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●♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣✱ ●❉P ❛♥❞ ❡①❝❤❛♥❣❡ r❛t❡ ✐♥
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❆❜str❛❝t

❚❤✐s ♣❛♣❡r ❛ss❡ss❡s t❤❡ ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t

✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ❛t ♠✉❧t✐♣❧❡ ❤♦r✐③♦♥s✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ❢♦r ♥♦r♠❛❧ ♣❡r✐♦❞s

✭✶✾✺✾◗✶ t♦ ✷✵✵✻ ◗✹✮ ✇✐t❤ t❤❡ ❝❛✉s❛❧✐t② ❢♦r t❤❡ ❩▲❇ ♣❡r✐♦❞ ✭✷✵✵✼◗✶ t♦ ✷✵✶✺◗✹✮✳ ❲❡ s❤♦✇ t❤❛t t❤❡

●r❛♥❣❡r ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P ❛r❡ ✈❡r② ❤✐❣❤ ❛♥❞ ♣❡rs✐st❡♥t ✐♥

t❤❡ ❩▲❇ ♣❡r✐♦❞✱ ❜✉t ♦♥❧② ✐❢ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❲❤❡♥ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡

✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P ❜❡❝♦♠❡s ✈❡r②

s♠❛❧❧ ❛♥❞ ♥♦♥✲♣❡rs✐st❡♥t✳

❑❡②✇♦r❞s✿ ❩❡r♦ ▲♦✇❡r ❇♦✉♥❞❀ ❈❛✉s❛❧✐t② ▼❡❛s✉r❡s✳

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ❈✵✶❀ ❈✸✷✱ ❊✻✷✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ♣❛♣❡r ❛ss❡ss❡s t❤❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ t❤❡ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t
✭●❉P✮ ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ♦❢ ❆♠❡r✐❝❛ ❛t ♠✉❧t✐♣❧❡ ❤♦r✐③♦♥s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤✐s ♣❛♣❡r ❛♥❛❧②s❡s t❤❡ ❡✛❡❝t
♦❢ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ♦♥ t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❞✉r✐♥❣ t❤❡ ❩❡r♦ ▲♦✇❡r ❇♦✉♥❞ ✭❩▲❇✮ ♣❡r✐♦❞✳ ❉✉r✐♥❣
t❤❡ ✷✵✵✼ ✜♥❛♥❝✐❛❧ ❝r✐s✐s ❛♥❞ t❤❡ r❡❝❡ss✐♦♥ t❤❛t ❢♦❧❧♦✇❡❞✱ t❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ r❡❛❝❤❡❞ ✐ts ❧♦✇❡r
❜♦✉♥❞ ❛♥❞ r❡♠❛✐♥❡❞ ❛t ❛ ✈❡r② ❧♦✇ ❧❡✈❡❧ ❢♦r ❛ ❧♦♥❣ ♣❡r✐♦❞❀ ✐♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❞❡✜♥❡ t❤❡ ♣❡r✐♦❞ ❢r♦♠
✷✵✵✼◗✶ t♦ ✷✵✶✺◗✹ ❛s t❤❡ ❩▲❇ ♣❡r✐♦❞✳ ❉✉r✐♥❣ t❤❛t ♣❡r✐♦❞✱ t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ❧♦st ✐ts ♠♦♥❡t❛r②
♣♦❧✐❝②✱ ✇❤✐❝❤ ❝♦♥s✐st❡❞ ♦❢ ❧♦✇❡r✐♥❣ t❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡ t♦ ✐♥❝r❡❛s❡ t❤❡ ●❉P✳ ❚❤❡ ❣♦✈❡r♥♠❡♥t ♦❢
t❤❡ ❯♥✐t❡❞ ❙t❛t❡s t❤❡♥ st❛rt❡❞ t♦ ✐♥❝r❡❛s❡ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ t♦ ✐♥❝r❡❛s❡ t❤❡ ●❉P✳

▼❛♥② r❡s❡❛r❝❤❡rs ❤❛✈❡ s❤♦✇♥✱ ✉s✐♥❣ t❤❡♦r❡t✐❝❛❧ ♠❛❝r♦❡❝♦♥♦♠✐❝ ♠♦❞❡❧s ❜✉✐❧t ✐♥ ❛ ❝❧♦s❡❞ ❡❝♦♥♦♠②✱
t❤❛t t❤❡ ❡❧❛st✐❝✐t② ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P ✐s ✈❡r② ❧❛r❣❡ ✇❤❡♥ t❤❡ ♥♦♠✐♥❛❧ ✐♥t❡r❡st r❛t❡

∗❲❡ t❤❛♥❦ Pr♦❢❡ss♦r ❏❡❛♥✲▼❛r✐❡ ❉✉❢♦✉r ❛♥❞ Pr♦❢❡ss♦r ❱✐❝t♦r✐❛ ❩✐♥❞❡ ❲❛❧s❤ ❢♦r t❤❡✐r ✉s❡❢✉❧ ❞✐s❝✉ss✐♦♥s ❛♥❞ ❝♦♠♠❡♥ts✳
❊❛r❧✐❡r ✈❡rs✐♦♥s ♦❢ t❤✐s ♣❛♣❡r ✇❡r❡ ♣r❡s❡♥t❡❞ ❛t t❤❡ ✉♥✐✈❡rs✐t② ♦❢ ◗✉❡❜❡❝ ❛t ▼♦♥tr❡❛❧

†❘❡♣❧❛❝❡♠❡♥t ❆ss✐st❛♥t Pr♦❢❡ss♦r✱ ❯♥✐✈❡rs✐t② ♦❢ ❖tt❛✇❛✱ ❈❡♥tr❡ ✐♥t❡r✉♥✐✈❡rs✐t❛✐r❡ ❞❡ r❡❝❤❡r❝❤❡ ❡♥ ❛♥❛❧②s❡ ❞❡s ♦r❣❛♥✲
✐s❛t✐♦♥s ✭❈■❘❆◆❖✮✱ ❈❡♥tr❡ ✐♥t❡r✉♥✐✈❡rs✐t❛✐r❡ s✉r ❧❡ r✐sq✉❡✱ ❧❡s ♣♦❧✐t✐q✉❡s é❝♦♥♦♠✐q✉❡s ❡t ❧✬❡♠♣❧♦✐ ✭❈■❘P➱❊✮✱ ❯♥✐✈❡rs✐t②
♦❢ ◗✉❡❜❡❝ ❛t ▼♦♥tr❡❛❧✳ ▼❛✐❧✐♥❣ ❛❞❞r❡ss✿ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ❖tt❛✇❛✱ ✶✷✵ ❯♥✐✈❡rs✐t②✱ ❙♦❝✐❛❧ ❙❝✐❡♥❝❡s
❇✉✐❧❞✐♥❣✱ ❘♦♦♠ ✾✵✵✺✱ ❖tt❛✇❛✱ ❖♥t❛r✐♦✱ ❈❛♥❛❞❛✱ ❑✶◆ ✻◆✺❀ ❡✲♠❛✐❧✿ ♠❛♦❴t❛❦♦♥❣♠♦✳❝❤❛r❧❡s❴♦❧✐✈✐❡r❅✉q❛♠✳❝❛ ❲❡❜ ♣❛❣❡✿
❤tt♣s✿✴✴s✐t❡s✳❣♦♦❣❧❡✳❝♦♠✴s✐t❡✴♠❛♦t❛❦♦♥❣♠♦❝❤❛r❧❡s✴

✶



✐s ❜✐♥❞✐♥❣ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡✱ ❈❤r✐st✐❛♥♦ ❡t ❛❧✳✱ ✷✵✶✶✮✳❚❤❡✐r r❡s✉❧ts ❛r❡ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡r❡ ✐s ♥♦
❧♦♥❣❡r ❛ ❝r♦✇❞✐♥❣ ♦✉t ❡✛❡❝t ✈✐❛ t❤❡ ✐♥t❡r❡st r❛t❡ ✐♥ ❛ ❝❧♦s❡❞ ❡❝♦♥♦♠②✳

▲❛t❡r✱ ♦t❤❡r r❡s❡❛r❝❤❡rs✱ ✉s✐♥❣ ❛ ♠❛❝r♦❡❝♦♥♦♠✐❝ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✱ ❞✐s❝♦✈❡r❡❞ t❤❛t t❤❡ ❡❧❛st✐❝✐t②
❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P ❞✉r✐♥❣ t❤❡ ❩▲❇ ♣❡r✐♦❞ ✐s ♥♦t ❧❛r❣❡ ❢♦r ♦♣❡♥ ❡❝♦♥♦♠✐❡s❀ ✐ts
✈❛❧✉❡ ✐s s✐♠✐❧❛r t♦ ✇❤❛t ✐s ✉s✉❛❧❧② ♦❜t❛✐♥❡❞ ✐♥ ❛ ♥♦r♠❛❧ ♣❡r✐♦❞ ✭s❡❡ ❢♦r ❡①❛♠♣❧❡✱ ▼❛♦ ❚❛❦♦♥❣♠♦✱ ✷✵✶✼✮✳
❚❤❡ r❡s✉❧t ✐♥ ❛♥ ♦♣❡♥ ❡❝♦♥♦♠② ✐s ❞✉❡ t♦ ❛♣♣r❡❝✐❛t✐♦♥ ♦❢ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ❛❢t❡r ❛♥ ✐♥❝r❡❛s❡ ✐♥
❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣✳ ❚❤❡ ❛✉t❤♦r ❝❛❧❧❡❞ t❤✐s ❛ ❝r♦✇❞✐♥❣ ♦✉t ❡✛❡❝t ✈✐❛ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✉s❡ t❤❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ♣r♦♣♦s❡❞ ❜② ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ ✭❜❛s❡❞
♦♥ ❉✉❢♦✉r ✫ ❘❡♥❛✉❧t ✭✶✾✾✽✮✮ t♦ ♠❡❛s✉r❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ❞✉r✐♥❣ ❛ ♥♦r♠❛❧ ♣❡r✐♦❞ ✭✶✾✺✾◗✶ t♦ ✷✵✵✻◗✹✮
❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ s❛♠❡ ♠❡❛s✉r❡ ❞✉r✐♥❣ t❤❡ ❩▲❇ ♣❡r✐♦❞ ✭✷✵✵✼◗✶ t♦ ✷✵✶✺◗✹✮✳ ❲❡ ♣✉t ♠♦r❡ ❡♠♣❤❛s✐s
♦♥ t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡✳ ❖✉r ❡♠♣✐r✐❝❛❧ r❡s✉❧ts ♣r♦✈✐❞❡ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ●r❛♥❣❡r
❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P ❛r❡ ✈❡r② ❤✐❣❤ ❛♥❞ ♣❡rs✐st❡♥t ✐♥ t❤❡ ❩▲❇
♣❡r✐♦❞✱ ❜✉t ♦♥❧② ✐❢ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❲❤❡♥ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐s t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t✱ ♦✉r ♠❡❛s✉r❡ ♦❢ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P ❜❡❝♦♠❡s ✈❡r② s♠❛❧❧
❛♥❞ ♥♦♥✲♣❡rs✐st❡♥t✳

▼❛♥② r❡s❡❛r❝❤❡rs ❤❛✈❡ ❝♦♠♣❛r❡❞ ❡♠♣✐r✐❝❛❧❧② t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P✳ ❯s✐♥❣
❛ ✈❡❝t♦r ❛✉t♦ r❡❣r❡ss✐✈❡ ✭❱❆❘✮ ♠❡t❤♦❞ ❛♥❞ ❛♥♥✉❛❧ ♣❛♥❡❧ ❞❛t❛ ❢r♦♠ ✶✾✺✶✲✷✵✵✼ ❢♦r ✻✷ ❞❡✈❡❧♦♣❡❞ ❛♥❞
❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s✱ ❑❛rr❛s ✭✷✵✶✷✮ s❤♦✇❡❞ t❤❛t ❛♥ ✐♥❝r❡❛s❡ ✐♥ tr❛❞❡ ♦♣❡♥♥❡ss ❜② ✶✵ ✪ ♦❢ t❤❡ ●❉P
r❡❞✉❝❡s t❤❡ ✜s❝❛❧ ♠✉❧t✐♣❧✐❡r ❜② ✺ ✪ ✳ ❍♦✇❡✈❡r✱ t❤✐s r❡s❡❛r❝❤ ✇❛s ❞♦♥❡ ✉s✐♥❣ ❞❛t❛ ❢r♦♠ ❛ ♥♦r♠❛❧
♣❡r✐♦❞✳ ■❧③❡t③❦✐ ❡t ❛❧✳ ✭✷✵✶✸✮ ✉s❡❞ ♣❛♥❡❧ ❞❛t❛ ❢r♦♠ ✶✾✻✵◗✶ t♦ ✷✵✵✼◗✹ ❢r♦♠ ✹✹ ❞❡✈❡❧♦♣❡❞ ❛♥❞ ❞❡✈❡❧♦♣✐♥❣
❝♦✉♥tr✐❡s ❛♥❞ t❤❡ str✉❝t✉r❛❧ ❱❆❘ ✭❙❱❆❘✮ ♠❡t❤♦❞ t♦ s❤♦✇ t❤❛t ✜s❝❛❧ ♠✉❧t✐♣❧✐❡rs ❛r❡ ✉s✉❛❧❧② ❧♦✇❡r ❢♦r
♦♣❡♥ ❡❝♦♥♦♠✐❡s✳ ■❧③❡t③❦✐ ❡t ❛❧✳ ✭✷✵✶✸✮ ❛❧s♦ ❞✐❞ ♥♦t ❝♦✈❡r t❤❡ ❩▲❇ ♣❡r✐♦❞✳ ❩❤❛♥❣ ❡t ❛❧✳ ✭✷✵✶✻✮ ✉s❡❞ t❤❡
♠❡t❤♦❞♦❧♦❣② ♣r❡s❡♥t❡❞ ❜② ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ t♦ ♠❡❛s✉r❡ t❤❡ ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡ r❛t❡s
❛♥❞ ❝♦♠♠♦❞✐t② ♣r✐❝❡s✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐s t❤❡ ✜rst t✐♠❡ t❤❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ✐s ✉s❡❞
t♦ ❛ss❡ss t❤❡ ❧✐♥❦ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P ❛t ♠✉❧t✐♣❧❡ ❤♦r✐③♦♥s✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞✐s❝✉ss
t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✿ s❡❝t✐♦♥ ✭✷✮ ♣r❡s❡♥ts t❤❡ t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ♣r♦♣♦s❡❞ ❜② ❉✉❢♦✉r
✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮❀ s❡❝t✐♦♥ ✭✸✮ ♣r❡s❡♥ts t❤❡ ❞❛t❛ ✉s❡❞ ❛♥❞ t❤❡ r❡s✉❧ts❀ ❛♥❞ s❡❝t✐♦♥ ✭✹✮ ❝♦♥❝❧✉❞❡s✳

✷ ❋r❛♠❡✇♦r❦

❆ t✐♠❡ s❡r✐❡s {X(t)} ❝❛✉s❡s ❛♥♦t❤❡r t✐♠❡ s❡r✐❡s {Y (t)} , ✐♥ t❤❡ s❡♥s❡ ♦❢ ❲✐❡♥❡r ✭✶✾✺✻✮ ❛♥❞ ●r❛♥❣❡r
✭✶✾✻✾✮✱ ✐❢ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❜❡tt❡r ♣r❡❞✐❝t {Y (t)} ✉s✐♥❣ ❛❧❧ ❛✈❛✐❧❛❜❧❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ ✉s✐♥❣ ❛❧❧ ❛✈❛✐❧❛❜❧❡
✐♥❢♦r♠❛t✐♦♥ ✇✐t❤♦✉t {X(t)}✳ ❋♦❧❧♦✇✐♥❣ ❉✉❢♦✉r ✫ ❘❡♥❛✉❧t ✭✶✾✾✽✮✱ ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮✱ ❛♥❞ ❙♦♥❣
✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✻✮✱ ✇❡ ❞❡✜♥❡ t❤❡ ❝♦♥❝❡♣t ♦❢ ♥♦♥✲❝❛✉s❛❧✐t② ✐♥ t❡r♠s ♦❢ ♦rt❤♦❣♦♥❛❧✐t② ❝♦♥❞✐t✐♦♥s ❜❡t✇❡❡♥
s✉❜✲s♣❛❝❡s ♦❢ ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✜♥✐t❡ s❡❝♦♥❞ ♠♦♠❡♥ts✳ ❚❤❡ ♥♦t❛t✐♦♥s ❤❡r❡ ❛r❡
t❤♦s❡ ✉s❡❞ ❜② ❙♦♥❣ ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✻✮✳

▲❡t L2 ≡ L2(Ω,A, Q) r❡♣r❡s❡♥t ❛ ❍✐❧❜❡rt s♣❛❝❡ ♦❢ r❡❛❧ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ✜♥✐t❡ s❡❝♦♥❞ ♠♦♠❡♥ts
❛♥❞ ♠❡❛♥ ③❡r♦✱ ❞❡✜♥❡❞ ♦♥ ❛ ❝♦♠♠♦♥ ♣r♦❜❛❜✐❧✐t② s♣❛❝❡ (Ω,A, Q) ✇✐t❤ ❝♦✈❛r✐❛♥❝❡ ❛s t❤❡ ✐♥♥❡r ♣r♦❞✉❝t✳
❆s ❞❡✜♥❡❞ ❜② ❉✉❢♦✉r ✫ ❘❡♥❛✉❧t ✭✶✾✾✽✮✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛✈❛✐❧❛❜❧❡ ❛t t✐♠❡ t ⊆ Z ✐s ❛ ❝❧♦s❡❞ ❍✐❧❜❡rt
s✉❜s♣❛❝❡ I(t) ⊆ L2✳ ❚❤❡ s❡t ♦❢ ✐♥t❡❣❡rs ✐s ❞❡♥♦t❡❞ ❜② Z ✳ ❲❡ ❝♦♥s✐❞❡r ❛ s❡t ♦❢ ♥♦♥✲❞❡❝r❡❛s✐♥❣ s❡q✉❡♥❝❡s
♦❢ ✐♥❢♦r♠❛t✐♦♥ I ✇✐t❤ ❛ st❛rt✐♥❣ ♣♦✐♥t ω ∈ Z ∪ {−∞}✳ ❚❤❛t ✐♥❢♦r♠❛t✐♦♥ s❡t I ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

I = {I(t) : t ∈ Z , t > ω} ✇✐t❤ t < t′ ⇒ I(t) ⊆ I(t′) ❢♦r ❛❧❧ t > ω , ✭✶✮

✇❤❡r❡ I(t) ✐s ❛ ❍✐❧❜❡rt s✉❜s♣❛❝❡ ♦❢ L2, ω ∈ Z ∪ {−∞} r❡♣r❡s❡♥ts ❛ ✏st❛rt✐♥❣ ♣♦✐♥t✑ ❛♥❞ Z ✐s t❤❡ s❡t ♦❢
✐♥t❡❣❡rs✳ ❯s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❉✉❢♦✉r ✫ ❘❡♥❛✉❧t ✭✶✾✾✽✮✱ X(ω, t] ❛♥❞ Y (ω, t] ❛r❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞✱
r❡s♣❡❝t✐✈❡❧②✱ ✐♥ t❤❡ ✈❛r✐❛❜❧❡s X ❛♥❞ Y ✉♣ t♦ t✐♠❡ t✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ✐s ❛❞❞❡❞ ❛s ❢♦❧❧♦✇s✿

IX(t) = I(t)✰X(ω, t] , ✭✷✮
✷



IXY (t) = I(t)✰X(ω, t]✰Y (ω, t] = IX(t)✰Y (ω, t]. ✭✸✮

IX(t) ✐s ✐♥❢♦r♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣X(ω, t] t♦ I(t) ❛♥❞ IXY (t) ✐s t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣
Y (ω, t] t♦ IX(t) ✳

❋♦r ❤♦r✐③♦♥ h > 0✱ P [X(t+h)|B(t)] ✐s t❤❡ ❜❡st ❢♦r❡❝❛st ♦❢ X(t+h) ❜❛s❡❞ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ s❡t B(t)
✱ ✇✐t❤ U [X(t+h)|B(t)] = X(t+h)−P [X(t+h)| andB(t)] t❤❡ ❢♦r❡❝❛st✐♥❣ ❡rr♦r✳ ❚❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡
♠❛tr✐① ♦❢ t❤❡ ❢♦r❡❝❛st✐♥❣ ❡rr♦r ✐s✿

Σ[X(t+ h) |B(t)] = E
{
U [X(t+ h) |B(t)]U [X(t+ h) |Bt]

′
}
. ✭✹✮

✷✳✶ ❈❛✉s❛❧✐t② ♠❡❛s✉r❡s

❈❛✉s❛❧✐t✐❡s ♠❛② ❡①✐st ❢r♦♠ ❳ t♦ ❨ ♦r ❢r♦♠ ❨ t♦ ❳✳ ❆s ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ ♣♦✐♥t❡❞ ♦✉t✱ ❛ st❛t✐st✐❝❛❧
t❡st ❝❛♥♥♦t ❛❝❤✐❡✈❡ t❤❛t ❣♦❛❧ s✐♥❝❡ ✐t ✐s ♦♥❧② ✐♥❢♦r♠❛t✐✈❡ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦r ♥♦♥✲❡①✐st❡♥❝❡ ♦❢ ❝❛✉s❛❧✐t②
❛♥❞ st❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ✉s✉❛❧❧② ❞❡♣❡♥❞s ♦♥ ❛✈❛✐❧❛❜❧❡ ❞❛t❛ ❛♥❞ ♣♦✇❡r✳ ❆s ▼❝❈❧♦s❦❡② ✫ ❩✐❧✐❛❦ ✭✶✾✾✻✮
❛♥❞ ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ ❛r❣✉❡❞✱ ❛t ❛ ❣✐✈❡♥ ❧❡✈❡❧✱ ❛ ❧❛r❣❡ ❡✛❡❝t ♠❛② ♥♦t ❜❡ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t
❛♥❞ ❛ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❡✛❡❝t ♠❛② ♥♦t ❜❡ r❡❧❡✈❛♥t ❢r♦♠ ❛♥ ❡❝♦♥♦♠✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤✐s ✐s ✇❤②
t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ❢♦r❡❝❛st✐♥❣ ✐♠♣r♦✈❡♠❡♥t ❜❛s❡❞ ♦♥ ❛ ❧♦ss ❢✉♥❝t✐♦♥ ✐s ♣r❡❢❡rr❡❞✳

❚❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ♣r♦♣♦s❡❞ ✐♥ ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ ❢♦r ❤♦r✐③♦♥ h > 0 ✐s ❜❛s❡❞ ♦♥ t❤❡
r❛t✐♦ ♦❢ t❤❡ r❡str✐❝t❡❞ ❛♥❞ ✉♥r❡str✐❝t❡❞ ❢♦r❡❝❛st✐♥❣ ❡rr♦r✳ ❚❤❡s❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡✱
❝❛♥❝❡❧ ♦♥❧② ✇❤❡♥ t❤❡ ❝❛✉s❛❧✐t② ❞♦❡s ♥♦t ❡①✐st✱ ❛♥❞ ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❝❛✉s❛❧✐t②✳ ❉❡✜♥✐t✐♦♥
✹✳✶ ✐♥ ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ ❞❡✜♥❡s t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❛s ❢♦❧❧♦✇s✳

❉❡✜♥✐t✐♦♥ ✭❈❛✉s❛❧✐t② ▼❡❛s✉r❡s ❛t ❤♦r✐③♦♥ ❤✮✳

❚❤❡ ❢✉♥❝t✐♦♥

C(Y → X | I) = ln

[
detΣ[X(t+ h) | IX(t)]
det Σ[X(t+ h) | IXY (t)]

]
✭✺✮

❞❡✜♥❡s t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❛t ❤♦r✐③♦♥ ❤ ❢r♦♠ Y t♦ X, ❣✐✈❡♥ I. ❙✐♠✐❧❛r❧②✱ t❤❡ ❢✉♥❝t✐♦♥

C(X → Y | I) = ln

[
detΣ[Y (t+ h) | IY (t)]
det Σ[Y (t+ h) | IXY (t)]

]

❞❡✜♥❡s t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❢r♦♠ X t♦ Y, ❛t ❤♦r✐③♦♥ ❤ ❣✐✈❡♥ I.

❋♦r m1 = m2 = 1, ❞❡✜♥✐t✐♦♥ ✷✳✶ r❡❞✉❝❡s t♦

C(Y → X | I) = ln

[
σ2[X(t+ h) |IX(t)]
σ2[X(t+ 1) | IXY (t)]

]
, C(X → Y | I) = ln

[
σ2[Y (t+ h) |IY (t)]
σ2[Y (t+ h) | IXY (t)]

]
.

C(Y → X | I) ✭r❡s♣✳ C(X → Y | I)✮ ♠❡❛s✉r❡s t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ❝❛✉s❛❧ ❡✛❡❝t ❢r♦♠ Y t♦ X ✭r❡s♣✳ X t♦
Y ✮ ❣✐✈❡♥ I ❛♥❞ t❤❡ ♣❛st ♦❢ Y ✭r❡s♣✳ X✮.

✷✳✷ ❈❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❛s❡❞ ♦♥ ❱❆❘▼❆ ♠♦❞❡❧s ✐♥ t❡r♠ ♦❢ ✐♠♣✉❧s❡ r❡✲

s♣♦♥s❡ ❢✉♥❝t✐♦♥s

❈♦♥s✐❞❡r t❤r❡❡ s❡❝♦♥❞✲♦r❞❡r st❛t✐♦♥❛r② t✐♠❡ s❡r✐❡s ✈❛r✐❛❜❧❡s✱ X(t)✱ Y (t)✱ ❛♥❞ S(t)✳ ▲❡t W (t) =
(X(t)′, Y (t)′, S(t)′)′ ∈ L2. ❆ss✉♠❡ t❤❛t W (t) ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ❱❆❘▼❆ ✭♣✱q✮ r❡♣r❡s❡♥t❛t✐♦♥✿

Φ(L)W (t) = Θ(L)u(t) ✭✻✮

✇❤❡r❡✱ m = m1 +m2 +m3

✸



Φ(L) =



ϕXX(L) ϕXY (L) ϕXS(L)
ϕY X(L) ϕY Y (L) ϕY S(L)
ϕSX(L) ϕSY (L) ϕSS(L)


 ; Θ(L) =



θXX(L) θXY (L) θXS(L)
θY X(L) θY Y (L) θY S(L)
θSX(L) θSY (L) θSS(L)




ϕll(L) = Iml −
p∑

i=1

ϕlliL
i, ϕlk(L) = −

p∑

i=1

ϕlkiL
i,

θll(L) = Iml −
q∑

j=1

θlljL
j, θlk(L) =

q∑

i=1

θlkjL
j,

❢♦r l 6= k ❛♥❞ l, k = X, Y, S,

E [u(t)] = 0, E [u(t)u(s)′] =

{
Σu

0

❢♦r s❂t

❢♦r s6=t

Σu ✐s ❛ s②♠♠❡tr✐❝ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐① ❛♥❞ ✉✭t✮ ✐s ❛ss✉♠❡❞ ♦rt❤♦❣♦♥❛❧ t♦ {W (s), s ≤ t}✳ ■❢ t❤❡
♣r♦❝❡ss W (t) ✐s st❛t✐♦♥❛r②✱ ✐t ❤❛s ❛ MA(∞) r❡♣r❡s❡♥t❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♥ ❜❡❡♥ ✇r✐tt❡♥ ❛s ❢♦❧❧♦✇s✿

W (t) = Ψ(L)u(t), ✭✼✮

Ψ(L) = Φ(L)−1Θ(L) =
∞∑

j=0

ΨjL
j =

∞∑

j=0



ΨXXj(L) ΨXY j(L) ΨXSj(L)
ΨY Xj(L) ΨY Y j(L) ΨY Fj(L)
ΨSXj(L) ΨSY j(L) ΨSFj(L)


 ✭✽✮

✇❤❡r❡ Ψ0 = Im.

❆ ✈❡❝t♦r ♠♦✈✐♥❣ ❛✈❡r❛❣❡✱ VMAR(∞)✱ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ♠♦❞❡❧ ✐s ✇r✐tt❡♥ ❛s

W (t+ h) = Ψ(L)u(t+ h) =
∞∑

j=0

ΨjL
ju(t+ h)

❛♥❞ t❤❡ ❢♦r❡❝❛st✐♥❣ ❡rr♦r ♦❢ W (t+ h) ✐s

U (W (t+ h) | IW (t)) = W (t+ h)− E [W ((t+ h) | IW (t))] =
h−1∑

j=0

Ψju(t+ h− j).

❚❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ W (t+ h) ✐s

Σ [W (t+ h) | IW (t)] =
h−1∑

j=0

ΨjΣuΨ
′

j

❚❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❢♦r❡❝❛st ❡rr♦r ♦❢ X(t+ h) ✐s

Σ [X(t+ h) | IW (t)] =
h−1∑

j=0

J1ΨjΣuΨ
′

jJ
′

1

❛♥❞ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ✉♥❝♦♥str❛✐♥❡❞ ❢♦r❡❝❛st ❡rr♦r ♦❢ Y (t+ h) ✐s

Σ [Y (t+ h) | IW (t)] =
h−1∑

j=0

J2ΨjΣuΨ
′

jJ
′

2

✇❤❡r❡ J1 = (Im1, 0, 0)✱ ❛♥❞ J2 = (0, Im2, 0)

✹



❙✐♠✐❧❛r❧②✱ t❤❡ ❝♦♥str❛✐♥❡❞ ♠♦❞❡❧ ✐s

W0(t) =
∞∑

i=0

ΨjL
jǫ(t)

✱ t❤❡ ❢♦r❡❝❛st✐♥❣ ❡rr♦r ♦❢ t❤❡ ❝♦♥str❛✐♥❡❞ ♠♦❞❡❧ W0(t+ h) ✐s

U0 (W0(t+ h) | IW0
(t)) = W0(t+ h)− E [W0 ((t+ h) | IW0

(t))] =
h−1∑

j=0

Ψjǫ(t+ h− j)

❛♥❞ ✐ts ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ✐s

Σ [W0(t+ h) | IW0
(t)] =

h−1∑

j=0

ΨjΣǫΨ
′

j

❚❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❝♦♥str❛✐♥❡❞ ❢♦r❡❝❛st ❡rr♦r ♦❢ X(t+ h) ✐s

Σ [X(t+ h) | IW0
(t)] =

h−1∑

j=0

J0ΨjΣǫΨ
′

jJ0

✇✐t❤ J0 = (Im1, 0) .
❯♥❞❡r ❛ ❱❆❘▼❆ r❡♣r❡s❡♥t❛t✐♦♥ ✐♥ ✭✻✮ ❛♥❞ ✐♥✈❡rt✐❜✐❧✐t②✱ ❚❤❡♦r❡♠ ✺✳✶ ✐♥ ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮

s❤♦✇s t❤❛t t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❢r♦♠ ❨ t♦ ❳ ❛t ❤♦r✐③♦♥ h ≥ 1✱ ✐♥ t❡r♠s ♦❢ r❡❞✉❝❡❞✲❢♦r♠ ✐♠♣✉❧s❡
r❡s♣♦♥s❡s✱ ✐s✿

C(Y
h−→ X | I) = ln



❞❡t

(∑h−1
j=0 J0ΨjΣǫΨ

′

jJ0

)

❞❡t
(∑h−1

j=0 J1ΨjΣuΨ
′

jJ
′

1

)


 ✭✾✮

✇✐t❤ J1 = (Im1, 0, 0) ❛♥❞ J0 = (Im1, 0) .
■❢ S ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✐♥ t❤❡ ♠❡❛s✉r❡ ✭✐✳❡✳✱ m3 = 0✮✱ ❡q✉❛t✐♦♥ ✭✾✮ ✐s ❛ ♠❡❛s✉r❡ ♦❢ ✉♥❝♦♥❞✐t✐♦♥❛❧

❝❛✉s❛❧✐t② ❢r♦♠ Y t♦ X✳

✷✳✸ ❊st✐♠❛t✐♦♥ ❛♥❞ ✐♥❢❡r❡♥❝❡

❆ss✉♠❡ t❤❛t ❢♦r ❡❛❝❤ ✈❛r✐❛❜❧❡ ✇❡ ❤❛✈❡ T ♦❜s❡r✈❛t✐♦♥s✳ ❆❧s♦ ❛ss✉♠❡ t❤❛t ♦✉r ARMA(p, q) ♠♦❞❡❧ ✐s
❡q✉✐✈❛❧❡♥t t♦ ❛ V AR ♠♦❞❡❧ ✇✐t❤ ✐♥✜♥✐t❡ ♦r❞❡r✱ Φ(L)W (t) = u(t), t❤❛t ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❜② ❛ V AR

r❡♣r❡s❡♥t❛t✐♦♥ ✇✐t❤ ✜♥✐t❡ ♦r❞❡r✳ ❚❤❛t ♦r❞❡r k(T ) ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ s❛♠♣❧❡ s✐③❡✳ ❚❤❡ ✜♥✐t❡ ♦r❞❡r ❱❆❘
r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

Φk(L)W (t) = u(t) ✭✶✵✮

❚❤❡ ♦r❞❡r ♦❢ t❤❡ ♣r♦❝❡ss ✐s ❝❤♦s❡♥ ✉s✐♥❣ t❤❡ ❆❦❛✐❦❡ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐❛ ✭❆■❈✮✳ ❚❤❡ ♦r❞✐♥❛r② ❧❡❛st sq✉❛r❡s
✭❖▲❙✮ ❡st✐♠❛t♦rs ♦❢ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ V AR [k(T )] ♠♦❞❡❧ ❛r❡ ❡st✐♠❛t❡❞✳ ❚❤❡s❡ ❡st✐♠❛t❡s ❛r❡

✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❡st✐♠❛t♦rs Ψ̂k ♦❢ t❤❡ ✉♥r❡str✐❝t❡❞ ♠♦❞❡❧✳ ❚❤❡ s❛♠❡ ♠❡t❤♦❞♦❧♦❣②

✐s ✉s❡❞ ✐♥ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ✐♠♣✉❧s❡ r❡s♣♦♥s❡ ❡st✐♠❛t♦rs ♦❢ t❤❡ r❡str✐❝t❡❞ ♠♦❞❡❧ Ψ̂k✳ ❚❤❡ ❖▲❙
❡st✐♠❛t♦rs ♦❢ t❤❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ t❤❡ ❢♦r❡❝❛st✐♥❣ ❡rr♦r ♦❢ t❤❡ ✉♥r❡str✐❝t❡❞ ♠♦❞❡❧ Σ̂u,k ❛♥❞

r❡str✐❝t❡❞ ♠♦❞❡❧ Σ̂ǫ,k ❛r❡ ✉s❡❞ ❛s ❡st✐♠❛t♦rs ♦❢ ❛ ❝♦rr❡s♣♦♥❞✐♥❣ ✉♥❦♥♦✇♥ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢
❢♦r❡❝❛st✐♥❣ ❡rr♦rs✳ ❚❤♦s❡ ❡st✐♠❛t♦rs r❡♣❧❛❝❡ t❤❡ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ✐♥ t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ t♦ ♦❜t❛✐♥
❛♥ ❡st✐♠❛t♦r ♦❢ t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡✳

✺



❆♥ ❡st✐♠❛t♦r ♦❢ t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❢r♦♠ ❨ t♦ ❳ ❛t ❤♦r✐③♦♥ h ≥ 1✱ ✐♥ t❡r♠s ♦❢ r❡❞✉❝❡❞✲❢♦r♠
✐♠♣✉❧s❡ r❡s♣♦♥s❡s✱ ✐s✿

Ĉ(Y
h−→ X | I) = ln



❞❡t

(∑h−1
j=0 J0Ψ̂j,kΣ̂ǫ,kΨ̂

′

jk J0

)

❞❡t
(∑h−1

j=0 J1Ψ̂j,kΣ̂u,kΨ̂
′

jkJ
′

1

)




✇✐t❤ J1 = (Im1, 0, 0) ❛♥❞ J0 = (Im1, 0) .
Pr♦♣♦s✐t✐♦♥ ✽✳✶ ♦❢ ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ s❤♦✇s t❤❛t✱ ✉♥❞❡r s♦♠❡ r❡❣✉❧❛r✐t② ❝♦♥❞✐t✐♦♥s✱

√
T
[
Ĉ
(
X

h−→ Y |I
)
− C

(
X

h−→ Y |I
)]

d−→ N(0,Σc(h))

✇❤❡r❡

Σc(h) =
∂C

(
X

h−→ Y |I
)

∂δ
Σδ

∂C
(
X

h−→ Y |I
)′

∂δ

δ = [✈❡❝(Φ)′, ✈❡❝❤(Σu)
′] ❛♥❞ Σδ ✐s t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ δ̂✳

✷✳✹ ❇♦♦tstr❛♣

❚❤❡ ❜♦♦tstr❛♣ ♠❡t❤♦❞ t♦ ❜✉✐❧❞ ❝♦♥✜❞❡♥t ✐♥t❡r✈❛❧s ✐s ♣r♦♣♦s❡❞ ❜② ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮✳

✶✳ ▲❡t W = (X ′, Y ′, S ′)′✳ ❊st✐♠❛t❡ t❤❡ V AR(p) ♠♦❞❡❧✱ W (t + h) = Φ(L)W (t) +

ǫ(t + h) ❛♥❞ s❛✈❡ t❤❡ ❖▲❙ ❡st✐♠❛t♦r ♦❢ t❤❡ ♣❛r❛♠❡t❡rs Φ̂(L) ❛♥❞ t❤❡ r❡s✐❞✉❛❧
ǫ̂(t + h)✳ ▲❡t {ǫ∗(t) = (ǫ∗1(t+ h), ...ǫ∗N(t+ h))} ❞❡♥♦t❡ t❤❡ ❜♦♦tstr❛♣ s❛♠♣❧❡ ❢r♦♠{
ǫ̂(t+ h) = W (t+ h)− Φ̂(L)W (t)

}

✷✳ ✳ ●❡♥❡r❛t❡ t❤❡ ❜♦♦tstr❛♣ ♣❛♥❡❧ ❞❛t❛ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦♦tstr❛♣ ❞❛t❛✲❣❡♥❡r❛t✐♥❣ ♣r♦❝❡ss✿

W ∗(t+ h) = Φ̂(L)W (t) + ǫ∗(t+ h)

✸✳ ❊st✐♠❛t❡ t❤❡ V AR(p) ♠♦❞❡❧✱ W ∗(t + h) = Φ(L)∗W ∗(t) + ξ(t + h)✱ ❛♥❞ s❛✈❡ t❤❡ ❜♦♦tstr❛♣ ❖▲❙

❡st✐♠❛t♦r Φ̃∗(L) ❛♥❞ ❜♦♦tstr❛♣ r❡s✐❞✉❛❧ ǫ̃∗(t+ h)✳

✹✳ ▲❡t W0 = (X ′, S ′)′✳ ❊st✐♠❛t❡ t❤❡ ❝♦♥str❛✐♥❡❞ ♠♦❞❡❧✱ W ∗

0 (t + h) = Φ0(L)
∗W ∗

0 (t) + ǫ∗(t + h) ✉s✐♥❣
t❤❡ ❜♦♦tstr❛♣ s❛♠♣❧❡ W ∗.

✺✳ ❈❛❧❝✉❧❛t❡✱ ❛t st❡♣ j✱ t❤❡ ❜♦♦tstr❛♣ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ❛t ❤♦r✐③♦♥ ❤✱ ❞❡♥♦t❡❞ ❜② C̃(j)∗
(
X

h−→ Y |I
)

✻✳ ❘❡♣❡❛t st❡♣s ✷ t❤r♦✉❣❤ ✺ B t✐♠❡s✱ ❛♥❞ s❛✈❡ t❤❡ ❜♦♦tstr❛♣ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ ♠❡❛s✉r❡ ♦❢ ❝❛✉s❛❧✐t②✳

Pr♦♣♦s✐t✐♦♥ ✽✳✷ ♦❢ ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ s❤♦✇s t❤❛t ✉♥❞❡r s♦♠❡ r❡❣✉❧❛r✐t✐❡s ❝♦♥❞✐t✐♦♥s✱

√
T
[
C̃∗

(
X

h−→ Y |I
)
− Ĉ

(
X

h−→ Y |I
)]

d−→ N(0,Σc(h))

✇❤❡r❡ Σc(h) ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s✉❜s❡❝t✐♦♥✳

✻



✸ ❉❛t❛ ❛♥❞ r❡s✉❧ts

❖✉r ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ✐s t♦ ❛ss❡ss ❡♠♣✐r✐❝❛❧❧② t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞
r❡❛❧ ●❉P ✐♥ t❤❡ ❝❛s❡ ♦❢ ❩▲❇ ❛♥❞ ❛♥❛❧②③❡ t❤❛t ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ✇❤❡♥ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐s t❛❦❡♥ ✐♥t♦
❛❝❝♦✉♥t ✐♥ ❛ ❩▲❇ ♣❡r✐♦❞✳ ❚❤❡ ❞❛t❛ ❛r❡ q✉❛rt❡r❧② ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ ✶✾✺✾◗✶ t❤r♦✉❣❤ ✷✵✶✺◗✹ ❯♥✐t❡❞
❙t❛t❡s ♠❛❝r♦❡❝♦♥♦♠✐❝ t✐♠❡ s❡r✐❡s ❢r♦♠ ▼❝❈r❛❝❦❡♥ ✫ ◆❣ ✭✷✵✶✺✮✳ ❚❤✐s ✐s ❛♥ ✉♣❞❛t❡❞ ✈❡rs✐♦♥ ♦❢ ❙t♦❝❦ ✫
❲❛ts♦♥ ✭✷✵✶✷✮✳ ❚❤❡ ♠❛✐♥ s♦✉r❝❡ ♦❢ ❞❛t❛ ✐s t❤❡ ❋❡❞❡r❛❧ ❘❡s❡r✈❡ ❇❛♥❦ ♦❢ ❙t✳ ▲♦✉✐s ❞❛t❛❜❛s❡✳ ❖✉t❧✐❡rs
❤❛✈❡ ❜❡❡♥ r❡♠♦✈❡❞ ❛♥❞ t❤❡ s❡r✐❡s ❤❛✈❡ ❜❡❡♥ tr❛♥s❢♦r♠❡❞ ❜② t❤❡ ❛✉t❤♦rs t♦ ✐♥❞✉❝❡ st❛t✐♦♥❛r✐t②✳ ❲❡ ✉s❡
❞❛t❛ ❢r♦♠ t❤❡ ♣❛♥❡❧ ❞❛t❛ ❝r❡❛t❡❞ ❜② t❤♦s❡ ❛✉t❤♦rs t♦ ❢❛❝✐❧✐t❛t❡ t❤❡ r❡♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳ ❚❤❡ ❯❙
r❡❛❧ ●❉P ✐s ❡①♣r❡ss❡❞ ✐♥ ❜✐❧❧✐♦♥s ♦❢ ❝❤❛✐♥❡❞ ✷✵✵✾ ❞♦❧❧❛rs✱ ❛s ✐s t❤❡ r❡❛❧ ❣♦✈❡r♥♠❡♥t ❝♦♥s✉♠♣t✐♦♥✳ ❲❡
❛❧s♦ ✉s❡ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ❜❡t✇❡❡♥ ❈❛♥❛❞❛ ❛♥❞ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✳ ❆❧❧ t❤r❡❡ t✐♠❡s s❡r✐❡s ❤❛✈❡ ❜❡❡♥
tr❛♥s❢♦r♠❡❞ ❜② t❤❡ ❛✉t❤♦rs ❜② ❛♣♣❧②✐♥❣ t❤❡ ✜rst ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ ❧♦❣ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ❞❛t❛✳ ❉✐❝❦❡②✲❋✉❧❧❡r
t❡sts ♦♥ ❡❛❝❤ ♦❢ t❤♦s❡ ❞❛t❛ ✭♥♦t ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r✮ s✉❣❣❡st t❤❛t t❤❡ ✜rst ❞✐✛❡r❡♥❝❡ ♦❢ ❡❛❝❤ ✈❛r✐❛❜❧❡
✐s st❛t✐♦♥❛r②✳

❋♦r s✐♠♣❧✐❝✐t②✱ ❧❡t G ❞❡✜♥❡ st❛t✐♦♥❛r② tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ r❡❛❧ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣✱ GDP t❤❡ st❛t✐♦♥✲
❛r② tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ r❡❛❧ ●❉P✱ ❛♥❞ S t❤❡ st❛t✐♦♥❛r② tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❡①❝❤❛♥❣❡ r❛t❡✳ ■♥ ♦✉r ❱❆❘ r❡♣r❡✲
s❡♥t❛t✐♦♥ ✐♥ ✭✶✵✮✱W (t) = (GDP (t)′, G(t)′, S(t)′)′ ❢♦r ❝♦♥❞✐t✐♦♥❛❧ ❝❛✉s❛❧✐t②✱ ❛♥❞W (t) = (GDP (t)′, G(t)′)′

❢♦r ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝❛✉s❛❧✐t②✳ ❚❤❡ ✈❛❧✉❡ k t❤❛t r❡♣r❡s❡♥ts t❤❡ ♦r❞❡r ♦❢ t❤❡ ❱❆❘ ✐s ❝❤♦s❡♥ ✉s✐♥❣ AIC ✐♥✲
❢♦r♠❛t✐♦♥ ❝r✐t❡r✐❛✳

✸✳✶ ❊♠♣✐r✐❝❛❧ r❡s✉❧ts

❋✐❣✉r❡ ✭✶✮ ♣r❡s❡♥ts t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✭●✮ ❛♥❞ r❡❛❧
❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t ✐♥ ❛ ❩▲❇ ♣❡r✐♦❞✳ ❚❤✐s ✐s t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s ✇❤❡♥
t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❉❛t❛ ✉s❡❞ t♦ ❛ss❡ss t❤❛t ♣❡r✐♦❞ s♣❛♥ ❢r♦♠ t❤❡ ✜rst q✉❛rt❡r
♦❢ ✷✵✵✼ t♦ t❤❡ ❢♦✉rt❤ q✉❛rt❡r ♦❢ ✷✵✶✺✳ ❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♣r❡s❡♥ts t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡
❢r♦♠ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ t♦ ●❉P ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♣r❡s❡♥ts t❤❡ ♦♣♣♦s✐t❡✳ ❋✐❣✉r❡ ✭✷✮ ♣r❡s❡♥ts
t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ♣❡r✐♦❞ ✇❤❡♥ t❤❡ ❩▲❇ ✐s ♥♦t ❜✐♥❞✐♥❣✳ ❊✈✐❞❡♥❝❡ ✐♥ ✜❣✉r❡ ✭✶✮ s❤♦✇s t❤❛t
✇❤❡♥ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ❜❡t✇❡❡♥ t❤❡
t✇♦ ✈❛r✐❛❜❧❡s ✐♥ ❩▲❇ ❛r❡ ❤✐❣❤ ❛♥❞ ❧❛st ❧♦♥❣❡r ✭✉♣ t♦ ♦r❞❡r ❤❂ ✺ ♣❡r✐♦❞✲✇❤❡♥ t❤❡ ❜♦♦tstr❛♣ ❝♦♥✜❞❡♥❝❡
❧♦✇❡r ✈❛❧✉❡ ✐s ♥♦t ③❡r♦✮✱ ❝♦♠♣❛r❡❞ t♦ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ✇❤❡♥ ♥♦t ✐♥ ❩▲❇ ✭s❡❡ ✐♥ ✜❣✉r❡✷✮
✇❤❡r❡ t❤❡ ✈❛❧✉❡ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❤❛❧❢✳

■♥ ❩▲❇✱ ✇❤❡♥ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✭s❡❡ ✜❣✉r❡ ✸✮✱ t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ❛r❡ ❧♦✇❡r
t❤❛♥ ✐♥ ❩▲❇ ✇❤❡♥ t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❆❞❞✐t✐♦♥❛❧❧②✱ t❤❡ ❝❛✉s❛❧✐t② ❧❛sts ❧❡ss
t✐♠❡ ✭♥♦ ❧♦♥❣❡r t❤❛♥ ❤❂✶ ♣❡r✐♦❞ ❛❤❡❛❞ ✲ ✇❤❡♥ t❤❡ ❜♦♦tstr❛♣ ❝♦♥✜❞❡♥❝❡ ❧♦✇❡r ✈❛❧✉❡ st❛rts t♦ t❛❦❡ t❤❡
✈❛❧✉❡ ♦❢ ③❡r♦✮✳ ❚❤✐s s✉❣❣❡sts t❤❛t t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ♠❛② ❜❡ ❛ ❝❤❛♥♥❡❧ t❤❛t ❝❛♥❝❡❧s t❤❡ ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥
❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t✳

❋✐❣✉r❡ ✭✹✮ ♣r❡s❡♥ts t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡ r❛t❡ ❛♥❞ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t ✐♥ ❩▲❇✱
❝♦♥❞✐t✐♦♥❛❧ ♦♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s ❞✐r❡❝t ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡ r❛t❡ ❛♥❞ ❣r♦ss
❞♦♠❡st✐❝ ♣r♦❞✉❝t ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ✉♣ t♦ ❤♦r✐③♦♥ t✇♦✳ ❋✐❣✉r❡ ✭✺✮ ♣r❡s❡♥ts t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥
❡①❝❤❛♥❣❡ r❛t❡ ❛♥❞ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐♥ ❩▲❇✱ ❝♦♥❞✐t✐♦♥❛❧ ♦♥ t❤❡ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t✳ ❚❤❡ ✜❣✉r❡
s❤♦✇s t❤❛t t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ❝❛✉s❡s ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✉♣ t♦ ❤♦r✐③♦♥ ✷ ❛♥❞ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣
❝❛✉s❡s ❡①❝❤❛♥❣❡ r❛t❡ ✉♣ t♦ ❤♦r✐③♦♥ ✸✳

❙✐♥❝❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝❛✉s❛❧✐t✐❡s ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t ❛r❡ ❤✐❣❤
✐♥ ❩▲❇ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝❛✉s❛❧✐t✐❡s ✭✇❤❡♥ ✇❡ ❝♦♥tr♦❧ ❢♦r ❡①❝❤❛♥❣❡ r❛t❡✮ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛r❡ ❧♦✇✱
❣✐✈❡♥ t❤❛t t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ❝❛✉s❡s t❤❡ ●❉P ❛♥❞ ✈✐❝❡ ✈❡rs❛ ❛♥❞ t❤❛t t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ❛❧s♦ ❝❛✉s❡s
t❤❡ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ✈✐❝❡ ✈❡rs❛✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✐s t❤❡ ❝❤❛♥♥❡❧
t❤r♦✉❣❤ ✇❤✐❝❤ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❝❛✉s❡s t❤❡ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t✳ ■♥ ♦✉r ❝❛s❡✱ ✐t t✉r♥s ♦✉t t❤❛t t❤❡
❝❛✉s❛❧✐t✐❡s ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡ r❛t❡ ❛♥❞ ●❉P ❛s ✇❡❧❧ ❛s ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡ r❛t❡ ❛♥❞ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣
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From G to GDP in ZLB (Q1 2007 to Q4 2015)

95 % Percentile boostrap interval OLS causality estimate
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From GDP to G in ZLB (Q1 2007 to Q4 2015)

95 % Percentile boostrap interval OLS causality estimate

◆♦t❡✿ ❚❤❡s❡ t✇♦ ✜❣✉r❡s ♣r❡s❡♥t t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ r❡❛❧ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t ✐♥ ❛ ❩▲❇ ♣❡r✐♦❞ ✭◗✶
✷✵✵✼ t♦ ◗✹ ✷✵✶✺✮ ✇❤❡♥ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♣r❡s❡♥ts t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❢r♦♠ ❣♦✈❡r♥♠❡♥t
s♣❡♥❞✐♥❣ t♦ ●❉P ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❤❡ ♦♣♣♦s✐t❡✳ ❚❤✐s ✜❣✉r❡ ♦✛❡rs ❡✈✐❞❡♥❝❡ t❤❛t ✇❤❡♥ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t
t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ❜❡t✇❡❡♥ t❤❡ t✇♦ ✈❛r✐❛❜❧❡s ❛r❡ ❤✐❣❤ ❛♥❞ ❧❛st ❧♦♥❣❡r✱ ✉♣ t♦ ♦r❞❡r ❤❂ ✺ ♣❡r✐♦❞✱ ✇❤❡♥ t❤❡ ❜♦♦tstr❛♣ ❝♦♥✜❞❡♥❝❡ ❧♦✇❡r ✈❛❧✉❡
✐s ♥♦t ③❡r♦✳ ❚❤❡ ♠♦❞❡❧ ✐s W (t) = Φ0,k +

∑k
i=1

Φi,kW (t− i) + u(t) ✇❤❡r❡ W (t) = (GDP (t)′, G(t)′)′

❝r♦✇❞ ♦✉t t❤❡ ❞✐r❡❝t ❝❛✉s❛❧✐t② ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t✳
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From G to GDP out of ZLB (Q1 1959 to Q4 2006)

95 % Percentile boostrap interval OLS causality estimate
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From GDP to G out of ZLB (Q1 1959 to Q4 2006)

95 % Percentile boostrap interval OLS causality estimate

◆♦t❡✿ ❚❤❡s❡ t✇♦ ✜❣✉r❡s ♣r❡s❡♥t t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ r❡❛❧ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t ♦✉t ♦❢ ❛ ❩▲❇ ♣❡r✐♦❞ ✭◗✶
✶✾✺✾ t♦ ◗✹ ✷✵✵✻✮✱ ✇❤❡♥ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♣r❡s❡♥ts t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❢r♦♠ ❣♦✈❡r♥♠❡♥t
s♣❡♥❞✐♥❣ t♦ ●❉P ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❤❡ ♦♣♣♦s✐t❡✳ ❚❤✐s ✜❣✉r❡ s❤♦✇s ❡✈✐❞❡♥❝❡ t❤❛t ✇❤❡♥ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡
❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ ●❉P ✐s ❧♦✇❡r t❤❛♥ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❩▲❇✳ ❚❤❡ ♠♦❞❡❧ ✐sW (t) = Φ0,k+

∑k
i=1

Φi,kW (t−i)+u(t)

✇❤❡r❡ W (t) = (GDP (t)′, G(t)′)′
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From G to GDP with exchange rate (Q1 2007 to Q4 2015)

95 % Percentile boostrap interval OLS causality estimate
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From GDP to G with exchange rate (Q1 2007 to Q4 2015)

95 % Percentile boostrap interval OLS causality estimate

◆♦t❡✿ ❚❤❡s❡ t✇♦ ✜❣✉r❡s ♣r❡s❡♥t t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s ✐♥ ❛ ❩▲❇ ♣❡r✐♦❞ ✭◗✶ ✷✵✵✼ t♦ ◗✹ ✷✵✶✺✮ ✇❤❡♥ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
❚❤✐s ✐s ❡✈✐❞❡♥❝❡ t❤❛t ✇❤❡♥ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ✐s ❧♦✇❡r t❤❛t ✇❤❡♥ ✐t ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳
■t ❛❧s♦ ❞♦❡s ♥♦t ❧❛st ❧♦♥❣✱ ♥♦ ❧♦♥❣❡r t❤❛♥ ❤❂✶ ♣❡r✐♦❞ ❛❤❡❛❞✱ ✇❤❡♥ t❤❡ ❜♦♦tstr❛♣ ❝♦♥✜❞❡♥❝❡ ❧♦✇❡r ✈❛❧✉❡ st❛rts t♦ t❛❦❡ t❤❡ ✈❛❧✉❡ ♦❢ ③❡r♦✳ ❚❤❡
♠♦❞❡❧ ✐s W (t) = Φ0,k +

∑k
i=1

Φi,kW (t− i) + u(t) ✇❤❡r❡ W (t) = (GDP (t)′, G(t)′, S(t)′)′
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From exchange rate to GDP (Q1 2007 to Q4 2015)

95 % Percentile boostrap interval OLS causality estimate
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From GDP to  exchange rate (Q1 2007 to Q4 2015)

95 % Percentile boostrap interval OLS causality estimate

◆♦t❡✿ ❚❤❡s❡ ✜❣✉r❡s ♣r❡s❡♥t t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡ r❛t❡ ❛♥❞ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t ✐♥ ❛ ❩▲❇ ♣❡r✐♦❞ ✭◗✶ ✷✵✵✼ t♦ ◗✹
✷✵✶✺✮ ✇❤❡♥ t❤❡ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♣r❡s❡♥ts t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❢r♦♠ ❡①❝❤❛♥❣❡ r❛t❡ t♦ ●❉P
❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❤❡ ♦♣♣♦s✐t❡✳ ❚❤✐s ✜❣✉r❡ s❤♦✇s ❡✈✐❞❡♥❝❡ t❤❛t ✇❤❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ❝❛✉s❛❧✐t②
♠❡❛s✉r❡s ❢r♦♠ ❡①❝❤❛♥❣❡ r❛t❡ t♦ ●❉P ❛♥❞ ❢r♦♠ ●❉P t♦ ❡①❝❤❛♥❣❡ r❛t❡ ❛r❡ ❜♦t❤ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❢r♦♠ ✵ ✉♥t✐❧ t✇♦ ♣❡r✐♦❞s✳ ❚❤❡ ♠♦❞❡❧ ✐s
W (t) = Φ0,k +

∑k
i=1

Φi,kW (t− i) + u(t) ✇❤❡r❡ W (t) = (GDP (t)′, G(t)′, S(t)′)′
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95 % Percentile boostrap interval OLS causality estimate
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◆♦t❡✿ ❚❤❡s❡ ✜❣✉r❡s ♣r❡s❡♥t t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❡①❝❤❛♥❣❡ r❛t❡ ❛♥❞ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ✐♥ ❛ ❩▲❇ ♣❡r✐♦❞ ✭◗✶ ✷✵✵✼ t♦ ◗✹ ✷✵✶✺✮
✇❤❡♥ t❤❡ ❣r♦ss ❞♦♠❡st✐❝ ♣r♦❞✉❝t ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✳ ❚❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♣r❡s❡♥ts t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❢r♦♠ ❡①❝❤❛♥❣❡ r❛t❡ t♦ ❣♦✈❡r♥♠❡♥t
s♣❡♥❞✐♥❣ ❛♥❞ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ t❤❡ ♦♣♣♦s✐t❡✳ ❚❤✐s ✜❣✉r❡ s❤♦✇s ❡✈✐❞❡♥❝❡ t❤❛t ✇❤❡♥ t❤❡ ●❉P ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡s
❢r♦♠ ❡①❝❤❛♥❣❡ r❛t❡ t♦ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❧❛st ❧♦♥❣❡r t❤❛♥ ✷ ♣❡r✐♦❞s ❛♥❞ t❤❡ ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ❢r♦♠ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ t♦ ❡①❝❤❛♥❣❡ r❛t❡
❧❛sts ❛❜♦✉t ✻ ♣❡r✐♦❞s✳ W (t) = Φ0,k +

∑k
i=1

Φi,kW (t− i) + u(t) ✇❤❡r❡ W (t) = (GDP (t)′, G(t)′, S(t)′)′
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❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ❛ss❡ss✱ ❢♦r t❤❡ ❯♥✐t❡❞ ❙t❛t❡s ♦❢ ❆♠❡r✐❝❛✱ t❤❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ♠❡❛s✉r❡
❜❡t✇❡❡♥ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣ ❛♥❞ r❡❛❧ ●❉P ❛♥❞ t♦ ❝♦♠♣❛r❡ t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✐♥ ❩▲❇ t♦ t❤❛t ♦❜t❛✐♥❡❞
♦✉t ♦❢ ❩▲❇✳ ❲❡ ✉s❡❞ q✉❛rt❡r❧② ❞❛t❛ ❢r♦♠ t❤❡ ♣❡r✐♦❞ ✶✾✺✾◗✶ t♦ ✷✵✶✺◗✹ ❢♦r t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✳ ❱❛r✐❛❜❧❡s
✉s❡❞ ✐♥❝❧✉❞❡ t❤❡ r❡❛❧ ●❉P✱ ❣♦✈❡r♥♠❡♥t s♣❡♥❞✐♥❣✱ ❛♥❞ t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡ ❜❡t✇❡❡♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s
❛♥❞ ❈❛♥❛❞❛✳ ❚❤❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ♣r♦♣♦s❡❞ ❜② ❉✉❢♦✉r ✫ ❚❛❛♠♦✉t✐ ✭✷✵✶✵✮ ✐s ✉s❡❞ t♦ ❝♦♠♣❛r❡
t❤❡ ♠❡❛s✉r❡ ♦❢ ❝❛✉s❛❧✐t② ❢♦r ❛ ♥♦r♠❛❧ ♣❡r✐♦❞ ✭✶✾✺✾◗✶ t♦ ✷✵✵✻◗✹✮ ✇✐t❤ t❤❡ ♠❡❛s✉r❡ ♦❢ ❝❛✉s❛❧✐t② ♦❜t❛✐♥❡❞
❢♦r ❩▲❇ ♣❡r✐♦❞s ✭✷✵✵✼◗✶ t♦ ✷✵✶✺◗✹✮✳ ❲❡ ❡♠♣❤❛s✐③❡ t❤❡ r♦❧❡ ♣❧❛②❡❞ ❜② t❤❡ r❡❛❧ ❡①❝❤❛♥❣❡ r❛t❡✳ ❖✉r
r❡s✉❧ts ♣r❡s❡♥t ❡✈✐❞❡♥❝❡ t❤❛t ✐♥ ❩▲❇✱ t❤❡ ●r❛♥❣❡r ❝❛✉s❛❧✐t② ♠❡❛s✉r❡ ✐s str♦♥❣❡r ❛♥❞ ♠♦r❡ ♣❡rs✐st❡♥t ✐❢
t❤❡ ❡①❝❤❛♥❣❡ r❛t❡ ✐s ♥♦t t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜✉t ❜❡❝♦♠❡s ❧♦✇❡r ❛♥❞ ❞♦❡s ♥♦t ❧❛st ✈❡r② ❧♦♥❣ ✐❢ t❤❡ r❡❛❧
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