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Abstract

We attempt to replicate the New-Keynesian DSGE model pre-
sented in Nakamura and Steinssón (American Economic Review 2014)
in order to study the effects of a government spending shock on out-
put and other prominent macroeconomic variables, within a simplified
two-region monetary union. Two different specifications for the utility
function (separable and non-separable á la Greenwood, Hercowitz, and
Huffman 1988) are adopted. Perfectly flexible capital markets detained
by households are introduced at a regional level first, and then firm
specific capital is assumed. After calibrating for the structural param-
eters, the model is linearly approximated around the steady states, and
impulse response functions are derived and commented.
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1 Introduction

In the past twenty years, a relevant literature in macroeconomics started
to deal systematically with the understanding of the effects of fiscal policy
shocks on aggregate economic activity. Most of this literature’s effort dealt
with the uncovering of the transmission mechanism of fiscal policy, namely
how business cycle fluctuations may be mitigated through the deployment
of fiscal policy instruments. Nevertheless, the debate has not been solved
yet, with a variety of empirical studies attempting to estimate the so-called
fiscal multiplier, specifically in periods of prolonged economic downturns,
such as recessions.

The greatest part of that literature suggests that a marginal increase in
government spending may contribute to an output increase of about 0.5 to
a little more than unity. A prominent strand of literature, begun by Barro
(1981, 1990), has derived the multiplier by analyzing the reaction of output
to federal military procurements. This strategy typically yielded a multiplier
in the interval 0.5 - 1, as exemplified by a recent research by Hall (2009)
as well as Ramey (2009), whose estimated multiplier was slightly higher,
around 1.2. However, this approach delicately depends on the interrelations
between spending and output during the Second World War and the Korean
War, and may be biased due to the ”command economy” feature which
dominated during the years of armed conflict.

An alternative method, initiated by Blanchard and Perotti (2002), pro-
ceeds by identifying the government spending shocks in the context of a
structural vector - autoregression. These type of studies, followed among
others by Gaĺı, Lopez-Salido and Valles (2007), proposed a multiplier of
unity or a little higher. Perotti (2007) as well as Mountford and Uhlig
(2008) suggested, through a cross-country evidence, a lower multiplier. In
Mertens and Ravn (2010), a liquidity trap environment is modeled within a
New-Keynesian framework, and a multiplier smaller than that obtained in
”normal” times is obtained.

Another interesting contribution is featured by Erceg and Lindé (2010),
in which a New-Keynesian DSGE model - a variation of the Christiano,
Eichenbaum and Evans (2005) and Smets and Wouters (2007) - is con-
structed in order to analyze the effects of a fiscal stimulus during periods of
liquidity trap induced recession. The special feature of this model is that
the duration of the liquidity trap depends on the size of the stimulus, and is
thus endogenously determined. The recession is generated by a strong neg-
ative taste shock on households’ preferences, and the main finding is that
the spending multiplier may be substantially amplified during a liquidity
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trap. However, Erceg and Lindé ultimately find that the multiplier is a step
function of the size of the stimulus, with higher multipliers associated with
small stimuli. Also, public debt is less upward pressured in a liquidity trap
than in normal times, which means that larger output responses translate
into much more substantial tax revenues. These results provide a relatively
strong rationale for limiting the stances of government interventions in times
of recessions, when the monetary policy interest rate is bound close to zero.
In fact, if the level of government spending rises above a certain threshold,
the multiplier begins to drop, because the time of exiting the trap acceler-
ates, and thus the stimulus will be marginally less and less effective.

We thus examine the fiscal multiplier from the perspective of a New-
Keynesian dynamic stochastic general equilibrium model, extended to an
open economy scenario. Our focus is restricted to unproductive government
expenditure. The government spending multiplier appears as an unknown,
non-linear function of all the model parameters. Modeling features such
as price rigidities, which can turn the direction of the substitution effect
created by higher government spending - from negative to positive - play a
role in the substantiation of a large multiplier.

The crucial aspect of our analysis depends on a policy regime in which
monetary policy is actively targeting inflation, while fiscal policy is passively
adjusting surplus to stabilize government debt. Active monetary policy
reacts to a persistent fiscal shock and the consequent growth in inflation by
neatly raising the nominal interest rate. This increases the real interest rate,
which decreases the demand for consumption and investment, to alleviate
the stimulative effect of fiscal expansion.

After 2007-’09, various central banks’ objective shifted from targeting
inflation stability to stimulating demand by means of low and constant policy
interest rates - often near zero. When interest rate is made unresponsive to
inflation by monetary policy, a ”passive” stance, it amplifies fiscal policy’s
impact. By maneuvering the interest rate, monetary policy enables higher
current and expected inflation to transmit into lower interest rates. Instead
of containing the demand stimulus of a fiscal expansion, monetary policy
amplifies it. As a consequence, lower real rates prompt higher consumption
and investment demand. From government spending, a positive substitution
effect is induced by lower real rates, with the substantial effect of raising
output, consumption, and investment multipliers. In deep contrast with
active monetary/passive fiscal policy, it is very difficult to achieve small
spending multipliers from the mix of passive monetary/active fiscal regime.

The model, and its various specifications, which we are going to consider
though the paper, share these common features with other DSGE models
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present in the literature: i. forward looking, optimizing agents; ii. house-
holds deriving utility from consumption and leisure; iii. production sectors
using labour - and later also capital - inputs; iv. monopolistic competition
in the goods’ sector; v. relevant nominal and real frictions; vi. fiscal and
monetary authorities setting their instruments using simple feedback rules;
vii. limit cashless economy; viii. complete financial markets across regions.

2 The open economy

There are two countries, home (H) and foreign (F ), which might be seen as
two groups of states within the United States1. Total population is normal-
ized to unity for simplicity, n inhabitants living at home, and 1 − n living
abroad. The representative household’s utility maximization problem is the
following:

max
Ct,Lt

E0

+∞
∑

t=0

βtu
[

Ct, Lt(x)
]

, (1)

where β is the subjective discount factor, and x is the type of good produced
by firms belonging to a specific industry. Hence, subjects obtain utility from
consumption and leisure2. Aggregate private consumption is:

Ct =
[

φ
1

η

HC
η−1

η

Ht + φ
1

η

FC
η−1

η

Ft

]
η

η−1

, (2)

where η > 0 denotes the elasticity of substitution between home and foreign
goods; φH indicates the proportion of goods produced by home industries
demanded by home citizens (degree of home bias), while φF represents the
share of foreign produced goods demanded at home. φH and φF are such
that φH + φF = 1.
Demand curves for home and foreign goods are, respectively:

CHt =
[

∫ 1

0
cht(z)

θ−1

θ dz
]

θ
θ−1

;CFt =
[

∫ 1

0
cft(z)

θ−1

θ dz
]

θ
θ−1

, (3)

θ being the elasticity of substitution between different varieties of goods.
pht(z) features the relative price level for home produced goods, whereas

1One region made of ten states can be imagined as H(ome), and the the rest of the
states within the federation as F(oreign), as it will be later seen in the section about
calibration.

2With a little abuse of notation, we denote labour supplied by households at time t
by Lt, instead of the more spread notation Nt. Since households are endowed by a total
amount of time equal to one, leisure is simply going to be defined as 1− Lt.
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pft(z) is the analog for foreign goods. The common currency across the two
regions is referred as dollar. In this context capital letters denote aggregate
variables whereas small letters refer to relative quantities, i.e. weighted by
the region. There is a continuum of firms indexed by z ∈ [0, 1]. Households’
resource constraint is so defined:

PtCt+Et

[

Mt,t+1Bt+1(x)
]

≤ Bt(x)+(1−τt)WtLt(x)+

∫ 1

0
Ξht(z)dz−Tt (4)

where Pt denotes price index, Ct represents aggregate households’ consump-
tion, EtBt+1(x)is a random variable describing the value of bonds held by
the households at the beginning of period t + 1, which can take value St
(pay) or 1−St (not pay) according to an unknown probability distribution.
EtMt,t+1 is the stochastic discount factor related to the financial securities’
holding3. τt is the labour income tax rate4, while Tt is a lump-sum tax,
and Wt is the hourly nominal wage rate. A no-Ponzi-game condition is set
to rule out the possibility of arbitrage among the financial market actors5.
∫ 1
0 Ξht(z)dz finally denotes the overall profit of firms based in H.

2.1 Solving the households’ problem

We may simply set up a Lagrangian equation:

Λ = E0

+∞
∑

t=0

βtu(Ct, Lt(x)) + E0

+∞
∑

t=0

βtλt{Bt(x) + (1− τt)WtLt(x)+

+

∫ 1

0
Ξht(z)dz − Et[Mt|t+1Bt+1(x)]− PtCt − Tt},

obtaining the following first order conditions:

∂Λ

∂Ct
= uc

[

Ct, Lt(x)
]

= λtPt;

∂Λ

∂Bt+1
= βEtλt+1 = λtEtMt,t+1.

3In asset pricing jargon, the stochastic discount factor is often expressed as Mt =
βu′(ct+1)/u

′(ct) in the asset pricing equations á la Lucas.
4Same in both the home and foreign regions, being part of a monetary and fiscal union.
5”Monetary authorities allowed bubbles to grow, partly because the Standard Model

said there could not be bubbles”, according to Joseph Stiglitz (2011) and should make
us reflect on the need of avoiding absolutely unreal and absurd assumptions in macroeco-
nomics such as the no-Ponzi-game condition. Another sensible issue would be the inclusion
of financial intermediaries and the focus on credit cycles instead of only on business cycles.
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Combining the two first order conditions to eliminate the Lagrangian mul-
tiplier yields the following Euler equation for consumption:

Et
uc
(

Ct+1, Lt+1(x)
)

uc
(

Ct, Lt(x)
) = Et

Mt,t+1

β

Pt+1

Pt
, (5)

plus a transversality condition, limT→∞Kt+TCt+T = 0, as a consequence of
Kuhn-Tucker theorem. Let us remind that uc is the first partial derivative of
utility with respect to consumption and ul with respect to labour. Two func-
tional forms of utility will be adopted later, in order to compare the effects
on the multiplier of an additively separable utility function in leisure and
consumption, and one in which leisure and consumption are complement6.
The first order condition for labour is:

∂Λ

∂Lt
= βtul

(

Ct, Lt(x)
)

+ βtλt(1− τt)Wt(x).

Hence the labour supply equation becomes:

ul
(

Ct, Lt(x)
)

uc
(

Ct, Lt(x)
) = (1− τt)

Wt(x)

Pt
. (6)

This explains the intra - temporal optimization problem between consump-
tion and leisure, being all of the variables featured by the same temporal
index.

2.2 The demand curves

Consequently, demand curves for home and foreign countries are:

CH,t = φHCt

[PH,t
Pt

]−η
;CF,t = φFCt

[PF,t
Pt

]−η
, (7)

ch,t(z) = CH,t

[pt(z)

PH,t

]−θ
; cf,t = Ct

[pt(z)

PF,t

]−θ
. (8)

Combining the last four equations yields:

ch,t = φHCt

[PH,t
Pt

]−η[pt(z)

PH,t

]−θ
; cf,t = φFCt

[PF,t
Pt

]−η
Ct

[pt(z)

PF,t

]−θ
,

where

PH,t =
[

∫ 1

0
pt(z)dz

]1−θ
;PF,t =

[

∫ 1

0
pt(z)dz

]1−θ
. (9)

6I.e. catching up with the Joneses’s form or GHH.
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Now, let us specify the optimality condition for the foreign household:

uc[C
∗
t , L

∗
t (x)]

uc[Ct, Lt(x)]
=
P ∗
t

Pt
= Qt, (10)

where Qt is the real exchange rate, obtained as the ratio between the ag-
gregate price levels in the two regions and equation (15) is the so called
Backus-Smith condition7, representing the optimal risk sharing condition
between home and foreign households. Both the two regions inhabitants
have an equal initial financial wealth, denoted by Bt (which can be thought
as a risk free government bond).

2.3 Solving the firms’ problem

Labour is the only factor of production8. The production function has the
Cobb-Douglas form y(z) = f(Lt(z)), increasing in its argument and con-
cave. Thus, there are decreasing marginal returns to scale, ceteris paribus.
Another important assumption is that labour is mobile across regions. The
authors claim that the consequence of this assumption is analogous to im-
pose equal mobility on capital and labour. If indeed labour was more mobile
that capital, inward migration flows would cause a decrease in the capital-
labour ratio in the home region. This would have the effect of lowering the
per-capita government spending multipliers (and vice-versa if labour was less
mobile than capital - which is far more reasonably the case). Now we can
exhibit the maximization problem for the representative firm z operating in
industry x:

max
yt

E0

+∞
∑

j=0

Mt|t+j

[

pt+j(z)yt+j(z)−Wt+j(x)Lt+j(z)
]

, (11)

with an hourly wage rate Wt(x) is paid to the worker by industry x. The
constraint is given by the production function. The overall demand for goods

7According to international macroeconomic theory, with full risk sharing or complete
financial markets, relative consumption should be perfectly correlated with the real ex-
change rate. Hence regions where the wages are low, should then receive a transfer to
take advantage of cheap consumption. Nonetheless Backus and Smith (1993) observed
that correlation between consumption and real exchange rates is zero. This is known as
consumption-real exchange rate anomaly or Backus-Smith puzzle.

8It should be remarked that this is only a simplifying assumption for the basic version
of the model, which later will be relaxed, in favour of two alternative specifications where
capital will enter as a factor held by households first, and by firms themselves then.
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of firm z at time t is nothing but the sum of the demand of home consumers,
foreign consumers and the government, i.e.:

yt(z) = [nCH,t + (1− n)C∗
F,t + nGH,t]

(pht(z)

PHt

)−θ
≤ f(Lt(z)). (12)

We may again write up a Lagrangian equation to solve the inter temporal
maximization problem:

Λ = Et

+∞
∑

j=0

{Mt|t+j

[

pt+j(z)yt+j(z)−Wt+j(x)Lt+j(z)
]

+µt[f(Lt(z))−yt(z)]}.

The first order conditions for wages, price levels, and labour demand are:

∂Λ

∂Wt
= Et

+∞
∑

j=0

Mt|t+jLt|t+j(z) = µtf(Lt(z)),

∂Λ

∂pt
= Et

+∞
∑

j=0

Mt|t+jWt|t+j(x) = µt(−θ)

[

ph,t(z)

PH,t

]1−θ

,

∂Λ

Lt
= Et

+∞
∑

j=0

Mt|t+jWt|t+j(x) = µtfl(Lt(z)).

Eliminating the multiplier yields:

Et

+∞
∑

j=0

Lt+j(z) = Et

+∞
∑

j=0

Wt+j(x). (13)

Hence,

Et
∑+∞

j=0Mt|t+jWt+j

fl(Lt(z))

[

θ
ph,t(z)

PH,t

]1−θ

= Et

+∞
∑

j=0

Mt|t+jyt+j(z).

After some algebra we obtain,

pt(z) =
θ

θ − 1
Et

+∞
∑

j=0

Mt|t+j

Mt|t+j

yt+j
Wt+j

fl(Lt(z)), (14)

which describes the optimal price setting by the firm z in period t+ j when
it can re-optimize its prices9.

9A Calvo pricing system is implicitly adopted in our New-Keynesian framework.
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2.4 The government

It fixes monetary and fiscal policy. Total government spending follows an
AR(1) process. nGHt quantifies the total government spending undertaken
by the home region. Moreover:

gh,t(z) = GH,t

[ph,t(z)

PH,t

]−θ
; gf,t(z) = GF,t

[pf,t(z)

PF,t

]−θ
, (15)

meaning that relative government spending in home and foreign region takes
the form of a Dixit-Stiglitz CES aggregator, with these fundamental assump-
tions:
i. lump-sum taxes are non-distortionary;
ii. ∃ a perfect risk sharing across households H and F ;
iii. Ricardian equivalence holds;
iv. labour income taxes are distortionary.
Assuming a simple Taylor rule for the whole open economy provides us with
the following log-linear approximation:

r̂nt = ρrr̂
n
t−1 + (1− ρi)(φππ̂

ag
t + φyŷ

ag
t + φg ĝ

ag
t ). (16)

Here r̂nt represents the nominal interest rate, and the apex ag stands for
aggregate variable:

π̂agt = nπ̂t + (1− n)π̂∗t ,

that is, in the aggregate, overall inflation equals the weighted sum of the
consumer prices for the two regions, home and foreign. Thus:

ŷagt = nŷt + (1− n)ŷ∗t .

A similar condition holds for aggregate output and government spending:

ĝagt = nĝt + (1− n)ĝ∗t .

Federal government spending is driven by an exogenous autoregressive
stochastic process AR(1), such that:

gt = ρgt−1 + εt (17)

where εt ∼WN(0, σ2ε). This is the only exogenous, stochastic shock hitting
our economy.
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3 Calibration

Two utility functional forms are considered, one with additively separable
labour and consumption and the other, as adopted by Greenwood, Her-
cowitz, and Huffman (1988) in which they are not. ν, the Frisch labour
supply elasticity, is set equal to 1 as it is common in macroeconomics, to
capture variations on the extensive margin. This value is slightly higher
than the one estimated in microeconomic studies as it is meant to capture
variations in labour supply on the extensive margin, due, for example, to
retirement and unemployment. σ is the inter-temporal elasticity of substitu-
tion and, even in absence of agreement in the literature about how to fix its
value, the authors set it equal to 1 in the separable model, in order to keep
the economy on a balanced growth path. The subjective discount factor is
bound to 0.99, the elasticity of substitution among varieties to 7, and the
elasticity of substitution between home and foreign goods to 2, a slightly
higher value than that used in Backus, Kehoe, and Kydland (1994), and
Chari, Kehoe, and McGrattan (2002). Higher values of η yield lower open
economy relative multipliers, since they imply higher expenditure switching
among regions in response to regional shocks. With regards to the Calvo
structure of prices, it is assumed that the probability of price re-optimization
for firms in a given period is α = 0 in case of perfect flexibility (e.g. as in a
plain vanilla Neoclassical setting), and α = 0.75 in presence of price rigidi-
ties.

The size of the home region is n = 0.1, which is equivalent to the size of
a group of states constituting a share of about one tenth of the whole federal
territory. The big ratio of government spending on output is assumed to be
0.2 in steady state. The home bias parameter φH is determined by Nakamura
and Steinssón throughout the use of data from the U.S. Commodity Flow
Survey and the U.S. National Income and Products Accounts. To calculate
the degree of home bias, the authors observe that the CFS does not take
into account services’ trade, which accounts for a significant share of trade
among regions10. A φH = 0.69 makes the home region slightly more open
that Spain and slightly less open than Portugal.

Considering the government’s ”fundamentals”, we should point out that
they represent the ”choice variables” of the social planner, in the sense that
monetary and fiscal policy are useful instruments to influence the union’s
economic performance and address it towards some positive results as a
reaction to negative, unpredicted recessionary shocks. We therefore devote

10The share of services in the total U.S. exports represents about 20% of them.
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section 5 to the specification of these government’s ”fundamentals”.

Parameter Description Value

ν labour supply elasticity 1

σ elast. of subst. btwn leisure and consumpt. 1

β household consumpt. disc. factor .99

θ elast. of subst. btwn 6= varieties 7

η elast. of subst. btwn H and F 2

a labour share in the prod. funct. 2/3

α probability of re-optimizing prices .75

n population of home region .1

φH home bias parameter .69

φF complement of the home bias .31

φπ relative weight of inflation for int. rate .75

φy relative weight of output growth for int. rate .5

φg relative weight of govt. spend. for int. rate .5

ρπ Taylor coefficient for inflation .75

ρy Taylor coefficient for output .5

ρg AR coefficient for govt. spending .933

κ undetermined coefficient 1

L steady state value of labour .788

G steady state value of govt. consumption .2×Y

C steady state value of hh. consumption .2634

3.1 Separable preferences

The first utility functional form is:

U(Ct, Lt(z)) =
C

1− 1

σ
t

1− 1
σ

− χ
L
1+ 1

ν
t (z)

1 + 1
ν

. (18)

Consumption and labour are complementary. The Euler equation for con-
sumption is:

Et

( Ct
Ct+1

)1/σ
=

EtMt|t+1

β

Wt(x)

Pt
, (19)

and the labour supply equation:

χL
1/ν
t C

1/σ
t = −(1− τt)

Wt(x)

Pt
. (20)
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3.2 Non separable preferences

Utility function now becomes:

U(Ct, Lt(z)) =
(

1−
1

σ

)−1
[

Ct − χLt(z)
1+ 1

ν

1 + 1
ν

]1− 1

σ

. (21)

Again, we update the Euler equation:

Et

( Ct − χLt(z)
1+ 1

ν

Ct+1 − χLt+1(z)
1+ 1

ν

)−1/σ
=

EtMt|t+1

β

Pt+1

Pt
, (22)

and the new labour supply:

(Ct − χLt(z)
−ν

Ct

)−1/σ
= (1− τt)

Wt(x)

Pt
. (23)

4 Stationary model

In the basic version of the model, thirteen equations in twelve variables are

representing the competitive equilibrium of this economy, as a sequence of al-

locations {Ct}
+∞
t=0 , prices {Pt}

+∞
t=0 , government purchases {Gt}

+∞
t=0 , labour in-

come tax rates {τt}
+∞
t=0 , lump sum taxes {Tt}

+∞
t=0 , real interest rates {rt}

+∞
t=0 ,

labour hours supplied {Lt}
+∞
t=0 , labour hours demanded {St}

+∞
t=0 , wage levels

{W}+∞
t=0 , stochastic discount factors {Mt+1}

+∞
t=0 , prices of bonds {Bt}

+∞
t=0 ,

output levels {Yt}
+∞
t=0 , and price level’s variations, i.e. inflation, {πt}

+∞
t=0 ,

satisfying the households’, firms’ and government’s resource constraints at

each period t = 0, 1, 2, ...,+∞. The thirteen equations in steady state are11:

M = β (24)

W = −
P

1− τ

χL
1

ν

1 + 1
ν

(25)

C = {B(1− β) + (1− τ)WL+ Ξ− T}/P (26)

C =
[

φ
1

η

HC
η−1

η

H + φ
1

η

FC
η−1

η

F

]
η

η−1 (27)

11Capital letter variables without any index denote steady state levels, whereas small
letters refer to growth levels. Furthermore, each equation should be seen as double, in the
sense that those presented here are the equilibrium equations expressed in the variables
associated with the home region, but there should be as many variables and equations for
the foreign region.
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P =

[

−
αL2α−1

θW

]
1

θ−1

p (28)

G =

[

Y

n
+ C∗n− 1

n
− C

][

p

P

]θ

(29)

g =
ε

1− ρg
(30)

τ =W (31)

S =
W

αLα−1
(32)

Y = Lα (33)

p =
αθ

θ − 1

Y Lα−1

W
(34)

rn = φππ + φyy + φgg (35)

τ =
nPGh + (1− n)PGf

W L2

2 − W 2

2 L
(36)

5 Policy rules

Three rules of monetary policy and two of tax policy are considered in the
paper, thus the possible combinations of the five policy together interacted
with different ones each time, yields six possible combinations of public
policies.

5.1 Monetary policy

Three rules of monetary policy conduct are considered throughout the paper.
i. Volcker-Greenspan: ρg = 0.933, φπ = 1.5, φy = 0.5, φg = 0, and α =
0.75. The central bank ”leans against the wind”, in response to inflationary
government spending shocks it aggressively raises the interest rate.
ii. Constant real rate: ρg = 0.933, α = 0.75, the central bank maintains a
fixed real interest rate in response of a +∆gt. But, to guarantee price-level
determinacy, the bank responds aggressively to all other inflationary shocks.
iii. Constant nominal rate: ρg = 0.85; α = 0.75; kept by the central bank
in any case a positive government spending shock occurs. Again, it however
responds aggressively to any other inflationary shock as in the discussion
of effective monetary and fiscal policy at the zero lower bound in Eggertson
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(2011).
Note that ii. can be considered as standing in between i. and iii..

5.2 Fiscal policy

Two possible options are available to the government.
i. Lump sum taxes only: non distortionary.
ii. Balanced budget policy: taxes are now levied both on lump sums and
labour income ones, hence it is a distortionary regime.
According to the latter, the government resource constraint becomes thus:

nPHtGHt + (1− n)PFtGFt = τt

∫ 1

0
Wt(x)Lt(x)dx, (37)

meaning that an ↑ in gt inevitably leads to an ↑ in τt, distortionary taxes
on labour income.

6 A linear approximation

Section 6.1 deals with the approximation of the basic version of our model;
section 6.2 relates to the model with GHH preferences; sections 6.3 and
6.4 finally present the derivations for the more complex extensions of the
baseline model, namely the model with regional capital market and that
with firm specific capital, respectively. Note that along the next section
starred variables denote a quantity peculiar to the foreign region.

6.1 Separable utility

Here we systematically derive the log-linearized equilibrium equations of the
four versions of our model of open economy. We start approximating Euler
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equation, Et

[

β
(

Ct

Ct+1

)
1

σ Pt

Pt+1

]

= 1
1+rnt

, in the basic version, as follows:

log β +
1

σ
logCt −

1

σ
EtCt+1 + logPt − logPt+1 = − log(1 + rnt )

⇔ log β +
1

σ
log C̄ +

1

σC̄
(Ct − C̄)−

1

σ
log C̄ −

1

σC̄
Et(Ct+1 − C̄) + log P̄+

+
1

P̄
(Pt − P̄ )− log P̄ −

1

P̄
Et(Pt+1 − P̄ ) = − log(1 + r̄n)−

1

1 + r̄
Et(r

n
t+1 − r̄n)

⇔
1

σC̄
(Ct − C̄)−

1

σC̄
Et(Ct+1 − C̄) +

1

P̄
(Pt − P̄ )−

1

P̄
Et(Pt+1 − P̄ ) = −

1

1 + r̄
Et(rt+1 − r̄)

⇔
1

σ
(Ĉt − Ĉt+1)− Etπ̂t+1 = −

r̂nt
1− r̄

⇔Ĉt = EtĈt+1 − σ(r̂nt + Etπ̂t+1), (38)

where in the second line we took logarithms, in the third line we per-
formed a first order Taylor series expansion about the steady states for each
variable, in the fourth we simplified every constant element, and from the
fifth onwards we defined a log-linearized variable as x̂t =

xt−x̄
x̄

12.

We proceed further by log-linearizing the Backus-Smith condition
[

Ct

C∗

t

]1/σ
=

Qt:

1

σ
logCt −

1

σ
logC∗

t = logQt

⇔
1

σ
log C̄ +

1

C̄
(Ct − C̄)−

1

σ
log C̄ −

1

C̄∗
(C∗

t − C̄∗) = log Q̄+
1

Q̄
(Qt − Q̄)

⇔
1

σ
Ĉt −

1

σ
Ĉ∗
t = Q̂t

⇔Ĉt − Ĉ∗
t = σQ̂t. (39)

Log-linearizing, now, the first order condition for labour of the household

problem, namely equation χ
aLt(x)

(1/ν−a+1)/ac
1/σ
t /(1− τt) =

St(x)
Pt

, we obtain
the following expression,

12Thus hatted variables denote percentage deviation from their steady state value.
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logχ− log a+
1
ν − a− 1

a
logLt(x) +

1

σ
logCt − log(1− τt) = logSt(x)− logPt

⇔ logχ− log a+ (
1

ν
− a+ 1) log L̄+

1
ν − a− 1

aL̄
(Lt − L̄) +

1

σ
log C̄ +

1

C̄
(Ct − C̄)−

− log(1− τ̄)−
τ̄

1− τ̄
(τt − τ̄) = log S̄ +

1

S̄
(St − S̄)− log P̄ −

1

P̄
(Pt − P̄ )

⇔
1/ν − a+ 1

aL̄
L̂t +

1

σ
Ĉt +

τ̄

1− τ̄
τ̂t = Ŝt − P̂t. (40)

Rewriting this equation more compactly for both home and foreign re-
gions, we obtain, for period t+ j:

ŝht,t+j = ψν ŷht,t+j +
1

σ
ĉt+j +

τ̄

1 + τ̄
τ̂t+j , (41)

ŝft,t+j = q̂t+j + ψν ŷft,t+j +
1

σ
ĉ∗t+j +

τ̄

1 + τ̄
τ̂t+j . (42)

Recall that in steady state:

P̄ = P̄H = P̄F = p(z),

and also:

C̄H = φHC̄,

C̄F = φF C̄.

The same holding abroad:

C̄∗
H = φHC̄

∗,

C̄∗
F = φF C̄

∗.

Recall that C̄ = C̄∗ due to our assumption on equal initial financial
wealth among households inhabiting the home region and those populating
the foreign one.

In addition to that, Ḡ = Ḡh = ḠF , and nC̄H + (1− n)C̄F = C̄,
such that the demand for H goods by F consumers in steady state is affected
by:

φ∗H =
n

1− n
φF .
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Recall also that:

ĉht = ĉt − ηp̂ht ⇔ ĉft = ĉt − ηp̂ft;

ĉ∗ht = ĉ∗t − ηp̂∗ht ⇔ ĉ∗ft = ĉ∗t − ηp̂∗ft.

Per capita home and foreign output is:

YHt =
1

n

∫ 1

0
yht(z)dz ⇔ YFt =

1

1− n

∫ 1

0
yft(z)dz,

and Yt = nYHt + (1− n)YFt is the total output.
In steady state, we get:

ȲHt =
ȳht
n

⇔ ȲFt =
ȳht

1− n
;

and Ȳ = nȲHt + (1− n)ȲFt is the total constant - zero growth - output.

Log-linearize the equation representing consumption demand for home
varieties:

yHt(z) = [nCHt + (1− n)CFt + nGHt]
(pht(z)

PHt

)−θ
,

ȳ(z) = [nC̄H + (1− n)C̄F + nḠH ]
( p̄h
P̄H

)−θ
,

and consider that:

C̄H = φHC̄; ḠH = Ḡ,

C̄∗
H = φ∗HC̄;φH + φF = 1,

C̄ = C̄∗;φ∗H =
n

1− n
φF ,

ȲH = C̄ + Ḡ; ȲF = C̄ + Ḡ.

Therefore, ȲH = ȲF = Ȳ .
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Log-linearized demand at time t+ j is thus:

log YHt(z) = log n+ logCHt + log(1− n) + logCFt + log n+ logGHt − θ log pht(z) + θ logPHt ⇔

log Ȳh +
1

ȲH
(YHt − ȲH) + log n+ log C̄H +

1

C̄H
(CHt − C̄H)− log(1− n) + log C̄F +

1

C̄F
(CFt − C̄F )+

+ log ḠH +
1

ḠH
(GHt − ḠH)− θ log p̄Ht(z)−

θ

p̄h
(pht − p̄h) + θ log P̄H +

θ

P̄H
(PHt − P̄H) ⇔

ŷht,t+j(x) = φH

( C̄

Ȳ

)

ĉht+j +
1− n

n
φ∗H

( C̄

Ȳ

)

ĉ∗ht+j + ĝht+j−

− θ
[

p̂ht(x)− p̂ht+j −

j
∑

k=1

πt+k
]

. (43)

Analogously, the log-linearized demand equation for the foreign region is:

ŷft,t+j(x) =
n

1− n
φF

( C̄

Ȳ

)

ĉft+j + φ∗F

( C̄

Ȳ

)

ĉ∗ft+j + ĝft+j−

− θ
[

p̂ft(x)− p̂ft+j −

j
∑

k=1

πt+k
]

. (44)

Plugging the Calvo pricing equation in the last equation, leads to:

YHt =
1

n

∞
∑

j=0

(1− α)αjyht−j,t(x) 

ŷht = φHt

( C̄

Ȳ

)

ĉt +
1− n

n
φ∗H

( C̄

Ȳ

)

ĉ∗ft+j + ĝht+j − θ

∞
∑

j=0

(1− α)αj×

×
[

p̂ht−j(x)− p̂ht −

j−1
∑

k=0

πt−k
]

. (45)

Linearizing equation about the law of motion of prices:

P 1−θ
Ht =

∞
∑

j=0

(1− α)αjpht−j(x)
1−θ

p̂Ht =
∞
∑

j=0

(1− α)αj
[

p̂ht−j(x)−

j−1
∑

k=0

π̂t−k
]

, (46)
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combining this with ŶHt, we get:

ŷHt = φH

( C̄

Ȳ

)

ĉHt +
1− n

n
φ∗H

( C̄

ȳ

)

ĉ∗Ht + ĝHt, (47)

ŷFt = φF
n

1− n

( C̄

Ȳ

)

c∗Ft + φ∗F

( C̄

Ȳ

)

ĉ∗Ft + ĝHt. (48)

Use the demand equations, plug them into the last two to eliminate ĉHt,
ĉ∗Ht, ĉFt, and ĉ

∗
Ft:

ŷHt =φH

( C̄

Ȳ

)

(ĉt − ηp̂Ht) +
1− n

n
φ∗H

( C̄

Ȳ

)

[

ĉ∗t − η(p̂Ht − q̂t)
]

+ ĝHt×

× φH

( C̄

Ȳ

)

ĉt +
1− n

n
φ∗H

( C̄

Ȳ

)

ĉ∗t − η
C̄

Ȳ

[

φH +
1− n

n
φ∗H

]

p̂Ht+

+ η
( C̄

Ȳ

)

q̂tφ
∗
H

1− n

n
+ ĝHt, (49)

and similarly for the foreign region:

ŷFt =
n

1− n
φF

( C̄

Ȳ

)

ĉt + φ∗F

( C̄

Ȳ

)

ĉ∗t − η
( C̄

Ȳ

)

×

×
[ n

1− n
φF + φ∗H

]

p̂Htη
( C̄

Ȳ

)

φ∗F q̂t + ĝFt. (50)

Then,

ŝht,t+j(x) = ψν ŷHt+j − ψνθ
[

p̂ht(x)− p̂Ht+j −

j
∑

k=1

π̂t+k

]

+
ĉt+j
σ

+
τ̄

1− τ̄
τ̂t+j

and the same for the foreign state:

ŝft,t+j(x) = ψν ŷFt+j − ψνθ
[

p̂ft(x)− p̂Ft+j −

j
∑

k=1

π̂t+k

]

+
ĉt+j
σ

+
τ̄

1− τ̄
τ̂t+j .

A linear approximation of the contemporaneous inflation equation leads us
to the following expressions:

π̂Ht =
1− α

α

[

p̂ht(x)− p̂Ht
]

, (51)

and

π̂Ft =
1− α

α

[

p̂ft(x)− p̂Ft
]

. (52)
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In ordered to approximate the Calvo pricing equation, we proceed as follows:

pht(z) =
θ

1− θ
E0

∑∞
j=0 α

jMt,t+jyht+j(z)
∑∞

k=0 α
jMt,t+kyht+k(z)

;

log pht(z) = log
[ θ

1− θ

]

+ j logα+ logEtMt,t+j + logEtyht+j − k logα− logEtMt,t+k − logEtyht+k;

log p̄h(z) +
1

p̄h
(pht(z)− p̄h(z)) = log

[ θ

1− θ

]

+ j logα+ log M̄ +
1

M̄
(EtMt,t+j + M̄) + log ȳh+

+
1

ȳh
(Etyht+j − ȳ)− k logα− log M̄ −

1

M̄
(EtMt,t+k − M̄)− log ȳh −

1

ȳh
(Etyh,t+k − ȳ);

p̂ht(z) = (j − k) logα+ EtM̂t,t+j + Etŷt+j − EtM̂t,t+k − Etŷt+k;

p̂ht(x) = (1− αβ)
∞
∑

j=0

(αβ)jEtŝht,t+j(x) + αβ
∞
∑

j=1

(αβ)jEtπ̂t+j ;

p̂ft(x) = (1− αβ)
∞
∑

j=0

(αβ)jEtŝft,t+j(x) + αβ
∞
∑

j=1

(αβ)jEtπ̂t+j .

Plugging in these last two equations the meaning of ŝh/ft,t+j yields:

p̂ht(x) = (1− αβ)ζ
∞
∑

j=0

(αβ)jEt
[

ψν ŷHt + θψν p̂Ht+j +
ˆct+j
σ

+
τ̄

1− τ̄
τ̂t+j

]

+

+ αβ
∞
∑

j=0

(αβ)jEtπt+j , (53)

p̂tf (x) = (1− αβ)ζ
∞
∑

j=0

(αβ)jEt
[

ψν ŷFt + θψν p̂Ft+j +
ˆct+j
σ

+
τ̄

1− τ̄
τ̂t+j

]

+

+ αβ

∞
∑

j=0

(αβ)jEtπt+j , (54)

where ζ = 1
1+ψνθ

.
Quasi-differencing the previous expressions yields:

p̂ht(x)− αβEtp̂ht+1(x) = (1− αβ)ζ
[

ψν ŷHt + θψν p̂Ht +
1

σ
ĉt +

τ̄

1− τ̄
τ̂t

]

+ αβEtπ̂t+1,

p̂ft(x)− αβEtp̂ft+1(x) = (1− αβ)ζ
[

q̂t + ψν ŷFt + θψν p̂Ft +
1

σ
ĉ∗t +

τ̄

1− τ̄
τ̂t

]

+ αβEtπ̂t+1.

Now, we seek to eliminate the terms p̂ht(x) and p̂ft(x) from the last two
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equations by plugging in equations (51) and (52):

πHt − αβEtπHt+1 +
1− α

α
(p̂Ht − αβEtp̂Ht+1) =

= κζ
[

ψν ŷHt + θψν p̂Ht +
ĉt
σ

+
τ̄

1− τ̄
τ̂t
]

+

+ (1− α)βEtπ̂t+1; (55)

and

πFt − αβEtπFt+1 +
1− α

α
(p̂Ft − αβEtp̂Ft+1) =

= κζ
[

ψν ŷFt + θψν p̂Ft +
ĉt
σ

+
τ̄

1− τ̄
τ̂t
]

+

+ (1− α)βEtπ̂t+1, (56)

where κ = (1−α)(1−αβ)
α .

Note that:

p̂Ht+1 − Ĥt = π̂Ht+1 − π̂t+1 ⇒

p̂Ht+1 − αβp̂Ht+1 = (1− αβ)p̂Ht−

− αβEtπ̂Ht+1 + αβEtπ̂t+1.

After a having plugged them in equations (55) and (56) yields,

π̂Ht = βEtπ̂Ht+1 + κζψν ŷHt + κζp̂Ht + κζ
ĉt
σ

+ κζ
τ̄

1− τ̄
τ̂t;

π̂Ft = βEtπ̂Ft+1 + κζψν ŷFt + κζp̂Ft + κζ
ĉt
σ

+ κζ
τ̄

1− τ̄
τ̂t.

These equations affirm that the present value of inflation today in H is
explained by the expected value of inflation tomorrow in the same region,
by the output growth of the region F today and the level of prices in H, as
well as the overall level of consumption in the union and the labour income
tax rate in the current period.
Now, take the overall level of prices in steady state,

Pt =
[

φHP
1−η
Ht + φFP

1−η
F t

]
1

1−η ⇔

P 1−η
t =

[

φHP
1−η
Ht + φFP

1−η
F t

]

⇒

P̄ = φH P̄H + φF P̄F ,
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and

φH P̂Ht + φF P̂Ft = 0 ⇔

p̂Ft = −
φH
φF

p̂Ht.

Total inflation in the H region is equal to

φH π̂Ht + φF π̂Ft = π̂t, (57)

and in the F region:

φ∗H p̂Ht + φ∗F p̂Ft = q̂t. (58)

Finally,

φ∗H π̂Ht + φ∗F π̂Ft = π̂∗t . (59)

The difference between home and foreign regions, in terms of differentials
on real inflation is a function of the real exchange rate q̂t obtained via the
”Backus - Smith” condition.

6.2 GHH utility

The Greenwood, Hercowitz, and Huffman (1988)’s utility function looks like:

U(Ct, Lt(x)) =

{

Ct − χLt(x)
1+ 1

ν

1 + 1
ν

}1− 1

σ

/
(

1−
1

σ

)

.

Recall that ν stands for the Frisch labour supply elasticity, and the optimal-
ity conditions are:

ul = −χL
1

ν
t {Ct − χL

1+ 1

ν
t /(1 +

1

ν
)}−

1

σ

uc = {Ct − χL
1+ 1

ν
t /(1 +

1

ν
)}

ul
uc

=
∂U
∂Lt

∂U
∂Ct

=
Wt(1− τt)

Pt
= χL

1

ν
t

where the third equation is obtained by dividing the previous two, namely
the f.o.c.s for labour and consumption, respectively. Log-linearizing the
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former equation around the steady state goes as follows:

St(x)

Pt
=

1

1− τt

χ

a
yψν

ht (x) ⇔

logSt(x)− logPt = log
1

1− τt
+ log

χ

a
+ ψνyht(x) ⇔

log S̄ − log P̄ +
1

S̄
(St − S̄)−

1

P̄
(Pt − P̄ ) = log

1

1− τ̄
+

+
1

1− τ̄
(τt − τ̄) + log

χ

a
+ ψν log ȳh +

1

ȳh
(yht − ȳh) ⇔

ŝt − p̂t =
1

1− τ̄
τ̂t + ŷht. (60)

Then, according to Nakamura and Steinsson,

ŝht,t+j = ψν ŷht,t+j +
τ̄

1− τ̄
τ̂t, (61)

and from this equation we can derive the Phillips curves for H and F ,

π̂Ht = βEtπ̂Ht+1 + κζψν ŷHt − κζp̂Ht + κζ
1

1− τ̄
τ̂t, (62)

π̂Ft = βEtπ̂Ft+1 + κζψν ŷFt − κζp̂Ft + κζ
1

1− τ̄
τ̂t. (63)

To approximate the Euler Equation for consumption in the GHH model we
proceed as follows:

Et

[

β
uc(Ct+1, Lt+1(x))

uc(Ct, Lt(x))

Pt
Pt+1

]

=
1

1 + rnt
⇔

{

Ct+1 −
χL

1+ 1

ν

t+1

1 + 1
ν

}
1

σ

}{

Ct −
χL

1+ 1

ν
t

1 + 1
ν

}− 1

σ Pt
Pt+1

=
1

1 + rnt
⇔

ucc =
uccC̄

uc
ĉt +

uccL̄

uc
L̂t(x)
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where:

ucc = −
1

σ

{

C̄ − χ
L̄1+ν−1

1 + ν−1

}−(1+ 1

σ
)

,

ucl =
1

σ

{

C̄ − χ
L̄−1+ν−1

1 + ν−1

}−(1+ 1

σ
)

χL̄−ν−1

,

uclC̄

uc
= −

1

σ
C̄

{

C̄ − χ
L̄1+ν−1

1 + ν−1

}−1

= −
1

σ

{

1−
a

µ

Ȳ

C̄

1

1 + ν−1

}−1

uccL̄

uc
=

1

σ

{

C̄ − χ
L̄1+ν−1

1 + ν−1

}−1

= −
uccC̄

uc

L̄

C̄
χL̄ν

−1

= −
uccC̄

uc

Ȳ

C̄

a

µ
.

Let σ−1
c = uccC̄/uc and σ−1

l = uclL̄/ul. Therefore, the Euler equation
log-linearized is:

ĉt − σcσ
−1
l l̂t = Etĉt+1 − σcσ

−1
l Et l̂t+1 − σc(r̂

n
t − Etπ̂t+1), (64)

nevertheless we may rewrite it as

ĉt − ξyŷHt = Etĉt+1 − ξyEtŷHt+1 − σc(r̂
t
n − Etπ̂t+1), (65)

where ξy = σc
σl

= Ȳ
C̄
a
µ , a constant value and we can do this because the

log-linearized production function is ŷHt = al̂t.
The Backus - Smith condition within the model with the non separable type
of preferences becomes:

u∗c
uc

= Qt

which linearly approximated looks like:

ĉt = −ξyŷt − ĉ∗t + ξyŷ
∗
t = σcq̂t. (66)

6.3 Regional capital markets

As in Chirstiano, Eichenbaum, and Evans (2005), K̄t denotes the overall
households’ capital stock; Īt features the investment undertaken by them-
selves, obtained by lending their capital wealth to firms which use it for
production of final goods.
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6.3.1 Households

K̄t+1 = (1− δ)K̄t +Φ(It, It+1) (67)

is the law of motion of capital, where δ is the rate of capital depreciation
and Φ is a function specified as:

Φ =
[

1− φ
( It
It−1

)]

, (68)

so that Kt = utK̄t, where ut indicates the capital utilization rate chosen by
the household.
Her budget constraint thus becomes:

PtCt + PtIt + PtA(ut)K̄t + Et[Mt,t+1Bt+1(x)] ≤ Bt(x) + (1− τt)Wt(x)Lt(x)+

+Rkt ut +

∫ 1

0
Ξht(x)dz − Tt, (69)

recall that the second term on the left hand side denotes the amount of in-
vestment spent by households themselves, A is the cost of using the capital
stock, Rkt utK̄t is the rental income obtained by household when they lend
capital to firms. The equilibrium equations are the same as in the base-
line model, plus the usual transversality condition and the following new
optimality conditions:

Λ =
∞
∑

t=0

{

U (Ct, Lt(x)) + γ
[

(1− δ)K̄t + It − φ
( It
It−1

)

It − K̄t+1

]}

,

∂Λ

∂Ct
=⇔ γtΦ(It, It−1) + βEt[γt+1Φ2(It+1, It)] = uc(Ct, Lt(x)),

∂Λ

∂Lt(x)
= 0 ⇔ β(1− δ)Etγt+1 + βEt[(A

′ut+1)ut+1 −A(ut+1)uc(Ct+1, Lt+1)],

where A′(ut) =
Rk

t

Pt
.

6.3.2 Firms

yt(x) = f(Lt(x),Kt(x))

is their production function, which, now, depends also on capital stock bor-
rowed from households. Demand for goods x produced by firms in the H
region is simply the sum of the goods demanded by H households and F
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households as well as the investment in both regions and government pur-
chases:

yt(x) =
{

nCHt + (1− n)C∗
Ht + nIH,t + (1− n)I∗H,t + nGHt

}(pt(x)

PHt

)−θ
;

Wt(x) = fl(Lt(x),Kt(x))St(x);

Rkt = fk(Lt(x),Kt(x))St(x);

where the latter two equations express the partial derivative of the Cobb

- Douglas with respect to labour and capital respectively. Combining the
equations for wage and rate of return on capital yields:

St(x)

Pt
=

{ 1

1− τt

}{ vl(Lt(x))

uc(Ct)fl(f−1(Lt,Kt))

}

. (70)

φ(1) = φ′(1) = 0; κI = φ′′(1) = 2.5 > 0; ū = 1; A1 = 0; σa = A′′(1)
A′(1) = 0.01;

1 − a = 1
3 , α = 2

3 , as in Christiano et al., 2005. Let’s start to linearly
approximate the equilibrium equations of this specification of the model:

logSt(x)− logPt = − log(1− τt) + log vl(L) + log uc(Ct)− log fc(f
−1(Cl)) ⇔

log S̄(x) +
St − S̄

S̄
− log P̄ −

Pt − P̄

P̄
= − log(1− τ̄)−

1− τt − 1 + τ̄

1− τ̄
+ log vl−

vl(Lt)− vl(L̄)

vl(L̄)
− log uc(C̄)−

uc(Ct)− uc(C̄)

uc(C̄)
− log fl(f

−1(C̄, L̄))−
fl(f

−1)− fl( ¯f−1)

fl( ¯f−1)
⇔

ŝt − p̂t = −
τ̄

1− τ̄
τ̂t + vl(L̂t)− uc(Ĉt)− fl(f

−1(Ĉt, L̂t)).

Let us split this last equation into the share of H and F , respectively:

ŝt(x) =
(vllL̂

vl
−
fllL̄

fl

)

l̂t −
flkK̄

fl
k̂t −

uccC̄

uc
ĉt +

τ̄

1− τ̄
τ̂t; (71)

ŝ∗t (x) =
(vllL̂

∗

vl
−
fllL̄

∗

fl

)

l̂∗t −
flkK̄

∗

fl
k̂∗t −

uccC̄
∗

uc
ĉ∗t +

τ̄

1− τ̄
τ̂t. (72)

Now, considering the production function, and deriving its log-linearized
counterparts is straightforward,

ŷt = al̂t + (1− a)k̂t(x);⇔ ŷ∗t = al̂∗t −+(1− a)k̂∗t (x), (73)
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again with the usual distinction between home and foreign region. Making
k̂t explicit from the previous formula leads to:

k̂ =
ŷt − al̂t
1− a

. (74)

Furthermore,

Rkt = Lat (x)(1− a)K−a
t (x)− a logKt + logSt;

logRkt = a logLt + log(1− a)− a logKt + logSt;

log R̄k +
Rkt − R̄k

R̄k
= a log L̄+

aLt − aL̄

aL̄
+ log(1− a)− a log K̄−

Kt − K̄

K̄
+ log S̄ −

St − S̄

S̄
;

r̂kt = al̂t − ak̂t + ŝt; (75)

and, complementarily,
r̂k∗t = al̂∗t − ak̂∗t + ŝ∗t . (76)

Afterwards,

k̂t = l̂t −
t̂kt
a

+
ŝt
a

=
ŷt − al̂t
1− a

,

(1− a)l̂t −
r̂kt (1− a)

a
+
ŝt(1− a)

a
= ŷt,

l̂t = ŷt + r̂kt
1− a

a
− ŝt

1− a

a
, (77)

which finally denotes the labour demand of firms.
Working a little more on the labour demand equation, one obtains at last:

l̂t =
ŷt
a

−
1− a

a
k̂t;

l̂t =
r̂kt
a

− k̂t −
ŝt
a
;

ŷt
a

−
1− a

a
k̂t =

r̂kt
a

+ k̂t −
ŝt
a
;

ŷt − (1− a)k̂t = r̂kt + ak̂t − ŝt;

ŷ − k̂t − ak̂t = r̂kt + ak̂t − ŝt;

k̂t = ŷt − r̂kt + ŝt. (78)

27



Now, plug equation (77) in the labour supply equation, and get:

ŝt =

{

vlL̄

vl
−
fllL̄

fl

}

l̂t −
flkK̄

fl
k̂t(x)−

uccC̄

uc
ĉt +

τ̄

1− τ̄
τ̂t×

×
(1

ν
+ 1− a

)

{

ŷt + r̂kt
1− a

a
− ŝt

1− a

a

}

− (1− a)
{

ŷt − r̂kt − ŝt
}

+

+
1

σ
ĉt +

τ̄

1− τ̄
τ̂t ⇔

ŷt
ν

+
1− a

aν
r̂kt −

1− a

aν
ŝt + ŷt +

1− a

a
r̂kt − ŝt

1− a

a
− ŷta− r̂kt (1− a)+

+ ŝt(1− a)− ŷt + r̂kt + ŝt + at̂t − ar̂kt − aŝt +
ĉt
σ

+
τ̄

1− τ̄
τ̂t ⇔

r̂kt

[1− a

aν
+

1− a

a
− (1− a)

]

=
[1− a+ ν + νa− aν + νa2

aν

]

r̂kt ⇔

ŝt

[

−
1− a

aν
−

1− a

a
+ (1− a)

]

=
[−1 + a− ν + νa− νa+ νa2

aν

]

ŝt ⇔

ŝt
νa2 + a− ν − 1

aν
= ŝt

(

1 +
1

ν
−

1

a

)

−
1

aν
= ŝt(a−

1

ν
−

1

a
)−

1

aν
. (79)

The previous equation can be written more compactly as:

ψν ŷt + ψcσ
−1ĉt + ψkr̂

k
t + ψτ

τ̄

1− τ̄
τ̂t, (80)

where: ψν = aν−1

[(1−a)ν−1+1]
; ψc = aσ−1

[(1−a)ν−1+1]
; ψk = (1+ν−1)(1−a)

[(1−a)ν−1+1]
; ψτ =

a
[(1−a)ν−1+1]

.

Approximating the demand equations, whose procedure we here omit,
yields the following expressions for both H and F ’s goods market,

ŷHt = φH
C̄

Ȳ
ĉHt + φH

Ī

Ȳ
îHt + φ∗H

1− n

n

C̄

Ȳ
ĉ∗Ht + φ∗H

1− n

n

Ī

Ȳ
îFt + ĝHt,

ŷFt = φ∗F
C̄

Ȳ
ĉ∗Ft + φ∗H

Ī

Ȳ
î∗Ft + φF

n

1− n

C̄

Ȳ
ĉFt + φF

n

1− n

Ī

Ȳ
îFt + ĝFt,

where:

ŷt,t+j = ŷHt+j − θ
{

p̂t − p̂Ht+j −

j
∑

k=1

πt+k

}

, (81)

ŷ∗t,t+j = ŷFt+j − θ
{

p̂t − p̂Ft+j −

j
∑

k=1

πt+k

}

. (82)
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Consider now, both home and foreign investment:

IH = φHI; IF = φF I; I
∗
H = φ∗HI

∗;H∗
F = φ∗F I

∗.

Matching ŝt(x) and ŝ
∗
t (x) with equations (81) and (82) yields:

ŝt,t+j = ψν ŷHt+j − ψνθ
{

p̂t − p̂Ht+j −

j
∑

k=1

πt+k

}

+
1

σ
ψcĉt+j +

τ̄

1− τ̄
τ̂t+j ;

(83)

ŝ∗t (x) = ψν ŷFt+j − ψνθ
{

p̂t − ˆpFt+j −

j
∑

k=1

πt+k

}

+
1

σ
ψcĉ

∗
t+j +

τ̄

1− τ̄
τ̂t+j .

(84)

We then obtain the Phillips curves:

πHt = βEtπHt+1 + κζ
{

ψnuŷHt − p̂Ht +
ψν
σ
ĉt + ψν

τ̄

1− τ̄
τ̂t + ψkr̂

k
t

}

; (85)

πFt = βEtπFt+1 + κζ
{

ψnuŷFt − p̂Ft +
ψν
σ
ĉt + ψν

τ̄

1− τ̄
τ̂t + ψkr̂

k
t

}

. (86)

Now, we approximate the previously shown equations for investment:

log IHt = log φH + log It;

log Ī +
IHt − ĪH

ĪH
= log φH + log Ī +

It − Ī

Ī
;

îHt =
1

φH
ît ⇔ ît = φH îHt (87)

ît = φH îHt + φF ÎFt; î
∗
t = φ∗H î

∗
Ht + φ∗F î

∗
Ft, (88)

because It = φHIHt + φF ÎFt and I
∗
t = φHI

∗
Ht + φF I

∗
Ft.

Then,

îHt = ît − ηp̂Ht; îFt = ît − ηp̂Ft, (89)

î∗Ht = î∗t − η(p̂Ht − q̂t), î
∗
Ft = î∗t − η(p̂Ft − q̂t). (90)
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Proceeding forwards,

ŷHt =
C̄

Ȳ
φH ĉt +

1− n

n

C̄

Ȳ
φ∗H ĉ

∗
t +

Ī

Ȳ
φH ît +

1− n

n
φ∗H î

∗
t − η

C̄ + Ī

Ȳ

{

φH +
1− n

n
φ∗H

}

p̂Ht

+ η
C̄ + Ī

Ȳ

1− n

n
φ∗H q̂t + ĝHt, (91)

ŷFt =
C̄

Ȳ
φ∗H ĉ

∗
t +

n

1− n

C̄

Ȳ
φF ĉt +

Ī

Ȳ
φ∗F î

∗
t +

n

1− n

Ī

Ȳ
φF ît − η

C̄ + Ī

Ȳ

{ n

1− n
φF + φ∗F

}

p̂Ht

+ η
C̄ + Ī

Ȳ
φ∗F q̂t + ĝFt. (92)

In addition to that,

Kt = utK̄t

logKt = log ut + log K̄t

Kt − K̄

K̄
=
ut − ū

ū
+
K̄t − K̄

K̄

k̂t = ût +
ˆ̄kt (93)

at home. Analogously

k̂∗t = û∗t +
ˆ̄kt (94)

holds abroad.

ut =
R∗
t

Pt

A′(ū) =
R̄k

P̄

logA′(ūt) = logRkt − logPt

logA′(ū) +
ūA′′(ū)

A′(ū)

dut
ū

= log R̄kt +
dRkt
R̄k

− log P̄ −
dPt
P̄
,

where A′′(ū)
A′(ū) = σa.

Furthermore:

DtΦ1(It, It−1) + βEt
[

Dt+1Φ2(It+1, It)
]

= uc(Ct, Lt(x))

logDt + logΦ′(It, It+1) + log β + logEtDt+1 + log It+1 + log
{

It+1φ
(It+1

It

)

}

= − log
1

cσt

logDt + log It − log
{

Itφ
( It
It−1

)

}

+ log β + logEtDt+1 + logEtIt+1 − logEt

{

It+1φEt
(It+1

It

)

}

= log
1

cσt
,

(95)
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where Dt is a Lagrangian multiplier associated with the maximization prob-
lem of the household who owns capital and has to decide ho much to invest
- e.g. how much capital to keep for financing her own consumption and how
much to lend to firms, knowing the unitary rate of return on the loan is ut.
Further approximation leads to:

log D̄ +
dDt

D̄
+ log Ī +

dIt
Ī

− log Ī −
dIt
Ī

− log φ′
{ Ī

Ī

}

− φ′′
{ Ī

Ī

}dIt+1

Ī
− log φ′

{ Ī

Ī

}

−

− log φ′′
{ Ī

Ī

}dIt−1

Ī
+ log β + log D̄ + Et

dDt+1

D̄
− log φ′

{ Ī

Ī

}

− log φ′′
{ Ī

Ī

}dIt+1

Ī
−

− log φ′
{ Ī

Ī

}

− log φ′′
{ Ī

Ī

}dIt
Ī

= − log
1

cσt
− log

c̄−σ−1

σc̄σ
dcσt ⇔

D̂t + φ′′
[

β(EtÎt+1 − Ît)− (Ît − Ît−1)
]

+
ĉt
σc

= 0, (96)

and equivalently for the foreign region,

D̂∗
t + φ′′

[

β(EtÎt+1 − Ît)− (Ît − Ît−1)
]

+
ĉ∗t
σc

= 0. (97)

Assume A(ū) = 0, A′(ū) = R̄k

P̄
, in steady state.

Now, let us approximate the following last expression for the regional capital
market model:

Dt = β(1− δ)EtDt+1 + βEt[(A
′(ut+1)ut+1 −A(ut+1))uc(Ct+1, Lt+1(x))] ⇔

− logDt = log β(1− δ) + logEtDt+1 + log β + logEtA
′(ut+1)−

− logEtA(ut+1) + log uc(Ct, Lt(x)) ≈

≈ log D̄ +
dDt

D̄
= log β(1− δ) + log D̄ +

dDt+1

D̄
+ log β + logA′(ū)+

+ Et
A′′(ū)

A′(ū)
dut+1 − logA(ū)− Et

A′(ū)

A(ū)
dut+1 + log uc(C̄, L̄) +

σ−1c̄−σ−1

c̄σ
dc−σt ⇔

D̂t = log β(1− δ)EtD̂t+1 + (1− β(1− δ))[Etr̂
k
t+1 − σcEtĉt+1]; (98)

D̂∗
t = log β(1− δ)EtD̂

∗
t+1 + (1− β(1− δ))[Etr̂

k∗
t+1 − σcEtĉ

∗
t+1]. (99)

6.4 Firm specific capital

This section portrays a version of the model which is very similar in structure
to that analyzed in Woodford (2005). Households’ behaviour is governed
by the same equations as in the baseline GHH model of section 6.2. The
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production function of firms in industry x has the standard Cobb-Douglas

form:

yt(x) = Lt(x)
aKt(x)

1−a.

Demand for output of firms in industry x is:

yt(x) = [nCHt + (1− n)C∗
Ht + nIHt + (1− n)I∗Ht]

{pht(x)

PHt

}−θ
.

Firms’ optimal choice of labour is:

Wt(x) = fl(Lt(x),Kt(X))St(x).

Convex adjustment costs (CAC) for investment exist13. A firm willing to dis-
pose of a capital stockKt+1(x) at time t+1 must invest I(Kt+1(x)/Kt(x))Kt(x)
at time t. I(1) = δ; I ′(1) = 1; I ′′(1) = εψ. Optimal investment is

I ′
{Kt+1(x)

Kt(x)

}

+ EtMt,t+1
Pt+1

Pt

{

I
(Kt+2(x)

Kt+1(x)

)

− I ′
(Kt+2(x)

Kt+1(x)

)Kt+2(x)

Kt+1(x)

}

=

= EtMt,t+1
Pt+1

Pt

Rkt+1

PH,t+1

PH,t+1

Pt+1
,

where Rkt+1(x) = fk(Lt(x),Kt(x))St(x).

Nakamura and Steinssón set either δ = 0.012 and εψ = 3 or δ = 0.025
and εψ = 2.5. In addition to that, as in the previous specifications of the
model, a = 2

3 , so that 1− a = 1
3
14.

Furthermore, by combining labour demand and supply, one obtains

aLt(x)
a−1Kt(x)

1−a(1− τt)
St(x)

PHt

PHt
Pt

= χLt(x)
1/ν .

13A literature on theory of investment adjustment costs exists in both the micro and
macro settings (see, for example, Wang and Wen (2010)). As a matter of facts, there
appears to be a contrasting evidence between macroeconomic necessities of modeling in-
vestment adjustment costs through convex functions, and firm-level empirical evidence
showing that investment is lumpy with very little serial correlation. It has been shown
in Wang and Wen (2010) that these two apparently opposed instances can be reconciled
by including in the analysis financial frictions such as collateralized borrowing at the firm
level.

14a and 1 − a being the Cobb - Douglas’ production function exponents of labour and
capital respectively, namely the relative weights attributed to labour and capital in the
production function.
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Log-linearizing the law of motion for capital:

Kt+1 = (1− δ)Kt + It ⇔

logKt+1 = log[(1− δ)Kt + It];⇔

log K̄ +
dKt+1

K̄
= log[(1− δ)K̄ + Ī]+

+
1− δ

(1− δ)K̄ + Ī
dKt +

1

(1− δ)K̄ + Ī
dIt ⇔

dKt+1

K̄
=

1− δ

K̄
dKt +

Ī

K̄

dIt
Ī

⇔

k̂t+1 = (1− δ)k̂t +
Ī

K̄
Ît. (100)

Approximating the labour market clearing equation:

log a+ (a− 1) logLt + (1− a) logKt + log(1− τt) + logSt − logPHt+

+ log
PHt
Pt

= logχ+
1

ν
logLt ⇔

log a+ (1− a) log L̄+
(a− 1)L̄−a−2

L̄a−1
dLt + (1− a) log K̄+

+
(1− a)K̄−a

K̄1−a
dKt + log(1− τt) +

τ̄

1− τ̄
dτt + log S̄ +

dSt
S̄

− log P̄H−

−
dPHt
P̄H

+ log P̄ +
dPt
P̄

= logχ+
1

ν
log L̄+

1/νL̄1/ν−1

L̄1/ν
dLt ⇔

ŝt = (
1

ν
+ 1− a)l̂t − (1− a)k̂t − p̂Ht +

τ̄

1− τ̄
τ̂t. (101)

Recall that, in steady state R̄k

P̄
= δ + 1

β − 1.
Therefore:

log I ′
(Kt+1

Kt

)

+ logEtMt,t+1 + logPt+1 − logPt + log I
(Kt+2

Kt+1

)

−

− log I ′
(Kt+2

Kt+1

)

+ logKt+2 − logKt+1 = logMt,t+1 + logPt+1−

− logPt + logRkt+1 − logPH,t+1 + logPH,t+1 − logPt+1

...

⇔

ûc,t + ε̂ψ

{

k̂t+1 − k̂t

}

+ Etûc,t+1 + βεν

{

Etk̂t+2 − k̂t+1

}

+

+ (1− β(1− δ))
{

Etr
k
t+1 + p̂Ht+1

}

.
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Log-linearizing the production function trivially yields:

ŷt(x) = al̂t(x) + (1− a)k̂t(x). (102)

The labour demand and supply, joint in a unique expression (labour market
clearing condition), look like:

ŝt(x) = (1/ν + 1− a) ∗ l̂t(x) + (1− a)k̄t(x) + p̂Ht +
τ̄

1− τ̄
τ̂t. (103)

The rental rate of capital can be expressed as:

r̂kt (x) = ŝt(x) + al̂t(x)− (1− a)k̂t(x); (104)

Combining the two previous equations yields:

ŝt(x) =
1/ν + 1− a

a
ŷt(x)−

(1− a)(1/ν + 1− a)

a
k̂t(x)− p̂Ht +

τ̄

1− τ̄
τ̂t;

⇔ŝt(x) = ω̄ŷt − (ω̄ − ν̄)k̂Ht − p̂Ht +
τ̄

1− τ̄
τ̂t (105)

where, obviously, ω̄ = (1/ν + 1− a)/a and ν̄ = 1/ν. From which,

ŝt(x) = ŝHt + ω̄[ŷt(x)− ŷHt]− (ω̄ − ν̄)[k̂t(x)− k̂Ht]. (106)

Through demand curves,

ŝt(x) = ŝHt − ω̄θp̂t(x)− (ω̄ − ν̄)k̃t(x) (107)

where k̃t = k̂t − k̂t−1.

Finally, the Calvo pricing equation is:

Et

∞
∑

j=0

(αβ)j
{

p̂t(x)−

∞
∑

k=1

πH,t+k − ŝt+j(x)

}

, (108)

where, following Woodford (2005), the authors use Ext to denote an expecta-
tion conditional on a state of the world at date t, but integrating only those
future states in which firms in industry x have not reset their prices since
period t. For aggregate variables Ext = EtXt. For firm specific variables, this
is not the case. Substituting for marginal costs in the previous equations,
we obtain:

E
x
t

∞
∑

j=0

(αβ)j
[

p̂t(x)−

j
∑

k=1

πHt+k − ŝHt+j(x) + ω̄θ
(

p̂t(x)−

−

j
∑

k=1

πt+k
)

+ (ω̄ − ν̄)k̃t+j(x)
]

= 0, (109)
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thus:

(1− ω̄θ)p̂t(x) = (1− αβ)Ext

∞
∑

j=0

[ŝHt+j + (1 + ω̄θ)]

j
∑

k=1

πHt+k − (ω̄ − ν̄)k̂t+j(x).

(110)

In the heterogeneous market model, p̂t(x) is not independent on x. This is
due to the presence of the k̃t+j(x) term on the right hand side. Notice also
that Ext k̃t+j(x) depends on p̂t(x). We therefore need to be able to solve for
p̂t(x). Combining equations (140) and (141) we get:

r̂kt (x) = ω̄ŷt(x)− (ω̄ − ν̄)k̂t(x)− p̂Ht + al̂t(x) + ak̂t(x) +
τ̄

1− τ̄
τ̂t. (111)

Using the production function to eliminate l̂t(x) yields:

r̂kt (x) = ρyŷt(x)− ρkk̂t(x)− p̂Ht +
τ̄

1− τ̄
τ̂t, (112)

where ρy = ω̄ + 1 and ρk = ρy − ν̄, again as in Woodford (2005).
Thus, aggregating, we get:

ûc,t + εψ(k̂Ht+1 − k̂t) = Etûc,t+1 + βεψ[Etk̂t+2− (113)

− k̂t+1] + [1− β(1− δ)][ρyEtŷHt+1 − ρkk̂Ht+1 +
τ̄

1− τ̄
τ̂t].

Here, the expression differs form Woodford (2005) on the coefficient on
Etuc,t+1. This is because we are using GHH preferences. Combining this
expression with its foreign counterpart yields:

εψ[k̃t+1(x)− k̃t(x)] = βεψ[Etk̃t+2 − k̃t+1] + [1− β(1− δ)]×

× [ρyEt(ŷt+1(x)− ŷHt+1)− ρkk̃t+1(x)]. (114)

Rearranging and using the firms’ demand function yields:

[1− β(1− δ)]ρyθε
−1
ψ Etp̂t+1(x) = βEk̃t+2(x)− [1 + β(1− β(1− δ))ρkε

−1
ψ ]k̃t+1(x)− k̃t(x),

which ca be rewritten as:

ΘEtp̂t+1(x) = Et[Q(L)k̃t+2(x)], (115)

where Θ = [1−β(1−δ)]ρyθε
−1
ψ and Q(L) = β− [1+β(1−β(1−δ))ρkε

−1
ψ ]L+

L2, and L is the lag operator. Notice that Q(0) = β > 0, Q(β) < 0,
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Q(1) < 0, and Q(n) > 0 for n ↑. So Q(L) = β(1 − µ1L)(1 − µ2L), where
µ1, µ2 ∈ R, and 0 < µ1 < 1 < 1/β < µ2. Q(L) is a lag polynomial.

The above expression cannot be solved for the expected evolution of the
relative capital stock, however one may think that as long as firm z’s decision
problem is locally convex, so that the first-order conditions characterize a
locally unique optimal plan, the optimal decision for that firm’s relative
price in the event that the price is reset at date t must depend only on the
firm’s relative capital stock at time t and on the economy’s aggregate state.
Thus, a log-linear approximation of i’s pricing rule must take the form:

p̂t(x) = p̂Ht − ψk̃t(x). (116)

The assumption that the price of home goods depends on the aggregate state
of the economy, is motivated by the fact that firms reset their price at date
t conditional on the realizations of a uniform distribution U(θ) drawn from
the entire population of firms. This implies that the average reset price is
zero: k̃t(x) = 0. p̂t is also the average relative price chose by firms that reset
their prices at time t, and the overall rate of inflation will be given by:

πHt =
1− α

α
p̂Ht. (117)

We may introduce the notation p̃t(x) for a a generic relative price. This
contrasts with p̂t(x) which is used to denote the primal price set at time t.
Notice that:

Etp̃t+1(x) = α[p̃t(x)− EtπHt+1] + (1− α)Etp̂t+1(x); (118)

using the last equation we get:

Etp̃t+1(x) = α[p̃t(x)− EtπHt+1] + (1− α)Et[p̂Ht+1(x)− ψk̃t+1(x)]

= αp̃t(x)− (1− α)ψEtk̃t+1(x). (119)

Similarly, the optimal quantity of investment in any period t must depend
on i’s relative capital stock in that period, on its price, and on the economy’s
aggregate state. Taking a linear approximation yields:

k̃t+1(x) = λk̃t(x)− γp̃t(x), (120)

where λ and γ are coefficients to be determined.

Etk̃t+2(x) = λk̃t+1(x)− τ̄Etp̃t+1(x) =

= [λ+ (1− α)γψ]k̃t+1(x)− αγp̃t(x) (121)
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is a linear relation in k̃t(x) and p̃t(x). For convenience, let A ≡ 1 + β +
(1 − β(1 − δ))ρkε

−1
ψ , thus Q(L) = β − AL − L2. Equation (115) therefore

becomes:

Θαp̃t(x)−Θ(1− α)ψEtk̃t+1(x) =
1

λ
Etk̃t+1(x) +

1

λ
γp̂t(x)−Ak̃t+1(x)+

+ β[λ+ (1− α)γψ]k̃t+1(x)− αβγp̃t(x). (122)

For the conjectured solution (116) to be consistent with this equation, we
need the coefficients in front of p̃t(x) to fulfill:

(1− αβλ)γ = Θαλ. (123)

Using this equation, the coefficients in front of k̃t+1(x) becomes:

Θ(1− α)ψλ+ 1−Aλ+Bλ2 + (1− α)βλψγ = 0

Θ(1− α)ψλ+ (1− αβλ)(1−Aλ+ βλ2) = 0

(
1

β
− αλ)Q(βλ) + (1− α)Θψλ = 0. (124)

Now, returning to the optimal price setting, consider:

E
x
t

∞
∑

j=0

(αβ)j k̃t+j(x). (125)

Since,

k̃t+j+1(x) = λExt k̃t+j(x)− γ
[

p̃t(x)− Et

j
∑

k=1

πHt+k
]

, (126)

but

k̃t+1(x) = λk̃t(x)− γp̃t(x), (127)

for all j ≤ 0 and using p̃t(x)− Et
∑j

k=1 πHt+k. Notice that:

k̃t+1(x) = λk̃t(x)− γp̃t(x)

k̃t+2(x) = λ2k̃t(x)− γλp̃t(x)− γp̃t(x)

k̃t+3(x) = λ3k̃t(x)− γλ2p̃t(x)− γλp̃t+1(x)− λp̃t+2(x) (128)
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so

E
x
t

∞
∑

j=0

(αβ)j k̃t+j(x) =
k̃t(x)

1− αβλ
−

γαβ

1− αβλ
E
x
t

∞
∑

j=0

(αβ)j p̃t+j(x)

E
x
t

∞
∑

j=0

(αβ)j p̃t+j(x) =
∞
∑

j=0

(αβ)j
[

p̃t(x)− Et

j
∑

k=1

πHt+k
]

. (129)

In addition, using the fact that Ext
∑∞

j=0(αβ)
j
∑j

k=1 πHt+k =
1

1−αβEt
∑∞

j=1(αβ)
jπHt+j ,

we have:

E
x
t

∞
∑

j=0

(αβ)jkt+j(x) =
k̃t(x)

1− αβλ
−

γαβ

(1− αβ)(1− αβλ)
p̃t(x)+

+
γαβ

(1− αβ)(1− αβλ)
Et

∞
∑

j=1

(αβ)jπHt+j . (130)

For firms re-optimizing prices at time t, p̃t(x) = p̂t(x). Therefore, combining
equation (106) with the last equation yields:

(1 + ω̄θ)p̂t(x) = (1− βα)Et

∞
∑

j=0

(αβ)j ŝHt+j + (1− αβ)(1 + ω̄θ)Et

∞
∑

j=0

(αβ)j

j
∑

k=1

πHt+k −
(1− αβ)(ω̄ − ν̄)

1− αβλ
k̃t(x) +

γαβ(ω̄ − ν̄)

1− αβλ
Et

∞
∑

j=1

(αβ)jπt+j . (131)

Thus,

φp̂t(x) = (1− αβ)

∞
∑

j=0

(αβ)jEtŝHt+j + φ

∞
∑

j=1

(αβ)jEtπHt+j−

− (ω̄ − ν̄)
1− αβ

1− αβλ
k̃t(x), (132)

where φ = 1 + ω̄θ − (ω̄ − ν̄) γαβ
1−αβγ .

For this equation to be consistent with our conjecture (116), we need:

φp̂Ht = (1− αβ)
∞
∑

j=0

(αβ)jEtŝHt+j + φ
∞
∑

j=1

(αβ)jEtπHt+j , (133)

and:

φψ = (ω̄ − ν̄)
1− αβ

1− αβλ
. (134)
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This latter equation along with equations (123) and (124) comprise a system
of three equations in three unknown coefficients, λ, γ, ψ. Woodford (2005,
pp. 17-18) proposes an algorithm to solve these three equations.

The following explains how to reduce this system of equations to a single
equations to a single equation for λ. For λ 6= 0, (124) can be solved for ψ:

ψ(λ) = −
(1/β − αλ)Q(βλ)

(1− α)Θλ
. (135)

Similarly, (160) defines a function:

γ(λ) =
Θαλ

1− αβλ
. (136)

Substituting these functions for ψ in (135), we get an equation that solves
for λ:

V (λ) =[(1 + ω̄θ)(1− αβλ)2 − α2β(ω̄ − ν̄)Θλ]Q(βλ)+

+ β(1− α)(1− αβ)(ω̄ − ν̄)Θλ = 0. (137)

Quasi-differencing the expressions for p̂Ht(x) equation (133), we obtain:

p̂Ht − αβEtπHt+1 = (1− αβ)φ−1ŝHt + αβEtπHt+1. (138)

Using equation (117) to plug for p̂t yields:

α

1− α
πHt −

α2β

1− α
EtπHt+1 = (1− αβ)φ−1ŝHt + αβEtπHt+1, (139)

and:

πHt = κφ−1ŝHt + βEtπHt+1. (140)

7 Discussion

One of the main features of monetary unions such as the United States is
that the monetary authority cannot respond asymmetrically to the shocks
characterizing the economy. So, when spending is raised in California com-
pared with Illinois, national government policy is maintained fixed across
these states. For example, the Fed is not able to respond by raising interest
rates in California compared with Illinois, and Congress does not respond
by raising tax rates in California compared with Illinois.
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In contrast, monetary policy across states is not constant in response
to national government spending shocks. It indeed depends on the mone-
tary policy regime, which, in turn, has changed by much during the past
twenty years. During the mandates of Paul Volcker and Alan Greenspan
the Fed strongly ”leaned against the wind”, by offsetting aggregate govern-
ment spending shocks by raising interest rates. More recently, the policy
became more accommodative, until nominal interest rates reached the zero
lower bound. The tax policy response changed quite harshly during the past
five decades - for example, during the Korean War taxes were substantially
increased.

Now, a government spending shock at the zero lower bound enables prices
to rise. In a Neoclassical model with a constant monetary policy rule, prices
jump on impact and start to quickly decline. As a consequence the real
interest rate is increased in response to the fiscal shock, thus excluding any
type of stimulus to private spending. On the contrary, in a New-Keynesian
model, because prices vary stickily in the short run, the interest rate is left
falling on impact, thus encouraging private spending. The different response
of the real interest rate to government spending shocks - due to different
degree of flexibility of price adjustments - therefore explains the differences
in the multipliers across these models.

7.1 Baseline

Consider now the Backus-Smith condition of inter-regional risk sharing,
ĉt − ĉ∗t = σq̂t. An increase in home government spending will raise the
relative price of home goods relative to foreign ones and therefore will de-
crease the ”real exchange rate”, Qt = P ∗

t /Pt. By the Backus-Smith con-
dition, home consumption should fall relative to foreign consumption. In
other words, government spending ”crowds-out” private spending in rela-
tive terms, implying a relative multiplier smaller than unity.

Since the relative nominal interest rate is held fixed in response to a
regional spending shock, it is interesting to think at the zero lower bound
scenario. In this case, a positive government spending shock in the home
region will have the effect of raising overall future expected inflation, thus
lowering the real interest rate in the short run but not until the zero lower
bound, whereas in the long run, real interest rate should increase again above
its steady state level. Analogously, the price of home good should jump at
impact and for a relatively short period, to finally begin decreasing after a
certain time. Therefore, by the constant real exchange rate holding within
the monetary union, we may affirm that the overall effect of a +∆gHt is to
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slightly increase the real interest rate in the medium term.
Consumption in the home region decreases in our basic model (as shown

in figures 1 and 3 in Appendix B) because households anticipate a higher
future real interest rate15. A relative increase of the real interest rate over
the long term in our open economy would corresponds to the aggregate fixed
long term real interest rate in a closed economy equivalent.

7.2 GHH preferences

The main implication of the formulation of this version of our model is that
labour and consumption are complements. This means that our spending
multiplier with the GHH model quite higher than in the basic model, around
1.5. A similar result is obtained by Gaĺı, Lopez-Salido and Valles (2007) by
including hand-to-mouth households, and in Monacelli and Perotti (2008).
The reason why such a large multiplier is obtained is that households must
work more to produce an additional unit of output: therefore consumption
demand is raised due to the labour-consumption complementarity. But, to
be able to achieve a higher consumption level, more production is needed,
further raising the effects on output.

The quarterly persistence coefficient of the government spending stochas-
tic process - ρg - is fixed to 0.933 in order to match the empirical evidence.
The Neoclassical model - namely our model with the probability of firms
re-optimizing prices at every period being set equal to zero - is insensitive
to the specification of aggregate policies. In the New-Keynesian model with
GHH preferences, instead, both relative output and consumption increase
as a consequence of a government spending shock in the home region. Both
output and consumption increase on impact of an amount that is slightly
higher than the double of the shock. Furthermore, they both decay more
rapidly that the shock itself (see figures 5 and 7). The fact that consumption
and output rise of almost an analogous amount implies that the home region
is running a trade surplus - considering that a part of the higher output is
due to increased government orders. We may conjecture that households in
the home region are willing to shift consumption towards periods of higher
work effort, in correspondence with higher government spending. This idea
is again based on the complementarity between labour and consumption
existent in the GHH model.

15Alternatively, due to the Ricardian equivalence, households ”internalize” the govern-
ment budget constraint, thus adjusting their expectations to higher future taxes needed
to finance the spending shock. If this was the case, then households would spend less of
the current income on consumption, and start to save more.
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How is the closed economy aggregate multiplier affected by the intro-
duction of GHH preferences? As it is evident in figure 11, in case of a fixed
nominal rate rule meant to proxy the zero lower bound scenario, this model
can generate some extremely high multipliers. However, if monetary policy
is very responsive to the stances of fiscal policy, as in the case of Volcker-
Greenspan, the New-Keynesian model with GHH preferences yields a low
closed economy aggregate multiplier. In the Neoclassical model, introduc-
ing GHH preferences induces the closed economy aggregate multiplier to
decrease, due to the elimination of the wealth effects on labour supply. Dif-
ferently, in the New-Keynesian model, fiscal policy shocks affect the markup
of prices over marginal costs and thus affect output by moving labour de-
mand. Analogously, the open-economy relative multiplier in the Neoclassi-
cal model with GHH preferences is low but different than zero since labour
supply is shifted by government spending shock as a function of real wages.

The crucial point which explains why the open economy relative mul-
tiplier grows higher under GHH preferences in the New-Keynesian model
relative to the case of separable preferences is that the monetary union al-
lows for an accommodative monetary policy in relative terms, enough not to
offset the increase in relative output. Therefore, the New-Keynesian model
with GHH preferences is capable of matching the authors’ empirical results,
consistently with a model where demand shocks are likely to have large
effects on output, whenever the monetary policy is sufficiently accommoda-
tive.

7.3 Variable capital

In sections 6.3 and 6.4 we introduced capital in the model in two different
ways. The specification of section 6.3 is closely related with Christiano,
Eichenbaum and Evans (2005). Households hold their own capital stock
and lend it to firms, gaining a rental rate for each period. Capital markets
are regional and investment is allowed to influence capital accumulation
through a convex adjustment function. Households are able to decide at
each period how much capital will be invested and how much will be lent to
firms. The extension of section 6.4 is instead a reflection of Woodford (2003,
2005) in that, more realistically, capital is firm specific, thus each firm owns
its own capital stock and faces convex costs to adjust its investment level
on a period by period basis.

The multiplier obtained via calibration of the model with regional capital
market is slightly lower than the one obtained via the baseline specification
(we actually obtain a strongly positive effect on consumption but a negative
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effect output, after a positive government spending shock). This fact appar-
ently contrasts with the increase in investment occurring in the home region
subsequent to observing the spending shock. The reason for this predic-
tion might be grasped by considering the regional nature of capital market,
which is associated with a reduction in the degree of strategic complemen-
tarity among firms in the process of price fixing. Indeed, firms re-optimizing
prices in a given period are able to do it without incurring in additional
costs, since they benefit from the higher investment, thus needing to rent
less capital. Nevertheless, the hypothesis of firms renting capital in a market
without frictions on a periodic basis is fairly unrealistic. Assuming the exis-
tence of firm specific capital is more plausible, and a New-Keynesian model
with such feature is able to reproduce the sticky adjustment of prices arising
from empirical evidence, according to Eichenbaum and Fisher (2007).

The model with firm specific capital, although not replicated by ourselves
in the current article, in the original paper of Nakamura and Steinssón (2014)
yields a higher multiplier than in basic model. This is due to the fact that
firms expect marginal returns on capital to be higher after a government
spending shock (considering its persistency) and therefore they increase their
investment on impact. It is finally worthy to point out that the model with
regional capital markets underlies separable preferences, whereas the firm
specific capital one is based on GHH utility function.

8 Conclusions

With this work, we attempted to replicate the theoretical model presented
in Nakamura and Steinssón (2014). In particular, we constructed and solved
with the help of Dynare the open economy New-Keynesian model to study
the effects of government spending shocks on output in a monetary and fiscal
union, such as the United States. First, we derived the equilibrium optimal-
ity conditions for the different classes of agents, namely households, firms,
the government - fixing its fiscal policy rules - and the monetary authority.
Government spending in the home region is assumed to be stochastic, and
the relative effects of that shock are studied across the open economy’s main
macroeconomic variables such as consumption, output, prices, inflation, in-
terest rate, (investment and capital). We approximated the equilibrium
equations for i. a baseline model characterized by no capital and separable
preferences, ii. a model with non separable preferences of the so-called GHH
type, iii. a model with regional capital held by households and lent to firms,
and iv. a model with firm specific capital. We finally drew impulse response
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functions for the specifications i., ii., iii. and discussed the results.
It would be useful to consider not solely the entity of the fiscal multiplier,

rather also the type of aggregate spending the government implements. For
example, it is likely that higher spending in education and health may lead
to long run positive externalities, beyond the immediate impact on other
macroeconomic variables. This consideration may be useful for evaluating
the welfare effects of fiscal policy: households’ utility function may therefore
depend on a third variable, say, government spending. Abstracting from in-
vestment, heterogeneous labour markets, and price dispersion, we imagine
that output might be below its optimal level, therefore it may be desirable
to raise spending beyond a certain point, depending on the size of the mul-
tiplier. A higher multiplier would imply that more spending is desirable,
especially if the aim is exiting from a liquidity trap. Monetary policy, being
a costless instrument, should thus focus on eliminating such ”output gaps”,
while fiscal policy ought to optimally stimulate private spending. Fiscal pol-
icy should target output gaps only when monetary policy is constrained at
the zero lower bound.

A A closed economy limit

Consider the closed economy equivalent of the baseline model. For the
separable utility function, a log-linear approximation is:

ĉt = Etĉt+1 − σ(r̂nt − Etπ̂t+1)

π̂t = βEtπ̂t+1 + κζσ−1ĉt + κζψν ŷt

ŷt =
C̄

Ȳ
ĉt + ĝt,

where ζ = 1
1+ψν

and ψν = 1+ν−1

a−1 .
Eliminating yt using the first twoequations yields:

ĉt = Et+1ĉt+1 − σ(r̂nt − Etπ̂t),

π̂t = βEtπ̂t+1 + κζcĉt + κζg ĝt,

where ζc = ζ(σ−1 + C̄
Ȳ
ψν); and ζg = ζψν .

Finally, recall that ĝt ∼ AR(1) ⇒ ĝt = ρg ĝt+εgt, where εgt ∼WN(0, 1).
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A.1 Fixed Real Rate

In an equilibrium with such a feature, the following relations hold:

ĉt = Etĉt+1

π̂t = βEtπ̂t+1 + κζcĉt + κζg ĝt,

where ĉ∗t = acĝt and π̂
∗
t = aπ ĝt are the conjectured solutions if undeter-

mined coefficients method if used. In particular, it can be shown that

ac = 0, aπ = κ
ζg

1− βρg
.

The corresponding policy rule for nominal interest rate should therefore be:

r̂nt = Etπ̂t+1 + φπ(π̂t − π̂∗t )

= aπρg ĝt + φππ̂t − aπφπ ĝt

= φππ̂t − aπ(φπ − ρg)ĝt,

in which π̂t and π̂
∗
t respectively denote the nominal interest rates holding

in the home and foreign regions.

A.2 Fixed Nominal Rate

In an equilibrium with such a feature, the following relations hold:

ĉt = Etĉt+1 + Etσπ̂t+1

π̂t = βEtĉt+1 + κζcĉt + κζg ĝt

again, ĉ∗t = acĝt, π̂
∗
t = aπ ĝt. Using the undetermined coefficients method

it can be shown that

ac =
ρgκζg
Ac

, aπ = κ
ζc

1− βρg
ac + κ

ζg
1− βρg

,

Ac = (1− ρg)(1− βρg)− ρgκζc.

Only if Ac > 0, the solution is valid. If then 0 < ρg < 1 ⇒ Ac is ↓ in ρg ⇒
in the valid interval, the monetary policy rule is

r̂nt = φπ(π̂tπ̂
∗
t )

= φππ̂t − aπφπ ĝt.
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B Impulse response functions

We thereby present the output of Dynare 4.4.3 in running three of the four
declinations of Nakamura and Steinsson (2014)’s model.
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Figure 1: IRFs of the main variables of our open economy after a +∆Gt =
0.01 in both regions H and F with the basic version of the model.
ρg = 0.85.

iii/irf1’.pdf

5 10 15 20 25
−0.01

−0.005

0
c

5 10 15 20 25
0

0.005

0.01

0.015
g_h

5 10 15 20 25
−6

−4

−2

0
x 10

−4 pi

5 10 15 20 25
0

2

4

6
x 10

−4 r

5 10 15 20 25
−6

−4

−2

0
x 10

−3 y_h

5 10 15 20 25
−1

0

1

2

3
x 10

−3 y_f

5 10 15 20 25
−0.01

−0.005

0
c_h

5 10 15 20 25
−0.015

−0.01

−0.005

0
c_f

5 10 15 20 25
−1.5

−1

−0.5

0
x 10

−3 p_h

47



Figure 2: IRFs of the other variables of our open economy after a +∆Gt =
0.01 in both regions H and F with the basic version of the model.
ρg = 0.85.

iii/irf2’.pdf

5 10 15 20 25
−1

0

1

2

3

4
x 10

−3 p_f

5 10 15 20 25
−1.5

−1

−0.5

0
x 10

−3 pi_h

5 10 15 20 25
0

0.5

1

1.5

2
x 10

−3 pi_f

5 10 15 20 25
−2

−1

0

1

2

3

4
x 10

−4 tau

48



Figure 3: IRFs of the main variables of our open economy model after a
+∆Gt = 0.01 in both regions H and F with the basic version of the

model. ρg = 0.933.
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Figure 4: IRFs of the other variables of our open economy model after a
+∆Gt = 0.01 in both regions H and F with the basic version of the

model. ρg = 0.933.
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Figure 5: IRFs of the main variables of our open economy model after
a +∆Gt = 0.01 in both regions H and F with the GHH model and a
ρg = 0.8.
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Figure 6: IRFs of the other variables of our open economy model after
a +∆Gt = 0.01 in both regions H and F with the GHH model and a
ρg = 0.8.

iii/ghhirf2’.pdf

5 10 15 20 25 30 35 40
−8

−6

−4

−2

0
x 10

−4 p_f

5 10 15 20 25 30 35 40
0

1

2

x 10
−4 pi_h

5 10 15 20 25 30 35 40
−3

−2.5

−2

−1.5

−1

−0.5

0
x 10

−4 pi_f

5 10 15 20 25 30 35 40
0

0.5

1

1.5

2
x 10

−3 tau

52



Figure 7: IRFs of the main variables of our open economy model after
a +∆Gt = 0.01 in both regions H and F with the GHH model and a
ρg = 0.933.
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Figure 8: IRFs of the other variables of our open economy model after
a +∆Gt = 0.01 in both regions H and F with the GHH model and a
ρg = 0.933.
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Figure 9: IRFs of the model with regional capital market and ρg = 0.988.
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Figure 10: IRFs of the model with regional capital market and ρg =
0.988.
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Figure 11: IRFs of the closed economy equivalent of the GHH model.
iii/closedeconomy.pdf
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Lunch in a Liquidity Trap? Board of Governors of the Federal Reserve

System, International Finance Discussion Paper, No. 1003.

13. Favero, Ambrogio Carlo, Francesco Giavazzi, Jacopo Perego (2011):
Country Heterogeneity in the International Evidence of Fiscal Policy,
IMF Economic Review Palgrave Macmillan, Vol. 59(4), pp. 652-682.

14. Guajardo, Jaime, Daniel Leigh, Andrea Pescatori (2011): Expansion-
ary Austerity: New International Evidence, IMF Working PaperNo.
11/158.

15. Hall, Robert E. (2011): By How Much Does GDP Rise if the Gov-
ernment Buys More Output?, Brookings Papers on Economic Activity

Issue Fall, pp. 183-236.

16. Ilzetzki, Ethan, Enrique G. Mendoza, Carlos A. Végh: How Big (Small)
Are Fiscal Multipliers?, NBER Working Paper 2010, No. 16479.

17. Kollmann, Robert (1997): The Cyclical Behaviour of Mark Ups in
U.S. Manufacturing and Trade: New Empirical Evidence Based on a
Model of Optimal Storage, Economics Letters, Vol. 57, pp. 331-337.

18. Kraay, Aart (2011): How Large is the Government Spending Multi-
plier? Evidence form World Bank Lending, Working Paper, World

Bank.

19. Leeper, Eric M., Nora Traum, Todd B. Walker (2011): Clearing Up
the Fiscal Multiplier Morass, NBER Working Paper No. 17444.

20. Mountford, Andrew, Harald Uhlig (2009): What Are the Effects of
Fiscal Policy Shocks?, Journal of Applied Econometrics, Vol. 24(6),
pp. 960-992.

21. Nakamura, Emi, Jón Steinssón (2014): Fiscal Stimulus in a Monetary
Union: Evidence from US Regions, The American Economic Review,
Vol. 104(3), pp. 753-792.

22. Perotti, Roberto: The Austerity Myth: Gain Without Pain? (2011),
IGIER-Working Paper No. 17571.

59



23. Ramey, Valerie A. (2012): Government Spending and Private Activity,
NBER Working Paper no. 17787.

24. Romer, Christina D., David H. Romer (2010): The Macroeconomic
Effects of Tax Changes: Estimates Based on a New Measure of Fiscal
Shocks, The American Economic Review Vol. 100(3), pp. 765-801.

25. Wang, Pengfei, and Yi Wen (2010): Hayashi Meets Kiyotaki and
Moore: A Theory of Capital Adjustment Costs, Research Division,

Federal Reserve Bank of Saint Louis, Working Paper Series, No. 037.

26. Smets, Frank, Raf Wouters (2003): An Estimated Stochastic General
Equilibrium Model of the Euro Area, Journal of the European Eco-

nomic Association, Vol.1(5), pp. 1123-1175.

27. Smets, Frank, Raf Wouters (2007), Shocks and Frictions in the US
Business Cycle: A Bayesian DSGE Approach, The American Eco-

nomic Review, Vol. 97(3), pp. 586-606.

28. Woodford, Michael (2003): Interest and Prices, Princeton University

Press, Princeton, NJ.

29. Woodford, Michael (2005): Firm - Specific Capital and the New -
Keynesian Phillips Curve, International Journal of Central Banking,
Vol. 1(2), pp. 1-46.

60


	Introduction
	The open economy
	Solving the households' problem
	The demand curves
	Solving the firms' problem
	The government

	Calibration
	Separable preferences
	Non separable preferences

	Stationary model
	Policy rules
	Monetary policy
	Fiscal policy

	A linear approximation
	Separable utility
	GHH utility
	Regional capital markets
	Households
	Firms

	Firm specific capital

	Discussion
	Baseline
	GHH preferences
	Variable capital

	Conclusions
	A closed economy limit
	Fixed Real Rate
	Fixed Nominal Rate

	Impulse response functions
	References

