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CHAPTER 6

Soci al choi ce and game t heor y : Recent r esul t s wi t h

a t opol ogi cal appr oach

G. CHI CHI LNI SKY*

Uni ver si t y of Essex and Col umbi a Uni ver si t y

1 . I nt r oduct i on

Thi s chapt er pr esent s a summar y of r ecent r esul t s obt ai ned i n game and soci al

choi ce t heor i es, and hi ghl i ght s t he appl i cat i on and t he devel opment of t ool s i n

al gebr ai c t opol ogy . The pur pose i s exposi t or y : no at t empt i s made t o pr ovi de

compl et e pr oof s, f or whi ch r ef er ences ar e gi ven, nor t o r evi ew t he pr evi ous wor k

i n t hi s ar ea, whi ch cover s a si gni f i cant subset of t he economi c l i t er at ur e .

The ai m i s t o pr ovi de an or i ent ed gui de t o r ecent r esul t s, t hr ough economi c

exampl es wi t h geomet r i c i nt er pr et at i ons, and t o i ndi cat e possi bl y f r ui t f ul avenues

of r esear ch .

The use of t opol ogi cal t ool s has a l ong t r adi t i on i n economi c anal ysi s, whi ch

goes back t o t he wor k of Von Neumann on bal anced economi c gr owt h of 1937

and 1945 . He pr oved a gener al i zat i on of Br ouwer ' s f i xed poi nt t heor em t hat was

t he basi s of Kakut ani ' s t heor em. I n game t heor y and i n gener al equi l i br i um mar -

ket anal ysi s, f i xed poi nt met hods ar e t he t opol ogi cal met hods most f r equent l y

ut i l i zed t o show exi st ence of sol ut i ons . As a mat t er of f act , f i xed poi nt t heor ems

ar e t he l ar gest par t of appl i cat i ons of t opol ogy t o economi cs as a whol e . I nst ead

of t opol ogi cal met hods, soci al choi ce t heor y has t r adi t i onal l y been f or mul at ed i n a
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combi nat or i al f ashi on, f ol l owi ng t he f i r st f or mal wor ks of Ar r ow ( 1951) and

Bl ack ( 1948) i n t hi s ar ea .

However , we shal l now show t hat many pr obl ems of game and soci al choi ce

t heor i es, when pr oper l y f or mul at ed, exhi bi t an i nt r i nsi c t opol ogi cal st r uct ur e

t hat may be f r ui t f ul l y exami ned wi t h al gebr ai c t opol ogy t ool s t hat go beyond

f i xed poi nt t heor ems, such as homot opy and cohomol ogy t heor i es . Thi s al l ows

us t o t ap a weal t h of exi st i ng t opol ogi cal t echni ques, as wel l as t o devel op new

ones, t o r esol ve pr obl ems i n soci al choi ce and game t heor i es .

Thi s chapt er st udi es cer t ai n soci al choi ce par adoxes and t hei r r esol ut i on, t he

r el at i on of a f i xed poi nt t heor emwi t h t he soci al choi ce par adox, t he equi val ence

of t he Par et o condi t i on and t he exi st ence of a di ct at or , maj or i t y r ul es, aggr ega-

t i on i n l ar ge economi es, and t he aggr egat i on of Von Neumann- Mor genst er n

ut i l i t i es f or choi ces under uncer t ai nt y .

Wi t hi n game t heor y, we summar i ze r esul t s on t he mani pul at i on of games, t he

exi st ence of Nash equi l i br i um of cer t ai n non- convex games and t he f ai r ness of

t hese games, and t he exi st ence and char act er i zat i on of st r at egy- pr oof games, a

pr obl em t hat appear s i n t he l i t er at ur e on economi es wi t h publ i c goods .

2 .

	

Soci al choi ce

Soci al choi ce t heor y i s concer ned wi t h pr ovi di ng a r at i onal e f or col l ect i ve deci -

si ons when i ndi vi dual s have di ver se opi ni ons . Vot i ng i s an obvi ous way i n whi ch

soci et i es aggr egat e i ndi vi dual pr ef er ences i nt o col l ect i ve pr ef er ences . I t has been

known f or a l ong t i me t hat maj or i t y vot i ng may be i n cont r adi ct i on wi t h cer t ai n

basi c cr i t er i a of r at i onal i t y of pr ef er ences, such as t he t r ansi t i vi t y of t he soci al

choi ce ; t hi s phenomenon i s usual l y cal l ed t he " Condor cet " ef f ect ; Condor cet

f i r st f or mal i zed i t i n 1785 i n a book on t he t heor y of el ect i ons . The gener al t heor y

of el ect i ons became a f er t i l e f i el d of r esear ch f ol l owi ng t he wor k of Bl ack i n

1948 and Ar r ow i n 1951 . Ar r ow st at ed f or mal l y a set of appar ent l y r easonabl e

cr i t er i a r equi r ed f or t he aggr egat i on of i ndi vi dual pr ef er ences, and pr oved t hat

t hey ar e i nconsi st ent .

One way of f or mal i zi ng t he pr obl em i s as f ol l ows : a vot i ng pr ocedur e t ypi cal l y

t akes i nt o account onl y t he r el at i ve val ue t hat t he i ndi vi dual s assi gn t o di f f er ent

choi ces ( i . e . or di nal pr ef er ences) , r at her t han t he i nt ensi t y wi t h whi ch t hey pr e-

f er one choi ce t o anot her ( e . g . pr ef er ences der i ved f r om ut i l i t i es) . Thi s i s one

sour ce of t he soci al choi ce par adox, because, as we shal l see, spaces of or di nal

pr ef er ence ar e r at her di f f er ent f r om spaces of ut i l i t y f unct i ons . Ut i l i t y f unct i ons

ar e r eal - val ued f unct i ons and as such can be aggr egat ed or summed . Spaces of

ut i l i t y f unct i ons ar e l i near , and, i n par t i cul ar , t opol ogi cal l y t r i vi al or cont r ac-
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t i bl e . ' I nst ead, spaces of or di nal ut i l i t i es ar e not l i near , t hey cannot be def or med

i nt o l i near spaces, and f ur t her mor e t hey ar e not t opol ogi cal l y t r i vi al . Thi s wi l l

be seen t o be t he sour ce of t he soci al choi ce par adox because cont r act i bl e spaces,

and onl y t hem, admi t appr opr i at e aggr egat i on r ul es ( see t heor em 10) .

We now need some def i ni t i ons .

The soci al choi ce pr obl ems st udi ed her e ar e si mi l ar t o pr ocedur es of sel ec-

t i on of a vect or of publ i c goods, and t her ef or e l end t hemsel ves nat ur al l y t o r epr e-

sent at i on i n Eucl i dean space . Let X be a space of al t er nat i ves or choi ces, con-

t ai ned i n t he posi t i ve or t hant of Eucl i dean spaceR" , i . e . Rn+
. Assume Xi s a cube

i n Rn+ . One can al so consi der mor e gener al cases ; however , si nce t he r esul t s ar e

t opol ogi cal , t hey wi l l be aut omat i cal l y val i d f or cont i nuous def or mat i ons of al l

obj ect s under consi der at i on .

We use her e t he not at i on of Chi chi l ni sky ( 1980d) t hr oughout , and t he r eader

i s r ef er r ed t o i t . A pr ef er ence p i s a C' vect or f i el d over t he space of al t er nat i ves,

whi ch i s l ocal l y i nt egr abl e, see Debr eu ( 1972) . Thi s means t hat t o each al t er na-

t i ve x one at t aches a vect or p( x) ER" ( i n a cont i nuousl y di f f er ent i abl e f ashi on)

whi ch i ndi cat es a gr adi ent or t he di r ect i on of t he l ar gest i ncr ease of ut i l i t y, i . e .

t he nor mal t o an i ndi f f er ence sur f ace of an ut i l i t y . Si nce we ar e consi der i ng her e

or di nal pr ef er ences, i t i s t he di r ect i on r at her t han t he l engt h of t he vect or s t hat

mat t er s . Ther ef or e, we nor mal i ze t he vect or s at each poi nt t o be of l engt h 1, i . e .

I I p( x) I I = 1 dx i n X ( see f i g . 6 . 1) . P r epr esent s t he space of pr ef er ences over X.

Fi gur e 6 . 1 .

	

Apr ef er ence over R
z

: p ( x) i s t he gr adi ent vect or at a choi ce x .

'

	

A t opol ogi cal space X i s t opol ogi cal l y t r i vi al or cont r act i bl e when i t admi t s a con-
t i nuous def or mat i on t hr ough i t sel f i nt o one of i t s poi nt s . I t i s t her ef or e t opol ogi cal l y equi -
val ent t o a poi nt . For mal l y, X i s cont r act i bl e i f t her e exi st s a cont i nuous map f : Xx [ 0, 11

- . X such t hat f ( x, 0) = x bx i n X, and f ( x, 1) = x . , al l x i n X, some x o i n X.
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Wi t h k i ndi vi dual s, a soci al choi ce r ul e 0 i s t hus a map t hat associ at es a col l ect i ve

pr ef er ence t o each k- t upl e of i ndi vi dual pr ef er ences, i . e .

0 : Pk , P.

Pk i s cal l ed t he space of pr of i l es of i ndi vi dual pr ef er ences . The cont i nui t y of

0 i s def i ned accor di ng t o t he usual t opol ogy f or vect or f i el ds, i mpl yi ng t hat

pr oxi mi t y of pr ef er ences i n P i s equi val ent t o t he pr oxi mi t y of t hei r i ndi f f er ence

sur f aces . Anonymi t y i s def i ned by t he condi t i on 0 ( p, , . - PO= 0 ( Pn, , - - Pnk) >
wher e n i s any per mut at i on of t he set of i nt eger s { 1, . . . , k} . Respect of unani mi t y

means t hat , whenever al l t he i ndi vi dual s have i dent i cal pr ef er ence ( f or al l possi bl e

choi ces) , t hen t he out come has t he same pr ef er ence as wel l , i . e .

0=( P, . . . , P) =P,

	

' dp i n P.

0 i s Par et o i f t he out come

	

( p, , . . . , Pk) pr ef er s choi ce x t o y whenever al l pr ef er -

ences i n t he pr of i l e ( P, , . . . , Pk) pr ef er x t o y . Not e t hat r espect of unani mi t y i s

a much weaker condi t i on t han Par et o, si nce i t i s onl y bi ndi ng when al l i ndi vi dual s

have i dent i cal pr ef er ences f or al l choi ces . 0 i s di ct at or i al i f 0 ( P, , . . . , Pk) - Pd f or

some d E ( 1, . . . , k} , f or al l pr of i l es ( Pl , . . . , Pk) i n Pk . Not e t hat anonymi t y i s a

st r onger condi t i on t han non- di ct at or shi p .

I n or der t o si mpl i f y t he pr esent at i on, we now consi der a par t i cul ar case :

pr ef er ences ar e l i near , i . e . t hey ar e gr adi ent f i el ds of l i near ut i l i t i es and t her e ar e

t wo vot er s . By an appr opr i at e choi ce of or i gi n, as expl ai ned i n Chi chi l ni sky

B

A

B

Fi gur e 6 . 2 .

	

The space of pr of i l es of l i near pr ef er ences on R' , wi t h t wo vot er s .
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( 1979b) , i n t hi s par t i cul ar case t he space of pr ef er ences P = S' , t he one- di men-

si onal ci r cl e i n R2 . The space of pr of i l es of t wo vot er s i s t hus

cal l ed al so t he t wo- di mensi onal t or us ( see f i g . 6 . 2) .

I n what f ol l ows D wi l l r epr esent t he uni t di sk, D= { ( x, y : x2 +y2 6 1) } , and

aD i t s boundar y . The ci r cl e P x P = S' x S' i s equi val ent t o a squar e i n whi ch

t he poi nt s on opposi t e si des have been i dent i f i ed, as i n t he r i ght - hand si de of

f i g . 6 . 2 . A i s t he set { ( p, p o ) , p ES' } , and B = { ( po, p) , p ES' } . The boundar y of

t he t r i angl e T i s t he uni on of t he di agonal A = { ( PI , P2) : Pi = P2 } wi t h A and B,

i . e . a T = A UA UB . Thi s can al so be r epr esent ed by t hr ee ci r cl es j oi ned at one

common poi nt , as i n f i g . 6 . 3 .

Fi gur e 6. 3

We need a def i ni t i on f r omal gebr ai c t opol ogy . The degr ee of a cont i nuous map

f : S' - * S' , denot ed deg ( f ) , can be descr i bed as t he number of t i mes f ( S' ) " cov-

er s" S' wi t h t he same or i ent at i on . For i nst ance, i f f i s t he i dent i t y map on S' ,

t hen deg ( f ) = 1 ; i f f ( p) = 2p ( p i n r adi ans) , t hen deg ( f ) = 2 ; i f f ( S' ) does not

cover S' t hen deg ( f ) = 0 . I f a f unct i on f changes or i ent at i on ( e . g . f ( x) = - x) ,

t hen deg ( f ) i s negat i ve . See Spani er ( 1966) f or a compl et e def i ni t i on of " degr ee" .
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2. 1 .

	

Soci al choi ce par adoxes and f i xed poi nt s t heor ems

The f ol l owi ng t heor emi s val i d f or al l pr ef er ences i n P ( not necessar i l y l i near ) , any

f i ni t e number of vot er s, and any f i ni t e di mensi onal space of choi ces ; t he pr oof of

t he gener al case i s i n Chi chi l ni sky ( 1980d) :

Theor em 1 .

	

Ther e i s no cont i nuous, anonymous soci al choi ce r ul e

t hat r espect s unani mi t y .

I n t he par t i cul ar case consi der ed her e, a si mpl e geomet r i cal pr oof can be gi ven .

Let A be t he di agonal . Then A i s equi val ent t o t he ci r cl e S' , and we can def i ne

t he degr ee of 0 on A, O/ 0 : A- +S' . I f ¢ r espect s unani mi t y, t hen 0 ( p, p) = p b' p,

and t hus

deg ( O/ 0 ) = 1 .

We can al so def i ne t he degr ee of t he r est r i ct i on of 0 on A and B, si nce bot h t hese

set s ar e equi val ent t o ci r cl es . Anonymi t y of 0 i mpl i es

deg ( 0/ A) = deg ( t h/ B) .

	

( 2)

Si nce t he ci r cl e A can be cont i nuousl y def or med wi t hi n S' x S' i nt o t he uni on

A UB ( see f i g . 6 . 3) i t f ol l ows t hat

deg ( O/ 0) = deg 0/ ( A UB) .

On t he ot her hand, t he degr ee of ¢ on A UB i s t he sumof t he degr ee of 0 on A

and on B:

deg 0/ ( A UB) = deg ( 0/ A) + deg ( 0/ B) .

	

( 4)

Fr om ( 1) - ( 4) we obt ai n a cont r adi ct i on because t hese equat i ons i mpl y t hat

1 i s an even number . Thus, no cont i nuous r ul e r espect i ng unani mi t y can be anony-

mous .

Remar k .

	

The above r esul t can be ext ended t o pr ef er ences t hat admi t sat i at i on ;

see, f or exampl e, Chi chi l ni sky ( 1982a) . I t shoul d be poi nt ed out t hat t he l i near



pr ef er ence whose gr adi ent i s zer o ( whi ch i s not consi der ed her e as a possi bl e

soci al out come) i s not mer el y a pr ef er ence admi t t i ng sat i at i on, but r at her t he

pr ef er ence whi ch i s i ndi f f er ent among al l possi bl e choi ces . Cl ear l y, such a soci al

choi ce out come woul d l eave t he soci al choi ce pr obl em unr esol ved .

We now di scuss br i ef l y t he connect i on bet ween t he par adox and f i xed poi nt

t heor ems . The f ol l owi ng r esul t i s pr oven i n Chi chi l ni sky ( 1979b) .

Theor em 2 .

	

The exi st ence of a cont i nuous anonymous soci al r ul e r espect i ng

unani mi t y ( as i n t heor em 1) i s equi val ent t o t he exi st ence of a cont i nuous f unc-

t i on f r omt he di sk D i nt o i t sel f , wi t hout any f i xed poi nt .

The i dea under l yi ng t hi s r esul t i s si mpl e . One pr oves t hat t he par adox of t heo-

r em 1 i s equi val ent t o t hat of ext endi ng a cont i nuous f unct i on g def i ned on t he

boundar y of t he di sk aD, g : aD - * aD, i nt o anot her f unct i on f f r om al l of t he

di sk D i nt o aD, f : D- * 3D. f i s cal l ed an ext ensi on of g because i t coi nci des wi t h

g i n t hei r common domai n, i . e . t he f ol l owi ng di agr am commut es :

i ncl usi on

D

g1A( P, P) =P,

	

VP- =S' ,

g1A = Po

	

and

	

g1B - - _ po,
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The equi val ence bet ween t he par adox and t he ext ensi on pr obl em of ( 5) can

be expl ai ned as f ol l ows . I f T i s t he t r i angl e i n S 1 x S t i ndi cat ed i n f i g . 6 . 3, i t s i n-

t er i or t i s equi val ent t o t he i nt er i or of di sk 6, and t he f r ont i er aD cor r esponds

t o A U A U B . Not e t hat on t he set T, t he condi t i ons on t he r ul e 0 ar e onl y r e-

st r i ct i ons of t he behavi our of 0 on A, on A and on B : anonymi t y r equi r es t hat

¢/ A = ¢/ B, and unani mi t y i s 0/ A = i d A.

One sees i mmedi at el y t hat a cont i nuous anonymous map r espect i ng unani mi t y

al ways exi st s on a T ; f or exampl e :

wher e A f l A ( 1 B = ( p o , p o ) . Ther ef or e t he par adox coul d be sol ved i f such a

f unct i on g : a T - * S1 can be ext ended t o anot her f : T - > S1
. Si nce a T - aD and

S 1
- aD, t he pr obl em i s equi val ent t o t he ext ensi on of g : aD - > aD i nt o f : D - +

aD, as i n di agr am of ( 5) . But such an ext ensi on exi st s i f and onl y i f deg ( g/ aD)
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= 0 . Si nce t hi s l at t er st at ement i s equi val ent t o Br ouwer ' s f i xed poi nt t heor em,
see Chi chi l ni sky ( 1979b) , t hi s expl ai ns t he connect i on bet ween a f i xed poi nt
t heor em and t he par adox .

2. 2 .

	

Topol ogi cal equi val ence of t he Par et o condi t i on and t he exi st ence
of a di ct at or

Theor ems 1 and 2 show t hat t he par adox appear s because t he seemi ngl y nat ur al
pr oper t i es of anonymi t y and r espect of unani mi t y ar e i n cont r adi ct i on wi t h each
ot her . These pr oper t i es ar e obvi ousl y r el at ed, but ar e di f f er ent , f r om t wo axi oms

t hat ar e t he basi s of Ar r ow' s t heor em: non- di ct at or shi p and t he Par et o condi t i on .
However , t he t wo set s of condi t i ons ( Ar r ow' s and our s) ar e not compar abl e, be-

cause Par et o i s st r onger t han r espect of unani mi t y, whi l e on t he ot her hand
anonymi t y i s st r onger t han non- di ct at or shi p . I n addi t i on, Ar r ow i mposes anot her ,
somewhat cont r over si al , axi om: t he i ndependence f r om i r r el evant al t er nat i ves,
whi l e her e cont i nui t y i s r equi r ed . A nat ur al quest i on i s whet her , despi t e t he di f -
f er ences, Ar r ow' s par adox has al so a t opol ogi cal basi s .

We now show t hat t he Par et o condi t i on i s i n f act t opol ogi cal l y equi val ent t o
t he exi st ence of a di ct at or , and t hus est abl i sh t he t opol ogi cal basi s of Ar r ow' s
t heor em. Thi s al so est abl i shes t hat t he cont r over si al " i ndependence" axi om i s
not needed i nt r i nsi cal l y f or hi s par adox, and can be under st ood as a devi ce t o r e-
duce t he pr obl emt o t he st udy of a f i ni t e number of choi ces ( i ndeed, t hr ee choi ces

as i n t he Condor cet par adox) .

A comment about t he domai n of pr ef er ences may be usef ul her e . Whi l e Ar -
r ow' s par adox appear s t o be val i d i n pr i nci pl e wi t h monot one pr ef er ences ( whi l e
our t heor em r equi r es t hat gr adi ent s may var y i n al l di r ect i ons) i n f act t hi s i s not
so . Thi s i s because t he axi om of i ndependence i n Ar r ow' s wor k r educes ef f ec-
t i vel y t he pr obl em t o pr ef er ences over t hr ee choi ces onl y . Over t hese t hr ee choi ces,
say a, b, and c, i n or der t o obt ai n hi s par adox, Ar r ow must al l ow f or " Condor -
cet t r i pl es" , i . e . t hr ee pr ef er ences r anki ng t hese choi ces as ( a, b, c) , ( c, a, b) , and
( b, c, a) , r espect i vel y . Obvi ousl y, no r easonabl e def i ni t i on of monot oni ci t y can
be gi ven t hat makes such Condor cet t r i pl es i nt o a set of monot one pr ef er ences .
Ther ef or e, Ar r ow' s t heor em r equi r es l ack of monot oni ci t y as wel l .

I n what f ol l ows t he r esul t s ar e a speci al case of t he r esul t s i n Chi chi l ni sky
( 1982b) t hat pr ove t he t opol ogi cal equi val ence of t he Par et o condi t i on and t he
exi st ence of a di ct at or , f or any ( f i ni t e) di mensi on of t he choi ce space and any
number of vot er s, usi ng al gebr ai c t opol ogy t ool s .

The f ol l owi ng i s a pr oof f or a speci al case, whi ch admi t s a geomet r i c i nt er pr e-

t at i on . A r ul e 0 i s sai d t o be t opol ogi cal l y equi val ent t o anot her q5 when t her e
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exi st s a cont i nuous def or mat i on of 0 i nt o ~, i . e . a cont i nuous f unct i on

I I : ( PxP) x[ 0, 1] - . P,

such t hat

11 ( PI

	

P2 , 0) =0 ( PI

	

P2 ) ,

	

VPi , P2

11 ( PI P2, 1) =~( Pl , P2) ,

	

VPJ, P2

We now exami ne geomet r i cal l y t he Par et o condi t i on . I f p l and P2 ar e t wo pr ef -

er ences i n P, t he set of choi ces t hat bot h p i and P2 pr ef er t o x i s t he " dual cone"

E= { q : ( q- Pl ) %0 and

	

( q - P2) > 0 } .

The Par et o condi t i on r equi r es t hat O( pi , p2 ) pr ef er s al so al l such choi ces t o x, i . e .

O( P1, P2) E{ q : ( q, r ) >O, dr EE} .

i n PxP,

i n PxP.

Thi s can onl y happen i f 0 ( Pi , P2 ) i s i n t he " dual " of t he " dual cone" E, i . e . t he

cone gener at ed by ( pi , p2) denot ed C( p l , P2) ( see f i g . 6 . 4) .

We can al so show t hat i f 0 i s Par et o, t hen deg ( ¢1A) and deg ( 01B) must be

posi t i ve and at most 1 . Thi s i s because asp var i es over S' , t he out come O( po, p)

must be i n t he cone C( p o , p) . I n par t i cul ar , 0( po, p) cannot cover al l of S'

unl ess p has cover ed i t . The pr oof of t he next t heor emwi l l al so show t hat a Par et o

r ul e 0 cannot have degr ee one si mul t aneousl y on A and on B. Thi s i s because a

Fi gur e 6 . 4 .

	

The set shaded i n ci r cul ar l i nes i s t he dual cone E cor r espondi ng t o ( P, , P, ) .
The doubl e shaded set i s t he cone gener at ed by ( p, , p, ) , C( p, , p, ) .
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Par et o r ul e i s shown i n t he next t heor em t o be t opol ogi cal l y equi val ent t o a di c-

t at or i al r ul e, and t he degr ee of a map onl y depends on i t s t opol ogi cal equi val ence

cl ass . Thus, si nce t he degr ee of a di ct at or i al ( i . e . a pr oj ect i on) map 11 : S' x S' - r

S' i s 1 on one of t he set s A or B, and 0 on t he ot her , t he same must be t r ue of a

Par et o r ul e .

Theor em3 .

	

I f 0 : P x P - + P i s Par et o, 0 i s t opol ogi cal l y equi val ent t o a di ct at o-

r i al r ul e .

Pr oof .

	

Let p, and - p, be t wo di amet r i cal l y opposed vect or s i n S' . The Par et o

condi t i on and t he cont i nui t y of 0 t oget her i mpl y t hat ei t her q5 ( p l , - pi ) = pl ,
or el se 0 ( p I , - p, ) = - p, . Wi t hout l oss of gener al i t y, assume 0 = ( p, , - p, ) =

p l . By cont i nui t y, we t hen have 0 ( P2, - P2) = P2 f or al l P2 i n S' . Mor eover ,

O( p l , q) must be di f f er ent f r om - p, f or al l q i n S' wi t h q # - p, , si nce 0( p, ,

q) must bel ong t o t he cone C( p, , q) . Thus, f or al l p, E S' , O( p, , q) * - p, , dq
i n S' . Let i T : Px P x [ 0, 11 - +P be def i ned by

and

7r ( PI , P2, t ) =

Tr ( P1, P2, 0) =95 ( Pi , P2)

7 ( Pi , P. , 1) =Pi ,

t ( P, ) +( 1- t ) O( P1, P2)

11t ( p, ) +( 1 - t ) 0( P, , P2) I I

I n vi ew of t he above r emar ks, t he denomi nat or of t hi s expr essi on never vani shes,

and t her ef or e 7r i s a cont i nuous map . I n addi t i on :

so t hat 7r def i nes a cont i nuous def or mat i on of 0 i nt o a di ct at or i al r ul e wi t h t he

f i r st vot er as a di ct at or i n t hi s case . Thi s pr oves t heor em 3 .

The r esul t j ust pr oven i s a speci al case of a gener al t heor empr oven i n Chi chi l -

ni sky ( 1982b) , wher e i t i s shown t hat any Par et o r ul e, f or any number k > 2 of

vot er s and any di mensi on n > 2 of t he space of choi ces, cor r esponds t o a pr oj ec-

t i on, i . e . a di ct at or i al r ul e . For n > 2 an ext r a condi t i on of non- negat i ve associ a-

t i on i s r equi r ed .

Fi gur e 6 . 5 gi ves an exampl e of a soci al choi ce r ul e def i ned f or t wo agent s,

wi t h l i near pr ef er ences and t wo- di mensi onal choi ces, ¢ : S' x S' - + S' . The cur ve

dr awn i n t he l ef t - hand f i gur e i s t he set { ¢- ' ( p) } , t he i nver se i mage under ¢ of

an out come p i n S 1 . Under t he assumpt i on of smoot hness and r egul ar i t y, JO- 1



( j 5) } i s a one- di mensi onal mani f ol d, by t he gl obal ver si on of t he i mpl i ci t f unct i on

t heor em. Not e t hat each poi nt p i n S' i s at t ai ned exact l y t wi ce ( wi t h t he same

or i ent at i on) as a val ue of t he map 0 r est r i ct ed t o ei t her set A or B . Ther ef or e de-

gr ee O/ A = 2, and t hus 0 cannot be Par et o i n vi ew of t he above ; of cour se, 0 can-

not be def or med i nt o a di ct at or i al r ul e ei t her .

2 . 3.

	

Deci si ve maj or i t y r ul es

A soci al choi ce r ul e i s sai d t o sat i sf y a deci si ve maj or i t y condi t i on i f i n cer t ai n

par t i cul ar cases t he out come chosen coi nci des wi t h t hat of t he maj or i t y, namel y

i n t hose cases when t he vot er s can be di vi ded i nt o t wo gr oups, wi t hi n each gr aph

vot er s have i dent i cal pr ef er ences, and acr oss gr oups t hey have opposi t e pr ef er -

ences . For mal l y, 0 i s a deci si ve maj or i t y r ul e i f f or al l pr of i l e ( p l , p2, . . . , Pk) such

t hat pi = p or pi = - p, V i = 1, . . . , k, t hen

0= ( pi I P2, . . . , pzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� ) =p

i f t he number of vot er s wi t h pr ef er ence p exceed t hose wi t h pr ef er ence - p .

A maj or i t y r ul e cl ear l y sat i sf i es a deci si ve maj or i t y condi t i on, but t he conver se

i s obvi ousl y not t r ue . Thi s i s because t he deci si ve maj or i t y condi t i on i s onl y bi nd-

i ng i n t he par t i cul ar case i n whi ch t he vot er s can be di vi ded i nt o t wo t ot al l y i n-

t er nal l y homogeneous gr oups f or al l possi bl e choi ces, and t he t wo gr oups ar e com-

pl et el y opposed t o each ot her , al so f or al l possi bl e choi ces . Ther ef or e, a deci si ve

maj or i t y condi t i on i s much weaker t han a maj or i t y condi t i on .
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I n our next r esul t we expl or e t he st r uct ur al st abi l i t y of deci si ve maj or i t y r ul es .

The over al l cont i nui t y of a r ul e q5 can be i nt er pr et ed as st r uct ur al st abi l i t y, be-

cause i t r equi r es t hat a smal l var i at i on ( or obser vat i onal er r or ) of t he dat a of t he

pr obl em ( i ndi vi dual pr ef er ences) does not pr oduce dr ast i c changes i n t he out come .

Si nce pr ef er ences ar e f unct i ons f r om t he choi ce space wi t h val ues of R" ( vect or

f i el ds) , cont i nui t y of 0 cor r esponds t o t he not i on of st r uct ur al st abi l i t y of maps

on f unct i on spaces used f r equent l y i n mat hemat i cal physi cs and bi ol ogy ; wi t h an

appr opr i at e t opol ogy, i t cor r esponds al so t o t he not i on of Li apunov st abi l i t y used

f r equent l y i n economi cs . The f ol l owi ng t heor em i s pr oved i n Chi chi l ni sky ( 1981) :

Theor em4 .

	

Any r ul e sat i sf yi ng t he deci si ve maj or i t y condi t i on i s st r uct ur al l y

unst abl e .

The f ol l owi ng i s an i mmedi at e cor ol l ar y :

Cor ol l ar y 5 .

	

Maj or i t y r ul es ar e st r uct ur al l y unst abl e .

2. 4. I nt ensi t y of pr ef er ence and Von Neumann- Mor genst er n ut i l i t i es

The pr ef er ences consi der ed unt i l now have been or di nal , and t he i nt ensi t y of

pr ef er ences was not r ecor ded . Such pr ef er ences r ank choi ces i n a gi ven or der , but

do not measur e t he di f f er ence i n t he i nt ensi t y of pr ef er ences bet ween, f or ex-

ampl e, choi ces a and b, and bet ween c and anot her choi ce d. a may be pr ef er r ed

t o b and c t o d, but one may want t o consi der whet her a i s pr ef er r ed t o b mor e

t han c i s pr ef er r ed t o d.

Thi s i s pr eci sel y f or mal i zed i n t he not i on of car di nal pr ef er ences . Car di nal

pr ef er ences ar e gi ven by ut i l i t y r epr esent at i ons whi ch ar e i nvar i ant under , and

onl y under , l i near posi t i ve t r ansf or mat i ons . By compar i son, t he i nvar i ance r e-

qui r ed of or di nal pr ef er ences i s f ar gr eat er , i nvol vi ng al l monot oni c t r ansf or ma-

t i on ( not j ust l i near ones) . I n t he case of choi ce under uncer t ai nt y i t i s shown i n

Chi chi l ni sky ( 1980b) t hat wi t h t hi s def i ni t i on, car di nal pr ef er ences coi nci de wi t h

Von Neumann- Mor genst em ut i l i t i es . The r esul t obt ai ned f or t he aggr egat i on of

car di nal pr ef er ences ar e t hus appl i ed di r ect l y t o t he aggr egat i on of Von Neumann

- Mor genst er n ut i l i t i es .

I n cont r ast t o al l t he pr evi ous r esul t s, we now consi der di scr et e set s of choi ces,

ei t her f i ni t e or numer abl e . I n t he f i ni t e case t he choi ce space i s t her ef or e X =

i x I , . . . , x" } , and we have shown i n Chi chi l ni sky ( 1980b) t hat t he set of ( non-

zer o) car di nal pr ef er ences can be r epr esent ed by



Each pi descr i bes t he ut i l i t y val ue of choi ce x i . I n addi t i on, we al so consi der t he

nul l pr ef er ence, whi ch i s i ndi f f er ent among al l choi ces, r epr esent ed by t he vect or

{ 0} = ( 0, . . . , 0) .
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R = { ( p, , . . . , p, ) ( =- R" + : 0 <pt
S 1 Vi ; pi

= 0 and
pk

= I f or some j , k} .

The space of al l car di nal pr ef er ences i s t her ef or e

Q= R u { 0} .

Thi s space has t wo connect ed component s R and { 0} . A si mi l ar def i ni t i on can

be gi ven f or t he case wher e t her e ar e i nf i ni t e ( count abl y many) choi ces . I n t hi s

case t he space of car di nal pr ef er ences i s a subspace of Banach space of i nf i ni t e se-

quences ( Chi chi l ni sky, 1980b) .

I n what f ol l ows we consi der r ul es f or aggr egat i on of car di nal pr ef er ences : wi t h

k vot er s, t hey ar e f unct i ons of t he f or m

q5 : Q
k

- > Q.

The soci al pr ef er ence whi ch i s i ndi f f er ent among al l choi ces, i . e . { 0} , i s a per -

mi ssi bl e out come .

Theor em6 .

	

I f t he space X of choi ces i s f i ni t e, t hen t her e exi st s no cont i nuous

aggr egat i on r ul e f or car di nal pr ef er ences 0: Qk - > Qt hat r espect s unani mi t y and

anonymi t y . Thi s r esul t i s al so val i d f or t he aggr egat i on of Von Neumann- Mor -

genst er n ut i l i t y f unct i ons .

Thi s r esul t i s pr oved i n Chi chi l ni sky ( 1980b) t hr ough t he st udy of t he t opo-

l ogi cal st r uct ur e of spaces of car di nal pr ef er ences and spaces of Von Neumann-

Mor genst er n ut i l i t i es . I n par t i cul ar , t he f ol l owi ng l emma i s obt ai ned .

Lemma 7 .

	

Wi t h a f i ni t e set of al t er nat i ves, t he space of Von Neumann- Mor gen-

st er n ut i l i t i es i s not cont r act i bl e .

I t t ur ns out t hat t he t opol ogy of t he spaces of car di nal pr ef er ences changes

dr ast i cal l y wi t h i nf i ni t el y many al t er nat i ves . I n t hi s case t he spaces of car di -

nal pr ef er ences become t opol ogi cal l y t r i vi al or cont r act i bl e, and we have t he f ol -

l owi ng :
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Theor em8 .

	

Wi t h an i nf i ni t e ( count abl e) number of al t er nat i ves, t her e exi st s a
cont i nuous anonymous aggr egat i on r ul e f or car di nal pr ef er ences 0 : Qk - + Q r e-
spect i ng unani mi t y, and i t i s a def or mat i on of a Ber gson- Samuel son wel f ar e f unc-
t i on . However , t hi s f unct i on i s t he l i mi t of di ct at or i al r ul es on f i ni t e subset s of
choi ces . The same r esul t appl i es t o t he aggr egat i on of Von Neumann- Mor gen-

st er n ut i l i t i es wi t h count abl y many al t er nat i ves . ( See Chi chi l ni sky, 1980b . )

The above r esul t s show t he di f f er ence bet ween spaces of car di nal and or di nal
pr ef er ences . For or di nal pr ef er ences, we obt ai ned non- exi st ence r esul t s when t he
choi ce space X i s i nf i ni t e, such as t he cube i n Eucl i dean space of t he pr evi ous
sect i ons . Wi t h car di nal pr ef er ences, and Von Neumann- Mor genst er n ut i l i t i es,
we obt ai n i nst ead non- exi st ence r esul t s wi t h f i ni t el y many choi ces, and exi st ence
r esul t s wi t h i nf i ni t el y many choi ces . One r eason f or t hi s di f f er ence i s t hat spaces
of or di nal pr ef er ences ar e f i ni t e di mensi onal even when t he choi ces ar e i nf i ni t el y
many ; by cont r ast , car di nal pr ef er ences and Von Neumann- Mor genst er n ut i l i t i es
def i ne i nf i ni t e di mensi onal spaces whenever t he set of choi ces i s i nf i ni t e . The f ol -
l owi ng subsect i on wi l l expl or e anot her char act er i st i c of i nf i ni t y, namel y t he case
of l ar ge economi es or economi es wi t h i nf i ni t e popul at i ons . Recal l t hat al l t he r e-
sul t s unt i l now have r ef er r ed t o f i ni t el y many vot er s onl y . The f ol l owi ng r esul t s
st udy f i ni t e di mensi onal choi ce spaces but i nf i ni t el y l ar ge popul at i ons .

2. 5.

	

Soci al choi ce i n l ar ge economi es

As seen above, i nf i ni t e di mensi onal i t y pr oduces si gni f i cant di f f er ences i n t he r e-
sul t s . The r eason i s t hat t he t opol ogy of i nf i ni t e di mensi onal spaces i s r at her di f -
f er ent f r om t hat of Eucl i dean spaces . A par t i cul ar char act er i st i c t hat af f ect s our
r esul t s i s t hat whi l e i n Eucl i dean spaces t he ci r cl e S' and i n gener al any ( hol l ow)
spher e i s not cont r act i bl e or t opol ogi cal l y t r i vi al , i n i nf i ni t e di mensi onal Banach
spaces show hol l ow spher es ar e cont r act i bl e ( see, f or exampl e, Kui per , 1971) .

Theor em 8 .

	

Let P° ° = X° = 1 Pbe t he space of pr of i l es of a count abl e number of
agent s and P t he space of or di nal pr ef er ences def i ned on n- di mensi onal Eucl i dean
choi ce space . Then t he r ul e 0 ( pi , . . . ,

Pk,
. . . ) =

" Mk- - pk i s cont i nuous, Par et o,
and non- di ct at or i al ( see Chi chi l ni sky and Heal , 1979b) .

A not e on t he concept of l i mi t : i f t he sequence of vect or s { p ; ( x) } has a st an-
dar d l i mi t i n Eucl i dean space f or al l choi ces x, t hen t he out come of t he r ul e coi n-
ci des wi t h t hi s l i mi t . Ot her wi se, t he l i mi t i s def i ned by means of a f r ee ul t r af i l -
t er of t he i nt eger s { l , 2, . . . , k, . . . } . ( See def i ni t i on i n Chi chi l ni sky and Heal ,
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1979b . ) I t can be seen t hat t he r ul e 0 i s wel l def i ned, and cont i nuous wi t h r e-

spect t o t he st andar d pr oduct t opol ogy of P° ° . I t i s wor t h not i ng t hat t he l i t er a-

t ur e i n t hi s ar ea succeeded pr evi ousl y i n pr ovi ng t he exi st ence of Par et o, non- di c-

t at or i al r ul es ( see, f or exampl e, Br own, 1974) , but not t he exi st ence of such con-

t i nuous r ul es . An exampl e i s pr ovi ded i n f i g . 6 . 6 . I n t hi s f i gur e, p ( x) = l i me pi ( x)

i s by def i ni t i on t he i mage o of t he sequence of vect or s { p l ( x) , pz ( x) , . . . , p, ( x) , . . . } ,

Fi gur e 6. 6

as i n t heor em 8 above . I n cont r ast , i n Br own ( 1974) t he " wi nni ng coal i t i ons"

t hat deci de t he out come ar e t he subset s of a f r ee ul t r af i l t er F of t he i nt eger s N.

I f F i s t he f r ee ul t r af i l t er over Nconsi st i ng of t he compl ement s of f i ni t e subset s

of N, t hen t he col l ect i ve pr ef er ence accor di ng t o Br own ( 1974) pr ef er s y st r i ct l y

t o x whi l e l i ma pi ( x) ( our def i ni t i on) i s i ndi f f er ent bet ween y and x . Not e t hat

t he r ul es of Br own ( 1974) ar e i n ef f ect di scont i nuous, because t hey pr ef er x

st r i ct l y t o any poi nt z i n t he ci r cl e t o t he r i ght of y, whi l e t hey pr ef er st r i ct l y any

poi nt z' t o t he l ef t of y i n t he ci r cl e, and y, t o x .

2 . 6 . Necessar y and suf f i ci ent condi t i ons f or a r esol ut i on of t he soci al choi ce

par adox

The r esul t s di scussed above show t hat wi t hout r est r i ct i ons on pr ef er ences i t i s

i mpossi bl e t o el i mi nat e t he aggr egat i on par adox . A t r adi t i onal appr oach has been

t o st udy condi t i ons t o el i mi nat e t he par adox, t hese bei ng gi ven as r est r i ct i ons on

t he domai n of i ndi vi dual pr ef er ences . The f i r st such condi t i ons wer e gi ven by

Bl ack ( 1948) who i nt r oduced t he not i on of " si ngl e peakedness" , meani ng t hat

one can or der t he ( f i ni t e) set of choi ces i n a l i ne i n such a way t hat each agent
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has a uni que al t er nat i ve who he or she pr ef er s best ( cal l ed peak) , and t hat t o t he

r i ght and t o t he l ef t of t hi s al t er nat i ve choi ces become pr ogr essi vel y l ess desi r abl e

as t hey ar e f ur t her away f r om t he peak . Thi s r emai ns t he onl y suf f i ci ent condi -

t i on whi ch i s gener al l y accept ed and ut i l i zed t o sol ve t he par adox ( see al so Sen,

1970) .

I n anot her paper Chi chi l ni sky and Heal ( 1979a) f ound t hat t her e exi st s a do-

mai n r est r i ct i on whi ch i s bot h necessar y and suf f i ci ent t o el i mi nat e t he par adox

of t heor em 1, and t hi s i s t hat t he space of pr ef er ences be cont r act i bl e or t opo-

l ogi cal l y t r i vi al . Thi s condi t i on i s equi val ent t o " t opol ogi cal " unani mi t y of pr ef -

er ences si nce, as we saw, a pr ef er ence space i s cont r act i bl e i f i t can be cont i nu-

ousl y def or med t hr ough i t sel f i nt o one of i t s poi nt s . The r el at i onshi ps bet ween

t hi s condi t i on and Bl ack' s si ngl e peakedness ar e st udi ed i n Chi chi l ni sky ( 1980c) .

I n anot her chapt er i n t hi s vol ume ( Chapt er 7, t o whi ch t he r eader i s r ef er r ed)

cont r act i bi l i t y i s di scussed i n some det ai l .

I t shoul d be not ed t hat t he f ol l owi ng r esul t on t he exi st ence of an aggr ega-

t i on r ul e 0 : Rk - +R, i s f or any domai n R, and R need not be a spher e of pr ef -

er ences of t he sor t di scussed her e . For i nst ance, R coul d be a set of agendas, or of

agendas and pr ef er ences over t hese agendas, wi t hout any r equi r ement of t he con-

si st ency of an i ndi vi dual ' s pr ef er ence over di f f er ent agendas . Al t er nat i vel y, R

coul d be any space of par amet er s descr i bi ng i ndi vi dual char act er i st i cs ; i f t hese

ar e pr ef er ences, one can al so i ncl ude t he t ot al i ndi f f er ence ( as i n t heor ems 6 and

7) as wel l as i ncompl et e pr ef er ences on a Eucl i dean choi ce space .

Theor em 10 .

	

Let R be a mani f ol d r epr esent i ng i ndi vi dual char act er i st i cs . Then

a cont i nuous r ul e 0 : Rk - +R t hat r espect s anonymi t y and unani mi t y exi st s i f

and onl y i f R i s cont r act i bl e .

For a pr oof see Chi chi l ni sky and Heal ( 1979a) . I t i s of i nt er est t o not e t hat

i f such a r ul e exi st s, t hen i t i s t opol ogi cal l y equi val ent t o a Ber gsoni an wel f ar e

f unct i on :

Theor em 11 .

	

I f t he di mensi on of R exceeds 5, and t he boundar y aR i s si mpl y

connect ed, ' t hen any cont i nuous r ul e 0 : Rk - * R whi ch i s anonymous and r e-

spect s unani mi t y i s t opol ogi cal l y equi val ent t o t he r ul e

1 k

~( PI , . . . , Pk) -
k ; ~

Pk .

Thi s r esul t f ol l ows f r omt heor em 10 . Thi s i s because i f such a ¢ exi st s, t hen R

Z

	

Le . t he f i r st homot opy gr oup a, ( aR) i s zer o ; see Spani er ( 1966) f or a descr i pt i on of
homot opy gr oups .
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must be cont r act i bl e, and when R i s cont r act i bl e any map ¢ : Rk - - ) . R wi l l be a

def or mat i on of a convex addi t i on r ul e, because by t he pr oof of t he Poi ncar e

conj ect ur e ( under t he condi t i ons) R i s def or mabl e i nt o a convex set .

Fi nal l y we ment i on t he f ol l owi ng :

Theor em 12 .

	

A cont i nuous def or mat i on of t he ( r est r i ct ed) space of pr ef er ences

R sat i sf i es t he " si ngl e peakedness" condi t i on i f and onl y i f R i s cont r act i bl e, i . e .

i f and onl y i f a cont i nuous anonymous r ul e 0 : Rk - * R r espect i ng unani mi t y

exi st s .

For a pr oof , see Chi chi l ni sky ( 1980c) .

3 . Game t heor y

The basi c mat hemat i cal st r uct ur e of game t heor y i s r at her si mi l ar t o t hat of so-

ci al choi ce t heor y . A game consi st s of t wo obj ect s : a map t hat associ at es an out -

come t o each k- t upl e of i ndi vi dual st r at egi es, denot ed

g : Sk - - A,

wher e S i s t he space of messages or st r at egi es and A t he space of out comes ; and

of a k- t upl e of i ndi vi dual pr ef er ences over out comes . The basi c pr oper t i es of

such a game f or mg ar e t he subj ect of game t heor y, much t he same way t hat t he

st udy of t he aggr egat i on maps ¢ : Pk - * P ar e t hose of soci al t heor y . I n bot h cases

one i s concer ned wi t h maps f r om a pr oduct space t o anot her space .

An i ni t i al di f f er ence bet ween t hese t wo f i el ds ar i ses f r om t he f act t hat t he

pl ayer s of t he game ar e awar e of t he game f or mg, and t her ef or e choose t hei r

messages i n S st r at egi cal l y . I n soci al choi ce t heor y, i nst ead, t he pr oper t i es of t he

map 0 ar e t he concer n of t he pl anner onl y ( i ndi vi dual s ar e assumed si mpl y t o an-

nounce t hei r pr ef er ences) and t he r el evant pr oper t i es of a soci al choi ce r ul e ¢

ar e t hose of j ust i ce . I n game t heor y, i nst ead, t he pr oper t i es of a game f or mg ar e

of di r ect i nt er est t o t he pl ayer s, and t hey choose t hei r st r at egi es i n or der t o maxi -

mi ze t he val ue of t he out come, accor di ng t o t hei r own pr ef er ences .

A di r ect l i nk bet ween t he t wo pr obl ems ar i ses wi t h t he i ssue of mani pul abi l i t y

of soci al choi ce r ul es . I n t hi s case t he agent s ar e assumed t o know t he aggr ega-

t i on r ul e 0, and t o choose st r at egi cal l y t he pr ef er ence t hey announce t o t he pl an-

ner i n or der t o i nf l uence t he out come i n t hei r f avour . For i nst ance, wi t h an ade-

'

	

The f unct i on g i s cal l ed a game f or m.
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quat e def i ni t i on of di st ance bet ween pr ef er ences, t he goal of t he mani pul at i on

of messages woul d be t o obt ai n a col l ect i ve pr ef er ence as cl ose as possi bl e t o

one' s own . Thi s sect i on st udi es such pr obl ems . A l ar ge body of l i t er at ur e exi st s

i n t hi s ar ea and i s not r evi ewed her e . For r ef er ences see, f or exampl e, Chi chi l ni sky

( 1982c) and Chi chi l ni sky and Heal ( 1982) , and t he or i gi nal wor k of Vi ckr ey

( 1960) , Gi bbar d ( 1973) and Sat t er t hwai t e ( 1975) .

An obvi ous t echni cal di f f er ence bet ween soci al choi ce and game t heor i es i s

t hat t he space of out comes A can be r at her di f f er ent f r omt he space of messages .

Si nce an aggr egat i on r ul e i s a map 0 : Pk - +P, whi l e a game f or m i s g : Sk - * A,

wher e i n gener al A =/ - - S, t he t wo pr obl ems have a somewhat di f f er ent st r uct ur e .

Thi s di f f er ence does not appear t o be a f undament al one, because t he pr oper t i es

of a map def i ned on t he k- pr oduct of a space wi t h i t sel f wi t h val ues i n t he same

space, ar e r el at ed t o t he pr oper t y of t he pr oduct space i nt o ot her spaces t hat ar e

si gni f i cant l y si mpl er , such as out come spaces gener al l y ar e .

A second di f f er ence appear s because of t he equi l i br i um concept s of game

t heor y . Thi s di spl aces t he t opol ogy st r uct ur e of t he pr obl em, t owar ds t he geo-

met r y or di f f er ent i al t opol ogy, si nce not i ons of equi l i br i um ar e gener al l y based

on maxi mi zat i on .

Mani pul at i on of games

As wi l l be seen i n what f ol l ows, t he mani pul at i on of a soci al choi ce r ul e, or mor e

gener al l y of a game, i s i n many cases a t opol ogi cal pr obl em, whi l e t he exi st ence

and pr oper t i es of an equi l i br i um ar e bet t er st udi ed i nst ead by geomet r i c or di f -

f er ent i abl e means . Under cer t ai n condi t i ons, however , t he t opol ogi cal anal ysi s

wi l l ser ve al so t o est abl i sh t he exi st ence and pr oper t i es of t he equi l i br i um of a

game . I n par t i cul ar , t he f ol l owi ng t heor em wi l l show t hat cer t ai n games have a

Nash equi l i br i um onl y i f t hey ar e " unf ai r " i n t he sense t hat t hey can be mani pu-

l at ed by one pl ayer mor e t han by ot her s and t hi s i s a t opol ogi cal pr oper t y . Thus

" mor e cooper at i ve" sol ut i ons t han Nash equi l i br i um ar e needed i n or der t o se-

cur e t he equi t y of games .

Wi t hi n t he games st udi ed bel ow, t he pl ayer s' st r at egi es consi st of announci ng

a pr ef er ence, and t he out comes ar e aggr egat e pr ef er ences . The pl ayer wi shes,

i deal l y, t o at t ai n an out come as cl ose as possi bl e t o hi s or her t r ue pr ef er ence, so

t hat pr ef er ence over out comes ar e gi ven by di st ance f unct i ons .

I f one consi der s mor e gener al out come spaces, t he r esul t s can be ext ended by

not i ng, f or i nst ance, t hat a soci al choi ce i n R" may be obt ai ned f r omt he maxi mi -

zat i on of soci al pr ef er ences on R' . Ther ef or e, one can const r uct games h wher e

out comes ar e ar bi t r ar y vect or s i n R" der i vi ng t hemf r omt he games g const r uct ed

her e by t he r ul e



or

h=Mog,

h=Pk FPMA,

wher e Mdenot es t he maxi mi zat i on oper at or .

The f ol l owi ng r esul t i s pr oven i n Chi chi l ni sky ( 1979a) ut i l i zi ng homot opy

t heor y :

Theor em 13 .

	

I f g : Pk - > P i s a cont i nuous game r espect i ng unani mi t y, t hen i t i s

ei t her di ct at or i al , or el se t her e exi st s a pl ayer t hat can obt ai n any out come he or

she desi r es by announci ng a f al se pr ef er ence . I n addi t i on, i f g i s Par et o such a

mani pul at i ve pl ayer i s uni que .

For mal l y, we say t hat a pl ayer ( say t he f i r st ) i s a st r ong mani pul at or i f Vpi E P,

and al l P2 EP, 3p 1 = p, ( P2 ) such t hat

0( P1, P2) =Pi -

Theor em 13 est abl i shes t her ef or e t he exi st ence of a st r ong mani pul at or f or con-

t i nuous games whi ch r espect unani mi t y .

Pr oof of t heor em 13 i n a speci al case .

	

Consi der now, as bef or e, t he speci al case

wher e t her e ar e t wo pl ayer s wi t h l i near pr ef er ences, so t hat

g : Sl x Sl - * S1 .

As seen i n t heor em 1, i f g r espect s unani mi t y,

deg ( g/ 0 ) = 1 .
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Si nce deg ( g/ ( A U B) = deg ( g/ 0) = 1, and deg g/ ( A U B) = deg g/ A + deg g/ B,

i t f ol l ows t hat ei t her deg ( g/ A) * 0, or deg ( g/ B) =* 0 . Assume, wi t hout l oss of

gener al i t y, t hat deg ( g/ A) =* 0 . Then t he f i r st pl ayer i s a st r ong mani pul at or , be-

cause t he i mage of A under g, g/ A ( A) , must cover S 1 , ot her wi se deg ( g/ A)

woul d be zer o . Thi s means t hat when t he second pl ayer st at es p o , t her e exi st s

some p l = p 1 ( po) such t hat
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f or any pi i n S' . Si nce i t can be seen t hat deg ( g/ A) * 0 i mpl i es t hat deg ( g/ A' )

* 0 f or any set A' = { ( p, q) : q = qo , p ES' } , t hen t he f i r st par t of t he t heor em i s

pr oven . To pr ove t he second par t , not e t hat when g i s Par et o, as seen above, t hen

and

QO

0<deg( g/ A) < 1

0 < deg ( g/ B) < 1 ;

t her ef or e deg ( g/ A) + deg ( g/ B) = 1 i mpl i es t he exi st ence of a uni que mani pu-

l at or . When g i s not di ct at or i al , t hen t he mani pul at or must l i e .

One can now i nt r oduce t he not i on of equi t y i n such a game . Assume g : ( S' ) '

S' i s equi t abl e, or f ai r when ei t her bot h pl ayer s can mani pul at e t he game, or

when nei t her of t hem can . An exampl e of a game whi ch has one st r ong mani pu-

l at or i s shown i n f i g . 6 . 7 .

9

Fi gur e 6 . 7 . The cur ves i n t he l ef t - hand di agr am i ndi cat e t hr ee di f f er ent hyper sur f aces of

t he game g: S' x S' - . S' . Si nce by unani mi t y deg g%0 = 1, t hen f or any q i n S' , 0- ' ( q) n A
q. Not e t hat f or al l q and any q. , t her e i s a p such t hat g( p, qo) = q.

Fi gur e 6. 8 .

	

The uni on of t he cur ves i n t he l ef t - hand di agr amr epr esent s one hyper sur f ace

of t he game. Thi s game has t wo mani pul at or s : f or any qo t her e i s a p, such t hat g( p, , po )
= q, and a p, such t hat g( qo , p=) =q-
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The game i n f i g . 6 . 7 i s cl ear l y not di ct at or i al . An exampl e of a game wi t h t wo

mani pul at or s i s shown i n f i g . 6 . 8 .

Cl ear l y, a game wi t h t wo st r ong mani pul at or s cannot have a Nash equi l i br i um

when t he t wo pl ayer s have di f f er ent " t r ue" pr ef er ences, si nce each pl ayer can

at t ai n t he most desi r abl e out come by an appr opr i at e choi ce of st r at egy once t he

ot her pl ayer ' s announcement i s known . The f ol l owi ng t heor em est abl i shes t he

r el at i onshi p bet ween exi st ence of Nash equi l i br i a and f ai r ness of games .

Theor em14 .

	

A cont i nuous game g t hat sat i sf i es unani mi t y has a Nash equi l i b-

r i um onl y i f i t i s unf ai r .

Thi s i s est abl i shed by an appl i cat i on of t heor em 13 . The game i s f ai r when

t her e ar e no mani pul at or s, or when bot h pl ayer s can mani pul at e t he game . The

f i r st case i s el i mi nat ed by t heor em13 . I n t he second case t her e i s no Nash equi l i b-

r i um. Unf ai r ness i s t her ef or e necessar y f or t he exi st ence of a Nash equi l i br i um.

We concl ude t hi s sect i on wi t h r ecent r esul t s on t he exi st ence and char act er i za-

t i on of non- mani pul abl e games . Cl ear l y, i f one wi shes t o pr eser ve r espect of una-

ni mi t y, i n or der t o pr event mani pul abi l i t y one must r est r i ct t he domai n of i n-

di vi dual pr ef er ences . Thi s i s t he same pr ocedur e t hat was f ol l owed i n t he f i r st

par t of t hi s paper t o f i nd sol ut i ons t o t he soci al choi ce par adox .

The f ol l owi ng r esul t s wi l l t her ef or e st udy games wi t h ar bi t r ar y st r at egy and

out come spaces ; t hese need not be pr ef er ence spaces .

The spaces consi der ed her e ar e smoot h mani f ol ds X, of di mensi on at l east 5,

and wi t h si mpl y connect ed boundar i es ( i . e . t he f i r st homot opy gr oup I I I ( ax) = 0) .

A st r ai ght f or war d game i s one i n whi ch t he announcement of an agent ' s t r ue

char act er i st i c i s a domi nant st r at egy f or each pl ayer . We consi der her e games

whi ch ar e ont o, i . e . t he i mage of g : Xk - + Xcover s X.

Theor em15 . A cont i nuous st r ai ght f or war d game g : Xk - + X r espect i ng anony-

mi t y exi st s i f and onl y i f X i s cont r act i bl e .

For a pr oof see Chi chi l ni sky ( 1982c) . Thi s l ast t heor em shows t he cl ose l i nk

bet ween t he condi t i ons needed t o sol ve t he soci al choi ce par adox ( t heor em 10)

and t hose needed f or t he exi st ence of st r ai ght f or war d games : t he necessar y and

suf f i ci ent condi t i on i n bot h cases i s cont r act i bi l i t y, or t opol ogi cal t r i vi al i t y . Ag-

gr egat i on pr obl ems and mani pul abl e games exi st i n t hose cases wher e t he r el evant

spaces ( of pr ef er ences, or st r at egi es and out comes, r espect i vel y) ar e t opol ogi cal l y

compl ex .

Consi der now t he case wher e choi ces ar e vect or s i n R" , messages ar e si ngl e

peaked pr ef er ences, of t he f or m shown i n f i g . 6 . 9, gi ven by t he di st ance f unct i on
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Fi gur e 6 . 9 .

	

A si ngl e peaked pr ef er ence on Rz : t he cur ves i ndi cat e t he i ndi f f er ence sur f aces .

k

d( x, Y) = E ai ( x i - Yi )
z

,

	

ai >0,

	

Vi =1, . . . , n,
~=t

wher e Y denot es t he " bl i ss" poi nt . Out comes ar e vect or s i n R
n as wel l . The space

of messages i n denot ed M, and t he space of out comes A .

A f unct i on g :
( Rn) i c

- > Rn i s sai d t o be l ocal l y si mpl e i f i t i s cont i nuous and

separ abl e, i . e .

g( r l , . . . , r n, r i , . . . , r n, . . . , r i , . . . . r n)

=gi

	

r n) , 8z ( r i , . . . , r n) , . . . , gk ( r i , . . . , r n) ,

and f or al most al l ( x 1 , . . . , x k ) E ( R
n )

k
, g i s ei t her const ant , or di ct at or i al ( i . e . a

pr oj ect i on) on some nei ghbour hood of ( x l , " . , x k ) i n ( Rn)
k .

The f ol l owi ng i s a char act er i zat i on of al l st r ai ght f or war d games i n t hi s cont ext .

Theor em 16 . g : Mk - * A i s a st r ai ght f or war d game i f and onl y i f t he f unct i on g

i s l ocal l y si mpl e . For a pr oof see Chi chi l ni sky and Heal ( 1982) .

Remar k .

	

Not e t hat t heor em 15 i mpl i es, i n par t i cul ar , t hat whenever g i s st r ai ght -

f or war d, t hen g i s cont i nuous .
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For such st r ai ght f or war d games cont i nui t y i s t her ef or e a r esul t r at her t han a

condi t i on .

A f i nal r esul t gi ves condi t i ons f or a game t o be Nash i mpl ement abl e, i . e . f or

t he t r ut hf ul r evel at i on of char act er i st i cs, when each pl ayer pl ays a Nash equi l i b-

r i um st r at egy . Si nce st r ai ght f or war d games r equi r e a mor e st r i ngent equi l i br i um

concept , i . e . t hat t r ut hf ul r evel at i on i s a domi nant st r at egy . I t may appear t hat one

coul d obt ai n l ar ger cl asses of Nash i mpl ement abl e t han st r ai ght f or war d games ;

t he f ol l owi ng r esul t shows t hat , at l east f or separ abl e games, t hi s i s not t he case :

Theor em 17 . A separ abl e r egul ar game g : Mk - * A i s Nash i mpl ement abl e onl y

i f g i s l ocal l y si mpl e . For a pr oof see Chi chi l ni sky and Heal ( 1981) .

Remar k .

	

The r egul ar i t y condi t i on r equi r es t hat g be smoot h, and a t r ansver sal i t y

condi t i on whi ch i s gener al l y sat i sf i ed . See Chi chi l ni sky and Heal ( 1981) .
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