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GENERAL EQUILIBRIUM AND SOCIAL CHOICE IN ECONOMIES
WITH INCREASING RETURNS

Graciela CHICHILNISKY
Department of Economics, Columbia University, New York, NY 10027, USA

Abstract

For any intransitive community preference, we consiruct a non-convex cconomy where
all the marginal cost pricing general equilibria are Pareto ineficient (theoremn 3.2). The
result is valid without requiring a fixed income distribution rule (corollary 3.3). Intransitive
community preferences are a frequent ovcurrence (theorem 3.1): necessary and sullicient
conditions for transitivity of the community preference fail in a set which is open and dense
in the space of individual preferences with a standard wpology.

1z Introduction

Rational individuals are deemed to have transitive preferences, so that if o is
prelerred to B and Bis preferred 1o y, then oris also preferred Lo y. However, examples
of intransitive preferences emerge readily when instead of individual preferences one
considers group preferences or aggregale preferences. Typically, the problem emerges
when aggregating individual into social preferences. De Condorcet [11] provided a
well-known example of three individuals with transitive preferences who give rise to a
majority with intransitive preferences. Many other examples exist in social choice
theory, which seeks 1o define the preferences ol a group under different assumptions and
ethical axioms about how individual preferences should be represented in a society [17].
Other examples are found in demand theory [14,9].

A less explored phenomenon is the impact of intransitivity on market behaviour.
Markets aggregate preferences after a fashion, but do not follow cxplicit welfare or
cthical considerations. The markel’s main virlue is, instead, elTiciency. This paper
shows how the intransitivity of preferences may prevent market efficiency in much the
same way as it interferes with ethical axioms in the aggregation of individual into social
preferences. The results arc presenied in the context of marginal cost price equilibrium
in non-convex markets, as defined in Brown and Heal [2,4,5], and Guesnerie [13].
These are markets with economies of scale in production. The issue is that with
intransitive community preferences, all of the marginal cost pricing (mcp) equilibria,
a standard notion of equilibrium in such markets, may fail to be Pareto efficient, This
means that transferring goods among the parties away from the equilibrium distribution
improves the welfare of some without decreasing that of anyone else, When community
preferences are instead transitive, at least one mcp equilibrium is always Pareto efficient
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(see Brown and Heal [1,2])*. The intransitivity of community preferences causes the
loss of market efficiency.

Necessary and sufficient conditions on individual preferences have been found
under which community preferences are always transitive (see Chichilnisky and
Heal [10]), thus guaranteeing the cfficiency of at least one market equilibrium, We
prove here that these necessary and sufficient conditions for transitivity of community
preferences are seldom satisfied: they fail in a set which is open and dense in the space
of individual preference profiles. We adopt a standard definition of preferences and their
topology (see Debreu [12] and Chichilnisky [6,7]).

The first result is that for an open and dense set of individual preference profiles,
community preferences are intransitive (theorem 3.1). The second result is that when-
ever individual preferences give rise (o intransitive community preferences, an economy
can be constructed where all the marginal cost pricing equilibria are Parcto inefficient
(theorem 3.2), and we do so. This construction is valid for any distribution of income,
provided this allocates a given produclion veclor in a pre-assigned fashion, It does not
require a fixed distribution of income rule (corollary 3.3), as is frequently required in
the literature on equilibria with non-convexities.

In sum; for an open and dense set of individual prefercnces there exist economies
where transfers away from the mcp equilibria are Pareto improving.

2. Definitions

2.1.  PREFERENCES

Consumption vectors belong to P, the interior of the positive cone of IR". Follow-
ing Debreu [12] and Chichilnisky [6,7], a preference g is defined by specifying for every
£ in P a non-zero vector g(£) in R", the intended interpretation of which is that the
hyperplane H(&) through £ orthogonal to g(£) is tangent at & to the indifference hyper-
surface of & and g{f) indicates a direction of preference. We normalize g(§) by
requiring that ||3 (§)| = 1, where the vertical bars denote the Euclidean norm.We
assume that there exists a real valved positive utility function u defined on P, with
hypersurfaces contained in P, and having a derivative Du which is everywhere a strictly
positive multiple of g, i.e. such that everywhere in P,

Du=12g, (2.1.1)

where A is a function from P (o the set of strictly positive real numbers. This definition
follows Debreu [12]. When the utility u is C? (a twice continuously differentiable

*This result is stated in Brown and Heal [2] and is proved in Brown and Heal [1]; it establishes that if an
mcp equilibrium exists, and community preferences are transitive, at least one mep equilibrium is Pareto
efficient. In a similar context, Beato and Mas-Colell (1. Econ. Theory (1985)) presented an example of
a non-convex ecanomy where all marginal cost pricing equilibria are productively inefficient.
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function with bounded derivatives on P), which we now assume, preferences are
elements of the space C'(P, R") of continuously differentiable bounded functions from
P 10 R" with bounded derivatives*, and are therefore topologized with the standard
iopology they inherit from C'(P, R"). This topological space of preferences is denoted
S. A preference g in S is monotone when for all £in P, g(£) € P, and in this case the
utility & in (2.1.1) is regular since its derivative never vanishes. The space ‘P of all
monotone preferences in 5 is an open subset of S.

A profite of preferences is an ordered m-tuple of preferences (g,, ..., g ) in the
product space 2™ representing the preferences of m individuals in the economy. The
space P™ is endowed with the product topology it inherits from 2

22, COMMUNITY PREFERENCES
A preference can also be identified by its graph as a subset of P x P, where the

graph of a preference is ils graph as a relation: (e, ) is in the graph of a preference
when f is preferred to a. We now define the set of choices preferred to a given £ in P

by a community preference associated to the profile (g, ..., g )
G = U  XG), Lji=1,....m, (2.2.1)
it BEi=E

gilgd=gilé;) Vij

where g.(£.) is the normal to i's indifference surface at &.-and G(&) is the set of choices
in P which are preferred by g, to § The graph of a -:'ammumxy preference G is
constructed by defining for each § in P the choices preferred to £: those in the set G(£),
which is the union of the sum of cerain pfel"erred sets of individual preferences at
choices é‘ which add up to choice £ The union is taken not over all possible combina-
tions of pmn:s that sum to & but only over those points which sum to & and at which
the various individuals have the same marginal rate of substitution. Equivalenty, the
sum is over those points where all individuals have identical normals to their indiffer-
ence surfaces [ref. [16], p. 8; refs. [9,10,14]). This corresponds to an assumption that
we aggregate the preferences which are revealed when all consumers face the samc
prices.

For each distribution (£), (£?), etc. of endowments adding up to & at which the
various individuals have the same tangents to their indifference hypersurfaces, there are
sum sets G'(&) = E G(EH, G(8) = G (&M, ctc. The sets GY(E) may be different, in
particular each G {&} could have a different tangent at & Therefore, the differemt

*Since the cone P is unbounded, the condition that functions and their derivatives be bounded is needed
to define the C' norm of a function |[ £1l | = sup__ Il f(x), Df(»)ll. Such boundedness is not needed
when the function £ is defined over a compact space.
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distributions of the endowment & may give rise to different sum sets G(&) at &
Necessary and sufficient conditions were given in ref. [10] 1o ensure that the different
distributions of £ among the individuals do not give rise (o different sum sets and
therefore to contradictory statements about the community preference G. When dif-
ferent sets G'(&) and G*(&) arise from different distributions of a given &, there is a loss
of transitivily of the community preferences in the following sense: There are choices
B and ¥ near & such that for one distribution D, of &, 7is indifferent to £ and both ¢
and y are strictly preferred to 3 according to the corresponding preferred set G'(§),
while for another distribution D, at & JB is strictly preferred 10 § according to the
corresponding preferred set (rz({j), thus violating transitivity. Therefore, when the
different distributions of an endowment & give rise to different sum sets G'(&) and
G &), the community preference is called intransitive.

23. MARGINAL COST PRICING EQUILIBRIUM

We consider an economy consisting of m consumers and k + 1 producers; con-
sumers are indexed by i, each of them has a consumption set X* = = P, and a preference
8, defined over X*, Each producer has a production set ¥/ where j runs over [ and 1 to
k. and where I denotes the i increasing returns to scale industry. The aggregate endowment
W € R" is assumed to be strictly positive, As usual, individual income [, is defined as
the value of endowments and profits. For any non-empty closed subset C of R”, and for
x € C, the tangent cone T.(x) consists of all y € R”" such that for all sequences (x,)
chosen from C which tcnd toxx —)C x, and any sequence (¢,) of positive numbers
converging 10 zero, f, 10, there ﬂ}(lhts a sequence y, — y such t]ut for all k large enough,
x, + 1., €C. The m:rmalmne is given by N {x} =(yveR™(z,y)<0,VzeT (:r)}
'Ihc definition of the normal cone formalizes Ihc intuitive concept of the set of vecmn
which are normal to those in the tangent cone. Tangent and normal cones are used, for
example, by Brown et al. [3]. Their tangent cone is defined somewhat differently from,
but can be shown to be equivalent to, Clarke's tangenl cone (see, for example, ref. [15]).

A marginal cost pricing equilibrium (mcp equilibrium) is a triple [(ijj. NG N
such that p € A, the unit simplex in R", and

2.3(i)

For all i, (§) € A(p,yi} = [0 € X|po' < 1} and g((£)) (also denoted
g(&)) = g.(o,) for all o' e A ‘(p, ¥') unless 1=0, where g,is the prtference of the ith
COnsumer.

23(ii)

Forall j=1,...,k I,y & Bdry (¥) and p is in the normal cone Ny ().
2 3(jii)

XE = Tyt W
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This definition follows Brown et al. [3]*. Condition (i) ensures that the equilibrium
consumption allocation &' is in the ith budget for all i, and that it maximizes i's
preferences. Condition (ii) ensures that the equilibrium production vector y is in the
boundary of the corresponding production set ¥/. Condition (iii) ensures that L& is in
the attainable set of the economy given its endowments and technology, This definition
corresponds (o a quasi-equilibrium, but it agrees with the usual equilibrium concept
under the following assumption which we now adopt:

2.3(A)

For all y' € Bdry (¥/), p & N (%) implics that p(Zy’ + W) > 0, where for
J=1,... ky e Argmax, . ,; py and Z’ is the jth aitainable production set®.

This assumption is attributed to James Meade and ensures that the sum of the aggregate
revenue from profit maximization in the convex sectors and marginal cost pricing in the
non-convex sector, plus the value of the endowment, is non-negative.

3. Results: Transitivity and the loss of market efficiency

THEOREM 3.1

For an open and dense set of individual preference profiles in 2™, community
preferences are intransitive.

Proaf

Consider an economy with m consumers, and let (g, .+ &) be their preference
profile in P™. Since the indifference hypersurfaces of the individual preferences are
contained in P, a necessary and sufficient condition for the community preference
corresponding to this profile to be transitive is that the preferences* g, i=1,....m,
be all homothetic and identical, e, that forall i,j=1,...,mand all A > 0,

8,(5) = g,(5) = g,(A8), (3.1)

(see Chichilnisky and Heal [10], theorem 4, p. 47).

*Their definition in [3] requires also a fixed distribution of income, a condition which is used in their proof
of existence of an mep equilibrium. We do not prove existence, and we do not require their condition of
a fixed income distribution. :

*The set of attainable states Z = {(x'} /) : Tx'+ £y/= W, andx' € X* y/ € ¥/ for all i, /). Let the projection
of Z on ¥ be denoted Z/, called the jth attainable production set.

*Weaker conditions for the transitivity of the community preference are provided in Chichilnisky and Heal
|18}, in those cases where the indifference surfaces may not be contained in the positive cone. The
resulting class of preferences yielding transilive community preferences is larger than that described in
theorem 3.1; however, the space of profiles satisfying these weaker conditions 15 still residual m 2
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We shall now show that this necessary and sufficient condition is satisficd on the
complement of an open and dense set within the space P™ of preference profiles
endowed with the product topology it inherits from 7.

First, note that the space Q. of homothetic preferences in P is a closed subset of
P by definition, @ is contained in the space of homothetic C* vector fields 2£{ namecly
C! vector ficlds h satisfying h(E) = h(AE), for all £ in P and all A > O*. This is clearly
a closed condition, one which is satisfied on a closed subspace of this C' space. It
follows, therefore, that @, which is the intersection of # with &, is a closed subset of
P Similarly, the space @ of profiles of homothetic preferences is contained in a closed
sct of the space of preference profiles P™, namely the product of m closed sets within
the space 7. Finally, the condition that all homothetic preferences be identical is a closed
condition in Q™, and therefore the set AQ™ consisting of profiles of identical and
homothetic preferences is a closed subset of £™. It remains to show that the complement
of AQ™ is dense. For this, it suffices to note that AQ™ is contained in the diagonal
A= ((g:...,8,) in P":Vij g = g], since all preferences of a profile in Q™ are
identical, and 1J1al the diagonal A™ is a nowhere dense set in the product space 7.0

THEOREM 3.2

For any profile of mdividual preferences giving rise to an intransitive community
preference, there exist economies where all mep equilibria are Parcto inefficient.

Proof

The proof consists of two parts. In the first part, we prove that intransitivity of
the community preference implics the existence of two points & and § and correspond-
ing distributions D (&) and D,(f) such that the community preference prefers S0 £ in
onc of these distributions, while it prefers £ to f in the other. The second part of the
proof uses this property of the community preference to construct an economy in which
the only possible production-efficient vectors are f and & and then shows that neither
f nor & are Pareto efficient, thus proving that no Pareto-efficient marginal cost equili-
brium exists.

Step 1: Consider a profile (31 e T L= P"™ not contained in AQ™, thus violating the
necessary and sufficient condition (3.1). There is therefore a vector £ in P where
the corresponding community preference is intransitive, the intransitivity ari-
sing from the fact that there exist two distributions of & D (§)=(&,...,§ )
and D(&) = (], ..., &), with £&,= E&’= £, giving rise to two different sum
sets G(&) = LG (&) and GX&) = Y,G(£%). We say that e is strictly preferred,
or indifferent, to £ according to G'(£) when a belongs to the interior, or the
boundary, in P of the set G'(£), respectively. Since G'(&) is different from

*Mote that some of the homothetic vector fields in # are not integrable, i.e. may not satisfy for any u
condition (2.1.1) in the definition of P.
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G*&), we may choose a point g in P such that g is indifferent 1o &
according to G*(&), while according to G'(&), u is strictly preferred to &
Since y is indifferent to £ according to G*(£), there exists a distribution D, (1)
=(M. ..., 0 ), Tp= g, for which the corresponding sum set G () = L. G (1)
equals GH(E)*.

Since under the distribution D,(y), G(p) = GH &), it follows that u is also
indifferent to & according to G*(). We now consider a new point 5 and a
distribution D4{,ﬁ’] = .,ﬁm), Zﬁ": B, where ﬁ:ﬁifmiz L,...,m-1,
ﬁ where S.EII:ISECS 3"'(””5) =g (B ) and u_is stnf:ﬂy l:frcfarred_tn rﬁ@ by

preference g *. Let GY(f) = L.G(f). By construction, u is strictly
preferred to §§ according to G*(8); £ is also strictly preferred to ff according to
GY B), because foralli=1,...,m—1, Gi{ﬁi} = Gl.{p‘.), while Gmiﬁm) strictly
contains G _(x ) since p_is strictly preferred by m to ﬁm. By continuity of
8,» we may choose ﬁm sufficiently close to 4_ so that, as ( is strictly preferred
1o & according to G'(£), B is also strictly preferred to £ according 10 G'(£). We
have now constructed a pair of points £ and f3 satisfying the following property:
there exists a distribution D, (&) of £ in which the corresponding sum set G'(£)
strictly prefers 8 to &, and there is a distribution D,(f) of B in which the
corresponding sum set G*(3) striclly prefers £ to 8 (fig. 1).

&4E]

FHE) G

Fig. 1. Mustration of step 1,

*The proof that G* () = G ) is as follows: Since ¢t is indifferent to £ by definition g is in thé boundary
of the set G*(£). By definition of G*(¢), u is the sum of m vectors g1, . .., ¢t such that for all i, g, is
preferred to or indifferent to &, according to individual ith preference g;. It follows that: (1) for all 4, g,
is in the boundary of G.(&), where G(£) is the set preferred to £, according to the preference g, and
D foralli,j=1,...,m FAVISES FITHR il either (1) or (2) were violaled, then ¢ would be interior to
G*(£). In other words, for all i, s indifferent to §;» and the indifference surface of g, at yi, has the same
tangent the indifference surface of B Ay, foralli,j=1,..., m. It follows that it = 'E,,ul. such that for
all i, g(p,) = g(£) and y, is indifferent 10 §,. By definition, therefore, Gs(,u) = GXE).

e existence of such a vector §§ follows from the regularity and monotonicity of the utility u_ defining
the preference g_: regularity of u_ ensures that the set [ve Pig ()= gn{pm}} is a manifold of
dimension a - 1, and therefore there exists a point dilferent from g belonging to this manifold in every
¢ neighborhood of 4 for small £ Monetonicity ensures that such a point can be chosen so that it is strictly
less preferred to Mo
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Step 2: The next step is to construct an economy which has £ and g as the only possible
production-efficient points. Consider the two rays from the origin ending at
and £, respectively, and consider the set generated by the free disposal hull of
these two rays, namely the subset of P consisting of points which are inferior
Lo points in these two rays in the vector order of R" (see fig. 2). This hull is
denoted ‘T and it describes the sum of the sct given by the production tech-
nology of our economy and the total initial endowments. In this technology, the
only production-efficient vectors are £ and f3.

/

Fig. 2. lllustration of step 2.

We now define an economy ‘E as follows. There arc m individuals with
preferences g,...., g2 . There is onc firm, and commodities (inputs and
outputs) with a production technology described by the set T— W and an initial
endowment vector W= £ W is distributed among the individuals according to
the distribution D (&) = (§,,.... & ), L& = & with a pattern of ownership of
production under which when 8 - £ is produced, the distribution of f (total
endowment plus production) is D (5). In this economy £, the only two possible
production-cfficient vectors arc £ and . Therefore, these Iwo veclors are the
only candidates for Parcto-cfficient mcp equilibria, because of monotonicity of
preferences. However, 3 is not Pareto efficient in the economy ‘E because 'E's
distribution of the vector B is D,( ), and there exists another vector £ which is
feasible in ‘€ and which is Pareto superior (as it is interior to the set GY£)),
while for T's distribution of the initial endowment &, D, (&), there cxists a
feasible vector 8 which is Parcto superior (as it is interior to G'(&)). This proves
that neither 8 nor £ can be Pareto efficient mcp equilibria, O

Note that the lack of Pareto efficient mep equilibria is not caused by the lack of
existence of mcp equilibria: examples of economies possessing several mcp equilibria
of which none arc Pareto cfficient have been provided by Brown and Heal [2].
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COROLLARY 3.3.

For any profile of individual preferences giving rise 1o an intransitive community
preference, and for any distributon ol income which allocates one endowment vector
in a preassigned fashion, there exist cconomies where all mcp equilibria are Pareto
inelficient.

Proaf

It suffices to note that in the proof of theorem 3.2, the only requirement on the
distribution of income is that it should allocate the endowment § according o the
distribution D (3). The result is therefore valid for any distribution of income in which
f is allocated according to D (f3). This contrasts with the restriction of a fixed income
distribution rule which is used frequently in the literature of equilibria with increasing
returns (see, for example, Brown and Heal [2] and Guesnerie [13]). O
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