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InTHoDUCTION

The study of the local characteristics of equilibrium positions generated by
the constrained maximization of svme criterion functions (such a3 unility,
profit, cost, cte.) goes back to Antonelli's paper [2] of 1886. Certain local
properties have proved to be particularly fruitful for economic theory since
the early works of Slutsky, Ticks, and Samuelson [9]; they have been formulated
in terms of a matrix of “compensated” terms and they concern the properties
of partial derivatives of the demand function in some neighborhood of the
equilibrium,

We now briefly discuss this matrix and its applications. Consider the max-
imization problem:

max f(x, ),  subject to g(x, a) = b, (L)

where f is a real valucd map defined on a linear space and g is vector valued,
defined on a linear space. Under certain assumptions the uptimal solution {also
called equilibrivm} vector x = &, (@, b) is a C funciion of @ and b, and, as the
parameter b varies, the constraints deecribe o parametrized family of manifolds
on which f is being maximized. In nenclassical consumer theory, for instance,
f represents a wility function; x, consumption of commodlitics; a, prices of all
commuodities; and b, income, In neoclassical producer theory f represents the
cost function; x, inputs; a, input prices; g, a production function; and &, an
output requirement. L these models be R¥. Important results of the theory
relate to the compensation operator, denoted S, given by the derivative of the
aptimal solution & with respect to the paramecter a, restricted (o the manifulds
determined by the solutions of

f{x, a) = constani;
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i, 8 s given by
(@ Da) Ma, ..

denoted also S{a, #). Under certain asswmptions, for instance, {or a consumer:
S(a, by == (if8a) hia, b) 1~ h{a, BY/ab) Ka, b) (2)

(Sec [9]] Equation (2) is also called the Shitsky-Hicks-Samuelson cquation,
In the case of the consumer, S(a, b) is itsell uncbservable, since it represents
changes in the demand due to a price change when utilily is assumed constant,
but the right-liand side represents two obzeevable basic effects called the price
effect and the income effeet, respectively, Similar operators are found throughaut
the body of econamic theory. The assumption that S(a, ) be symmetric and
negative semidefinite (SN) has theorctical and empirical implications in utility
analysis. )

I'rom these twa properties of a demand function b, for instance, onz can,
under certain regularity conditions, prove the existence of a utility function f
such that the given demand & at a price income pair (g, b) maximizes f over the
budget set.! This is also called an integrability problem {the syenmetry property -
is related 1o the Frobenius property of local inteprability of vector felds or
preferences). In many Sgent models, the negative semidefiniteness property is
related to problems of stability of the equilibrium [3). These SN propertics also
yield most known comparative static theorems concerning  maximization
modcls in econmnic theory, and they have proved uscful in an ample body of
cipirically testable results,

Even though by nature the SN propertics are essentially local, the techniques
involved in their proofs so far have used arguinents requiring convexity assump-
tions of the ohjective and constraint functions f and . Since comparative static
thearems concern the signs of partial derivatives only in some neighborhond of
an optimal solution, these global assumptions place more stringent restriclions
on the objective and eonstraint functions than seemn necessary. Local properties
are of special interest in models where global uniquencss of the vptimal sciution
runy not obiain, for instance, when convexity (concavity) of the utility, cost, or
production functions is not necessarily satisfied (as when there exist fxter-
nalities in production ar consumption [3]). Other types of econcmic optimization
models which require further analysis are those where there are many constraints
(g veclor valued) and those where parameters appear in the objective function f
as well as in the constraints. Examples are models of choice under uncertainty,
models whete consumer wtilities depend on prices of the commodities as well

A continuous function h: 4 & B — X {4 C B denotes a space of prices, B C B¢
represcals a space of inctanes, and XC N i o commodity space} i colled o Jemaned
function il a - f{a, 8) = & fur ell {2, &) A budget sct is a set of conmodity vector in X
walisfying, for a price aypstean o in A, o buiget construing o - ¢ < b (3.
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as ¢ the conumodities themselves (Veblen and Scitovsky [3]), amd Iy
models [6]. These are contained in the formulation of problem (1) above, The
conditions under which (2) has been proved so far do not include all of these
cases; only one constraint is assumed, there is o trade ofl between the lack of
paramcters and the lincarity of the consteaint, and f and g are assumed 1w be
convex (concave) throughout their dwinain. In certain models with paramcters,
the 5M properties are, in geveral, lost [7). A natural question is, To what extent
do the results of the existent theory extend to these more general models 7 In
this paper we study praperties of the solutions of the general contrained max-
imization problem (1), and of a {generalized) 8 matrix, The results extend
others in (6, 7]. We also study conditions on the Fumetions f and g under which §
has the SN propertics.

The problem studicd here is (1) above; an agent maximizing a contrained
objective:

r!:En)J:cf{x, a)  subjeet to g(x, a) = §,

where X is a compact region of the nonncgative orthant of B, denoted fn+,
with X diffeomaorphic to a ball in Rroaed bell, 4and I} similar type subsets
of Rtt and R™+, respectively, n = m. An agent i3 identificd with an objective
function f and a constraint g. Therefore, the space of all possible agents can be
identificd with the product of the space of admissible objectives and constraints,
Let the space of objective functions 1} = CHAX x A, B1) be the space of maps
from X x A to R* which are increasing in & and k-times comtinuously dif-
ferentiable in a neighborhood of X A, and Iet the space of constraints be
E =YX x A, EY), k=2, These fnction spaces are piven a O noom
topology. We shall alsa consider here the sprecial cases of increasing concaye
objective Tunctions and convex constraints: Let Dy be the space of increasing
voncave {on ¥ € X'} C* lunctions f defined on a neighborhood of X x A with
values in R+, Similarly, let £, C £ be the subsct of convex functions {on x e X)
of CHX x 4, B). Let D) denote a € bounded subsct of U and 1, denote
Db, ; B, denotes By n B where E s a € bounded subset of f£. We Tt
study propertics of the optimal solutions firg o depending on the paramicters
{a, b). In order to define the matcix 5 it is necessary that &, fa, £) be a function
and of class O,

Tiworem 1. For an epen and dense set of objective functions fin 1), and any
consiraint g an E, the interior solutions of (1) define locally unsyne © functions
by (a3, b) on a subset of A % I which containg an open el dense set. This it alo
true for the globally defined Iy fa, b) tehen f it in Dy aud g i 1,
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This result is related to others by Debreu [5], given fur many agent cquilibria,
andl Smale [10]. In [5] the agents are parametrized by their endowments in &',
here the agents are also paramctrized by the utilities in the function space I,
In [10] the one-agent case is parametrized also by utilities; this result improves
a related one in [10] vsing a different technique. The idea is to study the critical
points of a map  defined as follows. Vor any g in et

g D % A % B— CYX x B*, X* x D)
be given by
d d
Wfoa, B W) = (o f A g2 — ),

where A e R™.

Let & be the set of maps £ in C*}(B,, X* x B} such that 0 is a regular
value of £, denoted £40 [1]. Note that $~'{(#) is contained in the set of elements
in 15 % A % B such that the corresponding interior optimal solutions k. (a, &)
of (1) define loeally a unique €' function, by the implicit function theorem

(since (2fdx, A) ${(f, a, b) is regular at the kernel of (f, a, b) if and only if it is
invertible). There might e elements in 1 % A % B such that the corresponding
h; {a, b) define a CF funetion, and are not contained inyb~Y(0) since (2fdx, X) ()
a, &) may be singular. Also, the boundary solutions to (1) may not be contained
in fi-1{?). Using Sard’s theorem [1] and further urguments, one shows that
$1{#) is an open and densc set; for a proof sec [4].

Rewark. If the map o of Theoren | is defined instead as

$: D x Ex A X B— CYY x BY, X* x 1)
by 3 5
Hfogoa 8 (3 0) = (5o f A g g — b)),

then p similar proof would yield open density of the set of objective functions und
canstraints in which the results of Theorem 1 buoll.

We now discuss n case where the commodity space X is not bounded, We
need seme definitions, A subset of a topological space is residual or Baire if and
only if it is the countable interscction of open dense sets. By Baire's theorem a
residual set in a Baire space is of the seeond category (and hence densc). On the
space of C* real valued functions defined on a neighborhood of K'Y we put the
Whitney topology (sce [B]). ‘This topology is defined by giving a basis of neigh-
barhoods {#,} of 0: For any strictly positive continuons function & B** — R,
Fe i, if

Ll < Ax),  forall xe Rv,
and
Il EH{ < Jilx), forall Xin fnF, f= b

£h
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The spave CHE = A, R7)isa Daire space when endowed with the Whitney
Ic!]l-ull}g].'.

Cononrany 1. For each constraing g CHR™Y 3 A, 1), the resulis af Theo-
rent | folfew for u Baire subret of ebjective functions f in CH{ltnr % A, Rv), amd uf
farameters in A % B

Lroaf. Tt follows from Theorem 1 and the propertics of the topology chosen
for CH{Rmt x A, RY).

We next study the S matrix, For a given famd g, a necessury condition far an
interior solution of (1) is the existence uf 1 A in R such that

% Flocd) - ﬁ fx,a) =0, and  g(x,a) = b, (3)

Assurne & = m.

Tueonem 2. Let g € K be repular as a function of x. Far an open and dense set
of objective functions [ and parameters ajn I % A, when the corresponding Lagraa-
giunt wmultiplier A of (+) is strictly positive, and 2 defined in (B) below exiitr® thers

exisis locally a Shutshy-type decomposition S{a, b) for the corresponding interior
solutions of (1} given by

S{a,a}E%h +%.’r{%3).

g |t ) — s 1)

(wehiere ¢ and p are defined in (1B} ard (19) belorw).2 If {2 13, and REN, the resuli
holds globally, |

Proof.  Foragiven fand g, a necessary condition for an interior maximum s
given by (3) above, Locally, at the maximum, the differential associated 1o the
map given by (3) can be written as

(E%EJ dx - (a—i g) di — b = 0,
(;_::J'—) dx - (Et%f) da -} ((d_il’f) d_,.) A 4)
) ({aj:r_qf} da) A 1 (- g) dr = 0.

* Generic exivtence of Z of (6) can be preved following the technigues of Theorem |,
! Trunsposes of matrices sre not indicated.
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Let Lix, a, A, h) denote f(x, a) -+ Alg(x, a) — b), Then (4) can be written as

° (%5] an —(:;g]rfu - db 5
(i%g) (---:_%L}) {*J‘(-(_;ﬁ?.) ) ’

“Thus, for all £, @, b on an open and dense set of D % A x D, by the results of
Theorem | and by (3),

w [0 @AY [-Ghera)
W (@2:} {—)) (( )) ;

Dy inverting a partitioned matrix we have

(2, & )
20 (2]

x (30 ()
where i
o= (&) (Z ) (3e) ®
From (6) and (7},

iv= (g t) (0)2((Ge) e - 4)

) ) ()2 () ) T

From (%), ®)

o= (o) ) 2 (aao)

[y () ) 2 (58 (e ) ) (vt

(10)
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anct

g}x.—__(ax, ) (Le)z (11)

We now consider the elleet of a “compensated® clunige in the veclar a,

obtained Ly a change in the parameter &, which keeps the value of fle vbjective
function constant, i.e. - When

df e (5‘?5;) dx + (o f) da =0,

From (3), this implies that at the maxima,

2 (L) s + (3 f) da 0. ' (12)
Also,
b = (%g) ix - (%g] da. (13

Hence, by (12) and {13) when df = p,

a a
—A(db_a—-gda}+5;;da —0, (14)

which implics that when Af =0, the ¢4 are not all lincarly independent. For
instance, if 6 is the 71l component of the vector &, in component furm we et

(= i) 5, ) e Lo (- (). s

LY

Thus (14) and (15) imply that

o — ((8)2a) g) ola, when  off a: 0, (16}
biecomes
a i
#(zf) da+ 9 (a6 — (E") da) (17)
where
ith place
#0000, 1y .., 0) (18)
and
¢o= fnif-._,], i = I,-.-.. M, r-= Iu--| Hry
hep o= | i g=r, gy
‘ 0 if §uF aml g (12
A

i, = .1._. if o

e, amd if b B2, o=,
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Therefore, from (9), (16), and (17) (denating dx restricted to f =, by d<|,),

s (B t) ()2 () o () )
)+ () ()2 () () )
2]~ (e G2 () +4 ()

- [ ) (o) 2o () ) (o)

So, by (10), (11), and (}}), we obtain

=+ 5 (5e)

=g, v % () v (5a!))

== (&) + (& ()G ) | (arar)
= S(a. ). (21)

Since the x in (21) is hy assumption a maximum, this completes the proof.

2

In Propasitions 1 and 2 we study some conditions and forins af uhjeetive and
constraint functions for which S(a, b) Las SN properties fur the whnle apace of
variables and parametets.

Prorosition 1. Asume the objective function f(x, a) has the form

(i} f=vla-x]+ =)+ fa) and dhe constraints ylx, @) have the form

(i) g'=8Ya-x]+ gz + £%a), £ = 1.2, m, and the conditions of
Theorem 2 of Section 1 are satisfied for f*, f2, and 2, g™ Then there existy a
snigue focal O solutian for problemea (1) of Section |, and the Shethy-type
decampurition s symmtefric wolien n == g.
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Proof. In view of Theorem 2 we obitain
i - A , y . i
St = = (5 t) o+ (k) () 2(s) (Ze )| (551)
Computing 5
(wat)

for the abiove objective and constraine lunctions we obtain

( ﬂ.':a L) =

This campletes the proof,

¥ 1 Ad 0

0 ¥+ Ab

Prorosition 2. Under the conditions of Froposition | when fe Dy and g€ E,
the Slutsky operator 5 is negative semidefinite if

y 4T A8 = 0.
i

FProof. Negative semidefiniteness of the Slutsky operater S is ohtained from
the conditions for (i) and (ii) of Proposition 1 as follows. First we prove that

ik b | ot —1 Fi) - i L e |
=[(zar) +(art) (o) 7 (e (55) ]
is negative semidefinite,
Let z be any vector, and define a quadratic (0, = 2'Da. Let Jf == {(&/8=%) L),
and JI-'# be the symmetric nepative square root of /1%, Define u = H-1/%,
where ¢ = (3dx) g, and y = H-'#5, Then, -

Qo =¥y — Yulwu) 'y
=Hy =Nl ey i
By the Schwarz inequality, O = 0. So, S(a, 5) will be negative semidefinite if
{3z Ba) L is positive semidefinite since under the conditions of the jrropasition,
{(#3z da) L is diagomsl. DBut (#8x da) L is positive  semidefinite if
y - BAS = 0. This completes the proof,
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