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Abstract. This paper revisits the asymptotic inference for non-stationary AR(1) mod-
els of Phillips and Magdalinos (2007a) by incorporating a structural change in the AR
parameter at an unknown time kg. Consider the model v, = Sryi—1I{t < ko} + Boyi—1I{t >
ko} + e, t = 1,2,---, T, where I{-} denotes the indicator function, one of 51 and S de-
pends on the sample size T', and the other is equal to one. We examine four cases: Case
(D: pr = bir = 1 —=c/kp, B2 = 1; (): By =1, fo = Por = 1 —c/kp; (III): By = 1,
P2 = Por = 14+c¢/kr; and case (IV): 81 = Bir = 1+¢/kp, B2 = 1, where c is a fixed positive
constant, and kr is a sequence of positive constants increasing to oo such that kr = o(T).
We derive the limiting distributions of the t-ratios of 51 and (2 and the least squares es-
timator of the change point for the cases above under some mild conditions. Monte Carlo
simulations are conducted to examine the finite-sample properties of the estimators. Our

theoretical findings are supported by the Monte Carlo simulations.
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1 Introduction and Main Results

The change-point problem in time series regression models has received considerable atten-
tion in the literature over the past decades. Many economic time series data are characterized
by single or multiple structural changes (Stock and Watson (1996, 1999), Hansen (2001)).
Bai and Perron (1998) provided the estimation and test procedures for linear models with
multiple structural changes. Leybourne et al. (2003), Harvey et al. (2006), Halunga and
Osborn (2012) and Kejriwal et al. (2013) investigated structural changes in persistence.
Chong (2003), Pitarakis (2004) and Bai et al. (2008) studied the estimation and tests of
the change point under model misspecification. Qu (2008) tested for the structural change
in regression quantiles. Recent development in this area includes that of Lee et al. (2016),
who investigated the change-point problem in high-dimensional regression models.

An important strand of literature on structural change focuses on autoregressive models.
Structural changes in autoregressive models are of interest as the time series properties of
the model, such as stationarity, may be different before and after the change. As a result,
the rates of convergence and the asymptotic distributions of the estimators are difficult to
derive. Chong (2001) investigated the statistical inference for the change point in various
AR(1) models. Berkes et al. (2011) studied the structural change from an AR(1) model to
a threshold AR(1) model. An important application of the AR(1) change-point model was
given by Mankiw and Miron (1986) and Mankiw et al. (1987), who found that the short-
term interest rate has changed from a stationary process to a near random walk since the
Federal Reserve System was founded at the end of 1914. Other applications can be found in
Barsky (1987) and Burdekin and Siklos (1999) for inflation rate series, in Hakkio and Rush
(1991) for government budget deficits, in Phillips et al. (2011) for 1990’s NASDAQ stock
prices and in Phillips and Yu (2011), Phillips et al. (2015a, 2015b, 2015¢) and Phillips and
Shi (2017) for financial bubbles and collapses.

This paper revisits and generalizes the model of Chong (2001). Consider the following

AR(1) model with a change in the AR parameter at an unknown time ko,
yr = Brys—1I{t < ko} + Boyi—1I{t > ko} + ¢4, t=1,2---,T, (1.1)

where I{-} denotes the indicator function, and {e;,¢ > 1} is a sequence of i.i.d. random

variables. Under the regularity conditions that E(e;) = 0, Var(e;) < oo and E(y3) < oo,



the consistency and limiting distributions of the least squares estimators (LSE) of fixed (;
and f2 and the change-point estimator of 79(= ko/T") were developed in Chong (2001) for
the following three cases: (1) |f1] < 1 and |B2] <1, (2) |f1] <1 and B2 =1, and (3) 1 =1
and |fB2] < 1.

Since heavy-tailed distributions such as the Student’s ¢t-distribution with degrees of free-
dom 2, Pareto distribution with index 2 and stable random variables are often used to model
asset returns in empirical studies (Mandelbrot (1963)), Pang and Zhang (2015) employed
the truncation technique to weaken the moment conditions of yy and &’s in case (1) of
Chong (2001). For any constant ¢, Pang et al. (2014) examined the asymptotics for the
case where |51| < 1 and B2 = ffar = 1 — ¢/T as well as the case where 1 = fir =1 —¢/T
and |B2| < 1. In these two cases, one of 51 and (s is fixed and smaller than one in absolute
value, while the other is local to unity. The limiting distributions obtained in Pang et al.
(2014) are complicated. In the special case of ¢ = 0, the results in Pang et al. (2014) are
reduced to the two main theorems in Chong (2001). Both Pang et al. (2014) and Pang and
Zhang (2015) only require ¢’s to be in the domain of asymptotic normality (DAN) with zero
mean and possibly infinite variance, and yo to be any random variable of an order smaller
than /T in probability.

The asymptotic theory for the near unit root model was first studied by Phillips (1987)
and Chan and Wei (1987) independently. Their studies bridge the gap between the station-
ary AR(1) model and the unit root model. This paper is related to that of Phillips and
Magdalinos (2007a), who attempted to bridge the gap between the asymptotic theories of
the stationary, the explosive and the local-to-unity AR(1) models. In particular, they inves-
tigated the limiting distribution of the LSE of the AR parameter for the following AR(1)
model: y; = Byi—1 + e, t =1,2,--- T, with = fp =1—c/kp and 5 = pr = 1 + ¢/kr,
where c is a positive constant, and kr is a sequence of positive constants increasing to oo
such that kp = o(T'). They proved the asymptotic normality for the LSE of 8 with con-
vergence rate /Tkr for the mildly integrated AR(1) model when 8 = r = 1 — ¢/kr and
showed a Cauchy limiting distribution for the LSE of  with convergence rate kTB% for
the mildly explosive AR(1) model when 8 = 7 = 1 + ¢/kp. The mildly explosive and the
integrated AR(1) models have been widely used to model financial bubbles and collapses,
respectively. The reader is referred to Phillips and Yu (2011), Phillips et al. (2011), Phillips
et al. (2015a, 2015b, 2015¢) and Phillips and Shi (2017) for more details.

Motivated by the works of Chong (2001) and Phillips and Magdalinos (2007a) and the



importance of the mildly integrated and explosive AR(1) models in applications, we aim to
study in this article the structural change in mildly integrated and mildly explosive AR(1)
models from the theoretical perspective. In particular, we are interested in the following
four cases: (I) 81 = Bir=1—c/ky, Bo=1; (1) 1 =1, B2 = Por = 1 — ¢/kp; (IIT) B1 =1,
B2 = Por = 1+ ¢/kp; and (IV) 1 = pir = 1 + ¢/kr, f2 = 1, where ¢ > 0, and kg shares
the same assumption in Phillips and Magdalinos (2007a). Since the models before and after
the time kg are either non-stationary or nearly non-stationary, and the difference between
[1 and (B2 converges to zero as the sample size tends to infinity, obtaining the closed-form
limiting distributions of the LSEs of 51 and 82 and the estimator of the change point will be
a challenging task. The main contribution of this paper is to derive the closed-form solution
of the limiting distributions of these estimators for the cases above when the distribution of
the error term belongs to the DAN.*

A sequence of i.i.d. random variables {X;,i > 1} belongs to the DAN if there exist two
constant sequences {A,,n > 1} and {B,,,n > 1} such that Z, := B, ' (X1 +---+ X,,) — A,
converges to a standard normal random variable in distribution as n tends to infinity (Feller
(1971)), where B,, takes the form y/nh(n), and h(n) is a slowly varying function at infinity.

For the models studied in this article, we make the following assumptions:

o Cl: {e,t > 1} is a sequence of i.i.d. random variables which are in the DAN with

zero mean and possibly infinite variance.

o C2: {kp,t > 1} is a sequence of positive constants increasing to infinity slowly such

that kr = o(T).

e C3: yo is an arbitrary random variable satisfying yo = 0,(v/T) when B; = 1 and
yo = op(vVkr) when 1 =1 —c¢/kp or 1 =1+ c/kr.

o Cd: 19 € [r,7] C(0,1).

Remark 1.1 The assumption of i.i.d. in C1 is only for convenience of exposition in the
proofs. If the DAN condition is replaced by some appropriate moment conditions, one can
extend our results to allow for dependence. One may refer to Phillips and Magdalinos
(2007b) and Magdalinos (2012) for details. Assumption C2 is the same as that in Phillips
and Magdalinos (2007a). Assumption C8 states that yo will not affect the asymptotic prop-

erties of the estimators of B1, B2 and the change point. Assumption C4 is standard in the

*We present the limiting distributions of the t-ratios instead of the LSEs for the AR parameters. The

latter can be derived in a similar fashion.



change-point literature (Bai (1997), Chong (2001) and Pitarakis (2004)), which ensures the
identifiability of the AR parameters and the change point. In empirical studies, one can set

[r.7] = [0.05,0.95].

Let [a] denote the integer part of a. For any given 0 < 7 < 1, the LSEs of the AR

parameters 81 and (o are given by

5 71 A ZT— T YtYt—1
51(7) _ Zt [TlT]ytyt 1 and 52(7_) _ t;[ T)+1 . '
Dot Vi Zt:[TT]Jrl Y1

The change-point estimator is defined as

77 = argmin RSS7(7),

7€(0,1)
where
[7T] X 9 T R 9
RSSr(r) =Y (w=Ayer) + D (= By -
t=1 t=[tT]|+1

Once we obtain the change-point estimator 77, the final LSEs of 8; and (2 are defined by
B1(#7r) and B (77) respectively.

We define some notations before proceeding to our main results. Let W(-), W(-) and
W(-) be three independent standard Brownian motions defined on [0,1], [0,1] and R re-
spectively; and Wi(-) and Wa(+) be two independent Brownian motions defined on Ry. “="
denotes the weak convergence of the associated probability measures. «2» denotes conver-
gence in probability and «L» means being identical in distribution. The limits in this paper
are all taken as T' — oo unless specified otherwise. We denote k = [T'7r], and the notation
ar =< by means there exist two positive constants ¢; and ¢y such that ¢; < ag/br < ¢g for all
large T', where ar and by are two positive functions of T'. In addition, in order to deal with
possibly heavy-tailed distributions, we employ the following truncation technique letting

l(u) = E(21{|e1] < u}), b= mf{u >1:1(u) > 0},

l( ) (1.2)

=inf{s:s>b+1, } for j=1,2,3,---.

When €1 belongs to the DAN, [(u) is a slowly varying function approaching a constant
(when ¢; has finite variance) or infinity (when €; has infinite variance) as u tends to infinity.

Finally, we denote

[70T]

2
t = Lyt—l(ﬁ“l(%) Bi) and t, = \/Zt TOT+1yt 1(ﬂ2(fT)—52)

l(nr)

as the t-ratios of 81 and [ respectively.



Under assumptions C1-C4, we have the following results.

Theorem 1.1 In Model (1.1), if 1 = Bir = 1—c/kr and B2 = 1, where ¢ is a fized positive

constant, under assumptions C1-C4, we have

(a) 77 is consistent, and its limiting distribution is given by

g(f' —Tp) = ar max{c*(y) —M}
ke LTS B.G) T 2 S

where B.(3) = Ve [y exp (—es)dWi(s), and C*(v) is defined to be C*(v) =

v <0 and

C* () = —Wa(v) — /0 ’ 2/2((5))611/[/2(8)— /0 V(QW;Q((?) 1) Wa(s)ds
cl3y c\2

forv > 0.

(b) By (71) is consistent, and its limiting distribution is given by
t1 = N(O, 1).

(¢) Ba(7r) is also consistent, and its limiting distribution is given by

Wi(1) -1

2\/]01 WQ(s)ds'

to =

(1.3)

Wi(=v) for

(1.4)

Theorem 1.2 In Model (1.1), if 1 = 1 and B2 = Bor = 1 —c/kr, where ¢ is a fized positive

constant, under assumptions C1-C4, we have

(a) (i) When kr = o(\/T), r is exactly T-consistent, i.e.,
P(k # ko) — 0.
(ii) When kr =< /T, #7 is T-consistent, i.e.,

ke — ko| = O,(1).

(iii) When VT = o(kr), 71 is not T-consistent, but 71 is consistent, and its limiting distri-

bution is given by

—5—(7r — 7o) = arg max
kT VER

(1.6)



where W*(v) is a two-sided Brownian motion on R defined to be W*(v) = Wi (—v) forv <0
and W*(v) = Wa(v) for v > 0.
(b) Bi(77) is consistent, and its limiting distribution is given by

W2(1) -1

t = —F——— (1.7)
2\/f01 W2(s)ds
(¢) Bo(77) is also consistent, and its limiting distribution is given by
W (1
to = ( ) (1.8)

VW2(r0) + (1= 10)

Theorem 1.3 In Model (1.1), if 1 = 1 and B2 = Bor = 1+c¢/kr, where ¢ is a fized positive
constant, under assumptions C1-C4, we have
(a) (i) When kr = o(\/T), 71 is exactly T-consistent, i.e.,

P(k # ko) — 0.
(ii) When kr =< /T, 7 is T-consistent, i.e.,

|k — kol = Op(1).
(i4i) When VT = o(kr), #1 is not T-consistent, but 7 is consistent, and its limiting distri-
bution is given by (1.6).

(b) By (1) is consistent, and its limiting distribution is given by

W2(1) -1

= — (1.9)
21/ Jiy W2(s)ds
(c) Bg(%T) 1s also consistent, and its limiting distribution is given by
ty = N(0,1). (1.10)

Theorem 1.4 In Model (1.1), if 1 = bir = 14+c¢/kr and B = 1, where ¢ is a fized positive
constant, under assumptions C1-C4, the estimators E,Bl(f'T) and Bg(%T) are all consistent

and the following results hold:

P(k # ko) — 0, (1.11)
t1 = N(0,1), (1.12)
ty = N(0,1). (1.13)



Remark 1.2 The statistics t1 and to in Theorems 1.1-1.4 are not pivotal. We denote

[FrT], o T 2
, _ y - ~ R / Z =7 y — A ~
f =\ ZE Bulrr) - 8) and = \| SEEEEEE (B - 6),
with
T et R T R
6% = 58 D =BGy + Y e = Belir)we) ¢
t=1 t=[#7T]+1

and it can be proved that

- )
LTTll HE 1 Et [TTT]+1yt Ly . &, )
[T()T 2 9 T an l( ) —

doie1 Yi Zt:[TOTH-l Ui nr

hold in Theorems 1.1-1.4. Therefore, Theorems 1.1-1.4 will still hold when t1 and to are

replaced by t/l and t;, respectively.

Remark 1.3 As pointed out by the referees, an AR(1) model with a drift is more realistic in
most applications. However, the closed-form expression of RSSp (1) — RSSy(10) is difficult
to obtain in an AR(1) model with a drift. In Phillips et al. (2015a, 2015b) and Phillips
and Shi (2017), they specified the drift as co/T7, with co being a constant and v > 1/2;
we can absorb this drift into the error term since it is asymptotically negligible, and denote
5; =er+co/TV,t=1,---,T as the new error term and then use the previous change-point
estimation procedure to conduct statistical inference. Note that ¢, = Op(\/l(nT)), and hence

82 =&+ (14 Op( )); one can prove that the theoretical results in this paper still hold.

1
T7/(nr)

Remark 1.4 Our study is related to the works of Phillips and Yu (2011), Phillips et al.
(2011), Phillips et al. (2015a, 2015b, 2015¢) and Phillips and Shi (2017). In the aforemen-
tioned papers, the authors proposed a structural change AR(1) model with a bubble process
and dated the origination of the explosive episode based on recursive right-tailed unit root
tests. The explosive AR parameter is estimated by using a demeaning procedure and the
least squares method. As pointed out by a referee, our study is also related to a recent
work of Harvey et al. (2017), which assumes that y; = u + ug, where u is a constant, and
{ug,t = 1,---,T} is generated according to a unit root model with a bubble process and a
collapse process. They applied the least squares method to the first-differenced data and ob-
tained consistent estimators for the regime change points. Both Harvey et al. (2017) and
our work mainly focus on the estimation of the change point by the least squares method,
and their results seem better. However, in Harvey et al. (2017), the explosive and the s-

tationary AR (1) models, instead of the mildly explosive and the mildly integrated AR (1)



models, are used to model the bubble process and the collapse process, respectively. Hence,
the differences between the AR parameters are all fized in Harvey et al. (2017), which leads
to the consistency of change-point estimators. In fact, a similar result had been obtained in
Theorem 4 of Chong (2001). In our paper, the differences between the AR parameters tend
to zero when the sample size tends to infinity, thus our asymptotics are more complicated,
and one cannot obtain consistent estimators for all cases. In addition, in this paper, apart

from the change point, we also examine the asymptotics of the AR parameters.

In this paper, we study the t-ratios of 8; and S5 rather than the LSEs of 51 and (2. For
W2(1)—-1

2 fol W2(s)ds

with the convergence rate T', while the limiting distribution of the t-ratio for the AR pa-

the unit root model, the limiting distribution of the LSE of the AR parameter is

. W2(1)-1 . . .
rameter is ——=—=— with the convergence rate T/+/l . Although there is a possible
N g /) g p

reduction in the convergence rate, the reduction is negligible since I(-) is a slowly varying
2
function. The advantage of using the t-ratio is that —2 ==L s Jess skewed compared to
8 & 2\/f01 W2(s)ds P
W2(1)-1
2 fol W2(s)ds
for the AR parameter, Sy = 1 — ¢/kr, is N(0,1) with the convergence rate \/Tkr/l(nT)

. For the mildly integrated AR(1) model, the limiting distribution of the t-ratio

by Theorem 3.2 in Phillips and Magdalinos (2007a). In this case, the benefit of ¢-ratio is
not obvious as the limiting distribution of the LSE of the AR parameter is also normal
with the convergence rate /Tk7p. However, the benefit of using the t-ratio in the mildly
explosive AR(1) model becomes significant, since the limiting distribution of the ¢-ratio for
the AR coefficient, r = 1 + ¢/kr, is N(0,1) with the convergence rate S%kr/+/1(nr) by
Theorem 4.3 in Phillips and Magdalinos (2007a). Compared with the result (b) of Theorem
4.3 in Phillips and Magdalinos (2007a), although there is a possible reduction in the con-
vergence rate for the t-ratio, the reduction is negligible, and the limiting distribution is no
longer a Cauchy distribution, which has infinite mean and variance. The t-ratio significantly
improves the estimation accuracy in this case.

It follows from Theorems 1.1-1.4 that, for the t-ratio for [So, the first sub-samples
{y1, - Yjrom} will not affect its limiting distribution when 81 < . That is, the limit-
ing distribution of the t-ratio for B2 in this case is the same as that in an AR(1) model
without a structural change. Meanwhile, it is not the case when (31 > f5. For example, the

—2
limiting distribution of ¢2 in Theorem 1.4 is N (0, 1) instead of %, which is caused
o W (s)ds

by the influence of the first sub-sample.

Note that in Theorem 1.1, since ZI[;O;‘F] y? 1 = O,(Tkrl(nr)) and Z;‘F:[TOT]H y:, =

Op(T?1(nr)) by Lemma A.1 and Lemma A.2 below respectively, it can be easily seen that



the convergence rates of the LSEs of 81 and 32 are v/Tkr and T respectively. Similarly,
it can be shown that the convergence rates of the LSEs of 31 and (B2 are T and /Tkr
respectively in Theorem 1.2, are T and /Tkr(1 + ¢/kp)T~[07] in Theorem 1.3, and are
kr(1 + ¢/kp)™T) and /Tkr(1 + ¢/kr)!™T) in Theorem 1.4. Hence, the convergence rate
of the LSE when the AR parameter equals one is faster than that in the case when the
AR parameter equals 1 — ¢/kr, since the signal from the regressor y;—1 in the former case
is stronger than that in the latter case. It should also be noted that the convergence rate
of 77 in Theorem 1.2 is faster than that in Theorem 1.1. This is because the signal from
the regressor y;—1 when (51,82) = (1,1 — ¢/kr) is stronger than that from the regressor
y—1 when (51,02) = (1 — ¢/kp,1). However, these findings are not totally applicable to
Theorem 1.3 and Theorem 1.4. Note that in Theorem 1.3, the convergence rate of the
LSE of [, is faster than that of the LSE of ;. Moreover, the convergence rate of 7p in
Theorem 1.4 is faster than that in Theorem 1.3, since the signal from the regressor y;_;
when (81, f2) = (1+¢/kr, 1) is stronger compared to the case when (81, 52) = (1,1+c¢/kr).
These are consistent with Theorem 1.1 and Theorem 1.2. However, it is surprising that the
convergence rate of the LSE of §5 is faster than that of the LSE of 51 in Theorem 1.4. This
is completely different from the findings of Theorem 1.1 and Theorem 1.2. The reason is
that the second sub-sample is more affected by the first sub-sample in Theorem 1.4 than
that in Theorem 1.3.

The precision of k depends on both the strength of the signal from the model and the
difference between f; and fa (i.e., ¢/kr). The strength of the signal from the model increases
from Theorem 1.1 to Theorem 1.4. In general, the signal from the model in Theorem 1.1 is
too weak for kg to be located for any k7 = o(T'), while the signal from the model in Theorem
1.4 is so strong that kg can be located for any kr = o(T"). For the models in Theorems 1.2 and
1.3, although the signal from the model in Theorem 1.3 is stronger than that in Theorem
1.2, it is surprising that ky can be located consistently only when k7 = o(+/T) in both
models. This is because the increment in the signal from Theorem 1.2 to Theorem 1.3 is
so small that the difference between RSSt(79) and RSSt (o + %) for a fixed integer m in
Theorem 1.3 is asymptotically the same as that in Theorem 1.2, which can be seen from
the proofs of Theorems 1.2 and 1.3. Although the increment in the signal from the model
in Theorem 1.2 to the model in Theorem 1.3 does not help to locate kg, it improves the
convergence rate of the LSE of fs.

It is interesting to find that the conventional T-consistent estimate for 77 occurs only

10



when k7 = /T in both Theorems 1.2 and 1.3. When k7 is of an order higher than VT, 5;
and By will be very close to one another, and the estimation error for k will be huge. When
k7 has a smaller magnitude than v/7, it implies that $; and S8 have enough difference, and
the estimation error for k reduces tremendously.

The rest of the paper is organized as follows. Section 2 demonstrates some finite-sample
Monte Carlo results for our theoretical findings in this paper. Section 3 concludes the
paper. The proofs of Theorems 1.1-1.4 are relegated to Appendices A-D respectively, with
some technical proofs being moved to online supplementary material to this article which is

available at Cambridge Journals Online (journals.cambridge.org/ect).

2 Simulations

For empirical applications, we perform the following two experiments to see how well the
finite-sample properties of the estimators follow the asymptotics. In both experiments, the
sample size is set at 7' = 600, the interval [r,7] is taken as [0.05,0.95] (hence the search
for the break fraction is conducted within this interval in our experiments), the true break
fraction is set at 7p = 0.5 (hence kg = 300), and the number of replications is set at
N = 50,000; {y}L, is generated from Model (1.1), yo is set at zero for simplicity, and
{e;}L_; are generated independently from N(0,1), we hence take [(n7) = 1 since T = 600 is
large, and kp = T with o = 0.3,0.5 or 0.7. The case where o = 0.3 implies k7 = o(/T),
the case where a = 0.5 implies k7 < /T, and the case where a = 0.7 implies VT = o(kr).
The graph of the distribution of 2V}/12(V11/)2_(1)d is plotted by dividing the interval [0, 1] into
5,000 equally spaced sub-intervals %rg‘c ancsi tilen using the corresponding Riemann sums to

approximate the integral. The number of replications is also set at N = 50, 000.

2.1 Experiment 1

First, we conduct experiments to verify Theorem 1.1 and Theorem 1.2. We take ¢ = 3 in this
experiment. Note that the two AR parameters have a large difference (= 3/600%3 = 0.440)
when o = 0.3, have a moderate difference (= 3/600%° = 0.122) when a = 0.5 and have a
very small difference (= 3/600%7 = 0.034) when o = 0.7. Figure 1 and Figure 2 show the
histograms of k and the distributions of #; and ¢5 for Theorems 1.1 and 1.2 respectively.
Theorem 1.1 states that k is not a consistent estimator of ko and the estimation error is of
Op(kr). This is supported by Figure 1. Part (b) of Theorem 1.1 predicts that t; should

have a normal distribution, and part (c) of Theorem 1.1 predicts that ¢ should have a

11



Dickey-Fuller t-distribution. Figure 1 agrees with these results. Part (a) of Theorem 1.2
predicts that & is a consistent estimator of ko when kp = o(v/T), has a finite estimation
error in probability when kp < o(ﬁ) and has a larger estimation error in probability when
VT = o(kr). These theoretical findings are all supported by Figure 2. Part (b) of Theorem
1.2 predicts that ¢; should have a Dickey-Fuller ¢-distribution, and part (c¢) of Theorem 1.2
predicts that to should have a symmetric distribution around zero that looks like a normal
distribution. These theoretical results are also supported by Figure 2.

Figure 1 and Figure 2 also indicate that the smaller the magnitude of change, the larger
the estimation error for k and the poorer the finite-sample performance of t; and 9, which

agrees with our intuition.

2.2 Experiment 2

Second, we conduct experiments for Theorems 1.3 and 1.4. Here, we take ¢ = 0.7. We
have also conducted experiments with larger c. However, it is found that the finite-sample
distributions of ¢5 in Theorem 1.3 and ¢; and ¢9 in Theorem 1.4 suffer from shape distortion.
This phenomenon can be partially explained by the findings in Anderson (1959), which
showed that, in general, the limiting distributions of the LSE and the t-ratio for the AR
parameter in an explosive AR(1) model may not exist. Hence, we use ¢ = 0.7 in this
experiment, which guarantees that the mildly explosive AR parameter is not too far away
from unity. Figure 3 and Figure 4 show the distributions of k, t, and ty for Theorems 1.3
and 1.4 respectively. It can be shown that (1) Theorem 1.3 is supported by Figure 3; (2)
Theorem 1.4 is supported by Figure 4, except that the histograms of k when o = 0.7 is
not very satisfactory due to the close distance between 51 and f2; and (3) the smaller the
magnitude of change, the larger the estimation error for k and the poorer the finite-sample

performance of ¢; and ts.

3 Conclusions

In this article, we examined the asymptotic properties of the LSE of the change point
and the t-ratios for the AR parameters in a mildly integrated AR(1) model and a mildly
explosive AR(1) model with a structural change. Some interesting findings are obtained:
(1) the stronger the signals from the model are, the easier it is for the change point to
be located. This suggests that, in general, the estimation of the change point in a mildly

explosive AR(1) model is easier than that in a mildly integrated AR(1) model. However,
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Figure 3: Histograms of k together with the finite-sample distributions and the corresponding
limiting distributions of the statistics ¢; and t5 under the situation where ¢ = 0.7 and T' = 600. The
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if the first sub-sample comes from a unit root model, then it is more difficult to locate
the change point regardless of the order of the second sub-sample; (2) in the presence of
a change point, the first sub-sample will not affect the limiting distribution of the ¢-ratio
for the second AR parameter when 31 < (3, while this is not the case when 81 > fBa; (3)
when a unit root model switches to a mildly integrated or mildly explosive AR(1) model,
the asymptotic properties of the LSE of kg are the same. In particular, in both situations,
our results reveal that P(k # ko) — 0 when kr = o(v/T), |k — ko| = Op(1) when kr = VT
and |k —ko| = O, (k%/T) when /T = o(kr). The phase transition for the estimation error of
k occurs when kp =< VT (4) compared with the LSE of the AR parameters, the ¢-ratios for
the AR parameters have better estimation accuracy without any reduction in convergence
rate when the variance of the model errors is finite and with a reduction in convergence
rate when the variance of the model errors is infinite, but this reduction is asymptotically

negligible.
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Appendix A: Proof of Theorem 1.1

Recalling the definitions in (1.2), it can be shown that TI(ny) < n% for all T > 1 and

n% = Tl(nr) for large T. In addition, for each given T', we let

Egl) — Etl{‘€t| S TIT} - E(5t1{|€t‘ S UT})

) (A1)
g, = eid{|et| > nr} — E(eeI{|et| > nr})

fort =1,---,T. This is a well-known truncation technique for dealing with the weak conver-

gence of the random variables from the DAN with zero mean and possibly infinite variance.

Huang et al. (2014) successfully extended the results in Phillips and Magdalinos (2007a) to

the DAN case by applying this truncation technique.
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The following three lemmas are needed in the proof of Theorem 1.1, and their proofs

can be found in the online supplementary material.

Lemma A.1 Let {y;,t > 1} be generated according to Model (1.1), where f1 = Pir =
1 = ¢/kp for a positive constant c. Then under assumptions C1-C4, the following results
hold jointly:

(a) \/TTTZ ) Zt My 1e0 = N(O, 2),

() T St i1 5

(c) \/kT’"lTil = fo exp (—cs)dW(s) for any 0 < r <.

Lemma A.2 Let {y,t > 1} be generated according to Model (1.1), where 1 = fir =
1—c/ky for a positive constant ¢ and By = 1. Then under assumptions C1-C4, the following
results hold jointly:

(a) Tl Zt ror] 1 Yi—160 = 3 (W(1) = W(19))? = 3(1 = 70),

(b) T2l Zt roT)+1 Vi1 = TO(W(S) W(r9))?ds.

Lemma A.3 Let {y;,t > 1} be generated according to Model (1.1), where f1 = Pir =
1—c¢/ky for a positive constant ¢ and By = 1. Then under assumptions C1-C4, the following
results hold:

() S0 vy = Op(R3L0pr)) and S0 1 waer = Op(krl(nr)) when #r < o,

(6) SNy vy = Op(k31(nr)) and 700 L ye1er = Oy(krl(nr)) when #r > 7o,

Proof of Theorem 1.1. To derive the limiting distribution of 77, one can follow Appendix
G in Chong (2001) with the following two main modifications: (1) let g(7) = kr/c in
Appendix G in Chong (2001); (2) replace [;° exp(—s)dWi(s) by v/c [y exp (—cs)dWi(s),
which is the limiting distribution of y[TOT]_t_I/\/m for 0 <t < [lv[g(T)] — 1 (where

v is a constant) by noting that

[ToT]—t—2
e S S roT)—t-1 e
9(T)l(nr) g(T)l(nT) <( kr ) Yo+ Z [roT]—t—1— z)
[roT]—
- € \kpyibr STt
= Ve Z ((1 i) ) el H(1)
= \ﬁ/o exp(—cs)dWi(s) = Bc(%),

Moreover, it is worth mentioning that (1.3) is a special case of the limiting distribution of

#r in Theorem 3 in Chong (2001) when the moment conditions F(y3) < oo and E(e}) < oo
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in his paper are satisfied and ¢ = 1. To relax these moment conditions, we only need to
apply the truncation technique (A.1). The details are omitted for brevity.

To find the limiting distribution of ¢; under k7 = o(T), one can follow Appendix G in
Chong (2001) and apply Lemma A.1 and Lemma A.3 to have

VTkr(B1(fr) = Bi(70))
< [T ]ytyt 1 ZEZHT} ytyt—1>

SR T

ol Yi- 12 € Z[TOT] Yt-1€t
= I{TT<TO}\/JTT< t=lrr T+l t= 1 yt 1€t =[ErT+1 >

[7rT) [T0T] [7rT)
tTTl yt271 tT—Ol ytfl tTTl ytfl
[TTT} ] vi- 12 Vyite Z[TT[ ] 41 Yt—16¢
t= T()T +1 t=1 t—1Ct t=[roT]+1
T > 7o}y T’“T( (7] W, T s
t=1 yt—l t=1 Yi—1 yt 1

Z[TTZ’] y2
+ (B2 — Bir) t{TOT?]H - >

Vi1
- k21 (nr) 1 krl(nr)
= 1o < by Thr (Ot 0 ) + Ol )
k: 21(nr) 1 krl(nr) k21(nr)
+I{TT>TO}\/ﬁ< PATk Z(ST))OP(M)+OP(1%)+OP(7%)>

= o0p(1),

which implies
P

1) (B1(71) = P1(70)) = 0p(1)

by Lemma A.1. Thus, 1(77) and f1(70) have the same asymptotic distribution. Applying

Lemma A.1 again, we have

[T0T] [r0T]

= y €

tl(; ) (ﬁl TO BIT Zt 1 y: ; ! N(07 1)>
g \/Z t O1 Vi

which immediately implies that

Zy[tTolT] yt 1
I(nr)

To find the limiting distribution of t3 under kr = o(T"), one can also follow Appendix G

ty = | ZEL LBy (7)) — Bir) = N(0,1).

in Chong (2001) and apply Lemma A.2 and Lemma A.3 to have

T(B2(7r) — Ba(70))
o (Zf’:[mm Y1 Vi fryT)a ytyt—1>
Zf:[%TTHl vi Zth[TOT]H y7
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70T T [T0T]
Et O[TTT]H Y1 D teroT]+1 Yt—1Et tho[%TTHl Yt—1&¢

= I{ir < To}T( — —
Zt:[-FTT]Jrl Y1 - [roT]+1 i1 Zt:[?TTHl Vi1

70T
Zt O[T]TT]+1 Yi— 1)
Zt:[i—TT]-H Vi1

(71T 2 T #rT)
thT[ToT]-‘rl Y1 Zt:[roT]-H Yi1&e Zt:T[TOT]H yt15t>
T

+ (Bir — B2)

+I{7A'T > T()}T<

Zt:[i—TTHl Yi E?:[TOT]H i1 Z?:[?TT]JA T
R k21 1 kpl k21
= 1 < T (05 N0 + Oyl ) + Oyl )
2
+1{r > w7 (04 PO ) + Ol )

= OP(1)7

which implies

Zt [roT)+1 Yi 5 B
1) (Ba(Fr) — Ba(0)) = 0p(1)

by Lemma A.2. Thus, BQ(%T) and 32(70) also have the same asymptotic distribution. Ap-

plying Lemma A.2 again, we have

Zt roT +1 Vi Zt [roT)+1 Yt—1Et (W(l) — W(To)) -1 —To)
(Ba2(10) —
\/l (17) o)1 Y21 2\/f70 ))2d8

which immediately implies that

_ (W) - W(m)) ~(1-m)
2W (70))?ds

From the properties of Brownian motion and applying the change of variables, it is trivial

Z?:[T()T]—i-l Vi
L(nr)

ty = (Bo(7r) — f2)

that
W) -W(r)??~(1-m) s W()-1
2/ 2 (W (s) = TW(m)2ds 2/ [L W (s)ds
Hence, (1.5) holds. O

Appendix B: Proof of Theorem 1.2

The following six lemmas are used in the proof of Theorem 1.2, and their proofs can be

found in the online supplementary materials.
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Lemma B.1 Let {y;,t > 1} be generated by Model (1.1) with B1 = 1. Then under assump-
tions 01—04, the following results hold jointly:

(a) g1t S0 w1z = (W (0) — 1),
() 5y PR = f5 W2 (s)ds.

Lemma B.2 Let 8y = for = 1 — ¢/kp with ¢ > 0. Then under assumptions C1-C4, we
have, for any 19 < s <1,

[sT]

1
\% le (nr) [r0T]+1 26

Lemma B.3 Let {y;,t > 1} be generated by Model (1.1), where 1 = 1 and B2 = Bar =
1 —¢/kp with ¢ > 0. Then under assumptions C1-C4, the following results hold jointly:

T —~
() ﬁ(w) Zt:[ToT]+1 Yt—1€t = W(i),
() W(UT) ZZﬂ:[ToT]-&-l Vi1 = i(WQ(TO) +1—19).

Lemma B.4 Let {y;,t > 1} be generated according to Model (1.1), where f1 = 1 and
By = Bor = 1 — ¢/kp with ¢ > 0. Then under assumptions C1-C4 with kr = O(VT), we

have
o)1 Yr—1E¢
Ay = T[‘ro 1+ - op(1/k7),
Zt:[TOT}[Jrl %t 1
7—0
€
Ay = sup Ltmme1 Y160 = o,(1/k7),
[rT] o P
meir ) i1 Yica
ZT 1%2 1 m
A= sup T A()| = o(1/kD),
meDir | 3L [roT]+1 Vi1 Dimmat Vi1 (B.1)
Z: Yt—1€¢
Ay = % = op(1/kr),
t=1 9%1
t=[roT)+1 Yt—1Et
As = sup Zm[m ] 5— = op(1/k1),
meDor 2 it=[rT]+1 Yt—1
Zm y2 1 m
Ao = sup o o M ()| = onlL/k7),
meDar | 31 [ToT+1yt 12 Y
where
m
Ar(7)
2 m 2 T 2 T 2
(Zt 1 Yt— 1&) (Zt:l yt—15t> (Zt:[TOT}H ?Jt—lé?t) (Zt:m—H yt—lft)
_ _ i _
T m 2 T T ’
Ztml]yt 1 2= Vi1 Zt:[roTHl yt2—1 Zt:m+1 yt2—1
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and
DlT = {m tmc ZT,m < [T()T] — MT},

Dop = {m m € Zp,m > [ToT] +MT}

with M > 0 such that Mp — oo arbitrary slowly, and Zr denotes the set {0,1,2,---,T}.

Lemma B.5 Let {y;,t > 1} be generated according to Model (1.1), where f1 = 1 and
By = Por = 1 — ¢/kr with ¢ > 0. Then under assumptions C1-C4 with kr = o(\/T), we
have, for any fized integer m > 0,

(a) Tl 5 (RSSr(r0 - %) = RSSp(m0)) = mW2(),

() rites (RSSr(mo + ) — RSSr(m0)) = *miv(ry).

Lemma B.6 Let {y;,t > 1} be generated according to Model (1.1), where 1 = 1 and
By = Por = 1 — ¢/kr with ¢ > 0. Then under assumptions C1-C4 with T = o(kr), we
have

(@) S py w2 = Op(R10nr)) and S0 1 e aee = Op(krl(nr) when 77 < 1,

(b) ZtTT[z;]T]H y2 =0 (k:T (nr)) and ZETT[:)]T]H Yi—16¢ = Op(krl(nT)) when 77 > .

Proof of Theorem 1.2. To derive the first and second parts of Theorem 1.2(a), i.e., to
prove P(k # ko) — 0 when ky = o(v/T) and |k — ko| = O,(1) when kr =< /T, we prove
|77 — 70| = Op(1/T) when kp = O(VT) (B.2)
first. According to the proof of Theorem 3 in Chong (2001), it is sufficient to show that
P(A2 4+ 2A7 Ay — 2\p Ay — Az < 0) + P(A3 — 2\p Ay + 2M7 A5 — Ag < 0) — 0,

where Ay = 82 — 51 = —c¢/kr, and the definitions of Ay, -, Ag can be found in (B.1). Since

A2 > 0, it suffices to prove that
A = 0,(1/kr), i=1,2,4,5 and A; = 0,(1/k%3), j=3,6, when kr = O(VT).

This has been proved in Lemma B.4. Therefore, (B.2) is verified. This implies the second
part of Theorem 1.2(a).

To prove the first part of Theorem 1.2(a), i.e., to prove P(k # ko) — 0 when kr = o(v/T),
it is noted that |7p — 79| = Op(1/T), and for any n > 0, there exists a positive integer M
such that

P(k# ko) = P(lk—ko| > M)+ P(|k = kol < M,k # ko)
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M
< n+ Z P( k% (RSST(T() — ?) RSST(T())) < 0)

M
+ Z P( k% (RSST(TO + %) - RSST(T())) < 0).

Applying Lemma B.5 to the above inequality, one immediately has P(/% # ko) — 0 due to
the finiteness of M and arbitrariness of 7.

To prove the third part of Theorem 1.2(a), i.e., the limiting distribution of 7p when
VT = o(kr), we follow Appendix K in Chong (2001) and let g(T') = k2./(c*T). Note that
(1.6) is a special case of the limiting distribution of 7r in Theorem 4 in Chong (2001)
when T = o(kr)!, the moment conditions F(y2) < co and E(e}) < oo in his paper are
satisfied and ¢ = 1. One can apply the truncation technique (A.1) to weaken the conditions
E(y2) < oo and E(e}) < co and accommodate assumptions C1 and C3. The details are
omitted for brevity.

To find the limiting distribution of ¢;, note that we have proven that |7r — 79| = 0,(1/T)
when kr = o(\/T), |1 — 70| = Op(1/T) when kr < VT and |7 — 79| = O,(k2./T?) when
VT = o(kr), hence we study the limiting distribution of ¢; under the above three cases
separately.

When VT = o(kr), applying Lemma B.1 and Lemma B.6 and following Appendix G in
Chong (2001), we have

T(B1(7r) — B1(10))
T< [T ]ytyt 1 ZY[;OF ytyt—1>

7T 10T
££1 ]yt 1[5—01 ] Yy
[r0T] v
_ I{’f’ < 7 }T t= O[TTT]+1 yt 1 Zt 1 yt 1&€¢ _ Zt O[TTT]+1 Yt—1€t
B r="0 [FrT] [0T] o FrT] 9
T t=1 ytfl t=1 Yi—1
[TTT} r ]
A . t=[r0T]+ lyt IZt 1 yt 1€t Zt [roT]+1 Yt—1€¢
+I{7r > TO}T< 7] 3 Tl 5 T o]
t=1 Yi-1 t=1 Yi—1 t=1 yt—l

"In Theorem 4 in Chong (2001), the condition T%/*(1 — Bor) — oo, that is kr = o(T%/*) in

our case, is imposed so as to derive the limiting distribution of 7r. By checking his proof carefully,
1-

1 t 1
(7\/ﬁ 2o E[roTl—iE[mTJ—t) e

op(1) when &,’s have finite 4th moments (see page 153 in Chong (2001)). However, since

v|g(T)]—1 v|g(T 1 t—1 €[
(ol \/E,TTZZ 0 ElroT]—i€[roT) - )F Sl ) 2iz0 E[ToT]ﬂ) \;T(—T +0p(1) =

Op(1), the condition \/@ = o(1) is sufficient to achieve the goal. Note that g(T) < k% /T, hence, the

this condition is imposed only for showing that < T> Z””lg(T)

condition kr = o(T) is sufficient. Therefore, the condition T%/4(1 — Bar) — oo is not needed in Theorem 4

in Chong (2001).
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[77T]
te o T] 41 Vi 1)

[7rT] o
Zt 1 Y1

— I{ir < TO}T(Op(k%’l(”T))op(l) +0 (le(”T)))

+ (Bor — B1)

T21(n7) T P 121 (nr)
A le 1 krl le
st (Onghm 0 ) < o)
= op(1), .
which implies
ET_OlT] TR 3
ELLSEL (Bulr) - Brlr) = o)

by Lemma B.1. Thus, 41(77) and $3;(79) have the same asymptotic distribution. We then

invoke Lemma B.1 again to obtain

10T
Zl[fol]yt 1 [ ]yt 1€¢ = W2(TO)—TO

L(nr) (1 (o) \/l LTOf]ytl 2,/f0TOW2(s)d57

which immediately leads to

10T
[T 2 W2(19) — 10

2, /fOTO W2(s ds

From the properties of Brownian motions and applying a change of variables, it follows that

(B.4)

WQ(T(]) —T0 d W2(1) —
JoP W2(s)ds 2\/f01 W2(s)ds

Hence, (1.7) is proved.
For the case where kr < /T, note that since |71 — 79| = Op(1/T), it is trivial that

[70T] [70T]
Yo B =0,Tlnr), Yy = Op(VTl(nr)) (B.5)
t:[i'TT]-‘rl t:[’f'TT]-f—l
and
[TTT TTT]
>y =0,(TIr), > wae = Op(VTI(nr)). (B.6)
[T()T}Fl t= [T()T]+1

Consequently, similar to (B.3), we have

T(B1(7r) — B1(10))

[707] Z 707
= I{#r <T0}T< ClrieL Y S yaer il Y- 15t>

T T] T]
Zr[fTTl ]yt 1 21[5701 yt 1 Z£7T1 yt 1
[FrT] 7rT]
+I{+T>To}T<_ Vi S ysee | Dy i
T T T
2[57-:Tl }ytz—l ZI[ETOI yt2 1 ZtTTl ]?/t 1
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[7rT]

t=[roT] Vi
M )
Ir < T (On L1001 + O,y )
) Tl VTI Tl
#1470 > )T (Opl i THIOM ) + On g ) + Ol )

= Op(1)7

which means (B.4) still holds when kp =< VT.

For the case where kp = o(v/T), note that since P(l;‘ # ko) — 0, following the proof of
Theorem 4 in Chong (2001), one can show that (B.4) still holds. The details are omitted.

To find the limiting distribution of t3, we also consider the following three cases where
VT = o(kr), k7 < VT and kr = o(/T) separately.

When VT = o(kr), applying Lemma B.3 and Lemma B.6 and following Appendix G in
Chong (2001), we have

\/jTT(BQ(’f'T) — 82 (70))
= @(Z?z[f:rTHl YtYt—1 _ Zfz[mT]H ytyt_1>

T 2 T 2
t=[#rT]+1 Yt Zt:[TOT}-H Yt

0T 9 T [T0T]

oyt Y Sy i-180 | Sy -1t

o < /Tl (- STl S IS S
Zt:[%TT]—H Y1 Zt:[roT]—i-l Yi—1 Zt:[?TT]—H Yi—1

70T
Zz[/ O[T]TT 1 yt2—1>

+ (81 — Bar)
Zt:[f—TT]Jrl Yia
7T T
+I{7r > TO}\/QTT<Z£ T[’TO]T 1Y ZtT:[ToTPrl yatt £T[TO]T]+1 = 1Et>
Sirmi Y i Yier Lt Vi
k (nr) 1 krl(nr) k()
= I{tp < Tk L O O(paim) Oy 5
{7r < TO}\/7T< P Tk l(WT)) p(\/TTT)Jr p(Tle(ﬁT))+ p(Tk%l(”T))>
k (nr) 1 krl(nr)
I Tk L @) Op( =5
=+ {TT > 7’0}\/7( T]C l(nT)) p(\/jTT> + p(Tle(nT))>

= op(1),

which implies

T 2
Zt_[;o(c;];; Yi—1 (Bg(?:r) _ BQ(TO)) = op(1)

by Lemma B.3. Thus, 32(77) and f2(70) have the same asymptotic distribution. Applying

Lemma B.3 again, we have

Zt [roT)+1 Yt—1¢t W(l)
2 —
\/l (nr) S roT] 41 Vi1 \/W o) F1-10

T 2
Et:[TOT]+1 Yi—1

1n7) (Ba(70) — Por) =
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which immediately leads to

\/Zt TOT+1yt 1(52( ) — for) = W(l) . (B.7)

When k7 =< /T, applying (B.5) and (B.6), we have

VTkr(Ba(71) — B2(10))
[70T] 2 T
{71 < ro}/Thr ( - Etfwm Vo Dy Y12 Lipyrye Y

T

Zt=[+TT]+1 Yi Zt—[ToT]+l i1 Zt:[i—TTHl Y
[r0T]

> O[TTT +1 Yi >

+ (61 — Bar)
> (1 Yt
T [FrT]
+I{7r > TO}\/TTT< 2 T['roT +1 vio1 ZtT=[ToT]+1 poit | zis T[TOTHI - 1€t>
Zt—[fﬂ’]ﬂ Vi1 Zth[roT]H Vi Zt:WTTHl i
Ti(nr) 1 VTl(nr) Ti(nr)
= I{#r < Tk o O itom) T Oz
{7r < 7'0}\/7T< Tk Z(TIT)) p(\/jTT) + p(Tle(TlT)> - p(Tk%l(nT))>
Tl(nr) 1 VTi(nr)
I T Thrl(nr)
+I{7r > TO}\/TT( P\ l(nT))Op( TkT) + Op(Tk:Tl(nT)>>

= Op(1)7

which means that (B.7) still holds.
When k7 = o(/T), applying Lemma B.5 and following the proof of Theorem 4 in Chong
(2001), one can show that (B.7) holds. The details are omitted. O

Appendix C: Proof of Theorem 1.3

Lemma B.1 and the following five lemmas are key ingredients in the proof of Theorem 1.3,

and their proofs can be found in the online supplementary materials.

Lemma C.1 Suppose assumptions C1 and C2 are fulfilled and ¢ > 0, then
Z[TT](]- + é)t—l—[TT]Et = X,

(a) for any 0 < 1 <

W
WZt 1(1+ =)

where X and Y are independent N (0, —C) random variables.

(b) for any 0 < 1 < ey =Y,

Lemma C.2 Let {y;,t > 1} be generated according to Model (1.1), where 1 = 1 and
B2 = Por = 1+ ¢/kr with ¢ > 0. Then under assumptions C1-C4, the following results hold

jointly:
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<T [70T])
(a) \/ml(r]T Zt [roT]+1 Yt— 1€t:>XW(T0)
—2(T—[mT])

Bar
(b) WZt [roT]+1 Vi1 = %WQ(T)

where X is a random variable obeying N (0, %) and is independent of W (19).

Lemma C.3 Let {y;,t > 1} be generated according to Model (1.1), where f1 = 1 and
By = Por = 1+ ¢/kr with ¢ > 0. Then under assumptions C1-C4 with kp = O(VT), the
results in (B.1) hold.

Lemma C.4 Let {y;,t > 1} be generated according to Model (1.1), where f1 = 1 and
By = Bor = 1+ ¢/kp with ¢ > 0. Then under assumptions C1-C4 with T = o(kr), we
have

(0) S e Ry = Op(B(r)) and S50 1 wiaee = Oprl(nr)) when 7 < 7,

(b) S0 Ry = Op(k31(nr)) and STy aer = Op(krl(nr)) when 77 > .

Lemma C.5 Let {y;,t > 1} be generated according to Model (1.1), where f1 = 1 and
By = Bor = 1+ ¢/kp with ¢ > 0. Then under assumptions C1-C4 with kr = o(\/T), we
have for any fized integer m > 0,

(a) Tl 5 (RSSr(10 — %) — RSSr(r0) ) = AmW?(no),

(b) Tl(n (RSST(TO+ ) — RSS(m )) = AmW?(n).

Proof of Theorem 1.3. We first prove the first and second parts of Theorem 1.3(a).
Similar to the proof of Theorem 1.2(a), we can prove (B.2) by using the arguments in the
proof of Theorem 1.2 and invoking Lemma C.3. Hence, the second part of Theorem 1.3(a)
is verified.

To prove the first part of Theorem 1.3(a), i.e., to prove P(l% # ko) — 0 when kr = o(\/T),
one can refer to the proof of Theorem 1.2(a) and apply Lemma C.5. The details are not
provided here for brevity.

To derive the third part of Theorem 1.3(a), we follow Appendix K in Chong (2001).
Since asymptotics in the mildly explosive model are more complex than that in the mildly
integrated model, we offer more details concerning the proof. We write Sor = 14+c¢/kp = 1+
1/(\/Tg(T)), with g(T) = k2./(c*T). Then, g(T) — oo and g(T) = o(kr) since VT = o(kr)
and kp = o(T'). We denote

( Sy yt—15t> 2 ( S yt—1€t) 2 ( )1 yt—1€t) 2 ( e ?/t—lﬁt) :

Ar(T) = — + -
70T T T T
,[5:01 ] yf,l E:ﬂ yf,l Zt:[TOTH-l yt271 Zt:[TT]+1 ?/t271
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The following observation is a simple generalization of Proposition A.1 in Phillips and Mag-

dalinos (2007a), hence the proof is omitted:

T a
(k) = o((1 4+ ¢/kp)*T), for any a >0 and b > 0. (C.1)
T

For 7 = 19+ vg(T)/T and v < 0, by applying (C.1) and Lemmas B.1 and C.2, we have

the following results:

T 2
AT(T) _ Op(l), Zt;[ToT]—}—l y;ffl ﬁ) 1,
o) 2t=rT 41 Vi1
10T
‘ (Bor — 1) ZE:O[T]T]H 91:2—1 ZtT:[TOT}H Yi—1€¢
[nr) Z,ir [rT]+1 Yiy

( Tg(T)WTkrByy ™" >
- 0
kp(Tg(T) + Thp ol 1)

Tg(T)vTkr T\"? 1
= O Tt ) ~ P\ \ ) 20—Tmo0)
Tk Byr " ) By

2T
= Op(l)a

1 [lvlg(T)]—-1

T YiroT)—t—1€[r0T]—
To(D)l(nr) 22 ol T
[lvlg(T)]—

_Ymr] L Z -
VTitnr) e(@)inr) <= ’

= —Wi(r)Wi(lv])

(14 0p(1))

and
1

Tg(T)l(nr)

One is referred to Appendix K in Chong (2001) for more details.

2

[lvlg(T)]-1
YiroT)—t—1 = v |W7 (70).
0

t=

Then, using equation (B.2) in Chong (2001), we have

RSS7 (1) — RSST(10)

l(nr)
[70T] [70T]
-1) —-1)2
= MRS S e (o) + P Z v (L4 0p(1)) + 0,(1)
) t=[rT]+1 ) =[rT]+1
2(1+0p(1)) Hy‘g( )]_1 1+0p(1) “Vlg(T)] 1

~ Te(T)i(nr) T ~t=1E [Tt T o 0y 2 i1 +op(1
VTg(T)l(nr) 2 Vit Tg(T)l(nr) > Y1 top(l)

t=0 t=0
= —2W1(T())W1(|I/|) + |V|W12<T0). <C2)
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For 7 = 19 + vg(T')/T and v > 0, we have

[roT+vg(T)] [roT+vg(T)] N
Z yt2—1 = Z ( 2T ° YlroT ]+ Z Bt - 2)
t=[r0T]+1 t=[r0T]+1 i=[1oT]|+1
[roT+vg(T)] (=1 [roT]) [ToT-S-Vg(T)}
2 T t—1—1
= Yy D Par > Z Bar )
[T()T]+1 t_[T()T]+1 1= [TQT]+1
[foT+vg(T
T2 Y ﬂt ] Z Bl e, (C.3)
t=[roT]+1 =[roT)+1
Note that
[roT4vg(T)] 2[vg(T
’ z:g ﬁZ(t 1—[r0T]) < kT(l_/BQC[Z‘g( )]) )—O( kr - g(T)/kr > 0(g(T))
t=[roT]+1 kT(l _5§T) kT(l _52T)
which implies
[roT+vg(T o]}
t T
wor) 52 T = Oy (Tg(T)1(nr)). (C.4)
[T()T]—‘rl

In addition, it can be shown that

[roT+vg(T)] t—1 [roT+vg(T)]  t-1
E( > (X Bt“i”)) = Y Y AT (o)

t=[roT|+1 i=[roT]+1 t=[roT|+1 i=[roT]+1

o Vg(T)
_ O< 3”}1l<w>)+ o<<1 >z<nT>>

Bar (1- 52T)
= O(krg(T)l(nr)) + O(kZl(nr) - g(T)/kr)
= O(krg(T)l(nr)),

implying

[T +vg(T)] t—1

S (X A ) = Oplbrg(Mim) = o(To(D)ilnr)). (C5)

t=[roT]+1  i=[1oT]|+1
Combining (C.3), (C.4) and (C.5) and applying the Cauchy-Schwarz inequality, we have

[r0T+vg(T)]

Y v = O0p(Tyg(T)l(nr)). (C.6)

t=[TOT]+1

The above arguments also imply that

1<t<lvg(1)) -1 [YiroT1+t = Yo = 0p(V TU(07)).

Then, applying (C.6), we have the following results:

[T0T]
I;T(T) :Op(].), Zt[ﬂqlﬂ] yt 1 P 1,
() Dt Y

32



(Bor —1) — Z[ ’ ]yt 1€ Et [roT]+1 Vi
7T
) Zw[f 1Y
by Lemma B.1 and ¢(T") = o(kr).

24(T) @)
=00t myay) = (%) = o)

Now, making use of equation (B.4) in Chong (2001), we have

RSSy(1) — RSSt(10)
l(nT)

[rT)
- 52T Z yi—1t - (1 +0p(1)) + BZT Z yt 1 (T4+0p(1)) +0p(1)
=[roT]+1 =[roT]+1
[lvlg(T)]-1 [lvlg(T)]-1
2(1 + Op(l)) 1 +Op(1) )
~ Te@inr) YiroTI+5[r T A +o,(1
Tg(T)l(nr) tz:; T TR L g (7)1 () ; roT] 441 T 0p(1)

_ Tmr  140(1) ngm]—l_ yﬁoT] O O
— VTilnr) /9(D)l(nr) g (—€fmoTi+t+1) + Tl(??T) (14 0p(1)) + 0p(1)

= =2W; (TQ)WQ(V) + I/WE(T{)). (C?)

Finally, applying the continuous mapping theorem for argmax/argmin functionals (cf.
Kim and Pollard (1990)), it follows from (C.2) and (C.7) that
AT? T

g(TT_TO) = m(fT—TO):ﬁ
= argegin{RSST(T) — RSSr(m0)}
_ aremin RSSy(1) — RSS7(70)
- { (nr) }
i - 2(70) - W (v) —M = arg max W (v) — M
- arg;m{ 2Wi(m) <W1(To) 2 )} TR {Wl(To) 2 }’

where W*(v) is a two-sided Brownian motion on R defined to be W*(v) = Wi (—v) for v <0
and W*(v) = Wa(v) for v > 0.

To prove Theorem 1.3(b), note that we have shown that |77 — 79| = 0p(1/7) when
kr = o(VT), |71 — 0| = O,(1/T) when kr < VT and |71 — 79| = O,(k%/T?) when
VT = o(kr), hence we study the limiting distribution of ¢; under the above three cases
separately.

Consider the case where /T = o(kr) first. In this case, applying Lemmas B.1 and C.4
and following Appendix G in Chong (2001), we have

T(51(7r) — Bi(m0))
T<Z£ T1 ]ytyt 1 ZLTOIT} YtYt— 1>

T T
[TT ]yt Zz[/ml]yt
[r0T] m0T]
- tO[TTT]H yt 1Zt 1 yt 1€t Zt O[TTT]+]. Yt—1&1
{7 < 71o}T -
[TTT] [70T], 2 [TTT} 2
t=1 t—l Zt 1 Y1 Y
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[7rT] 7T
. t=[roT]+1 vi- 1Zt 1 yt 1€t Et [roT]+1 Yt—1&t
+I{TT>T°}T<_ G o7l 2 T2
=1 Y1 2i=1 Yi Y
[TTT} 1+ yt 1
+ (Bar — 1) :OT 1 >
Zt T1T i1
k3 (nr) 1 krl(nr)
= £ < T —
Hir < m}T Oy 5)0n() + Onlemy 7))
. k3l (nr) 1 krl(nr) k3l (nr)
Iz > )T (Op sy )00 (5) + Onlepy 15 + Oaly Ty 5)
= oy(1), (C.8)
implying
Ztﬂ)f] yt 1

) (Br(7r) = Br(70)) = 0p(1)

by Lemma B.1. Thus, §1(77) and f;(79) have the same asymptotic distribution. Then,

applying Lemma B.1 again, we have

\/m(ﬁl( _ Zl[eol]yt 1€ W) —10 a4 W?2(1)
[(nr) \/l (7] 2,/1‘”’W2 t)dt 2\/f0W2 Jds

tlytl

implying

70T
z[tol]yt L W2(1) —

I O et
2\/f01 W2(s)ds
When kr =< VT, since |k — ko| = Op(1), one can follow the proofs in Theorem 1.2 to

show that T'(51(77) — f1(10)) = op(1) still holds by using (B.5) and (B.6). The details are

omitted here. Hence, (C.9) still holds when kr =< v/T.

(C.9)

When kr = o(v/T), since P(k # ko) — 0, one can follow the lines in the proof of
Theorem 4 in Chong (2001) to show that (C.9) still holds. The details are also omitted.

Next, we shall prove Theorem 1.3(c). Similarly, when vT' = o(kr), making use of
Lemmas C.2 and C.4 and following Appendix G in Chong (2001), we have

Bayr "N/ Thy (Ba(7r) — Ba(m0))
T T
— 52TT—[TOT]\/ITT<Zt:[+TT]+1 Yiyr—1 Zt:[TOTH_l ytyt—1>

T T
t=[#7T)+1 vi Zt:[TQT]—l-I Y7
[TOT] ?/t 1ZT Yt—1€¢ Z Yt—1€¢
— I < )BT Ty ( =[FrT]+1 t=[roT)+1 L = TTT+1
Zt [#rT]+1 Y Zt [roT]+1 Y Zt:[i-TT]—i-l Vi1

[r0T]

2t TI41 vi- 1>

+ (B1 — Bor)
Zt=[+TT]+1 Y
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T 2 T 77T

Sy woe L T

+I{'TT > TO}ﬁT [T()T \/7( t [T()T]+l t—1 Zt ToT]+1 t= [TQT +1 >
Zt [FrT]+1 yt 1 Zt [roT]+1 yt 1 Zt: [#rT)+1 yt—l

. Kl(nr) L
= I{TT < To}ﬁT [ ﬂ\/%( T [TQT});k_ l( ))OP(IBT*[ToT]\/]TTl(nT))
2T

krl(nr) k7l (nr)
+ Op( ) + Op( )
52<T TOT)Tle(ﬁT) : 522(TT7[T°TDT7€%Z(77T) )
k7l (nr) 1

T—[m0T]
> e T Ok e i) G
krl
+ O )

oo T Tt (ny

)

= op(1)

by using (C.1), which implies

ZtT:[mT]H Vi
L(nr)

by Lemma C.2. Thus, 82(77) and B2(7) have the same asymptotic distribution. Applying

(Ba(7r) — Ba(70)) = 0p(1)

Lemma C.2 again, we have

il [roT]+1 Yt—1Et

\/l (nr Zt [roT]+1 yt 1

Zt [r0T)+1 Y1
lnr)

(Ba(70) — Por) = = N(0,1),

which implies

ty = \/Zt TOT]“yt L (Bo(#1) — Bar) = N(0,1). (C.10)

The result (C.10) when kp =< \/T or kr = o(v/T) can also be proved by similar argu-

ments in the proofs of Theorem 1.2, and the details are omitted. U

Appendix D: Proof of Theorem 1.4

The following four lemmas are needed in the proof of Theorem 1.4, and their proofs can be

found in the online supplementary materials.

Lemma D.1 Let {y;,t > 1} be generated according to Model (1.1), where f1 = Pir =
1+ c/k‘T with ¢ > 0. Then under assumptions C1-C4, the following results hold jointly:

[‘fo

(a) le nT)Z yt 16t = XY,
By T)
(t) klfé(nT S = Y
where X andY are independent N (0, i) random variables.
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Lemma D.2 Let {y;,t > 1} be generated according to Model (1.1), where 1 = Pir =
1+ ¢/kp with ¢ > 0 and B = 1. Then under assumptions C1-C4, the following results hold
jointly:
To 7] L
(a) N ze] Zt 7] 41 Yt—16¢ = Y (W (1) — W(7)),
—2[7‘0T

() 1 Therl(nr) Zt ot 41 Vi1 = (1= 10)Y?,
where Y is as defined in Lemma D.1 and is independent of W (1) — W (7).

Lemma D.3 Let {y;,t > 1} be generated according to Model (1.1), where 1 = fip =
1+ c¢/kr and By = 1 with ¢ > 0. Then under assumptions C1-C4, the results in (B.1) hold.

Lemma D.4 Let {y;,t > 1} be generated according to Model (1.1), where 1 = Pir =
14 ¢/kp and Bo = 1 with ¢ > 0. Then under assumptions C1-C4, we have, for any fized
integer m > 0,
() 2[7'0T] 77 )
(0) St (RS Sr(ro + ) — BSSr(0)) = cPmy?

where Y s as defined in Lemma D.1.

(RSST(T(] — 7) RSST(T(])) = c2mY2,

Proof of Theorem 1.4. To prove (1.11), we first show that |77 — 79| = Op(1/T). It can
be proved by following the similar arguments in the proof of Theorem 1.2 and using Lemma
D.3. The proof of P(];; # ko) — 0 can then be completed by using Lemma D.4. The details
are omitted for brevity.

To obtain the limiting distribution of ¢1, we use the fact that the limiting distributions
of B (7r) and 31(7'0) are identical when P(l% # ko) — 0 by applying the similar arguments in
the proof of Theorem 4 in Chong (2001). The details are omitted. Then, invoking Lemma

D.1, we have

[roT] 2 Z[To ]

=1 Yi—1,5 yt 1€t
t=1 Jt 1(61(7—0 BlT t=1

l
(rr) \/l t 1 yt 1

= N(0,1),

which implies

10T
Zz[, Ol]yt 1
I(nr)

Analogously, 32(%T) and 32(7'0) have the same asymptotic distribution. Then, applying

t = (B1(71) — Bir) = N(0,1).

Lemma D.2, we have

= N(0,1),

\/Zt ToT]+1yt 1(5( o) = Ba) = Zt [roT]+1 Yt—1€t
\/l (n7) i [r0T]+1 Vi1
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which implies

T 2
ZtZ[TOTH‘l Yi-1 (32(7271) — 62) = N(O’ 1)'
L(nr)

to =
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