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Abstract

This paper proposes two residual-based diagnostic tests for noninvertible ARMA
models. The tests are analogous to the portmanteau tests developed by Box and
Pierce (1970), Ljung and Box (1978) and McLeod and Li (1983) in the conventional
invertible case. We derive the asymptotic x?-distributions for the tests and study
the size and power properties in a Monte Carlo simulation study. An empirical
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vertible ARMA model in analyzing stock returns and the use of the proposed test
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1 Introduction

The usefulness of noninvertible time series models in economic research has first been
pointed out in the seminal research by Hansen and Sargent (1981) and Hansen and Sargent
(1991) where the markets are modeled under the assumption that the agents know more
than the modeling econometrician. More recently the nonfundamentalness issue has risen
in asset pricing models (Kasa, Walker, and Whiteman, 2014), fiscal foresight models
(Leeper, Walker, and Yang, 2013), news shocks models (Blanchard and Perotti, 2002;
Forni and Gambetti, 2014), and in permanent income models (Fernandez-Villaverde,
Rubio-Ramirez, Sargent, and Watson, 2007). It is common for all these models that they
have a noninvertible linearised solution. A comprehensive survey on this topic in economic
theory can be found in Alessi, Barigozzi, and Capasso (2011).

Empirical evidence of the good fit of noncausal time series models to economic time
series can be found, for example, in Gouriéroux and Zakoian (2013), Lof (2013) and
Nyberg, Lanne, and Saarinen (2012), and for the noninvertible case, in Andrews, Calder,
and Davis (2009), Breidt, Davis, and Trindade (2001), and Huang and Pawitan (2000).
Lanne, Meitz, and Saikkonen (2013) point out that noninvertible models are potentially
capable of capturing the nonlinearities in the time series as they are driven by the iid
error terms in nonlinear manner. For example, these models are shown to control for mild
heteroskedasticity commonly encountered in financial time series. They are also capable
of producing time series that are at most very mildly autocorrelated but still dependent
in a nonlinear way. These nonlinearities can not be controlled by the conventional causal
and invertible models, as the lack of autocorrelation automatically implies independence
of the observations.

Although the evidence for usefulness of noninvertible and noncausal models is growing,
the issue of model selection and model adequacy testing has been addressed surprisingly
little in the literature. For noninvertible models, this paper is, to the best of our knowl-
edge, the first attempt to provide asymptotically valid checks for the adequacy of the
selected model. For noncausal model, see Cui, Fisher, and Wu (2014) for related results.

After the seminal work of Box and Pierce (1970), Ljung and Box (1978), and McLeod
and Li (1983), the most common practice in model evaluation has been to compare the

sample autocorrelation functions of the model residuals and squared residuals to the



appropriate asymptotic confidence bands under the assumption that the correct model
has been selected. A statistically significant departure from zero of the autocorrelation
function indicates that there is still information in the residuals that could be used in
modeling. Thus, it indicates that the selected model should be changed. However, the
asymptotic properties of these tests have not been studied under the assumption of non-
invertibility.

In this article we derive the asymptotic distributions of the sample autocorrelation
function of the residuals and the squared residuals, obtained by maximum likelihood
estimation of a causal and noninvertible ARMA model. That is, we assume that the roots
of the AR polynomial lie outside the unit circle and the roots of the MA polynomial are
located inside the unit circle. Using this asymptotic result, the main contributions are
x2-distributed test statistics to detect dependencies in the residuals with different lag
lengths.

We say that a test statistic is invariant to estimation uncertainty if the distribution
of the error terms is the only driver of the asymptotic properties of it. Vice versa, a
test statistic is not invariant to estimation uncertainty if the asymptotic properties of
the estimators affect the asymptotic properties of the test. We show that the test for
autocorrelation in the residuals is not invariant to the estimation uncertainty, whereas
the test for autocorrelation in the squared residuals is. That is, the properties of the
McLeod - Li test are unchanged, but the autocorrelation test needs to be adjusted to
accommodate the properties of the parameter estimates of noninvertible model.

As an empirical application, we build on the work by Lanne et al. (2013). They propose
a two step procedure for testing the predictability in several financial time series. As a
first step, they test if the data is white noise against the alternative of correlated data. If
this hypothesis is not rejected, it is possible to test a stronger hypothesis of independence
against the white noise hypothesis. They provide illustrative and descriptive evidence
that the ARMA(1,1) model is adequate for the series considered, and that it is sensible
to base their predictability testing procedure on this model. Using the formal tests of the
present paper, we can conclude that indeed, a noninvertible ARMA(1,1) model seems to
be a good description of the data generating process for most of the financial time series

considered by Lanne et al. (2013).



The rest of the paper is organized as follows. Section 2 describes the noninvertible
ARMA model in detail and discusses briefly its maximum likelihood estimation. Section
3 introduces the test statistics considered and derives their asymptotic properties. In
Section 4 we conduct a Monte Carlo simulation experiment to study the small sample
properties of the proposed test statistics. Section 5 provides an empirical example using
financial time series data and Section 6 concludes. High level assumption are left for the
appendices to ease the reading, as well as some intermediate results and lemmas used in
the proof of the main theorem. These results and lemmas are proved in a supplementary
appendix that is available upon request.

Fianlly, a few notational conventions are given. Convergence in probability and in

distribution are denoted by "%" and "i>“, respectively. All vectors are column vectors

unless otherwise indicated. That is, x = (x1,...,x) is a column vector consisting of h
elements that are either scalars or column vectors. The L,-norm is denoted by || - ||,. For

]1/7"

a random variable x, ||z|, = E[|z|"]/". Abbreviation a.s. stands for almost sure.

2 The Noninvertible ARMA Model

Maximum likelihood estimation of a noninvertible ARMA models has been discussed,
among others, by Lii and Rosenblatt (1996), Rosenblatt (2012), and Meitz and Saikkonen
(2013). We study the residuals of an estimated noninvertible ARMA (P, Q) process

ao(B)y: = bo(B™ ")z, (1)

where B and B~! denote the backward shift and forward shift operators, ag(z) = 1 —
ap 2 — -+ — Qo pzlis a (an autoregressive, AR) polynomial of order P and it has its
roots outside the unit circle, by(2) = 1 — by12 — -+ — by z? is a (moving average, MA)
polynomial of order ) with all of its roots inside the unit circle, and ¢; = o7, is a non-
Gaussian iid error term process with 0 < 02 < 0o, and 1, having mean zero and variance

one. It is assumed that 7, has a symmetric distribution function f,(z; \o), where )¢ is a

d x 1 parameter vector. The Gaussian distribution must be ruled out, because for each

!Throughout the paper we use the sub-index zero to distinguish the true but unknown parameter value

from the rest of the parameter values. We also use the notation ag(z) for a(z,6p) = (1—ag,12— - -—ag pz")

and similarly for polynomial bo(z71).



noninvertible model, there is always an invertible model with exactly the same second
order properties. (In the Gaussian case these models cannot be distinguished from each
other as Gaussian processes are completely defined using their first two moments; for a
thorough discussion, see Rosenblatt (2012), Chapter 2).

Note that in (1), the MA polynomial is defined in terms of 2! instead of z. We follow
the example of Meitz and Saikkonen (2013), and write the model in the form where its
dependence on the future error terms is displayed explicitly. Model (1) has an MA(o0)
representation in terms of () future, the present, and the infinite history of the error
terms ¢;. It also has an AR(oc0) representation in terms of P lagged, the present, and the
infinite future of the output process y;,

ye= Y thoje—; and g = > To Y. (2)
i=—Q j=—P
The coefficients 1) ; and 7 ; are geometrically decaying coefficients of the Laurent series
expansions of ag(z) 1ho(27!) and ag(2)bo(271) 7!, respectively.

Let us define a counterpart of the process e; defined for all the parameter values
0= (ay,...,ap,b1,...,bg,0,\) € O, where O is the permissible parameter space defined
in Assumption 2 in Appendix A. In analogue to (2), set?

wl) = A= X T 3
j=
This sum is well defined and the sequence of coefficients 7; decay geometrically.?

Because the infinite past and future of the process y; are not observable at time ¢, our

diagnostic tests must be based on a feasible counterpart of the sequence u;(6), say (0).

Let us assume that we have observed {y;}1_, p. The feasible sequence () of size T is

obtained by initializing by tr41(6) = - - - = Ur4(f) = 0, and then solving top-down, for
t=T,. .. .1,
fbt(e) =Y — Q1Ys—1 — - — apYp—p + brlp1(0) + -+ bt+Qﬂt+Q(9)- (4)

Regarding parameter estimation, Meitz and Saikkonen (2013) discuss maximum like-

lihood estimation of Model (1) with an error term assumed to follow an ARCH process.

2Polynomials a(B) and b(B~1) are defined by the parameter vector 6 # 0y as a(B) =1—a;B —--- —

apBP and b(B~Y)=1-b B~ — .- —bgB~ 9.
3See the end of Appendix D and especially Lemmas A.1. and A.2. in Meitz and Saikkonen (2013) for

a throughout discussion of these series presentations.
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Our model is a simplified version of theirs and the asymptotic properties of the ML esti-
mator are obtained in a very similar fashion as in their paper. These properties are listed
in Proposition 1 below. Let Ly (6) denote an approximation of the log-likelihood function
of the model (for details, see Meitz and Saikkonen (2013)),
T
Lr(0) = T7 Y 1(0)  with  1,(0) = log £, (o w(0); A) —logo, (5)
t=1
and let Lypr(0) and Lggr(0) denote the first and second order derivatives of the log-
likelihood with respect to the parameter vector § = (ay,...,ap,b1,...,bg, 0, \). Estima-
tion and statistical inference is based on feasible versions of these quantities denoted by
Lp(9), Lyr(0) and Lgg7(6), which are obtained by replacing uy(6) by its feasible coun-
terpart 4;(6) in the log-likelihood function (exact expressions for these quantities can be
found in Appendix C).
The following proposition contains conventional properties of a (local) maximum like-
lihood estimator. We omit the proof for brevity, but the arguments are very similar to

those used by Meitz and Saikkonen (2013).

Proposition 1. Under Assumptions 2 and 3 in Appendiz A,
1. limyp_,o Cov (T1/2L97T(00)) = ((0y) where £(0y) is positive definite,
2. TV?Lor(0y) % N(0,£(6)),

8. Supgeo, |Loo.r(0) — T (0)] — 0 a.s. as T — oo, where J(0) = Ellog(0)] is finite and
continuous at Oy, and ©¢ (defined in Assumption 2 in Appendiz A) is some compact

and convex set containing 0,

4. there exists a sequence of solutions Op to the likelihood equations EQ’T(Q) =0 s.t.

TY2(6y — 6o) 5 N(0,4(6)7Y), and

5. there is a consistent estimator for the asymptotic covariance matrix given by the

inverse of the Hessian, —Lgo.r(07)™" = £(60) ™" a.s. as T — oo.

These asymptotic properties of the ML estimator are the main ingredients for the

asymptotic behavior of the test statistics we derive in the next section.



3 Diagnostic Tests

Consider the following expressions related to the autocorrelation functions of the residuals

and the squared residuals:*

ﬂt—l(eT) at—1(0T>2 - 5-%
Gac (Or) L iy (0r) : and  Gns(Or) El (ﬁt(éT)2 - 5%) : (6)

ﬂtfm<6T) ﬁtfm(eT)Q - 5T

For i € {ac, hs}, define
~ def T ~
Gir(0r) = (T —m)™" 3" Gia(br).

t=m+1

The two test statistics we propose and study in this paper are

def . ~ ~ 1~ ~
Qac,T :f qac,T(eT)/Qacl,TQac,T(eT) and

def - 5 E—1 ~ ~
Qhs,T = th,T(QT)/thl,Tth,T(eT),
where the positive definite matrix Q@T estimates consistently the asymptotic covariance
of qi,T(éT). The exact forms of these matrices are given in Appendix E. The main result

of the paper (to be presented below) states that under Hy,

Hy : The true data generating process is Model (1), it satisfies Assumptions 1 (a),

2, and 3 in Appendix A, and the estimated model is correctly specified,

the Q.1 test statistic is asymptotically x2-distributed, where m is the number of lags
included in the test statistic. If we include Assumption 1 (b) to Hy, then also the Qpsr
test statistic has the same asymptotic distribution.

Correctly specified estimated model means that the likelihood function is derived
using the true probability distribution of the error term, and that the orders of the
polynomials a(z) and b(z~!) are correct. We expect the test statistics to have power

against wide variety of misspecified models. The main example is the selection of the

4For ease of reading, we will suppress the dependence on the lag length m of the quantities we are
defining in this section. Here m can be any positive integer smaller than 7', and in practice it should be

considered to be moderate in size. The exact number does not affect the derivations.



orders of the AR and MA polynomials, which can be potentially detected by both of
the test statistics. We also provide evidence in favor of the tests to be able to detect
nonlinearities in the data generating process. Namely, ARCH type models can be detected
by the heteroskedasticity test. On the other hand, we do not expect that deviation from
the distributional assumption of the error term would be detected by these test statistics.
Tests for these kinds of hypothesis are left for future work.

The proposed diagnostic tests for model adequacy are based on the ideas of Box and
Pierce (1970) and Ljung and Box (1978) for checking the residual series and the ideas
of McLeod and Li (1983) for checking the series of squared residuals. In line with these
papers, we consider the asymptotic properties of the sample autocorrelation functions of
these series. The key idea in the references above is to show how the asymptotic distri-
bution of certain sample functions needs to be adjusted for the second order uncertainty
of the estimation of autocorrelation functions, arising from the uncertainty in parameter
estimation. We show how the asymptotic distribution of certain autocorrelation functions
needs to be adjusted in order to capture the dynamics of the residual functions that are,
in general, not only dependent on the past innovations, but also on the future innovations
(see (3)).

The following theorem contains the main result of this paper.

Theorem 1. (i) Under Assumptions 1 (a), 2 and 3 in Appendiz A, we have, under Hy

d 2
Qac,T — Xm»

where m is the dimension of the test statistic.

(ii) If, in addition, Assumption 1 (b) in Appendiz A holds, then, under Hy also

d
th,T — X?n

The joint distribution of the sample autocorrelation function and the score vector
describes the behavior of the test statistics. It incorporates both the uncertainty due to
the randomness of the error terms and due to the uncertainty in the parameter estimators.
We also show that the difference between using the actual unobservable residuals or the

feasible residuals is asymptotically negligible.



Intermediate results for the proof are given in Appendix D. For i € {ac, hs} and

de def

gi+(0) as in (6), denote g;9.(0) Lef %gijt(ﬁ) and G;(0) def Elgio+(0)]. Let &4(0) =

(lo.1(6), 9i.1(9))-

Proof of Theorem 1. Using Lemma D2 in Appendix D, and a central limit theorem for
mixingales (Scott, 1973), the sequence T~Y/2 3T | & () has an asymptotic normal dis-
tribution with a positive definite covariance matrix Y;(fp).

Mean value expansion of the feasible score around the true parameter value 6, gives
Lo (0r) = Lo1(60) + Loo.r(07) (07 — ),

where the left hand side is zero by definition and 67, = a;6; + (1 — ;)07 for some
a; € (0,1) for all elements j =1,..., P+Q+14d. Assuming T sufficiently large so that
Or € Oy, also 07 € Oy by convexity of this set. Using the fact that EQQ,T(éT) is positive
definite with probability approaching one, and that the Lh.s. is zero by definition, we

re-organize terms to get

T'2(07 — 00) = — Lagr(0r)T"/* Lo 7 (60) (7)

= — Log7(00)T"* Lo (6) + o
It is easy to verify that (7 ¥ 0 as T' — oo, as it can be written as

Gr = (Lt (0r) = Lagr(00)) (T Lo (60) — T2 Lo(00))
= Lz (0r) (T Lo (00) = T Lo (00)) = T Lo (00) (Lol () — L (60))

where the first row converges a.s. to zero by Lemma C3. The second term in the second row
converges by Lemma C3 and Proposition 1. The first term on the second row converges
by Lemma C3 and, ensured by the continuity of £(#) around 6y, L(,_QI’T(éT) converges a.s.
to —0(6) .

Mean value expansion of the feasible criterion function around 6y gives

gi,t(éT) = Gi+(0o) + gi,ﬁ,t<éT)(éT — ).



Summing over ¢ and scaling with (7' — m)~/? and using (7) gives

T T
Gir(0r) = T2 > Gir(bo) + (T — m) /2 > Giox(07) (07 — bp)

m-+1 m+1
T
=712 Z 9it(0o) — gz‘(%)L(;el,:r(90)T1/2L9,T(90) +(r
m+1
) d
= [0 Lalr(00) 1] T all0) + G N0,
t=1

where (5 3 0 as T' — o0, as Lemma D3 and the continuity of Gip1(0) in ©¢ around 6

has been exploited (Lemma D1). The asymptotic covariance matrix is given by

—j(eo)_lgi(eo),

Q; = {—Qi(eo)j(%)_l Im} Ti(0o) I

The x?2 -distribution follows using standard arguments, since the covariance matrices

are of the rank m for all m < T, m € N. n

In Appendix E, it has been stated that the covariance matrix €2, simplifies substan-
tially, as it can be shown that the matrix Gy5(0y) = 0pxm- It follows that the heteroskedas-
ticity test statistic is invariant to the estimation uncertainty. This result is in line with
the findings in McLeod and Li (1983) in the conventional invertible case, and it makes
the execution of the test easier in practice. The estimation uncertainty is not transmitted
to the distribution of Qys 7. The distribution is solely determined by the properties of

the true error process, not by the properties of its estimators.

Remark 1. Given the limiting covariance matriz Qs in Appendiz E, the consistent

estimator Qs 7 we suggest is

- 2\ 2
(1L (b - 53)°)
th,T -
T 7] 2\?
(1L, (l0r)? - 53)°)
It is easy to see that the Qnsr test statistic coincides numerically with the McLeod-Li

portmanteau Q statistic (McLeod and Li, 1983), as it can be written as

m T—m)' S, (a(0r)? = 62) (_;(07)% — 62
Qnsr = (T —m) Y p(5)*,  with p(j) = ( IREER g ( ~)~ >( o )
=1 T ((0r)? - 53)



4 Monte Carlo Simulations

4.1 Size simulations

We study the finite sample properties of the proposed test statistics by Monte Carlo

simulations. We begin with size simulations using two different data generating processes,

Yy = 0.2y;_1 + & — 0.26;41 and (8)
Y = 0-2yt71 + & — O.8€t+1. (9)

Throughout this exercise we set 02 = 2 and m = 5. Error process 7, follows the Student’s
t-distribution with degrees of freedom \y. We vary the sample size as T' = 250, 500, and
10,000. The smallest size T" = 250 represents a magnitude often encountered when, for
example, quarterly data is used. This is the case in our empirical example in the next
section, where we use quarterly stock return data from 1947Q1 to 2007Q4. T = 500 is
also relevant for lower frequency financial and macro economic data, for example when
monthly data is under consideration for a shorter period of time. The largest sample size
is used to illustrate the asymptotic properties of the statistics.

We use three different degrees of freedom, \g = 3, 5, and 9, for the Student’s ¢-
distribution. Assumption 1 in Appendix A lays down the conditions on the moments
of the innovations €;: Asymptotic properties of the Q.. test and the Qs test have
been derived under the assumption of finite fourth moments and finite eight moments,
respectively. These assumptions are satisfied for Ay > 4 for the Q.. r test, and for Ay > 8
in the case of the Qs test. Our selection of the degrees of freedom parameters allows
us to study the properties of the tests when the assumptions are met, but also illustrate
how deviations from these conditions affect the properties of the tests. For \g = 3,
moment conditions fail to hold for both of the test statistics, and the deviation from this
assumption is more severe for the Qs test. If \g = 5, the condition of Q.7 test is
satisfied, but that of the Qs test is not, whereas Ao = 9 meets with the assumptions of
both tests.

For each combination of the parameter values, we simulate 1,000 data sets using
(8) and (9). To avoid initialization effects, 2,000 extra observations in the beginning of
each series is simulated and discarded. To each of the series, we fit the noninvertible

ARMA(1,1) model and use the residuals to perform the tests.
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Figure 1: Size of the Q.. test statistic for different sample sizes. The discrepancy (the size of the test
minus the nominal size) is plotted against the nominal size of the test. Results are presented in percentage
points. Different columns correspond to different values of A\g and rows to Model (8) and Model (9)

respectively.

Summary of the simulation results is illustrated here graphically. ® Figure 1 plots the
discrepancy of the @, r test size: the deviation of the tests actual size from its nominal
size is plotted against the nominal size for significance levels 1%, 1.2%, ... 10%. Columns
in the Figure 1 refers to different values of Ag. A modest deviation from this assumption,
Ao = 3, seems not very crucial, at least if the sample size is large enough. Test tends to
overreject slightly for small significance levels and underreject for large significance levels.
As the moment conditions are satisfied, the discrepancy is more evenly distributed across
the significance levels, although for the modest sample sizes there is a tendency of slight
overrejection (columns 2 and 3). Overrejection increases slightly as the MA parameter
increases (second row). For the largest sample size, the Qu.r test is, over all, rather well
in line with its nominal size.

Figure 2 illustrates size discrepancies of the Qs test statistic. The first column
points out the importance of the moment condition A\g > 8. This severe deviation makes

the y2-approximation of the tests distribution much less accurate, even for the very

5 Additional simulation results are available in the supplementary appendix, which is available upon
request from the author. The size and power properties have been investigated using different parameter

value combinations, and also Ljung-Box tests have been calculated for the sake of comparison.
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Figure 2: Size of the Qs test statistic for different sample sizes. The discrepancy (the size of the
test minus the nominal size) is plotted against the nominal size of the test. Results are presented in
percentage points. Different columns correspond to different values of Ay and rows to Model (8) and

Model (9) respectively.

large sample size. Approximation gets more accurate as the deviation from the moment
conditions diminishes. For A\g = 9, the condition is fulfilled, and the size of the Qs test

is well approximated by the suggested y2-distribution.

4.2 Power simulations

Power properties of the tests are studied by simulating data using three different models
that are more general than ARMA(1,1): one ARMA(1,2) model and two ARMA(1,1)-

ARCH(1) models with different parameter values. The model equations are

Yy = O.Qyt_l +& — 0‘25t+1 — 0‘2515—}-27 (10)
Y = 0.23/1/71 -+ Oy — O-2Ut+177t+17 Ot = 4/ 2+ 0'277252—17 and (11)
Yy = 0~2yt—1 -+ Oy — 0-20t+177t+17 O¢ = \/2 + 087715271 (12)

Model (10) is used to study the power of detecting misspecification of the lag length of
the model (1). Models (11) and (12) are noninvertible ARMA(1,1) models with ARCH-
type heteroskedasticity, the processes studied in Meitz and Saikkonen (2013). The latter
models are designed to illustrate the power of Q51 test against nonlinear models with

heteroskedasticity.
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Quc: ARMA(1,1) vs. Model (10)
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Qhs: ARMA(1,1) vs. Model (10)

Figure 3: Power of the tests Qg (upper) and Qps,r (lower) of ARMA(1,1) vs. Model (10) for different
sample sizes. The size of the tests is plotted against the nominal size of the test, both measured in

percentage points. Different columns correspond to different values of Ag.

The design of the Monte Carlo experiment is similar to the size simulations in the
previous subsection. Again, we have simulated 1,000 data sets using models (10)-(12), and
for each set, the noninvertible ARMA(1,1) model has been fitted and the test statistics
have been calculated using the obtained feasible residuals.

Test statistics’ power of detecting the misspecified lag length is illustrated in Figure 3.
Autocorrelation in the residuals is well captured by the Q.. r test, as can be see at the top
row. Whenever the moment assumption Ay > 4 is satisfied (second and third column), the
power lies between 75% and 85% for the 5% significance level, for the moderate sample
size T' = 500.

We would expect to find some heteroskedasticity in the residuals in this misspecifi-
cation scenario, but it might be very mild. Therefore it is not an utter surprise that the
Qns 1 test has limited power against it (bottom row in Figure 3). However, for very large
sample sizes, the heteroskedasticity can be captured with moderate accuracy.

The Qs tests capability of capturing a more severe type of heteroskedasticity, im-
plied by the ARCH error term in Models (11) and (12), is illustrated in Figure 4. Test
performs well asymptotically, and the performance improves as the magnitude of the

heteroskedasticity increases (bottom row).
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Figure 4: Power of the Qs test of ARMA(1,1) vs. Model (11) (top) and Model (12) (bottom) for
different sample sizes. The size of the tests is plotted against the nominal size of the test, both measured

in percentage points. Different columns correspond to different values of Ag.

5 Application to Financial Time Series Data

The question we address in this section is, if the diagnostic checks would shed light on
the matter of predictability of asset returns. In our context, predictability simply means
non-constant conditional expectation. According to dynamic asset pricing literature, pre-
dictability is a consequence of agents’ risk aversion. For a thorough discussion, see Chapter
9 in Campbell, Lo, and MacKinlay (1997), or Chapter 2 in Singleton (2009). By no means
should the predictability be manifested in a form of autocorrelation, but rather we are
expecting to encounter nonlinear predictability.

The advantage the noninvertible model has over the invertible one in modeling as-
set returns is the generality of it. In the previous analysis of predictability, testing has
usually been based on the invertible and autocorrelated ARMA model, which is implied,
for example, by the price-trend model of Taylor (1982) or the mean-reversion model of
Poterba and Summers (1988). The noninvertible ARMA model is capable of capturing all
the same autocorrelaiton structures that the invertible model is, but also controlling for
the nonlinearities that are often encountered in the financial time series data. As for the

invertible ARMA model, the lack of autocorrelation automatically implies independence
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of the data, for the noninvertible ARMA model zero-autocorrelation is just a special case
and the observations may still be dependent in a nonlinear fashion. This kind of gener-
ality allows us to model a richer class of dependencies with noninvertible model, than a
conventional invertible ARMA model would allow.5

Following Lanne et al. (2013), we suggest that the noninvertible ARMA(1,1) model is
particularly potential candidate in capturing this nonlinear predictability. To our knowl-
edge, this is the first time the model is investigated from the standpoint of model fit based
on asymptotic results. Preceding related work has mainly illustrated how the noninvert-
ible model can mimic the nonlinear behavior of stock markets (Breidt et al., 2001), or
how the predictability can be tested under the null of noninvertible ARMA model (Lanne
et al., 2013). The evaluation of the model fit has been done so far merely by looking at
the sample autocorrelation functions, without having the correct critical values.

Using statistical tests on the estimated parameters of the noninvertible ARMA(1,1)
model, Lanne et al. (2013) reported nonlinear predictability, in line with the asset pricing
theory. Their testing procedure implicitly assumed that under the null the correct model is
the noninvertible ARMA. We take another look at this data and show that our diagnostic
checks actually support this assumption and thus give support to their conclusions of
nonlinear predictability.

In this section we apply our test statistics to evaluate the fit of the noninvertible
ARMA models to the quarterly measured stock portfolio returns compiled of U.S. stocks.
We use three value-weighted, size ordered stock portfolios, and the market portfolio,
which include data from NYSE, AMEX, and NASDAQ stocks from January 1947 to
December 2007, the same data that was used by Lanne et al. (2013). Data is obtained from
Kenneth French’s web site.” Monthly returns are transformed into quarterly quantities

by continuous compounding and means are subtracted from the series.

6An interesting special case of the noninvertible ARMA model (1) is one where roots of the AR
polynomial coincide with the reciprocals of roots of the MA polynomial. It can be shown that for this
so-called all-pass model the autocorrelation function will be zero for all lags, but the data is not iid. More
generally, the squared observations of the noninvertible ARMA model (1) can be shown to be always
autocorrelated, as long as there are nonzero AR and MA parameters. (See Appendix A.2 in Lanne et al.

(2013).)
"http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html, downloaded

Jan. 10, 2017
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Estimation results are gathered in Table 1. The left side of the table shows the esti-
mated parameters. It is worth noticing that the parameters are estimated with a good
precision, they are statistically different from zero, and AR and MA parameters are close
to each other. This suggests that the series are very mildly autocorrelated, but dependent
some nonlinear way. Estimation has been based on the Student’s ¢-distribution. The es-
timates of the degrees of freedom parameter \g suggest that the innovation processes in
all of the cases have finite fiftth moments. This is enough to satisfy the moment condition
imposed to the Q. r test, but it fails to meet the assumption of the finite eight moment
of the Qns 1 test. Nevertheless, the Monte Carlo experiment in the previous section en-
courages us to still carry out the tests, with caution, as the size properties of the test
were not too distorted by this relatively modest deviation from the moment condition.

The columns on the right give the p-values of the Q.. and Qs 1 tests for three dif-
ferent lag lengths, m = 5, 9, and 12. For three out of four portfolios, the null can not be
rejected, suggesting that there is no autocorrelation left in the residuals or squared resid-
uals. The noninvertible ARMA(1,1) model seems like an adequate model for the Market,
Middle 40% and Top 30% portfolios in the light of our checks. The heteroskedasticity
in the residuals of the noninvertible ARMA(1,1) model for Bottom 30% portfolio can
not be ruled out, but it turns out that the noninvertible ARMA(2,2) model is suitable
in controlling for that. (All the estimated parameters of the noninvertible ARMA(2,2)
model are statistically highly significant (all p-values < .01) and the p-values of the Q.7
and Qps 1 tests with m = 5 are 0.783 and 0.143 for the Qu.r and Qs 1 tests, respectively,

and similar for different choices of m as well.)

6 Conclusions

In this article we derived asymptotic properties for two residual-based test statistics for
evaluating model adequacy of the noninvertible ARMA model. The Qg1 test statistic is
designed to detect remaining autocorrelation in the residuals and it is analogues to the
Box-Pierce Q-statistic. The asymptotic distribution of this test is not invariant to the
estimation uncertainty of the model, so it must be taken into account in construction of

the test. The Qs test statistic is designed to capture autocorrelation in the squared
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Qac,T th,T

Portfolio a b o2 A 5 9 12 5 9 12

Market 748 759 8.074 5.012 982 911 .961 .606 .845 .794
(.083) (.090) (.673) (1.803)

Bottom 30% .846 .936 11.855 5.285 1.000 .959 .942 .001 .001 .000
(.039) (.037) (.969) (2.519)

Middle 40% .684 .780 9.826 5.404 .880 .861 .924 .304 .376 .577
(.093) (.092) (.751) (2.117)

Top 30% 746 721 7.679 5.152 1.000 .931 .963 .001 .850 .856
(.081) (.092) (.603) (1.842)

Table 1: The noninvertible ARMA(1,1) model has been estimated to four stock return index series. Table
indicates the parameter estimates and their standard errors. Test statistics Qqc,7 and @ps, 7 have been
calculated from the residuals of the fitted models and their p-values have been reported for three different

lag lengths m for each test.

residuals, and detect possible heteroskedasticity in the residuals. This test, in turn, is
invariant to the estimation uncertainty, so we found that the McLeod-Li @)-statistic is
asymptotically valid test for this purpose among the noninvertible models as well. Both
tests have an asymptotic y2-distribution. Tests are simple to apply in practice, since the
model needs to be estimated only under the null of correctly specified model and it has
power against wide variety of misspecifications.

Our empirical example was designed to evaluate adequacy of the noninvertible ARMA
model to the quarterly U.S. stock return data. The model was found, in light of our tests,
a potential candidate in modeling these mildly autocorrelated, but possibly nonlinearly
dependent data which, in turn, provides good grounds for looking for nonlinear pre-
dictability in the asset returns. Work in this direction has recently been done by Lanne
et al. (2013), where the noninvertibility was implicitly assumed in their testing procedure.
Our findings thus lend support to their assumption and moreover to their conclusions of
possible nonlinear predictability. (Lim and Brooks (2011) provides a survey of other stud-
ies on nonlinear predictability of asset returns.)

In this article we based the asymptotic properties of the tests to the estimated model
obtained by ML method. We do note, that there are other possible estimation methods
available as well, for example the absolute deviation method by Breidt et al. (2001) and
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Wu and Davis (2010). These methods may lack some of the efficiency the ML method has,
but there are certain benefits of not having to define the error distribution. We also note
that the moment conditions for the tests, especially for the Qs test, may prove to be
heavy in practice. Although size and power were adequate even under moderate deviation
from this assumption, there are other methods for testing hypothesis on residuals where
the moment conditions may be aesed, such as the generalized spectral density by Hong
(1999), that may provide answer to this problem, but it is outside the scope of this article.

The relation between noninvertible time series models and dynamic asset pricing mod-
els and macro economic models with nonfundamental solutions has gained interest in both
theoretical and empirical economics. In light of our findings this relationship remains to

be an interesting topic for further research.
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Appendix A Assumptions

This section lists the assumptions of the model that are used in the main text to derive
the properties of the proposed test statistics. Let us develop some notation. (€2, F, P) is
a probability space and let F; be a o-algebra generated by random variables {n;}, <~ The
true but unknown parameters of the model are 6y, = (agp 1, ..., a0p), bop = (bo1,--.,b00),
oo and A\g = (Ao, - - -, Aoa). Let us collect these parameters into a P+@Q+1+d dimensional
parameter vector 6y = (0o.q, 00, 00, Ao). Furthermore, we define polynomials a(z,0) =
l—ayz—--—apz and b(271,0) =1 — bz~ — -+ — bg2~9 and gather the parameters
in vectors 0, = (a1,...,ap), Oy = (b1,...,bg) and 6 = (0,, 6,0, \). Parameter vector 6
defines the counterpart of the Model (1) for the parameter values 6 # 6.

The first assumption summarizes the restrictions imposed on the error process &;.

Assumption 1. The error process is ¢, = ogn, with n, an iid sequence with Eln,| = 0 and
En?] = 1. The distribution of n, is symmetric and non-Gaussian with density function
fn(x; o), where Ao is a d x 1 parameter vector. In addition to the finite second moments,

the process n; has either
(a) finite fourth moments, E[n}] < oo, or
(b) finite eight moments, E[nf] < co.
The permissible parameter space © is one that satisfies the causality and invertibility

conditions for the polynomials a(z,6) and b(z7!,0), and the assumptions of the positive

and finite error term variance:
Assumption 2. The permissible parameter space is © = ©, X O, X O, x ©,, where
@a:{HQGRP; a(z);éOV|z|§1},
®b:{9bERQ ; b(zT) A0V [2] < 1}7
0, = {a € R*} and
O, = {)\ € Rd}.
The true parameter 0y lies in a compact and convex set ©y C ©.

The set of high level assumptions of the data generating process, under which the ML

estimator converges a.s. to the true parameter values, is given here. The partial derivative
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of the distribution function f,(x;\) is denoted by sub-indices, f, ,(x;A) = f (3 N),
for(@; A) = & fy(@; A) and f, . = ayazfn(x A) where y, z € {z, A}.
Assumption 3. The following high level assumption concerns the distribution of the

innovation process n;, and can be found in Meitz and Saikkonen (2013).

Al. (i) For allz € R and X\ € ©,, f,(z;\) is twice continuously differentiable w.r.t.
(x,\).
(i) For all X € Oy, [xf,(x;N)dz =0 and [ 2*f,(z; \)dx =
(4ii) The matriz Elexe),] is positive definite.

() For allxz € R and all \;, i =1,...,d, the functions
oI o (@5 M) Fa, (@5 X0)
T o an 2
f2 (3 Ao) f2 (3 M)
are dominated by dy(1 + |z|%) with some dy,dy > 0 s.t. [|z]|% f,(z; No)dx < .
(v) For all x € R and \ € ©,, the function |x2fn7A(aj; A)| is dominated by function
f(a:) s.t. ff(:v)dx < 00.
A2. (i) For allz € R and X\ € Oy, the function |f,\(x; \)| is dominated by some f(z)
s.t. ff(a:)da: < 0.
(1) [ frza(x; Ao)dz = 0.
(141) fxzfmm(x; No)dz = 2.
A8. (i) Forallz € R and X\ € Oy, for all \;, i =1,...,d, the functions

x4f$,x(x;k) o (@A) x4f3,m(~r;k) (T3 )
fioN) T fM A fioA) T [ )

and

fn,AA(ﬂf%A)’
f77<x§ A)

are dominated by dy(1 + |z|®) for some dy,dy > 0, and [ |z|® f,(z; Ao)dx < oc.

A4. (i) Forallz € R, Az € R, and X € O,, for some C < oo and dy,dy > 0,
[o(z + Az; A) = v(zz; \)| < C (1 + |2l ™)|Az| + |Az|®)

for the following functions v(x; \),

. fnm(m )‘) f77>\(x )\)
() wlas ) = TGy oy = T
Fan@d) )
(iii) v(z; A) = ACDR (iv) v(z; A) = @ d
fon(@;A)
(v) v(z;A) = TR
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Assumptions 1, 2, and 3 here are enough to state the following properties of (y;, ;).

Lemma A1l. Let n; be iid with E[n;] = 0 and E[n?] = 1. Then, under Assumptions 2
and 3, the process (yi, €t), defined in (1), is stationary and ergodic and, moreover, process
Y 15 Firg measurable and e, is Fy measurable. In addition, under Assumption 1 (a),
Elyl] < oo, and E|e}] < oo, and under Assumption 1 (b) we also have E[y}] < oo and

E[e}] < .

The proof will be omitted here, but essentially it can be found in Meitz and Saikkonen
(2013) Appendix A, where the series presentations of rational functions like a(z,)™!,
b(z71,0)7L, a(z,0)7b(z71,0) and a(z,0)b(271,0)"! are discussed in depth. For the future

reference, we list the definitions of these sums here:

T= et WO =
§j=0 =0
a(z,0)'b(z71,0) Z Y20 and  a(z,0)b(z~ Z miz .

j=—P
These series expansions are well defined for all z in some area containing the unit circle,

and the coefficients of the expansions are always geometrically decaying for all 6 € ©.

Appendix B Derivatives of u;(6) and ;(0)

The sequence u;(6) was defined in (3) and its feasible counterpart @;(6) in (4). For what

follows, we need a notion of the derivatives of these quantities. The derivatives of u;(0)

9 _11,()

w.r.t. the p!* AR parameter and ¢"* MA parameter are denoted by Uq, t(0) = Bay

and uy, 4(0) = %ut(ﬁ), respectively, for p =1,...,P and ¢ = 1,...,Q. These functions

are given by

_ wg(0) ) ,
qu,t(e) = b(B—l) = Z% Ut+q+g(9)-
=0

We will also use the derivative functions of () in (4). Using representations of these

functions by Andrews, Davis, and Breidt (2006),

T—t

Z yt+j7
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the derivatives can be written as®

!
’ﬂ

oy o(0) = — 3" 0Py s (0) and iy 1(0) = 30 0P urgs (6).

§=0 0

.
Il

For convenience, the P x 1 and @ x 1 derivative vectors of w;(6), w.r.t. the parameter

vectors 6, and 6, are denoted by

ualyt(e) ub17t<9)

a%ut(@) = ua7t(0) = and 8%17%5(0) = Ub’t(G) =

uap,t(e) uvat(e)

and respectively for the feasible quantities u,(#) in an obvious manner.

Appendix C Intermediate Results

In this section we provide some preliminary results that are used extensively in what
follows. First, we set some further notation. Approximation of the log-likelihood function

was already given in (5). Its feasible counterpart is

ET(G):T‘lzT:lt(G) with  [,(6) = fn< w(6). ) log .

t=1

When the derivatives of the log-likelihood are considered, we use shorthand notations

foa (0" us(0); A) S (07w (6); A)
fo (07w (6); A) fo (o ug(0);A)

where the subscript denotes the partial derivative of the density function, f,.(z;\) =

ext(0) = and ey (0) =

a%fn(a:; A). The P 4+ @ + 1 + d dimensional score vector of a single observation at 6 is
denoted by lg,(0) = £1,(6), and it is

lo4(0) = _i (ex,t(e)Ut(e) - 1)

The score vector of the model is given by Lgr(0) = T~ S, 1y.,(0).

8For more details, see Meitz and Saikkonen (2013), Appendix E.
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The Hessian of the noninvertible ARMA model is more involved than that of the
invertible ARMA model (although it is simplified substantially from the Hessian presented
in Meitz and Saikkonen (2013) as we neglect the ARCH error term). It is not shown here,
but one can confirm that

T
—E [lggr1(69)] = lim Cov (T_I/Q f; le,t(90)> ,
where the limit is a positive definite, continuous and finite in some neighborhood 0 of

0y. This matrix is

All Bé1 0P><1 Ode

By Az O0gx1 Ogxa
Oixp Oixg Ass Al

Oixp Oixg Ass A |

Straightforward but rather long calculations give the expressions of the blocks as

An = =0 E[e2,(00)] E [ug, +(00)ug, 1(60)] .
Ay = 03’ [ei,t(QO)UGb,t(QO)u%,t(00)] ;

Az = op” (E [ei,t(ﬁo)nf] - 1) ;

Ay = —05 'Elea(f0)ers(Bo)n] ,

Ay = _E[e/\,t(90>e)\’,t(90)]a

and the block By has the (p, q) element
= a b
B Z w((l,j)fpw(()d)'fq'
=0

The blocks denoted by B are due to the serial correlation of the score vector, whereas the
blocks denoted by A captures the contemporaneous correlation. The expressions given
above have a feasible counterparts that are obtained in an obvious way, by changing u;(6)
to its feasible counterpart @, (#).

The set of results in Lemma C1 is used by Meitz and Saikkonen (2013) to derive the
result we presented in Proposition 1, but it is also needed in the proof of Lemma C2 and
Lemmas D1-D3 in the next section. Moreover, Lemmas C1 and C2 are needed for the

proof of Lemma C3, which in turn, is used directly in the proof of Theorem 1.
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Lemma C1. Under Assumptions 1 (a), 2, and 3,

| N u,(6)
i) |[sup |us (6@ < o0, (ii) |[su < o0, (i) |lsu < 00
(4) eego| +(0)] ) (47) sup 1 7R) ) (12) S (B 1) )
(iv) [sup [ex+(O)]|| < oo, (v) ||sup [eq+(O)]| < oo, (vi) Eles:(00)] =0,
0€By 2 0€06¢ 2

(vii) Eleas(fo)a] = =00,  (viii) Elers(00)e7] =0, (ix) E|ess(0)e}| = —303,
() Elead(0o)] =0, (wi) Blelers(0p)] =0.
Proof. Proofs for the results in this section are given in the supplementary appendix. [

The next Lemma provides some insight into the convergence between the unfeasible

and feasible quantities, and these results are used extensively to prove Lemma C3 below.

Lemma C2. Under Assumptions 1 (a), 2 and 3,

sup
[US(SH

(4)

sup [uy(0) — @ (6)]
[ASSH)

Uap,t(e) - ﬂap’t(e)‘H S CKt7
4 4

S CKt7

T1

(iid) sup |e;,¢(0) — €,:(0)]

sup ‘pr,t(e) — ﬂbp,t(ﬁ)‘ sup
0

[ASSH

S CKt7 (ZU)
4

where C' < o0 is a constant and may vary from part to part, and K; is a constant that

may depend on t and diminishes as T — 0o. ry is some small positive number.
The following results are used directly in the proof of Theorem 1.

Lemma C3. Let 1, be iid with Eln) = 0 and E[n?] = 1, then under Assumptions 2 and

3, asT — o0,

a.§.

(i) T"?sup |Lor(0) — Lor(0) =¥ 0,
[ASSH
(ii)  sup [Loo.r(0) — Lopr(6)| “3 0.

[UASISH)

Appendix D Intermediate Properties for the Test Statis-
tics

The next three lemmas are used repeatedly in the proof of Theorem 1. The first one,
Lemma D1, gives some essential uniform convergence results for the quantities in the test

statistics. Lemma D2 elaborates on the asymptotic distribution of the test statistics. A set
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of sufficient conditions for the asymptotic normality of (T—m)~Y2 3] | g;(6p) is given,
and the conditions are shown to hold. Lemma D3 considers the issue of the feasibility
of the quantities. When it comes down to the asymptotics of the feasible test statistics,
Lemma D3 with Lemma C3 gives the results that ensure that it does not matter if the
feasible quantities are used instead of the unobservable unfeasible ones when deriving the

asymptotic properties of the test statistics.

Lemma D1. Fori = ac and g;4(6) as in (6). Under Assumptions 1 (a), 2 and 3,

(2) Elgit(60)] = 0,

1 T
(i) sup |= " 2 gi.(0) — gi(e)’ —0a.s. as T — oo,
0€Oy T t=1
1T
(i) sup |= Y gi(0)gi1(0) — HZ(9)| —0a.s. as T — oo
0co, |1 1
1 T
(iv) sup |= > g (0)lo:(0) — \111(9)‘ — 0 a.s. as T —
USISH) T t=1

where Gi(0) = B[ 26:4(0)] = Elgiu(0)), Hi(0) = Elgio(60)gio(6)] and W:(0) = Elgi.(6)lo(0)'
are constant matrices that are finite and H;(0) is positive definite. Under Assumption 2

(b) result holds also for i = hs.

Proof. The proofs for the results in this section are available in the supplementary ap-

pendix. O

The main driver behind the asymptotic normality of the quantity (jz',t(éT> is a central

limit theorem by Scott (1973), applied to sequence &;+(6y), where, for i € {ac, hs},

gt [
7 gi,t(e())

The next Lemma D2 lists the conditions, under which this central limit theorem
applies to the sequence T-1/2 3T, & ,(6), and this vector has an asymptotic joint normal
distribution as T" — oo. This distribution characterizes the joint uncertainty arising from

the estimation of the model and from the distribution of the sample functions g, +(6p)-

Lemma D2. Fori € {ac, hs}, Let g;1(0) be as in (6), and let & ,(0) = (lp(9), 9:(0)).
Then, under Assumptions 1 (a), 2, and 3,
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(i) wvectors & +(0) forms a stationary and ergodic process with E[;+(6p)] = 0,
(17) this vector has a finite covariance matriz, E [&’t(ﬁo)ﬂ,t(ﬁo)} < 00,

(i43) for all constant fitting size non-zero wvectors a, the sequence a'§;(0y) is an Lo-

mizingale of size —1 w.r.t. filtration {F},_,, and

(1v) there is a finite and positive definite limiting covariance matriz ;(0y) s.t.
T
Cov <T1/2 Z§¢7t(90)> — Yi(0y) a.s.as T — oc.
t=1

The actual form of the asymptotic covariance matrix Y;(6p) must be known in order
to execute the diagnostic tests on residuals. It is also clear that the form depends on
the test we are executing, namely the form of function g;,(-). Stationarity of the process
&i1(6p) allows us to write it in a form that eases the calculation of the actual matrix a
little bit:

Cov (T_1/2 Z&,t(%)) =E {gi,t(eo)gz{,t(go)}

t=1

T
+
J

-1 o
> TT‘]E {51-7,5(90)52,15_]-(90) + 5i,t<‘90)5;,t+j<90)}
—

T—o =
=% 3 E[G(00) s (00)] -
For now on, let us divide the covariance matrix into four blocks as

€60)  Tiw(00) o)
Tiw(0o) Yin(bo)
where the upper left corner is now already familiar asymptotic covariance of the score. The
off-diagonal blocks resembles the uncertainty in our residuals caused by the uncertainty
in the parameter estimation. The bottom right block gives the uncertainty that will be
encountered in any given noisy data, even without any uncertainty of the observations.
Under the assumptions leading to the results in Lemmas D1 and D2 the asymptotic

distributional results can be shown for the unfeasible quantities. The next lemma ensures

that the results hold for the feasible quantities as well.

Lemma D3. Fori € {ac, hs}, let g;+(0) be as in (6), g;0+(0) its derivative w.r.t. 0, and
let §i1(6) and §;04(0) denote their feasible counterparts. Under Assumptions 1 (a), 2, and
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3, we have the following uniform convergences,

T T
(i) sup T2 giy (0) = T2 Giy (6)‘ —0as.as T — oo and
6€0q =1 t=1
T T
(i) sup [T gioe (0) =T Gios («9)| — 0 a.s. as T — 0.
(ASSH t=1 t=1

This completes the list of intermediate results for the proof of Theorem 1.

Appendix E Covariance Matrices (},. and (),

In this Section, we give the exact forms of the limiting covariance matrices €2,. and €24 in
Theorem 1. Thorough derivations can be found in supplementary appendix. The matrix
J (6p) is defined in Proposition 1 and its form is given in Section C above.

In Theorem 1 we concluded that the limiting covariance matrices €);, i € {ac, hs}, are

of the form

—TJ(00)71G;(6p)
Qi = |—=Gi(00) T (00)~" I| Ti(bo) I )[ Gil6o) :

where the blocs are defined in Theorem 1 and discussion therein. In supplementary ap-
pendix, there is more discussion about these matrices around the point 6, as Lemmas
D1 and D2 are proved. After the exact forms are given, we discuss briefly the consistent

estimation of these matrices.

Asymptotic covariance matrix (.

Matrix G,.(6p) can be written as a 1 x 4 block matrix

gac(eo): gac,A(e(]) gac,B(QO) gac,C(QO) gac,D(90> ’

where the block have typical (k,1)-elements

[gac,A(HO)]k’l - _Ugw(()?g,l for k > l,

[Gae.5(00)],, = U(Z)Q/J((f)_l for k > 1,

zeros otherwise, Gue.c(0o) = Omx1, and Gue p(6o) = Opnxa-
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Matrix Y,.(fp) is a 2 x 2 block matrix in (20). The upper left matrix was already

introduced above. The lower right matrix Y, %(6p) is m x m diagonal matrix

o ... 0
Tac,?—t(‘90> =

4
0 ... o

The off-diagonal blocs Y,. ¢ (6p) can be written as a 1 x 4 block matrix

Tac,m<90)= Tac,\l/,A(Qo) Tac,qf,B(Qo) Tac,\lf,c(eo) TacAI/,D(&O) )

where the blocks have the typical (k,[) elements,

[Tac,‘P,A(QO)]kJ = 0’81#(()712_ for k > 1,

[Tac,\P,B(QO)]kJ = —agwéf’,l,l for k > I,

zeros otherwise, and Yuev.c(0o) = Omx1, and Yo w p(6o) = Omxa.
Using the fact that Gu.(6y) = —Yacw(0o), and the properties in Proposition 1, we can

further simplify the asymptotic covariance matrix as
Qac = gac(HO)j(HD)_lgac(QO)/ + Tac,H(QO)-

Asymptotic covariance matrix (1,

For the Qs 1 test, the matrix Gps(6p) = Opux(p+g+1+a). This simplifies the covariance as
Qps = Ths(6p). This matrix, in turn, is a diagonal matrix

E[(e2 -2 ... 0
th = :

Consistent estimators for €,. and (),

A consistent estimator for the J(6) is given by the (feasible) Hessian of the log-likelihood
function [:99,11(9}) 23 T (0y) as T — oo (see Proposition 1 and Lemma C3). Note, however,
that in the noninvertible case, the outer product of the score does not converge to the

same limit (Meitz and Saikkonen, 2013). In order to estimate rest of the €. consistently,
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we suggest replacing the parameters appearing in G,.(6y) and Y, %(6p) by their estimated
values.

We estimate the (2,5 r by replacing the diagonal elements by their consistent estimator
Tyl (ﬂt(é;r)z — (7%)2. As pointed out in Remark 1, using this estimator for ;. r, the
Qns,r test statistic coincides numerically with the McLeod-Li portmanteau -statistic.
Asymptotically equivalent test statistic can be found by deriving the fourth moments of
g, using the distributional assumption of it. For example, the raw moments of Student’s
t-distribution are defined by the degrees of freedom parameter A, for which we have a

consistent estimator Ar. This approach is not pursued any further here.
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