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This paper studies the limiting behavior of general functionals of order statistics and their mul-
tivariate concomitants for weakly dependent data. The asymptotic analysis is performed under a
conditional moment-based notion of dependence for vector-valued time series. It is argued, through
analysis of various examples, that the dependence conditions of this type can be effectively implied
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existing linear and nonlinear processes. The utility of this result is then illustrated in deriving the
asymptotic properties of a semiparametric estimator that uses the k-Nearest Neighbor estimator of
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1 Introduction

Let (X, ,Y;)" be a RV*!valued time series process on the probability space (2, A,P). Let Yy <
o <Yy <--- < Y(r) be the order statistics; and X, paired with Y(; is called the concomitant of the
t-th order statistics in the sample {X,", Y;} ;.

The use of order statistics and their multivariate concomitants often arises in various statistical
problems. For example, selection procedures dictates that s-observations (< T') are chosen on the
basis of their Y-values. Then the corresponding X-values represent their associated characteristics.
Alternatively Y might represent the score on a screening test and X can represent the score of a later
test. Concomitants have also proven useful in the estimation of parameters using doubly censored
samples, i.e. Watterson (1958) in estimating means, Barnett et al. (1976) in estimating correlations,
and Stokes (1977) in ranked set. The properties of concomitants have been studied extensively by many
authors, and important contributions include but are not limited to David and Galambos (1974), Yang
(1977), Nagaraja and David (1994), Khaledi and Kochar (2000) and Arnold et al. (2009), inter alios.
The study of concomitants as an important class of statistics has been more recently reviewed by David
and Nagaraja (1998).

A significant line of work has focused on the asymptotic distribution of general functions of concomi-
tants. For example, Yang (1981a,b) proved the asymptotic normality, under mild regularity conditions,

of functionals of the form

EZJ< - >Wm
nizl n-+1

1 ¢ i
;Z <n+1>h(Z(i),W[i]),

i=1

and

where J(-) is a bounded, smooth score function which may depend on n, and h(z,w) is a known
R—valued function. Stute (1993) established a functional central limit theorem for U-functions of

concomitants defined as )

nln =1 Z KW, W),

1<i#j<[nt]

where K(-,-) is any symmetric second-order U-kernel. Previous research have used the independent
and identically distributed (i.i.d.) assumption in their execution. The notable exceptions are Puri
and Tran (1980), Wu (1988), and Tran and Wu (1993). Specifically, Wu (1988) and Tran and Wu
(1993) established the asymptotic theory for linear combinations of functions of order statistics (or
L-estimates, as termed by Serfling, 1980, Chapter 8) for nonstationary time series. This assumption
is often too strong in applications where data is collected sequentially over time.

Therefore, this paper studies the limiting behavior of general functionals of ordered statistics and
their multivariate concomitants with dependent data. In particular, we prove the y/T-asymptotic
normality, under fairly mild regularity conditions, of functionals such as
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Lr = sz(t/T)h(X[t}aY(t))’ (1.1)
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where J(-) is a bounded smooth score function and h(z,y) is some R-valued known function of
(wij)T c RN+,

Studying the limiting properties of statistics such as (1.1) is important, because its usage in semi-
parametric estimation can avoid the presence of random denominators and the usage of trimming
functions altogether. For example, consider the Single Index model which is widely studied in the
Statistics literature, see, e.g., Ichimura (1993), Hérdle et al. (1993), Carroll et al. (1997), inter alia.
Let {(Y;*,Z;",X;")}L, denote a vector-valued time series with the contemporancous dependence

generated by the partially linear single-index model

YV =9(Z o)+ X B+ e, (1.2)

where Z; and X are random covariate vectors; ¢(-) represents an unknown, possibly non-differentiable,
function; e denote i.i.d. mean-zero random errors, which are independent of (Z; ", X} T)T; and o and
B3 are the unknown finite-dimensional parameters to be estimated. The Semiparametric Least Squares
(SLS) estimator minimizes Qr(a',8") = S.L {Y;*—3(Z; T e; B) — X; T B}2, where §(Z; T ; B) repre-
sents the Nearest Neighbor (NN) regression function estimator of g(Z; "), which can then be written
in a form congruent with Eq. (1.1) as follows: Let Y;(a) = Z; " and W;(8) = X' 3,

T-1
3(Yi(a): ) = ﬁ S - WK <FT<Yt<a>>h—T s/(T = 1>> |
s=1

where Fr(-) is the empirical distribution function; K(-) is a kernel (weight) function; and X4(8) =
( 1 Wis) (B)) denotes a vector of the concomitants of the order statistics Y(4(c) in the sample

{(Yi 7W1 (B) ( ))7 ceey (}/t*—lv Wt—l(ﬁ)v Y%—l( ))7 (Y:H’ Wt—l-l(ﬁ)a Y;H-l( ))7 SRR (Yi“k7 WT(ﬂ)) YT(a))}
Stute (1984) shows that in the i.i.d. case, the asymptotic behavior of g(y; 3) is the same as that of

g (y; Z Jr(s/(T' = 1){Y g — W (B)},

where Jr (s/(T — 1)) = h'K ((F(y) — s/(T —1))/hr). Therefore the statistics g*(y;8) becomes a
special case of (1.1) with a sample size-varying score function, Jp(-). Unlike Ichimura’s (1993) SLS
estimator, the NN regression function estimator contains no random denominator, and no trimming
function is needed. However, the non-differentiability of the objective function Q7 (a",3") poses many
technical challenges to the derivation of the asymptotic properties of the implied SLS estimator of (1.2)
which are beyond the scope of this paper.

Instead, the results of this paper are applied here to study the asymptotic properties of a semipara-

metric k-Nearest Neighbor (k-NN) based estimators of objects such as:

Y
O = mEXE[Y\X =zlde =F [m} , (1.3)

where X is some subset in the support of the multivariate density f(X). Note that, without any loss
of generality, assume that X equals the whole support of f(X). Let Supp(f) = {z € RY : f(z) >

e for some € > 0}, where f(x) is assumed to be continuous and bounded, denote the support of f(x).



In Economics, the object E[Y|X = ] could represent nonparametric demand or supply functions
for a product. In which case quantities such as 6y can be used to calculate consumer or producer
surplus. The latter are paramount in Microeconomic theory. Recently, the asymptotic properties
of various estimators of (1.3) when N > 1 has been studied by Lewbel and Schennach (2007), Jacho-
Chévez (2008), Chu and Jacho-Chéavez (2012), and Lu et al. (2012) under a variety of sampling schemes.
A semiparametric estimator that utilizes the £-NN multivariate density estimator of f(-) is discussed
in this paper. This density estimator was first proposed by Loftsgaarden and Quesenberry (1965).
Pointwise consistency and asymptotic normality of the k-NN density estimator have been established
under various data generating processes: see Moore and Yackel (1977a,b) for i.i.d. samples, Boente
and Fraiman (1988, 1990) for mixing processes and Tran and Yakowitz (1993) and Li and Tran (2009)
for mixing random fields.

The object of interest is the k-NN density in the aforementioned papers, but in the proposed semi-
parametric estimator the inverse of the k-NN multivariate density estimator is used instead. The proof
of asymptotic normality for this semiparametric estimator, therefore, requires strong consistency of the
inverse k-NN multivariate density estimator, which is established here under a fairly mild regularity
condition involving a random dependence coefficient. Other estimators using the nearest-neighbors
technique in semiparametric problems include Robinson (1987, 1995) and references therein.

Our method of proof can be viewed as a combination of the Gateaux differential (see, e.g., Koroljuk
and Borovskich, 1994, p. 48) and the martingale approximation approach developed in Gordin (1969),
Philipp and Stout (1975) and Wu and Woodroofe (2004). These are commonly used methods to
establish central limit theorems involving stationary data. Theoretically, another contribution is the
introduction of a new method of quantifying the notion of contemporaneous dependence for RN *1-
valued processes. In particular, it can be shown that the proposed dependence conditions are related
to conditional mixing concepts, as introduced by Rao (2009), and random dependence coefficients, as
independently proposed by Bickel and Biithlmann (1999) and Dedecker and Prieur (2005).

The paper is organized as follows: Section 2 summarizes some mathematical notations and defi-
nitions, then introduces three popular time series processes discussed in the text. Section 3 presents
the conditions under which the asymptotic normality of functionals of order statistics and their mul-
tivariate concomitants is established. This section also demonstrate that our conditions hold for the
examples introduced in Section 2. Section 3.1 provides sufficient conditions for our theoretical results
to hold for stationary causal processes while Section 3.2 established the asymptotic normality of the
new proposed semiparametric estimator of (1.3). Throughout, a discussion on how our conditions of
weak dependence compare to other existing ones is presented. Section 4 presents some Monte Carlo
evidence of the small-sample performance of the proposed asymptotic approximations, as well as an
empirical application to the calculation of consumer surplus in consumer electricity demand in Ontario
for the period 1971 to 1994. Proofs of the main theorems and results of technical flavor are gathered

in Section 5 and the appendices.



2 Basic Notations, Definitions, and Examples

2.1 Basic Notations and Definitions

Let (Q,.A,P) be a probability space, which is sufficiently rich to accommodate (X ',Y) and 7 be a
measure-preserving, bijective and bimeasurable mapping from ) onto itself. Let Z denote the Borel
algebra of invariant sets A € A such that 7-'A = A. If all the elements of Z are of measure 0 or
1, then a sequence of random variables, (X ,Y"), defined on (Q,A4,P) is said to be ergodic. Define
a strictly stationary vector-valued sequence of random variables, (XtT ,Y:), which can be represented
as Xy = KoT! = K(T'w) and Y; = Ho T! = H(T'w) for all w € Q, where K is a N-dimensional
vector of Borel functions and H is a scalar Borel function. This formulation allows stationary causal
processes. Let € = (€14, €24,...,€N €nt1¢) denote a [N+1]-dimensional vector of i.i.d. random
noises, Xt = Ki(...,€4—1,€¢) fori=1,... N, and Y; = H(...,en4+1,¢—1,€N+1,+). Then (X,",Y;) is
a causal process, thus naturally falls into the framework; and indeed Y; depends on the filtration of
(Xo,...,X7) via the filtration of X;. We emphasize that the class of causal processes is rather vast
because all time series models used in practice (scalar, vector, or functional) have this representation
(cf. Tong, 1990).

For every i € 1,...,N, let Fix, = 0(X;s, s < t) = T 'Fyx, and ]{txz =0(X;s, s > t) =
T'Fo.x, be Borel algebras generated by (X;o,...,X;:) and (X;4,...,X; 1) respectively. Let F; =
J((XS,YS), s < t) = T~'Fy be he smallest o-algebra in the product Borel algebra, F; x, ® F; x, ®
@ Frxy ® Fry, generated by {(X,Y0)",,.... (X, Y)T} F! = 0((X,,Y5), s > t) = T'F
represents the smallest o-algebra in the product Borel algebra, }}1 ®]—'fX2 - - -®]{th ® F},, generated
by {(X,,Y)T, ..., (X , YT} Fix = o(Xs, s <t) = T 'Fox is the smallest o-algebra in the
product Borel algebra, F; x, @ Fr.x, ® -+ @ Fy xy, generated by (Xo,...,Xy); Fy = o(Xs, s >
t) = 7't]-"07 x represent the smallest o-algebra in the product Borel algebra, .7-'}(1 ® .7:}(2 & & f}N,
generated by (Xi,...,X7); Fry = o(Ys, s <t) =T 'Fyy is a Borel algebra generated by (Yp, ..., Y});
Fy = o0(Ys, s >t) = T'Foy is a Borel algebra generated by (Y;,...,Yr); Fx, = o(X;) represents
the smallest o-algebra in the product Borel algebra, Fx,, ® Fx,, ® --- ® Fx,,, generated by Xi;
Fy, = o(Y;) is a Borel algebra generated by Y;, while F(y|Z) is the invariant distribution of Y3,
lim, . P(Y; < y|Yy € Z), where Z represents the invariant sets with Borel algebra consisting of
probability measures 0 or 1. The continuity of the following probability distribution functions: F(x),
F(y), and F(x,y) will be assumed throughout this paper — so that ties among the X and Y-variates
can be neglected in probability. Finally the quantity ||Al, is the L,-norm of A, i.e. {E[A[P]}'/?;
|A|,.7 is the L,-norm of A conditional on Z, i.e. {E[|A[P|Z]}'/?. Note that it is possible to simplify
the reading by assuming that Z = {Q, (}; in this case, any Z-measurable random variable will become
a constant, i.e. E[A|Z] = E[A] and E[A]Y =vy,Z| = E[A]Y = y].

2.2 Examples

For simplicity, we set N = 1 and let & denote an i.i.d. mean-zero random variable in the following

data generating processes (d.g.p.’s):



e Moving Average (MA) model, X; = > 2 60;¢;—;, where 6; are MA coefficients.

e Bilinear (BILINEAR) model, X; = aX;—1 + & + bX¢—1&;, where a and b take their values on R,
see, e.g., Tong (1990).

e Generalized Autoregressive Conditional Heteroskedasticity (1,1) (GARCH) model, X; = o0&

with 07 = w + aX? | + Bo?_, where w, a and J take their values on R.

We now introduce three examples that will serve as illustrations on how a wide range of popular
d.g.p.’s satisfy the main assumptions stated below in Section 3.
Example 1: Y; = X;¢;, where ¢; are i.i.d. mean-zero random variables independent of X;, and X; can
admit one of the d.g.p.’s above.
Example 2: Y, = X, Z,;, where Z; is a mean-zero stochastic process that can also follow one of the
above d.g.p.’s, where Z; is independent of X;.
Example 3: Y; = Xy + Z;, where Z; is as in the Example 2 above.

It will be shown in the next section that the required conditions in the paper are satisfied in these

3 examples. Example 1 is the base of our numerical experimentation in Section 4.1.

3 Assumptions and Main Results
Expressing (1.1) as a functional of empirical distribution functions Fr, yields

Fr) = 3/ TI(X(g, Yiy)
t=1
T

= > JEFE Y)W Xy, Yio) [Fr( X, Yorn) — Fr(Xyg, Y]
t=1

_ /R I (Fr(y) he.y)dFr(@.y)

where Fr(y) is the empirical distribution of y and Fr(z,y) is the joint empirical distribution of
(X T,Y)T". Similarly, let my(y; ) = E[h(X,Y)|Y = y,Z] and my(y) = E[h(X,Y)]Y =y].

The following regularity conditions are introduced to facilitate our theoretical development:
A1l Moment Bounds:
For a given integer, p > 1, max{|h(Xo, Yo)lp.z, [[1(Xo, Y0)ll2p/(p—1),2} < 00
A2 Conditional Moments:
(a) Hm;l(Yo;I)H]ﬁZ < o0, where m; (; Z) is the first derivative of my,(+;Z).

(b) lim; oo [|supy [P(Yr < y|Fyy) — F(y|T)]
1/p*+1/¢" =1+ (p—1)/p.

I 0, where p* and ¢* are such integers that

A3 Conditional Joint Moments:



() S [[lmn¥es o) =V Do |
(b) 232, BB, Yo)h(Xo, Yo) | Fror Z) = mn (Vs D)mn (Yo: Dy 2 < 00

It is helpful to note at this point that, for a scalar-valued Xj, the statistics defined by Eq. (1.1) can
also be represented as T(Fr) = £ o T)h(X), Y}y)- Accordingly, we shall replace my (Y';Z) and
mp(Y; Fp) in Assumptions Al, A2 and A3 with mp(X;Z) and mp(X; Fy) respectively.

Remark 3.1. Assumption Al entails that moments of the function A(-,-) are bounded up to a certain
order, e.g. any p > 1 can be used depending on what is needed. This mild moment-type condition
is often employed to obtain many central limit theorems and invariance principles, i.e. Lyapunov’s
central limit theorem. As for Assumption A2, condition A2a is automatically fulfilled by any Lipschitz
continuous function, mpy(-), though this condition does not imply Lipschitz continuity. Condition A2b
entails asymptotic weak independence (in the ergodic sense) of the random process Y;. This condition
is quite close in spirit to the mixing characteristic introduced by Rinott and Rotar (1999, p. 613); rather
than conditioning the sum of random elements belonging to a ‘past’ Borel algebra on a ‘future’ Borel
algebra, we condition a ‘future’ random element on a ‘past’ Borel algebra. Condition A2b may be weaker
than the usual mixing conditions (see, e.g., Bradley, 1986 for definition of various mixing concepts).
For example, by virtue of the covariance inequality for strong mixing random variables (Ibragimov,
sup,, | P(Y; < y|Fo) — F)l . < 22" +

for some r* > ¢* > 1, where a, represents Rosenblatt’s (1956a) strong mixing coefficient.

1962), one can verify that, for stationary ergodic processes,
1)0[71_/‘1*_1/7’*

Hence, strong mixing implies Condition A2b. Indeed, many causal processes used in practice, e.g.
stationary and ergodic Markov chains, have been shown to satisfy this condition (see, e.g., Pham and

Tran, 1985, Pham, 1986, among many others).

Over the past decades, many approaches have been proposed to formalize weak dependence. In this
context, we now discuss how the notion of weak dependence introduced here compares to other existing
ones. Perhaps, the most popular are the strong mixing property and its variants like 3, ¢, p and ¥
mixing coefficients, which were developed in the seminal papers of Rosenblatt (1956a) and Ibragimov
(1962). The general idea is to measure the maximal dependence between two events pertaining to the
backward o— algebra F; and the forward o— algebra F!*™  respectively. The memory is fading as
this maximal dependence decays to zero, as m increases to infinity. For example, the strong mixing
dependence is formalized by

am = sup |P(ANB)— P(A)P(B)|.

AeF:
BeFttm

A sequence is a—mixing if «,, tends to zero for a sufficiently large m. Recently, Rao (2009) has
introduced the concept of conditional strong mizing, i.e. let M be a o—algebra of A, a sequence is

said to be conditionally strong mixing if there exists a nonnegative M— measurable random variable

*

A

(M) converging to zero a.s. as m goes to infinity, such that

|P(AN BIM) — P(AIM)P(BIM)| < o, (M) as.



In Section 3.3 below we shall show that, for stationary and ergodic processes, {XtT ,Y:}, the Cesaro
summability of the conditional strong mizing coefficient o, (M) effectively implies Condition A3b, but
not vice versa.

Although many results have been established for strongly mixing sequences, see e.g. Bradley (2007)
and Rio (2000), many classes of time series have been shown not to satisfy these conditions, i.e. An-
drews (1984). Therefore, Bickel and Biithlmann (1999) and Dedecker and Prieur (2005) independently
introduced a new concept of weak dependence. Their notion of weak dependence makes explicitly
the asymptotic independence between ‘past’ and ‘future’. Roughly speaking, the covariance between
measurable functions of the ‘past’ and ‘future’ becomes small as the distance between the ‘past’ and
the ‘future’ is large. The decay rate of this covariance is measured through the L,-distance between
the conditional expectation of a Lipschitz function, g(-), of a L,-integrable random variable, X, given

M and the expectation of g(X). Thus the M—measurable random 6— coefficient is defined as
0,(M) = sup{||E[g(X)|M] — E[g(X)]||,,, for some function g € A<1>} ,

where A denotes the class of Lipschitz functions with the Lipschitz coefficient at most equal to one.

The regularity conditions A3a and A3b essentially imply that the dependence coefficient of 6-
type is Cesaro summable. Here the o-algebra M contains two sub o-algebras, Fy, and Fy, and an
important difference being that the functions my(-) and h(-) in the above conditions may not need to
be Lipschitzian.

An alternative approach to define weak dependence is based on a martingale projection, Pi(X) =
E[X|Fi] — E[X|Fi—1]. In the context where sequences, X;, are stationary and ergodic Markov chains,
Wu (2005, 2007) has employed some regularity conditions regarding the Cesaro summability of the
L,—norm of P;(X) and successfully proved strong invariance principles with nearly optimal bounds.
Wu (2007) also validates that these regularity conditions can be directly inferred from the Cesaro
summability of an input/output dependence measure, which is defined as the L, distance between the
conditional expectation of the Markov chain X; = g(...,e—1,¢) for some ii.d. (e)¢ez and the condi-
tional expectation of a decoupled sequence of X;. In Section 3.1, we demonstrate that by taking into
account the Cesaro summability of the L,—norm of a conditional input/output dependence measure
the asymptotic normality of the statistics (1.1) can be established. As a result, Corollary 3.1 is a special
case of Theorem 3.1 because Assumption B3 below explicitly implies Assumption A3.

We shall now demonstrate that the d.g.p.’s provided in Section 2.2 can fulfill Assumptions A1-A3.
Example 1 (continued): For ease of derivation, we take the function h(z,y) = (zy)?. Since F; =
Fry =0 ((Xs,€s) s <t), Assumption Al then becomes

max { [|€§ ]|, 1 X0 1, 151 12p/(o—1) 1 X5 l2p/(p—1) } < 0 (3.1)

Condition A2a is equivalent to

X

[ < 0. (3.2)

It is straightforward to check that ||mp,(X-; Fo) — mp(X:)|l2,7 = 0 and E[h(Xo, Yo)h(X;, Y:)|Fr x] —
mp (X, )mp(Xo) = 0, which then imply Assumption A3.



e MA: The MA coefficients 6; must be chosen so as to verify (3.1) and (3.2). In addition, if
lmr oo > oo, (D052, ]9i])6/ (149) — 0, where § is some positive generic constant, then X; satisfies
the absolutely-regular mixing condition (Pham and Tran, 1985). The absolute regularity then
implies Condition A2b.

e BILINEAR: The stationarity condition is a® + b < 1 (see Tong (1990, p. 159)). Therefore
the existence of higher-order moments of €y will validate (3.1) and (3.2). Pham (1986) shows
that, under some regularity conditions, X; is geometrically ergodic. This automatically implies
Condition A2b.

o GARCH: If Eflog(aé? + 8)] < 0, then this GARCH(1,1) model has a non-anticipative strictly
stationary solution, which also satisfies the geometrically absolutely-regular mixing condition
(see Francq and Zakoian, 2010, p. 71). Since absolute regularity is stronger than strong mixing,
Condition A2b is validated.

Exzample 2 (continued): Define h(xz,y) = zy. Assumption Al then becomes
max {[| X5 Zollp, X5 Zollpp-1) } < 00 (33)

Meanwhile, Condition A2a is fulfilled because of mp(Xy) = 0. Also, in view of Example 1, the
various representations of X; satisfy Condition A2b. We shall now verify Assumption A3: Since
Fr=Fry =0 ((Xs,Zs) : s <7), it then follows that my,(X,; Fo) = X2E[Z.|Xr, Fo] = X2E[Z.|Z)

because Z is independent of X. Therefore, an application of Holder’s inequality yields

[limn (e Fo) = ma(X2) o 7,

[I1X211, 7, E12:1 0]

p/(p—1) p/(p—1)
2
< [Ix20, 5 N2 Zol
1/2
< || X200, 1 B2 Zolll
where pj > 2 and ¢f > 1 such that 1/p} +1/¢; = (p — 1)/p; and
[E[h(Xo, Yo)h( X7, Y7)| Fr x — mp(Xe)ma(Xo)l, o1y < HX(%XEHP/(I,_” E[ZyZ;]
2 2
< X5 oy 157 oy gy 1B LZ0 2]
Assuming that the coefficients in the time-series models, defined in Example 1, of X; ensure that X; is
strictly stationary and max { 1 X2]I,, HXSHzp/(p_l) , HXff p*/z} < 00, Assumption A3 is thus essentially
1

weaker than

max {Z 1EZ| Zo)l g+ \E[ZOZT]]} < 0. (3.4)

=1 =1
An application of covariance inequalities for mixing random variables (see, e.g., Truong and Stone 1992
and Ibragimov 1962) yields

o o
S IBZ A\ Z)l,; < 202V +1)Hzouﬁzai/ql‘l/’“l, where 7} > ¢} > 1,
=1

=1

[e.9]
a3 Zai_l/prl/%, where 1/p5 +1/g5 < 1.

T=1

Y IEIZAZ)l < 81 Zollys 112
=1

9



We shall now establish that Conditions (3.3) and (3.4) indeed holds under the various d.g.p. of Z;.

e MA: Z; is strong mixing with o, = O (3272, G¢(r)Y/1*) | where, for either an even pos-

227?;5 163", r<2,
2r=1(022, 62)"%, r>2.
rem 14.9, for sufficient conditions pertaining to this result). Therefore, the MA coefficients

itive integer, 7, or 0 < r < 2, Gy(r) = { (see Davidson, 1994, Theo-

f; must be chosen so as to warrant the existence of the higher-order moments of Z; such
[e.9] o0 r 1 *—1/rf 00 0o r 1—1 *_1 *

that mas {022 (S5, Golr) /0 V7T 5200 (5700 Gy () 0 T o)

which then validates Conditions (3.3) and (3.4).

e BILINEAR: Geometric ergodicity implies absolute regularity with a geometric convergence rate,
which is in turn stronger than strong mixing. Therefore, in view of Example 1, we obtain
ar =0 (L7) for some 0 < ¢ < 1. It then follows that, if ¢}, ], p4 and ¢5 are chosen in such a way
that max {61/‘1{_1/"?,61—1/173—1/‘13} < 1 so conditions (3.3) and (3.4) are validated.

e GARCH: The GARCH(1,1) process also satisfies the absolutely-regular mixing condition with a
geometric convergence rate. The verification of Conditions (3.3) and (3.4) can be done in exactly

the same way as for the bilinear model.

Exzample 3 (continued): Define h(x,y) = xy, it is immediate to obtain via Holder’s inequality that:

1/2
pi/2

1 Xoll2p/(p—1) 1 X7 ll2p(p—1) |E[Z0Z7]] -

12

1E[Z-|Z0]

H||mh(XT;}'o) — mn( X7y 5,
p/(p—1)
1B (X0, Yo)h(Xr, Y1) Frx — man (X )mn(Xo)ll, 1y

q1’

IN

Therefore, Assumptions A1, A2, and A3 can be easily verified for all d.g.p. as in Example 2.

Prior to stating the first theorem of this paper, it is necessary to define the following martin-
gale difference sequence: W = > 72 {E[W,|F] — E[W,|Fi—1]}, where Wy = J(F(Y4Z)){h(X:,Y:) —
mp(VZ)} — [o J(F(yD){L(Y: < y) — F(y|Z)}dmp(y|Z), and I(:) is the standard indicator function.

The following theorem states the main result of the paper.

Theorem 3.1. Suppose that Assumptions A1, A2, and A3 hold. Then
VI(S(Fr) = S(F)) = N (0,03(1)) , (3:5)

where o3, (T) = E[W;?|I] = E[W2|Z] + 232, E[WWs|Z].

3.1 Stationary Causal Processes

Suppose that (XtT .Y, T is a RV lyalued stationary causal process on the probability space (€, A, P).
In other words, X; ¢ = g;(&e), Vi€ {1,..., N}, and Yy = gng1(En41e) With & = (0.0, €505+ -5 €j6—1, €5t
Vje{l,...,N +1}, for some measurable functions g(-) = (g1(-),...,gn41(-) .

Let’s us define g(X;,Y;) = go g(&) = h(X¢,Y:) — mp(Yy), where & = (gl’t""’SN’t’&XH’t) =

(elT, ..., € ) with ¢ = (€145 .- ,EN+1,t)T, as a joint stochastic process of X; and Y;; and define hy(€s) =

10



E[g o g(&syir)|&s] for some £ > 1 as the (-step conditional expectation of g o g(&). The input/output
dependence measures a;_;, as proposed by Wu (2007), is given by

o = ||hi(&—1) — hi (&5 H ,
-1 H 1(&-1) — ha(§-1) p/o-1)
where & = (§7 45+, &y - ’£7V+17t)T with £, = (52’-70, €il,---,€it—1,€¢) (the sequence 5;’0 denotes an
ii.d. copy of & ¢ for every i € {1,...,N +1}).

The following assumptions guarantee that Theorem 3.1 holds for vector-valued stationary, ergodic
Markov chains.

2p

Bl Moments Bounds: [|g o g(&)l|,, < oo for some integer, p, satisfying p > .

B2 Conditional Moments: ||m), (Ex+1,0)|,+ < oo for some integer, p* > 1.

B3 Input/Output Dependence: (a) Y 7 af_; < oo; (b) D77, Ha:—l(gNJ’_LT)Hp/(p—l) < 00, where

g:—1(5N+1,7) = | (€2_[€n+1,r) — P ( Nt )lleF vy & = (&ts -, v ) and
he(§51EN+1,540) = E[g 0 g(&s10) €5, EN+1,5+4]-

Corollary 3.1. Suppose that Assumptions B1, B2, and B3 hold. Then the asymptotic normality stated

i Theorem 3.1 follows.

3.2 Semiparametric Estimation by k-Nearest Neighbor

This section illustrates the usage of the above result for deriving the asymptotic properties of the k-NN
semiparametric estimator of objects like (1.3). Throughout this section, Supp(f) is assumed to be a
compact subspace in the N-dimensional real space (RY, || - ||, £) equipped with the Euclidean distance
| - || and the Lebesgue measure L.

As mentioned in the Introduction, consistent estimation of objects like (1.3) are important because
numerous existing semiparametric estimators in Economics and Statistics make direct or indirect use
of quantities such as (1.3), see e.g. Héardle and Stoker (1989), Hausman and Newey (1995), Lewbel
(1998), Hong and White (2005), Hall and Yatchew (2005), Jacho-Chéavez (2008), Chu and Jacho-Chévez
(2012), inter alia. More recently, using Rosenblatt’s (1956b) kernel density estimator, Lu et al. (2012)
have studied the estimation of (1.3) in an i.i.d. setting with possibly missing-at-random Y;.

In this section, the proposed estimator uses the k-NN multivariate density estimator instead. In
particular, if the stationary density, f(x), is unknown and one has data {X,",Y;}~,, then it can be
estimated by Loftsgaarden and Quesenberry’s (1965) k-NN multivariate density estimator, i.e.

—~ kT
10— —
( ) Tﬁ(VRT(w,kT))

where Rp(x, kr) denotes the Euclidean distance between @ and its k-th nearest neighbor among the

(3.6)

{X;}|. The quantity VR, (a,kr) 18 the volume of a ball with the radius Ry (x, kr), since L(Vr . (z,1,)) =

RN(z, kr)L(V1) with £(V}) = 1“((;+S/2) is the volume of the unit sphere in RY. Note that (3.6)

11



corresponds to Mack and Rosenblatt’s (1979) version of the k-NN with uniform weights. Hereafter,
the notation k is used to refer to k7 unless confusion is likely.

In view of Eq. (3.6), an estimator of 6y in Eq. (1.3) is then given by

i E(:l) S It/ T)Y 0 RY (X, B). (3.7)

t=1

Here the weight function J(-) is assumed known and satisfies, apart from the smoothness and bound-
edness condition as in (1.1), the relation fol |J(T) —1] < 1.

Define the following pseudo-metric on Z™:

plt,s) = [BIX, - X%/,

This pseudo-metric is called the deviation generated by the vector-valued random function X. Let
B(t) ={s € Z* : p(t,s) < €} denote the p—ball of radius € > 0 with the center point ¢t € Z*. Given
that there exists a finite covering of Z* by p—balls, we denote by N(e,Z", p) the number of elements
in the least e—covering of Z*. The quantity H(e,Z",p) = log N(e,Z", p) is then the entropy of Z*
with respect to the pseudo-metric p.

Some further regularity conditions are:

C1 Data Generating Processes: Let (X, ,Y;)" be a RN*!valued stationary, ergodic process on the
probability space (£2,.A,P). The scalar process Y; depends on the backward Borel algebra F; x
or the forward Borel algebra Fh via X, ie., E[Y;}|F x| = g(X;) and E[Y;|Fy] = g(Xy).

C2 Moment Conditions:

(
(

a) Let h(X,Y;) = th_(g)ggt), then ||h(Xo,Yp)||p, < oo for some p > 4.
b

(c

(d Hth(YO)H < oo. for some p* > 1.
p*

1Y]ly < oc.
{[x gp(iﬂ)dw}l/p < oo for some p > 1.

)
)
)
)

C3 Conditional Probabilities:

(a) im7 00 SUPy <4< ST s7V2|P(X, € Ay) — P(Xs € Ay Fo)|ly < oo for some integer, £ >
1, where {A4;}_, is a collection of some disjoint random sets containing the sequence { X}/,
such that X C Ule Ay

(b) lim; oo supyer [|[P(Yr < y|lFy,) — F(y)ll,» = 0 for some ¢* > 1 such that 1/p* + 1/¢" =
1—(p—1)/p.
C4 Conditional Moments:

() S5 [[Imn (Vs Fo) = mn(¥7) .5, < co.
p/(p—1)

(b) Ziozl ||E [h(XTny)h(X()?Yb)L]:T,Y] - mh(YT)mh(}/O)Hp/(p_l) < 0.
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(¢) Y72 IE[YoY7|Fr x] — Q(XO)Q(XT)HP/(I,_l) < 0.
C5 Structure of the Space X:

(a) X is a compact space.

(b) fol exp (3H (2, Z%, p)) dx < <.

C6 Equicontinuity: the p.d.f. f(x) is bounded and equicontinuous; and the conditional expectation

g(x) is equicontinuous.

C7 Bandwidth: k7 = O <TZ2+72) for some integer, £ > 3.

Remark 3.2. Assumption C1 says that information is accumulated over time such that Fo C F; C
.-+ C Fr. This assumption is satisfied, for example, in the nonlinear regression model, Y; = g(X;) + €,
where the disturbance, ¢, is serially correlated in such a way that it is independent of X; for all ¢ €
[1,T]. Hence, it allows various degrees of nonlinear dependence between Y; and X;. This formulation
also constitutes a variety of stationary causal processes used in many realistic applications (see, e.g.,
Priestley, 1988 and Tong, 1990). Assumption C2 is a collection of some basic moment conditions.
Assumption C3 states that the L, distances between probability distributions and their corresponding
conditional distributions should be minimum as the process moves further from its past. This is
a natural extension of the dependence coefficient, a(M, X) (based on the L; distance), which was
introduced in Rio (2000, Eq. 1.10c).

Remark 3.3. Assumption C5 requires the subspace X to be compact in RY: and the RN —valued
random process, X;, indexed by the set of nonnegative integers, Z™, satisfies a standard metric entropy
condition . Hence, the convergence of the integral merely depends on the size of the covering numbers
N(e,Z*, p) for e — 0. Since fol ¢ Fde < 0o for some k < 1, the integral condition C5b roughly entails

that the entropy grows at a slower order than — log(e).

Remark 3.4. Having limyp_, kr/T = 0 is standard in the pointwise asymptotic theory for k-NN, see
e.g. Bhattacharya and Mack (1987). However, kr = O(T @72) implies that k7 diverges at a rate T’ @72,
which is much slower than other rates currently found in the literature, i.e. If £ = 3, then k = O(T5/ 6).
For example, unlike Bhattacharya and Mack (1987) who showed that the weak convergence of k-NN
density holds for k7 = O(T 4/ %), the slow rate of divergence obtained here is because of an application

of Peligrad et al.’s (2007) inequality in the proof of Theorem 3.2 below.
The following theorem states the asymptotic behavior of estimator (1.3):
Theorem 3.2. Suppose Assumptions C1-C7 hold. Then, we have
VT(0 - 0) 25 N(0,02,.),
where 3. = B[W?+2 Y20, E[WgW;] with Wi = J(F(Y){h(Xe, Yi)—my (Y0)}— [ J(F(y)){I(Y; <

y) — F(y) ydmp(y).
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3.3 Conditions for Mixing Processes

This section restates Assumption C4a, C4b and C4c in terms of the conditional dependence coefficients
(see e.g. Dedecker and Prieur, 2007) and the conditional mixing coefficients (see e.g. Rao, 2009, for
definition of this concept) of mixing processes.

Let Q = Qx x Qy denote a ‘sufficiently rich’ probability space; and (wq,ws) denote elementary
events in this probability space. First, we define marginal random sets: A%(y) = {w; € 2x : (X, (w1),
Y;(we)) € A, where A, is some set in F; and Y, (wy) =y for a given y in R}, and
Bi(x) ={w2 € Qy : (X+(w1),Yr(w2)) € A, where A, is some set in F; and X, (w;) = @ for a given
@ in X'}. The conditional strong mixing coefficients are defined as follows:

aa(Yo=y1,Yr =1y2) = sup  [P(Ap(y0) A7 (y2)) — P(Ag(yo)) P(A%(y2))l,
A (y1)€F0,x
A (y2)€Fr x
o (Xo =z, X7 = x2) = sup  |P(Bg(x1)B7(®2)) — P(Bg(w1)Bf (x2))]

B (x1)€F0,y
Bl (x2)€F7ry

for some y; and yy in R and some x; and x5 in X, respectively. Note that the af(-) used here and
that used in Section 3.1 are different. In what follows, this conflict in notation will cause no difficulty
because their meaning will be clear from the context they are employed.

Let us define the following conditional dependence coefficients:

(Fxor Xo(w)|Ve(wn) =) = /X \F(aly, Xo) — Flzly)| da,

a(Fxg, X7 (w1)|Yr(w2) =y) = sup |F(x|y, Xo) — F(x|y)],
xe

where F(z|y, Xo) = P(X;(w1) < z|Yr(w2) = vy, Xo) and F(xzly) = P(X, (w1) < x|Y:(w2) = v).
The above coefficients are the conditional analogues of the random dependence coefficients: a(M, X)
introduced by Rio (2000, Eq. 1.10c), and 7(M, X), introduced by Dedecker and Prieur (2005). These
coefficients are weaker than the corresponding mixing coefficients and can be computed in many situ-

ations.

Lemma 3.3. Let q, r, p1, p2, and p3 denote generic constants that may differ from one context to

another.

(1) Suppose that

= Nf > a
max sup ———h(x,Y;) , sup ———h(x, Y;)
j j
wex Or1...0TN 4Follpy 40 jutrpnd |[[|€X Ozt ... 0z vA |,
o
>~ e Fxos Xo¥o)llar || < o0,
p1
=1
and

o0
>l Fxor Xel ¥l | < oo
=1

where p1, pe > 1 such that 1/p1 + 1/pa = (p — 1)/p. Then Assumption Cja holds.
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(2) Suppose that

e {0, Y60l 7, | 100 01, | <00
and -
> fter o vy <o,
T=1 ps

where q, T, p1, p2, and ps are some integers satisfying 1/q+ 1/r < 1 and 1/ps = (p—1)/p —
1/p1 — 1/pa. Then Assumption C4b holds.

(3) Suppose that

e[ ¥oll | [0, < o0

and

< 00,

> [[ferxo, Xy
T=1

p3

where q, r, p1, p2, and ps are some integers satisfying 1/q + 1/r < 1 and 1/ps = (p —1)/p —
1/p1 — 1/pa. Then Assumption C4c holds.

4 Numerical Results

4.1 Monte Carlo Simulation Study

This section examines how well the asymptotic approximations established in Theorems 3.1 and 3.2
perform in small samples. We use the d.g.p. of Example 1 in Section 2.2, i.e. Y; = Xy¢, in each of
2000 replications. The {e;}/_; are i.i.d. standardize samples (multiplied by -1) from a gamma distri-
bution with shape parameter equal to 12 and scale parameter equal to 1/2. The {Xt}thl are generated
from Moving Average (MA), Bilinear (BILINEAR) and Generalized Autoregressive Conditional Het-
eroskedasticity (1,1) (GARCH) models where {&}/_, are i.i.d. samples from a mixtures of skewed
normal distributions as follows: With probability 1/(1 4 4,/2/17) they come from a skewed normal
with location parameter equals 0, scale parameter equals 1, and shape parameter equals -4, and with
probability 4\/2/—17 /(1 + 4\/2/—17 ) they come from another independent skewed normal with location
parameter equals 0, scale parameter equals 1, and shape parameter equals -1. The other parameters
are chosen as: (MA) 6y = 0.7, 6; = 0.3, and §; = 0 for j = 2,3,...; (BILINEAR) a = —0.5, and
b=0.5; (GARCH) w = 0.1, @« = 0.1, and 5 = 0.8. We set T' € {100, 200, 400}.

As for Theorem 3.1, we set h(z,y) = zy and J(u) = ¢(u), where ¢(-) represents the probability
density function of a standard normal random variable. We call this Case 1 and it is such that T(F') = 0.
Similarly, for Theorem 3.2, we set J(u) = 1 and choose k in (3.7) by standard cross-validation, see e.g.
Hart and Vieu (1990). This is called Case 2 and 6y in (1.3) equals 0 as well.

Table 1, Figures 1 and 2 summarize the results. The figures show the QQ-Plots of the simulated
samples for Cases 1 and 2 standardize by their Monte Carlos mean and standard deviations. As to

assess the quality of the asymptotic normal approximation in small samples, the 45-degrees line is
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also included. For the (MA) process, the asymptotic normal approximation is very accurate for all
sample sizes and in all cases. For the nonlinear processes (BILINEAR) and (GARCH) the normal
approximation at the tails is better for a sample size of 400 than it is for 100 observations. In all
models, as suggested by our results, the small sample tail behavior of the estimators becomes closer to
that of a normal as the sample sizes increases.

From the results of Table 1, one observes that the proposed estimators work very well in terms of
Monte Carlo bias (Bias), standard deviation (Std. Dev.) and inter-quartile range (IQR). In general,
the proposed estimator of T(F) = 0 in Case 1 is generally unbiased for the (MA) and (GARCH)
processes, and in Case 2, the bias tends to decrease with the sample size quite rapidly. In all the cases,
as predicted by Theorems 3.1 and 3.2, the simulated standard deviations and inter-quartile ranges

decrease when the sample size increases.

4.2 Empirical Example: Consumer Surplus Estimation

In a classic paper, Engle et al. (1986) used a partial linear model to study the impact of weather
and other variables on electricity demand. Since fully nonparametric models are becoming popular
in Economics, see e.g. Huynh and Jacho-Chavez (2009), we use this framework to illustrate the
utility of our estimator by applying our methodology to estimate consumer surpluses based on a fully
nonparametrically estimated demand function for electricity in the Canadian province of Ontario. In
particular, we calculate monetary gains obtained by consumers when facing lower prices than the one
they are willing to pay - this is known as consumer surplus in Economics.

The data for this analysis come from the Ontario Hydro Corporation and is made publicly available
by Yatchew (2003). The data consist of 288 quarterly observations in Ontario for the period 1971 to
1994 of the following variables: elec; - log of monthly electricity sales in millions of Canadian dollars,
temp; - heating and cooling degree days relative to 68°F, relprice; - log of ratio of price of electricity
to the price of natural gas, and gdp; - log of Ontario gross domestic product in millions of Canadian
dollars. Notice that tempy is the difference between the number of days the temperature is below 68°F
(20°C or room temperature) and number of days the temperature is above 68°F. If the net cooling
days is negative it implies that the monthly temperature is colder than 68°F while positive is that it is
positive (more hotter) days.

We set Y; := elec; — gdp, - this normalization is suggested by Yatchew (2003, Chapter 4) to enforce
a cointegration relationship, and X; := [temp,, relprice,] in (1.3). We then estimate a version of 6, at
different levels of temp;. In particular, our calculation asks what would happen if the relative prices of
electricity versus natural gas in 1994 (fourth quarter) were set to 1989 prices (fourth quarter). During
that period, electricity prices increased by 22.6 percent while gas increased by 9.2 percent for a net
increase of 13.4 percent. For illustrative purposes, we compute the consumer surplus for the three
levels of temp;: 1) median cold month (-397), 2) zero, and 3) median hot month (94). Our estimates
utilize k = [83, 2] found via cross-validation as suggested by Hart and Vieu (1990). Overall, the largest
consumer surplus gain is for cold months with 62.7 million normalized dollars. When temp; tends to

be hotter (94) the consumer surplus is 57.8 million. If temp; equals zero, the consumer surplus is 53.9
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million. Overall, these estimates are reasonable, since consumer surplus gains are expected to be higher

for households when the temperature is extremely cold or hot.
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5 Proofs of Theorems

For brevity the proofs of the theorems are presented in concise format while all auxiliary results are
available in Appendix A. Similarly, Appendix B restates various known results in the literature that
are used in our proofs for the paper to be self-contained. The notation ‘Const.” refers to any generic

positive constant that may take different values for each appearance.

5.1 Proof of Theorem 3.1

The proof proceeds in three steps:
Step 1: Let F.(-|Z) = F(-|Z) + e(Fr — F(-|Z)) denote a e-perturbation of F(-|Z) in the direction
(Fr — F(-|Z)). Then,

o(6) = T(F,) = / J(F(9))h(z, y)dF. (@, y).

Since the Gateau derivative of T(F) in the direction Fp — F is defined as the right derivative of ¢(e)

at 0, we obtain
T (Fr — F(|T)) = ¢ (0"),
= [ Fr) = FGDY (PG )i @D + [ | TEGIT)h )l Fr(@.y) - FlayiD)

- / (Fr(y) - FGID} (FGID)h(z.y) f@]Y = 3. T)f (y|T)dwdy

= /R{FT(y)—F(yII)}J'(F(yII))mh(% JAF (y|T) +/ F(y|T))h(z,y)d{Fr(x,y) — F(x,y|I)},
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where my,(y;Z) = E[h(X,Y)|Y = y,Z]. Integration by parts yields [, {Fr(y)—F (y|Z)}mp(y; T)dJ (F(y|Z)) =
= Jo J(EID)mn(y; T)d{ Fr(y) — F(YIT)} = Jp J(FYD){Fr(y) — F(y|Z)}dmp(y|Z). 1t follows that

T (Fr - F(IT)) = /R  IEGID)h, 9)dFr ) - /R J(FWIT))ma(y: )dFr (y)

- / J(FGIT){Fr(y) — FGIT)}dmn D),

T
— {Z P D)) {h( X, Ys) — mp(Y2|T)}

t=1

T
- Z/ FylD){I(Y; <y) — (yII)}dmh(y|I)}-

Hence, by the Taylor formula: ¢(1) = ¢(0) + Zi_:ll k=1 (u)Hu:0+ + 071D (v), where v € [0, 1],
we obtain:

T(Fr) — (P (|T) =T (Fr — F(I)) + Rr, (5.1)

where R is the remainder of the above expansion.
Step 2: We are now ready to prove the weak convergence of T (Fp — F(-|Z)). An application of the

martingale approximation for the process Zf Wy yields

ZWt ZWWLW1 Wi, (5.2)

where W} is defined from Lemma A.4; and Wt = > o2, E[W,|Fi—1]. The asymptotic behavior of
T-1/2 Zf W, is determined by those of two terms, 7~ 1/2 Zf W; and T-Y2(W; — Wriq).

To derive the asymptotic behavior of 7-1/2 Zip W[, note that W} is a martingale difference se-
quence. Thus a Central Limit Theorem for martingale difference sequences (see e.g. Chow and Teicher,
1978, p. 336) can be applied; and the variance of the above sum is just E [Wl* 2|I] given in Lemma
A4

Under Assumptions Al, A2 and A3a, the variance E[W;?|Z] can easily be derived by sequentially
applying Lemmas A.2-A.4. To finish with deriving the asymptotic normality of 7—1/2 Eflp W, we need

to check the Lindeberg condition: For an arbitrarily small constant, ¢, it follows that

% ET:E [E [Wﬁl(\%_i )

< IWilpzP(Wy 2> 6VT|T) = 0,

]‘}—1}

I} = BEW21(W; > 6VT)[1),

where the last inequality follows from Holder’s inequality; and the limit in probability follows from the

Tchebyshev inequality and Assumptions A2a and A3a. Hence, we obtain

T
% le wr Yo N0, 0%). (5.3)
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To derive the asymptotic behavior of T’ -1/ 2(W1 — WTH), note that W; is Fy-measurable. Given some

generic constant, § > 0, under Assumptions A2 and A3a we obtain

P('M 25><2P<\Wﬂ ) B

VT VT — 2 VT

From Egs. (5.3) and (5.4), we obtain

VTT (Fr — F(-|T)) 2 N(0,0%)).

(5.4)

(5.5)

Step 3: We conclude the proof by studying the limiting behavior of the remainder term, R, from the

Gateau expansion, i.e.

Re = [ hlag)I(Fr) = JPGIT)IAFr(@.0) + [ m(n DK (Pr() - K(FGID)

/R TP Fr(y) — F (i) ydmy (y]2).
where K (u fo v)dv. Some basic algebra yield

Rr

. J(Fr(y) ~ JFGIT) _ 5
= [ wte { OIS (F D)} ) - D} dFr )

_ (Fr(y) - K(F(yT)) ) i
/]R{ Fylz) J(F(y|I))}{FT(y) F(y|T)} dmp(y|T)

Fr(y) —
J(Fr(y) — J(F(y|Z)) .
N /R{ P = Fom) 7 (F(y|I))}{FT(?J)_F(y|I)}mh(y,I)dFT(y)
(

i {/ T (F\D){Fr(y) — FYIT)} h(=,y)dFr(z,y)
RN+1

- [TEeD) ) - D) mh<y;z>dFT<y>} |
— Ra_Rb_Rc+Rd7

where the definitions of R,, R}, R. and Rq should be apparent. We now bound each term in the last

equality as follows:

Terms Ra., Ry, Re: Using an absolute value inequality, we have

VIR, < sup VT|Fr(Y:) — F(Vi|T)|

1<t<T
J(Fr(Y) — JF(LT) 1«
N G| Ey OE R Tl

t=1

The Birkhoff-Khintchine theorem (see e.g. Varadhan, 2001, p. 132) yields, under Assumption A1,

’ﬂ |

T
Z (X, Y)| = E[|h(X,Yy)||T] P-as.
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Moreover, by the same arguments used in the proof of Step 2, we can prove that Assumption A2b
implies that limp__, sup,cg ST IP(Ys < y|lFyy) — P(Ys < Y1) |lp/(p—1) < oo. Hence, it immediately
follows that sup;<;<r VT|Fr(Y;) — F(Y;|Z)| = O,(1) by Skorokhod representation theorem. Since the
Birkhoff-Khintchine theorem implies that |Fr(Y;) — F(Y{Z)| = 04.5.(1) for every ¢ € {1,...,T}, an
application of the stochastic mean-value theorem (see, e.g., White and Domowitz (1984)) yields

J(Fr(Y)) - J(F(Yi|T))
Fr(Y,) — F(Y[T)

sup — J(FY|T))| = 0a.s.(1).

1<¢<T

Therefore, we obtain VIR, = op(1). Using a similar argument and the Lebesgue dominated conver-
gence theorem, we can verify that vVTR}, = 0,(1) and VTR, = 0,(1).
Term Rq: Firstly, notice that

E[(ﬁnd)z] = B[ (FOUD) (Fr(¥:) — FOUDY (X0, Y)) — my(VIT)Y]

+ —ZE[ F(YIZ))J (F(YLD){Fr(Y:) — F(YT)HPr(Ys) — F(Y.[T)}

t;és
X {W( X, ) = mn(V|T) (X, Ys) = mn(Ys|Z)}] = Rajn + Ragz-

Using the fact that J I(F ) is bounded and Holder’s inequality, we obtain
Ras < Const. x ||[{Fp(Y;) — F(Yt|I)}2Hp Jp-1) |{h(X¢, V) — mh(mz)}?Hp. In view of the Birkhoff-
Khintchine theorem and the dominated convergence theorem, we obtain H{FT(Yt) —F (YAI)}QHP =

0a.s.(1). Hence, under Assumption A1, we have
[{1(Xe, Ye) = miu (V)] < oo

Then, R4;1 = 04.5.(1).

In addition, we have

Rae < Const. x |[{Fr(Y;) — F(Yt‘z)}”gp X

T
Z <1 - _> ||E[ (XT7YT)h(X0,}/0)|f7—,Y,I] - mh(YT)mh(}/O)Hp/(p—l) ’ where
T=1

{Fr(Y:) — F(Yt|I)}H§p = 04.5.(1). Thus, under Assumption A3b, we can deduce that R4.2 = o(1).

5.2 Proof of Corollary 3.1

Assumption Bl essentially implies Assumption Al. Assumption B2 implies Assumption A2a while
Assumption A2b naturally follows from the ergodicity of the processes under study.

In light of Lemma A.5, Assumption B3a implies that > ;2 Ki(p) < oo, where the term C¢(p)
first appeared in Lemma A.2. By working through Step 2 in the proof of Theorem 3.1, in view of
Assumption Al one can derive the limit for the term E/(FT — F). To bound the remaining term, Ry,
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in Step 1 in the proof of Theorem 3.1, one needs Assumptions Al and A3b. Assumption A3b is verified

as follows:

E [h(XT, YT)h(X(), Y())’fﬂy] — mh(YT)mh(Yo)

=FE {h(X07}/0) - mh(yb)}E [h(XTny) - mh(YT)|]:07]:T,Y]

fr,y]
< ||h(Xo, Yy) — mh(YO)”Zfoy HE [h(X;,Y;) — mh(YT)‘.FQX,.Fﬂy] H27FT,Y .
An application of Holder’s inequality yields
|E (X7, Y;) — mu(Yr)| Fox, Fry] H2,]—".,,y

HE {711(53—1!§N+1,T)!£8,§N+177] ~E [ﬁ1(53t1\§N+177)\53,gNH’T}

‘2,.7:-,,}/
< Hﬁl (€2 11En11r) — P (€2% 1 Ent1r)

= a; 1(Eny1r),

27-FT,Y

where £ is £ with the whole past &j replaced by an i.i.d. copy 58,. Another application of Holder’s
inequality yields

|E (X7, Y2)h(Xo, Y0) | Fry] — mi (Vo )ma (Vo) )

[17(X0, Y0) = ma(¥o) ., ,

p/(p—1) lo7-1(Exs1.7) H10/(10—1) ’

Hence, it immediately follows that Y >, Haf__l(ﬁ N+17T)Hp 1) < 00 implies Assumption A3b.

5.3 Proof of Theorem 3.2

Some algebra yields the following expansion:

T J—
VT(0 —0) = %Z (t/T)Y f(;[(t])[])
4 TL(VL)RY (X, k) 1
- 7; t/T) (Y — 9(Xp) { . X
T
+ \/—{Z t/T )(XH;R%V( 4 *) /Xg(w)dw},

where the definitions of Tjp (I = 1,2, 3) should be apparent. These three components are analyzed in
each of the following 3 steps:
Step 1: Since Assumptions C2, C3b, C4a, and C4b imply Assumptions A1, A2, and A3. An application
of Theorem 3.1 yields

Tir 25 N(0, 0%.).
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The proof concludes by showing that 7oy = 0,(1) and T3r = o0,(1).
Step 2: Since E[Y(yy — g(X(y)|Fr,x] = 0, we can show that

LI TLV)RY (X, kr) 1
ETsr] = ﬁ§J<t/T>E {Ym—g(Xm)}{ i V(XWH
B T,C(Vl)RN(X[t}akT) 1 RS
= 0.
Furthermore,
T LV)RN (X, k ’
BT = 53 P4/T)E {Y(t)_g(X[t])}2{T sl T)‘folfm} ]
t=1 '

J(t/T)J(s/T)E [{Y) — 9( X))} {Yis) — 9(X[5)) }

+
N[ =
1]~

TIFED
&~ ==

o
LS

X{Tavlmwx[ﬂ,w ! } {szmwx[w_ 1 H

kr - f(Xp) kr f(Xg)

— ET;I + BT;2'

Using the Cauchy—Schwarz inequality and the fact that the score function J(-) is bounded, we have

Tora < Const. x H{Yt —Q(Xt)}2 9

)

{Tc(vl)Ry(Xt, kr) 1 }2
) 2

kr f( Xy

and, by virtue of the stationarity of { X, Y;},

Toro < Const

{Tﬁ (VRN (X kr) 1 }{Tﬁ(vl)RéY(Xs,kT) 1 }
kr f(Xt) kr f(XS)

p

s;ét
IBYYLIX0 X = g(X09(X ), )
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TLVA)RY (Xy kr) 1 } {Tﬁ(VnR%XS,kT) 1 }
< Const. — —
= Xli‘%{ = F(X0) kr FxI S,

1 T
X D IBMYLIXe, Xo] — 9(X0)9(Xa) 1)
P
s#£t
N N
_ Const. x sup {Tﬁ(Vl)RT(Xt,kT)_ 1 }{Tﬁ(vl)RT(Xs,k:T)_ 1 }
1<t<T kr f(X3) kr F(X5) I,
T T
ng (1= 7) 1B Yol Frx] = 9(Xn)g(Xo)l 1)

TLVA)RY (Xy kr) 1 } {Tﬁ(VnR%XS,kT) 1 }
< Const. x — —
= O é‘i%{ Fr F(X0) Fr Fx) S,

T
X Z |E[Y:-Yo|Fr x| — Q(XT)Q(XO)HP/(Z;_Q
=1
Under Assumption C2b, we have ||Y; — g(X¢)||l4 < ||Y|]l4 < co. Moreover, under Assumptions C3 and
C7, Lemma A.6 and the dominated convergence theorem yield

lim =0.

T—00

{Tﬁ(vl)Rg(Xt, kr) 1 }2
kr f(Xy)

Hence, we have 7ar.;1 — 0. By the same argument, we can show that, under Assumption C4c,
Tor;2 — 0. Therefore, it follows that Tor = o0p(1).
Step 3: Notice that

1 X)L 1 KXy s
T = do0/D Vot DNl /X g(x)d

= Targ + Tars2,

where f(x) = kr/T L(V1)RY (x,kr) as previously defined. We start with the first term 7371 equals

1 1 9(Xy)

1 ) 1 T
Wi ;{J(t/:m — 1}9(Xp) {f(Xm) X } 7 ;{J(t/T) 1} FXp)

= Tar;1a + T31;10-

An application of the Cauchy-Schwarz inequality and Holder’s inequality for mixed norms, i.e. Let
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0 < p; < 00 and 1/r = Y5, 1/pi, then | TTE, willy < T, [l yields

1 & 1 s
EHET;M\Q]ST;{J(t/T)—l}QE 9*(X4) Fx) 7%
1 1 1 1

2— J(t/T) = 1H{J(s/T) = 1} E | |9(X)9(X19)| |= — - —

+ ;!{ (t/T) = 1}{J(s/T) = 1} E ||9(X1y)9(Xq)| X TXe) 'ﬂXM) f<X[s]>]
i
) 1 1 [ 1 )
< g*(Xo)ll2 X T 2T;{J(t/T)—1}
2
of 11 1 B T

+ Mol | 7o~ g | 7 F170) 1!Z\J /7) =1l

Under Assumptions C3 and C7, Lemma A.6 holds. The score function J(-) is bounded. Assumption
C2b implies that E[g*(X()] < co. It then follows that limy— oo E[|Tsr14]?] = 0. With the same

argument, we can also show that limr_,o E[|T3r.15|%] = 0. Hence, we obtain
75731 = Op(l). (56)

Step 3: To finish the present proof, we need to show that 737,20 = 0,(1). Suppose that the distribution
function F(x) is invertible (i.e., given some & € X there exists a realization of the Uniform[0,1] random
variable, U, such that x = F~!(u), where F'~!(u) is the inverse cdf). In view of Lemma B.5 and the
definition of integrals along a curve in RY (or line integrals), see e.g. Apostol (1969, Definition 10.1),

one can derive the following approximation:

90) _ [ 9@ e [ 9 (FTw) s e g ()
P l5%0) - /Xﬂm)d” )‘/[o,ufw—l(u))d”‘;/w 7 () ™

where u, € [s27V, (s + 1)27). Without any loss of generality let us choose N* = log, T. It then
follows that:

T
1 9(Xi)  g(F~'(ur))
Tsre = —F= = - + 0p(1).
VT ; F(x)  JEMu)) [
Recalling Assumption Cba, the set X' is closed and bounded. As T becomes sufficiently large, it is
possible to find a p—ball of radius dy(7) = 2T which centers at 7; such that F~!(u;) € B, (1),

where 9U(T) increases with 7', thus implicitly depends on 7', though in what follows we will suppress

the dependence of 91 on 7" unless confusion is likely. Hence, we have

_ o)\, 1 oF )
o = Z{ F(X } ﬁ;{ J~ Siagy | o




To this end we take center points, {r;}1_;, in the finite subset of Z*, Il = {s € Z* : sup,cy+ infsem,,
p(t,s) < dyn}. Therefore, for a given t € ZT, there exists a point, 7; € Iy, such that p(t, ) < .
Next, let us define a mapping, 7y : ZT — Ily such that log |Ilyn| < H(dyn,Z", p), where |.| denotes
the cardinality of a set, and p(t, mmt) < dn. It immediately follows that

1 - 9(Xt)  9(Xnnt)
VT & (X)) F(Xrn)

= Tsr2.4 + T37:2:B-

Tsro <

In the sequel, we shall bound the terms 737.2.4 and 737.2.5. The triangular inequality yields

T
1
ET;2;A < g A g(X7r ))
; f ) f(XY) ; nt
etk o)
7I'rnt)
= 7§T;2;A;i + ET;2;A;ii + ET;2;A;iii-
Now, to show that T37.2.4.i = 0p(1), we study the second moment
2
BT = B |g*(X0) | —
(X)) f(Xi)
1 1 1 1 1
+ 2= ) Elg(Xe)9(Xs) | =——— =~ —
Tt; ' f(xy X)) \jx, [F(X)
et
1 1

2 T
{Hg(Xt)Hi +2) \\g(X())g(XT)HQI}

4 =1

i3

Assumptions C3a, C7, together with Lemma A.6 yield sup;<,<r Tl/z\f_l(Xt) — F7UXY)? = 04.6.(1).
Consequently, by virtue of Assumption C2b and the dominated convergence theorem, we prove that
E|7§T;2;A;z‘|2 = 0(1). Next, to show that T37.2.4.ii = 0,(1). Since the density function f(«) is bounded,
the equicontinuity condition (cf. Assumption C6) implies that

Hf(xt) (X))
1 1

IN

3 [lg(Xo)|1? {TW

T

1
E[Tar.9.4.:;] < Const. X — EV2IX, — X 2
[ 3T72VA7“] = \/T; [” t Wmt” ]
T
= Const. x Nis ;p (t,mnt) < Const. x —ZE1/2 1 X — Xt ||?]
1 oo T
S Const. x ﬁ ZZE1/2 ||X7'rgt Xﬂ(71t||2:|.

(=N t=1
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To show that the quantity E[737.2,4.i;] converges to zero, in view of the Kronecker lemma it is sufficient

to show that » %, ST %El/z[Hth — X, ,t|[*] < oc. Using the formula 37, f < 2¢/T and the

relation: p(my_1t,mpt) < 39y, one obtains:
co T 1 00 1
ZZ tE1/2 HXﬂ'lt 7"[ 11‘/”2 < ZégeXp{—H(ég,Z—i_,p)},
=0 t=1

Invoking Assumption C5b, we obtain T3r.2.4.ii = 0p(1). An analogous argument together with As-

€2~ £+1

exp{= H(557Z+,p)}A(Sg / exp{%H(az,ZJr,p)}da:.
0

sumptions C2b and C6 yield T37.2.4.i5i = 0p(1).
To this end, to bound the term 7T3r.2.p5, the triangular inequality yields

T
Tar2;B < LT Z f(Xl ) (9(Xpt) — 9(F 1(ut)))'
t=1 ot
T
+ % — Q(F—l(ut)) <f(X1mnt) o f(F—ll(ut))>' = T37:2:B;i + T372;Bsii-

Next, we prove that 7372, = 0p(1), because the relation T37.2.5.5i = 0,(1) can be proved by the same
argument. The boundedness of the density function, f(x), and the equicontinuity condition of g(x)

(cf. Assumption C6) results in:
E[[Tar;2;B;l] < Const.— ZE1/2 [ Xt = F~ () [|”]
< Const. {eﬁQ‘m \/_ ZE1/2 [ X — X ]}

< Const. {eﬁZ_m \/_ Z ZE1/2 Hth X, 1t||] } :

(=N t=1

Take M(T') such that 2™ = /T /ar for some sequence ar decreasing to zero. Then the quantity v/T2"
tends to 0 as 7T tends to infinity. Furthermore, to prove that the quantity
% z;ong L EV? [||Xx,t — Xx, ,¢||] converges to zero, in view of the Kronecker lemma, it is suf-

ficient to show that 2 ‘)TZt v 1 El/2 (|| Xt — X, y¢||] < co. Using the argument analogous as

before, we obtain

€ 1
Sy T X = Xl < [ expl(G @27 )},

(=N t=1

Invoking Assumption C5b, the desired result is obtained.

Finally, collecting all the relevant terms, we obtain 737 = 0,(1).

26



5.4 Proof of Lemma 3.3

To prove (1), first note that I(Y;(we) = y){mp(Y;|Fo) — Y} = fX x,y)d{F(x|y, Xo) — F(x|y)},
Applying the following inequality (see Csorgd, 1981):

' /f Jdg(x ‘ / o) g Nf(ac)dac

N—
+ 2N (2M)N- sup lg(x Z Z sup

d=0 j14-tjn= dmeX

ad

J1 JN
Ory' ... 0wy

f(-’B)',

where, without any loss of generality, we may take X = Hf\i 1[=M, M] as a compact subspace of RN

and obtain:
(wz) = y){mh(YT,fo) mp(Yr)}|
< ' / g h(w ) [F (e, Xo) ~ Flaly)ldz
Zy -
N-1 8d
+ 2N@M)N " sup [F(zly, Xo) - F(zly) > Y |=—————h(z,y)
weX 020 j1t T in—d Ozt ... 0z}
< su o h(x )/|F(ac| Xo) — F(x|y)| dx
- meg&nl...@m\/ Y X Y20 Y
8d
+ 2N(2M)N! sup |F(aly, Xo) - w!y!Z > sup ————h(=,y)|.
020 1ty = _ g |zex Ozt . 0z}

An application of Holder’s inequality and Minkowski’s inequality yields

8N
sup

YT7]: - YT <
[l ( 0) — mu( )||2,]-'o wex Or1...0xTN

h(z,Y7) 17 (Fxo: X7[¥7) 4,7,

4,F0

+ 2NEM)Y 7 la (Fxo, X [Y2)lly 7,
N-1 8d
> e k(@Y
020 it in=d ||ZEY Ozl ... 0w}

47-F0
Applying Minkowski’s inequality and Holder’s inequality for mixed norms, we obtain:

8N
sup

H [ (Ye; Fo) = mn(Yo) o 7, wen 071 ... 0Ty

h(x,Y;)

|l (P, Xe¥) |

<
p/(o-1) 17|,

+ 2N(@2M)N? HHQ(-FXWXT’YT)”4,FO .

DS

d=0 j1+-+jn=d

8d
sup 7.h(w,YT)
wex Ozl ... Oz}

4,Fo P2

Therefore, the first part of the lemma immediately follows.
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To prove (2), first note that

BN X7, Y:)h(Xo, Yo)|Fry] — mp(Yr)mn(Yo) = E |(MX7,Yr) —mu(Y7)) (M(Xo, Yo) — mn(Yo))

fT,Y:|
= cov(h(XT,YT),h(Xoayo)‘}-T,Y)'

Define a random variable, H,(y) = I(Y;(w2) = y)h(X;(w1), Y- (w2)) for some y € R. Using result B.4,

we obtain:

cov[h(Xo,Y0), h( X7, Y:)|Yo = y1,Yr = ya] = cov[Ho(y1), H-(y2)]

< 6[|Ho(y1)llql[ Hr(y2)]lr sup. |P (X0, Y0) € Ao, (X7,Y7) € A-[Yo = 41, Y7 = o)
0E€S0
ATGJ:T

~ P((X0,Y0) € AolYo = 1) P (X, Yy) € As Yy = yo) |07}
= 61| Ho(ya) ol H- (42) {05 (Yo = 1, Y7 = ) } 1707107
It immediately follows that:
leov (h(Xr, Yr) (X0, YOIy )l )
< 6|11n(X0, Yo g7 (X0, Yo) 7 {0 (¥, Yo Y0717

p/(p—1)

< 6]|A(X0, Yo lgro ||, 11A(X0, Yo) lr 7o [, [[{0h (Yo, Yo) 30717

P3
where the last inequality follows from an application of Hélder’s inequality for mixed norms. Hence,

the second part of the lemma has been proved. The third part can be proved in the same way.

A Auxiliary Results

We state and prove a generalized version of Young’s inequality for the convolution of two functions of
RN _-valued random variables on the Lebesgue Space. The following result is an extension of Young’s

convolution theorem, see for example Wheeden and Zygmund (1977, p. 146).

Lemma A.1 (Generalized Young’s Inequality). Let p and q satisfy 1 < p,q < oo and 1/p+1/q > 1,
and let v be defined by 1/r =1/p+1/q—1. Ifx € RN, f € LP(RN, A, u) and g € LY(RN, A, ), then
fxge L' (RN, A, 1), where p is the Lebesque measure such that Jg u(dx) =1, and

I1f * gllr < {1 £llpllgllg-

Proof. First, we write
fro@) = [ 5@ @ - ) U000 @~ tae),
RN

= [ @ = 7 ()0 @~ (),
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where 1/py = 1/p —1/r and 1/ps = 1/q — 1/r. An application of Holder’s inequality for mixed norms
yields:

1/r 1/p1 1/p2
rrol < { [ rowe-ouan) {[ ol { [ o]
RN RN RN
In view of the assumption that fR p(dx) =1, an application of Holder’s inequality yields

[Fxg@)le < IFIRNaNGIFIE P gllE P
Hng(Hr/pl) ”gHg(Hr/m)_

It follows that || f * g(@)[|l» < [ fllpllgllq- m
The following Lemmas A.2-A .4 are needed for the proof of Theorem 3.1.

Lemma A.2. Let |m,, (Yo|Z)||p+z < 00, limy—so0 [|P(Y: < y|Fyy) — F(y|T)||4+z =0, and
Yoo Mma (Ye; Fo) — mp (Y5 Z) 2,70 llp/(p—1),7 < 00 hold with 1/p* +1/q¢* =1+ (p—1)/p. Set K(p) =
IEW Folllpyp-1),z- Then, 322, K- (p) < .

Proof. An application of Minkowski’s inequality yields:
Kp(t) < NEJFEXD){MXe, Ye) — ma(Yo) HFolll, 1)

+H/J@@mnﬂw%w%@uwm@m@
R

= Kr+ Ky,

p/(p—1)

where F(y|Fy) = P(Y: < y|Fo) = P(Yis —y < 0|Fp), and the definitions of Krand K7 should be

apparent. By Holder’s inequality and the law of iterated expectations, we have:

Kr < |E[[J(FEADNAXe, Ye) — mn(YID)|Ye, Fo}|Ye, Fol [Fo ||, -1y 2
< || EQD) oz 1B, Y)IYi, Fol = ma(GID) 5,
p/(p—1),Z
< . Elh( X, Y)Y, — YT
< Const x || BIR(X0 YoI¥e, Fol = mn (VD) o | o

where the last inequality follows because the function J(-) is bounded. In addition, by applying the
generalized Young inequality for variables on the Lebesgue spaces in Lemma A.1 above, i.e. |[uxv|, <
ullpllvllg: where u x v(z) = [pn u(z — y)v(y)pdf(y)dy and 1/p +1/q = 14 1/r, we immediately
obtain Krr = [Ju* v(Y2)llp/p-1) < |F(y1F0) = FGID) |- 1T (F(YIZ))my, (yIT) |- < Comst. x | F(y|Fo) —
F(y|T) ||y lmy, (y|T) |4, using the fact that the function J(-) is bounded. O

p*
Lemma A.3. For some generic constants, p > 2 and ¢* > 1, defined in Lemma A.2, let
1h(X0, Yo)ll,, 7 < 00 and [lmy,(Yo|T)llg- z < oc. (A1)
If
o
> Kilp) < oo, (A.2)
1
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then (a) lims_,_ o E[Wy|F_s] = 0 (P-a.s.), (b) limy_ oo tKi(p) = 0, (c) D77 E|E[WoWi|Z]| < oo,
(d) 277 [EWoWH]| < 00, () 3272, EIEWi | Fall < oo, (£) 322, BIE[Wi|F]| < oco.

Proof. Firstly, note that Z C Fy C Fy C --- C Fpr. We shall now prove each claim as follows:

Result (a): Condition (A.2) implies that lim; o K¢(p) = 0 or limy— || E[W;|Folll/(p—1) = 0. By the
strict stationarity and ergodicity of (X¢,Y;), we have E[|E[Ws|f0]|ﬁ] = E[|E[T_8WS|TS}'0]|%] =
E[|E[W0|]-'_s]|z’_fl]. Thus equation (a) follows.

Result (b): Consider the decomposition S5 tKC(p) = 210 tK(p) + 2%4—1 t x Ke(p) + Z%H tKi(p) +
s+ 3 1 tKi(p), as m — oo, in such a way that Top > Ty — Ty > To — Ty > .... It then
follows that lim,, . (7T,, — T,—1) = 0. An application of the Kronecker lemma and (A.2) yield
limg, oo Ty ' 210 tKe(p) = 0, limyy 1y —oe(Tt — To) ™ o741 tKe(p) = 0, .. Jimy, 7, —soo(Th —
Tho1) ! Z%,lﬂ tKCi(p) = 0. Hence, it follows that Zip‘) tl(p) = o(Tp), Z%H tKi(p) = o(Ty — Tp),
ce, Z%,l tK(p) = o(T,, — T,—1), and the result follows after noticing that as n becomes sufficiently
large, lim,, oo (T, — T—1) = 0.

Result (c): Holder’s and Jensen’s inequalities yield |E[WoW4|Z]| = |E[Wy x E[W¢|Fol|Z]| < [[Wollp.z X
| EWi|Follp/(p—1),z- By Minkowski’ inequality and Young’s inequality, we can see that |[Wo|,z <
Const. x {[[A(Xo, Yo) — ma(¥o; T)lpz + | F(Y|Z) — F(¥o) e 2l (YolT) gz}, where p* and g are
defined in Lemma A.2. In view of Eq. (A.1) and the inequality |h(Xo,Yo) — mp(Yo;Z)|pz <
2||h(Xo, Yo)|lpz < oo, it follows that |[Wo|lpz < oo. In addition, ||E[W;|Folll,/p-1)z =
HE[T_tWt’Tt‘FO]Hp/(p—l)l = [|EWolF=dll,/pp—1)z — E[Wo] = 0ast —» co. Thus the result follows.
Result (d): By the law of iterated expectation and the Jensen inequality, we obtain Y [ |E[WoW,]| =
S TUIEEWoWLI]]| < 3257 E|E[WoW|Z]| < oo in view of (c).

Result (e): An application of Holder’s inequality and Jensen’s inequality yield

o E|EWiFsn]| =327 E‘E[T_(S_I)Wt‘Ts_lfs—lﬂ <> HE[Wt_sH\fo]Hp% = Ki—st1(p) =
>0 Ks(p) < oo

Result (f): By Holder inequality and Eq. (e), we have Y >° E|E[Wy|F]| = >0 E|E[T *Wi|T*F]| =
EIWol + X, BIEW; | Foll < X5 Ky(p) + Wl < oc. =

Lemma A.4. For some integer p > 1, let ||Wo|lpz < oo and > 77 Ki(p) < co. Then,

02, (T) = BIW2|T] = E[W2[T] + 2 i E[WoW,|T] < . (A.3)

s=1

Proof. Let’s define & = I(w € A){E[W;|Fo] — E[W|F_1]}, where A is a subset in Z. Hence, we obtain
I(w € A)W; = 325°&. Therefore, E[W;?|A € 7] = E[l(w € A)W;?] = 322, B[¢:&]. We deduce that
s=1
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E[&s&1] equals

E[l(w € A){E[W;|Fo] — E[Wi|F ] HE[W;|Fo] — E[W|F-1]}]
= E[l(w € A{EW|F)|EW|Fo] — E[W,|Fol E[Ws|F-i]
- EWiF]E [W | Fo] + E[Wi|F_1] E[Ws|F_1]}],
I(w € A)EW E[W,|Fo)lFo]] — E[1(w € A)E[WB[W;|F_1]|Fo]]
I(w € A) (W E[Wt\f— [|Fo]] + E[1(w € A)EB[W, B[W|F_1]|Fol],
I(w € A)WLE[W,|Fol] — E[1(w € AW E[W|F_1]]
I(w € A)W E[Wi|F_1]] + E[1(w € A)W,E[W,|F_1]],

E[W;|Fol|A € T] — E[WLE[W,|F_1]|A € T].

Fl
o &

- B
= B

[
[
:E[
[
(Wi

Since E[WE[W.|F_]|A € T] = E[T* W, E[W,|T*F_1]] = E[W, x E[W;|F_1]|A € T] it then
follows E[£:&:] equals

E[WLE[W,|Fo)|A € I| — E[Wi 1 E[W,41|Fo]|A € I
= E[W,EW,|Fo)|A € I] — E[Wi 1 EIW,|Fo)|A € I
+ E[Wui EW,|F|A € I] — BE[Wip1 EWeia|Fol|A € T],
= E[(W; — W) EW;|Fol|A € T] + E[Wigr (E[Ws| Fo] — EWsp1|Fo))|A € Z].

Hence, we obtain that Zle s=1 tts &€& equals

Moreover,

T
E[(WT_H — Wl)E[WS|f0]|A S I] — Z E[Wt+1(E[WT+1|f0] — E[W1|f0])|A € I],
t=1

WE

©
Il
—

NE

{E[WlE[Wt|}"0]|A € I] + E[Wy EIW1 | RoJ|A € I]}

~+

el
—_

> { EWra EW,|FR]lA € T) + B[Wy i EWra|RllA € T)},
s=1

A+ As.

some basic algebra yield A; equal to

M=

(BT " WABWiT' Fo)|A € T + BIT ‘Wi BIWA|T A € 7]}

t=1

] =

{E[WOE[Wt_1|f0]|A € I] + E[W,Wy|A € z]},

t=1

T-1
E[W2|A e T] +Z{ WOEW|f0]|AeI]+E[WWO|AeI]}+E[WOWT|AeI],
s=1

T—
E[WZAeI]+ Z [(WoWs|A € Z] + E[WoWr|A € T].
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Since E[Wy|F-oo] =0, then limp_, E[WoWr|A € Z] = 0.
Hence A; = E[W¢|A € I] + 231 E[WoW,|A € 7).

The law of iterated expectations and Holder’s inequality yields

T
Ay = YL E[EWr | RIEW,|F)|A € ) + E[Wo EWr | Fo)lA € 7] |
s=1
T
(W F | EWr s Folll e, + Wi I BV 1Pl e, }

s=1

= Kra(p ZIC ) + TRz 1(p) [Wollp,z-

By referring to Lemma A.3 which asserts the finiteness of the individual conditional/unconditional
(joint) moments, we can immediately verify that, as T goes to infinity, the term .4; is finite and the

term As vanishes. Now, by extending the set A to the whole algebra of invariant sets Z, we obtain Eq.
(A.3). O

Lemma A.5. Suppose that ||m, (Yo)|,- < 0o and 352, af ; < oo, where p* is some integer greater
than one. Then, it follows that Y " Ki(p) < oo.

Proof. Note that for any measurable function f(), we have
E[f(Yo)|Fix] = E[f(Yo)lo (Xe, Xi1, ..., Xo)] = E[f(Y)|o (€, &1, ., €0)], where &1 = (&4, , &)
Since o(€;_1) C o(&), it then follows that E[f(Y})\ftX] = E[Yi| Fx,].

Since the processes X, and Y; are vector-valued stationary, ergodic Markov chains it follows that
Fy|Z) =lim, 0 P(Y; < y|Yp € T) = F(y) and thus my(y;Z) = my(y). Hence,

Kip) = HE {J(F(&@)){Mxt,m )
- [ IEE) T <) - F<y>}dmh<y>\fxo,fyo}
R p/(p—1)
< B [TEYDXL YY) = ma(Y)HFxes Tl oy
n \ [ IEPE: < yiF) ~ Flmi | =St s
R p/(p—1)

Since .J (F(Y7)) is bounded, 8, < hi(€0) = E[go g(&)l&] = E[E 90 9(&)[&-1] €] = Elh1(&-1)l€0]
and E[h1 (& 1)|&] = E[g o g(&)] = 0. Then, we have R = [|E[h1(§-1) — h1(&1)|&0]llp/(p-1)- An
application of Jensen’s inequality yields &, < [[h1(&—1) — h1(§%)|lp/(p—1) = af_1-

Finally, & is a stationary, ergodic Markov chain so the lim;, ||P(Y: < y|Yy) —F(y)|lg+ = 0. Using
the same argument as Lemma A.2, we can obtain K, — 0 as t — oo. O
Lemma A.6. Suppose that

lim  sup ZS V2| P(X, € Ar) — P(X, € A|Fo)lly, < o0, (A4)

T—00 1<t<T %

where { Ay}, are disjoint sets containing the sequence {X;}l_, so that X C Uthl Ay
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(a) Let

kr =0 (T%}) for some £ > 2, (A.5)
then - TLOV)RY(Xy) 1
LN T 16 9] I 0
(b) Let
kr =0 (TZ;_ZP) for some £ > 3,
" . | TEVDRY (X)) 1
L S [+ ] 0

Proof. We prove Part (a) only since the proof of Part (b) essentially uses the same argument.
TLV)RY (Xik) 1

First, define the event
A(w) =3 weQ: - <e€
= {wen: [FEELG realhl

= oy (i) <m0 < g (S ) )

where € is some arbitrarily small positive constant. To prove the uniform convergence defined in Eq.

(A.6), it is necessary to show the pointwise convergence. In view of the Borel-Cantelli lemma, we need

to show that
T

lim ) P(Af(w)) < o,

T— 00
t=1

o = feens o (e (545

U {w €Q: Rp(Xi, k) < <T£]ZV1) (1 _fg((j(t)>>l/N}

= Af (W) UAS, ().

where

. 1/N
Define ¢1 7(X:) = P (|| Xs — X¢|| < 61(T)), where §;(T) = (Tﬁlfvl) (17(];%{0)) , for some s # t;

1/N
and g5,7(X1) = P (| X, = Xil| < 02(T)), where 65(T) = (7by (5552) ) " Using result B.1 and

V1) J(Xe)
the fact that L£(|| X — X¢|| < (7)) = %%}%ﬂ together with £(|| X, — X;|| < 62(T)) = %I}E(J;ggt)’
we obtain the following pointwise limits:
T X
lim sup Tar(Xy) = 1+ef(Xy), (A.8)
T—00 k
T X
lim sup Ta2r(X1) = 1—ef(Xy). (A.9)
T—00 k
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Next, let Kl,s(Xt) = H(”XS - Xt” > (51(T)) with E[Kl,s(Xt)’th] =1- qLT(Xt) and K278(Xt) =
I(]| X s — X¢|| < 02(T')) with E[K1 s(X¢)|Fx,] = g2,7(X:) denote conditional Bernoulli random variables.

Then we have

s=1

T
P (Af(w) < P(ZKLS(Xt)ZT_k“FXt>

T
= P (Z(KLS(Xt) — BlK1(X0)|Fx,]) = Tarr(X) — k‘fxt) , - (A10)
s=1

(ZKQS (X)) > k‘]—"xt>

s=1

v

QI\DQ

S
A\

T
= P (Z(K2,s(Xt) — BlKys(Xe)|Fx,]) = b — Tq2,0(X3)
s=1

th> . (A1)

Since the subspace X is compact, without any loss of generality one may use {X;}Z_;, for a sufficiently
large T', as a countable dense set in X’; and then find a sequence of positive constants, {51;}?:1, such
that it is possible to construct balls, B, = {x € X : | — Xy|| < 0}, with £(0B;) = 0 for each
1 <t <T. Finally, set A = By and A1 = Bt+1\Ui:1 B, for 1 <t < T. Then the space X can be

covered by a finite sequence of disjoint sets, {A;}/_,. It immediately follows that

T X

Tar(Xy) < l4esup f(x) =1+ aile), (A.12)
kT xeB;

T'q27(X4) > 1—esup flz) =1—ale). (A.13)
kT xEDB;

We now proceed to bound the term defined in Eq. (A.10). An application of Tchebyshev’s inequality
yields for any integer ¢ > 1:

T oy
P (223 (F1a(X0) — ElKy 2 (X0)|Fx)) = Tarr(X)) (1 - m) \fxt

T k
<P <12“3§T {Z (K1 s(Xy) — E[Kl,s(Xt)lfxt])} > Tq1(Xy) (1 - TqTT(Xt)> ‘fxt>

s=1

E [|ma><1gg (5T, (K1 a(X0) — B[Ky (X)) Fx )}

P s

By

‘T(ﬂ T Xt)at(e()ll ‘%

Using Result B.3 and the inequality ||E[g(X)|B]|l, < |lg(X)]|, for any measurable function of X and

2
2 }

a Borel algebra, B, yields:

Bi < Ol {I1K11(X0) = BIK1 1 (X0 Fxi e 7,

T
+ 240) 5712

) |:K17S(Xt) — E[Kl,s(Xt)|]:Xt]

Fx,

= CoT*Bia+ Bip},
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where
Bia = [|Ki1(Xt) 4+ qur(Xe) — 1”2@,th

= {l@r(x) ~ 00 r(X) + @5 (X)0 - a X))}

Bib HE |:K1,S(Xt) +q7r(Xe) — 1‘fxo]
2

= lgr(X) = P (11X, — Xi|l < 61(T)|Fx0) |,

< sup HP(Xs €eA)—P(X;e At|fX0)H2w
1<t<T

where the last inequality holds for a sufficiently large 7. In view of the inequality (a+b) < 21=V/P (aP? 4 bP )1/ p
fora >0, b >0, and p > 1, using Eq. (A.8) we obtain the ratio

T¢
Cry

Bi g

N (R e {lan (3 = 10030 + (K01 - 07 (X0)
€ t T(E)

T 20
240 —1/2 P(X,cA)—P(X,cA|F
' <SZ=; ’ 1251£T |P(X, € 4) (X € Al Fx;) H%)

It then follows that:

T 041 X,)(1 — X))+ ¢4 — X
SOP (A (w) < 22@-1047;{:% sup q1,7(Xe)(1 — q1,7(X4))* + ai'7( _ q1,7(Xt))
= o (1 +erxzsh)

. 20
+  240% sup ( s71/2 |P(Xs€A)—P(X, € AtV:Xo)sz) } ‘
1<t<1 \

Since the first term inside the brackets in the above equation is always finite, it follows from Eqs. (A.4)
and (A.5) that

T
lim P (A§ < oo. A4
DT (45 () < o0 (A1)
Using the same argument results in:
T (+1 X)(1 = gar(Xe)* + @ (X) (1 — ger(X
T +

STP(USw) < 2oy, _— g2, (Xt)(1 — q2,7(X1))*" + 37 ( t)2(€ 2,7(X1))
= e (1 - ef(x0)r4%5)

Hence, it follows that:

T
lim S < 0. .
P (A e) < o0 (A15)
Therefore, in view of Egs. (A.14) and (A.15), the result follows. O
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B Known Results

Lemma B.1. (The ‘Lebesque Density Theorem’) Let Q be a subclass of the Borel sets of R with the
property that supge g % < ¢ < o for some constant ¢, where Q* is the smallest cube centered at the
origin that contains Q, and L(-) denotes the volume of a set. Let Q, be the subclass of Q containing
only sets Q with L(Q) <. Let f be any density on RN . Let z + Q denote the translation of Q by z.

Then, for almost all x,

lim sup '— fly)dy — f(x)| = 0.
OB 2Q) Jurg T )
Proof. See Devroye and Lugosi (2001, p. 42). O

The points « at which this convergence takes place are called Lebesgue points for f. Classes that

satisfy the condition are the classes of all cubes, or all balls on RY.

Lemma B.2. (The ‘Generalized Lebesque Differentiation Theorem’) Given an equicontinuous function,

g(+), such that [pn |g(x)[Pp(de) < oo for some p >0 and a Lebesgue measure, [, then
1

Jim s /Q o 8w) @) dny) =0 ac. (),

where Q«(h) is a cube of center x with an edge length h.

Proof. The proof of this result immediately follows from the equicontinuity of g(x) couple with the
Lebesgue differentiation theorem stated in Wheeden and Zygmund (1977, p. 189). O

Lemma B.3. Let S, = Y_i" | X;, where X; = X o T is a stationary process, and Si = max;<p |Sj|.
Assume that E[|X1|P] < oo, p > 2. Then

n
I1S5llp < Cp/Pn/? || Xallp +240 ) iV ELX| Foll |
i=1

where C, is a generic constant that depends only on p.

Proof. See Peligrad et al. (2007). O

Lemma B.4. Suppose that & is F;-measurable and 1 is Fyyr-measurable for some t,7 € Nt. If
1-1/q—1/r

El¢|? < 00 and En|" < oo for some q, r > 1 and 1/q+1/r < 1, then cov(&,v) < 6|€]l4lnllror ,
where o is the conventional strong mizing coefficient.

Proof. See Davydov (1968). O
Lemma B.5. Let Q = [0,1], F = B([0,1]), let £ denote the Lebesque measure on (2, F), and let
f=f(x) € L1. Put

(k+1)2~"
fu@) =2 [ Sy, k2" < < (2
k2-n

Then fn(x) — f(x) (L-a.s.).

Proof. See exercise 5 in Shiryaev (1996, p. 515). O
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Table 1: Monte Carlo Performance for Cases 1 & 2

Case 1 Case 2
Model n Bias  Std. Dev. IQR Bias  Std. Dev. IQR
MA 100 0.000 0.034 0.043 -0.003 0.376 0.492
200  0.000 0.025 0.032 -0.005 0.269 0.356
400  0.000 0.017 0.023 -0.003 0.187 0.242

BILINEAR 100 -0.003 0.155 0.170 0.031 1.580 1.647
200 -0.002 0.116 0.131 0.029 1.078 1.216
400 0.001 0.080 0.095 0.007 0.753 0.919

GARCH 100 0.000 0.065 0.076 0.019 0.661 0.808
200  0.000 0.046 0.058 0.015 0.461 0.604
400  0.000 0.032 0.042 -0.001 0.327 0.431

Note: This table reports Monte Carlo Bias (Bias), Standard Deviation (Std. Dev.) and Inter-Quartile
Range (IQR) for Cases 1 and 2. Results based on 2000 Monte Carlo replications corresponding to
the Moving Average (MA), Bilinear (BILINEAR) and Generalized Autoregressive Conditional Het-
eroskedasticity (1,1) (GARCH) models for X; in Example 1.
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Figure 1: Case 1
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Note: QQ-Plots of the standardize Monte Carlo sample vs the theoretical quantiles of a standard nor-

mal distribution, with a 45-degrees line. Results based on 2000 Monte Carlo replications correspond
to the Moving Average (MA), Bilinear (BILINEAR) and Generalized Autoregressive Conditional Het-
eroskedasticity (1,1) (GARCH) models for X; in Example 1.
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Figure 2: Case 2
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Note: QQ-Plots of the standardize Monte Carlo sample vs the theoretical quantiles of a standard nor-

mal distribution, with a 45-degrees line. Results based on 2000 Monte Carlo replications correspond
to the Moving Average (MA), Bilinear (BILINEAR) and Generalized Autoregressive Conditional Het-
eroskedasticity (1,1) (GARCH) models for X; in Example 1.
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