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3 . 4 . Uncer t ai n Fut ur e Pr ef er ences and Conser vat i on

1 . I nt r oduct i on

An i mpor t ant pr obl em i n envi r onment al economi cs ar i ses f r om t he i r r e-
ver si bi l i t y of consumi ng or dest r oyi ng cer t ai n r esour ces . Ext r act i ve r esour ces
l i ke oi l ar e a cl ear exampl e . Even f or envi r onment al r esour ces t he same seems
t o be t r ue i n a number of i mpor t ant cases, f or exampl e bi odi ver si t y, cur r ent
cl i mat e condi t i ons, or compl ex ecol ogi cal syst ems . I r r ever si bi l i t y i mposes a
sever e ext er nal i t y acr oss di f f er ent gener at i ons ; f ut ur e gener at i ons wi l l suf f er
f r omt he dest r uct i on of a uni que asset l i ke Amazoni a, and i t i s not cl ear how
such a l oss coul d be compensat ed i n t er ms of ot her goods . I f such an asset i s
dest r oyed, t hen i t i s not possi bl e subsequent l y t o r est or e i t . I n cont r ast , i f t he
asset i s pr eser ved, t hen i t i s possi bl e t o " use" t he asset at a subsequent dat e . I f
t her e i s uncer t ai nt y about f ut ur e pr ef er ences or val uat i ons, t hen pr eser vat i on
pr ovi des a t ype of i nsur ance whi ch i s not avai l abl e i f t he i r r ever si bl e deci si on
i s car r i ed out .

Such an i nt ui t i ve f or mof i nsur ance pol i cy has been r el at ed t o t he concept
of opt i on val ue . Amongst t he ear l i est st udi es of t hese i ssues wer e [ 1, 7, 17,
18, 20, 26] . Subsequent wor ks t hat bui l t on t hese cont r i but i ons i ncl ude [ 4,
5, 11, 12, 21, 23, 24, 27, 28] . An ext ensi ve sur vey of t he concept and t he
meani ng of opt i on val ue i s pr ovi ded i n ot her chapt er s of t hi s book ( t hose by
Chi chi l ni sky and Heal and Ver cel l i ) t o whi ch we r ef er t he r eader .

None of t he pr evi ous paper s, however , t ake i nt o account t he f act t hat gen-
er at i ons yet t o be bor ne may val ue nat ur al r esour ces and envi r onment al asset s
qui t e di f f er ent l y f r omus. They may val ue t hemmor e because of an enhanced
appr eci at i on of t he r el at i onshi p bet ween humani t y and t he r est of nat ur e : t hey
may val ue t heml ess because t hei r wor l d may be mor e synt het i c and cr eat ed
t han our s, and t hey may be pl eased wi t h t hat . Casual empi r i ci sm suggest s
t hat i n f act over t he l ast f ew decades, t he ci t i zens of i ndust r i al count r i es have
r edi scover ed t he i mpor t ance of envi r onment al asset s such as cl ean ai r and
wat er , bi odi ver si t y, r ai n f or est s, and many ot her s . The val ue pl aced on t hese
appear s t o have i ncr eased subst ant i al l y, suggest i ng t he possi bi l i t y of f ur t her

257

G. Chi chi l ni sky et al . ( eds. ) , Sust ai nabi l i t y : Dynami cs and Uncer t ai nt y, 257- 275 .
© 1998 Kl uwer Academi c Publ i sher s . Pr i nt ed i n t he Net her l ands .



258 A. Bel t r at t i et al .

changes i n t he f ut ur e. The possi bi l i t y of such changes has i mpor t ant i mpl i -

cat i ons f or our cur r ent deci si ons about envi r onment al pr eser vat i on : many of

t he most di f f i cul t pr eser vat i on deci si ons t oday concer n ver y l ong- r un i ssues

such as cl i mat e change, speci es conser vat i on and nucl ear wast e di sposal . I n

al l of t hese cases, most of t he benef i t s and cost s wi l l f al l on f ut ur e gener -

at i ons : t hei r val uat i ons of envi r onment al asset s shoul d t her ef or e be cent r al

t o our deci si ons, and uncer t ai nt y about t hei r val uat i ons, i nevi t abl e because

t hey ar e not yet bor ne, must be expl i ci t l y r ecogni zed and model ed i n our

eval uat i ons . Thi s i s t he agenda of t hi s paper . Sol ow [ 25] has ar gued t hat such

uncer t ai nt y must be at t he cent er of any anal ysi s of sust ai nabi l i t y . Ashei m

[ 2] has al so made uncer t ai nt y, al bei t of a di f f er ent t ype, cent r al t o a t heor y of

sust ai nabi l i t y, as has Tucci i n hi s paper s i n t hi s vol ume .

We devel op a si mpl e cont i nuous- t i me st ochast i c dynami c f r amewor k wi t h-

i n whi ch we can anal yze t he opt i mal pr eser vat i on of an asset whose consump-

t i on i s i r r ever si bl e, i n t he f ace of uncer t ai nt y about f ut ur e pr ef er ences . Thi s

f r amewor k i s der i ved f r om t hat i nt r oduced by Dasgupt a and Heal [ 8] , who

anal yze opt i mal depl et i on of a f i xed st ock of an envi r onment al r esour ce . I n

a f i r st ver si on of t he model ut i l i t y depends onl y on t he f l ow of consumpt i on,

so t hat t he st ock of t he r esour ce can be i nt er pr et ed as an ext r act i ve r esour ce

whi ch i s used i n pr oduct i on such as oi l or gas . I n a second ver si on of t he

model , ut i l i t y al so depends di r ect l y on t he st ock of t he r esour ce, whi ch can

t her ef or e be i nt er pr et ed as an envi r onment al asset such as a f or est , a l and-

scape or t he bi odi ver si t y of a r egi on . As t he r esour ce i s avai l abl e i n a f i xed

t ot al suppl y, i t s consumpt i on i s i r r ever si bl e : any consumpt i on t oday l eads

i nel uct abl y t o a r educt i on i n t he amount avai l abl e f or f ut ur e consumpt i on .

The i nnovat i on wi t h r espect t o [ 8] l i es i n our usi ng a dynami c opt i mi zat i on

model i n whi ch cur r ent pl anner s ar e uncer t ai n about t he pr ef er ences of f ut ur e

gener at i ons, and wi sh t o r espect t he possi bi l i t y of t hei r havi ng a st r onger

pr ef er ence f or an envi r onment al good . We compar e t he opt i mal depl et i on

pat hs and associ at ed shadow pr i ces f or t wo cases, one wher e pr ef er ences f or

t he consumpt i on of t he r esour ce ar e known wi t h cer t ai nt y t o be t he same at al l

dat es, and a second i n whi ch t her e i s a possi bi l i t y of a change i n pr ef er ences

i n t he f ut ur e . We st udy t he di f f er ence i n opt i mal depl et i on ( or , equi val ent l y,

conser vat i on) pol i ci es, and t hei r associ at ed shadowpr i ces, r esul t i ng f r omt he

i nt r oduct i on of t he possi bl e al t er at i on i n pr ef er ences .

The ef f ect of uncer t ai nt y about f ut ur e pr ef er ences on conser vat i on deci -

si ons depends, nat ur al l y, on t he pr obabi l i t y di st r i but i on gover ni ng t he evo-

l ut i on of pr ef er ences ; t he exact nat ur e of t hi s ef f ect depends on whet her t he

st ock r epr esent s an ext r act i ve r esour ce or an envi r onment al asset , i . e . whet her

ut i l i t y depends on t he f l ow onl y or on st ock and f l ow. I n case of ut i l i t y depend-

i ng onl y on t he f l ow, we showt hat t hepossi bi l i t y of an i ncr ease i n t he i nt ensi t y
of pr ef er ence f or t he consumpt i on f l owneed not on i t s own have any ef f ect on
t he opt i mal conser vat i on pol i cy . Ther e i s an i mpact on conser vat i on pol i cy i f

and onl y i f t he pr obabi l i t y di st r i but i on i s not neut r al i n a cer t ai n ver y i nt ui t i ve
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sense . Roughl y speaki ng, t hi s non- neut r al i t y means t hat t he i nt r oduct i on of

uncer t ai nt y i s not mean- pr eser vi ng i n t he sense of Rot hschi l d and St i gl i t z

[ 22] : t her e i s not onl y pur e uncer t ai nt y about f ut ur e pr ef er ences but al so an

expect ed dr i f t .

I n t he case of an envi r onment al asset val ued bot h as a st ock and as a f l ow,

t he opt i mal consumpt i on pol i cy wi l l i n gener al i nvol ve t he pr eser vat i on of a

posi t i ve st ock i n per pet ui t y ( see Heal ' s paper " I nt er pr et i ng Sust ai nabi l i t y" ,

Chapt er 1 . 1 of t hi s book) . I n t hi s case, we st udy t he i mpact of uncer t ai nt y

about f ut ur e pr ef er ences on t he si ze of t he st ock conser ved. We t ake as a

benchmar k t he st ock whi ch woul d be conser ved i f t her e wer e no uncer t ai nt y

and i t was known wi t h cer t ai nt y t hat pr ef er ences woul d cont i nue f or ever

i n t hei r i ni t i al f or m. We show t hat whet her pr ef er ence uncer t ai nt y l eads t o

t he conser vat i on of a gr eat er or a l esser st ock, depends i n an i nt ui t i ve way

on t he par amet er s descr i bi ng t he uncer t ai nt y. Al t hough t hi s pr obl em i s ver y

compl ex, i t i s possi bl e t o gi ve a compl et e char act er i zat i on of howuncer t ai nt y

af f ect s t he desi r abi l i t y of conser vi ng t he asset i n t he l ong r un .

We concl ude t hi s i nt r oduct i on wi t h some r emar ks about t he r el at i onshi p

bet ween our f or mul at i on and ear l i er paper s ( r ef er enced above) whi ch addr ess

t he concept s of opt i on and quasi - opt i on val ue . Cl ear l y, al l t he paper s shar e

a common mot i vat i on: t hat i t i s i mpor t ant , i n pr esent deci si ons, t o r ecogni ze

t hat t he val uat i on of envi r onment al asset s may change over t i me and so has

t o be seen as uncer t ai n . Our f r amewor k seems r at her mor e gener al t han t hat

of most st udi es of opt i on val ues, i n t hat we consi der an i nf i ni t e hor i zon

cont i nuous t i me pr obl emi n whi ch t he choi ce var i abl e i s al so cont i nuous . The

st andar d, t hough not uni f or m, par adi gmf or t he opt i on val ue l i t er at ur e i s t wo

per i ods and a zer o- one choi ce var i abl e, " conser ve" or " don' t conser ve" . We

al so wor k wi t hi n a f r amewor k whi ch i s now st andar d i n dynami c wel f ar e

economi cs, namel y wi t hi n t he f r amewor k of a si mpl e opt i mal gr owt h model .

I n spi t e of t he i ncr eased gener al i t y, we ar e abl e t o obt ai n r esul t s whi ch ar e at

l east compar abl e wi t h ear l i er r esul t s i n t er ms of t hei r degr ee of det ai l .

The pl an of t he paper i s as f ol l ows : i n Sect i on 2 we descr i be t he model

and i t s sol ut i on, whi l e i n Sect i on 3 we descr i be a par t i cul ar speci f i cat i on of

t he change i n pr ef er ences and show t hat i n t hi s case pur e uncer t ai nt y about

t he val uat i on of t he f l ow of consumpt i on of a r esour ce r equi r es consumpt i on

pol i ci es t hat do not devi at e f r omt hose under cer t ai nt y. I n Sect i on 4 we st udy

a si mpl er ver si on of t he model i nvol vi ng uncer t ai nt y about t he di r ect i on, but

not about t he t i mi ng, of t he change i n pr ef er ences . Sect i on 5 ext ends t he

anal ysi s t o t he case wher e uncer t ai nt y i s about t he r el at i ve i mpor t ance of t he

f l ow and t he st ock i n t he ut i l i t y f unct i on . Sect i on 6 consi der s opt i on val ues

and t he r el at i onshi p t o t he pr evi ous l i t er at ur e. Sect i on 7 concl udes .
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2 . Conser vat i on wi t h Uncer t ai n Fut ur e Pr ef er ences

2 . 1 . Model l i ng Uncer t ai n Fut ur e Pr ef er ences

Our ai m i s t o model a si t uat i on wher e t her e i s i r r ever si bl e consumpt i on of

an asset i n f i xed suppl y . Thi s coul d happen f or exampl e i n t he case of oi l

consumpt i on. I n or der t o keep t he model as si mpl e as possi bl e we abst r act

f r om pr obl ems r el at ed t o t he pr oduct i on si de of t he economy, and i magi ne

t hat consumpt i on t akes pl ace di r ect l y by depl et i on of t he asset .

The most nat ur al count er par t t o t hi s ki nd of st r uct ur e i s avar i ant of t he cake-

eat i ng pr obl em, descr i bed, f or exampl e, i n [ 9] . We consi der an envi r onment al

good of whi ch t her e i s at t i me t a st ock St . Thi s good may be consumed at a

r at e ct , so t hat t he r at e of change of t he st ock i s gi ven by

Feasi bi l i t y r equi r es t hat St >_ 0 Vt . At t i me zer o soci et y der i ves ut i l i t y f r omt he

consumpt i on of t hi s good accor di ng t o t he f unct i on u( ct ) whi ch i s assumed t o

be i ncr easi ng, t wi ce cont i nuousl y di f f er ent i abl e and st r i ct l y concave. Ther e i s

a possi bi l i t y t hat at a r andomf i xt ur e dat e whi ch we shal l denot e T t he ut i l i t y

of consumi ng t hi s good wi l l change accor di ng t o a mul t i pl i cat i ve f act or .
For si mpl i ci t y i t i s assumed t hat t he f unct i on u( ct ) wi l l become equal t o

( 1 + a) u( ct ) wi t h pr obabi l i t y q or t o ( 1 - , 3) u( ct ) wi t h pr obabi l i t y ( 1 -

q) , f or a, , 3 > 0. The dat e T at whi ch t her e i s a swi t ch of pr ef er ences

i s a r andom var i abl e wi t h mar gi nal densi t y wt . We al so assume t hat t he

change i n pr ef er ences i s a once- f or - al l phenomenon . We can t hi nk of t he

change i n pr ef er ences as r epr esent i ng a change of t ast es f r omone gener at i on
t o anot her : t he cur r ent gener at i on i s uncer t ai n about t he pr ef er ences of i t s
successor s and wi shes t o al l ow f or t he f act t hat t hey may val ue mor e hi ghl y
t he envi r onment al good. Al t er nat i vel y, i t mi ght be t he di scover y t hat some

aspect of t he envi r onment i s medi cal l y i mpor t ant i n ways not pr evi ousl y

r ecogni zed, l eadi ng t o an i ncr ease i n i t s val uat i on .

We begi n by f or mul at i ng an anci l l ar y pr obl em. Fol l owi ng Dasgupt a and
Heal [ 8] we def i ne a st at e val uat i on f unct i on WF( ST) whi ch val ues t he st ock
ST r emai ni ng at t i me T at whi ch t he change i n pr ef er ences occur s . The
val uat i on i s accor di ng t o t he ut i l i t y f unct i on F( ct ) , wher e F st ands f or t he
ut i l i t y f unct i on t hat appl i es af t er T.

WF( ST) = max
JT

F( ct ) e- a
( t - T

) dt subj ect t o
f T

ct dt =ST. ( 2)

S i s of cour se a di scount r at e appl i ed t o f ut ur e ut i l i t i es : f or a di scussi on of t he
appr opr i at eness of di scount i ng i n t hi s cont ext , see [ 16] . Let WF be denot ed
Wx ( ST) when F( c) = ( 1 + a) u( c) and W2( ST) when F( c) = ( 1 - O) u( c) .
Def i ne

EWF( ST) = gW, ( ST) + ( I - q) W2 ( ST)

	

( 3)
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as t he expect ed val uat i on of t he st ock at t i me T.

Gi ven t hi s, we may nowdef i ne an over al l pr obl emas :

0o T

max

	

wT
~ f

u( ct ) e - at dt + e- JTEWF( ST)
~ dT

io

	

o

subj ect t o St = - c t and St > 0 Vt .

	

( 4)

The i nt er pr et at i on of t hi s pr obl em i s as f ol l ows . The dat e T at whi ch

pr ef er ences may change i s a r andom var i abl e . For any par t i cul ar T, t he

expect ed ut i l i t y of a consumpt i on pat h i s gi ven by t he expr essi on i n t he

par ent heses { } . We t hen t ake as t he maxi mand t he expect at i on of t hi s over al l

possi bl e val ues of T. I n ot her wor ds, we maxi mi ze t he expect ed di scount ed

val ue of ut i l i t y der i ved f r om consumi ng t he envi r onment al good, wher e t he

expect at i on i s t aken wi t h r espect t o t he pr obabi l i t y di st r i but i ons gover ni ng

changes i n pr ef er ence f or t he envi r onment al good . By i nt egr at i ng by par t s,

t he maxi mand i n ( 4) can be r ef or mul at ed as

f
0

° °
e- bt

{ u( ct ) Qt + wt EWF( St ) I dt ,

wher e Sgt = Lol l Wr d- r .

2. 2 . St ochast i c and Det er mi ni st i c Sol ut i ons

When sol vi ng t he act ual pr obl em( 4) , i t wi l l be usef ul t o consi der as a st andar d

of compar i son t he sol ut i on of a pr obl emwher e a deci si on maker consumes

a f i xed st ock of r esour ces but i gnor es uncer t ai nt y about f ut ur e pr ef er ences

al t oget her , and assumes t hat t he ut i l i t y f unct i on i s never goi ng t o change .

Under t hese assumpt i ons we f ace a st andar d cake- eat i ng pr obl em whose

sol ut i on r equi r es t hat consumpt i on decl i ne over t i me at a r at e dependi ng on

t he di scount r at e and t he el ast i ci t y of t he mar gi nal ut i l i t y of consumpt i on . The

pr obl emcan be f or mul at ed as

wher e r l i s t he el ast i ci t y of t he mar gi nal ut i l i t y of t he f unct i on u wi t h r espect

t o consumpt i on, i . e . , r l = ( u" c) / u' < 0 and t he si ngl e pr i me denot es t he f i r st

and t he doubl e pr i me denot es t he second der i vat i ve of u wi t h r espect t o i t s

ar gument . I n t he r est of t he paper , we denot e by ct ( 7) t he consumpt i on pat h

t hat sat i sf i es ( 7) , and by got ( 7 ) t he cor r espondi ng r at e of gr owt h .

I n or der t o sol ve t he gener al pr obl em( 4) we nowi nt r oduce a shadowpr i ce

or adj oi nt var i abl e on t he st ock St , denot ed pt . Then a necessar y condi t i on

00
00

max f u( ct ) e - bt dt subj ect t o
f

ct dt < So . ( 6)

The sol ut i on t o ( 6) i s :

ct 6
( 7)

ct 77
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f or a consumpt i on pat h and a shadowpr i ce pat h t o sol ve ( 4) i s t hat ct and pt
sat i sf y t he f ol l owi ng equat i ons : )

u' ( ct ) Qt = pt ,

pt - bpt = - Wt EWF.

	

( 8)

A l i t t l e mani pul at i on al l ows us t o condense t hese i nt o t he i nt ui t i ve si ngl e

equat i on

_ct - b

	

u' - EWF_

	

r

	

Wt

ct ~ + l u' ~r l nt .

Accor di ng t o Equat i on ( 9) t he r at e of gr owt h of consumpt i on i s t i me- var yi ng,
and depends i n a compl i cat ed way on t he pr obabi l i t i es and on t he mar gi nal
ut i l i t i es t hat ar e i n t ur n a f unct i on of t he past consumpt i on pol i cy . I n t he r est
of t he paper we wi l l denot e by ct ( 9) t he t i me pat h of consumpt i on whi ch
sat i sf i es ( 9) , and by get ( 9) t he cor r espondi ng r at e of gr owt h .

Equat i on ( 9) t el l s us t hat t he r at e of change of consumpt i on depends on
t he di scount r at e, t he el ast i ci t y of t he mar gi nal ut i l i t y of consumpt i on and
t he expect at i on of t he i ncr ease i n t he mar gi nal val uat i on of consumpt i on
condi t i onal on t he change i n pr ef er ences not havi ng yet occur r ed . 2 For a
gi ven el ast i ci t y of mar gi nal ut i l i t y, t he r at e of change of consumpt i on depends
negat i vel y on t he r at e of t i me pr ef er ence. The ef f ect of t he second t er mon t he
r i ght - hand si de of ( 9) i s ambi guous, and depends on t he di f f er ence bet ween
t he i mmedi at e mar gi nal ut i l i t y of consumpt i on at t i me t , and t he expect ed
mar gi nal val uat i on of t he r emai ni ng st ock of t he asset ; f or a gi ven r at i o W/ SZ,
t he l ar ger i s t he mar gi nal val uat i on of t he r emai ni ng st ock, t he f ast er i s i t s
r at e of depl et i on f al l s .

I f t he ut i l i t y f unct i on i s scal ed up by ( 1 +a) f r omT onwar ds, t hen F( c) _
( 1 + a) u( c) and t he appr opr i at e st at e val uat i on f unct i on i s ( 1 + a) W( ST) ,
and i f i t i s scal ed down by ( Y- f l ) , t hen t he st at e val uat i on f unct i on i s
( 1 - , Q) W( ST) . Ther ef or e, i n t hi s case t he f unct i on ( 3) assumes t he si mpl e
f or m:

EWF( ST) = q( 1 +a) W( ST) +( 1 - q) ( 1 - , 3) W( ST) = r w( ST) , ( 10)

wher e r = q( 1 + a) + ( 1 - q) ( 1 - / 3) .
By usi ng such a descr i pt i on of uncer t ai nt y and t he pr oposi t i on pr oven i n

t he Appendi x, accor di ng t o whi ch t he mar gi nal val uat i on of t he st ock i s equal
t o t he mar gi nal ut i l i t y of consumpt i on af t er t he change i n pr ef er ences, i t i s
possi bl e t o r ewr i t e Equat i on ( 9) as :

9ct ( 9) = 9ct ( 7) +

	

u, ( ct ( 9) ) - r u' ( ct * ( 7) )

	

_wt

	

( 11
f

	

)
u' ( ct ( 9 ) )

	

1 r 10t '

wher e ct ( 7) i s opt i mal consumpt i on af t er pr ef er ences have changed. Such a
consumpt i on l evel i s di f f er ent f r omt he consumpt i on whi ch woul d hol d under
t he sol ut i on t o a st andar d cake- eat i ng pr obl em, whi ch we have denot ed by

Unc

ct ( 7) ; ct ( 7) appl i es at t i me

f r omt i me t on, but not bei
t hat hol ds when t he sol ut i o
t he ver y begi nni ng. For mal

_b at
ct ( 7) _ - 77Soen

c; ( 7) = -

r l
[ So

_

Cl ear l y, ct ( 7) < ct ( 7) wh

consumpt i on f r omt i me 0 t
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3. Speci f i c Cases
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3. Speci f i c Cases

3. 1 . Symmet r i c Uncer t ai nt y

Uncer t ai n Fut ur e Pr ef er ences and Conser vat i on 26 3

ct ( 7) ; ct ( 7) appl i es at t i me t i f a sol ut i on t o a cer t ai nt y pr obl emi s f ol l owed
f r omt i me t on, but not bef or e t i me t , whi l e ct ( 7) i s t he t i me t consumpt i on
t hat hol ds when t he sol ut i on t o t he cer t ai nt y pr obl emhas been f ol l owed si nce
t he ver y begi nni ng . For mal l y :

t

ct * ( 7) = - j ~So -	 c t ( 9) dt
f o

	 , .

Cl ear l y, ct* ( 7) < ct ( 7) whenever t he act ual pol i cy pr escr i bes an i nt egr al of
consumpt i on f r omt i me 0 t o t i me t t hat i s l ar ger t han t he one r equi r ed by t he
sol ut i on t o t he det er mi ni st i c pr obl em.

Two speci f i c cases of t he gener al f r amewor k wi l l be hel pf ul i n obt ai ni ng
cl ear er r esul t s and bui l di ng up i nt ui t i on .

I ' = 1 pr ovi des an i nt er est i ng benchmar k, as i n t hi s case t he pr obabi l i t i es of
t he st at es of nat ur e compound wi t h t he magni t udes of t he change i n ut i l i t y i n
such a way as t o make t he mat hemat i cal expect at i on of t he f ut ur e ut i l i t y equal

t o t he cur r ent ut i l i t y ; we descr i be t hi s as symmet r i c uncer t ai nt y. I n t hi s case
we can showt hat t he deci si on maker may opt i mal l y i gnor e uncer t ai nt y about
f ut ur e pr ef er ences, and adopt t he pol i cy suggest ed by t he cer t ai n pr obl em.
I n t hi s case, uncer t ai nt y about f ut ur e pr ef er ences has no i mpact at al l on
opt i onal cur r ent consumpt i on l evel s : i t i s not appr opr i at e t o consume mor e
conser vat i vel y ( wi t h r espect t o t he model t hat i gnor es uncer t ai nt y) i n t he f ace
of a possi bl e i ncr ease i n f ut ur e pr ef er ences f or t he good, i f t hi s i s bal anced by
a possi bl e decr ease . So uncer t ai nt y about f ut ur e pr ef er ences al one does not

gi ve r i se t o a conser vat i on mot i ve : t he uncer t ai nt y has t o be asymmet r i c, i n
t he sense t hat t he possi bi l i t y of an i ncr ease i n pr ef er ences out wei ghs t hat of
a decr ease.

For mal l y :

PROPOSI TI ON 1 . The opt i mal consumpt i on pol i cy f or t he uncer t ai n pr ob-

l ems ( 4) wi t h symmet r i c uncer t ai nt y about f ut ur e pr ef er ences i s i dent i cal t o
t hat f or t he cer t ai n pr obl em ( 6) wi t h unchangi ngpr ef er ences.

Pr oof. I n t he case of symmet r i c uncer t ai nt y EWF( ST) = W( ST) and t he
maxi mand becomes :

f 00
WT

	

JoT
u( ct ) e - at dt + e- 6TW( ST)

	

dT
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T ~f " O u( ct ) e- at dt }
dT

o

	

0

and t he t wo pr obl ems ar e obvi ousl y i dent i cal .

I nt ui t i vel y, t he r esul t i s due t o t he f act t hat r i sk aver si on by i t sel f does not

necessar i l y i mpl y aver si on t o uncer t ai nt y about f ut ur e pr ef er ences . I n our

model t he agent i s r i sk aver se f or each gi ven pr ef er ence st r uct ur e, but i s

r i sk neut r al wi t h r espect t o uncer t ai nt y about t he st r uct ur e of pr ef er ences .

So f or a r i sk aver se deci si on maker who f ol l ows t he st andar d par adi gm of

expect ed ut i l i t y maxi mi zat i on, we obt ai n t he st r ong r esul t t hat uncer t ai nt y

about pr ef er ences al one does not gi ve r i se t o a mor e conser vat i ve pol i cy f or

t he use of t he r esour ce : t her e needs t o be an asymmet r y i n t he di st r i but i on of

possi bl e out comes as wel l . Thi s i s al so t r ue of t he ear l i er f or mul at i on of opt i on

val ue as i n [ 1, 17] : t hi s aspect of t hose r esul t s i s r evi ewed by Chi chi l ni sky

and Heal i n Chapt er 1 . 2 of t hi s vol ume .

3 . 2 . Pr ef er ence Uncer t ai nt y Al one

We nowel i mi nat e one sour ce of uncer t ai nt y, t he one due t o t i mi ng shocks, and

consi der a deci si on- maker who knows t hat at a gi ven t i me T her pr ef er ences

wi l l change, al t hough i n an uncer t ai n way. For mal l y, t he pr obl emi s now:

r T

max
J

	

u( c t ) e - " dt +e- I TEWF( ST) subj ect t oSt = - ct , St > 0 Vt , ( 12)
0

wher e EWF( ST) i s gi ven by Equat i on ( 10) . Usi ng t he expr essi on gi ven i n

Equat i on ( 10) , t he maxi mand can be r ewr i t t en as :

max. .

	

a( cr ) e - at dt + e- bTr w( sT) ,

	

( 13)
0

whi ch shows t hat t he par t i cul ar speci f i cat i on we have chosen f or t he change

i n t he ut i l i t y f unct i on makes t he pr obl emwi t h pr ef er ence uncer t ai nt y onl y

exact l y equi val ent f r om a f or mal poi nt of vi ew t o a pr obl em wi t h a known

change i n pr ef er ences .

The necessar y condi t i ons of pr obl em ( 12) ar e, apar t f r oma t r ansver sal i t y

condi t i on, t he same as t hose of an i nf i ni t e hor i zon pr obl em:

u' ( ct ) = Pt , Pt - JPt = 0, PT = r W, ( ST)

The sol ut i on f r omt i me zer o t o T i s :

6
CT = - - ST i

77
- 6 p- J

c 77 P

Toget her wi t h t he t r ansver sal i t y condi t i on :

PT = I ' W' ( ST) ,

	

( 14)

t hi s yi el ds an expr essi on f c

U' ( co)
= e- bTr +w

Such an expr essi on i s

about f ut ur e pr ef er ences c
t he case of pr ef er ence unc
l ar ger t han, l ess t han, or ,
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( 13)

( 14)
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t hi s yi el ds an expr essi on f or t he mar gi nal ut i l i t y of consumpt i on at t i me 0:

U' ( co) =
e- bTr wi ( ST) .

	

( 15)

Such an expr essi on i s usef ul i n under st andi ng t he ef f ect of uncer t ai nt y

about f ut ur e pr ef er ences on t he opt i mal pol i cy, as cl ear l y i t shows t hat i n

t he case of pr ef er ence uncer t ai nt y and cer t ai n t i mi ng, i ni t i al consumpt i on i s

l ar ger t han, l ess t han, or equal t o t hat obt ai ni ng under cer t ai nt y accor di ng

t o whet her r i s l ess t han, gr eat er t han, or equal t o 1 .

4 . The St ock as Sour ce of Ut i l i t y

I t i s now assumed t hat soci et y der i ves ut i l i t y bot h f r omt he consumpt i on of

t hi s good accor di ng t o t he f unct i on u( ct ) and al so f r om t he st ock accor di ng

t o t he f unct i on v( St ) . Thi s ext ended speci f i cat i on i s par t i cul ar l y usef ul when

st udyi ng envi r onment al r esour ces, see, f or exampl e, [ 19] . Uncer t ai nt y i n t hi s

case may be i nt er pr et ed i n t er ms of t he r el at i ve val uat i on of consumpt i on

goods and t he envi r onment al asset . The scenar i o t hat wi l l be descr i bed her e i s

t hat at some f ut ur e dat e soci et y may i ncr ease i t s val uat i on of envi r onment al

asset s r el at i ve t o t he f l ow of consumpt i on whi ch can be obt ai ned by depl et i ng

t he asset s . Bot h ut i l i t y f unct i ons u( c) and v( S) ar e assumed t o be i ncr easi ng,

t wi ce cont i nuousl y di f f er ent i abl e and st r i ct l y concave. I n or der t o consi der

a model wi t h a st eady st at e we assume t hat mar gi nal ut i l i t y of consumpt i on

eval uat ed at zer o consumpt i on i s f i ni t e, u' ( 0) < oo .

Whi l e at t he begi nni ng of t he pl anni ng hor i zon t he f l ow of consumpt i on

pr ovi des a cer t ai n ut i l i t y u( ct ) and t he st ock of t he asset pr ovi des a cer t ai n

ut i l i t y of v ( St ) , t her e i s a possi bi l i t y t hat at a r andomf ut ur e dat e T, t he ut i l i t y

f unct i on i s af f ect ed by an exogenous shock . The ut i l i t y of t he f l ow wi l l not
be af f ect ed, but t he ut i l i t y di r ect l y pr ovi ded by t he st ock wi l l change t o ei t her

( 1 + a) v( S) ( wi t h pr obabi l i t y q) or t o ( 1 - Q) v( S) ( wi t h pr obabi l i t y 1 - q) ,

f or a, Q>_ 0. As bef or e, t he dat e T at whi ch t her e i s a swi t ch of pr ef er ences

i s a r andomvar i abl e wi t h mar gi nal densi t y wt .

The st at e val uat i on f unct i on W( ST) whi ch val ues t he st ock ST r emai ni ng

at t he t i me T at whi ch t he change i n pr ef er ences occur s i s now:

W, , ( ST) = max JT

	

[ u( ct ) + ( 1 +ce) v( St ) ] e- b( t - T) dt

subj ect t o fT

	

ct dt = ST,

	

( 16)

r
00

5( t - T)W#( ST) = max JT

	

[ u( ct ) + ( 1 - Q) v( St ) ] e-	 dt

subj ect t o fT

	

ct dt = ST.

	

( 17)
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The over al l pr obl emcan be wr i t t en as t he maxi mi zat i on of

E
{ o

f
T

e- 6t
[ u( ct ) + v ( St ) ] dt + e

- I T [ qW«( ST)
+ ( I - q) WQ( ST) ]

gi ven t he st andar d r esour ce const r ai nt . By i nt egr at i ng by par t s, t he maxi mand

can be r ef or mul at ed as :

f
0

° ° e- I t I ( u( ct ) +v ( St ) ) Qt + wt [ gW, ( St ) + ( I - q) WQ( St ) ] } dt , ( 18)

wher e Qt = f t oo WTd- r . Necessar y condi t i ons f or a consumpt i on pat h and a

shadow pr i ce pat h t o sol ve ( 18) ar e :

u ( ct ) Qt = pt ,

pt - 6pt = - Qt v' ( St ) - wt [ gW' , ( St ) + ( I - q) Wp( St ) j ,

	

( 19)

whi ch can be used t o der i ve :

_6t __
b-

V, ( St )

	

u' ( ct ) - gW. ( St ) - ( I - q) Wp( St )

g et

	

u' ( ct ) +~

	

U, ( et )

	

~ I

( 20)

wher e A = w/ S2 .

Equat i on ( 20) admi t s a st eady st at e at whi ch consumpt i on i s const ant . At

any st at i onar y st at e, t he consumpt i on of t he f l ow must be zer o and t he st ock

must be const ant . Hence at a st at i onar y st at e of ( 20) :

Ju' ( 0) = v( S) - [ u' ( 0) - qW, ( S) - ( 1 - q) Wp( S) ] .

We shal l consi der t hr ee di f f er ent st eady st at es, each cor r espondi ng t o a

pr obl emwi t h no uncer t ai nt y about pr ef er ences . I n one case t he ut i l i t y of t he

st ock i s const ant at v( S) : t hi s l eads t o st at i onar y st at e val ue of t he st ock of

SD. I n t he ot her cases t he ut i l i t y of t he st ock i s const ant at ( 1 + a) v( S)

or ( 1 - 3) v( S) : t hese cases l ead r espect i vel y t o st at i onar y st at es wi t h st ock

l evel s Sa and Sp . Not e t hat i f pr ef er ences never change, A = 0 Vt . Hence :

PROPOSI TI ON 2. The st eady st at e cor r espondi ng t o t he or i gi nal pr ef er -

ence st r uct ur e of t he agent i s char act er i zed by a l evel of t he st ock SD such

t hat 8u' ( 0) = v' ( SD) , whi l e t he st eady st at e cor r espondi ng t o an i ncr ease

( decr ease) i n pr ef er ences i s char act er i zed by a l evel of t he st ock S" ( SO) such

t hat 6u' ( 0) = ( 1 + a) v' ( Sa) ( Su' ( 0) = ( 1 - / 3) v' ( Sp) ) .

I t i s easy, si mpl y by concavi t y of t he val uat i on f unct i on, t o r el at e t he t hr ee

st ocks :

Remar k 1 . S, , > SD > Sp .

We now l ocat e t he l evel of t he st ock cor r espondi ng t o a poi nt of r est of

t he syst em bef or e uncer t ai nt y i s r esol ved, and compar e i t wi t h t he st eady
st at e whi ch hol ds af t er r esol ut i on of uncer t ai nt y, whi ch wi l l be S, , or Sp .

Unc

Equat i on ( 20) can be used t

uncer t ai nt y i s r esol ved ( SS

i t equal t o 0, whi l e not set t i

and

6- ! ' ( Ss) + A ~ .
u' ( 0)

To eval uat e t he gener al 1

At - i s -
v' ( St ) __

u' ( ct )

Bt - A ~
u' ( ct )

-

and anal yzet hese t wo coml

f or zer o consumpt i on, i n o

The f ol l owi ng r emar k,

t he t er mSD, t akes car e of

Remar k 2. A( SD, 0) _

S<SD-

I t f ol l ows t hat t he f und

val ues of t he st ock, and eq

st ock r epr esent i ng t he equi

st ock ut i l i t y f unct i on v ( S)

The t er mBt i s mor e coi

of B( St , 0) at t he st at i oner

i n t hi s char act er i zat i on :

LEMMA 3 . Wa ( Sa) =

Q) ) u' ( 0) , Wp( S- ) > ( ( 1 -

Pr oof. The f i r st t wo ec

st at e, whi ch i mpl i es a mai

ut i l i t y of consumpt i on . Th

uni t of st ock i s gi ven t o a :

i t y of t he st ock ( 1 + a) v(

pr ef er ences a st ock equal

val uat i on of t he st ock l ar ge

f or e, t he ut i l i t y val ue of a

equal s ( ( 1 + a) / ( 1 - 0)
i n Pr oposi t i on 2 . Fi nal l y,

uni t of t he st ock i s assi g

i s al r eady depl et i ng t he s

er st ock l evel . Suppose t Y

t he st ock i s S, Gi ven er r



i zat i on of -

)

	

( 1 - q) Wp( ST) ] I
g by par t s, t he maxi mand

; 1 - q) Wp( St ) ] } dt , ( 18)

i consumpt i on pat h and a

1 - q) WO( St ) ] ,

	

( 19)

- ( 1 - q) Wp( St )

ct )

	

~ I

msumpt i on i s const ant . At

nust be zer o and t he st ock

J) :

_
q) Wp( S) ] -

each cor r espondi ng t o a

one case t he ut i l i t y of t he

st at e val ue of t he st ock of
const ant at ( 1 + a) v ( S)

t at i onar y st at es wi t h st ock

r ange, a = 0 Vt . Hence :

ng t o t he or i gi nal pr ef er -

l evel of t he st ock SD such

r espondi ng t o an i ncr ease

! l of t he st ock Sa ( SO) such

i nct i on, t o r el at e t he t hr ee

i di ng t o a poi nt of r est of
) mpar e i t wi t h t he st eady
whi ch wi l l be Sa or Sp .

and

A
v' ( St ) _

t =_ ~ -
u, ( ct )

	

A( St , ct )

LUu
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Equat i on ( 20) can be used t o char act er i ze a st eady st at e of t he syst em bef or e

uncer t ai nt y i s r esol ved ( Ss ) by eval uat i ng i t at zer o consumpt i on and set t i ng

i t equal t o 0, whi l e not set t i ng A t o zer o :

s -
V, ( SS) + a

	

u' ( o) - gu' a( SS) - ( 1- g) u' ~' ( Ss)

	

_ o. ( 21)

To eval uat e t he gener al pr oper t i es of such a f unct i on we def i ne :

u' ( ct ) - 4W. ' - ( 1 -
g) WO' ~

- - _ B( St , ct )

and anal yze t hese t wo component s as a f unct i on of var i ous val ues of t he st ock,

f or zer o consumpt i on, i n or der t o f i nd t he equi l i br i umpoi nt .

The f ol l owi ng r emar k, whi ch der i ves di r ect l y f r om t he ver y def i ni t i on of

t he t er mSD, t akes car e of t he f i r st t er m.

Remar k 2. A( SD, 0) = 0, A( S, o) > 0 f or S > SD, A( S, 0) < 0 f or

SGSD.

I t f ol l ows t hat t he f unct i on A( . , . ) i s posi t i ve ( negat i ve) f or l ar ge ( smal l )

val ues of t he st ock, and equal s zer o when t he act ual st ock coi nci des wi t h t he

st ock r epr esent i ng t he equi l i br i umof t he det er mi ni st i c syst emwi t h t he i ni t i al

st ock ut i l i t y f unct i on v ( S) .

The t er mBt i s mor e compl i cat ed t o anal yze . We nowchar act er i ze t he si gn

of B( St , 0) at t he st at i onar y st at es Sa and Sp . The f ol l owi ng l emma i s used

i n t hi s char act er i zat i on :

LEMMA 3. Wa( Sa) = W' 3' ( Sp) = u' ( 0) , Wa( Sp) _ ( ( 1 + a) / ( 1 -

Pr oof. The f i r st t wo equal i t i es f ol l ow f r om t he def i ni t i on of t he st eady

st at e, whi ch i mpl i es a mar gi nal val uat i on of t he st ock equal t o t he mar gi nal

ut i l i t y of consumpt i on . The t hi r d equal i t y comes f r omnot i ng t hat i f an ext r a

uni t of st ock i s gi ven t o an economy whose st ock i s cur r ent l y Sp wi t h ut i l -

i t y of t he st ock ( 1 + a) v( S) t hen t hi s uni t wi l l be pr eser ved, as wi t h t hese

pr ef er ences a st ock equal t o Sp i mpl i es a cor ner sol ut i on wi t h a mar gi nal

val uat i on of t he st ock l ar ger t han t he mar gi nal ut i l i t y of consumpt i on . Ther e-

f or e, t he ut i l i t y val ue of an ext r a. uni t i s equal t o ( ( 1 + a) v' ( Sp) ) / b, whi ch

equal s ( ( 1 + a) / ( 1 - ( i ) ) u' ( o) f r om usi ng t he def i ni t i on of v' ( Sp) gi ven

i n Pr oposi t i on 2. Fi nal l y, t he i nequal i t y descr i bes t he case wher e an ext r a

uni t of t he st ock i s assi gned t o t he deci si on maker i n t he case wher e he

i s al r eady depl et i ng t he st ock i n or der t o r each a st eady st at e wi t h a l ow-

er st ock l evel . Suppose t hat pr ef er ences ar e descr i bed by ( 1 - ) 3) v( S) but

t he st ock i s Sa. Gi ven an ext r a uni t of t he st ock AS i f such ext r a uni t i s
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added t o t he st ock Sa and mai nt ai ned f or ever , t he i ncr ement i n t ot al ut i l i t y i s

( ( 1- , 3) v' ( Sa) ) / 6 . But si nce t he economy i s not at t he st at i onar y st at e wher e

u' ( c) = ( ( 1 - , 3) v' ( S) ) l b t hen i t i s possi bl e t o i ncr ease ut i l i t y by mor e t han

t hat so WQ( S- ) > ( ( 1 - Q) v' ( Sa) ) / E. Usi ng v' ( S. ) = ( bu' ( 0) / 1 + a) one

obt ai ns WQ( S. ) > ( ( 1 - Q) u' ( 0) / 1 + a) , and t hi s gi ves t he i nequal i t y .

	

O

We ar e nowr eady t o show:

PROPOSI TI ON4. Ther e exi st s a posi t i ve st ock pr eser ved at t he st ochast i c

st eady st at e def i ned by ( 21) , whi ch we denot e Ss .

Pr oof. Equat i on ( 21) def i nes a st ochast i c st eady st at e. Mul t i pl yi ng bot h

si des by u' ( 0) and usi ng Pr oposi t i on 2 t hi s can be r ewr i t t en as :

v' ( SD) - v' ( SS) = - 1\ [ u' ( 0 ) - Wo' ( Ss) - q ( W. , ( SS) - W" ( SS) ) ] ,

accor di ng t o whi ch t he di f f er ence i n t he mar gi nal ut i l i t y of t he st ock bet ween

t he det er mi ni st i c and t he st ochast i c st eady st at e i s al ways posi t i ve. To see

t hi s, not e t hat :

v ' ( SD) - v' ( Ss) = - u' ( 0) B( Ss, 0)

so t hat t he si gn of v( SD) - v' ( Ss) depends on t he si gn of B( Ss, 0) . To

eval uat e such a si gn not e t hat :

B( S, 0) = u' ( 0) - qW. ( S) + qW, 6 ( S) - W, 6' ( S)

= u ( 0) - W' 8' ( S) + q [ W, 3' ( S) - Wa ( S) ] .

The second t er mW, 6 ( S) - Wa ( S) i s al ways negat i ve. The t er mu' ( 0) - WQ( S)

i s equal t o zer o i f S = So, i s posi t i ve i f S > Sp and negat i ve i f S < Sp .

Ther ef or e at Sa B( Sp, 0) i s negat i ve. At S = S, , , i nst ead B( S« , 0) =

u' ( 0) - Wp( S«) + q [ Wp( S«) = u' ( 0) ] = ( I - q) [ u' ( 0) - W, ( Sa) ] . To

gi ve a def i ni t e si gn we need t o show t hat u' ( 0) - WQ( Sa) > 0. We need

t her ef or e an upper bound f or WQ( S, , ) . To obt ai n such a bound, suppose t hat

pr ef er ences ar e such t hat t he ut i l i t y f unct i on of t he st ock i s ( 1- , 3) v ( S) and t he

st ock i s Sam . I t f ol l ows t hat t he best use i s consumpt i on, i . e . W, 31 ( S- ) = u' ( c)

wher e c i s cur r ent consumpt i on . But u' ( c) < u' ( 0) by concavi t y of t he ut i l i t y
f unct i on . Ther ef or e, Wa( S, , ) _< u' ( 0) . Hence u' ( 0) - Wa( S, , ) >_ 0 . Ther e-

f or e t he f unct i on B( St , ct ) i s non- negat i ve at S, , and t he f unct i on A( St , c t ) +
B( St , ct ) i s negat i ve at So and posi t i ve at Sa and i t has t o change si gn i n t he
i nt er val .

	

p

The pr evi ous pr oposi t i on al so al l ows us t o char act er i ze t he connect i on bet ween
t he l evel of t he st ock i n t he st ochast i c st eady st at e and t he l evel of t he st ock
i n t he det er mi ni st i c st eady st at e. I n f act :

Un(

Fi gur e 1 .

	

Ai s negat i ve bel ow

non- negat i ve at S. , so t he sumr r
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Pr oof. The f i gur e show;
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B( S, 0) i nst ead maybe ei t l

S = SD. For exampl e, whc

f ol l ows t hat when q = 0 al

t hat t he i nt er sect i on wi t h t l

st ock cor r espondi ng t o t he :

4. 1 . A Compar i son bet weer

I n t he model wi t h envi r onm

f ut ur e pr ef er ences may gi ve
i mpl i es an i ncr ease or a dec
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consumed due t o t he absent
Not e t hat wi t h ut i l i t y del

consequences of symmet r i c
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t he ut i l i t y f unct i on i n f act t h



e i ncr ement i n t ot al ut i l i t y i s

at t he st at i onar y st at e wher e

ncr ease ut i l i t y by mor e t han

( S. ) = ( bu' ( 0) / 1 + ca) one

. i i s gi ves t he i nequal i t y .

	

0

pr eser ved at t he st ochast i c

ady st at e . Mul t i pl yi ng bot h

e r ewr i t t en as :

q ( W. ' ( SS) - W' ( SS) ) ] ,

l ut i l i t y of t he st ock bet ween

i s al ways posi t i ve . To see

n t he si gn of B( Ss, 0) . To

- W0 ( S)

- W1111
( S) ~ .

i ve. The t er mu' ( 0) - W' ( S)

i Q and negat i ve i f S < Sp .
= Sa i nst ead B( Sa, 0) =

- q) l u' ( 0) - WQ( S. ) ] . To

- Wo' ( Sa) > 0. We need

such a bound, suppose t hat

st ock i s ( 1 - , 3) v ( S) and t he
i pt i on, i . e . W01 ( S. ) = UV)
I ) by concavi t y of t he ut i l i t y

( 0) - Wp( Sa) > 0 . Ther e-

t nd t he f unct i on A( St , ct ) +
. i t has t o change si gn i n t he
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S

Fi gur e 1 .

	

A i s negat i ve bel ow SD, zer o at SD and posi t i ve above. Bi s negat i ve at Sp and

non- negat i ve at Sa , so t he summust equal zer o somewher e bet ween S, , and So .

PROPOSI TI ON 5 . The l evel of t he st ock i n t he st ochast i c st eady st at e, SS

may be l ar ger t han, equal t o or smal l er t han t he l evel of t he st ock i n t he

det er mi ni st i c st eady st at e, SD. For asmal l pr obabi l i t yof apr ef er encei ncr ease

i t i s l ess t han SD, and vi ce ver sa .

Pr oof . The f i gur e shows t hat t he f unct i on A( S, 0) i s equal t o zer o f or

S - - SD, posi t i ve f or S > SD and negat i ve f or S < SD. The . f unct i on

B( S, 0) i nst ead may be ei t her l ar ger or smal l er t han zer o when eval uat ed at

S= SD. For exampl e, when q = 0 one has u' ( 0) = Wa( Sa) > W' q' ( SD) . I t

f ol l ows t hat when q = 0 at S = SD one has A( SD, 0) + B( SD, 0) > 0 so

t hat t he i nt er sect i on wi t h t he hor i zont al axi s, whi ch def i nes t he l evel of t he

st ock cor r espondi ng t o t he st ochast i c st eady st at e, i s t o t he l ef t of SD.

I n t he model wi t h envi r onment al asset s as sour ce of ut i l i t y, uncer t ai nt y about

f ut ur e pr ef er ences may gi ve r i se t o a pat h of consumpt i on of r esour ces whi ch

i mpl i es an i ncr ease or a decr ease i n t he t ot al use of r esour ces wi t h r espect t o

t he t ot al consumpt i on under t he cer t ai nt y of no change . No equi val ent r esul t

coul d be obt ai ned i n t he pr evi ous model , wher e al l t he st ock was event ual l y

consumed due t o t he absence of a st eady st at e .

Not e t hat wi t h ut i l i t y dependi ng on t he st ock i t i s di f f i cul t t o anal yze t he

consequences of symmet r i c uncer t ai nt y, whi ch can agai n be def i ned as t he

const ancy of t he expect ed ut i l i t y of weal t h . I n t he model wi t h t he st ock i n

t he ut i l i t y f unct i on i n f act t he t wo mar gi nal val uat i on f unct i ons do not have a
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si mpl e r el at i on t o each ot her gi ven t hat t he t ot al use of t he st ock i s di f f er ent

i n t he t wo st at es of t he wor l d.

Not i ce al so a f undament al di f f er ence i n t he speci f i cat i on of t he t wo model s :

when t he st ock i s i n t he ut i l i t y f unct i on i t i s al ways possi bl e t o consume at a

f ut ur e dat e wi t h a ut i l i t y f unct i on whi ch i s not af f ect ed by uncer t ai nt y, as i t

i s assumed t hat t her e i s no change i n t he di r ect ut i l i t y of consumpt i on . Thi s

pr ovi des a hedge agai nst t he bad st at e of t he wor l d, t o t he ext ent t hat a l ow

ut i l i t y of t he st ock i n i t sel f si mpl y suggest s t o t he pol i cy- maker t he opt i mal i t y

of consumi ng a l ar ger f r act i on of t he r emai ni ng st ock, der i vi ng f r om t hi s a

ut i l i t y t hat has not been af f ect ed by t he change. Our conj ect ur e, whi ch cannot

be pr oven f or mal l y at t hi s st age, i s t hat t hi s char act er i st i c pr omot es a mor e

conser vat i ve usage pol i cy, i n t he same way as t he i nt r oduct i on of a r i skl ess

asset al ways i ncr eases savi ngs on t he par t of a r i sk- aver se agent .

5 . Shadow Pr i ces and Opt i on Val ues

Thi s sect i on di scusses t he connect i ons of our model wi t h t he def i ni t i ons of

opt i on val ue gi ven i n t he envi r onment al r esour ces l i t er at ur e . 3 Such def i ni t i ons

i nvol ve bot h t axes ai med at i nduci ng a myopi c deci si on- maker t o t ake an

opt i mal deci si on and compar i sons of val ue f unct i ons of opt i mal and sub-

opt i mal pr obl ems .

The ef f ect s of uncer t ai nt y about pr ef er ences on t he consumpt i on pol i ci es

ar e r ef l ect ed i n t he ef f ect s on t he shadowpr i ces associ at ed wi t h consumpt i on .

The f i r st or der condi t i ons can be eval uat ed at t he equi l i br i um quant i t i es i n

or der t o f i nd t he mar ket pr i ce t hat woul d i nduce t he agent t o f ol l ow a pol i cy

l eadi ng exact l y t o t hose quant i t i es . I t f ol l ows t hat at each poi nt of t he pl anni ng

hor i zon one can compar e t he mar ket pr i ce f or t he case wher e t he change i n

pr ef er ences i s i gnor ed wi t h t he mar ket pr i ce f or t he case wher e t he possi bi l i t y

of newpr ef er ences i s t aken i nt o account .

I n t he speci f i cat i on wher e uncer t ai nt y about f ut ur e pr ef er ences onl y

i nvol ves t he f l ow of ut i l i t y, t her e may or may not be any ef f ect s on com-

pet i t i ve pr i ces . I t has been shown t hat t her e ar e no ef f ect s i n t he case of

symmet r i c uncer t ai nt y, as t he opt i mal sol ut i on under uncer t ai nt y cor r esponds

t o t hat under cer t ai nt y, wi t h no change i n shadowpr i ces . I n t he case of uncer -

t ai n pr ef er ences but cer t ai n t i mi ng i nst ead i t was obser ved t hat t he opt i mal

pol i cy changes i n an i nt ui t i ve way, dependi ng on t he di r ect i on of t he shi f t i n

pr ef er ences, ant i ci pat i ng ( post poni ng) consumpt i on i n t he case t hat a wor s-

eni ng ( i mpr ovi ng) of ut i l i t y i s ant i ci pat ed . I n t hi s case t he shadow pr i ce i s
al so di f f er ent f r omt he one hol di ng under cer t ai nt y.

The di f f er ence i n t he pr i ces can t hen be i nt er pr et ed as a t ax t hat shoul d
be i mposed on t he myopi c deci si on- maker i n or der t o i nduce hi mt o adopt
t he opt i mal pol i cy whi ch t akes i nt o account t he possi bi l i t y of a change i n
pr ef er ences . A way t o ` i nt er pr et such a change i s i n t er ms of t he pr i ce t hat

Unc

a benevol ent and f ul l y- i nf c
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a benevol ent and f ul l y- i nf or med di ct at or shoul d i mpose on myopi c pr i vat e

agent s i n or der t o i nduce t hem t o i nt er nal i ze t he possi bi l i t y of a change i n

pr ef er ences .

Consi der as an exampl e a case of asymmet r i c uncer t ai nt y i n t he model f or

t he envi r onment al asset , wher e t he opt i mal st ochast i c pol i cy devi at es f r omt he

opt i mal det er mi ni st i c pol i cy assumi ng no change of pr ef er ences . Assume, f or

t he sake of t he ar gument , t hat i t i s opt i mal t o decr ease cur r ent ( t i me 0) con-

sumpt i on so as t o r each a st ochast i c st eady st at e wi t h a st ock whi ch i s l ar ger

t han t he st ock whi ch woul d obt ai n i n t he det er mi ni st i c case. Then t he ( posi -

t i ve) di f f er ence i n t he pr i ces of t he st ochast i c and t he det er mi ni st i c pr obl ems

may be consi der ed a t ax t hat must be i mposed on t he pr i vat e agent s i n or der t o

t ake i nt o account t he dynami c ext er nal i t y when deci di ng t hei r consumpt i on

pat h . Aposi t i ve t ax shoul d be put on consumpt i on of envi r onment al asset s t o

i nduce myopi c deci si on- maker s t o sl owdown t he r at e of del et i on of t he st ock .

Such a t ax r esembl es t he " devel opment t ax" t hat i s somet i mes suggest ed i n

t he envi r onment al l i t er at ur e i n cases of i r r ever si bl e consumpt i on.

The di f f er ence i n t he shadowpr i ces bet ween t he sol ut i on whi ch i gnor es and

t he sol ut i on whi ch t akes i nt o account uncer t ai nt y i s al so connect ed wi t h t he

def i ni t i on of opt i on val ue gi ven i n t he envi r onment al l i t er at ur e . Thi s l i t er at ur e,

as was poi nt ed out i n t he i nt r oduct i on, has l ar gel y been based on ver y si mpl e

t wo- per i od di scr et e choi ce model s . I n t he cont ext of such a model s t her e i s

a one- t o- one r el at i onshi p bet ween t he val ue f unct i on of t he pr obl emand t he

shadowpr i ces of t he pr obl em. I n f act , i n t hese model s t he t ax on devel opment

i s al so t he measur e whi ch equat es t he val ue f unct i ons of a pr obl emunder f ul l

i nf or mat i on and a pr obl emwi t h l ess i nf or mat i on .

For exampl e, Henr y [ 17] def i nes t he opt i on val ue, f or t he case of a di scr et e

cont r ol var i abl e, as t he amount of consumpt i on good t hat a per son woul d

pay t o have t he possi bi l i t y of maki ng deci si ons t aki ng i nt o account al l t he

i nf or mat i on. Payi ng t hi s amount and t hen maki ng t he deci si on wi t h f ul l

i nf or mat i on woul d l eave her as wel l of f as i n t he case wher e she has t o make

al l t he deci si ons at t he begi nni ng of t he pl anni ng per i od, bef or e t he uncer t ai nt y

i s r esol ved. He shows t hat consi der i ng t he val ue of i nf or mat i on i n t hi s sense
t i l t s t he deci si on t owar ds a mor e conser vat i ve pol i cy . Li kewi se, omi t t i ng t hi s

val ue l eads t o under - conser vat i on . As anot her exampl e, Hanemann i nt er pr et s

t he opt i on val ue as t he di f f er ence bet ween t he val ue of t he pr obl em when
t hi s i s sol ved wi t h a cl osed l oop ( CL) pol i cy and t he val ue of t he pr obl em
sol ved wi t h an open l oop pol i cy, whi ch may be a si mpl e open l oop ( OL)
pol i cy or a f eedback open l oop ( FOL) . He shows t hat i n cases of di scr et e
cont r ol var i abl es, such a val ue i s al ways posi t i ve, because a CL pol i cy t akes
i nt o account t he st at e of t he syst emwhi l e t he OL pol i cy does not . An OL

pol i cy i s t her ef or e i n gener al a sub- opt i mal pol i cy when compar ed wi t h a CL
pol i cy .

The common char act er i st i cs of t hese exampl es ar e : ( 1) a compar i son
bet ween a model wi t h f ul l i nf or mat i on and a model wi t h par t i al i nf or mat i on;
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( 2) a compar i son bet ween t he val ue f unct i ons of such pr obl ems ; and ( 3) a

compar i son bet ween t he shadow pr i ces so as t o i nduce a myopi c deci si on-

maker t o t ake a r at i onal sol ut i on. I n t he mor e gener al model s we have wor ked

wi t h, ( 1) and ( 2) ar e st i l l cl osel y connect ed : we can compar e opt i mal and

sub- opt i mal deci si on st r uct ur es and t hen eval uat e t he val ue f unct i ons . How-

ever , ( 3) i s not t he same as ( 2) : t he change i n t he shadowpr i ces at each poi nt

i n t i me i s i n gener al di f f er ent f r omt he di f f er ence i n t he val ue f unct i ons . I t

i s, t her ef or e, necessar y t o di st i ngui sh mor e cl ear l y what i s meant by opt i on

val ue . We bel i eve ( see al so [ 13] f or a si mi l ar opi ni on) t hat t he def i ni t i on

of opt i on val ue connect ed wi t h t he di f f er ence i n shadow pr i ces i s t he most

r el evant , at l east f r om t he poi nt of vi ew of envi r onment al pol i cy, because

af f ect i ng mar ket pr i ces i s an i mpor t ant i nst r ument f or pr omot i ng sust ai nabl e

pol i ci es .

The r el evance of shadowpr i ces f or envi r onment al pol i cy i s wel l descr i bed

by t he f ol l owi ng exampl e pr oposed by Gr aham- Tomasi [ 13] : " A r esour ce

pr obl em t hat i l l ust r at es most of t he i ssues i s t he depl et i on of moi st t r opi cal

r ai nf or est . The r esour ce st ock has val ue bot h f or i t s t i mber and t he agr i cul t ur al

l and ( or ot her uses) i t may be conver t ed t o, as wel l as f or t he ecosyst em

ser vi ces i t pr ovi des and t he bi odi ver si t y i t cont ai ns . The val ues of t he goods

and ser vi ces pr ovi ded by a t r opi cal f or est i n i t s nat ur al st at e ar e not wel l known

i n compar i son wi t h our under st andi ng of t he val ue of har vest ed t i mber and

agr i cul t ur al pr oduct s . . . The basi c i dea of quasi - opt i on val ue, t hen, i s t hat t he

mer e pr ospect of i mpr oved r esear ch pr ogr ams on t he val ue of moi st t r opi c

f or est ecosyst ems, even al l owi ng f or t he possi bi l i t y t hat t hey may f i nd t hat

such f or est s ar e l ess val uabl e t han we now bel i eve, shoul d l ead t o gr eat er

conser vat i on of such f or est s" .

6 . Concl usi ons

We have anal yzed t he pr obl emof maki ng i r r ever si bl e deci si ons i n a si t uat i on

wher e pr ef er ences may change i n t he f ut ur e, af t er t he i r r ever si bl e deci si on

has been made . Fol l owi ng [ 1, 7, 20, 26] , we have used t hi s as a f r amewor k

f or t hi nki ng about t he conser vat i on of envi r onment al asset s and der i vi ng an

opt i on val ue . Cont r ar y t o most of t he paper s i n t he l i t er at ur e, we have wor ked

wi t h a gener al model i n whi ch t her e i s a possi bi l i t y of a quant um i ncr ease

i n t he i nt ensi t y of pr ef er ence f or envi r onment al goods at an unknown f ut ur e

dat e . The pr esent gener at i on does not know t he pr ef er ences of i t s successor s

and wi shes t o al l ow f or t he possi bi l i t y of t hem havi ng a gr eat er val uat i on of

t he envi r onment al good . We have st udi ed t he change i n t he shadow pr i ce of

t he envi r onment al asset as a r esul t of t he possi bi l i t y of a pr ef er ence change .

Per haps t he most i nt er est i ng concl usi on i s t hat i n t he pr esent f r amewor k

uncer t ai nt y about f ut ur e pr ef er ences, i ncl udi ng t he possi bi l i t y of an i ncr ease

i n t he st r engt h of t he pr ef er ence f or t he envi r onment al good, i s not on i t s own

a sour ce of a conser vat i on n

t o t hese concl usi ons . I n ot l

val ue t hat we bel i eve t hat f

f or envi r onment al goods: v
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