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1. INTRODUCTION

We analyze the classical social choice problem of choosing an alternative from a set of feasible
alternatives based on the preferences of the individuals in a society. Such a procedure is known
as a deterministic social choice function (DSCF). Arrow, Gibbard, and Satterthwaite have identified
some desirable properties of such a DSCF such as unanimity and strategy-proofness. A DSCF is
strategy-proof if a strategic individual cannot change its outcome in her favor by misreporting her
preferences, and it is unanimous if, whenever all the individuals have the same most preferred
alternative, that alternative is chosen. The classic Gibbard (1973)-Satterthwaite (1975) impossibility
theorem states that if there are at least three alternatives and the preferences of the individuals
are unrestricted, then the only DSCFs that are unanimous and strategy-proof are dictatorial. This
assures the presence of an individual, called the dictator, who is such that the DSCF always
chooses her most preferred alternative.

Although unanimity and strategy-proofness are desirable properties of a DSCF, the assumption
of an unrestricted domain made in the Gibbard-Satterthwaite Theorem is quite strong. There
are many political and economic scenarios where the preferences of an individual satisfy natural
restrictions such as single-peaked, single-dipped, single-crossing etc. Moreover, the conclusion
of Gibbard-Satterthwaite Theorem does not apply to such restricted domains. Consequently,
domain restrictions turn out to be an obvious and useful way of evading the dictatorship result in
social choice theory.

Single-peaked property is commonly used in public good location problem. Such domain
restriction occurs in an environment where strictly quasi-concave utility functions are maximized
over a linear budget set. The study of single-peaked domains can be traced back to Black (1948)
where he shows that a Condorcet winner exists on such domains. Later, Moulin (1980) and
Weymark (2011) show that a DSCF on a single-peaked domain is unanimous and strategy-proof if
and only if it is a min-max rule. Single-dipped property is commonly used in public bad location
problem. Peremans and Storcken (1999) show that a DSCF on such a domain is unanimous
and strategy-proof if and only if it is a monotone rule between the left-most and the right-most
alternatives. Single-crossing domains are well-known for their flexibility to accommodate the non-
convexities that appear in case of majority voting.! Single-crossing domains frequently appear

in models of income taxation and redistribution (Roberts (1977), Meltzer and Richard (1981)),

1Gee, for example, Romer (1975), p. 181, and Austen-Smith and Banks (2000), pp. 114-115.
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local public goods and stratification (Westhoff (1977), Epple and Platt (1998), Epple et al. (2001)),
and coalition formation (Demange (1994), Kung (2006)).2 Saporiti (2014) shows that a DSCF
on a single-crossing domain is unanimous and strategy-proof if and only if it is an augmented
representative voter scheme. Augmented representative voter schemes are min-max rules where all
the parameters are chosen from the top-set of the domain. Top-set of a domain consists of those
alternatives that appear as a top alternative in some preference in the domain.

Note that well-known restricted domains such as single-peaked, single-dipped, single-crossing
etc. are all based on some prior ordering over the alternatives. In keeping with this, the unanimous
and strategy-proof DSCFs on these domains respect this prior ordering by satisfying a property
known as uncompromisingness. Uncompromisingness ensures that a DSCF is completely deter-
mined by its outcomes at boundary profiles. A boundary profile is one where each individual’s
most preferred alternative is either the maximal or the minimal (w.r.t. the prior ordering) alterna-
tive. Another interesting property that a unanimous and strategy-proof DSCF on these domains
possesses is that it always choses an alternative from the top-set of the domain. For instance, a
unanimous and strategy-proof DSCF on a single-dipped domain chooses either the maximal or
the minimal alternative, and indeed the top-set of this domain consists of those two alternatives.
The same holds for single-crossing domains. This means every DSCF with the aforementioned
properties is a tops-restricted min-max rule. A tops-restricted min-max rule on a domain is a
min-max rule with the property that all its parameters take values belonging to the top-set of the
domain. This raises a general question as to what minimal condition on a domain ensures that
every unanimous and strategy-proof DSCF on that domain is a tops-restricted min-max rule. We
address the random version of this question in this paper.

The boundaries of social choice theory have been expanded by the notion of random social
choice functions (RSCF). An RSCF assigns a probability distribution over the alternatives at every
preference profile. Thus, RSCFs are generalization of DSCFs. The importance of RSCFs over
DSCFs has been well-established in the literature (see, for example, Ehlers et al. (2002), Peters
et al. (2014)).

The study of RSCFs dates back to Gibbard (1977) where he shows that an RSCF on the

unrestricted domain is unanimous and strategy-proof if and only if it is a random dictatorial

ZMoreover, models that study the selection of policies in the market for higher education (Epple et al. (2006)) and
the choice of constitutional and voting rules (Barbera and Jackson (2004)), also use single-crossing domains. Saporiti
(2009) has a detailed exposition on various applications, interpretations, and scopes of single-crossing domains.



rule. A random dictatorial rule is a convex combination of dictatorial rules. Ehlers et al. (2002)
characterize the unanimous and strategy-proof random rules on single-peaked domains, and
Peters et al. (2014) show that such a rule is a convex combination of min-max rules. In a recent
work, Peters et al. (2017) characterize the unanimous and strategy-proof RSCFs on single-dipped
domains and show that they are convex combinations of unanimous and strategy-proof DSCFs
on those domains. However, to the best of our knowledge, the unanimous and strategy-proof

RSCFs on single-crossing domains are not characterized yet.

1.1 OUR CONTRIBUTION

In conformity with the existing literature, stochastic dominance is used to extend preferences
over alternatives to preferences over probability distributions. We identify a condition called top-
richness that is sufficient and almost necessary to ensure that every unanimous and strategy-proof
RSCF is a convex combination of the tops-restricted min-max rules. We demonstrate by way of
example the almost necessity of our condition. Moreover, we show that top-richness is necessary
and sufficient under an additional natural assumption called regularity. A domain is regular if its
top-set contains all alternatives. As an application of our result, we obtain a characterization of
the unanimous and strategy-proof RSCFs on single-peaked, single-dipped, single-crossing, and
some other domains of practical significance.

Although the single-peaked assumption is natural in certain situations, requiring all single-
peaked preferences is quite demanding. In view of this, we look for a characterization of all
regular domains D such that (i) every unanimous and strategy-proof RSCF on D" is a random
min-max rule, and (ii) every random min-max rule on D" is strategy-proof. We call such domains
regular random min-max domains. We show that a domain D is regular random min-max if and
only if (i) each preference in D is single-peaked, and (ii) for every two adjacent (w.r.t. the prior
ordering) alternatives, say 4; and a;, 1, there are two preferences of the form P = a;a;,; ... and
P’ =ajqa;...in D.? Note that the number of preferences in a regular random min-max domain
can range from 2m — 2 to 2" 1, whereas that in the maximal single-peaked domain is 2" ~!. Thus,
regular random min-max domains include a large class of restricted single-peaked domains.

We obtain as a bi-product of our result that unanimity and strategy-proofness guarantee

tops-onlyness on top-rich domains. Chatterji and Zeng (2015) provide a sufficient condition for

3By P = ab..., we mean a preference P where a is the top and b is the second-top alternatives.



random tops-only domains, but top-rich domains do not satisfy their condition. Thus, our results
are an exclusion of theirs on tops-onlyness.

Although unanimity implies tops-onlyness under strategy-proofness, tops-onlyness itself is
well-accepted as a desirable property of a social choice function. Moulin (1980) characterizes
the tops-only and strategy-proof DSCFs on single-peaked domains. In a similar attempt, we
characterize the tops-only and strategy-proof RSCFs on top-rich domains. We demonstrate by
way of examples that top-rich domains do not guarantee uncompromisingness for tops-only and
strategy-proof rules, but it is guaranteed if an additional condition called top-connectedness is
imposed on a top-rich domain. Top-connectedness is a commonly used property in social choice
literature which says that for every two adjacent alternatives b; and b1 in the top-set, there
are preferences P = b;bj, ;... and P’ = bj1b; ... that differ only by their top two alternatives.
We provide a complete characterization of the tops-only and strategy-proof RSCFs on top-rich
domains satisfying top-connectedness. Our characterization shows that such an RSCF is a convex
combination of tops-restricted generalized min-max rules and non-top constant rules. A DSCEF is
a tops-restricted generalized min-max rule on a domain if it is a generalized min-max rule as
defined in Weymark (2011) with parameters taking values in the top-set of the domain. A DSCF
is a non-top constant rule on a domain if for all profiles, it selects a fixed alternative that is outside
the top-set of the domain.

A domain is said to satisfy deterministic extreme point (DEP) property if every unanimous (tops-
only) and strategy-proof RSCF on the domain is a convex combination of unanimous (tops-only)
and strategy-proof DSCFs on it. The study of such domains is useful as it establishes a functional
relationship between the DSCFs and the RSCFs satisfying unanimity (tops-onlyness) and strategy-
proofness on those domains. Such a relationship can be utilized in finding the optimum RSCFs for
a society. It follows from our result that top-rich domains satisfy DEP property for unanimous
and strategy-proof RSCFs, and top-rich domains satisfying top-connectedness satisfy the same for
tops-only and strategy-proof RSCFs. Gershkov et al. (2013) characterize the optimum DSCFs on
single-crossing domains. It is worth noting that, by means of the DEP property of single-crossing
domains, their result can be translated to RSCFs.

Barbera et al. (2010) show that strategy-proofness and group strategy-proofness are equivalent
for the DSCFs on single-peaked domains and Saporiti (2009) shows the same for the DSCFs on
single-crossing domains. In the same spirit, we show that the same holds for the RSCFs on all the

domains we consider in this paper.



The rest of the paper is organized as follows: Section 2 introduces the model and basic
definitions. Section 3 presents our main results and Section 4 contains some application of those.
Section 5 provides our results on group-strategy-proofness while Section 6 concludes the paper.

Proofs of lemmas and theorems are gathered in the Appendix.

2. PRELIMINARIES

Let A = {ay,...,an} be a finite set of alternatives with a prior ordering a; < ... < a,.* Let
N = {1,...,n} be a finite set of agents. Except where otherwise mentioned, n > 2. For
a,b € A, we define [a,b] = {c | eithera < ¢ X borb < ¢ = a}, and for B C A, we define
[a,b]g = [a,b] N B.> A complete, antisymmetric, and transitive binary relation over A (also called
a linear order) is called a preference. We denote by IL(A) the set of all preferences over A. For
P e IL(A)and a,b € A, aPb is interpreted as “a is strictly preferred to b according to P”, and
aP'b is interpreted as “a is contiguously ranked above b in P, i.e., aPb and there is there is no
¢ € A such that aPc and cPb”. For P € IL(A), by r¢(P) we mean the k-th ranked alternative
in P, i.e., r(P) = aif and only if |{b € A | bPa}| = k — 1. By P?, we denote a preference
with 71 (P?) = a, and by P*?, we denote a preference with r;(P*?) = a and r(P**) = b. For
convenience, a preference P*’ is sometimes written as ab.... We denote by D C IL(A) a set of
admissible preferences. Fora € A, let D* = {P € D | r{(P) = a}. For notational convenience,
whenever it is clear from the context, we do not use braces for singleton sets, i.e., we denote sets
{i} by i. For a domain D, the top-set of D, denoted by 7(D), is defined as T(D) = Upcpr1(P).
Whenever we write T(D) = {by, ..., by}, we assume without loss of generality that the indexation
issuch that by < ... < by. A domain D is called reqular if T(D) = A. For P € D and a € A, the
upper contour set of a at P, denoted by U(a, P), is defined as the set of alternatives that are as good
asain P,ie., U(a,P) = {b € A | bPa} Ua. A preference profile, denoted by Py = (Py,...,P,), is
anelementof D" =D x ... x D.

A preference P is called single-peaked if for all a,b € A, [r1(P) 2= a < borb < a = ri(P)]
implies aPb. A domain is called single-peaked if each preference in the domain is single-peaked
and is called maximal single-peaked if it contains all single-peaked preferences.

For P € IL(A) and B C A, P|g € IL(B) is defined as follows: for all a,b € B, aP|gb if and

“Whenever we write minimum or maximum of a subset of A, we mean it w.r.t. the ordering < over A.
5Bya <b,wemeana =bora < b.



only if aPb. For D C IL(A), Py € D", and B C A, we define D|p = {P|g | P € D} and
Pn|g = (P1|B, ..., Pulp). For B C A, a domain D of preferences is called a single-peaked domain
restricted to B if D| is a single-peaked domain.

By A A, we denote the set of probability distributions on A. For two sets X, Y, we define the
symmetric difference of X and Y as XVY = (X \ Y) U (Y \ X).

A Random Social Choice Function (RSCF) is a function ¢ : D" — AA. For B C Aand Py € D",
we define by ¢p(PN) = Y,c ¢a(Pn), where ¢, (Py) is the probability of a at ¢(Py ).

REMARK 2.1. Forall L, L' € AAandall P € L(A), if Ly,py > Ly,
allx € A, then L = L.

and L, p) = Lu(x,p) for

(x,P) (x,

For RSCFs q)f, j =1,...,k and nonnegative numbers M, j=1,...,k, summing to 1, we define
the RSCF ¢ = 2;‘21 @ by ¢,(Pyn) = Z;‘zl Aj¢£(PN) forall Py € D" and alla € A. Wecall ¢ a

convex combination of the RSCFs ¢/.

Definition 2.1. An RSCF ¢ : D" — A A is called unanimous if for alla € A and all Py € D",
[r1(P;) =aforalli € N|] = [¢.(PN) = 1].

Definition 2.2. An RSCF ¢ : D" — AA is called strateqy-proof if for alli € N, all Py € D", all
P/ € D,andall x € A,

Y. @y(P,Po) > Y @y (P,P).
yel(x,P;) yeU(x,P;)

REMARK 2.2. An RSCF is called a DSCF if it selects a degenerate probability distribution at every
preference profile. More formally, An RSCF ¢ : D" — AA is called a DSCF if ¢,(Py) € {0,1}
foralla € A and all Py € D". The notions of unanimity and strategy-proofness for DSCFs are

special cases of the corresponding definitions for RSCFs.
Definition 2.3. Two profiles Py, P\, € D" are called tops-equivalent if r1(P;) = r1(P]) foralli € N.

Definition 2.4. An RSCF ¢ : D" — AA is called tops-only if ¢(Py) = ¢(P},) for all tops-
equivalent Py, P, € D".

Definition 2.5. A DSCF f on D" is called a generalized tops-restricted min-max (GTM) rule if for all
S C N, there exists s € 7(D) satisfying
Br X BsforallSC T
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such that

F(Py) = min | max{n(p),fs)

SCN | i€S
A GTM rule on D" is called a tops-restricted min-max (TM) rule if B = max(7(D)) and fxy =
min(7(D)). If (D) = A, then a GTM rule is called a generalized min-max rule and a TM rule is

called a min-max rule.

Note that GTM rules are not unanimous, whereas TM rules are unanimous.

REMARK 2.3. Let f : D" — Abea GTM rule. Define f : (Dl(p))" — T(D) such thatf(PN]T(D)) =
f(Py). This is well-defined since f is tops-only and f(Py) € ©(D) for all Py € D". Then, f is
strategy-proof if and only if f is strategy-proof.

Definition 2.6. An RSCF ¢ : D" — A A is called a tops-restricted random min-max (TRM) rule if ¢
can be written as a convex combination of some TM rules. If 7(D) = A, then a TRM rule is called

a random min-max rule.

Definition 2.7. An RSCF ¢ : D" — AA is called uncompromising if ¢p(Pn) = ¢g(P], P_;) for all
i€ N,all Py € D", all P/ € D,and all B C A such that BN [r1(P;), r1(P})] = @.

REMARK 2.4. An uncompromising RSCF is tops-only by definition.
Definition 2.8. Let D be a domain with 7(D) = {b, ..., b }. Then, D is called top-rich if

(i) forall bj,bj1q € T(D), there exist P = bjbj 1 ..., P" = bj1b;... € D such that
U(b, P)vU(b;, P') C t(D) for all b, € t(D), and

(ii) forall ¥ < s < t and all P, P% € D, U(bs, P’) N U(bs, P'*) = bs.

Condition (i) ensures some type of richness of the domain w.r.t. the top-set. It says the
following. Take two alternatives, say bj, b]-+1, that are consecutive in the top-set, that is, there is no
other alternative in the top-set that lies in-between (w.r.t. the prior order <) those two alternatives.
Then, there must be two preferences P = b;b; 1 ..., P" = bj1b; ... such that for all b € 7(D) and
¢ ¢ ©(D), bPc if and only if bP’c. Condition (ii) ensures that the domain respects the prior order <
over the alternatives in a suitable sense. For instance, as we show in Lemma A.1, one implication
of this condition is that a top-rich domain restricted to its top-set is single-peaked. However,
Condition (ii) is stronger than implying that the domain restricted to its top-set is single-peaked
as it puts some restrictions on the ranking of the alternatives outside the top-set.

Below, we provide an example of a top-rich domain.

8



Example 2.1. Let the set of alternatives be A = {ay,ay, a3, a4, as} with prior order a; < ... < as.

Consider the domain D = {P, ..., P;} given in Table 1.

P P, P35 Py Ps Py Iy
a3 ay 4z 4as 4z 4as 4ds
a 4z 4y 4ap ds 4z a4
ag a dp a4 41 dy 4as
ag ag 44 dz 4z dp ap
as ds ds ds a4 dg4 a1

Table 1

Note that 7(D) = {by, by, b3}, where by = a1, b, = a3, and b3 = as. We show that D is a
top-rich domain, in particular, we show that it satisfies Conditions (i) and (ii) in Definition 2.8.

For Condition (i), consider, for instance, b; and by. Take P = P, = aqaz...and P/ = Py =
aszaj . ... Then, r;(P) = r;(P’) forall I > 3, and hence U(x, P)VU(x,P') = @ forall x € t(D) \
{b1,b,}. So, Condition (i) is satisfied for by and b,. Similarly, Condition (i) can be verified for b,
and bs.

For Condition (ii), consider r = 1,s = 2,t = 3, and preferences PP = P; and PP = Ps5. Then,
U(by, P?) = {ay,a5,a3} and U(by, P3) = {a3,a4,a5}. Therefore, U(by, P1) N U(by, P?3) = {b,},

as required by Condition (ii). Similarly, Condition (ii) can be verified for other cases.

3. RESULTS

3.1 STRATEGY-PROOFNESS AND UNANIMITY

In this subsection, we present our main result characterizing the unanimous and strategy-proof
RSCFs on top-rich domains.

In the following theorem, we show that a unanimous and strategy-proof RSCF on a top-rich
domain never assigns a positive probability to an alternative outside the top-set, and such an

RSCF is uncompromising.

Theorem 3.1. Let D be a top-rich domain and let ¢ : D" — AA be a unanimous and strategy-proof
RSCF. Then,

(i) ¢r(py(Pn) = 1forall Py € D", and

(ii) @ is uncompromising.



The proof of this theorem is relegated to Appendix A.
Our next theorem provides a characterization of the unanimous and strategy-proof RSCFs on

top-rich domains.

Theorem 3.2. Let D be a top-rich domain and let ¢ : D" — A A be an RSCF. Then, ¢ is unanimous and
strategy-proof if and only if it is a TRM rule.

The proof of this theorem is relegated to Appendix B.

3.1.1 TOP-CONNECTED TRM DOMAINS

In this section, we provide a characterization of the domains on which (i) every TRM rule is
strategy-proof, and (ii) every unanimous and strategy-proof rule is a TRM rule. For tractability
and transparency, we restrict our attention to the top-connected domains. We call such domains

top-connected TRM domains. Below, we provide a formal definition of such domains.

Definition 3.1. Two preferences P, P’ € D are called top-connected, denoted by P~P’, if r{(P) =
Vz(P/),}’l(Pl) = Tz(P), and rl(P) = T’Z(P/) for all [ > 3.

Definition 3.2. A domain D with T(D) = {by, ..., by} satisfies the top-connectedness property if
forallj=1,...,k—1, thereexist P € DY, P! € Db+ such that P~P'.

Definition 3.3. A domain D is called a TRM domain if

(i) every TRM rule on D" is strategy-proof, and

(ii) every unanimous and strategy-proof RSCF on D" is a TRM rule.
y gy-p

Furthermore, a domain is called a top-connected TRM domain if it is a TRM domain and it

satisfies top-connectedness.
In the following, we establish a crucial property of TRM domains.
Lemma 3.1. Let D be a TRM domain. Then, D|(p) is a single-peaked domain.

Proof. Let T(D) = {by, ..., by }. Assume for contradiction that there exists Q € D such that Q|(p,
is not single-peaked. Without loss of generality, this means there exist by, bs with b, < bs < r1(Q)
such that b,Qbs;. Consider the tops-restricted min-max rule f on D" such that Bs = b, for all

10



non-empty S C N. Consider the profile Py € D" such that P; = Q and r1(P;) = b, for all i # 1.
Then, by the definition of f, f(Py) = bs. Let P| € D be such that 1 (P;) = b,. Again, by the
definition of f, f (P{,P_l) = by. Because b,Qbs, this means agent 1 manipulates at Py via P;,

which is a contradiction. [ |

Our next theorem provides a characterization of top-connected TRM domains.

Theorem 3.3. A domain D is a top-connected TRM domain if and only if it is a top-rich domain satisfying

top-connectedness.

The proof of this theorem is relegated to Appendix C.

3.2 STRATEGY-PROOFNESS AND TOPS-ONLYNESS

In this subsection, we replace unanimity by tops-onlyness and characterize the tops-only and
strategy-proof RSCFs on top-rich domains. First, we introduce the notion of a non-top constant

rule that we use in our characterization.

Definition 3.4. A DSCF f : D" — A is called a non-top constant rule if there exists c € A\ 7(D)
such that f(Py) = c for all Py € D".

The following example shows that tops-only and strategy-proof on top-rich domains is not

necessarily uncompromising.

Example 3.1. Let the set of alternatives be A = {ay,ay, a3, a4, as} with prior order a; < ... < as.
Consider the domain D = {a1a2a3a4as, a2a144a305, 205414403, A5a2a14344 }. 1t is easy to see that
D is a top-rich domain with 7(D) = {ay,ay,a5}. Consider the RSCF, say ¢, given in Table 2. It
can be verified that ¢ is tops-only and strategy-proof . We show ¢ is not uncompromising. Con-
sider the outcomes ¢(a1apa3a4as, a1aa3a4a5) = (.3,.2,.2,.1,.2) and ¢(a1a2a3a4a5, a,a1a4a305) =
(.2,.3,.1,.2,.2). Here, agent 2 changes his top from a; to a;, but the probabilities of a3 and a4 are

changed. Hence, ¢ is not uncompromising.

In view of Example 3.1, we look for an additional condition on top-rich domains to ensure
uncompromisingness for the tops-only and strategy-proof RSCFs. We show in our next theorem
that top-connectedness is one such condition. More formally, we show that if a top-rich domain
satisfies top-connectedness, then every tops-only and strategy-proof RSCF defined on it is un-
compromising. We further show that such a rule assigns a fixed probability to the top-set of the

domain.
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1 2 1102030405 (01040305 Apa5a1a4a3 (502010304

mayazagds | (3,.2,2,.1,2)1(2,3,.1,2,2) 1 (2,3,1,2,2) | (2,2,2,1,3)
mmagsas | (3,.2,2,.1,2)1(2,3,.1,2,2) 1 (2,3,.1,2,2) | (2,2,1,2,3)
masaags | (3,.2,2,.1,2)1(2,3,1,2,2) 1 (2,3,1,2,2) | (2,2,1,2,.3)
asmmazay | (3,.2,2,.1,2)1(2,3,.1,2,2) 1 (2,3,1,2,2) | (2,2,1,2,.3)

Theorem 3.4. Let D be a top-rich domain satisfying top-connectedness and let ¢ : D" — AA be a
tops-only and strategy-proof RSCF. Then,

(i) @ is uncompromising,
(ii) there exists 0 < o < 1 such that (pT(D)(PN) =« for all Py € D", and
(iii) @c(PN) = @c(Py) forall Py, P, € D" and all c € A\ (D).

The proof of this theorem is relegated to Appendix D.
Now, we provide a characterization of the tops-only and strategy-proof RSCFs on top-rich

domains satisfying top-connectedness.

Theorem 3.5. Let D be a top-rich domain satisfying top-connectedness and let ¢ : D" — AA be an
RSCEF. Then, ¢ is tops-only and strategy-proof if and only if it is a convex combination of GTM rules and

non-top constant rules.

The proof of this theorem is relegated to Appendix E.

4. APPLICATION
In this section, we demonstrate the applicability of our results in characterizing the unanimous

and strategy-proof random rules on some well-known domains.

4.1 SINGLE-PEAKED DOMAINS

As discussed earlier, many domains of practical importance satisfy single-peakedness property.
Ehlers et al. (2002) characterize the unanimous and strategy-proof RSCFs on maximal single-

peaked domains as fixed-probabilistic-ballots rules, and Peters et al. (2014) show that such an
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RSCF is a convex combination of min-max rules. In what follows, we characterize all single-
peaked domains where every unanimous and strategy-proof RSCF is a convex combination of

min-max rules. We call such domains regular random min-max domains.

4.1.1 REGULAR RANDOM MIN-MAX DOMAINS

We begin with the formal definition of regular random min-max domains.
Definition 4.1. A domain D is called a regular random min-max domain if
(i) D isregular,
(ii) every random min-max rule on D" is strategy-proof, and
(iii) every unanimous and strategy-proof RSCF on D" is a random min-max rule.

Now, we introduce the notion of a weakly top-connected single peaked domain. Two pref-
erences P, P’ € D are called weakly top-connected if P = ab...and P’ = ba... for some a,b € A.
Note that P and P’ might have different orderings over the alternatives other than their top two

alternatives.

Definition 4.2. A domain D is called a weakly top-connected single peaked domain if D is a sing]le-
peaked domain and for all 1 < j < m, there exist P € D%, P’ € D"+ such that P and P’ are

weakly top-connected.
REMARK 4.1. A weakly top-connected single-peaked domain trivially satisfies Condition (i) in
Definition 2.8.

Our next theorem provides a characterization of regular random min-max domains.

Theorem 4.1. A domain is a regular random min-max domain if and only if it is a weakly top-connected

single-peaked domain.

Proof. (If Part) Let D be a weakly top-connected single-peaked domain. We show that D is a
regular random min-max domain. By Remark 4.1, D satisfies Condition (i) in Definition 2.8.
Moreover, since D is single-peaked, Condition (ii) in Definition 2.8 is also satisfied. Therefore, D

is a top-rich domain with (D) = A. So, by Theorem 3.2, D is a regular random min-max domain.
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(Only-if Part) Let D be a regular random min-max domain. Then, by definition, D is a TRM
domain with 7(D) = A. Therefore, by Lemma 3.1, D is single-peaked. We show D is weakly
top-connected. Assume for contradiction that for some j < m, there do not exist P, P’ € D such
that P = aja;;1 ... and P’ = a; qa;.... Without loss of generality, assume that r2(P) # a1 for all
P € D". Since D is single-peaked, this means j # 1 and r2(P) = a;_; for all P € D". Consider
the DSCF f on D" as follows:®

7’1(P1) lf 7’1(P1) 75 LZ]',
f(PN) = a; if 1 (Pl) = aj and Lljpzﬂ]'_l,

aj_1 otherwise.

It can be verified that f is unanimous and strategy-proof. We show that f is not a min-max
rule. In particular, we show that f is not uncompromising. This is sufficient as every min-max
rule is uncompromising. Let Py € D" be such that r1(P,) = a;. Then, by the definition of f,
f(Pn) = aj_y whenr{(Py) = aj, and f(P], P_1) = aj;q when r{(P]) = a;11. This clearly violates

uncompromisingness for agent 1. This completes the proof of the only-if part. |

4.1.2 STRATEGY-PROOF AND TOPS-ONLY RANDOM RULES

In this subsection, we provide a characterization of the tops-only and strategy-proof RSCFs on
top-connected single-peaked domains. First, we show by means of an example that weakly
top-connected single-peaked domains do not guarantee uncompromisingness for the tops-only

and strategy-proof RSCFs on those domains.

Example 4.1. Let the set of alternatives be A = {ay,ay,a3, a4} with prior order a; < ... < a4.
Consider the domain D = {ayayazay, aya1a3ay, axa3a1ay, azarasay, Azagdody, A4dsdody b. It can be
easily verified that D is a weakly top-connected single-peaked domain. Consider the RSCF, say
@, given in Table 3. It is left to the reader to verify that ¢ is tops-only and strategy-proof . We
show that ¢ is not uncompromising. Consider the outcomes ¢(a1a2a3a4, azazaias) = (.3,.3,.2,.2)
and @(ayazasay, azazasa;) = (.2,.2,.3,.3). Here, agent 2 changes his top from a4, to a3, but the

probabilities of a4; and a4 are changed. Hence, ¢ is not uncompromising.

In view of Example 4.1, we strengthen weak top-connectedness by requiring top-connectedness.

®Here D satisfies the unique seconds property defined in Aswal et al. (2003) and the SCF f considered here is
similar to the one used in the proof of Theorem 5.1 in Aswal et al. (2003).
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preferences.

A1a20304 Ar010a304 AxA30104 a3dra40q a3agdyaq 4030707
mayazay | (3,3,2,2)(3,3,2,2)1(3,3,2,2)](2.2,.3.3)[(22,.3.3)](22,3.23)
majazay | (3,3,2,2)(3,3,2,2)1(3,3,2,2)](2.2,.3.3)[(22,.3.3)](22,3.23)
mazaay | (3,3,2,2)(3,3,2,2)1(3,3,2,2)](22.3,.3)[(2.2,.3.3)](223.23)
maaga; | (3,3,2,2)](3,.3,2,.2)1(3,3,2.2)[(22,3.3)](2.2.3,3)](2.23,3)
magapny | (3,3,2,2)((3,3,2,2)1(3,3,2,2)](2.2.3,.3)[(2.2,3.3)](2.2,3.23)
agazapny | (3,3,2,2)(3,3,2,2)1(3,3,2,2)(2.2,.3,.3) (22,33 ](2.2,3.23)

Table 3

7

4.2 SINGLE-CROSSING DOMAINS

crossing domain D such that D C D.

’For details see Saporiti (2009).
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[a < b,P <P, and bPa] = bP'a.

constant rule on such domains. This yields the following corollary.

Clearly, a top-connected single-peaked domain is a top-rich domain satisfying top-connectedness.

Moreover, such a domain is regular by definition. Therefore, there does not exist any non-top

Corollary 4.1. Let D be a top-connected single-peaked domain and let ¢ : D" — A A be an RSCFE. Then,

@ is tops-only and strategy-proof if and only if it is a convex combination of generalized min-max rules.

In this subsection, we introduce the notion of single-crossing domains and provide a characteriza-

tion of the unanimous (tops-only) and strategy-proof RSCFs on these domains.

Definition 4.3. A domain D is called a single-crossing domain w.r.t. an ordering < over D if for all

a,b € Aandall P,P' € D,

A domain is called single-crossing if it is single-crossing w.r.t. some ordering over the domain.

Definition 4.4. A single-crossing domain D is called maximal if there does not exist a single-

REMARK 4.2. A maximal single-crossing domain with m alternatives contains m(m —1)/2 +1

Definition 4.5. A domain D is called a successive single-crossing domain if there is a maximal
single-crossing domain D w.r.t. some ordering <, and P/,P” € D with P’ < P” such that

D={PecD|P <P<P'}




The notion of a successive single-crossing domain is introduced in Carroll (2012). In the
following example, we present a maximal single-crossing domain and a successive single-crossing

domain with 5 alternatives.

Example 4.2. Let the set of alternatives be A = {ay,ay, a3, a4,as} with prior order a; < ... < as.
Consider the domainf) = {a1a2a3a4a5, ana1as3a40as5, A203A410405, A203040105, A204030105, A4020301045,
400030501, A403020501, 4403050201, A405030241, A504430241 . Then, D is a maximal single-crossing
domain w.r.t. the ordering < over D given by ayasa3a4a5 < axaiasza,as < axazaauas < apazagdids <
arasazaids < aqdpazaids < Ag0pa3d0s501 < Aqa03020507 < 4443050201 < (4050302017 < 0A50403024071.
Note that the cardinality of A is 5 and that of D is 5(5 —1)/2 + 1 = 11. Now, consider the domain
D = {ayaxa3a4as5, a20143a4a5, 43010405, A2a3a441a5}. Then, D is a successive single-crossing

domain.

Our next lemma shows that every successive single-crossing domain is a top-rich domain

satisfying top-connectedness.

Lemma 4.1. Let D be a successive single-crossing domain. Then, D is a top-rich domain satisfying

top-connectedness.

Proof. Let D be a successive single-crossing domain. Then, by the definition of successive single-
crossing domain, there is a a maximal single-crossing domain D w.r.t. some ordering < such
that D = {P € D | P < P < P} for some B, P € D with P < P. Suppose ©(D) = {by, ..., b}.
We show that forallj =1,2,...,k—1, thereare P € DY% and P’ € D+ such that P ~ P'. Take
bj,bj+1 € T(D) and take P € D% and P € D'i+1. Since b;Pb;1, bj41Pb;, and b; < bj1, it follows
from the definition of single-crossing domain that P < P. Using a similar argument, P’ < P
foralll < j,and P > P foralll > j+ 1. Therefore, there must be P € D% and P’ € D'+ that
are consecutive in the ordering < meaning that there is no P” € D with P < P” < P’. We show
P ~ P'. Suppose not. Let a be the alternative such that aP!b;, ;. Consider the preference P” that
is obtained by switching the alternatives a and b;,1 in P, i.e., P"VP = {(a,bj41), (bj+1,4)}. We
show P” ¢ D. In particular, we show that P” « P and P’ £ P”. This is sufficient since P and P’
are consecutive in the ordering <. Suppose P” < P. Since aPb;,1, P < P', and b; 1 P'a, by the
single-crossing property of D, it must be that a < b;,1. However, because bj,1P"a and aPbj,,
this contradicts P” < P. Now, suppose P’ < P". Since P < P’, there must be a pair of alternatives

¢, d with ¢ < d such that cPd and dP’c. Moreover, because P and P’ are not top-connected, it must
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be that {c,d} # {a, bj+l}. Since ¢ < d, dP'c, and P’ < P”, by the single-crossing property of D,
we have dP”c. However, by the construction of P”, we have cP"d, a contradiction. Thus, we
have P” ¢ D. However, this means D U P” is a single-crossing domain w.r.t. the ordering <’
over D U P”, where <’ is obtained by placing P” in-between P and P’ in the ordering <, i.e., <’
coincides with < over D and P <’ P” <’ P'. This contradicts that D is a maximal single-crossing
domain. Therefore, P ~ P’.

Now, we show that U(bs, P’) N U(bs, P’) = {bs} for all ¥ < s < t and all P, P’ ¢ D.
Assume for contradiction that a € U(bs, Pb’) N U(bs, be) for some a # bs. Take P € D. Using
a similar argument as before, we have P < P’ < P, Because a € U(bs, P’) N U(bs, PY), we
have aP?bs, b,PPa, and aP%b,. Now, if a < b, then by the single-crossing property of D, bsPbsa
and PVs < pb together imply bsP%a, a contradiction. On the other hand, if bs < a, then by the
single-crossing property of D, aP”bs and P < P% together imply aP%bs, a contradiction. This
completes the proof. [

Our next two corollaries characterize the unanimous (tops-only) and strategy-proof RSCFs on
successive single-crossing domains. Note that if a domain D satisfies Condition (ii) in Definition
2.8, then any subdomain (i.e., subset) of D also satisfies the same. Moreover, if a domain satisfies

top-connectedness, then it satisfies Condition (i) in Definition 2.8.

Corollary 4.2. Let D be a subset of a successive single-crossing domain satisfying Condition (i) in
Definition 2.8 and let ¢ : D" — A A be an RSCFE. Then, ¢ is unanimous and strategy-proof if and only if
it is a TRM rule.

Corollary 4.3. Let D be a subset of successive single-crossing domain satisfying top-connectedness and
let ¢ : D" — AA be an RSCF. Then, ¢ is tops-only and strategy-proof if and only if it is a convex

combination of GTM and non-top constant rules.

4.3 SINGLE-DIPPED DOMAINS

In this subsection, we introduce the notion of single-dipped domains and present a characteriza-
tion of the unanimous (tops-only) and strategy-proof RSCFs on these domains. We begin with

the formal definition of single-dipped domains.

Definition 4.6. A preference P is called single-dipped if P has a unique minimal element d(P), the
dip of P, such that for alla,b € A, [d(P) R a <borb <a =< d(P)] = bPa. A domain is called
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single-dipped if each preference in it is single-dipped.

A single-dipped domain vacuously satisfies Condition (ii) in Definition 2.8. Therefore, a
single-dipped domain satisfying Condition (i) in Definition 2.8 is a top-rich domain. This yields

the following two corollaries.

Corollary 4.4. Let D be a single-dipped domain satisfying Condition (i) in Definition 2.8 and let ¢ :
D" — AA bean RSCF. Then, ¢ is unanimous and strategy-proof if and only if it is a TRM rule.

Corollary 4.5. Let D be a single-dipped domain satisfying top-connectedness and let ¢ : D" — AA be
an RSCF. Then, ¢ is tops-only and strategy-proof if and only if it is a convex combination of GTM and

non-top constant rules.

4.4 BINARY-RESTRICTED DOMAINS

The notion of binary-restricted domains is introduced in Peters et al. (2017). However, their notion
is based on weak preferences, i.e., preferences with indifferences. For the sake of completeness,

we present below the definition of binary-restricted domains for strict preferences.
Definition 4.7. A domain D is called a stricly binary-restricted domain if |T(D)| = 2.
The following corollaries are an immediate consequence of Theorem 3.2 and Theorem 3.5.

Corollary 4.6. Let D be a strictly binary-restricted domain satisfying Condition (i) in Definition 2.8 and
let ¢ : D" — AA be an RSCF. Then, ¢ is unanimous and strategy-proof if and only if it is a TRM rule.

Corollary 4.7. Let D be a strictly binary-restricted domain satisfying top-connectedness and let ¢ : D" —
A A be an RSCFE. Then, ¢ is tops-only and strategy-proof if and only if it is a convex combination of GTM

and non-top constant rules.

4.5 QOTHER DOMAINS

In this subsection, we present a class of top-rich domains that are neither single-peaked nor
single-dipped nor single-crossing domains. In order to illustrate the practical significance of
such domains, let us consider a public good location problem of the following type. Suppose
that there are ten available locations by, ..., bs,cq, . .., c5 to locate a public good amongst which

only by, ..., bs are the residential areas. Assume that the agents base their preferences over the
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locations on some type of distances (geometric/traffic or so). Suppose further that the ties are
broken on both sides. Naturally, the top-alternative in any such preference can only be one of
the locations by, ..., bs. Figure 1 presents the communication graph together with the distances

between the locations, and Table 4 presents the domain that is based on the graph in Figure 1.

@)
D ©

3.3
2.7
2.5
2 2 2 2
2.9
2.3
@Z\
Figure 1

Table 4
It is fairly straightforward to verify that the domain in Table 4 is a top-rich domain satisfying
top-connectedness. This yields the following corollaries.

Corollary 4.8. Let D be the domain in Table 4 and let ¢ : D" — A A be an RSCEF. Then, ¢ is unanimous
and strategy-proof if and only if it is a TRM rule.

Corollary 4.9. Let D be the domain in Table 4 and let ¢ : D" — A A be an RSCF. Then, ¢ is tops-only

and strategy-proof if and only if it is a convex combination of GTM and non-top constant rules.
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4.6 DETERMINISTIC EXTREME POINT PROPERTY

In this subsection, we introduce the notion of deterministic extreme point property and show that

top-rich domains satisfy this property.

Definition 4.8. A domain D is said to satisfy deterministic extreme point property for unanimous
(tops-only) and strategy-proof RSCFs if every unanimous (tops-only) and strategy-proof RSCF on
D" can be written as a convex combination of unanimous (tops-only) and strategy-proof DSCFs

on D".
The following two corollaries are obtained from Theorem 3.2 and Theorem 3.4.

Corollary 4.10. Top-rich domains satisfy deterministic extreme point property for unanimous and strategy-

proof RSCFs.

Corollary 4.11. Top-rich domains satisfying top-connectedness satisfy deterministic extreme point prop-

erty for tops-only and strategy-proof RSCFs.

5. GROUP STRATEGY-PROOFNESS

In this section, we consider group strategy-proofness and provide a characterization of the
unanimous (tops-only) and group strategy-proof RSCFs on top-rich domains. We begin with the

formal definition of group strategy-proofness.

Definition 5.1. An RSCF ¢ : D" — AA is group strategy-proof if for all non-empty coalitions
C C N, all Py € D", and all P- € DI, thereis i € C such that forall x € A

Y. oy(Pn)> ). ¢y(PCP_c).
yel(x,p) yel(x,p)

Group strategy-proofness implies that, whenever a non-empty coalition of agents misreport
their preferences, there is an agent in that coalition who does not strictly benefit from the misrep-

resentation.

REMARK 5.1. A convex combination of some unanimous (tops-only) and group strategy-proof

DSCFs is a unanimous (tops-only) and group strategy-proof RSCF.

Theorem 5.1. Let D be a top-rich domain. Then, an RSCF ¢ : D" — AA is unanimous and group
strategy-proof if and only if it is a TRM rule.
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Proof. (If Part) A TRM rule is unanimous by definition. Therefore, in view of Remark 5.1, it
is sufficient to show that each TM rule is group strategy-proof. Let f be a TM rule. Define
f"+ (Dlyp))" — Asuch that f'(Py|r(py) = f(Pn). By Remark 2.3, " is well-defined. Because
D|(p) is single-peaked and f " is a min-max rule on (Dlz(py)", it follows from Barbera et al. (2010)
that f’ is group strategy-proof. By the definition of f’, this implies f is group strategy-proof. This
completes the if part of the proof.

(Only-if Part) Since every group strategy-proof RSCF is strategy-proof, the proof of this part

follows from Theorem 3.2. [ |

Theorem 5.2. Let D be a top-rich domain satisfying top-connectedness. Then, an RSCF ¢ : D" — AA
is tops-only and group strategy-proof if and only if it is a convex combination of GTM rules and non-top

constant rules.

Proof. (If Part) Since GTM rules and non-top constant rules are all tops-only, a convex combination
of those is also tops-only. Moreover, non-top constant rules are clearly group strategy-proof.
Therefore, in view of Remark 5.1, it is sufficient to show that each GTM rule is group strategy-

proof. Let f be a GTM rule. Define f' : (D|(p))" — A as in the proof of Theorem 5.1. Since f isa

GTM rule, f’ is a generalized min-max rule. Moreover, because D (D) 18 single-peaked and f !
is a generalized min-max rule on (D|(p))", it follows from Barbera et al. (2010) that f" is group
strategy-proof.® By the definition of f’, this implies f is group strategy-proof. This completes the
if part of the proof.

(Only-if Part) Since every group strategy-proof RSCF is strategy-proof, the proof of this part

follows from Theorem 3.5. [ |

6. CONCLUSION

In this paper, we have shown that an RSCF on a top-rich domain is unanimous and strategy-proof
if and only if it can be written as a convex combination of tops-restricted min-max rules. We have
also provided a characterization of all domains where an RSCF is unanimous and strategy-proof
if and only if it is a random min-max rule. Further, we have characterized the tops-only and

strategy-proof RSCFs on top-rich domains satisfying the top-connectedness property. Finally, we

8 Actually, Barbera et al. (2010) show that every min-max rule is group strategy-proof on the maximal single-
peaked domain. However, employing the same set of arguments, one can show that generalized min-max rules are
also group strategy-proof on the maximal single-peaked domains.
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establish the equivalence of strategy-proofness and group strategy-proofness on all the domains

we consider in this paper.

A. PROOF OF THEOREM 3.1

We present the proof of Theorem 3.1 in this section. First, we prove two lemmas that we use in

our proof. The following lemma establishes a crucial property of the top-rich domains.
Lemma A.1. Let D be a top-rich domain. Then, D|(p is single-peaked.

Proof. Let D be a top-rich domain with ©(D) = {by,...,b}. We show that D|,(p) is single-
peaked. Without loss of generality, assume for contradiction that there exists P € D such that
r1(P) = b; and by Pb; for some ,I' with I’ < | < j. Take P’ € D Then, by C U(b;, P) N U(b;, P'),

which is a contradiction to Condition (ii) in Definition 2.8. This completes the proof. u

In the following, we prove a technical lemma that we use repeatedly in the proof of Theorem

3.1.

Lemma A.2. Let D be a domain and let ¢ : D" — A A be a unanimous and strategy-proof RSCFE. Let
Py € D", P! € D, and B C A be such that P;|p = P/|g and ¢,(Pn) = ¢4(P], P_;) forall a ¢ B. Then,

¢(Pn) = @(P/, P_;).

Proof. Suppose not. Let b € B be such that ¢,(Pn) # ¢,(P!, P_;) and ¢,(Pn) = ¢.(P/, P_;) for
all a € B with aP;b. In other words, b is the maximal element of B according to P; that violates
the assertion of the lemma. Without loss of generality, assume that ¢, (Py) < ¢,(P/, P_;). Since
¢c(Pn) = @c(P;, P_;) forall c € U(b, P;) \ b, this means ¢y, p,)(Pn) < @u,p,)(P;, P-;). Hence,

agent i manipulates at Py via P/, which is a contradiction. n
Proof of Theorem 3.1

SKETCH OF THE PROOF. We prove the theorem by using the method of induction. We start with
the base case n = 1. The theorem follows trivially for this case. Assuming that the theorem holds
for all sets with k < n agents, we proceed to prove it for n agents. First, we consider the set of
profiles D" = {Py € D" | P; = P} where agents 1 and 2 have the same preference. Since the
restriction of ¢ to D" induces a unanimous and strategy-proof RSCF on D", by the induction

hypothesis, we claim that the theorem holds for the restriction of ¢ to D", i.e., ¢-(p)(Pn) =1 for
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all Py € D" and ¢ restricted to D" is uncompromising (in a suitable sense). Next, we show that
the same holds for the profiles where agents 1 and 2 have the same top alternative. Finally, in
order to prove the theorem for profiles where agents 1 and 2 have arbitrary top alternatives, we
use another level of induction on the ‘distance” between the top alternatives of agents 1 and 2.
The distance between two alternatives b; ], b; € T(D) is defined as I. Assuming that the theorem
holds for profiles where the distance between the top alternatives of agents 1 and 2 is less than /,
we prove it for the profiles where the said distance is I. By induction, this completes the proof of

the theorem.

Proof. We prove the theorem by using induction on the number of agents. Let D be a top-rich
domain with (D) = {b,..., b}

Let [N| = 1andlet ¢ : D — A A be a unanimous and strategy-proof RSCFE. Then, by unanimity,
¢-(p)(Pn) = 1forall Py € D, and hence ¢ satisfies uncompromisingness.

Assume that the theorem holds for all sets with k < n agents. We prove it for n agents. Let
IN| = nand let ¢ : D" — AA be a unanimous and strategy-proof RSCFE. Suppose N* = N\ {1}.
Define the RSCF g : D1 5 AA for the set of voters N* as follows: for all Py« = (P, Ps,...,
p,) e D",

g(PZ/PB/---/Pn) - ¢(P21P2/P3/P4/---1P7’1)-

Evidently, g is a well-defined RSCF satisfying unanimity and strategy-proofness (See Lemma 3
in Sen (2011) for a detailed argument). Hence, by the induction hypothesis, g(p)(Pn+) = 1 for all
Py+ € D"~1 and g satisfies uncompromisingness. In terms of ¢, this means ¢-(p)(Pn) = 1forall
Py € D" with P; = P5. In the next lemma, we show that ¢(p)(Py) = 1 and ¢ is tops-only over

all profiles Py where agents 1 and 2 have the same top alternative, i.e., r1(Py) = r1(P2).

Lemma A.3. Let Py, P, € D" be two tops-equivalent profiles such that Py, P, € DY% for some b; € T(D).
Then, ¢.(p)(Py) = 1and p(Py) = (P).

Proof. Note that since g is uncompromising, g satisfies tops-onlyness. Because g is tops-only
and P;, P, € D%, we have §(P1,P_112y) = g(P2, P_y1,y), and hence ¢(Py, P, P_g15y) = ¢(P,
Py, P_g15y). We show @(Py, Py, P_151) = @(P1, P1, P_y15)). Using strategy-proofness of ¢ for
agent 2, we have @y, p)(P1, P, P_f10y) > @uep,)(P1, Py, P_(12y) for all x € A, and using
that for agent 1, we have @y, p)(P1, P2, P_{12}) 2 @u(x,p) (P2, P2, P_{15y) for all x € A. Since
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@(P1, P, P_g15y) = @(P2, P2, P_yq51), it follows from Remark 2.1 that ¢(Py, Py, P_15) = @(Py,
Py, P_yy5y). Using a similar logic, we have qo(P{,Pl’,P’_{Lz}) = ¢(P], P}, Pl—{l,Z})' Because g is
tops-only and Py, Py are tops-equivalent, we have g(Py, P_;q5y) = g(P, P" {1/2}). This means
@(P1, P, P_(19)) = (p(P{,P{,PL{1/2}), and hence ¢(Py, P2, P_15y) = ¢(Py, P;, Pi{1,2})' Moreover,
as ¢r(py(P1, P1, P_{15y) = 1, it follows that ¢(p)(P1, P2, P_12y) = 1. [

Lemma A.4. Let Py, P, € D" be such that Py, P, € D% and P}, P} € D%+ forsome1 < j<j+1<k,
and r1(P;) = r1(P}) forall i # 1,2. Then, ¢,(Pn) = @p(Py) forall b & [bj, b]'—l—l]T(D)'

Proof. Note that because g is uncompromising and g.(p)(Pn+) = 1 for all Py« € D1, ¢, (P,
P_t15y) = 8p(P}, P_12y) forall b & [bj, bji]+(p). Moreover, since g is tops-only and r1(P;) =
ri(P;) foralli € {3,4,...,n}, we have g(P|,P_15)) = g(P{,P’_{1 2}). By the definition of g,
§(PL,P_(12y) = (P, P1,P_g10y) and g(P[,P_(12y) = @(P[, P, P_(12)). Asri(P1) = ri(P2)
and r1(P;) = r1(P;), Lemma A.3 implies ¢(P1, P2, P_{15,) = @(P1,P1,P_{15)) and @(Py, Py,
P/—{l,z}) = q)(Pl’,P{,P’_{LZ}). Combining all these, we have ¢(Py, P2, P_yq2y) = @(Py}, P, P/—{l,z})
forall b % [b], bj+l]T(D)' [ |

Lemma A.5. Let Py, P\, € D" be such that Py, P,, P| € DY and P e DY+t and r1(P;) = r1(P}) for all
i #1,2. Then, ¢.(PN) = @c(Py) forall ¢ & U(bjy, P;) NU(bj, Py).

Proof. By Lemma A.3, ¢(Py, P, P_ {1,2}) = ¢(P|,P|,P" {1’2}). Hence, it suffices to show that ¢.(P],
P{,P’_{Lz}) = ¢c(Py, P, Pl—{l,Z}) for ¢ ¢ U(bjyy, P) N U(bj, Py). We prove this for ¢ ¢ U(bj1, Py),

the proof of the same when ¢ ¢ U(bj, P;) follows from symmetric argument.

Take ¢ ¢ U(bjy;, P;). Note that by strategy-proofness of ¢,

Pue,r) (PL PL P 1 2y) = @uie,p) (PL Pa, Pl o)) = @uie,pr) (Po Pos Py 5y).

Moreover, by Lemma A .4, (pb(P{,P{,P’_{LZ}) = ¢p(P5, Pé'Pl—{l,z}) for all b & [bj,bj1]¢(p), and
hence (pB(Pl’,P{,P’_{LZ}) = ¢p(P}, Pj, Pl—{l,Z}) for all B C A such that [bj, bj](p) C B. Since
cé¢ U(b]-+1, P{)and r1(P]) = b;, by the definition of top-rich domain, we have [bj, bj+l]r(D) C U(c,

Py), and hence ¢y, pr) (Py, Pf, Pi{1/2}) = Qu(c,p)(Py P, Plf{l,z})' Thus, we have

Pu(c,p)) (Py, Py, Pl_{1,2}) = Pu(c,p) (Py, Py, pl_{1,2})- (1)
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Let d be the alternative such that dP;!c. Then, [b}, bjyi](p) € U(d, P{), and hence

Pua,p) (PL PL P 1 0y) = @uapy (P Py Pl o). (2)

Subtracting (2) from (1), we have ¢.(Pj, P, P" {1’2}) = ¢c(P{, Py, P {1,2}), which completes the

proof of the lemma. [ |

Lemma A.6. Let PYiti+1, PYi+ihj € D be such that U(b;, PYPi+1)vU (b, PYi+1%) C ©(D) for all b, €
T(D). Then, foralli € N and all P_; € D" 1,

[@r(py(PY171%1,P_y) = 1] => [y (p)(PU11, P_j) =1].

Proof. Suppose not. Let P%?i+1 and PY%+1¥i be as defined in the lemma. Let c € A\ 7(D) be
the highest ranked alternative in PYi+1%j that receives positive probability at ¢(P%+4i, P_}), i.e.,
@c(PY%, P_) > 0 and ¢ (PY+1, P_;) = 0 foralld € A\ (D) such that dPi+1ic.

First, we show U(c, P%ti+1) N t(D) = U(c, P%i+%) N t(D). Suppose not. Then, without loss of
generality, there exists b € T(D) such that b € U(c, PYi+1) \ U(c, P%+1%i). However, this means
¢ € U(b, Pi+%i) and ¢ ¢ U(b, PYbi+1), and hence ¢ € U (b, PYPi+1)vU (b, PPi+1%). Since ¢ ¢ (D),
this contradicts the assumption of lemma.

Next, we show @g (P%Pi+1,P_;) = @g(PU+1hi,P_;), where B’ = U(c, PY%i+1) N 1(D). As-
sume for contradiction that @g (PYi+1, P_;) # @p(P%+%, P_;). Suppose @g (P%Pi+1,P_;) <

p/ (P17, P_;). Since @y(p)(P""it1,P_;) = 1, we have P, PUbit, P_y) = g (P,

(c, P17 1) (
P_;). Therefore, agent i manipulates ¢ at (P?i+1, P_;) via P%+"%. Now, suppose @g (P%?i+1,
P_) > ¢p (Pbi+1%, P_}). Let d be the alternative such that dP%+1ilc. Then, by our assumption

biii,b; i bii1,b; . . bii1,bi .
onc, (Pu(d,beH’bf)(P 1%, P_;) = @p/(P”+17i, P_;). Hence, agent i manipulates at (P”+1i, P_;) via
phitis,

Now, we complete the proof of the lemma. Since c is the highest ranked alternative in

A\ 7(D) that receives positive probability at ¢(P+1%j, P_;), it follows that Pure P +1)(be“’bf ,

P_;) = @c(P"+1%, P_;) 4+ g (PYi+1hi, P_;). Moreover, since @p (PY4it1, P_;) = qg (Pb+1bi, P_))

and goT(D)(PbJ"bJ'H,P,i) =1, we have qoB/(be’bf“,P,i) =9, (Pbibiv1, p_)). Combining all

(c, P17+ 1)

these, we have ¢, Pli+1bj ,P_;) > P, be'bf“, P_;), which means i manipulates

(e P (e ptiti

at (PYi+1, P_;) via PY+1%i, a contradiction. This completes the proof of the lemma. u
To simplify notation for the following lemma, for j < I, we define the distance from b; to b]-,
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denoted by by — bj, as I —j.

Lemma A.7. The RSCF ¢ is tops-only and ¢(py(Py) = 1 for all Py € D".?

Proof. We prove this lemma by using induction on the distance between the top alternatives of
agents 1 and 2.

Take 0 < I < k —1. Suppose ¢,p)(Pn) = 1 and ¢(Py) = ¢(Py) for all tops-equivalent
profiles Py, Py € D" with |r1(Py) — r1(P1)| < 1. We show ¢(p)(Py) = 1 and ¢(Py) = ¢(Py) for
all tops-equivalent profiles P{, P}, € D" with |r1(P}) — r1(P])| =1+ 1.

Let Py, P, be such that P;, P] € Db, p, € DU, P} € Dbi+i+1, and r1(P;) = r1(P}) for all
i #+ 1,2. Further, let P, = Pbitit1 Py = pbi=ibi P, = pbittbitie1 and P, = Pli++1bi+ be such that

U(by, B)vU(b;, P;) C T(D) foralli = 1,2 and all b; € 7(D). Note that such preferences exist by
the definition of top-rich domain. Then, by the induction hypothesis, ¢(Py) = ¢(P], P, P {1 2}).

Now, we prove the following claims.

Claim 1. goT(D)(Pl,PZ, P/—{l,z}) =1land ¢(P,, P, P,—{l,z}) = ¢(P{, P, P’ "o, 2}) ¢(Py, P, P’ ", 2})
By the induction hypothesis, @T(D)(P{,Isz, Pi{l,z}) =1land ¢(Py) = ¢(P,, P, 7{1,2}) = ¢(P],

b, P {1 2}) Let P/ € {P;,P;}. By Lemma A5,

and
oc(P{, PY, PL{1,2}) = ¢c(P{, Py, PL{Lz}) forallc ¢ U(bj+l+1,P{') NU(bj, Po). (4)

As r1(Py) — r1(P)) < I, it follows from the induction hypothesis that ¢-(p) (P, Py, P’ " 2})
¢=(p)(PY, P, P’ "a, 2}) = 1. Since U(bj,, P) N U(bj, P,) N (D) = [bj, bi11lz(p), (3) implies

b (Py, P, Pi{l,Z}) = ¢p(P, D, Pi{l,z}) forall b & [bj, bjy1]r(p).- (5)

b+, and ¢-(p) (P, P, P {12}) = 1, by Lemma

Moreover, since P, = PU+biviv1 P, = pbivi+s
A6, r(p py(Py, Py, P! "n, 2}) = 1. This, in particular, means QOT(D)(PLPz, " 2}) — 1. Because

U(bjt111, P') N UL}, P) N T(D) = [bj, bj1141]¢(p), (4) implies

9 Chatterji and Zeng (2015) provides a sufficient condition for a domain to be tops-only for RSCFs. However,
top-rich domains do not satisfy their condition.
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¢u(P{, P, PLy10y) = @u(P, P2, PLyy ) forallb & [b),byyii1lo(p). (6)

Combining (5) and (6), ¢,(P;, P>, P’ " 2}) ¢p(P{, Dy, P’ " 2}) forall b & [bj, bj,141]¢(p)- Since

P, = PU+bisiit and Py = PUt1bj+, we have by strategy-proofness that Plbj1bisrs (P , by,

*{12}) P11, b]+l+1}(P1 /P, P {1 2}) LetB' = [b jr j+l+1]T(D) \ {ijrlr j+l+1}- Then, GDB’(Pl P,
P’_{1 2}) = ¢p/(P{, P, P’ a, 2}) Note that by Lemma A.1, P;|p = P,|p. Therefore, by Lemma
A2,

Pu(Pl', Po, Pl (1 1) = @u(Py, Po, P! (1 5)) forallb # byy, bjyypa. ()

By the induction hypothesis, q)(Pl,pz, P {1,2}) = go(Pl,Pz, ", 2}) Again, by Lemma A.l,
bj4iP1bj 111 and bj;Pibj .1, which means ¢(Py, P, _{1,2}) = ¢(Py, P, P’ " 2}) Using a similar

logic, ¢(Py, P>, P" {1/2}) = (P, P, P! " 2}) This completes the proof of Claim 1.

Claim 2. ¢ (Pj, P, P’ " 2}) ¢c(Py) forall ¢ & U(bji 41, Py) NU(bj, Py).

By (6), ¢p(Py, Py, P’ " 2}) @p(P], P, P’ " 2}) forallb & [bj, bjy141]<(p)- Since [bj, bjy111]+(p)
U(bjy141, P1) NU(bj, P;), we have ¢.(P;, Py, P’ " 2}) = ¢c(P], Py, P! “a, 2}) for all ¢ ¢ U(leH,
P{) N U(bj, Py). Moreover, by Lemma A.5, ?c(P{/P{,P/,{LZ}) pc(Py) for all ¢ ¢ U(bjyis1,
P{) N U(bj, ;). Hence, ¢.(Py, P,, P 7{1 2}) = ¢c(Py) for all ¢ ¢ U(bjy141,P) NU(bj, P;). This

completes the proof of Claim 2.

Claim 3. gl)b(Pl, Pz, {1 2}) (pb(PII\]) forall b € [b], bj+1+1] (D)

First, we show ¢y, (P, b, P {1 2}) ¢p;(Py)- By Claim 1, @(P{, P, P" a 2}) ¢(Py, P, P’ " 2})
Moreover, as r1(P;) = r1(P]) = bj, by strategy-proofness, q)b].(Pl, P, P a 2}) P (Py)- Combin-
ing, we have ¢y, (P], P, Pl—{1,2}) = o1, (PN)-

Now, we complete the proof of Claim 3 by induction. Take s < [ 4+ 1. Suppose Po;., (P], Dy,
P’_{LZ}) v, (Py) forall0 < r < s. We show ¢, (P], D, P’ "a, 2}) = @p,,,.,(Py). We show
this in two steps. In Step 1, we show that if an alternative outside 7(D) appears above bj 1 in
the preference P], then it receives zero probability at ¢(Py;). In Step 2, we use this fact to complete

the proof of the claim.

STEP 1. Take ¢ € A\ 7(D) such that cPbj 1. We show ¢.(P};) = 0. Assume for contradiction

that ¢ (Py;) > 0. Since cP;bj, 1, by the definition of top-rich domain, we have b; 1 P;c. Let
t €{2,...,k—j—I} besuchthat U(bjisi1, P3) N T(D) = [bjysi1, bjri1]e(p) U Djir2, bjs i) e(p)-
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By Claim 1, P(D )(Pl, P, P {1 2}) =1, and hence

I 5 Dl . I 5 Dl I'B5 Dl
PU(bj15:1,P) (P1, P2, P—{LZ}) = Plojisr1bj141)2(p) (P1, P2, P—{LZ}) + Plojs112b144)2(p) (P1, P2, P—{LZ})
. I B pl I B pl
=1- ¢[b1,bj+s]r(p) (P1, Pa, P—{l,Z}) - q)[bj+l+t+1rbk]T(D) (P1, Py, P—{1,2})'
(8)

By Claim 2, ¢y, (P;, P>, P’ ", 2}) ¢y, (Py) foralli € [1,j —1]U [j+ 1+t +1,k], and by the assump-
tion of Claim 3, ¢, (P{,Pz, " 2}) = o@p,(Py) foralli € [j,j +s]. Combmmg all these, we have
Plovbjsslp) (Py, Py, P {1 2}) Plovbjsslep) (Py)and ¢, jr+ 410kl o(D (Pl’ Py, P {1 2}) Plojs14e0106(p) (Py)-
Note that the sets [b1, bjys|-(py, U(bjysi1,P3), [bj+l+t+1/bk]T(D)/ and {c} are pairwise disjoint.
Therefore, ¢, 4., . ) (Py) + Pu(byys:1,P3) (Py) + Plbj1+141.bcl (D) (PN) + ¢c(Py) < 1. Hence,

PuU(bjy511,P) (Py) <1- Plo1,bjss] o) (Pn) — Plojs11t41.06) vy (PN) — @c(Py)

= 1= P by (P P2 Pl ) = @by (PL P2 Pl 0y) — 9e(PR)-
9)

As ¢c(Py) > 0, (8) and (9) imply ¢y,

/
j+s+1rP2

) (P1, Py, PL{1,2}) > (PU(bj+s+1,Pﬁ)(PI/\l)' which means

agent 2 manipulates at P}, via P,, a contradiction. This completes Step 1.

STEP 2. In this step, we complete the proof of the claim. In view of Claim 1, it is sufficient to show
that gy, (P, P3, Pl 1) = @y, (PR)-

Suppose @y, (P, Py, P a 2}) > @, (Py)- I d € U(bjisy1, P) \ T(D), then by Step 1,
¢4(P{, P, P _{1 2}) = ¢4(Py), and by Claim 1, ¢,4(P;, P>, P’ " 2}) = ¢4(P1, Py, P’ " 2}) On the
other hand, if d € U(bjs41,P) NT(D) and d # bj,s11, which in turn means d = bj for some
i’ <j+s, then by Claim 2 and the assumption of Claim 3, ¢;(P;, P,, P" {112}) ¢4(Pyy). Also, by
Claim 1, ¢(P], P,, P {1 2}) ¢(Py, P, P’ " 2}). Combining all these, we have ¢,;(P;, P}, P’ " 2}) =
@4(Py) foralld € U(bj;s41,P) \ bj1s41. Therefore, Po,... (P, Py, P ", 2}) > ¢b,+s+1(PN) implies
PU(bj 11,7 (P, P}, P ", 2}) > PU(b.o 1P, 1) (Py), which means agent 1 manipulates at Py via py.

Now, suppose 90b,-+s+1(P1'P2' Plf{l,z}) < @b, (Py). By Claim 1, ¢ (p p)(P1, Py, P! "a 2}) = 1. Let
u < jbe such that U(bj, 511, P1) N T(D) = [bu, bj1s11]-(p)- Then, by the assumption of Claim 3,
¢p(P1, P, Pl—{l,Z}) = @p(Py) for all b € [bj, bj,s]-(py, and by Claim 2, ¢;,(Py, Py, P’_{1 2y) = op(PY)
forall b € [by,bj_1](p). Therefore, ¢y, (P, Py, P " 2}) < @y, (Py) implies ¢y o, ) (P,
P}, P {112}) < PU(bj,e1,7) (P), which means agent 1 manipulates at (P, P}, P" {1/2}) via P|. This
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completes the proof of Claim 3.

We are now ready to complete the proof of Lemma A.7. First, we show ¢.p)(Py) = 1. By
Claim 3, ¢, (P;, P», P! ", 2}) ¢p(Py) forall b € [bj,bj,141]¢(p)- By Claim 2, ¢, (P}, P, P! ", 2})
@p(Py) for all b € [by,bj 1]7(p) U [bj 4112, bi]¢(p). Combining, we have ¢ (p)(P], P2, P’ " 2})
¢=(p)(PY). Moreover, by Claim 1, ¢(py(P;, P2, P! " 2}) 1, and hence ¢(p)(Py) = 1.

Now, we show ¢(P};) = ¢(P}) for all tops-equivalent profiles P}, P}, € D". By Claim 1,
2,and 3, (P, P, P’ "a, 2}) = ¢(P,). Moreover, as P| € D' and P, € D++1, applying Claim
1, 2, and 3 to P}, we have ¢(P;, P, P’ " 2}) @(P};). Hence, to show ¢(P},) = ¢(P), it
is enough to show ¢(Py, P, P’ " 2}) = (P, b, P ", 2}) Recall that P, = PPi+i+1+1, Since
r1(P2) —r(P]) = land r(P) = rl(P-’) for all i # 1,2, by the assumption of Lemma A.7, we
have 90(131/ p2/ Pl_{1/2}) - GO(PL PZ/ {1 2}) AISO bY (7) (Pb(Pll PZ/ _{1 2}) - G%(Pl/ P2/ _{1 2})
forall b # bj,, bj, 141, which means ¢y, (P, P, 7{1/2}) @p(Py, B, P {1 2}) forall b # b1, bj 1141
Using a similar argument as for the proof of (7), it follows that ¢(P;, P,, P" 1 2}) = ¢(P,, P,
P/—{l,z}) for all b # bj,b;11, and hence o(Py, P, P’ ", 2}) = (P, P, P’ ", 2}) for all b # bj, bj 1.
Note that if I > 1, then ¢, (P, P, P a 2}) = @p(P, P, P’ " 2}) for all b € A. Therefore, we
show ¢(Py, P, P’ " 2}) = (P, P, P " 2}) for r1(P;) = b; and r1(P2) = bj.1. Because ¢y (P, P,
2y €D
we have ¢, (P, Py, P’ 5,) = ¢u(P1, P, P, P (123y) for all b # bj, b1 As ri(P3) = r1(B}),
by Lemma A.1, b;P3bj,1 if and only if bjpébﬁ-l- Therefore, if (pbA(Pl,Pz, P’ " 2}) + (pb.(Pl,pz,

P/—{l,z}) = @p(Py, P, P’ ", 2}) for all b # b;,bj,1 and all tops-equivalent P’ ", 2},

P3, P’ "y 3}) then agent 3 manipulates either at (P, P, P {1 2}) via P3 orat (P, D, P3, "y 3})
via P§. Hence, ¢(P;, P, P" a 2}) = ¢(Py, P, P}, P’ {1’2’3}). Continuing in this manner, we have
¢(Py, P, P a 2}) = ¢(Py, P, P’ " 2}) Therefore, ¢(P};) = ¢(P};) for all tops-equivalent profiles
P}, P; € D". This completes the proof of the lemma. |

Lemma A.8. The RSCF ¢ satisfies uncompromisingness.

Proof. We prove this in two steps. In Step 1, we provide a sufficient condition for uncompromis-

ingness, and in Step 2, we use that to prove the lemma.

STEP 1. We show that if forall j,j +1 € {1,...,k}, all P; = P%"+1 € D, all P/ = P'+bi € D, all
P_jand all b # [r1(P;), r1(P))],
(Pb(Pi/ P—i) = q)b(Pi// P—i)/ (10)

then ¢ is uncompromising.

29



Suppose (10) holds. Since ¢ is tops-only, (10) implies for all P; € DY, all P! e DY+, all P_;, and
all b ¢ [1’1 (Pi)/ r (Pz/)]’
q)b(PiIP—i) - gob(Pi//P—i)' (11)

Similarly, for all P; € D%+, all P! € D%+2,all P_;, and all b ¢ [ry(P;), 1 (P})],

GDb(Pi/P—i) = (Pb(pillpfi)' (12)
Combining (11) and (12), we have for all P; € DY, all P! € D"+2,all P_;, and all b ¢ [r1(P;),r1(P!)],

@ (P;, P_i) = ¢p(P!, P_;). Continuing in this manner, we have for all P;, P/ € D, all P_;, and all
b ¢ [r(Pi),r1(P)], ¢p(P;, P_;) = @p(P!, P_;), which means ¢ is uncompromising.

STEP 2. In this step, we show that ¢ satisfies (10). First, we show (10) for agent 1. Without
loss of generality, assume r1(P2) = b;;;. Note that by Lemma A.7, ¢, (p)(Pn) = 1. Therefore,
by Lemma A.5, ¢y(P1, P2, P_j15y) = @u(P2, P2, P_(1y) for all b ¢ [bj,bj11](p) and @y (P], Py,
P_112y) = ¢u(Po, P2, P_y19y) forall b ¢ [bjy1,bj11]c(p). This means ¢y (P1, P2, P_112y) = ¢p(Py,
Py, P_gqy) forall b & [bj,bj 1] (p). By strategy-proofness, GD{b]-,bM}(PlzPZz P_g1py) = (P{bj,bjﬂ}(P{z
Py, P_g1y) Let B' = [bj, bj11]z(py \ {bj, bj11}- Since Pi|p = P[|p, in view of Lemma A.2, we have
@u(P1, Pa, P_j19y) = @p(Pf, P2, P_15y) for all b # bj, b;y;. This proves (10) for agent 1. Using a

symmetric argument, (10) can be shown for agent 2. Therefore, by Step 1, we have
(Pb(Pi/ P—i) = q)b(Pl-/, P—i) for all P—i/ allb ¢ [1’1 (Pi)/ Vl(PiI)], and all i = 1,2. (13)

Now, we show (10) for agents i € {3,...,n}. Itis enough to show this for i = 3. If P; = P,, then
by the induction hypothesis, ¢} (P3, P-3) = g5(P1, P3, P_(123)) = &o(P1, P3, P_103y) = @u(P3,
P_3) for all P;,P; € D and all b ¢ [r1(Ps),r1(P;)]. Let ri(P;) = b, and r1(P>) = b,. Since
¢-(p)(Pn) = 1for all Py € D", it follows from Lemma A.5 that ¢, (Py, Py, P3, P_1531) = ¢p(P1,
Py, P3,P_fy3y) forall b & [by, byl (py and @y (P1, P1, P3, P_g153) = @p(P1, Pa, Py, P_153y) for all
b & [by, by]¢(p).- Combining all these, we have

@b(P1, Pa, Ps, P_153)) = @p(P1, Po, P3, P_1153y) forall b & [by, bglo(p) U [bj, bj1lep)-  (14)
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Also, by strategy-proofness,

@b b1} (P P2 Py, P(153)) = @0 0,,03 (P Pa, P3, Pg 23y). (15)

Now, we distinguish two cases.
Case 1. Suppose [p,q < j+ 1] or [p, g > j].
Let B = [by, bglr(p) \ (b, bj11]7(p)- Then, by (14) and (15), ¢p/(P1, P2, P3, P_j153)) = ¢p/(P1, P2,
P3, P_{1,3))- Since P3| = P3|p;, by Lemma A.2, 9y (P1, P2, P3, P_123y) = @p(P1, P2, P3, P_y153y)
for all b € B’. Therefore,

(Pb(Plz Pz, P3, P_{1,2,3}) = qu(Pl, Pz, Pé, P_{1/2/3}) forallb é {b], bj+1}. (16)

This completes the proof of the lemma for Case 1.

Case2. Supposep < j<j+1<qorg<j<j+1<p.

We prove the lemma for the case p < j < j+ 1 < g, the proof of the same for the case
q <j < j+1< pfollows from symmetric arguments. By (13), for all b & [b;, bgl(p), ¢u(P1,
Py, P3,P_(153)) = @p(P1, P, P3,P_{123)) and @y(P1, P, P, P_(123y) = @u(P1, Ps, Py, P_g123})-
Moreover, since 71 (Py) < bjy1, r1(P3) = bj and r1(P3) = bj4, it follows from (16) that ¢;,(Py, Ps,
P3,P_(123)) = ¢u(P1, P3, P3, P_f153y) forall b & [bj, bjy1]¢(p). Combining all these, ¢, (P, P2, P3,
P_t153y) = @u(P1, Po, P, P_g13y) forall b & [bj, b (p). By strategy-proofness, (p{b],/bjﬂ}(Pl,Pz,
P3, P_1123)) = @by} (P P2, Py, P_g193y). Let B' = [bj, bglo(p) \ {bj, bjs1}. Since P3| = P3|,
by Lemma A.2, we have ¢, (P1, Py, P3, P_{13,) = @u(P1, P2, P3, P_153y) forall b € B'. Hence,

Pb(P1, Pa, Ps, P_153)) = @p(P1, Po, P3, P_1193)) forall b & {bj, bj11},

which completes the proof of the lemma for Case 2.

Since Cases 1 and 2 are exhaustive, this completes the proof of Lemma A.8. n

Theorem 3.1 now follows by applying Lemma A.7 and Lemma A.8. |
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B. PROOF OF THEOREM 3.2

In this section, we present the proof of Theorem 3.2. Our proof uses the following theorem, which

is taken from Peters et al. (2014).

Theorem B.1 (Theorem 3(a) in Peters et al. (2014)). Let D be the maximal single-peaked domain.
Then, every tops-only and strategy-proof RSCF ¢ : D" — AA is a convex combination of tops-only and
strategy-proof DSCFs f : D" — A.

The following lemma establishes the structure of an uncompromising RSCF on a regular

single-peaked domain.

Lemma B.1. Let D be a reqular single-peaked domain and let ¢ : D" — /A A be uncompromising and

strategy-proof. Then, ¢ is a convex combination of the generalized min-max rules on D".1°

Proof. Note that since ¢ is uncompromising, by Remark 2.4, ¢ is tops-only. Let D be the maximal
single-peaked domain. Let ¢ : D" — A A be the tops-only extension of ¢ on D. More formally,
for all Py € D", $(Py) = ¢(Py), where Py € D" is such that Py, Py are tops-equivalent. This is
well-defined as ¢ is tops-only and D is regular. Since D is single-peaked and ¢ is uncompromising
and strategy-proof, ¢ is also strategy-proof. Hence, by Theorem B.1, ¢ is a convex combination of
the generalized min-max rules on D". By the definition of ¢, this means ¢ is a convex combination

of the generalized min-max rules on D", which completes the proof. |
Now, we proceed to prove Theorem 3.2.

Proof. (If Part) Let D be a top-rich domain with ©(D) = {by,...,b;} and let ¢ : D" — AAbea
TRM rule. Since ¢ is a TRM rule, it is unanimous by definition. We show that ¢ is strategy-proof.
Let ¢ = Zle A;f1, where A;s are non-negative numbers summing to 1 and f;s are TM rules. To
show that ¢ is strategy-proof, it is enough to show that fs are strategy-proof. Foralll € {1,...,t},
define f : (Dlzp))" — 7(D) as fl(PN|T(D)) = fi(Pn). Note that by Lemma A.1, D|;(p) is a
single-peaked domain. Therefore, it follows from Moulin (1980) that fl is strategy-proof for all I.
By Remark 2.3, this means f; is strategy-proof for all [. This completes the proof of the if part.
(Only-if Part) Let D be a top-rich domain with (D) = {by,...,bx} andlet ¢ : D" — AAbea
unanimous and strategy-proof RSCF. Define ¢ : (D|(p))" — AT(D) as ¢y(Pn|-(p)) = ¢p(Pn)

107f the set of alternatives is an interval of real numbers, then uncompromisingness implies strategy-proofness for
the RSCFs on the maximal single-peaked domain (see Lemma 3.2 in Ehlers et al. (2002)). However, the same does not
hold for the case of finitely many alternatives.
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for all b € 7(D). This is well-defined as by Theorem 3.1 and Remark 2.4, ¢,(p)(Pn) = 1
for all Py € D" and ¢ is tops-only. Because ¢ satisfies uncompromisingness, ¢ also satisfies
uncompromisingness. Hence, by Lemma B.1, ¢ is convex combination of generalized min-max
rules on (D|(p))". Moreover, since ¢ is unanimous, ¢ is a also unanimous. This means ¢ is a
convex combination of min-max rules on (D|(p))". By the definition of ¢, this means ¢ is a TRM

rule. This completes the proof of the only-if part. n

C. PROOF OF THEOREM 3.3

Proof. If part of the theorem follows from Theorem 3.2. We prove the only-if part. Let D be a
top-connected TRM domain. We show that D is a top-rich domain satisfying top-connectedness.

In particular, we show that D satisfies Condition (i) and (ii) in Definition 2.8.

Lemma C.1. The domain D satisfies Condition (i) in Definition 2.8.

Proof. Let (D) = {by,...,bx}. Take j < k. Since D is top-connected, there are P, P’ € D such
that r1(P) = bj, r1(P') = bj41, and P~P'. Therefore, U(b;, P)VU(b;, P') = bj1q and U(bj41,
P)VU(bj41,P’) = b;. Moreover, by top-connectedness, for all I ¢ {j,j+ 1}, U(b;, P)VU(b;,
P’) = @. This shows D satisfies Condition (i) in Definition 2.8. |

Lemma C.2. The domain D satisfies Condition (ii) in Definition 2.8.

Proof. Let (D) = {by,...,b;}. By Lemma 3.1, for all ¥ < s < t and all P, P’ € D, we have
U(bs, PP) N U(bs, P'*) N T(D) = bs. We show that U(bs, PP) N U(bs, P"*) = bs. Assume for
contradiction that U(bs, P?) N U(bs, P’) D bs for some r,t with r < s < t. Without loss of
generality, assume that bs is the maximum alternative for which U(bs, P’) N U(bs, P') 2 bs for
some r < s < t, thatis, for all v > s and all u, w with u < v < w, U(by, P?) N U(b,, P’*) = b,.
Since D|(p) is single-peaked by Lemma 3.1, there cannot be any b € 7(D) \ bs such that b € U (bs,
Pbr) N U(bs, P%). Therefore, suppose x ¢ (D) is such that x € U(bs, P’) N U(bs, P). In the
following, we construct a unanimous and strategy-proof DSCF on D" that is not a TRM rule.

Consider the following DSCEF:

7’1(P2) lf rl(Pz) j 1’1(P1),
f(Pn) =14 xifri(P)) < bs < r(Py) and xP;bs foralli € {1,2},
med{bs,r1(P1),r1(P2)} otherwise,
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where med represents the median w.r.t. <.

Clearly, f is not a TRM rule since f(Py) = x for some Py € D and x ¢ 7(D). Moreover, f
is unanimous by definition. We show that f is strategy-proof. Note that agentsi € N \ {1,2}
cannot manipulate as f does not depend on their preferences. Let P = {Py € D" | f(Py) # x}.
Then, by the definition of f, f restricted to P is a tops-restricted min-max rule. This, together with
the facts that D|,(p is single-peaked and P|,p) C D"|;(p), means f cannot be manipulated by
some agent i € N at a profile Py € P via some P/ such that (P, P_;) € P. Now, we distinguish
the following cases.
CASE 1. Suppose Py € D"\ P.
By the definition of P, this means r1(P;) < bs < r1(P,), xP;bs for alli € {1,2}, and f(Py) = x.
We show that agent 1 cannot manipulate f at Py, the proof of the same for agent 2 is symmetric.
Let P| € D be such that r1(P]) < bs. Then, by the definition of f, f(Pj,P_1) € {x,bs}. Since
xP;bs, agent 1 cannot manipulate at Py via P;. Let P| € D be such that 1 (P;) > bs. Suppose
f(P{,P_1) = b. Then, by the definition of f, b € T(D) and b = bs. Becuase Py | (p) is single-peaked

and xP;bs, we have xP1b. Therefore, agent 1 cannot manipulate f at Py via P;.

CASE 2. Suppose Py € P. We distinguish the following subcases.

CASE 2.a. Suppose r1(P;) < r1(P2). Suppose further that r1(P;) < r1(P2) < bs. Then, by the
definition of f, f(P], P_1) # x for all P| € D, and hence agent 1 cannot manipulate f at Py. Note
that since f(Py) = r1(P2), agent 2 does not have any incentive to manipulate at Py. Now, suppose
r1(P1) < bs < r1(P,). Then, f(Py) = bs. Moreover, since Py € P, there exists i € {1,2} such that
bsP;x. So, by the definition of f, the other agent j € {1,2} \ i cannot change the outcome to x, and
hence cannot manipulate. Also, as f(Py) = bs and bsP;x, agent i does not have any incentive to
manipulate. Finally, suppose bs < r1(Py) < r1(P2). Then, by the definition of f, f(P;, P_5) # x
for all P} € D, and hence agent 2 cannot manipulate f at Py. Moreover, since f(Py) = r1(P1),
agent 1 does not have any incentive to manipulate at Py.

CASE 2.b. Suppose r1(P2) < r1(P;). Then, by the definition of f, f(Pn) = r1(P2). Therefore, agent
2 does not have any incentive to manipulate at Py. If r1(P,) =< bs, then f(Pj, P_1) # x for all
P{ € D, and hence agent 1 cannot manipulate at Py via Pj. Now, suppose bs < r1(P,). We show
r1(P2)Pyx. Recall that x ¢ 7(D), which in particular means r1(P,) # x. Therefore, assume for
contradiction that xP;r;(P,). Since x € U(bs, P?) N U(bs, P*), we have xP¥b;. Also, since Dlz(p

is single-peaked and bs < r1(P,), we have bsPr{(P,). Combining all these, we have xPr{(P,).

34



This means b, < 71(P,) < r1(Py) and x € U(r{(P,), PP) N U(r1(P,), Py). Since bs < r1(P;), this is
a contradiction to the maximality of bs. So, agent 1 cannot manipulate f at Py. This shows that f

is strategy-proof. |

Now, the proof of Theorem 3.3 follows from Lemma C.1 and Lemma C.2. [ |

D. PROOF OF THEOREM 3.4

Proof. Let D be a top-rich domain satisfying top-connectedness with (D) = {by, ..., b} and let
¢ : D" — A Abeatops-only and strategy-proof RSCFE. Take Py € D" andi € N. Suppose r1(P;) =
bj. Let ¢ (p)(Pn) = a for some 0 < a < 1. Take PYiti+1 € D. By tops-onlyness, (P01, P_;) =
¢(Py). Now, take P’i+1% € D such that PY%Pi+1 ~ PYi+bi. By strategy-proofness, gq(Pbiri+1,
P_;) = @q(Pbi+bi, p_;) foralld € A\ {bj,bj11}. Again, take P/’ € D with r{(P;") = b;,1. By tops-
onlyness, ¢(P%+1%i,P_;) = @(P/, P_;). Therefore, ¢(p)(P/', P_;) = a and ¢@p(P;, P_;) = ¢g(P/,
P_;) forall B C A\ {bj, bj;1}. Continuing in this manner, it follows that ¢(p)(Pn) = ¢ (p) (P,
P_;) = a and ¢p(Py) = ¢p(P;, P_;) forall B C A\ [r1(P;),1(P})]|+(p) and all P; € D. Since i is
arbitrary, this proves ¢, (p)(Pn) = a for all Py € D", and ¢ is uncompromising and ¢.(Py) =
@c(Py) forall Py, Py, € D" and allc € A\ T(D). [ |

E. PROOF OF THEOREM 3.5

Proof. (If Part) Let D be a top-rich domain satisfying top-connectedness with (D) = {by, ..., b}
and let ¢ : D" — A A be a convex combination of GTM rules and non-top constant rules. Then, ¢
is tops-only by definition. We show that ¢ is strategy-proof. Note that non-top constant rules are
trivially strategy-proof. Therefore, since ¢ is a convex combination of GTM rules and non-top
constant rules, it is enough to show that every GTM rule is strategy-proof. Let f : D" — A be
a GTM rule. Define f : (Dlz(py)" — ©(D) as f(PN|T(D)) = f(Pn). By Lemma A.1, D|(p) is
single-peaked domain. Therefore, it follows from Moulin (1980) that f; is strategy-proof for all I.
Hence, by Remark 2.3, f; is strategy-proof.

(Only-if Part) Let D be a top-rich domain satisfying top-connectedness with 7(D) = {by,...,
by} and let ¢ : D" — A A be a tops-only and strategy-proof RSCFE. In view of Theorem 3.4, let
0 < a < 1be such that ¢(p)(Py) = a forall Py € D". If a = 0, then ¢;,(Py) = 0 forall b € 7(D)

and all Py € D". Therefore, by Theorem 3.4, ¢ is a convex combination of non-top constant rules.
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Suppose a > 0. Define ¢ : (D|p))" — AT(D) as ¢p(Pn|(p)) = 19,(Py) forallb € 7(D) and
all Px|¢(p) € (Dl|¢(p))"- Then, the RSCF ¢ is well-defined by Theorem 3.4. Clearly, ¢ satisfies
uncompromisingness. Hence, by Lemma B.1, ¢ is a convex combination of generalized min-max
rules. Suppose ¢ = YF | A;f;, where for I = 1,..., L, A;s are non-negative numbers summing to
1, and f; is a generalized min-max rule for all /. By Theorem 3.4, we have ¢.(Py) = ¢.(Py) for all
c € A\ 1(D)and all Py, Pj; € D". Let A = ¢.(Py) forallc € A\ 7(D) and all Py € D". Then,
p=Yl aMfi+ e A\r(D) Acfe, Where fc is the non-top constant rule given by f.(Py) = c for all
Py € D". Since Y cc a\r(p) Pc(PN) = 1 — a, this means ¢ is a convex combination of generalized

min-max and non-top constant rules. n
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