✈❡

F̂R(t1, t2) =
FR(t1, t2)

FR(t1, t2) + ξ
(4)

✇❤❡r❡ ξ ✐s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞ ♦♥ [0,+∞) ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ❝❞❢ H✳ ❆ss✉♠✐♥❣ ❛ s✐♠♣❧❡

♠❛❥♦r✐t② r✉❧❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ✈✐❝t♦r② ❢♦r ❝❛♥❞✐❞❛t❡ ✶ ✐s ❣✐✈❡♥ ❜②

✾



π(t1, t2) = Pr(
FR(t1, t2)

FR(t1, t2) + ξ
>

1

2
) = H(FR(t1, t2)). (5)

❯♥❧✐❦❡ ❡q✉❛t✐♦♥ (1)✱ ❡q✉❛t✐♦♥ (4) ✐♠♣❧✐❡s t❤❛t ✇❡ ❝❛♥ ❤❛✈❡ F̂R > FR ♦r F̂R < FR ❞❡♣❡♥❞✐♥❣ ♦♥

t❤❡ r❡❛❧✐③❛t✐♦♥ ♦❢ ξ✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ s✉♣♣♦rt ♦❢ ξ ❝❛♥ ❜❡ ❛ ♣r♦♣❡r s✉❜s❡t ♦❢ [0,+∞]✳ ❍❡♥❝❡✱ ✉♥❧✐❦❡

t❤❡ st❛♥❞❛r❞ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧✱ ❡q✉❛t✐♦♥ (4) ❛❧❧♦✇s t❤❡ ❝❛♥❞✐❞❛t❡ t♦ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❢r❛❝t✐♦♥

♦❢ ✈♦t❡rs t❤❛t ✇✐❧❧ ✈♦t❡ ❢♦r ❤✐♠ ♦♥ ❡❧❡❝t✐♦♥ ❞❛② ✐s ❜♦✉♥❞❡❞ 0 < a < F̂R(t1, t2) < b < 1 ♥♦ ♠❛tt❡r

✇❤❛t t❤❡ ♣❧❛t❢♦r♠s t1 ❛♥❞ t2 ❛r❡ ✭❡✳❣✳ ❝♦♥s✐❞❡r t❤❡ ❢❛♠♦✉s ✏47%✑ ❝♦♠♠❡♥t ❜② ▼✐tt ❘♦♠♥❡② ✐♥ t❤❡

❧❛st ❯✳❙✳ ♣r❡s✐❞❡♥t✐❛❧ ❡❧❡❝t✐♦♥s✮✳✸

❲❡ ♥♦✇ ✐♥❝♦r♣♦r❛t❡ ♠♦❞❡❧ ✸ ✐♥ ❛ ✈♦t✐♥❣ ❣❛♠❡ ❜❡t✇❡❡♥ t✇♦ ❝❛♥❞✐❞❛t❡s ♦✈❡r ❛ ✉♥✐✲❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝②

s♣❛❝❡✳ ■♥ ❛❧❧ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ ❛ss✉♠❡ T = Θ = [0, 1] ✭✐✳❡ ✇❡ ✐❞❡♥t✐❢② ❡❛❝❤ ✈♦t❡r ✇✐t❤ ❤✐s✴❤❡r ✐❞❡❛❧

♣♦❧✐❝② ✐♥ [0, 1]✮✳ ❲❡ ✐♥✐t✐❛❧❧② ❛ss✉♠❡ t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡s ❛❣r❡❡ ♦♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♠❡❞✐❛♥ ✈♦t❡r

❜✉t ♠✐❣❤t ❞✐s❛❣r❡❡ ♦♥ t❤❡ ❡①❛❝t ❞✐str✐❜✉t✐♦♥ ♦❢ ✈♦t❡rs ♦✈❡r [0, 1]✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❢♦r i ∈ {1, 2}✱

❝❛♥❞✐❞❛t❡ i ❜❡❧✐❡✈❡s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐❞❡❛❧ ♣♦❧✐❝✐❡s ♦❢ t❤❡ ✈♦t❡rs ♦♥ [0, 1] ✐s ❣✐✈❡♥ ❜② t❤❡ ♣❞❢

✭❝❞❢✮ fi ✭Fi✮ ✇❤❡r❡ f1 ❛♥❞ f2 s❤❛r❡ t❤❡ s❛♠❡ ♠❡❞✐❛♥ ❛t tm ✇✐t❤ 0 < tm < 1✳

❆ss✉♠♣t✐♦♥ ❉✿ ❈❛♥❞✐❞❛t❡ ✶ ❜❡❧✐❡✈❡s t❤❛t✱ ❢♦r ❛♥② (t1, t2)✱ t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✈♦t❡rs t❤❛t ♣r❡❢❡r t1

♦✈❡r t2 ✐s ❣✐✈❡♥ ❜②

FR1(t1, t2) =





F1(
t1+t2

2 ) ✐❢ t1 < t2
1
2 ✐❢ t1 = t2

1− F1(
t1+t2)

2 ) ✐❢ t2 < t1

(6)

❙✐♠✐❧❛r❧②✱ ❝❛♥❞✐❞❛t❡ ✷ ❜❡❧✐❡✈❡s t❤❛t t❤❡ ❢r❛❝t✐♦♥ ♦❢ ✈♦t❡rs t❤❛t ♣r❡❢❡r t1 ♦✈❡r t2 ✐s ❣✐✈❡♥ ❜②

FR2(t1, t2) =





1− F2(
t1+t2

2 ) ✐❢ t1 < t2
1
2 ✐❢ t1 = t2

F2(
t1+t2)

2 ) ✐❢ t2 < t1

(7)

▼♦r❡♦✈❡r✱ ✇❡ ❛ss✉♠❡ F1 ❛♥❞ F2 ❛r❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ F1(t
m) = F2(t

m) = 1/2 ❢♦r s♦♠❡ 0 < tm < 1✳

❚❤❡ r❡q✉✐r❡♠❡♥t t❤❛t ❜♦t❤ F1 ❛♥❞ F2 ❤❛✈❡ t❤❡ s❛♠❡ ♠❡❞✐❛♥ ✇✐❧❧ ❜❡ ❡✈❡♥t✉❛❧❧② r❡❧❛①❡❞ ✭ s❡❡ ❆s✲

✸❆ ♠♦♥t❤ ❜❡❢♦r❡ t❤❡ ✷✵✶✷ ❯❙ ♣r❡s✐❞❡♥t✐❛❧ ❡❧❡❝t✐♦♥✱ ♣r❡s✐❞❡♥t✐❛❧ ❝❛♥❞✐❞❛t❡ ▼✐tt ❘♦♠❡♥②✱ s♣❡❛❦✐♥❣ ❛t ♣r✐✈❛t❡ ❢✉♥❞
r❛✐s✐♥❣ ❡✈❡♥t✱ s❛✐❞ t❤❛t ❤❡ ❜❡❧✐❡✈❡s t❤❛t ✹✼ ♣❡r❝❡♥t ♦❢ t❤❡ ✈♦t❡rs ✇✐❧❧ ✈♦t❡ ❢♦r t❤❡ ♦t❤❡r ❝❛♥❞✐❞❛t❡ ✭♣r❡s✐❞❡♥t ❖❜❛♠❛✮
✏♥♦ ♠❛tt❡r ✇❤❛t✑✳

✶✵



s✉♠♣t✐♦♥ D′ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s ❙❡❝t✐♦♥✮✳ ❊q✉❛t✐♦♥s ✭✻✮ ❛♥❞ ✭✼✮ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❛ss✉♠✐♥❣ t❤❛t

✈♦t❡rs ❤❛✈❡ ❝♦♥❝❛✈❡ ❛♥❞ s✐♥❣❧❡✲♣❡❛❦❡❞ ♣r❡❢❡r❡♥❝❡s ✇❤♦s❡ ♣❡❛❦s ❛r❡ ❞✐str✐❜✉t❡❞ ♦♥ [0, 1] ❛❝❝♦r❞✐♥❣

t♦ Fi ❛♥❞ t❤❛t t❤❡ ✇✐♥♥❡r ✐s ❝❤♦s❡♥ ✉s✐♥❣ ❛ s✐♠♣❧❡ ♠❛❥♦r✐t② r✉❧❡✳ ❲❡ ❛❧s♦ ❛❧❧♦✇ t❤❡ ❝❛♥❞✐❞❛t❡s t♦

♣❡r❝❡✐✈❡ ❜✐❛s ❢r♦♠ t❤❡ ✈♦t❡rs✳ ❆s ✐♥ ❡q✉❛t✐♦♥ (4)✱ ❢♦r ❛♥② (t1, t2)✱ ❧❡t

F̂R1(t1, t2) =
FR1(t1, t2)

FR1(t1, t2) + ξ1
(8)

✇❤❡r❡ ξ1 ✐s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ❞✐str✐❜✉t❡❞ ♦♥ [0,+∞) ✇✐t❤ ❛ ❝♦♥t✐♥✉♦✉s ❝❞❢ H1✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛

✈✐❝t♦r② ❢♦r ❝❛♥❞✐❞❛t❡ ✶ ✐s ❣✐✈❡♥ ❜②

π1(t1, t2) = Pr(
FR1(t1, t2)

FR1(t1, t2) + ξ1
>

1

2
) = H1(FR1(t1, t2)). (9)

❙✐♠✐❧❛r❧②✱ ♣❧❛②❡r ✷ ♣❡r❝❡✐✈❡s t❤❛t ❢r❛❝t✐♦♥

F̂R2(t1, t2) =
FR2(t1, t2)

FR2(t1, t2) + ξ2
(10)

✇✐❧❧ ❛❝t✉❛❧❧② ✈♦t❡ ❢♦r ❤✐♠ ♦♥ ❡❧❡❝t✐♦♥ ❞❛② ✇❤❡r❡ ξ2 ✐s r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ❛ ❝❞❢ H2 ♦♥ [0,+∞)✳

❚❤❡♥✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛ ✈✐❝t♦r② ❢♦r ❝❛♥❞✐❞❛t❡ ✷ ✐s ❣✐✈❡♥ ❜②

π2(t1, t2) = Pr(
FR2(t1, t2)

FR2(t1, t2) + ξ2
>

1

2
) = H2(FR2(t1, t2)). (11)

❘❡♠❛r❦ ✶✿ ❆ss✉♠♣t✐♦♥ ❉ ❛♥❞ ❡q✉❛t✐♦♥s (9) ❛♥❞ (11) ✐♠♣❧② ❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ πi✿

✐✮ π1(·, t
m) ❛♥❞ π2(t

m, ·) ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]

✐✐✮ ❋♦r ❡✈❡r② t2✱ π1(·, t2) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✭✐✳❡✳ ♥♦♥ ❞❡❝r❡❛s✐♥❣✮ ♦♥ [0, t2) ❛♥❞ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣

♦♥ (t2, 1]✳ ❋♦r t2 ≥ tm✱ π1(·, t2) ✐s ❛❝t✉❛❧❧② ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦♥ [t2, 1]

✐✐✐✮ ❋♦r ❡✈❡r② t1✱ π2(t1, ·) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, t1) ❛♥❞ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦♥ (t1, 1]✳ ❋♦r t1 ≤ tm✱

π2(t1, ·) ✐s ❛❝t✉❛❧❧② ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, t1]✳

❚❤❡ s❡❝♦♥❞ ❤❛❧❢ ♦❢ (ii) ✐s ❛ r❡s✉❧t ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♦❜s❡r✈❛t✐♦♥s✿ ❋✐rst✱ ✐❢ t2 = tm✱ t❤❡♥ π1(·, t
m)

✐s ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]✱ ❛♥❞ ❛s t1 ✐♥❝r❡❛s❡s ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [tm, 1]✱ FR(t1, t
m) ✇❡❛❦❧② ❞❡❝r❡❛s❡s ❛♥❞

s♦ ❞♦❡s πi(t1, t
m)✳ ❙❡❝♦♥❞✱ ✐❢ t2 > tm✱ t❤❡♥ π1(·, t2) ✐s ♥♦ ❧♦♥❣❡r ❝♦♥t✐♥✉♦✉s ❛t t1 = t2✳ ❍♦✇❡✈❡r✱

1− F1(t2) < 1/2✱ ❛♥❞ t❤❡r❡❢♦r❡

lim
tցt2

π1(t, t2) = H1(1− F1(t2)) < H1(1/2) = π1(t2, t2).

✶✶



❚❤❡ s❡❝♦♥❞ ❤❛❧❢ ♦❢ (iii) ✐s ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ♥♦t❡ t❤❛t ✐❢ t1 = tm✱

π2(t
m, t2) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]✱ ❛♥❞ ❛s t2 ✐♥❝r❡❛s❡s ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [0, tm]✱ π2(t1, t

m) ✇❡❛❦❧②

✐♥❝r❡❛s❡s✳ ■❢ t1 < tm✱ t❤❡♥ F2(t1) < 1/2 ❛♥❞

lim
tրt1

π2(t1, t) = H2(F2(t1)) < H2(1/2) = π2(t1, t1).

❚❤❡ ♥♦t❛t✐♦♥ limtցt2 ❞❡♥♦t❡s ✏t ❛♣♣r♦❛❝❤✐♥❣ t2 ❢r♦♠ ❛❜♦✈❡✑ ❛♥❞ limtրt1 ❞❡♥♦t❡s ✏t ❛♣♣r♦❛❝❤✐♥❣ t1

❢r♦♠ ❜❡❧♦✇✑✳✹

▼♦st ♣r♦❜❛❜✐❧✐st✐❝ ✈♦t✐♥❣ ♠♦❞❡❧s ✭s❡❡ ❈❛❧✈❡rt ✭✶✾✽✺✮✱❍❛♥ss♦♥ ✫ ❙t✉❛rt ✭✶✾✽✹✮✱ ❆❧❡s✐♥❛ ✭✶✾✽✽✮✱

❇❛❧❧ ✭✶✾✾✾✮✱ ❘♦❡♠❡r ✭✶✾✾✼✮✱ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮✱ ❉r♦✉❜✈❡❧✐s ✫ ❱r✐❡♥❞ ✭✷✵✶✹✮✮ ✐♠♣♦s❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ✇✐♥♥✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s✿

❆❣r❡❡♠❡♥t ❆ss✉♠♣t✐♦♥✿ π1(t1, t2) = 1− π2(t1, t2)

❯♥❜✐❛s❡❞♥❡ss ❆ss✉♠♣t✐♦♥✿ π1(t1, t2) = π2(t2, t1)

❋✉rt❤❡r ❞✐s❝✉ss✐♦♥ ♦♥ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❲✐tt♠❛♥ ✭✶✾✽✸✮ ❛♥❞ ❈❛❧✈❡rt ✭✶✾✽✺✮✳ ❚❤❡

❆❣r❡❡♠❡♥t ❛♥❞ ❯♥❜✐❛s❡❞♥❡ss ❛ss✉♠♣t✐♦♥s ❛r❡ ✈❡r② ❝♦♥✈❡♥✐❡♥t ❜❡❝❛✉s❡ t❤❡② s✐♠♣❧✐❢② t❤❡ ❝♦♠♣✉✲

t❛t✐♦♥ ♦❢ t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡s✱ ❛♥❞ t❤❡② ✐♠♣❧② t❤❛t t❤❡ s✉♠ ♦❢ t❤❡ ♣❛②♦✛s ✐s

✏✇❡❧❧✲❜❡❤❛✈❡❞✑✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❛ ❉♦✇♥s✐❛♥ ♠♦❞❡❧✱ t❤❡ ❆❣r❡❡♠❡♥t ❛♥❞ ❯♥❜✐❛s❡❞♥❡ss ❛ss✉♠♣t✐♦♥s

✐♠♣❧② t❤❛t t❤❡ ❣❛♠❡ ✐s ③❡r♦✲s✉♠✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ t❤❡s❡ t✇♦ ❛ss✉♠♣t✐♦♥s ✐♠♣❧② t❤❛t t❤❡ ♣❛②♦✛s ♦❢

t❤❡ ❝❛♥❞✐❞❛t❡s ❛r❡ r❡❝✐♣r♦❝❛❧❧② ✉♣♣❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s✱ ❛ ♣r♦♣❡rt② t❤❛t ✐s ♦❢t❡♥ ♥❡❡❞❡❞ t♦ ❡st❛❜❧✐s❤

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡q✉✐❧✐❜r✐❛ ✐♥ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ❣❛♠❡ ✭s❡❡ ❘❡♥② ✭✶✾✾✾✮ ❛♥❞ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮✮✳ ❍♦✇❡✈❡r✱

❡①♣r❡ss✐♦♥s π1(t1, t2) ❛♥❞ π2(t1, t2) r❡♣r❡s❡♥ts s✉❜❥❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡t❤❡r ♦r ♥♦t

t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s ❛r❡ r❡❛s♦♥❛❜❧❡ ❞❡♣❡♥❞s ♦♥ t❤❡ s♦✉r❝❡ ♦❢ ✉♥❝❡rt❛✐♥t② ❢❛❝✐♥❣ t❤❡ ❝❛♥❞✐❞❛t❡s✳

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡s❡ ❛ss✉♠♣t✐♦♥ ♠❛② ♥♦t ❤♦❧❞ ✇❤❡♥ t❤❡ ✉♥❝❡rt❛✐♥t② ❛r✐❡s ❢r♦♠ ♥♦♥✲♣♦❧✐❝② ❝♦♥s✐❞❡r✲

❛t✐♦♥s ❜② ✈♦t❡rs✳ ❈♦♥s✐❞❡r ❛ s❝❡♥❛r✐♦ ✇❤❡r❡ ❜♦t❤ ❝❛♥❞✐❞❛t❡s ❜❡❧✐❡✈❡ t❤❛t ✈♦t❡rs ❛r❡ ❜✐❛s❡❞ ❛❣❛✐♥st

t❤❡♠ ❢♦r ❞✐✛❡r❡♥t r❡❛s♦♥s✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ❝❛♥❞✐❞❛t❡ ♠✐❣❤t ❜❡❧✐❡✈❡ t❤❛t ❤✐s r❛❝❡ ❝❛✉s❡s ♥❡t ✈♦t❡r

❜✐❛s ❛❣❛✐♥st ❤✐♠ ✇❤✐❧❡ t❤❡ ♦t❤❡r ❝❛♥❞✐❞❛t❡ ♠✐❣❤t ❜❡❧✐❡✈❡ t❤❛t ❤✐s r❡❧✐❣✐♦✉s ❜❡❧✐❡❢ ❝❛✉s❡s ♥❡t ✈♦t❡r

❜✐❛s ❛❣❛✐♥st ❤✐♠✳ ■♥ t❤✐s ❝❛s❡✱ ❜♦t❤ t❤❡ ❆❣r❡❡♠❡♥t ❛♥❞ t❤❡ ❯♥❜✐❛s❡❞♥❡ss ❛ss✉♠♣t✐♦♥s ✇✐❧❧✱ ♠♦st

❧✐❦❡❧②✱ ❜❡ ✈✐♦❧❛t❡❞✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜✐❛s ✇❤❡♥ t1 = t2 ♠❛② ❜❡ ♠♦r❡ s✐❣♥✐✜❝❛♥t t❤❛♥ ✇❤❡♥ t1 ❛♥❞ t2 ❛r❡

✹❆❧t❡r♥❛t✐✈❡❧②✱ ♦♥❡ ❝❛♥ ✉s❡ limt−→t2
+ ❛♥❞ limt1−→t1

− ✳

✶✷



✈❡r② ❞✐✛❡r❡♥t✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✐t ✐s ♥♦ ❧♦♥❣❡r r❡❛s♦♥❛❜❧❡ t♦ ♠♦❞❡❧ t❤❡ ❜✐❛s ✲❛s ✐♥ ❲✐tt♠❛♥ ✭✶✾✽✸✮✲ ❛s

❛ s✐♠♣❧❡ ✈❡rt✐❝❛❧ s❤✐❢t ♦❢ t❤❡ ✇✐♥♥✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤❡ ❆❣r❡❡♠❡♥t ❛♥❞ t❤❡ ❯♥❜✐❛s❡❞♥❡ss ❛ss✉♠♣✲

t✐♦♥s ♠❛② ❛❧s♦ ❢❛✐❧ ✇❤❡♥ t❤❡ ✉♥❝❡rt❛✐♥t② ✐♥ t❤❡ ♠♦❞❡❧ r❡s✉❧ts ❢r♦♠ ❛ ♣♦ss✐❜❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡

✐♥t❡♥t✐♦♥s ♦❢ t❤❡ ✈♦t❡rs ❛♥❞ t❤❡✐r ❜❡❤❛✈✐♦r ♦♥ ❡❧❡❝t✐♦♥ ❞❛②✳ ❚❤✐s ✐♥❝❧✉❞❡s✱ ❜✉t ✐t ✐s ♥♦t ❧✐♠✐t❡❞ t♦✱

t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✈♦t✐♥❣ ❡rr♦rs✳ ❋♦r ❡①❛♠♣❧❡✱ ξ1 ❛♥❞ ξ2 ❝❛♥ r❡♣r❡s❡♥t ❝❛♥❞✐❞❛t❡s ✉♥❝❡rt❛✐♥t② ❛❜♦✉t

❤♦✇ ✈♦t❡rs r❡❛❝t t♦ ♣♦❧❧s✳ ❙✉♣♣♦s❡ ❛❢t❡r t❤❡ ❝❛♥❞✐❞❛t❡s s✐♠✉❧t❛♥❡♦✉s❧② ❛♥♥♦✉♥❝❡ (t1, t2)✱ ♣♦❧❧s ❛r❡

❝♦♥❞✉❝t❡❞ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ❝♦♠♠✉♥✐❝❛t❡❞ t♦ t❤❡ ✈♦t❡rs✳ ❚❤❡s❡ r❡s✉❧ts ♠❛② ✐♥ ❢❛❝t ✐♠♣❛❝t t❤❡

t✉r♥♦✉t ♦♥ ❡❧❡❝t✐♦♥ ❞❛②❀ s♦♠❡ ✈♦t❡rs ♠✐❣❤t ❜❡❝♦♠❡ ❝♦♠♣❧❛❝❡♥t ❛❜♦✉t t❤❡ ✈✐❝t♦r② ♦❢ t❤❡✐r ❝❛♥❞✐❞❛t❡✱

❛♥❞ t❤❡r❡❢♦r❡ ❞❡❝✐❞❡ ♥♦t t♦ ✈♦t❡✳✺ ❋♦r ♠♦r❡ ♦♥ t❤❡ ✐♠♣❛❝t ♦❢ ♣♦❧❧s ❛♥❞ ♣✉❜❧✐❝ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❣❡♥❡r❛❧

♦♥ ❡❧❡❝t✐♦♥ ♦✉t❝♦♠❡s✱ ♣❧❡❛s❡ s❡❡ ●♦❡r❡❡ ✫ ●r♦ÿ❡r ✭✷✵✵✼✮ ❛♥❞ ❚❛②❧♦r ✫ ❨✐❧❞✐r✐♠ ✭✷✵✵✾✮✳

❘❡♠❛r❦ ✷✿ ❊✈❡♥ ✇❤❡♥ f1 = f2 = f ❛♥❞ f ✐s ✉♥✐❢♦r♠ ♦♥ [0, 1] ❛♥❞ H1 = H2 = H✱ ✇❡ ❝❛♥ st✐❧❧

❤❛✈❡ π1(t1, t2) 6= 1− π2(t1, t2) ✭s❡❡ ❊①❛♠♣❧❡ ✽ ✐♥ ❙❡❝t✐♦♥ ✹✮✳ ❙✉♣♣♦s❡ ✇❡✱ ✐♥ ❢❛❝t✱ ❤❛✈❡ f1 = f2 = f ✳

■❢ H1 = H2 = H✱ t❤❡♥ ❡q✉❛t✐♦♥s (9)✱ (11)✱ ❛♥❞ ❆ss✉♠♣t✐♦♥ ❉ ✐♠♣❧② π1(t1, t2) = π2(t2, t1)✳ ■❢✱ ✐♥

❛❞❞✐t✐♦♥✱ H(1/2) = 1/2✱ t❤❡♥ ✇❡ ❛❧s♦ ❤❛✈❡ π1(t, t) = π2(t, t) = 1/2✳ ◆♦t❡ t❤❛t ✇❤❡♥ H(1/2) 6= 1/2✱

♦✉r ♠♦❞❡❧ ❛❧❧♦✇s ❢♦r ❛ t②♣❡ ♦❢ ❛ ✇❡❛❦ ❜✐❛s t❤❛t ♦♥❧② ❛♣♣❡❛rs ✐♥ t❤❡ ❝❛s❡ t❤❡ t✇♦ ❝❛♥❞✐❞❛t❡s ❛♥♥♦✉♥❝❡

✐❞❡♥t✐❝❛❧ ♣❧❛t❢♦r♠s✳ ❋✐♥❛❧❧②✱ ✐❢ H ≡ 1 ♦♥ [0, 1]✱ t❤❡♥ π1(t1, t2) = 1 − π2(t1, t2)✱ ❛♥❞ t❤❡ ❆❣r❡❡♠❡♥t

❛ss✉♠♣t✐♦♥ ✐s s❛t✐s✜❡❞✳

❉❡s♣✐t❡ t❤❡ ❢❛❝t t❤❡ ♠♦❞❡❧ ✸ ❞♦❡s ♥♦t✱ ✐♥ ❣❡♥❡r❛❧✱ s❛t✐s❢② t❤❡ ❆❣r❡❡♠❡♥t ❛♥❞ t❤❡ ❯♥❜✐❛s❡❞♥❡ss

❛ss✉♠♣t✐♦♥s✱ ✇❡ ❝❛♥ st✐❧❧ ♦❜t❛✐♥ ❡st❛❜❧✐s❤ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐❛ ✐♥ ✈♦t✐♥❣ ♠♦❞❡❧s

✇✐t❤ ✈❛r✐♦✉s t②♣❡s ♦❢ ❝❛♥❞✐❞❛t❡s✬ ♠♦t✐✈❛t✐♦♥✳ ❆s ❛❧r❡❛❞② ♥♦t❡❞ ❜② s❡✈❡r❛❧ ❛✉t❤♦rs✱ ❛♥② s✉❝❤ ❡①✐s✲

t❡♥❝❡ r❡s✉❧ts ✇✐❧❧ ✐♥✈❛r✐❛❜❧② r❡q✉✐r❡ s♦♠❡ q✉❛s✐✲❝♦♥❝❛✈✐t② ❛ss✉♠♣t✐♦♥s ♦♥ Ui✱ ✇❤✐❝❤ ✐♥ t✉r♥ r❡q✉✐r❡

❝♦♥❝❛✈✐t② ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ✇✐♥♥✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s πi✳ ❲❡✱ t❤❡r❡❢♦r❡✱ r❡q✉✐r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❆ss✉♠♣t✐♦♥ ❊✿ ❢♦r ❛♥② t2 ≥ tm✱ π1(·, t2) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❝♦♥❝❛✈❡ ✐♥ t1 ♦♥ [0, t2)✱ ❛♥❞ ❢♦r ❛♥②

t1 ≤ tm✱ π2(t1, ·) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❝♦♥❝❛✈❡ ✐♥ t2 ♦♥ (t1, 1]✳

❘❡♠❛r❦ ✸✿ ❚❤❡ ❝♦♥❝❛✈✐t② r❡q✉✐r❡♠❡♥ts ✐♥ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❧♦❣✲❝♦♥❝❛✈✐t②✳

P❧❡❛s❡ ♥♦t❡ t❤❛t ✇❡ ❛r❡ ♥♦t r❡q✉✐r✐♥❣ π1(·, t2) ❛♥❞ π2(t1, ·) t♦ ❜❡ ❝♦♥❝❛✈❡ ✭♦r ❧♦❣✲❝♦♥❝❛✈❡✮ ♦♥ ❛❧❧

✺▼❛♥② ♣♦❧✐t✐❝❛❧ ❛♥❛❧②sts ❛ss❡rt❡❞ t❤❛t ❛ ❧♦✇ t✉r♥♦✉t ♣❧❛②❡❞ ❛ s✐❣♥✐✜❝❛♥t r♦❧❡ ✐♥ t❤❡ ❧♦ss ♦❢ ❍♦✉s❡ ▼❛❥♦r✐t② ▲❡❛❞❡r
❊r✐❝ ❈❛♥t♦r ✐♥ ❛ ●❖P ♣r✐♠❛r② t♦ ❛ t❡❛ ♣❛rt② ❝❤❛❧❧❡♥❣❡r ✐♥ ❏✉♥❡ ♦❢ ✷✵✶✹✳ ▲❡❛❞✐♥❣ t♦ t❤❡ ❡❧❡❝t✐♦♥✱ ❈❛♥t♦r ✇❛s ♣r♦❥❡❝t❡❞
t♦ ✇✐♥ ❜② ❛ ❧❛r❣❡ ♠❛r❣✐♥✳ ❖♥❧② ✶✷ ♣❡r❝❡♥t ♦❢ ❡❧✐❣✐❜❧❡ ✈♦t❡rs ❛❝t✉❛❧❧② ♣❛rt✐❝✐♣❛t❡❞ ✐♥ t❤❡ ❡❧❡❝t✐♦♥✱ ❛♥❞ ❈❛♥t♦r ❧♦st t❤❡
❡❧❡❝t✐♦♥✳

✶✸



♦❢ [0, 1]✳ ❙✉❝❤ ❛ss✉♠♣t✐♦♥ ✇♦✉❧❞ ❜❡ ✲❢♦r ❛❧❧ ♣r❛❝t✐❝❛❧ ♣✉r♣♦s❡s✲ ✐♠♣♦ss✐❜❧❡ t♦ ❤♦❧❞✳ ❚♦ s❡❡ t❤✐s✱

♥♦t❡ t❤❛t✱ ❢♦r ❛♥② tm < t2 < 1✱ π1(·, t2) ✐s✱ ✐♥ ❣❡♥❡r❛❧✱ ❞✐s❝♦♥t✐♥✉♦✉s ❛t t2✳ ❚❤❡r❡❢♦r❡✱ ✐t ❝❛♥♥♦t ❜❡

❝♦♥❝❛✈❡ s✐♥❝❡ ❡✈❡r② ❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ❤❛s t♦ ❜❡ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ✐♥t❡r✐♦r ♦❢ ✐ts ❞♦♠❛✐♥✳ ▼♦r❡♦✈❡r✱

❈♦♥❞✐t✐♦♥s E ❝❛♥ ❜❡ ❡❛s✐❧② r❡❞✉❝❡❞ t♦ ❝♦♥❞✐t✐♦♥s ♦♥ Hi ❛♥❞ Fi✳ ❋♦r t1 < t2✱ ✇❡ ❤❛✈❡

∂π1
∂t1

=
1

2
h1(F1(

t1 + t2
2

))f1(
t1 + t2

2
) (12)

❛♥❞
∂π2
∂t2

=
−1

2
h2(1− F2(

t1 + t2
2

))f2(
t1 + t2

2
). (13)

❲❤❡♥ t2 ≥ tm✱ t1+t2
2 ❝❛♥♥♦t ❜❡ ❧❡ss t❤❛♥ tm

2 ✱ ❛♥❞ ✇❤❡♥ t1 ≤ tm✱ t1+t2
2 ❝❛♥♥♦t ❜❡ ♠♦r❡ t❤❛♥ 1+tm

2 ✳

❚❤❡r❡❢♦r❡✱ t❛❦✐♥❣ t❤❡ ❞❡r✐✈❛t✐✈❡s ♦❢ (12) ❛♥❞ (13) ❛♥❞ r❡✲❛rr❛♥❣✐♥❣ t❤❡ r❡s✉❧t✐♥❣ ❡①♣r❡ss✐♦♥s ✇❡ ❝❛♥

s❤♦✇ t❤❛t ❆ss✉♠♣t✐♦♥ ❊ ❤♦❧❞s✱ ✐❢
h′1(F1(z))

h1(F1(z))
≤

−f ′1(z)

f21 (z)
(14)

❢♦r z ✐♥ [ t
m

2 , 1]✱ ❛♥❞
h′2(1− F2(z))

h2(1− F2(z))
≤
f ′2(z)

f22 (z)
(15)

❢♦r z ✐♥ [0, 1+tm

2 ]✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥❞✐t✐♦♥ E ❤♦❧❞s ✐❢ ❜♦t❤ ❝❛♥❞✐❞❛t❡s ❛❣r❡❡ t❤❛t t❤❡ ✈♦t❡rs ❛r❡

✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ [0, 1] ❛♥❞ H1 ❛♥❞ H2 ❛r❡ ❝♦♥❝❛✈❡ ✭❡✳❣✳ ξ1 ❛♥❞ ξ2 ❛r❡ ❡①♣♦♥❡♥t✐❛❧❧② ❞✐s✲

tr✐❜✉t❡❞✮✳

❈❛♥❞✐❞❛t❡s ✇✐t❤ ♠✐①❡❞ ♠♦t✐✈❛t✐♦♥✿

❲❡ ❝♦♥s✐❞❡r ❛ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ t✇♦ ❝❛♥❞✐❞❛t❡s ✇❤♦ ❝❛r❡ ❛❜♦✉t ✇✐♥♥✐♥❣ t❤❡ ❡❧❡❝t✐♦♥ ❛s ✇❡❧❧ ❛s

❛❜♦✉t t❤❡ ♣♦❧✐❝② ✐♠♣❧❡♠❡♥t❡❞ ❜② t❤❡ ✇✐♥♥❡r✳ ❲❡ ❢♦❧❧♦✇ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮ ❛♥❞ ♠♦❞❡❧ t❤❡ ♣❛②♦✛s ♦❢

t❤❡ ❝❛♥❞✐❞❛t❡s ❛s

Ui(t1, t2) = πi(t1, t2)[ψi(t1, t2) +Ki], (16)

✇❤❡r❡ ψ1(t1, t2) = v1(t1)− v1(t2) ❛♥❞ ψ2(t1, t2) = v2(t2)− v2(t1)✳

❲❡ ❛ss✉♠❡ t❤❛t t = 0 ❛♥❞ t = 1 ❛r❡ r❡s♣❡❝t✐✈❡❧② t❤❡ ♣r❡❢❡rr❡❞ ♦❢ ❝❛♥❞✐❞❛t❡s ♦♥❡ ❛♥❞ t✇♦✳ ▼♦r❡

s♣❡❝✐✜❝❛❧❧②✱ ✇❡ ♣♦s✐t

❆ss✉♠♣t✐♦♥ ❋✿ ❆ss✉♠❡ v1 ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥❝❛✈❡ ♦♥ [0, 1]✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ (0, 1]✱ ❛♥❞ v1(0) = 0✳

❙✐♠✐❧❛r❧②✱ v2 ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ ❝♦♥❝❛✈❡ ♦♥ [0, 1]✱ ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ (0, 1]✱ ❛♥❞ v2(1) = 0✳

✶✹



❯♥❧✐❦❡ t❤❡ r❡s✉❧ts ✐♥ ❇❛❧❧ ✭✶✾✾✾✮ ❛♥❞ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮✱ ❆ss✉♠♣t✐♦♥ ❉ ❞♦❡s ♥♦t s♣❡❝✐❢② ❢✉♥❝t✐♦♥❛❧

❢♦r♠s ❢♦r v1 ❛♥❞ v2✳ ❍❡♥❝❡❢♦rt❤✱ ✇❡ ✇✐❧❧ ✉s❡ G = (X,U) t♦ ❞❡♥♦t❡ t❤❡ t✇♦✲♣❧❛②❡r ❣❛♠❡ ✇✐t❤

X = X1 ×X2✱ X1 = X2 = [0, 1]✱ ♣❛②♦✛s ❣✐✈❡♥ ❜② (16)✱ ❛♥❞ π1 ❛♥❞ π2 r❡s♣❡❝t✐✈❡❧② ❣✐✈❡♥ ❜② (9) ❛♥❞

(11)✳

❚❤❡ ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ∂Ui

∂ti
♠❛② ❢❛✐❧ t♦ ❡①✐st ❛t t❤❡ ♣♦✐♥t (tm, tm)✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ✏❞✐r❡❝✲

t✐♦♥❛❧✑ ♣❛rt✐❛❧s✳

∂U1

∂t1

−

(tm, tm) = lim
t1րtm

∂U1

∂t1
(t1, t

m)

❛♥❞
∂U2

∂t2

+

(tm, tm) = lim
t2ցtm

∂U2

∂t2
(tm, t2).

❲❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ❝♦♥st❛♥ts

α1 = sup
t2∈(tm,1]

∂U1

∂t1
(tm, t2)

❛♥❞

α2 = inf
t1∈[0,tm)

∂U2

∂t2
(t1, t

m)

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ✐❧❧✉str❛t❡s ❤♦✇ ❛❧t❡r♥❛t✐✈❡ ♠♦❞❡❧ ✸ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ ❡①✐st❡♥❝❡

r❡s✉❧ts ✉♥❞❡r ✈❡r② ✇❡❛❦ ❛ss✉♠♣t✐♦♥s✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ❈♦♥s✐❞❡r ❛ ❣❛♠❡ G t❤❛t s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥s ❊✱ ❉✱ ❛♥❞ ❋✳ ❆ss✉♠❡ t❤❛t t❤❡

❝❛♥❞✐❞❛t❡s s❛t✐s❢② ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s✿

✭❛✮ ∂U1

∂t1

−
(tm, tm) ≥ 0 ❛♥❞ ∂U2

∂t2

+
(tm, tm) ≤ 0

✭❜✮ α1 ≤ 0 ❛♥❞ α2 ≥ 0

❚❤❡♥✱ t❤❡ ❣❛♠❡ G ❤❛s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ✐s ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ❖✉r ♣r♦♣♦s✐t✐♦♥ ✐s ✈❡r② s✐♠✐❧❛r ✐♥ s♣✐r✐t t♦ ❚❤❡♦r❡♠

✶ ✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮✳ ❍♦✇❡✈❡r✱ Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ ❚❤❡♦r❡♠ ✶ ✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮ ❞✐✛❡r ✐♥ ❛ ♥✉♠❜❡r ♦❢

✐♠♣♦rt❛♥t ✇❛②s✳ ❋✐rst✱ ✇❡ ❞♦ ♥♦t ✐♠♣♦s❡ ❛♥② ❆❣r❡❡♠❡♥t ♦r ❯♥❜✐❛s❡❞♥❡ss ❛ss✉♠♣t✐♦♥s✳ ❙❡❝♦♥❞✱ ✇❡

❞♦ ♥♦t ❛ss✉♠❡ t❤❛t K1 = K2 ♥♦r ❞♦ ✇❡ ❛ss✉♠❡ ❛ s♣❡❝✐✜❝ ❢✉♥❝t✐♦♥❛❧ ❢♦r♠ ❢♦r vi✳ ❚❤✐r❞✱ ❚❤❡♦r❡♠

✶ ✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮ ✐s ❜❛s❡❞ ♦♥ t❤❡ ♣r♦❜❧❡♠❛t✐❝ ❝❧❛ss✐❝ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧ ✭❆ss✉♠♣t✐♦♥ ✷

✶✺



✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮✮ ✇❤✐❧❡ ♦✉r ♣r♦♣♦s✐t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ❛♥② ❡rr♦r ♠♦❞❡❧ ✇✐t❤ ✇✐♥♥✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s

s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ❊ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ❧✐st❡❞ ✐♥ ❘❡♠❛r❦ ✶✳ ❚❤✐s ✐♥❝❧✉❞❡s✱ ❛♠♦♥❣ ♦t❤❡rs✱ t❤❡

❡rr♦r ♠♦❞❡❧ s♣❡❝✐✜❡❞ ✐♥ ❡q✉❛t✐♦♥s (8) ❛♥❞ (10)✳ ❋✐♥❛❧❧②✱ ♦✉r ❝♦♥❝❛✈✐t② ❛ss✉♠♣t✐♦♥s ❛r❡ ✐♠♣♦s❡❞

♦♥ πi ♦✈❡r s♣❡❝✐✜❝ s✉❜✐♥t❡r✈❛❧s ♦❢ [0, 1] ❛♥❞ ♥♦t ♦✈❡r t❤❡ ❡♥t✐r❡ ✐♥t❡r✈❛❧ [0, 1] ✭s❡❡ t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢

❘❡♠❛r❦ ✸✮✳

❈♦♥❞✐t✐♦♥ ✭❛✮ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ✐♥s✉r❡s t❤❛t tm ✐s ✐♥ t❤❡ ❜❡st r❡s♣♦♥s❡ s❡t ♦❢ ❡✈❡r② ♣❧❛②❡r ✇❤❡♥ t❤❡

♦t❤❡r ♣❧❛②❡r ❛❧s♦ ♣❧❛②s tm✱ ❛♥❞ t❤❡r❡❢♦r❡ (tm, tm) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ✇❤❡♥

❜♦t❤ K1 ❛♥❞ K2 ❛r❡ ❛❜♦✈❡ s♦♠❡ t❤r❡s❤♦❧❞✳ ❚❤✐s s❤♦✉❧❞ ♥♦t ❜❡ s✉r♣r✐s✐♥❣ s✐♥❝❡ ❛s K1 ❛♥❞ K2

❜❡❝♦♠❡ ✏✈❡r② ❧❛r❣❡✑✱ t❤❡ ❝❛♥❞✐❞❛t❡s ❜❡❝♦♠❡ ❡ss❡♥t✐❛❧❧② ♦✣❝❡ ♠♦t✐✈❛t❡❞✱ ❛♥❞ ✐♥ s✉❝❤ ❝❛s❡ ❛ st❛♥❞❛r❞

❛r❣✉♠❡♥t ❝❛♥ s❤♦✇ t❤❛t (tm, tm) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❈♦♥❞✐t✐♦♥ ✭❛✮ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ❝❛♥ t❤❡♥ ✐♥❢♦r♠

✉s ♦♥ ❤♦✇ ❧❛r❣❡ K1 ❛♥❞ K2 ♠✉st ❜❡ ❜❡❢♦r❡ ✇❡ ❝❛♥ ❝❧❛✐♠ t❤❛t (tm, tm) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛s t❤❡ ♥❡①t

❡①❛♠♣❧❡ ❞❡♠♦♥str❛t❡s✳

❊①❛♠♣❧❡ ✹✳ ❆ss✉♠❡ ξi = ξ2 = ξ ❛♥❞ ξ ≡ 1 ♦♥ [0, 1]✱ ❛♥❞ ❤❡♥❝❡ F̂Ri = FRi✳ ❆ss✉♠❡ ❢✉rt❤❡r t❤❛t

f1 ≡ 1 ♦♥ [0, 1] ❜✉t f2 ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥

f2(z) =





16z
3 ✐❢ z ≤ 1/4

4
3 ✐❢ 1/4 ≤ z ≤ 3/4

−16z
3 + 16

3 ✐❢ 3/4 < z ≤ 1

(17)

◆♦t❡ t❤❛t ❆❣r❡❡♠❡♥t ❛ss✉♠♣t✐♦♥ ✐s ✈✐♦❧❛t❡❞ ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠❡❞✐❛♥ ❢♦r ❜♦t❤ f1 ❛♥❞ f2 ✐s

1/2✳ ❋♦r ❛♥② v1 ❛♥❞ v2 t❤❛t s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ❋✱ s✐♠♣❧❡ ❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t ❆ss✉♠♣t✐♦♥ E ✐s

s❛t✐s✜❡❞✱ ❛♥❞ t❤❛t ❝♦♥❞✐t✐♦♥ ✭❛✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ✐s ❡q✉✐✈❛❧❡♥t t♦

f1(1/2)K1 + v′1(1/2) ≥ 0

❛♥❞

−f2(1/2)K2 + v′2(1/2) ≤ 0.

■♥ ♦t❤❡r ✇♦r❞s✱ ❛ss✉♠♣t✐♦♥ (a) ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ❤♦❧❞s✱ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱

K1 ≥
−v′1(1/2)

f1(1/2)
❛♥❞ K2 ≥

v′2(1/2)

f2(1/2)
. (18)

■♥t✉✐t✐✈❡❧②✱ (18) s❛②s t❤❛t ✐❢ ❜♦t❤ ❝❛♥❞✐❞❛t❡s ❜❡❧✐❡✈❡s t❤❛t t❤❡r❡ ✐s ♠❛ss ♦❢ ✈♦t❡rs ❛r♦✉♥❞ 1/2 t❤❛t

✐s ❧❛r❣❡ r❡❧❛t✐✈❡ t♦ v′i(1/2)✱ t❤❡♥ (tm, tm) ✇✐❧❧ ❜❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❡✈❡♥ ✇❤❡♥ K1 ❛♥❞ K2 ❛r❡ s♠❛❧❧✳

✶✻



❚❛❦❡ ❢♦r ❡①❛♠♣❧❡ v1 = −t ❛♥❞ v2 = −(1− t)✳ ■♥ t❤✐s ❝❛s❡✱ ✐❢ K1 ≥ 1 ❛♥❞ K2 ≥ 3/4✱ t❤❡♥ (1/2, 1/2)

✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ■❢ ✇❡ t❛❦❡ ❧❡t v1 = −t2 ❛♥❞ v2 = −(1 − t)2✱ t❤❡♥ ✇❡ st✐❧❧ ❤❛✈❡ v′1(1/2) = −1

❛♥❞ v′2(1/2) = 1✱ ❛♥❞ ♦✉r ❝♦♥❝❧✉s✐♦♥ r❡♠❛✐♥s t❤❡ s❛♠❡❀ ❢♦r K1 ≥ 1 ❛♥❞ K2 ≥ 3/4✱ (1/2, 1/2) ✐s ❛♥

❡q✉✐❧✐❜r✐✉♠✳

❆s t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ✇✐❧❧ ❞❡♠♦♥str❛t❡✱ α1 ≤ 0 ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛♥② t2 ≥ tm✱ t❤❡

❜❡st r❡s♣♦♥s❡ ♦❢ ❝❛♥❞✐❞❛t❡ ✶ t♦ t❤✐s t2 ✇✐❧❧ ❜❡ ✐♥ [0, tm]✳ ❙✐♠✐❧❛r❧②✱ α2 ≥ 0 ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥②

t1 ≤ tm✱ t❤❡ ❜❡st r❡s♣♦♥s❡ ♦❢ ❝❛♥❞✐❞❛t❡ ✷ t♦ t❤✐s t1 ✇✐❧❧ ❜❡ ✐♥ [tm, 1]✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❣❛♠❡ G

❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ s✐♠♣❧❡r ❣❛♠❡ ✇✐t❤ X1 = [0, tm] ❛♥❞ X2 = [tm, 1]✳ ■♥ ❣❡♥❡r❛❧✱ ❝♦♥❞✐t✐♦♥ ✭❜✮

✇✐❧❧ ❜❡ s❛t✐s✜❡❞ ✇❤❡♥ ❜♦t❤ K1 ❛♥❞ K2 ❛r❡ ❜❡❧♦✇ s♦♠❡ t❤r❡s❤♦❧❞✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡

❡①❛♠♣❧❡ ✇❤❡r❡ t❤❡ ❝❛♥❞✐❞❛t❡s ❛❣r❡❡ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✈♦t❡rs ❜✉t ♥♦t ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ξi✳

❊①❛♠♣❧❡ ✺✳ ❆ss✉♠❡ t❤❡ ❝❛♥❞✐❞❛t❡s ❛❣r❡❡ t❤❛t ✈♦t❡rs ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦✈❡r [0, 1] ✭✐✳❡

f1 = f2 = f ✇✐t❤ f ≡ 1 ♦♥ [0, 1]✮✳ ❋♦r i ∈ {1, 2}✱ ❛ss✉♠❡ hi ✐s ❡q✉❛❧ t♦ ❝♦♥st❛♥t βi ♦♥ [0, 1] ❛♥❞

0 ≤ βi ≤ 1✳✻ ❆ss✉♠❡ β1 6= β2✱ v1(t) = −|t|✱ ❛♥❞ v2(t) = −|1− t|✳ ❚❤❡♥✱ ❢♦r ❛♥② Ki ≥ 0 ❝♦♥❞✐t✐♦♥s

❉✱ ❊✱ ❛♥❞ ❋ ❤♦❧❞✳ ◆♦t❡ t❤❛t

π1(t, t) = β1 6= β2 = π2(t, t),

❛♥❞ ❤❡♥❝❡✱ ❞❡s♣✐t❡ ✐ts s✐♠♣❧✐❝✐t②✱ t❤✐s ❡①❛♠♣❧❡ ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❆❣r❡❡♠❡♥t ❛♥❞ ❯♥❜✐❛s❡❞♥❡ss

❛ss✉♠♣t✐♦♥s✳ ▼♦r❡♦✈❡r✱
∂U1

∂t1

−

(1/2, 1/2) = α1 =
1

2
β1[K1 − 1], (19)

❛♥❞
∂U2

∂t2

+

(1/2, 1/2) = α2 =
1

2
β2[1−K2]. (20)

❲❤❡♥ 0 ≤ Ki ≤ 1 ❢♦r i ∈ {1, 2}✱ ✭✶✾✮ ❛♥❞ ✭✷✵✮ ✐♠♣❧② t❤❛t ❝♦♥❞✐t✐♦♥ ✭❜✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ❤♦❧❞s✳

❲❤❡♥Ki ≥ 1 ❢♦r i ∈ {1, 2}✱ ✭✶✾✮ ❛♥❞ ✭✷✵✮ ✐♠♣❧② t❤❛t ❝♦♥❞✐t✐♦♥ ✭❛✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ❤♦❧❞s✳ ❚❤❡r❡❢♦r❡✱

❢♦r ❛♥② Ki ≥ 0✱ ✐❢ ❜♦t❤ Ki ≤ 1 ♦r ✐❢ ❜♦t❤ Ki ≤ 1✱ t❤❡♥ t❤❡ ❣❛♠❡ ❤❛s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳

❆ss✉♠✐♥❣ t❤❛t t❤❡ ❝❛♥❞✐❞❛t❡s ❛r❡ ❧♦❝❛t❡❞ ❛t t❤❡ ❡①tr❡♠❡ ♣♦✐♥ts ♦❢ t❤❡ ✐♥t❡r✈❛❧ [0, 1] ✐s ♥♦t ❡ss❡♥t✐❛❧

t♦ t❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤✐s ❡①❛♠♣❧❡✳ ▲❡t v1(z) = −|a−z| ❛♥❞ v2 = −|b−z| ✇✐t❤ 0 < a < 1/2 < b < 1✳

❈♦♥s✐❞❡r t❤❡ ❣❛♠❡ ♣❧❛②❡❞ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❝❛♥❞✐❞❛t❡s ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [a, b]✳ ❋♦r tm ≤ t2 ≤

b✱ π1(·, t2) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ (a, t2) ❛♥❞ ❝♦♥❝❛✈❡ ♦♥ [a, t2)✳ ❋♦r ❛♥② a ≤ t1 ≤ tm✱ π2(t1, ·) ✐s

✻❲❤❡♥ t❤❡ s✉♣♣♦rt ♦❢ ξi ✐s ❧❛r❣❡r t❤❛♥ [0, 1]✱ t❤❡♥ βi ✐s str✐❝t❧② ❧❡ss t❤❛♥ ✶✳

✶✼



❞✐✛❡r❡♥t✐❛❜❧❡ ♦♥ (t1, b) ❛♥❞ ❝♦♥❝❛✈❡ ♦♥ (t1, b]✳ ❈❧❡❛r❧② v1 ❛♥❞ v2 s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ❋ ♦♥ [a, b]✳

▼♦r❡♦✈❡r✱ (19) ❛♥❞ (20) st✐❧❧ ❤♦❧❞✳ ❚❤❡r❡❢♦r❡✱ Pr♦♣♦s✐t✐♦♥ ✷ ✐♠♣❧✐❡s t❤❛t t❤❡ ❣❛♠❡ ♦♥ [a, b] ❤❛s ❛♥

❡q✉✐❧✐❜r✐✉♠ (t∗1, t
∗
2) ✇✐t❤ a ≤ t∗1 ≤ tm ≤ t∗2 ≤ 1✳ ❋♦r ❛♥② 0 ≤ t1 < a✱

U1(t1, t
∗
2) ≤ U1(a, t

∗
2) ≤ U(t∗1, t

∗
2)

❛♥❞ ❢♦r ❛♥② b ≤ t1 ≤ 1

U1(t1, t
∗
2) ≤ U1(b, t

∗
2) ≤ U(t∗1, t

∗
2).

❚❤❡r❡❢♦r❡✱ ❢♦r 0 ≤ t1 ≤ 1✱

U1(t1, t
∗
2) ≤ U(t∗1, t

∗
2).

❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t ❢♦r 0 ≤ t2 ≤ 1✱

U1(t
∗
1, t

∗
2) ≤ U(t∗1, t

∗
2).

❚❤❡r❡❢♦r❡✱ (t∗1, t
∗
2) ✐s ❛❧s♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❣❛♠❡ ♣❧❛②❡❞ ♦♥ [0, 1] ✳

❘❡♠❛r❦ ✹✿ ■♥ ❡①❛♠♣❧❡s ✹ ❛♥❞ ✺ ❛♥❞ ✐♥ ♦✉r ❡①❛♠♣❧❡s ✐♥ ❙❡❝t✐♦♥ ✹✱ t❤❡ ♣❛②♦✛ ♦❢ ❡❛❝❤ ♣❧❛②❡r ❝❛♥ ❢❛✐❧

t♦ ❜❡ q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ ✐ts ♦✇♥ str❛t❡❣② ♦✈❡r [0, 1]✳ ❚❤❡r❡❢♦r❡✱ t❤❡ st❛♥❞❛r❞ r❡s✉❧ts ❢♦r t❤❡ ❡①✐st❡♥❝❡

♦❢ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐❛✱ ✐♥❝❧✉❞✐♥❣ Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐♥ ❘❡♥② ✭✶✾✾✾✮✱ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞ ❞✐r❡❝t❧②✳

❲❡ ♥♦✇ r❡❧❛① t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❜♦t❤ ❝❛♥❞✐❞❛t❡s ❛❣r❡❡ ♦♥ t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ♠❡❞✐❛♥ ✈♦t❡r✱

❆ss✉♠♣t✐♦♥ D′✿ ❙❛♠❡ ❛s ❆ss✉♠♣t✐♦♥ ❉ ❡①❝❡♣t F1(t
m
1 ) = F2(t

m
2 ) = 1/2 ❢♦r 0 < tm1 < tm2 < 1✳

❋♦r ❧❛r❣❡ K1 ❛♥❞ K2✱ t❤❡r❡ ✐s ❧✐tt❧❡ ❤♦♣❡ t♦ ❤❛✈❡ ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ■♥ ❢❛❝t✱ ❢♦r ✈❡r② ❧❛r❣❡

Ki✱ ❡❛❝❤ ❝❛♥❞✐❞❛t❡ ❡ss❡♥t✐❛❧❧② ✇✐❧❧ ✇❛♥t t♦ ♠❛①✐♠✐③❡ ❤✐s ♣r♦❜❛❜✐❧✐t② ♦❢ ✇✐♥♥✐♥❣✳ ❚❤✐s ✇✐❧❧ ✐♠♣❧②

t❤❛t BR1(t2) ✐s ✉♥❞❡✜♥❡❞ ❡①❝❡♣t ✇❤❡♥ t2 = tm1 ✳ ❨❡t (t
m
1 , t

m
1 ) ✐s ♥♦t ❛♥ ❡q✉✐❧✐❜r✐✉♠ s✐♥❝❡ ❝❛♥❞✐❞❛t❡

t✇♦ ✇✐❧❧ ❞♦ ❜❡tt❡r ❜② s❧✐❣❤t❧② ❝❤❛♥❣✐♥❣ ❤✐s ♣❧❛t❢♦r♠✳ ❖♥❡ ♦t❤❡r ❤❛♥❞✱ ✇❤❡♥ K1 ❛♥❞ K2 ❛r❡ ❜♦t❤

❧♦✇✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥

❆ss✉♠♣t✐♦♥ E′✿ ❋♦r ❛♥② t2 ≥ tm1 ✱ π1(·, t2) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❝♦♥❝❛✈❡ ✐♥ t1 ♦♥ [0, t2)✱ ❛♥❞ ❢♦r ❛♥②

t1 ≤ tm2 ✱ π2(t1, ·) ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛♥❞ ❝♦♥❝❛✈❡ ✐♥ t2 ♦♥ (t1, 1]✳

❋♦r ❡①❛♠♣❧❡✱ ❡q✉❛t✐♦♥s (12) ❛♥❞ (13) ✐♠♣❧② t❤❛t E′ ❤♦❧❞s ✇❤❡♥✱ ❢♦r i ∈ {1, 2}✱ Hi ✐s ❝♦♥❝❛✈❡ ♦♥

[0, 1]✱ F1 ✐s ❝♦♥❝❛✈❡✱ ❛♥❞ F2 ✐s ❝♦♥✈❡①✳ ◆♦t❡ t❤❛t t❤❡ ❝♦♥❝❛✈✐t② ♦❢ F1 ♠❡❛♥s ❝❛♥❞✐❞❛t❡ ♦♥❡ ❜❡❧✐❡✈❡s

✶✽



t❤❛t t❤❡ ✈♦t❡rs ❛r❡ s❦❡✇❡❞ t♦✇❛r❞ t = 0 ✇❤✐❧❡ t❤❡ ❝♦♥✈❡①✐t② ♦❢ F2 ✐♠♣❧✐❡s t❤❛t ❝❛♥❞✐❞❛t❡ t✇♦ ❜❡❧✐❡✈❡s

t❤❛t t❤❡ ✈♦t❡rs ❛r❡ s❦❡✇❡❞ t♦✇❛r❞ t = 1✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❆ss✉♠❡ t❤❡ ❣❛♠❡ G s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥s D′✱ E′ ❛♥❞ ❋✳ ❆ss✉♠❡ ❢✉rt❤❡r t❤❛t

α1 ≤ 0 ❛♥❞ α2 ≥ 0✳ ❚❤❡♥✱ t❤❡ ❣❛♠❡ G ❤❛s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳

❚❤❡ ♣r♦♦❢ ✐s ✐♥ t❤❡ ❆♣♣❡♥❞✐①✳ ❲❤❡♥ K1 = K2 = 0✱ Pr♦♣♦s✐t✐♦♥ ✸ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st❛❜❧✐s❤ t❤❡

❡①✐st❡♥❝❡ ♦❢ ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❲✐tt♠❛♥ ♠♦❞❡❧s ✇✐t❤ f1 6= f2✳

❊①❛♠♣❧❡ ✻✳ ❈♦♥s✐❞❡r ❛ ❣❛♠❡ G ✇✐t❤ K1 = K2 = 0✳ ❆ss✉♠❡ F1 ✐s ❝♦♥❝❛✈❡✱ F2 ✐s ❝♦♥✈❡①✱ ❛♥❞

0 < tm1 < tm2 < 1✳ ❆ss✉♠❡ ❢✉rt❤❡r t❤❛t H1 = H2 = H ✇✐t❤ H ≡ 1 ♦♥ [0, 1]✳ ▲❡t v1(t) = −t ❛♥❞

v2(t) = −(1 − t)✳ ■♥❡q✉❛❧✐t✐❡s ✭✶✹✮ ❛♥❞ ✭✶✺✮ ✐♠♣❧② t❤❛t U1(·, t2) ✐s ❝♦♥❝❛✈❡ ♦♥ [0, t2)✱ U2(t1, ·) ✐s

❝♦♥✈❡① ♦♥ (t1, 1]✱ ❛♥❞ ❤❡♥❝❡ ❆ss✉♠♣t✐♦♥ E′ ❤♦❧❞s✳

❚♦ s❤♦✇ t❤❛t α1 ≤ 0✱ ✇❡ ❝♦♠♣✉t❡

∂U1

∂t1
(t1, t2) = 1/2f1(

t1 + t2
2

)[v1(t1)− v1(t2)] + v′1(t1)F1(
t1 + t2

2
).

❚❤❡r❡❢♦r❡✱
∂U1

∂t1

[

− (tm1 , t
m
1 ) = v′1(t

m
1 )F1(t

m
1 ) = −F1(t

m
1 ) ≤ 0.

❋♦r ❛♥② t2 > t1 ❛♥❞ ❛ ❝♦♥❝❛✈❡ F1✱ ✇❡ ❤❛✈❡

∂2U1

∂t2∂t1
(t1, t2) = 1/4f ′(

t1 + t2
2

)[v1(t1)− v1(t2)]− 1/2f(
t1 + t2

2
)v′1(t2) + 1/2v′1(t1)f(

t1 + t2
2

)

= 1/4f ′2(
t1 + t2

2
)[v1(t1)− v1(t2)] ≤ 0.

❍❡♥❝❡✱ ❢♦r ❛♥② t2 > tm1 ✱
∂U1

∂t1
(tm1 , t2) ≤

∂U1

∂t1
(tm1 , t

m
1 ) ≤ 0,

❛♥❞ α1 ≤ 0✳

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡
∂U2

∂t2

+

(tm2 , t
m
2 ) = 1− F2(t

m
2 ) ≥ 0.

❋♦r t1 < t2 ❛♥❞ ❛ ❝♦♥✈❡① F2✱ ✇❡ ❤❛✈❡

∂2U2

∂t1∂t2
(t1, t2) = −1/4f ′2(

t1 + t2
2

)[v1(t1)− v1(t2)] ≤ 0.

✶✾



❍❡♥❝❡✱ ❢♦r ❛♥② t1 < tm2 ✱

0 ≤
∂U2

∂t2
(tm2 , t

m
2 ) ≤

∂U2

∂t2
(t1, t

m
2 ),

❛♥❞ α2 ≥ 0✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✱ t❤❡ ❣❛♠❡ ❤❛s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳

❙♦ ❢❛r✱ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t ❝❛♥❞✐❞❛t❡s✬ ✉♥❝❡rt❛✐♥t② ✐s ❡①♣r❡ss❡❞ ❜② ❡q✉❛t✐♦♥s ✽ ❛♥❞ ✶✵✳ ▼♦r❡

❣❡♥❡r❛❧❧②✱ t❤✐s ✉♥❝❡rt❛✐♥t② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✉s✐♥❣ ❡q✉❛t✐♦♥s ✷ ❛♥❞ ✸✳ ❋♦r i ∈ {1, 2}✱ ❞❡✜♥❡

Γi(t1, t2) =
F̂Ri(t1, t2)

1− F̂Ri(t1, t2)
,

❛♥❞ ❧❡t

Γi(t1, t2) = ϕi(FRi(t1, t2), ξi),

❚♦ ♦❜t❛✐♥ ❛ r❡s✉❧ts s✐♠✐❧❛r t♦ Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ 3✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ✐♠♣♦s❡ ❝♦♥❞✐t✐♦♥s ♦♥ ϕi ❛♥❞ ξi

s✉❝❤ t❤❛t t❤❡ r❡s✉❧t✐♥❣ πi s❛t✐s❢② ❆ss✉♠♣t✐♦♥ ❊ ❛♥❞ t❤❡ ♣r♦♣❡rt✐❡s ❧✐st❡❞ ✐♥ ❘❡♠❛r❦ ✶✳

✹✳ ❋✉rt❤❡r ❡①❛♠♣❧❡s

❚❤❡ t②♣✐❝❛❧ ❡①❛♠♣❧❡s ♦❢ ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ ♣✉r❡ ❡q✉✐❧✐❜r✐❛ ✐♥ ♣r♦❜❛❜✐❧✐st✐❝ s♣❛t✐❛❧ ✈♦t✐♥❣ ♠♦❞❡❧s ✈✐♦❧❛t❡

❜♦t❤ ♦❢ ❝♦♥❞✐t✐♦♥s ✭❛✮ ❛♥❞ ✭❜✮ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡r❡❢♦r❡✱ s✉❝❤ ❡①❛♠♣❧❡s ❞♦ ♥♦t ❝♦♥tr❛❞✐❝t ♦✉r

r❡s✉❧ts✳

❊①❛♠♣❧❡ ✼✳ ❬❊①❛♠♣❧❡ ✻ ✐♥ ❇❛❧❧ ✭✶✾✾✾✮❪ ❆ss✉♠❡ t❤❡ ❝❛♥❞✐❞❛t❡s ❛❣r❡❡ t❤❛t t❤❡ ✈♦t❡rs ❛r❡ ✉♥✐❢♦r♠❧②

❞✐str✐❜✉t❡❞ ♦✈❡r [0, 1]✳ ❋♦r i ∈ {1, 2}✱ ❛ss✉♠❡ ξi = ξ2 = ξ ❛♥❞ ξ ✐s ✉♥✐❢♦r♠ ♦♥ [0, 1] ✭♥♦ ❜✐❛s ❛♥❞

tm = 1/2✮✳ ❆ss✉♠❡ ❢✉rt❤❡r v1(t) = −0.5t2 ❛♥❞ v2(t) = −0.5(1− t)2✳ ❲❤❡♥ K1 = 3 ❛♥❞ K2 = 0.05✱

t❤✐s ❣❛♠❡ ✐s s❤♦✇♥ ♥♦t t♦ ❤❛✈❡ ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✐♥ ❇❛❧❧ ✭✶✾✾✾✮✳ ◆♦t❡ t❤❛t ❢♦r K1 = 3✱

♣❧❛②❡r ♦♥❡ ❢❛✐❧s t♦ s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭❜✮ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✱ ❛♥❞ ❢♦rK2 = 0.05✱ ♣❧❛②❡r t✇♦ ❢❛✐❧s t♦ s❛t✐s❢②

❝♦♥❞✐t✐♦♥ ✭❛✮ ✐♥ t❤❡ s❛♠❡ ♣r♦♣♦s✐t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤✐s ❡①❛♠♣❧❡ ❞♦❡s ♥♦t ❝♦♥tr❛❞✐❝t Pr♦♣♦s✐t✐♦♥ ✷✳

■♥ ❢❛❝t✱ ✐❢ ✇❡ ♠♦❞✐❢② t❤❡ ❡①❛♠♣❧❡ s♦ t❤❛t ❜♦t❤ Ki ❛r❡ ❧❛r❣❡r ♦r ❡q✉❛❧ t♦ 3✱ ♦r s♦ t❤❛t ❜♦t❤ Ki ❛r❡

❧❡ss ♦r ❡q✉❛❧ t♦ 0.05✱ t❤❡♥ t❤❡ ❣❛♠❡ ✇✐❧❧ ❤❛✈❡ ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳

❊①❛♠♣❧❡ ✹✱ ✺✱ ✻✱ ❛♥❞ ✼ s✉❣❣❡st t❤❛t ✇❤❡♥ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ ♦✣❝❡ ♠♦t✐✈❛t✐♦♥ ✐s ♥♦t ✈❡r② ❧❛r❣❡

✭❡✐t❤❡r ❜♦t❤ Ki ❛r❡ ❧❛r❣❡ ♦r ❜♦t❤ ❛r❡ s♠❛❧❧✮ t❤❡♥ ❡q✉✐❧✐❜r✐✉♠ ✐♥ ♣✉r❡ str❛t❡❣② ❡①✐sts ❡✈❡♥ ✇❤❡♥ t❤❡

♣❛②♦✛s ♦❢ t❤❡ ♣❧❛②❡rs ❛r❡ ♥♦t q✉❛s✐✲❝♦♥❝❛✈❡ ✐♥ t❤❡✐r ♦✇♥ ❛❝t✐♦♥s✳ Pr♦♣♦s✐t✐♦♥ ✹ ✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮

✷✵



s✉❣❣❡sts ❛ ✏ ❝♦♥✈❡rs❡✑ ♦❢ t❤❡ ♣r❡✈✐♦✉s st❛t❡♠❡♥t❀ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ K1 ❛♥❞ K2 ✐♥❝r❡❛s❡s

❛❜♦✈❡ ❝❡rt❛✐♥ ♣♦✐♥t✱ t❤❡ ❣❛♠❡ ✇✐❧❧ ❢❛✐❧ t♦ ❤❛✈❡ ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳

❖✉r ♥❡①t ❡①❛♠♣❧❡ s❤♦✇s ❤♦✇ Pr♦♣♦s✐t✐♦♥ ✷ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ✇❤❡♥ ξ ✐s ♥♦t ❝♦♥st❛♥t ♦♥ [0, 1]✳

❊①❛♠♣❧❡ ✽✳ ❆ss✉♠❡ t❤❡ ❝❛♥❞✐❞❛t❡s ❛❣r❡❡ t❤❡ t❤❡ ✈♦t❡rs ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦✈❡r [0, 1]✳

❆ss✉♠❡ ξ1 = ξ2 = ξ✱ ✇❤❡r❡ ξi ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ✇✐t❤ ✈❛❧✉❡s ✐♥ [0,+∞) ❛♥❞ ❛ ♣❞❢

h(ξ) =
1

(ξ + 1)2

❚❤❡♥✱ H(ξ) = ξ
ξ+1 ✱ ❛♥❞ ✉s✐♥❣ (9) ❛♥❞ (11)✱ ✇❡ ♦❜t❛✐♥

π1(t1, t2) =





t1+t2
2+t1+t2

✐❢ t1 < t2
1
3 ✐❢ t1 = t2
2−(t1+t2)
4−(t1+t2)

✐❢ t2 < t1

❙✐♠✐❧❛r❧②✱

π2(t1, t2) =





2−(t1+t2)
4−(t1+t2)

✐❢ t1 < t2
1
3 ✐❢ t1 = t2
t1+t2

2+t1+t2
✐❢ t2 < t1

❖✉r ♣❛rt✐❝✉❧❛r ❝❤♦✐❝❡ ♦❢ h ✐♠♣❧✐❡s t❤❛t ❜♦t❤ ❝❛♥❞✐❞❛t❡s ❜❡❧✐❡✈❡ t❤❛t t❤❡ ✈♦t❡rs ❛r❡ ❜✐❛s❡❞ ❛❣❛✐♥st

t❤❡♠❀ ❣✐✈❡♥ ✐❞❡♥t✐❝❛❧ ♣❧❛t❢♦r♠s ❡❛❝❤ ❝❛♥❞✐❞❛t❡ ❜❡❧✐❡✈❡s t❤❛t ❤✐s ❝❤❛♥❝❡ ♦❢ ✇✐♥♥✐♥❣ t❤❡ ❡❧❡❝t✐♦♥ ✐s

♦♥❧② 1
3 ❛♥❞ π1 6= 1− π2✱

◆♦✇ ❛ss✉♠❡ v1(t) = −t✱ v2(t) = −(1 − t)✳ ❚❤❡ ❢❛❝ts t❤❛t f1 = f2 = f ✱ f ✐s ❝♦♥st❛♥t✱ ❛♥❞ H ✐s

❝♦♥❝❛✈❡ ✐♠♣❧②✱ ✈✐❛ ❘❡♠❛r❦ ✸✱ t❤❛t ❆ss✉♠♣t✐♦♥ ❊ ✐s s❛t✐s✜❡❞✳ ❲❡ ❛♣♣❧② Pr♦♣♦s✐t✐♦♥ ✷ t♦ ♦❜t❛✐♥ t❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧ts✿

■❢ K1 = K2 = 0✱ t❤❡♥ (t∗1, t
∗
2) = (0, 1) ✐s t❤❡ ♦♥❧② ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠❀ ◆♦t❡ ✜rst t❤❛t ✐❢ (t∗1, t

∗
2)

✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠✱ t❤❡♥ t∗1 < t∗2✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ 0 < t1 < t2 ≤ 1✱ t❤❡♥ t1 ❝❛♥♥♦t ❜❡ ❛ ❜❡st r❡s♣♦♥s❡

♦❢ ❝❛♥❞✐❞❛t❡ ✶ t♦ t2✳ ❋✐♥❛❧❧② t1 = 0 ✐s ❛ ❜❡st r❡s♣♦♥s❡ ♦❢ ❝❛♥❞✐❞❛t❡ ✶ t♦ t2 = 1 ❛♥❞ t2 = 1 ✐s ❛ ❜❡st

r❡s♣♦♥s❡ ♦❢ ❝❛♥❞✐❞❛t❡ ✷ t♦ t1 = 0 s✐♥❝❡ U1(·, 1) ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ U2(0, ·) ✐s ✐♥❝r❡❛s✐♥❣ ♦♥ [0, 1]✳ ❚❤✐s

✐s t❤❡ ❝❧❛ss✐❝ ❞✐✈❡r❣❡♥❝❡ r❡s✉❧t✳

■❢ 0 < Ki < 3/2 ❢♦r i ∈ {1, 2}✱ t❤❡♥ ❝♦♥❞✐t✐♦♥ ✭❜✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ❤♦❧❞s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ r♦✉t✐♥❡

✷✶



❝❛❧❝✉❧❛t✐♦♥s s❤♦✇ t❤❛t α1 ≤ 0✱ ✐❢✱ ❢♦r 1/2 < t2 ≤ 1✱ ✇❡ ❤❛✈❡

2K1 ≤ 9/4 + t2 + t22.

❚❤❡ ❛❜♦✈❡ ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❢♦r ❛♥② 1/2 ≤ t2 ≤ 1 ❛s ❧♦♥❣ ❛s K1 ≤ 3
2 ✳ ❍❡♥❝❡✱ K1 ≤ 3

2 ✐♠♣❧✐❡s t❤❛t

α1 ≤ 0✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ s❤♦✇ t❤❛t K2 ≤
3
2 ❛❧s♦ ✐♠♣❧✐❡s t❤❛t α2 ≥ 0✳

❋✐♥❛❧❧②✱ ✐❢Ki > 3/2 ❢♦r i ∈ {1, 2}✱ t❤❡♥ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❤♦✇ t❤❛t ❝♦♥❞✐t✐♦♥ ✭❛✮ ♦❢ Pr♦♣♦s✐t✐♦♥

✷ ❤♦❧❞s✱ ❛♥❞ (1/2, 1/2) ✐s ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ❣❛♠❡✳ ▼♦r❡♦✈❡r✱ ✐❢ Ki ≥ 4✱ t❤❡♥ ❢♦r

❛♥② t2 > 1/2✱ ∂U1

∂t1
(·, t2) ≥ 0 ❛♥❞ ❢♦r ❛♥② t2 > t1✱

∂U2

∂t2
(t1, ·) ≤ 0✳ ❚❤❡r❡❢♦r❡✱ (1/2, 1/2) ✐s t❤❡ ♦♥❧②

♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤✐s ❣❛♠❡✱ ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ st❛♥❞❛r❞ ❝♦♥✈❡r❣❡♥❝❡ t♦ t❤❡ ♠❡❞✐❛♥ ✈♦t❡r✳

✺✳ ❈♦♥❝❧✉s✐♦♥

❉❡s♣✐t❡ t❤❡✐r ✐♥t✉✐t✐✈❡ ❛♣♣❡❛❧✱ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s ✇❤❡r❡ t❤❡ ❡rr♦r t❡r♠ ξ ✐s ❜♦t❤ ❛❞❞✐t✐✈❡

❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛♥♥♦✉♥❝❡❞ ♣♦❧✐❝✐❡s ❝❛♥ ❧❡❛❞ t♦ ❧♦❣✐❝❛❧ ✐♥❝♦♥s✐st❡♥❝✐❡s✳ ❚❤❡s❡ ✐♥❝♦♥s✐st❡♥❝✐❡s

❛r✐s❡ ✇❤❡t❤❡r ♦r ♥♦t t❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s ✉♥✐✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❞ r❡❣❛r❞❧❡ss t♦ ✇❤❛t ❛ss✉♠♣t✐♦♥s ✇❡

✐♠♣♦s❡ ♦♥ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ✐♥tr♦❞✉❝❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥

♦❢ ❡rr♦r ❞✐str✐❜✉t✐♦♥ ♠♦❞❡❧s t❤❛t ❞♦❡s ♥♦t r❡q✉✐r❡ t❤❡ ❛❞❞✐t✐✈✐t② ♦❢ t❤❡ ❡rr♦r t❡r♠ ❜✉t ♠❛✐♥t❛✐♥s

✐ts ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❛♥♥♦✉♥❝❡❞ ♣♦❧✐❝✐❡s✳ ❋♦r ✈♦t✐♥❣ ❣❛♠❡s ❜❡t✇❡❡♥ t✇♦ ❝❛♥❞✐❞❛t❡s ♦✈❡r ❛ ✉♥✐✲

❞✐♠❡♥s✐♦♥❛❧ ♣♦❧✐❝② s♣❛❝❡ ✲✐♥ ❛❞❞✐t✐♦♥ t♦ ❜❡✐♥❣ ❧♦❣✐❝❛❧❧② ❝♦♥s✐st❡♥t✲ t❤✐s ❛❧t❡r♥❛t✐✈❡ ❢♦r♠✉❧❛t✐♦♥

♣r♦✈✐❞❡s ❛ tr❛❝t❛❜❧❡ ❛♣♣r♦❛❝❤ t♦ ♠♦❞❡❧✐♥❣ ❝❛♥❞✐❞❛t❡s✬ ✉♥❝❡rt❛✐♥t② r❡❣❛r❞✐♥❣ t❤❡ ❛❝t✉❛❧ ❜❡❤❛✈✐♦r

♦❢ t❤❡ ✈♦t❡rs ♦♥ ❡❧❡❝t✐♦♥ ❞❛②✳ ▼♦st ♦❢ t❤❡ ❝❧❛ss✐❝ r❡s✉❧ts ✐♥ ♣r♦❜❛❜✐❧✐st✐❝ ✈♦t✐♥❣ ♠♦❞❡❧s ❝❛♥ ❜❡

r❡♣r♦❞✉❝❡❞ ❛s s♣❡❝✐❛❧ ❝❛s❡s ♦❢ t❤✐s ♥❡✇ ❢♦r♠✉❧❛t✐♦♥✳ ❚❤❡ ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧✱ ❛s ❡①♣r❡ss❡❞ ❜②

❡q✉❛t✐♦♥s ✷ t❤r♦✉❣❤ ✺✱ r❡♠❛✐♥s ✈❛❧✐❞ ✇❤❡♥ t❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s ♠✉❧t✐✲❞✐♠❡♥s✐♦♥❛❧✳ ❋♦r t❤❡ ❡①✐st❡♥❝❡

r❡s✉❧ts ✇❡ ❞❡r✐✈❡❞ ❢r♦♠ s✉❝❤ ♠♦❞❡❧✱ ❤♦✇❡✈❡r✱ t❤❡ ✉♥✐✲❞✐♠❡♥s✐♦♥❛❧✐t② ♦❢ t❤❡ ♣♦❧✐❝② s♣❛❝❡ ✐s ❡ss❡♥t✐❛❧✳

❖✉r ♠♦❞❡❧ ❞✐st✐♥❣✉✐s❤❡s ❜❡t✇❡❡♥ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❤❡t❡r♦❣❡♥❡✐t② ❛♠♦♥❣ t❤❡ ❝❛♥❞✐❞❛t❡s✳ ❚❤❡

✜rst t②♣❡ ✐s t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ♦❜❥❡❝t✐✈❡s ♦❢ t❤❡ ❝❛♥❞✐❞❛t❡s✱ ✇❤✐❝❤ ✐s r❡✢❡❝t❡❞ ✐♥ t❤❡ ❞✐✛❡r❡♥❝❡

✐♥ ♦✣❝❡ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤❡ t✇♦ ❝❛♥❞✐❞❛t❡s ✭✐✳❡ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ K1 ❛♥❞ K2 ✐♥ ❡q✉❛t✐♦♥ (16)✮✳

Pr♦♣♦s✐t✐♦♥ ✷ ✐♥ ♦✉r ♣❛♣❡r✱ Pr♦♣♦s✐t✐♦♥ ✶ ✐♥ ❙❛♣♦r✐t✐ ✭✷✵✵✽✮✱ ❛♥❞ ❊①❛♠♣❧❡ ✻ ✐♥ ❇❛❧❧ ✭✶✾✾✾✮ s✉❣❣❡st

t❤❛t ✇❤❡♥ t❤✐s ❤❡t❡r♦❣❡♥❡✐t② ✐s ❧♦✇✱ t❤❡ ✈♦t✐♥❣ ❣❛♠❡ ✇✐❧❧ ❤❛✈❡ ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠✳ ❆s t❤✐s

❤❡t❡r♦❣❡♥❡✐t② ✐♥❝r❡❛s❡s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ❜❡❝♦♠❡s ❧❡ss ❧✐❦❡❧②✳ ❚❤❡ s❡❝♦♥❞

✷✷



t②♣❡ ✐s ❛ ❤❡t❡r♦❣❡♥❡✐t② ✐♥ t❤❡ ❜❡❧✐❡❢s t❤❡ ❝❛♥❞✐❞❛t❡s ❤❛✈❡ ❛❜♦✉t ✈♦t❡rs✬ ♣r❡❢❡r❡♥❝❡s ❛♥❞ t❤❡✐r ❛❝t✉❛❧

❜❡❤❛✈✐♦r ♦♥ ❡❧❡❝t✐♦♥ ❞❛②✳ ❖♥ ♦♥❡ ❤❛♥❞✱ t❤✐s ❤❡t❡r♦❣❡♥❡✐t② ❛❧❧♦✇s ❢♦r ❛ r✐❝❤❡r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡

✉♥❝❡rt❛✐♥t② ❢❛❝✐♥❣ t❤❡ ❝❛♥❞✐❞❛t❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✉❝❤ ❤❡t❡r♦❣❡♥❡✐t② r✉❧❡s ♦✉t

t❤❡ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥s ♦❢ ❆❣r❡❡♠❡♥t ❛♥❞ ❯♥❜✐❛s❡❞♥❡ss ✉s❡❞ ✐♥ ♠♦st ♦❢ t❤❡ ❝✉rr❡♥t ♠♦❞❡❧s✱ ❛♥❞

t❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♣✉r❡ ❡q✉✐❧✐❜r✐❛ ❤❛✈❡ t♦ ❜❡ ♠♦❞✐✜❡❞ ❛❝❝♦r❞✐♥❣❧②✳

✷✸



❆♣♣❡♥❞✐①

■♥ ♦r❞❡r t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✷✱ ✇❡ ✇✐❧❧ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦✉r t❡❝❤♥✐❝❛❧ ❧❡♠♠❛s✳ ❚❤❡ ✜rst t✇♦

tr❛♥s❧❛t❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ✇✐♥♥✐♥❣ ♣r♦❜❛❜✐❧✐t✐❡s ✐♥t♦ ♣r♦♣❡rt✐❡s ❢♦r t❤❡ ♣❛②♦✛ ❢✉♥❝t✐♦♥s ♦❢ t❤❡

❝❛♥❞✐❞❛t❡s✳ ❚❤❡ ❧❛st t✇♦ ❞❡t❛✐❧ t❤❡ r♦❧❡s ♦❢ ❛ss✉♠♣t✐♦♥s (a) ❛♥❞ (b) ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳

▲❡♠♠❛ ❆✶ ❈♦♥s✐❞❡r ❛ ❣❛♠❡ G t❤❛t s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ❊✱ ❉✱ ❛♥❞ ❋✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉st ❤♦❧❞✿

✭✐✮ t❤❡ ❢✉♥❝t✐♦♥s U1(·, tm) ❛♥❞ U2(tm, ·) ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]

✭✐✐✮ ❢♦r ❛♥② t2✱ U1(·, t2) ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦✈❡r (t2, 1]✳ ■❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ t2 ≥ tm✱ t❤❡♥ U1(·, t2) ✐s

✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦✈❡r [t2, 1]

✭✐✐✐✮ ❢♦r ❛♥② t1✱ U2(t1, ·) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ♦✈❡r [0, t1)✳ ■❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ t1 ≤ tm✱ t❤❡♥ U2(t1, ·) ✐s

✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ♦✈❡r [0, t1]

Pr♦♦❢✳ ❚❤❡ ❛❜♦✈❡ ❝❧❛✐♠s ❢♦❧❧♦✇ ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❘❡♠❛r❦ ✶ ❛♥❞ t❤❡ ❢❛❝ts t❤❛t v1 ✐s ❝♦♥t✐♥✉♦✉s

❛♥❞ ❞❡❝r❡❛s✐♥❣ ♦♥ [0, 1] ❛♥❞ v2 ✐s ❝♦♥t✐♥✉♦✉s ❛♥❞ ✐♥❝r❡❛s✐♥❣ ♦♥ [0, 1]✳

▲❡♠♠❛ ❆✷ ❈♦♥s✐❞❡r ❛ ❣❛♠❡ G t❤❛t s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ❊✱ ❉✱ ❛♥❞ ❋✳ ❋♦r ❡✈❡r② t2 ≥ tm✱ U1(·, t2)

✐s ❝♦♥❝❛✈❡ ♦♥ [0, t2)✱ ❛♥❞ ❢♦r ❡✈❡r② t1 ≤ tm✱ U2(t1, ·) ✐s ❝♦♥❝❛✈❡ ♦♥ (t1, 1]✳

Pr♦♦❢✳ ❋✐① s♦♠❡ t2 ≥ tm✳ U ′′
1 = π′′1ψ1 + 2π′1ψ

′
1 + ψ′′

1π1✱ ✇❤❡r❡ ♣r✐♠❡s ❞❡♥♦t❡ ♣❛rt✐❛❧s ✇✐t❤ r❡s♣❡❝t

t♦ t1✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ π1(·, t2) ✭❆ss✉♠♣t✐♦♥ ❊✮✱ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ v1 ✭❆ss✉♠♣t✐♦♥ ❋✮✱

❛♥❞ t❤❡ ❢❛❝t t❤❛t π1(·, t2) ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ v1 ✐s ❞❡❝r❡❛s✐♥❣ ♦♥ [0, t2) ✭❘❡♠❛r❦ ✶✱ ❆ss✉♠♣t✐♦♥

❉✱ ❛♥❞ ❆ss✉♠♣t✐♦♥ ❋✮ ✐♠♣❧② t❤❛t U ′′
i ≤ 0 ♦♥ [0, t2)✳ ❙✐♠✐❧❛r❧②✱ ❢♦r ❛ ✜①❡❞ t1 < tm✱ ✇❡ ❤❛✈❡

U ′′
2 = π′′2ψ2 + 2π′2ψ

′
2 + ψ′′

2π2✱ ✇❤❡r❡ ♥♦✇ ♣r✐♠❡s ❞❡♥♦t❡ ♣❛rt✐❛❧s ✇✐t❤ r❡s♣❡❝t t♦ t2✳ ◆♦✇ ❚❤❡r❡❢♦r❡✱

t❤❡ ❝♦♥❝❛✈✐t② ♦❢ π2(t2, ·)✱ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ v2✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t π2(t1, ·) ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ❛♥❞ v2

✐s ✐♥❝r❡❛s✐♥❣ ♦♥ (t1, 1] ✐♠♣❧② t❤❛t U ′′
2 ≤ 0 ♦♥ (t1, 1]✳

▲❡♠♠❛ ❆✸ ❈♦♥s✐❞❡r ❛ ❣❛♠❡ G t❤❛t s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ❊✱ ❉✱ ❛♥❞ ❋✳ ■❢ ∂U1

∂t1

−
(tm, tm) ≥ 0✱ t❤❡♥

tm ∈ Argmaxt1∈[0,1]U1(t1, t
m).

❙✐♠✐❧❛r❧②✱ ✐❢ ∂U2

∂t2

+
(tm, tm) ≤ 0✱ t❤❡♥

tm ∈ Argmaxt2∈[0,1]U2(t
m, t2)

✷✹



✳

Pr♦♦❢✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ limt1րtm
∂U1

∂t1
(t1, t

m) ≥ 0 ❛♥❞ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ U1 ♦♥ [0, t2) ✲♦❜t❛✐♥❡❞ ✈✐❛

▲❡♠♠❛ ❆✷✲ ✐♠♣❧② t❤❛t U1(·, t
m) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, tm)✳ ▲❡♠♠❛ ✶ ✐♠♣❧✐❡s t❤❛t U1(·, t

m)

✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦♥ [tm, 1]✳ ❍❡♥❝❡✱ tm ∈ Argmaxt1∈[0,1]U1(t1, t
m)✳ ❚❤❡ ♣r♦♦❢ ♦❢ ♦✉r ❝❧❛✐♠

r❡❣❛r❞✐♥❣ U2 ✐s ♦❜t❛✐♥❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✳

▲❡♠♠❛ ❆✹ ❈♦♥s✐❞❡r ❛ ❣❛♠❡ G t❤❛t s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ❊✱ ❉✱ ❛♥❞ ❋✳ ■❢ α1 ≤ 0✱ t❤❡♥ ❢♦r ❛♥②

t2 ≥ tm ✇❡ ❤❛✈❡

Argmaxt1∈[0,tm]U1(t1, t2) = Argmaxt1∈[0,1]U1(t1, t2) (A1)

❙✐♠✐❧❛r❧②✱ ✐❢ α2 ≥ 0✱ t❤❡♥ ❢♦r ❛♥② t1 ≤ tm ✇❡ ❤❛✈❡

Argmaxt2∈[tm,1]U2(t1, t2) = Argmaxt2∈[0,1]U2(t1, t2) (A2)

Pr♦♦❢✳ ❲❤❡♥ t2 = tm✱ (A1) ❢♦❧❧♦✇s ❢r♦♠ ♣❛rts ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ❆✶✳ ❲❤❡♥ t2 > tm✱ t❤❡

❢❛❝t t❤❛t ∂U1

∂t1
(tm, t2) ≤ 0✱ ❛♥❞ t❤❡ ❝♦♥❝❛✈✐t② ♦❢ U1(·, t2) ♦♥ [0, t2) ✭✈✐❛ ▲❡♠♠❛ ❆✷✮ ✐♠♣❧② t❤❛t

∂U1

∂t1
(·, t2) ≤ 0 ♦♥ [tm, t2)✱ ❛♥❞ U1(·, t2) ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦♥ [tm, t2)✳ ❈♦♠❜✐♥✐♥❣ t❤✐s ✇✐t❤ ✭✐✮ ♦❢

▲❡♠♠❛ ❆✶ ✐♠♣❧✐❡s t❤❛t U1(·, t2) ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦♥ [tm, 1]✳ ❍❡♥❝❡✱ ❡q✉❛t✐♦♥ A1 ❤♦❧❞s✳ ❯s✐♥❣ ❛

s✐♠✐❧❛r ❛r❣✉♠❡♥t✱ ✇❡ s❤♦✇✱ ❢♦r ❛♥② ❛♥② t1 ≤ tm✱ ∂U2

∂t2
(t1, t

m) ≥ 0 ♦♥ [0, tm] ❛♥❞ ❡q✉❛t✐♦♥ (A2) ❤♦❧❞s✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✷✳

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❋✐rst✱ ✐❢ ✭❛✮ ❤♦❧❞s✱ t❤❡♥ (t∗1, t
∗
2) = (tm, tm) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❜② ▲❡♠♠❛

❆✸✳ ◆♦✇ ❛ss✉♠❡ ✭❜✮ ❤♦❧❞s✳ ▲❡♠♠❛ ❆✹ t❤❡♥ ✐♠♣❧✐❡s✱ ❢♦r ❛♥② t2 ≥ tm✱

Argmaxt1∈[0,1]U1(t1, t2) = Argmaxt1∈[0,tm]U1(t1, t2). (A3)

❙✐♠✐❧❛r❧②✱ ▲❡♠♠❛ ❆✹ ❛❧s♦ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥② t1 ≤ tm✱

Argmaxt2∈[0,1]U2(t1, t2) = Argmaxt2∈[tm,1]U2(t1, t2). (A4)

▲❡t Ĝ ❜❡ t❤❡ ❣❛♠❡ t❤❛t r❡s✉❧ts ❢r♦♠ G ❜② r❡str✐❝t✐♥❣ t❤❡ str❛t❡❣② s❡ts ♦❢ ❝❛♥❞✐❞❛t❡s ✶ ❛♥❞ ✷ t♦

Ŝ1 = [0, tm] ❛♥❞ Ŝ2 = [tm, 1] r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ♣❛②♦✛s ♦❢ ❡✈❡r② ❝❛♥❞✐❞❛t❡ ✐s ♥♦✇ ❝♦♥t✐♥✉♦✉s ❛♥❞

✷✺



❝♦♥❝❛✈❡ ✐♥ ❤✐s ♦✇♥ str❛t❡❣②✳ ❚❤❡r❡❢♦r❡✱ Ĝ ❤❛s ❛♥ ❡q✉✐❧✐❜r✐✉♠ (t∗1, t
∗
2) ✐♥ ♣✉r❡ str❛t❡❣✐❡s ❜② Pr♦♣♦s✐t✐♦♥

✸✳✶ ✐♥ ❘❡♥② ✭✶✾✾✾✮✳ ❍❡♥❝❡✱

U1(t
∗
1, t

∗
2) ≥ U1(t1, t

∗
2), ❢♦r ❛❧❧ t1 ∈ [0, tm], (A5)

❛♥❞

U2(t
∗
1, t

∗
2) ≥ U2(t

∗
1, t2), ❢♦r ❛❧❧ t2 ∈ [tm, 1]. (A6).

❙✐♥❝❡ t∗2 ≥ tm✱ (A3) ❛♥❞ (A5) ✐♠♣❧②

U1(t
∗
1, t

∗
2) ≥ U1(t1, t

∗
2), ❢♦r ❛❧❧ t1 ∈ [0, 1]. (A7)

❙✐♠✐❧❛r❧②✱ ❙✐♥❝❡ t∗1 ≤ tm✱ (A4) ❛♥❞ (A6) ✐♠♣❧✐❡s

U2(t
∗
1, t

∗
2) ≥ U2(t

∗
1, t2), ❢♦r ❛❧❧ t2 ∈ [0, 1]. (A8)

❈❧❡❛r❧②✱ ❆✼ ❛♥❞ ❆✽ ✐♠♣❧② t❤❛t (t∗1, t
∗
2) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❢♦r t❤❡ ♦r✐❣✐♥❛❧ ❣❛♠❡ G✳

❚♦ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✸✱ ✇❡ ♠♦❞✐❢② ❘❡♠❛r❦ ✶ ❛♥❞ ▲❡♠♠❛ ❆✹

❘❡♠❛r❦ 1′✿ ❆ss✉♠♣t✐♦♥ D′ ❛♥❞ ❡q✉❛t✐♦♥s (9) ❛♥❞ (11) ✐♠♣❧② ❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ♦❢ πi✿

✐✮ π1(·, t
m
1 ) ❛♥❞ π2(t

m
2 , ·) ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ [0, 1]

✐✐✮ ❋♦r ❡✈❡r② t2✱ π1(·, t2) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ✭✐✳❡✳ ♥♦♥ ❞❡❝r❡❛s✐♥❣✮ ♦♥ [0, t2) ❛♥❞ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣

♦♥ (t2, 1]✳ ❋♦r t2 ≥ tm1 ✱ π1(·, t2) ✐s ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦♥ [t2, 1]

❙✐♠✐❧❛r❧②✱

✐✐✐✮ ❋♦r ❡✈❡r② t1✱ π2(t1, ·) ✐s ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, t1) ❛♥❞ ✇❡❛❦❧② ❞❡❝r❡❛s✐♥❣ ♦♥ (t1, 1]✳ ❋♦r t1 ≤ tm2 ✱

π2(t1, ·) ✐s ❛❝t✉❛❧❧② ✇❡❛❦❧② ✐♥❝r❡❛s✐♥❣ ♦♥ [0, t1]✳

▲❡♠♠❛ 4′✳ ■❢ α1 ≤ 0✱ t❤❡♥ ❢♦r ❛♥② t2 ≥ tm1 ✇❡ ❤❛✈❡

Argmaxt1∈[0,1]U1(t1, t2) = Argmaxt1∈[0,tm1 ]U1(t1, t2) (A′1)

❙✐♠✐❧❛r❧②✱ ✐❢ α2 ≥ 0✱ t❤❡♥ ❢♦r ❛♥② t1 ≤ tm2 ✇❡ ❤❛✈❡

Argmaxt2∈[0,1]U2(t1, t2) = Argmaxt2∈[tm2 ,1]U2(t1, t2). (A′2)

❚❤❡ ♣r♦♦❢s ♦❢ t❤❡ ❛❜♦✈❡ ❝❧❛✐♠s ❛r❡ ❡ss❡♥t✐❛❧❧② t❤❡ s❛♠❡ ❛s t❤❡ ♣r♦♦❢s ♦❢ ❘❡♠❛r❦ ✶ ❛♥❞ ▲❡♠♠❛ ❆✹✳
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Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ❈♦♥s✐❞❡r t❤❡ ❣❛♠❡ ❧❡t G̃ ❜❡ t❤❡ ❣❛♠❡ t❤❛t r❡s✉❧ts ❢r♦♠ G ❜② r❡str✐❝t✐♥❣

t❤❡ str❛t❡❣② s❡ts ♦❢ ❝❛♥❞✐❞❛t❡s ✶ ❛♥❞ ✷ t♦ S̃1 = [0, tm1 ] ❛♥❞ S̃2 = [tm2 , 1] r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣❛♠❡ G̃

❤❛s ❛♥ ❡q✉✐❧✐❜r✐✉♠ (t∗1, t
∗
2) ✭❛❣❛✐♥ ❜② Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐♥ ❘❡♥② ✭✶✾✾✾✮✮✳ ❍❡♥❝❡✱

U1(t
∗
1, t

∗
2) ≥ U1(t1, t

∗
2), ❢♦r ❛❧❧ t1 ∈ [0, tm1 ].

▲❡♠♠❛ 4′ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥② t2 ≥ tm1 ✱

Argmaxt1∈[0,tm1 ]U1(t1, t2) = Argmaxt1∈[0,1]U1(t1, t2).

❙✐♥❝❡ t∗2 > tm1 ✱ ✇❡ ♥♦✇ ❤❛✈❡

U1(t
∗
1, t

∗
2) ≥ U1(t1, t

∗
2), ❢♦r ❛❧❧ t1 ∈ [0, 1]. (A9)

❙✐♠✐❧❛r❧②✱ ▲❡♠♠❛ 4′ ✐♠♣❧✐❡s t❤❛t✱ ❢♦r ❛♥② t1 ≤ tm2 ✱

Argmaxt2∈[tm2 ,1]U2(t1, t2) = Argmaxt2∈[0,1]U2(t1, t2). (A11)

❙✐♥❝❡ t∗1 < tm2 ✱ (A11) ❛♥❞ t❤❡ ❢❛❝t t❤❛t (t∗1, t
∗
2) ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ G̃ ✐♠♣❧② t❤❛t

U2(t
∗
1, t

∗
2) ≥ U1(t

∗
1, t2) ❢♦r ❛❧❧ t2 ∈ [0, 1]. (A12)

❈❧❡❛r❧②✱ (A9) ❛♥❞ (A12) ✐♠♣❧② t❤❛t (t∗1, t
∗
2) ✐s ❛❧s♦ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❢♦r G✳
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