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❆❜str❛❝t

■♥ ❛ ♠♦❞❡❧ ♦❢ ✐♥✈❡st♠❡♥t ✐♥ ♣r♦❞✉❝t ❞❡✈❡❧♦♣♠❡♥t ✐♥ ❞✉♦♣♦❧② ✇❡ st✉❞② t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢

❞✐✛❡r❡♥t ❝♦sts ♦❢ ✐♥♥♦✈❛t✐♥❣ ❛♥❞ ✐♠✐t❛t✐♥❣ ❢♦r ✜r♠ str❛t❡❣✐❡s ❛♥❞ ♦♣t✐♠❛❧ ■P ♣r♦t❡❝t✐♦♥✱ r❡❧❛t✐♥❣

t❤❡s❡ t♦ t❤❡ ❞②♥❛♠✐❝ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❛ st♦❝❤❛st✐❝ ❞❡♠❛♥❞✳ ❆ ❝r✐t✐❝❛❧ r❡❧❛t✐✈❡ ❝♦st ✐s ✐❞❡♥t✐✜❡❞

t❤❛t ❞❡t❡r♠✐♥❡s ✇❤❡t❤❡r str❛t❡❣✐❝ ❝♦♠♣❡t✐t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ttr✐t✐♦♥ ♦r ♣r❡❡♠♣t✐♦♥✱ ✇✐t❤

✐♥❞✉str② ✈❛❧✉❡ ❜❡✐♥❣ ♠❛①✐♠✐③❡❞ ✇❤❡♥ ✜r♠s ♥❡✐t❤❡r st❛❧❧ ♥♦r ❤❛st❡♥ ❡♥tr②✳ Pr♦✈✐❞❡❞ t❤❛t

❞❡♠❛♥❞ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ s✉✣❝✐❡♥t❧② ❧♦✇✱ ❛s t②♣✐❝❛❧❧② ❛r✐s❡s ✐♥ ♠❛t✉r❡ ✐♥❞✉str✐❡s✱ ✐t ✐s

s♦❝✐❛❧❧② ❞❡s✐r❛❜❧❡ t♦ ♣r♦✈✐❞❡ ✐♥♥♦✈❛t♦rs ✇✐t❤ ❝♦♠♣❧❡t❡ ♣r♦t❡❝t✐♦♥ ✭✇✐♥♥❡r✲t❛❦❡✲❛❧❧✮✱ ✐♠♣❧②✐♥❣

❛ ♣r❡❡♠♣t✐♦♥ r❛❝❡✳ ❇✉t ✇❤❡♥ ❞❡♠❛♥❞ ✐s r❛♣✐❞❧② ❡①♣❛♥❞✐♥❣ ❛♥❞ ❤✐❣❤❧② ✉♥♣r❡❞✐❝t❛❜❧❡ ❛ s♦❝✐❛❧

♦♣t✐♠✉♠ ❝❛♥ ✐♥✈♦❧✈❡ ❛ ❧♦✇ ❧❡✈❡❧ ♦❢ ♣r♦t❡❝t✐♦♥✱ ✐♠♣❧②✐♥❣ ❛ttr✐t✐♦♥✱ ❛❧❜❡✐t ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ❧♦✇❡r

❜♦✉♥❞ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st ✭✇✐♥♥❡r✲♣❛②s✲s♦♠❡✮✳ ■♥❞✉str② ♣r♦✜ts ✐♥❝r❡❛s❡ ✐❢

✜r♠s ❝❛♥ ❝♦♠♠✐t ♥♦t t♦ s❡❡❦ str♦♥❣❡r ■P ♣r♦t❡❝t✐♦♥ ♦♥❝❡ t❤❡② ❤❛✈❡ ✐♥♥♦✈❛t❡❞✱ ♣r♦✈✐❞✐♥❣ ❛

r❛t✐♦♥❛❧❡ ❢♦r ♦♣❡♥ st❛♥❞❛r❞s✳ ❲❤✐❧❡ ❜✉②♦✉ts ❤❛✈❡ ❛♠❜✐❣✉♦✉s ✇❡❧❢❛r❡ ❡✛❡❝ts✱ s✐♠♣❧❡ ❧✐❝❡♥s✐♥❣

s❝❤❡♠❡s ❛r❡ ✇❡❧❢❛r❡ ✐♠♣r♦✈✐♥❣✳

❏❊▲ ❝❧❛ss✐✜❝❛t✐♦♥✿ ●✸✶✱ ▲✶✸✱ ❖✸✸

❑❡②✇♦r❞s✿ ❞②♥❛♠✐❝ ♦❧✐❣♦♣♦❧②✱ ♣❛t❡♥t ♣♦❧✐❝②✱ ♣r❡❡♠♣t✐♦♥✱ r❡❛❧ ♦♣t✐♦♥s

∗❇✐❧❧❡tt❡ ❞❡ ❱✐❧❧❡♠❡✉r✿ ▲❊▼✱ ❯♥✐✈❡rs✐té ❞❡ ▲✐❧❧❡✱ ❋✲✺✾✻✺✺✱ ❋r❛♥❝❡✳ ❘✉❜❧❡ ❛♥❞ ❱❡rs❛❡✈❡❧✿ ❊▼▲❨❖◆ ❇✉s✐♥❡ss

❙❝❤♦♦❧✱ ❋✲✻✾✶✸✹ ✭♣r✐♠❛r② ❛✣❧✐❛t✐♦♥✮ ❛♥❞ ❈◆❘❙✱ ●❆❚❊ ▲②♦♥ ❙❛✐♥t✲❊t✐❡♥♥❡✱ ❊❝✉❧❧② ❋✲✻✾✶✸✵✱ ❋r❛♥❝❡✳ ❈♦rr❡s♣♦♥❞✐♥❣

❛✉t❤♦r✿ r✉❜❧❡❅❡♠✲❧②♦♥✳❝♦♠✳ ❲❡ ❛r❡ ❣r❛t❡❢✉❧ t♦ ❳❛✈✐❡r ❇♦✉t✐♥✱ ❨❛♥♥ ❇r❛♦✉❡③❡❝✱ ❇❡♥♦ît ❈❤❡✈❛❧✐❡r✲❘♦✐❣♥❛♥t✱ ❉❛✈✐❞

❊♥❝❛♦✉❛✱ ❚❤✐❧♦ ▼❡②❡r✲❇r❛♥❞✐s✱ ❉❡❛♥ P❛①s♦♥✱ ❘é❣✐s ❘❡♥❛✉❧t✱ ❏❛❝❝♦ ❚❤✐❥ss❡♥✱ ▼✐❤❦❡❧ ❚♦♠❜❛❦✱ ❛♥❞ ▲❡♥♦s ❚r✐❣❡♦r❣✐s

❛s ✇❡❧❧ ❛s s❡♠✐♥❛r ♣❛rt✐❝✐♣❛♥ts ❛t P❛r✐s✲❉❛✉♣❤✐♥❡ ✉♥✐✈❡rs✐t②✱ ■❊❙❊● ❜✉s✐♥❡ss s❝❤♦♦❧✱ ▲▼❯ ❛♥❞ ❚❯ ▼ü♥❝❤❡♥✱ ❛♥❞

♣❛rt✐❝✐♣❛♥ts ❛t t❤❡ ✷✵✶✻ ❆❋❙❊ ♠❡❡t✐♥❣ ❛♥❞ ◆♦rt❤✇❡st❡r♥ ❆♥♥✉❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ■♥♥♦✈❛t✐♦♥ ❊❝♦♥♦♠✐❝s✱ ✷✵✶✺

■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❘❡❛❧ ❖♣t✐♦♥s ❛♥❞ ✷✵✶✹ ❊❆❘■❊ ♠❡❡t✐♥❣ ❢♦r ✈❛❧✉❛❜❧❡ s✉❣❣❡st✐♦♥s✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

❲❤❡♥ ❞❡✈❡❧♦♣✐♥❣ ❛♥ ✐♥✈❡♥t✐♦♥ ✐♥t♦ ❛ ❝♦♠♠❡r❝✐❛❧ ♣r♦❞✉❝t r❡q✉✐r❡s s✐❣♥✐✜❝❛♥t r❡s♦✉r❝❡s✱ ♦♥❧② ❛ ❢❡✇

✜r♠s ♠❛② ❥♦❝❦❡② ❢♦r ♣♦s✐t✐♦♥s ✐♥ ❛♥ ✐♥❞✉str② ❡✐t❤❡r ❛s ❛ ✜rst✲♠♦✈❡r ♦r ❛s ❛ s❡❝♦♥❞ ❡♥tr❛♥t✳ ■♥ t❤❡s❡

❝✐r❝✉♠st❛♥❝❡s t❤❡ t✐♠✐♥❣ ♦❢ ♣r♦❞✉❝t ✐♥tr♦❞✉❝t✐♦♥s ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✐♥✈❡st♠❡♥t str❛t❡❣✐❡s t❤❛t ❛r❡

❞r✐✈❡♥ ❜② t❤❡ r❡❧❛t✐✈❡ ❝♦sts ♦❢ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥ ❛♥❞ r❡s♣♦♥❞ t♦ s✉❝❤ ♣♦❧✐❝② ✈❛r✐❛❜❧❡s ❛s t❤❡

str❡♥❣t❤ ♦❢ ✐♥t❡❧❧❡❝t✉❛❧ ♣r♦♣❡rt② ✭■P✮ r✐❣❤ts✱ ✇❤♦s❡ ❡✛❡❝t✐✈❡♥❡ss ♠✉st ❤✐♥❣❡ t❤❡r❡❢♦r❡ ♦♥ ❞②♥❛♠✐❝

❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t❤❡ ✜♥❛❧ ♣r♦❞✉❝t ♠❛r❦❡t✳

■♥ ❛ ♠♦❞❡❧ ♦❢ ✐♥♥♦✈❛t✐♦♥ ❢♦❝✉s✐♥❣ ♦♥ ❝♦♠♣❡t✐♥❣ ✐♥✈❡st♠❡♥ts ✐♥ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♥❡✇

♣r♦❞✉❝t✱ ✇❡ st✉❞② t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❝♦sts ♦❢ ✐♥♥♦✈❛t✐♥❣ ❛♥❞ ✐♠✐t❛t✐♥❣ ❢♦r

t❤❡ str❛t❡❣✐❡s ♦❢ ✜r♠s ✇❤❡♥ t❤❡✐r r♦❧❡s ❛s ❛♥ ✐♥♥♦✈❛t♦r ♦r ✐♠✐t❛t♦r ❛r❡ ❡♥❞♦❣❡♥♦✉s✱ ✐♥ ♦r❞❡r t♦

❝❤❛r❛❝t❡r✐③❡ t❤❡ r❡❣✉❧❛t♦r✬s ❝❤♦✐❝❡ ♦❢ ♦♣t✐♠❛❧ ■P ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧✳ ❇② ✐❞❡♥t✐❢②✐♥❣ t❤❡ r♦❧❡ ♣❧❛②❡❞

❜② t❤❡ ❞r✐❢t ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ ❞❡♠❛♥❞ ✐♥ t❤✐s ❝♦♥t❡①t ✇❡ ❛r❡ ❛❜❧❡ t♦ s❤❡❞ ❧✐❣❤t ♦♥ t❤❡ t✐♠✐♥❣

♦❢ ✐♥♥♦✈❛t✐✈❡ ❛♥❞ ✐♠✐t❛t✐✈❡ ✐♥✈❡st♠❡♥t ❛♥❞ ✐ts ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ✇❡❧❢❛r❡✱ s♦ ❛s t♦ ❝♦♥tr✐❜✉t❡ ❛ ♥♦✈❡❧

♣❡rs♣❡❝t✐✈❡ ♦♥ t❤❡ ♥❡❝❡ss✐t② ♦❢ str♦♥❣ ■P ♣r♦t❡❝t✐♦♥ ✐♥ ❝❡rt❛✐♥ t②♣❡s ♦❢ ♠❛r❦❡ts✳

❆ ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ■P ♣r♦t❡❝t✐♦♥ t❤❛t ✐♥❞✉❝❡s ❛ ♣r❡❡♠♣t✐♦♥ r❛❝❡ ❜❡t✇❡❡♥ ✜r♠s ✐s s❡❡♥ t♦ ❝♦♥st✐✲

t✉t❡ ❛ s❡❝♦♥❞✲❜❡st ❢r♦♠ ❛ ✇❡❧❢❛r❡ st❛♥❞♣♦✐♥t ✉♥❞❡r ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s t❤❛t ❛r❡ s❛t✐s✜❡❞ ✐♥ ❝♦♠♠♦♥

♦❧✐❣♦♣♦❧② ♠♦❞❡❧s ✐❢ ❞❡♠❛♥❞ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ s✉✣❝✐❡♥t❧② ❧♦✇✱ ❛s t②♣✐❝❛❧❧② ♦❝❝✉rs ✐♥ ♠❛t✉r❡

✐♥❞✉str✐❡s✳ ❲❤❡♥ t❤❡ ❧❡✈❡❧ ♦❢ t❤❡s❡ ❞❡♠❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ✐s s✉✣❝✐❡♥t❧② ❧♦✇ ✐♥ ❢❛❝t✱ ✐t ✐s s♦❝✐❛❧❧②

❞❡s✐r❛❜❧❡ t♦ ♣r♦✈✐❞❡ ✐♥♥♦✈❛t♦rs ✇✐t❤ ❝♦♠♣❧❡t❡ ♣r♦t❡❝t✐♦♥ ❛♥❞ ❧❡t str❛t❡❣✐❝ ✐♥✈❡st♠❡♥t t❛❦❡ t❤❡

❢♦r♠ ♦❢ ❛ ✇✐♥♥❡r✲t❛❦❡✲❛❧❧ ❝♦♥t❡st✳ ❈♦♥✈❡rs❡❧②✱ ❛ttr✐t✐♦♥ ❛r✐s❡s ✐❢ ✐♥♥♦✈❛t✐♦♥ ❤❛s ♣♦s✐t✐✈❡ s♣✐❧❧♦✈❡rs

❢♦r t❤❡ ✐♠✐t❛t✐♥❣ ✜r♠✱ ❛♥❞ ✐t ✐s ❛❧❧ t❤❡ ♠♦r❡ ❧✐❦❡❧② ✇❤❡♥ ❞❡♠❛♥❞ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ ❤✐❣❤✱ ❛

❝❛s❡ t❤❛t ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝✐r❝✉♠st❛♥❝❡s ♠♦st ❝♦♠♠♦♥❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐♥♥♦✈❛t✐✈❡ ✐♥❞✉str✐❡s✳

❊✈❡♥ t❤❡♥ ❛♥ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ■P ♣r♦t❡❝t✐♦♥ st✐❧❧ s❡ts ❛ ♣♦s✐t✐✈❡ ❝♦st ♦❢ ✐♠✐t❛t✐♥❣ t❤❛t ✇❡ ✐❞❡♥t✐❢②✱

s♦ t❤❛t ❞②♥❛♠✐❝ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s s❤♦✉❧❞ ❛❧✇❛②s ❜❡ ✇✐♥♥❡r✲♣❛②✲s♦♠❡ ✐♥ ♥❛t✉r❡✳

❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡①❡r❝✐s❡ ♦❢ str❛t❡❣✐❝ ❣r♦✇t❤ ♦♣t✐♦♥s ❜② t✇♦ ✐♥✐t✐❛❧❧② ✐❞❡♥t✐❝❛❧

✜r♠s ❝♦♥t❡♠♣❧❛t✐♥❣ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ♣r♦❞✉❝t ❢♦r ❛ ♥❡✇ ♠❛r❦❡t ✐♥ ✇❤✐❝❤ t❤❡② ❛r❡ ♣♦t❡♥t✐❛❧

❤♦r✐③♦♥t❛❧ ❝♦♠♣❡t✐t♦rs✳✶ ■♥✈❡st♠❡♥t ❧❡✈❡❧s ❛r❡ ✜①❡❞ ❛♥❞ ✐rr❡✈❡rs✐❜❧❡ ❛♥❞ ♣r♦❞✉❝t ❞❡✈❡❧♦♣♠❡♥t ♦❝✲

❝✉rs ✐♥ ❛ ❝♦♥t❡①t ♦❢ ✉♥❝❡rt❛✐♥t②✱ ❛s ♠❛r❦❡t ❞❡♠❛♥❞ ❡✈♦❧✈❡s st♦❝❤❛st✐❝❛❧❧② ♦✈❡r t✐♠❡ t❤r♦✉❣❤ ❛ s❝❛❧❡

♣❛r❛♠❡t❡r t❤❛t ❢♦❧❧♦✇s ❛ ❣❡♦♠❡tr✐❝ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✳✷ ❇♦t❤ ✜r♠s ✐♥❞❡♣❡♥❞❡♥t❧② ❝❤♦♦s❡ ✐♥✈❡st✲

✶❖✉r ❢♦❝✉s ♦♥ ✐♥❞✉str✐❡s ✐♥ ✇❤✐❝❤ ✜r♠s ❛r❡ ❤♦r✐③♦♥t❛❧ ❝♦♠♣❡t✐t♦rs ✐s t❤❡r❡❢♦r❡ ❝♦♠♣❧❡♠❡♥t❛r② t♦ r❡s❡❛r❝❤ ♦♥

❝✉♠✉❧❛t✐✈❡ ✐♥♥♦✈❛t✐♦♥ s✉❝❤ ❛s ●r❡❡♥ ❛♥❞ ❙❝♦t❝❤♠❡r ❬✶✺❪✳
✷❲❡ t❤✉s ❢♦❝✉s ♦♥ t❤❡ ❡✛❡❝t ♠❛r❦❡t ✉♥❝❡rt❛✐♥t② r❛t❤❡r t❤❛♥ ❘✫❉ ✉♥❝❡rt❛✐♥t② ♦♥ ✐♥♥♦✈❛t✐♦♥ ✐♥❝❡♥t✐✈❡s✱ t❤❡

❧❛tt❡r ❤❛✈✐♥❣ ❜❡❡♥ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ✐♥ t❤❡ ♣❛t❡♥t r❛❝❡ ❧✐t❡r❛t✉r❡ ✭s❡❡ ❡✳❣✳ ❉❡♥✐❝♦❧ò ❬✻❪✮✳

✷



♠❡♥t t❤r❡s❤♦❧❞s t❤❛t ❞❡t❡r♠✐♥❡ t❤❡ t✐♠✐♥❣ ♦❢ t❤❡✐r ✐♥✈❡st♠❡♥t✱ ❛♥❞ ♦♥❝❡ ♣❡r❢♦r♠❡❞ ✐♥✈❡st♠❡♥ts

r❡s✉❧t ✐♥ ❛ ♣❡r♣❡t✉❛❧ ♣r♦✜t ✢♦✇ ✇❤♦s❡ ♠❛❣♥✐t✉❞❡ ❛t ❛♥② ♠♦♠❡♥t ❞❡♣❡♥❞s ♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❛❝t✐✈❡

✜r♠s✳ ❲❡ t❤✉s st✉❞② ❛ r❡❛❧ ♦♣t✐♦♥ ❣❛♠❡✸ ❜✉t ❞❡♣❛rt ❢r♦♠ ❡①✐st✐♥❣ ✇♦r❦ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛♥ ❡①✲♣♦st

❛s②♠♠❡tr② t❤r♦✉❣❤ t❤❡ ❞✐✛❡r✐♥❣ ✜①❡❞ ❝♦sts ♦❢ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥ t❤❛t ✜r♠s ❢❛❝❡✳ ❲❡ ❞♦ ♥♦t

r❡str✐❝t t❤❡ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡s❡ ✜①❡❞ ❝♦sts✱ s♦ t❤❡ ♠♦❞❡❧ ❛❧❧♦✇s ❢♦r ❡✐t❤❡r ❛ ❜r♦❛❞ ❧❡✈❡❧ ♦❢

■P ♣r♦t❡❝t✐♦♥ ✇❤✐❝❤ ✐♠♣❧✐❡s ❛ r❡❧❛t✐✈❡❧② ❤✐❣❤ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥✱ ♦r s✐❣♥✐✜❝❛♥t s♣✐❧❧♦✈❡rs t❤❛t r❡s✉❧t

✐♥ ❛ ❝♦♠♣❛r❛t✐✈❡❧② ❧♦✇ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥✳

❚❤r♦✉❣❤ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❝♦sts ♦❢ ✐♥♥♦✈❛t✐♥❣ ❛♥❞ ✐♠✐t❛t✐♥❣ ✇❡ ♣❛r❛♠❡tr✐③❡ ✜rst✲ ❛♥❞

s❡❝♦♥❞✲♠♦✈❡r ❛❞✈❛♥t❛❣❡ ✐♥ ❛ ♣❛rs✐♠♦♥✐♦✉s ✇❛②✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ♥❡st ✐♥ t❤❡ s❛♠❡ ❢r❛♠❡✇♦r❦

t✇♦ ❝❧❛ss✐❝ ❣❛♠❡s ♦❢ t✐♠✐♥❣ ✭t❤❡ ❞❡t❡r♠✐♥✐st✐❝ ♠♦❞❡❧s ♦❢ ❛ttr✐t✐♦♥ ❛♥❞ ♣r❡❡♠♣t✐♦♥ ♦❢ ❍❡♥❞r✐❝❦s ❡t

❛❧✳ ❬✶✼❪ ❛♥❞ ❋✉❞❡♥❜❡r❣ ❛♥❞ ❚✐r♦❧❡ ❬✶✶❪✮ ✇❤♦s❡ ❝♦♠❜✐♥❛t✐♦♥ ❛♥❞ ❢♦r♠✉❧❛t✐♦♥ ✐♥ t❤❡ st♦❝❤❛st✐❝ ❝❛s❡

♣r❡s❡♥t s❡✈❡r❛❧ ❝❤❛❧❧❡♥❣❡s ✭❚❤✐❥ss❡♥ ❡t ❛❧✳ ❬✸✹❪✱ ❘✐❡❞❡❧ ❛♥❞ ❙t❡❣ ❬✷✾❪✮✳ ■♥ ♦r❞❡r t♦ ❛❧❧♦✇ ❛ tr❛❝t❛❜❧❡

✇❡❧❢❛r❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ❧❡✈❡❧ ♦❢ ■P ♣r♦t❡❝t✐♦♥ ♦♥ ✜r♠ ✐♥✈❡st♠❡♥t ✐♥❝❡♥t✐✈❡s ❛♥❞ ✐♥✲

❞✉str② ♦✉t❝♦♠❡s✱ ✇❡ ❝♦♥s✐❞❡r ❛ t✐♠✐♥❣ ❣❛♠❡ ✐♥ ✇❤✐❝❤ t❤❡ str❛t❡❣✐❡s ♦❢ ✜r♠s ❝♦♥s✐st ♦❢ ✐♥✈❡st♠❡♥t

t❤r❡s❤♦❧❞s ♦r ❤✉r❞❧❡ r❛t❡s t❤❛t ❞❡t❡r♠✐♥❡ st♦❝❤❛st✐❝ ✐♥✈❡st♠❡♥t t✐♠❡s✱ ❢♦r ✇❤✐❝❤ ✇❡ ♣r♦✈✐❞❡ ❛ s✐♠✲

♣❧❡ str❛t❡❣✐❝ ❢♦r♠ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞

❝❤♦✐❝❡s ♦❢ ✜r♠s ✭✐♥ ❙❡❝t✐♦♥ ❆✳✺ ✇❡ ❝♦♠♣❧❡♠❡♥t t❤❡ str❛t❡❣✐❝ ❢♦r♠ ✇✐t❤ ❛ ♠♦r❡ t❡❝❤♥✐❝❛❧ ❞✐s❝✉ss✐♦♥

♦❢ ❡①t❡♥❞❡❞ ♠✐①❡❞ str❛t❡❣✐❡s ❛♥❞ ❛ ❞②♥❛♠✐❝ ✈✐❡✇ ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡✮✳

❖✉r ✜rst r❡s✉❧t r❡❧❛t❡s ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❝ ✐♥✈❡st♠❡♥t t♦ t❤❡ r❡❧❛t✐✈❡ ❝♦sts ♦❢ ✐♥♥♦✈❛t✐♦♥ ❛♥❞

✐♠✐t❛t✐♦♥ ✭Pr♦♣♦s✐t✐♦♥ 1✮✱ ❛♥❞ ✇❡ ✐❞❡♥t✐❢② ❛ ❝r✐t✐❝❛❧ ❧❡✈❡❧ ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st t❤❛t ❞❡t❡r♠✐♥❡s ✇❤❡t❤❡r

str❛t❡❣✐❝ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ttr✐t✐♦♥ ♦r ♣r❡❡♠♣t✐♦♥✳ ❋♦r s✉✣❝✐❡♥t❧② ❧♦✇

♦r ❤✐❣❤ ✈❛❧✉❡s ♦❢ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥✱ ✇❡ ✜♥❞ t❤❛t str❛t❡❣✐❝ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s ❤❛s t❤❡

❢♦r♠ ♦❢ ❛ st❛♥❞❛r❞ ❛ttr✐t✐♦♥ ♦r ♣r❡❡♠♣t✐♦♥ ❣❛♠❡✳ ❆ s✉✣❝✐❡♥t❧② ❧♦✇ ✐♠✐t❛t✐♦♥ ❝♦st ❧❡❛❞s t♦ ❛

s✐t✉❛t✐♦♥ ♦❢ ❛ttr✐t✐♦♥ ❛s ✜r♠s s❡❡❦ t♦ ❡♥t❡r s❡❝♦♥❞✱ ❞❡❧❛②✐♥❣ ♣r♦❞✉❝t ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ ✐♥❞✉❝✐♥❣

♠♦r❡ ♦r ❧❡ss r❛♣✐❞ ✐♠✐t❛t✐♦♥✳✹ ❈♦♥✈❡rs❡❧② ❛ s✉✣❝✐❡♥t❧② ❤✐❣❤ ✐♠✐t❛t✐♦♥ ❝♦st ❧❡❛❞s t♦ ❛ s✐t✉❛t✐♦♥ ♦❢

♣r❡❡♠♣t✐♦♥ ❛s ✜r♠s s❡❡❦ t♦ ❡♥t❡r ✜rst✱ ❛❝❝❡❧❡r❛t✐♥❣ ♣r♦❞✉❝t ✐♥tr♦❞✉❝t✐♦♥ ❜✉t ❣❡♥❡r❛❧❧② ❞❡❧❛②✐♥❣

✐♠✐t❛t✐♦♥✳ ❋♦r ✐♥t❡r♠❡❞✐❛t❡ ✐♠✐t❛t✐♦♥ ❝♦st ✈❛❧✉❡s✱ str❛t❡❣✐❝ ❝♦♠♣❡t✐t✐♦♥ t❛❦❡s t❤❡ ❢♦r♠ ❡✐t❤❡r ♦❢ ❛

✇❛✐t✐♥❣ ❣❛♠❡ ✐♥ ✇❤✐❝❤ ✜r♠ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐str✐❜✉t❡❞ ♦✈❡r ❛ ❞✐s❝♦♥♥❡❝t❡❞

s✉♣♣♦rt✱ ♦r ♦❢ ❛ ♣r❡❡♠♣t✐♦♥ r❛❝❡ ✐♥ ✇❤✐❝❤ ❛♥ ❛ttr✐t✐♦♥ ♣❤❛s❡ ♠❛② ♦❝❝✉r ♦✛ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✳

✸❈❤❡✈❛❧✐❡r✲❘♦✐❣♥❛♥t ❛♥❞ ❚r✐❣❡♦r❣✐s ❬✹❪ ♣r♦✈✐❞❡ ❛ t❤♦r♦✉❣❤ ♣r❡s❡♥t❛t✐♦♥ ♦❢ s✉❝❤ ❣❛♠❡s✱ ✐♥ ✇❤✐❝❤ ✜r♠s ❜❛❧❛♥❝❡

t❤❡ ✈❛❧✉❡ ♦❢ r❡t❛✐♥✐♥❣ ✢❡①✐❜✐❧✐t② ✐♥ t❤❡ ❢❛❝❡ ♦❢ ✉♥❝❡rt❛✐♥t② ✇✐t❤ t❤❡ str❛t❡❣✐❝ ✐♥❝❡♥t✐✈❡ t♦ ✐♥✈❡st ❡❛r❧②✳
✹❖✉r ♠♦❞❡❧ t❤✉s ❡♥❝♦♠♣❛ss❡s ❞②♥❛♠✐❝s ❛❦✐♥ t♦ t❤♦s❡ ❞❡s❝r✐❜❡❞ ❜② ❙❝❤❡r❡r ✭✶✾✽✵✱ q✉♦t❡❞ ✐♥ ❋✉❞❡♥❜❡r❣ ❛♥❞

❚✐r♦❧❡ ❬✶✶❪✮ ❛s ✏❡❛❝❤ ✐♥❞✉str② ♠❡♠❜❡r ❤♦❧❞✐♥❣ ❜❛❝❦ ✐♥✐t✐❛t✐♥❣ ✐ts ❘✫❉ ❡✛♦rt ✐♥ t❤❡ ❢❡❛r t❤❛t r❛♣✐❞ ✐♠✐t❛t✐♦♥ ❜②

♦t❤❡rs ✇✐❧❧ ❜❡ ❡♥❝♦✉r❛❣❡❞✱ ♠♦r❡ t❤❛♥ ✇✐♣✐♥❣ ♦✉t ✐ts ✐♥♥♦✈❛t✐✈❡ ♣r♦✜ts✳✑

✸



❆ttr✐t✐♦♥ ♦❝❝✉rs ♣r♦✈✐❞❡❞ t❤❛t ✐♥♥♦✈❛t✐♦♥ ❤❛s ♣♦s✐t✐✈❡ s♣✐❧❧♦✈❡rs✱ ✐❢ ♣r♦❞✉❝t ♠❛r❦❡t ❝♦♠♣❡t✐t✐♦♥

✐s s✉✣❝✐❡♥t❧② ✇❡❛❦✱ ❛♥❞ ♠❛r❦❡t ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❤✐❣❤

❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t② r❛✐s❡ t❤❡ ♦♣t✐♦♥ ✈❛❧✉❡ ♦❢ ❞❡❧❛②✐♥❣ ✐♥✈❡st♠❡♥t✱ ❡✈❡♥t✉❛❧❧② ❝♦♠♣❡♥s❛t✐♥❣ ❢♦r

t❤❡ ❧♦st ♠♦♥♦♣♦❧② ♣r♦✜t ♣❤❛s❡ ✐❢ t❤❡ ✜r♠ ♠❛♥❛❣❡s t♦ ❡♥t❡r s❡❝♦♥❞ ❛♥❞ ✐♠✐t❛t❡ ✐♥st❡❛❞✳ ❆ ✉s❡❢✉❧

❛❞❞✐t✐♦♥❛❧ r❡s✉❧t ❝♦♥❝❡r♥s t❤❡ ♦♣t✐♠❛❧ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ ✜rst✲ ❛♥❞ s❡❝♦♥❞✲♠♦✈❡r ❛❞✈❛♥t❛❣❡ ❢r♦♠ t❤❡

st❛♥❞♣♦✐♥t ♦❢ t❤❡ ✐♥❞✉str②✳ ❯♥❞❡r ❜♦t❤ ❛ttr✐t✐♦♥ ❛♥❞ ♣r❡❡♠♣t✐♦♥✱ ♣♦s✐t✐♦♥❛❧ r❡♥ts ❛r❡ ❞✐ss✐♣❛t❡❞

✐♥ ❡q✉✐❧✐❜r✐✉♠✱ s♦ t❤❛t ❡①♣❡❝t❡❞ ✐♥❞✉str② ✈❛❧✉❡ ✐s ♠❛①✐♠✐③❡❞ ✐❢ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st ❛tt❛✐♥s ❛ ❝r✐t✐❝❛❧

❧❡✈❡❧ ❛t ✇❤✐❝❤ t❤❡r❡ ✐s ♥❡✐t❤❡r ❛ r❛❝❡ t♦ ♣r❡❡♠♣t ♥♦r ❛ ✇❛r ♦❢ ❛ttr✐t✐♦♥✱ ❛s ✜r♠s t❤✉s ❞♦ ♥♦t

❝♦♠♣❡t❡ ❢♦r ♣♦s✐t✐♦♥❛❧ r❡♥ts ❜② ✉♥❞✉❧② ❡✐t❤❡r r✉s❤✐♥❣ ♦r ✇❛✐t✐♥❣ t♦ ✐♥♥♦✈❛t❡ ✭Pr♦♣♦s✐t✐♦♥ 2✮✳

❇❡❝❛✉s❡ t❤❡ ♠♦❞❡❧ ❤❛s ❛ tr❛❝t❛❜❧❡ ❡q✉✐❧✐❜r✐✉♠ s♦❧✉t✐♦♥ ✇❡ ❛r❡ ❛❜❧❡ t♦ st✉❞② t❤❡ ❝❤♦✐❝❡ ♦❢

s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ■P ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧s ❜② ❛ r❡❣✉❧❛t♦r ✇❤♦ ❛❞❥✉sts t❤❡ ❝♦st ✐♥❝✉rr❡❞ ✇❤❡♥ ✐♠✐t❛t✐♥❣ ❛♥

✐♥♥♦✈❛t✐♦♥✳ ❚❤❡ ✇❡❧❢❛r❡ tr❛❞❡✲♦✛s ❛ss♦❝✐❛t❡❞ ✇✐t❤ r❛✐s✐♥❣ ✐♠✐t❛t✐♦♥ ❝♦st ❛r❡ ❧❛r❣❡❧② ✐♥t✉✐t✐✈❡✳ ❆s✐❞❡

❢r♦♠ t❤❡ ❡✛❡❝t ♦♥ ✐♥❞✉str② ♣r♦✜t ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✱ ❛ ❤✐❣❤❡r ✐♠✐t❛t✐♦♥ ❝♦st ♠❛❦❡s t❤❡ ✐♥✈❡st♠❡♥t

❣❛♠❡ ♠♦r❡ ♣r❡❡♠♣t✐✈❡✱ ❛❝❝❡❧❡r❛t✐♥❣ ✐♥♥♦✈❛t✐♦♥ ❜✉t ❛❧s♦ ✐♥❝r❡❛s✐♥❣ t❤❡ ❧❛❣ ❜❡❢♦r❡ ✐♠✐t❛t✐♦♥ ♦❝❝✉rs

✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❝♦♥s✉♠❡r s✉r♣❧✉s✳ ❱✐❡✇❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♠✐t❛t✐♦♥

❝♦st ❝❤♦s❡♥ ❜② t❤❡ r❡❣✉❧❛t♦r✱ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❣❡♥❡r❛❧❧② ❤❛s ❧♦❝❛❧ ♠❛①✐♠❛ ✐♥ ❜♦t❤ t❤❡ ❛ttr✐t✐♦♥

❛♥❞ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡s✱ ❛♥❞ ❡✐t❤❡r t②♣❡ ♦❢ st❛t✐♦♥❛r② ♣♦✐♥t ♠❛② ❝♦♥st✐t✉t❡ ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠

✭Pr♦♣♦s✐t✐♦♥ 3✮✳ ❲❡ ❛r❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② ❛ ❧♦✇❡r ❜♦✉♥❞ ♦♥ t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ✐♠✐t❛t✐♦♥ ❝♦st ❛s ✇❡❧❧

❛s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ ✐♠✐t❛t✐♦♥ ❝♦st ✉♥❞❡r ♣r❡❡♠♣t✐♦♥✳ ❲❡ ❢✉rt❤❡r ✐❞❡♥t✐❢② ❝♦♥❞✐t✐♦♥s ♦♥

❡❝♦♥♦♠✐❝ ♣r✐♠✐t✐✈❡s ❢♦r ♦♥❡ ❢♦r♠ ♦r ❛♥♦t❤❡r ♦❢ ❞②♥❛♠✐❝ ❝♦♠♣❡t✐t✐♦♥ t♦ ❜❡ ♦♣t✐♠❛❧✿ s♦❝✐❛❧ ✇❡❧❢❛r❡

♠❛①✐♠✐③❛t✐♦♥ ✐♥✈♦❧✈❡s ❛ttr✐t✐♦♥ ✐❢ t❤❡ ❧❛❝❦ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐s ✈❡r② ❞❛♠❛❣✐♥❣ ❢♦r ❝♦♥s✉♠❡rs ✭❧✐❦❡

✇❤❡♥ t❤❡ ♠♦♥♦♣♦❧② ♦♣❡r❛t♦r ♣r❛❝t✐❝❡s ♣❡r❢❡❝t ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✮✱ ❛♥❞ ♣r❡❡♠♣t✐♦♥ ✐s ♦♣t✐♠❛❧

✇❤❡♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛❞❞✐t✐♦♥❛❧ ❝♦♠♣❡t✐t✐♦♥ ❞♦❡s ♥♦t ❜r✐♥❣ ♠✉❝❤ t♦ ❝♦♥s✉♠❡rs ✭❢♦r ❡①❛♠♣❧❡✱

✇❤❡♥ t❤❡r❡ ✐s ♣r♦❞✉❝t ♠❛r❦❡t ❝♦❧❧✉s✐♦♥ ✉♥❞❡r ❞✉♦♣♦❧②✮✳

■t ✐s ❝❤❛❧❧❡♥❣✐♥❣ t♦ ❞r❛✇ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥❝❧✉s✐♦♥s r❡❣❛r❞✐♥❣ ♦♣t✐♠❛❧ ■P ❧❡✈❡❧s✱ ❜✉t ✇❡ ❛r❡ ❛❜❧❡

t♦ s❤♦✇ ✐♥ ♦✉r ♠♦❞❡❧ t❤❛t✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ st❛t✐❝ ❡♥tr② ✐♥❝❡♥t✐✈❡ ✐s s♦❝✐❛❧❧② ❡①❝❡ss✐✈❡ ✕ ❛s ♦❝❝✉rs

✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❜✉s✐♥❡ss✲st❡❛❧✐♥❣ ❡✛❡❝t ✕ ♣r❡❡♠♣t✐♦♥ ✐s ♦♣t✐♠❛❧ ✇❤❡♥ ♠❛r❦❡t ❣r♦✇t❤ ❛♥❞

✈♦❧❛t✐❧✐t② ❛r❡ s✉✣❝✐❡♥t❧② ❧♦✇ ✭Pr♦♣♦s✐t✐♦♥ 4✮✳ ■♥ ❛ ♠♦❞❡❧ ♦❢ ✐rr❡✈❡rs✐❜❧❡ ✐♥✈❡st♠❡♥t t❤❡s❡ ♠❛r❦❡t

❝❤❛r❛❝t❡r✐st✐❝s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛ ❣r❡❛t❡r ❞✐s❝♦✉♥t✐♥❣ ♣❛r❛♠❡t❡r s♦ t❤✐s r❡s✉❧t s❡❡♠s ✐♥t✉✐t✐✈❡

❛t ✜rst ❣❧❛♥❝❡✱ s✐♥❝❡ t❤❡ ❛❞✈❡rs❡ ❡✛❡❝t ♦❢ ❤✐❣❤❡r ✐♠✐t❛t✐♦♥ ❝♦st ♦♥ ✇❡❧❢❛r❡ ♣r✐♠❛r✐❧② st❡♠s ❢r♦♠ t❤❡

❡♥s✉✐♥❣ ❞❡❧❛② ✐♥ ✐♠✐t❛t✐♦♥ ✇❤✐❝❤ ❝❧❡❛r❧② ❞❡❝r❡❛s❡s ✇✐t❤ ❞✐s❝♦✉♥t✐♥❣✳ ❍♦✇❡✈❡r t❤❡ ✇❡❧❢❛r❡ r❡❛❧✐③❡❞

✉♥❞❡r ❛ttr✐t✐♦♥ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥✱ ❛♥❞ ✐t ✐s ♦♥❧② ❜② ✐❞❡♥t✐❢②✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞

♦♥ t❤✐s ✇❡❧❢❛r❡ ❡①♣r❡ss✐♦♥ t❤❛t ✇❡ ❛r❡ ❛❜❧❡ t♦ ❡st❛❜❧✐s❤ ♦✉r r❡s✉❧t✳ ▼♦r❡♦✈❡r✱ ✇❤❡♥ t❤❡ ♦♣t✐♠❛❧

✐♠✐t❛t✐♦♥ ❝♦st ❧❡✈❡❧ ✐♥❞✉❝❡s ♣r❡❡♠♣t✐♦♥✱ t❤❡ ❝❧♦s❡❞ ❢♦r♠ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ✭s❡❝♦♥❞✲❜❡st✮ ♦♣t✐♠❛❧

✹



✐♠✐t❛t✐♦♥ ❝♦st t❤❛t ✇❡ ♦❜t❛✐♥ ❧❡❛❞s ✉s t♦ ❛s❝❡rt❛✐♥ ✇❤❡♥ t❤❡ ♦♣t✐♠❛❧ ❢♦r♠ ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❢♦r ❛♥

✐♥❞✉str② ✐s t♦ s❡t ❛♥ ❛r❜✐tr❛r✐❧② ❤✐❣❤ ✭✇✐♥♥❡r✲t❛❦❡✲❛❧❧✮ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥✳ ❖✉r ♠♦❞❡❧ t❤✉s ♣r♦✈✐❞❡s

❛♥ ❛r❣✉♠❡♥t ❢♦r str♦♥❣ ■P r✐❣❤ts ✐♥ ❝❡rt❛✐♥ ✐♥❞✉str✐❡s✱ ✇❤✐❝❤ ✐s ❣r♦✉♥❞❡❞ ✐♥ s♣❡❝✐✜❝ ❞❡♠❛♥❞

❝❤❛r❛❝t❡r✐st✐❝s ✭❧♦✇ ❣r♦✇t❤ ❛♥❞ ✉♥❝❡rt❛✐♥t②✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ✐❞❡♥t✐❢② ❛ ♣♦s✐t✐✈❡ ❧♦✇❡r

❜♦✉♥❞ ❢♦r t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st✱ ✐♠♣❧②✐♥❣ t❤❛t ❢r❡❡ ✐♠✐t❛t✐♦♥ ✐s ❛❧✇❛②s s♦❝✐❛❧❧② ❝♦st❧②

✭✇✐♥♥❡r✲♣❛②✲s♦♠❡✮✳

❋✐♥❛❧❧②✱ ✇❡ ❞✐s❝✉ss s❡✈❡r❛❧ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ❜② ✐♥❝♦r♣♦r❛t✐♥❣ ❛ ❜r♦❛❞❡r s❡t

♦❢ ✜r♠ ❞❡❝✐s✐♦♥s✳ ❋✐rst ✇❡ ❡♥❞♦❣❡♥✐③❡ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ❜② ❛❧❧♦✇✐♥❣ t❤❡ ✐♥♥♦✈❛t♦r t♦ ♣✉rs✉❡

♣❛t❡♥t ♣r♦t❡❝t✐♦♥ ♠♦r❡ ❛❣❣r❡ss✐✈❡❧② ♦r t♦ ♠❛❦❡ r❡✈❡rs❡ ❡♥❣✐♥❡❡r✐♥❣ ♦❢ ✐ts ♣r♦❞✉❝t ♠♦r❡ ❞✐✣❝✉❧t✱

❛♥❞ ✜♥❞ t❤❛t ❛ ❤✐❣❤❡r ❜❛s❡❧✐♥❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ r❡❞✉❝❡s t❤❡ ❡✛♦rt ❡①❡rt❡❞ ❜② ✐♥♥♦✈❛t♦rs t♦ r❛✐s❡

❡♥tr② ❜❛rr✐❡rs✳✺ ■♥ ❛❞❞✐t✐♦♥✱ ✜r♠s ❛r❡ s❤♦✇♥ t♦ ❣❛✐♥ ❢r♦♠ ❝♦♦r❞✐♥❛t✐♥❣ ❡①✲❛♥t❡ ♥♦t t♦ ✐♥tr♦❞✉❝❡

s✉❜s❡q✉❡♥t ❝♦♠♣❧❡①✐t②✱ ❛ ♣♦❧✐❝② ✇❡ r❡❢❡r t♦ ❛s ❛♥ ♦♣❡♥ st❛♥❞❛r❞ ✭Pr♦♣♦s✐t✐♦♥ 5✮✳ ❲❡ ❛❧s♦ ❞✐s❝✉ss

❝♦♥tr❛❝t✐♥❣ ❜❡t✇❡❡♥ ✐♥♥♦✈❛t♦r ❛♥❞ ✐♠✐t❛t♦r t❤❛t ❝❛♥ t❛❦❡ t❤❡ ❢♦r♠ ❡✐t❤❡r ♦❢ ❛ ❜✉②♦✉t ♦r ♦❢ ❛

❧✐❝❡♥s❡ ❛❣r❡❡♠❡♥t✱ ❛♥❞ s❤♦✇ t❤❛t ❡✣❝✐❡♥❝② ❛❧✇❛②s ✐♥❝r❡❛s❡s ✐♥ t❤❡ ❧❛tt❡r ❝❛s❡ ✭Pr♦♣♦s✐t✐♦♥ 6✮✳

❖✉r ♣❛♣❡r ✐s r❡❧❛t❡❞ t♦ ❡❛r❧② r❡s❡❛r❝❤ ♦♥ ✐♥♥♦✈❛t✐♦♥ ✐♥❝❡♥t✐✈❡s✱ ✇❤✐❝❤ ❛❞❞r❡ss❡s t❤❡ ✐ss✉❡ ♦❢

♦♣t✐♠❛❧ ■P ♣r♦t❡❝t✐♦♥✳ ❆♠♦♥❣ t❤❡ ✐♥✢✉❡♥t✐❛❧ ❛rt✐❝❧❡s ✐♥ t❤✐s ❧✐t❡r❛t✉r❡✱ ❑❧❡♠♣❡r❡r ❬✷✸❪ ❛♥❞ ●✐❧❜❡rt

❛♥❞ ❙❤❛♣✐r♦ ❬✶✸❪ st✉❞② t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ♣❛t❡♥t ❧❡♥❣t❤ ❛♥❞ ❜r❡❛❞t❤ ❢♦r ❛ ❣✐✈❡♥

❞✐s❝♦✉♥t❡❞ ♣r❡s❡♥t ✈❛❧✉❡ t♦ t❤❡ ✐♥♥♦✈❛t♦r✱ ❛♥❞ ●❛❧❧✐♥✐ ❬✶✷❪ ✐♥tr♦❞✉❝❡s ❛ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ t❤❛t t❤❡

r❡❣✉❧❛t♦r ♠❛② ❝♦♥tr♦❧ ❛s ❛ t❤✐r❞ ♣❛t❡♥t ✐♥str✉♠❡♥t✳ ❲❡ s✐♠✐❧❛r❧② ❡♠♣❤❛s✐③❡ t❤❡ r♦❧❡ ♦❢ t❤❡ ❝♦st

♦❢ ✐♥✈❡♥t✐♥❣ ❛r♦✉♥❞ ❛♥❞ ❞❡t❡r♠✐♥❡ ❛♥ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ♣❛t❡♥t ❜r❡❛❞t❤✱ ❜✉t ✐♥ ❝♦♥tr❛st ✇✐t❤ t❤❡s❡

❡❛r❧✐❡r ❛♣♣r♦❛❝❤❡s ✇❡ ❛❧❧♦✇ ❢♦r t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t ✜r♠s ✐♥ ✐♠♣❡r❢❡❝t❧② ❝♦♠♣❡t✐t✐✈❡ ✐♥❞✉str✐❡s ♠❛②

✇❛✐t t♦ ✐♥✈❡st r❛t❤❡r t❤❛♥ ❞❡✈❡❧♦♣✐♥❣ ❛ ♥❡✇ ♣r♦❞✉❝t r✐❣❤t ✇❤❡♥ ✐ts ♥❡t ♣r❡s❡♥t ✈❛❧✉❡ ✐s ♣♦s✐t✐✈❡✱

❛♥❞ ❞❡r✐✈❡ t❤❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ♦♣t✐♠❛❧ ✐♥✈❡st♠❡♥t t✐♠✐♥❣ ❢♦r ✇❡❧❢❛r❡✳ ❈❧♦s❡r t♦ ♦✉r ✇♦r❦ ✐s

❉❡♥✐❝♦❧ò ❬✻❪✬s ♠♦❞❡❧ ♦❢ ♦♣t✐♠❛❧ ■P ♣r♦t❡❝t✐♦♥ ✐♥ ❛ ♣❛t❡♥t r❛❝❡✱ ❛s ✇❡ ❛❧s♦ ❢♦r♠❛❧✐③❡ ✐♥♥♦✈❛t✐♦♥

❛♥❞ ✐♠✐t❛t✐♦♥ ❛s t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛ ♥♦♥✲❝♦♦♣❡r❛t✐✈❡ ✐♥t❡r❛❝t✐♦♥ t❤❛t ♣r❡❝❡❞❡s ♠❛r❦❡t ❝♦♠♣❡t✐t✐♦♥✱

t❤♦✉❣❤ ✐♥ ❝♦♥tr❛st t♦ ❤✐s ♠♦❞❡❧ ✇❡ ❛❧❧♦✇ ❢♦r s❡❝♦♥❞✲♠♦✈❡r ❛❞✈❛♥t❛❣❡ ❛♥❞ ♣♦ss✐❜❧❡ ❛ttr✐t✐♦♥✱ ✇❤✐❝❤

✇❡ s❤♦✇ ✐s ❧✐❦❡❧② t♦ ❛r✐s❡ ✐♥ ✐♥❞✉str✐❡s ✇✐t❤ ❤✐❣❤ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t②✳

❖✉r ❛♥❛❧②s✐s r❡❧❛t❡s t♦ s❡✈❡r❛❧ ♦t❤❡r ♣❛♣❡rs t❤❛t ❞❡✈❡❧♦♣ ❛ ✇❡❧❢❛r❡ ❝♦♠♣❛r✐s♦♥ ❛❝r♦ss t✇♦

❛❧t❡r♥❛t✐✈❡ ♣♦❧✐❝② r❡❣✐♠❡s✱ ♥❛♠❡❧② ❛ str✐❝t ✇✐♥♥❡r✲t❛❦❡✲❛❧❧ r❡❣✐♠❡ ✇❤❡r❡ ♦♥❧② t❤❡ ✜rst ✜r♠ t♦

✐♥♥♦✈❛t❡ r❡❝❡✐✈❡s ❛ ♣❛t❡♥t✱ ❛♥❞ ❛ ♠♦r❡ ♣❡r♠✐ss✐✈❡ ✇✐♥♥❡r✲t❛❦❡✲♠♦st r❡❣✐♠❡ ✇❤❡r❡ ❧❛t❡ ✐♥✈❡st♦rs

❛r❡ ❛❧❧♦✇❡❞ t♦ ❝♦♠♣❡t❡ ✇✐t❤ t❤❡ ✜rst ❜❡❢♦r❡ ✐ts ♣❛t❡♥t ❡①♣✐r❡s✳ ■♥ ▲❛ ▼❛♥♥❛✱ ▼❛❝❧❡♦❞✱ ❛♥❞ ❞❡

▼❡③❛ ❬✷✹❪ ✜r♠s s♣❡♥❞ ❛ ✜①❡❞ ✐♥✐t✐❛❧ ❛♠♦✉♥t ✐♥ ❘✫❉ t❤❛t ❞❡t❡r♠✐♥❡s ❛ ♣r♦❜❛❜✐❧✐t② ♦❢ ✐♥✈❡♥t✐♥❣

✺❚❤✐s ❡①t❡♥s✐♦♥ ❛❧s♦ ❤❛s ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ❛ ♣❛t❡♥t s②st❡♠ t❤❛t ❛❧❧♦✇s ✜r♠s t♦ s❡❧❢✲s❡❧❡❝t ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧s✱ ❛s

♣r♦♣♦s❡❞ ❜② ❊♥❝❛♦✉❛ ❡t ❛❧✳ ❬✾❪✱ s♦ ❛s t♦ ❡♥❞♦❣❡♥♦✉s❧② r❛✐s❡ t❤❡ ✐♥✈❡st♠❡♥t ❝♦st ♦❢ ❢♦❧❧♦✇❡r ✜r♠s✳

✺



❛t ❛ ❢✉t✉r❡ ❞❛t❡✳ ❙✐♠♣❧❡ ❝♦st ❛♥❞ ❞❡♠❛♥❞ ❝♦♥❞✐t✐♦♥s✱ s✉❝❤ ❛s ❝♦♥st❛♥t r❡t✉r♥s t♦ s❝❛❧❡ ❛♥❞

❛ ❧✐♥❡❛r ❞❡♠❛♥❞✱ ❛r❡ ✐❞❡♥t✐✜❡❞ ❢♦r t❤❡ ♣❡r♠✐ss✐✈❡ r❡❣✐♠❡ t♦ ❜❡ ✇❡❧❢❛r❡ s✉♣❡r✐♦r✳ ❍❡♥r② ❬✶✽❪

✐♥tr♦❞✉❝❡s ❛ ♠❡❝❤❛♥✐s♠ ✇❤❡r❡❜② ❛ ❧❛t❡ ✐♥✈❡♥t♦r ❝❛♥ s❤❛r❡ t❤❡ ♣❛t❡♥t ✇✐t❤ t❤❡ ✐♥♥♦✈❛t♦r ✇✐t❤✐♥

❛ ❣✐✈❡♥ t✐♠❡ ♣❡r✐♦❞✳ ❲❤❡♥ ❛❞❥✉st❡❞✱ t♦❣❡t❤❡r ✇✐t❤ ♦t❤❡r ♣♦❧✐❝② ✐♥str✉♠❡♥ts✱ t❤✐s ♠❡❝❤❛♥✐s♠ ✐s

s♦❝✐❛❧❧② ❜❡♥❡✜❝✐❛❧ ✉♥❞❡r ♠✐❧❞ ❝♦♥❞✐t✐♦♥s✱ ♥♦t❛❜❧② ✇✐t❤ ❛ ❧✐♥❡❛r ❞❡♠❛♥❞ ❛♥❞ q✉❛♥t✐t② ❝♦♠♣❡t✐t✐♦♥✳

❍♦✇❡✈❡r✱ ✐♥ ❛ ♠♦❞❡❧ ✇❤❡r❡ ✜r♠s ✐♥❝✉r ❛ ✢♦✇ ❝♦st✱ ✐♥ ❉❡♥✐❝♦❧ò ❛♥❞ ❋r❛♥③♦♥✐ ❬✼❪ ✐t ✐s t❤❡ str✐❝t

♣❛t❡♥t r❡❣✐♠❡ t❤❛t ✐s ❢♦✉♥❞ t♦ ❜❡ ♦♣t✐♠❛❧ ✐♥ ❜r♦❛❞ s❡t ♦❢ ❝✐r❝✉♠st❛♥❝❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❤❡♥ ❞❡♠❛♥❞

✐s ❧✐♥❡❛r✱ ♣r♦❞✉❝t ♠❛r❦❡t ❝♦♠♣❡t✐t✐♦♥ ✐s ✇❡❛❦✱ ❛♥❞ ❞✉♣❧✐❝❛t✐♦♥ ✢♦✇ ❝♦sts ❛r❡ ❧❛r❣❡✳ ❖✉r ❛♣♣r♦❛❝❤

✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡s❡ ❝♦♥tr✐❜✉t✐♦♥s✱ ❛❧t❤♦✉❣❤ ✇❡ ❞♦ ♥♦t ❝♦♠♣❛r❡ ❞✐s❝r❡t❡ ♣♦❧✐❝② r❡❣✐♠❡s ❛♥❞

r❛t❤❡r s❡❡❦ t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♦♣t✐♠❛❧ ❞❡❣r❡❡ ♦❢ ■P ♣r♦t❡❝t✐♦♥ ✐♥ ❛ ❝♦♥t✐♥✉♦✉s ♠❡❛s✉r❡ ♦❢ t❤❡

r❡❧❛t✐✈❡ ✐♠✐t❛t✐♦♥ ❝♦st✱ ✇✐t❤ t❤❡ ✇✐♥♥❡r✲t❛❦❡✲❛❧❧ r❡❣✐♠❡ ♦❝❝✉rr✐♥❣ ❛s ❛ ❧✐♠✐t ❝❛s❡✳ ▼♦r❡♦✈❡r✱ t❤❡

♠♦❞❡❧ ♦❢ ✐♥✈❡st♠❡♥t ✉♥❞❡r ✉♥❝❡rt❛✐♥t② ❛❧❧♦✇s ✉s t♦ ❝♦♥♥❡❝t ♦♣t✐♠❛❧ ♣r♦t❡❝t✐♦♥ ✇✐t❤ ♠❡❛s✉r❛❜❧❡

❞❡♠❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s t❤❛t ✇❡r❡ ♥♦t ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s str❡❛♠ ♦❢ ❧✐t❡r❛t✉r❡✳ ❆❝❝♦r❞✐♥❣❧②✱ ♦✉r

r❡s✉❧ts ❞❡♣❛rt ❢r♦♠ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ ❝♦♥tr❛st❡❞ ♣♦❧✐❝② r❡❣✐♠❡s ❛♥❞ ♣♦✐♥t r❛t❤❡r t♦ ❛❞❛♣t✐♥❣ ■P

♣r♦t❡❝t✐♦♥ t♦ ♠❡❛s✉r❛❜❧❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ♠❛r❦❡ts✳

❖✉r ♣❛♣❡r ✐s ❛❧s♦ ❝❧♦s❡ t♦ st✉❞✐❡s ♦❢ t❤❡ ❡✛❡❝t ♦♥ ✐♥✈❡st♠❡♥t ❞❡❝✐s✐♦♥s ♦❢ ✐♥❢♦r♠❛t✐♦♥❛❧ s♣✐❧❧♦✈❡rs

✇❤✐❝❤ ❝❛♥ ✐♠♣❧② ❛ s❡❝♦♥❞✲♠♦✈❡r ❛❞✈❛♥t❛❣❡✳ ❑❛t③ ❛♥❞ ❙❤❛♣✐r♦ ❬✷✷❪ ✐s ❛♥ ❡❛r❧② ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ ❛ ✜r♠

❜❡♥❡✜ts ❢r♦♠ ✐ts r✐✈❛❧✬s ✐♥♥♦✈❛t✐✈❡ ❛❝t✐✈✐t② t❤r♦✉❣❤ ♣♦st✲❞❡✈❡❧♦♣♠❡♥t ❞✐ss❡♠✐♥❛t✐♦♥ ♦❢ ❦♥♦✇❧❡❞❣❡

✐♥ ❛ ❞❡t❡r♠✐♥✐st✐❝ ❢r❛♠❡✇♦r❦✳ ❍♦♣♣❡ ❬✷✶❪ ❛❧❧♦✇s ❢♦r ✉♥❝❡rt❛✐♥t② r❡❣❛r❞✐♥❣ t❤❡ s✉❝❝❡ss ♦❢ ♥❡✇

t❡❝❤♥♦❧♦❣② ❛❞♦♣t✐♦♥ ✇❤❡r❡❛s ✐♥ ❚❤✐❥ss❡♥ ❡t ❛❧✳ ❬✸✸❪ ✐♥❢♦r♠❛t✐♦♥ r❡❣❛r❞✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ ❛ ♣r♦❥❡❝t

❛rr✐✈❡s ❝♦♥t✐♥✉♦✉s❧② ♦✈❡r t✐♠❡✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐♥✈❡st♦r ❢❛❝❡s ❛♥ ✐❞❡♥t✐❝❛❧ ❝♦st ❜✉t ❧❡❛r♥s ❛❜♦✉t

❛ ♣r♦❥❡❝t✬s tr✉❡ ♣r♦✜t❛❜✐❧✐t② ❢r♦♠ t❤❡ ✜rst✳ ❋❡♠♠✐♥✐s ❛♥❞ ▼❛rt✐♥✐ ❬✶✵❪ ❛❧❧♦✇ ❢♦r ❛ ❞✐s❝❧♦s✉r❡

❧❛❣ ♦❢ r❛♥❞♦♠ ❞✉r❛t✐♦♥ ❜❡❢♦r❡ t❤❡ ❢♦❧❧♦✇❡r r❡❝❡✐✈❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ ❛❧❧ ♦❢ t❤❡s❡ ♠♦❞❡❧s ❜♦t❤

♣r❡❡♠♣t✐♦♥ ❛♥❞ ❛ttr✐t✐♦♥ ❝❛♥ ♦❝❝✉r ❛s ✐♥ ♦✉rs✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ s♣✐❧❧♦✈❡rs✱ ❜✉t ❛s✐❞❡ ❢r♦♠

❚❤✐❥ss❡♥ ❡t ❛❧✳✱ ❛❧❧ ❢♦❝✉s ♦♥ ♣✉r❡ str❛t❡❣② ❡q✉✐❧✐❜r✐❛✱ ✇❤❡r❡❛s ✇❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ s②♠♠❡tr✐❝ ♠✐①❡❞

str❛t❡❣② ❡q✉✐❧✐❜r✐✉♠ ✕ ❛ r❡❛s♦♥❛❜❧❡ ♠❡t❤♦❞♦❧♦❣✐❝❛❧ ❝❤♦✐❝❡ ✇❤❡♥ ✜r♠s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❡①✲❛♥t❡

s②♠♠❡tr✐❝✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s ✇❤❛t s❡❡♠s t♦ ✉s t♦ ❜❡ ❛ ♠♦r❡ ✐♥t✉✐t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ s♦❝✐❛❧❧②

♦♣t✐♠❛❧ ■P ♣r♦t❡❝t✐♦♥✳

❋✐♥❛❧❧②✱ s✐♠✐❧❛r ❧✐❝❡♥s✐♥❣ ❛♥❞ r❡✈❡rs❡ ❡♥❣✐♥❡❡r✐♥❣ ❞❡❝✐s✐♦♥s t♦ t❤♦s❡ t❤❛t ✇❡ ❡①❛♠✐♥❡ ✐♥ ♦✉r

✜♥❛❧ ❡①t❡♥s✐♦♥s ❛r❡ ❢♦✉♥❞ ✐♥ ▼✉❦❤❡r❥❡❡ ❛♥❞ P❡♥♥✐♥❣s ❬✷✼❪ ❛♥❞ ❍❡♥r② ❛♥❞ ❘✉✐③✲❆❧✐s❡❞❛ ❬✶✾❪✱ ❛❧❜❡✐t

♦♥❝❡ t❤❡ r♦❧❡s ♦❢ ✜r♠s ❛s ✐♥❝✉♠❜❡♥ts ♦r ♣♦t❡♥t✐❛❧ ❡♥tr❛♥ts ❤❛✈❡ ❜❡❡♥ ❞❡t❡r♠✐♥❡❞✱ s♦ t❤❛t ✉♥❧✐❦❡

✐♥ ♦✉r ❛♣♣r♦❛❝❤ t❤❡✐r ❢♦❝✉s ✐s ♦♥ ✐♥❤❡r❡♥t❧② ❛s②♠♠❡tr✐❝ ✜r♠s✳

■♥ ❙❡❝t✐♦♥ ✷ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♣❤❛r♠❛❝❡✉t✐❝❛❧ s❡❝t♦r ❛s ❛ ♥❛t✉r❛❧ ❡①❛♠♣❧❡ t♦ ❡①❛♠✐♥❡ ✐♥ ❧✐❣❤t ♦❢

♦✉r ❛♥❛❧②s✐s✳ ❙❡❝t✐♦♥ ✸ ♣r❡s❡♥ts ♦✉r ♠♦❞❡❧ ❛♥❞ ❝❤❛r❛❝t❡r✐③❡s t❤❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✳ ❙❡❝t✐♦♥

✻



✹ st✉❞✐❡s ✇❡❧❢❛r❡ ✇❤❡♥ ❛ r❡❣✉❧❛t♦r ✉s❡s ❛♥ ✐♥str✉♠❡♥t s✉❝❤ ❛s ❜r❡❛❞t❤ ♦❢ ■P ♣r♦t❡❝t✐♦♥ t♦ r❡❣✉❧❛t❡

t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥✳ ■♥ ❙❡❝t✐♦♥ ✺ t✇♦ ❡①t❡♥s✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞✳ ❙❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s✳

✷ ❆♥ ❡①❛♠♣❧❡✿ ❝♦♥tr❛st❡❞ ♠❛r❦❡t ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ♣❤❛r♠❛❝❡✉t✐✲

❝❛❧ ✐♥❞✉str②

❚❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ t❤❛t ✇❡ ❞❡✈❡❧♦♣ ♣♦✐♥ts t♦✇❛r❞s ❛ ♣♦❧✐❝② ♣r❡s❝r✐♣t✐♦♥ t❤❛t ❝♦♥s✐sts ✐♥ t❛✐❧♦r✐♥❣

■P ♣r♦t❡❝t✐♦♥ t♦ ❣❡♥❡r❛❧ ✐♥❞✉str② ♦r ♠❛r❦❡t s❡❣♠❡♥t ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡ ❜✐♦♣❤❛r♠❛❝❡✉t✐❝❛❧ s❡❝t♦r✱

✐♥ ✇❤✐❝❤ ❘✫❉ s♣❡♥❞✐♥❣ ❛♥❞ ✐♥♥♦✈❛t✐♦♥ ♣❧❛② ❛ ❝r✐t✐❝❛❧ r♦❧❡✱ ♣r♦✈✐❞❡s ❛ ♥❛t✉r❛❧ ✐♥❞✉str② ❡①❛♠♣❧❡

t♦ ❡①❛♠✐♥❡ ✐♥ ❧✐❣❤t ♦❢ ♦✉r ❛♥❛❧②s✐s✱ ❛s s✐❣♥✐✜❝❛♥t st❡♣s ❤❛✈❡ ❛❧r❡❛❞② ❜❡❡♥ t❛❦❡♥ ✐♥ ♦r❞❡r t♦ ❛❞❥✉st

■P ♣r♦t❡❝t✐♦♥ ✐♥ r❡s♣♦♥s❡ t♦ ✐❞❡♥t✐✜❛❜❧❡ ❝❛t❡❣♦r✐❡s ♦❢ ♠❛r❦❡t ❝♦♥❞✐t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡ ❢♦r ♦r♣❤❛♥

❞r✉❣s ❛♥❞ r❛r❡ ❞✐s❡❛s❡ ❞❡✈❡❧♦♣♠❡♥t✱ t❤❡ ❯✳❙✳ ❋♦♦❞ ❛♥❞ ❉r✉❣ ❆❞♠✐♥✐str❛t✐♦♥ ❤❛s ❡♥❛❝t❡❞ ❛♥

❡♥❤❛♥❝❡❞ ❢♦r♠ ♦❢ ■P ♣r♦t❡❝t✐♦♥ ✭❖r♣❤❛♥ ❉r✉❣ ❊①❝❧✉s✐✈✐t②✮ t♦❣❡t❤❡r ✇✐t❤ ❛ t❛① ❝r❡❞✐t t❤❛t ❧♦✇❡rs

t❤❡ ❝♦sts ♦❢ ❝❧✐♥✐❝❛❧ tr✐❛❧s ✭●r❛❜♦✇s❦✐ ❡t ❛❧✳ ❬✶✹❪✮✳ ❖✉r ❛♥❛❧②s✐s ♦✛❡rs t❤❡♦r❡t✐❝❛❧ s✉♣♣♦rt t♦

r❡❣✉❧❛t♦r② ♠❡❛s✉r❡s ♦❢ t❤✐s ❦✐♥❞ t❤❛t ❛❞❛♣t t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥ t♦ ❛

♠❛r❦❡t✬s s♣❡❝✐✜❝ ❝❤❛r❛❝t❡r✐st✐❝s✱ ❛♥❞ ✇❤✐❝❤ ❝♦✉❧❞ ❛❧s♦ ✐♥✈♦❧✈❡ ♣❛t❡♥t ♥❛rr♦✇✐♥❣ ✐♥ ❝❛s❡ ♦❢ ❤✐❣❤

❞❡♠❛♥❞ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t②✳

P❤❛r♠❛❝❡✉t✐❝❛❧ ✜r♠s ❢❛❝❡ ♠❛r❦❡t ❝♦♥❞✐t✐♦♥s t❤❛t ✐♠♣❛❝t ♣r♦❞✉❝t ✐♥tr♦❞✉❝t✐♦♥s ❛♥❞ t❤❛t ❝❛♥

✈❛r② s✐❣♥✐✜❝❛♥t❧② ❛❝r♦ss ❣❡♦❣r❛♣❤✐❝ ❛r❡❛s✳ ■♥ ❧♦✇✲ ❛♥❞ ♠✐❞❞❧❡✲✐♥❝♦♠❡ ❝♦✉♥tr✐❡s✱ ❡❝♦♥♦♠✐❝ ❛♥❞

❞❡♠♦❣r❛♣❤✐❝ ❞r✐✈❡rs ♦❢t❡♥ ✐♠♣❧② ❤✐❣❤ ❞❡♠❛♥❞ ❣r♦✇t❤✱ ❜✉t ♣♦❧✐t✐❝❛❧ ✐♥st❛❜✐❧✐t② ❝❛♥ ❛❧s♦ r❡s✉❧t ✐♥

❧❡ss ❞❡♠❛♥❞ ♣r❡❞✐❝t❛❜✐❧✐t② t❤❛♥ ✐♥ ❤✐❣❤✲✐♥❝♦♠❡ ❡❝♦♥♦♠✐❡s✱ ❛♥❞ t❤✉s ❞✐s❝♦✉r❛❣❡ t❤❡ ✐♥❞✉str② ❢r♦♠

✐♥tr♦❞✉❝✐♥❣ ♥❡✇ tr❡❛t♠❡♥ts ♦r ♣r❡✈❡♥t✐✈❡s✳ ▼❛♥❛❣❡rs ♦❢ ❜✐❣ ♣❤❛r♠❛❝❡✉t✐❝❛❧ ❝♦♠♣❛♥✐❡s ❛r❡ ✈❡r②

❛✇❛r❡ ♦❢ s✉❝❤ ♠❛r❦❡t ❝❤❛r❛❝t❡r✐st✐❝s✱ ❛♥❞ ❡♠♣❤❛s✐③❡ t❤❛t ❛❧t❤♦✉❣❤ ✏♣❤❛r♠❛❝❡✉t✐❝❛❧ ♠❛r❦❡ts ✐♥

❦❡② ❡♠❡r❣✐♥❣ ❡❝♦♥♦♠✐❡s✱ s✉❝❤ ❛s ❈❤✐♥❛✱ ■♥❞✐❛✱ ❛♥❞ ❇r❛③✐❧✱ ❛r❡ ❡①♣❛♥❞✐♥❣ ❛t r❛t❡s ♦❢ ♠♦r❡ t❤❛♥ ✶✷

♣❡r❝❡♥t ♣❡r ②❡❛r ✭✳✳✳✮ ✉♥❝❡rt❛✐♥ ❞❡♠❛♥❞✱ ❛♥❞ ♣♦❧✐t✐❝❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝ ✐♥st❛❜✐❧✐t② ✐♥ s♦♠❡ ❝♦✉♥tr✐❡s

❤❛✈❡ ❞❡t❡rr❡❞ ♣r✐✈❛t❡ ✐♥✈❡st♦rs ❢♦r ❞❡❝❛❞❡s✑ ✭❲✐tt② ❬✸✻❪✱ ♣♣✳ ✶✶✽ ❛♥❞ ✶✷✹✮✳

■♥ s✉❝❤ ❝✐r❝✉♠st❛♥❝❡s✱ ✐♥✐t✐❛t✐✈❡s ❤❛✈❡ ❜❡❡♥ t❛❦❡♥ t❤❛t ❛❧t❡r t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✐♥

♦r❞❡r t♦ ❡♥❝♦✉r❛❣❡ ❣❡♥❡r✐❝ ❝♦♠♣❡t✐t✐♦♥ ❜② ❧♦❝❛❧ ♣r♦❞✉❝❡rs✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡

❛❝❝❡ss t♦ ❛♥t✐r❡tr♦✈✐r❛❧ ❞r✉❣s t♦ tr❡❛t ❍■❱ ✐♥❢❡❝t✐♦♥ ✐♥ t❤❡ ❞❡✈❡❧♦♣✐♥❣ ✇♦r❧❞✱ ♦✈❡r t❤❡ ❧❛st ❞❡❝❛❞❡s

♣♦❧✐t✐❝❛❧ ♠♦❜✐❧✐③❛t✐♦♥ ❤❛s ❢❛❝✐❧✐t❛t❡❞ t❤❡ ♣r♦❞✉❝t✐♦♥ ♦❢ ❣❡♥❡r✐❝ ✈❡rs✐♦♥s ♦❢ t❤❡ ♠❡❞✐❝✐♥❡s ♣❛t❡♥t❡❞

✐♥ ❞❡✈❡❧♦♣❡❞ ❝♦✉♥tr✐❡s ✭❍♦❡♥ ❡t ❛❧✳ ❬✷✵❪✮✳ ❍♦✇❡✈❡r✱ ❛♥② ❛❞❥✉st♠❡♥t ✐♥ t❤❡ ■P ♣r♦t❡❝t✐♦♥ r❡❣✐♠❡

❛❧s♦ ♠♦❞✐✜❡s ✐♥♥♦✈❛t✐♦♥ ✐♥❝❡♥t✐✈❡s✱ ❛♥❞ ❛❜s❡♥t ❛ t❤❡♦r❡t✐❝❛❧ r❡✢❡❝t✐♦♥ ❛s ❝♦♥❞✉❝t❡❞ ✐♥ t❤❡ ♣r❡s❡♥t

♣❛♣❡r ✐t ✐s ♥♦t ❝❧❡❛r ❤♦✇ s✉❝❤ ❝❤❛♥❣❡s s❤♦✉❧❞ r❡❧❛t❡ t♦ ❞❡♠❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s ✐♥ ♦r❞❡r ❢♦r ✜r♠s✬

✼



❞❡❝✐s✐♦♥s t♦ r❡s✉❧t ✐♥ ❣r❡❛t❡r s♦❝✐❛❧ ✈❛❧✉❡✳ ❖✉r r❡s✉❧ts s❤♦✇ t❤❛t ✇❤❡♥ ❞❡♠❛♥❞ ✐s r❛♣✐❞❧② ❡①♣❛♥❞✐♥❣

❛♥❞ ❤✐❣❤❧② ✉♥❝❡rt❛✐♥✱ ❛❧t❤♦✉❣❤ s❤✐❢t✐♥❣ t♦ ✇❡❛❦❡r ■P ♣r♦t❡❝t✐♦♥ ♠❛② r❡❞✉❝❡ ❡①♣❡❝t❡❞ ✐♥❞✉str②

✈❛❧✉❡ ✭❈♦r♦❧❧❛r② ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✮ ✐t ❤❛s t❤❡ ♣♦t❡♥t✐❛❧ t♦ ✐♠♣r♦✈❡ s♦❝✐❛❧ ✇❡❧❢❛r❡✱ ♣r♦✈✐❞❡❞ t❤❛t

♣❛t❡♥ts ❛r❡ ♥♦t ❛❜♦❧✐s❤❡❞ ❛❧t♦❣❡t❤❡r ❛♥❞ t❤✉s ✐♠✐t❛t✐♦♥ ❝♦sts ❛r❡ ♥♦t t♦♦ ❧♦✇ ✭Pr♦♣♦s✐t✐♦♥ ✸✮✱ ❛♥❞

t❤❛t ✐t ✐s ✐♥ ♠♦r❡ ♠❛t✉r❡ ♠❛r❦❡ts s✉❝❤ ❛s t❤♦s❡ ♦❢ ❤✐❣❤✲✐♥❝♦♠❡ ❡❝♦♥♦♠✐❡s t❤❛t str♦♥❣ ■P ♣r♦t❡❝t✐♦♥

s❤♦✉❧❞ ❜❡ ✉♣❤❡❧❞✳

❲✐t❤✐♥ t❤✐s s❛♠❡ ✐♥❞✉str②✱ ❝♦♥❞✐t✐♦♥s ♦❢ ✐♠✐t❛t✐♦♥ ❢♦r ❞r✉❣s str♦♥❣❧② ❞✐✛❡r ❢r♦♠ t❤♦s❡ ❢♦r

✈❛❝❝✐♥❡s✳✻ P❤❛r♠❛❝❡✉t✐❝❛❧ ✜r♠s r❡❧② ♦♥ ✐♥t❡❧❧❡❝t✉❛❧ ♣r♦♣❡rt② r✐❣❤ts ✐♥ ♦r❞❡r t♦ ✐♥❝r❡❛s❡ t❤❡ ❝♦sts

♦❢ ✐♠✐t❛t♦rs ❢♦r ♥❡✇ ❞r✉❣s ✏✇❤✐❝❤ ♦t❤❡r✇✐s❡ ❝♦✉❧❞ ❜❡ ❝♦♣✐❡❞ ♠♦r❡ ❡❛s✐❧② t❤❛♥ ♣r♦❞✉❝ts ✇❤♦s❡

♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss❡s ❝❛♥ ❜❡ ❦❡♣t s❡❝r❡t✱ ♦r ❢♦r ✇❤✐❝❤ t❤❡ t✐♠❡ ❛♥❞ r❡❧❛t✐✈❡ ❡①♣❡♥s❡ ♥❡❡❞❡❞ t♦ ❝♦♣②

t❤❡ ✐♥✈❡♥t✐♦♥ ❛r❡ ♠✉❝❤ ❤✐❣❤❡r✑ ✭❙❝❤❡r❡r ❛♥❞ ❲❛t❛❧ ❬✸✶❪✱ ♣✳ ✹✮✳ ■❢ s✉❝❤ ♣❛t❡♥t ♣r♦t❡❝t✐♦♥ ✐s ♥♦t

❛✈❛✐❧❛❜❧❡✱ ❛ ❣❡♥❡r✐❝ ♣r♦❞✉❝t ❝❛♥ ❜❡ ✐♥tr♦❞✉❝❡❞ ❛t ❛ ♠✉❝❤ ❧♦✇❡r ✜①❡❞ ❝♦st t❤❛♥ ✐♥❝✉rr❡❞ ❜② t❤❡

❜r❛♥❞❡❞ ♣r♦❞✉❝t s✉♣♣❧✐❡r✳ ❍♦✇❡✈❡r✱ t❤✐s ❡❛s❡ ♦❢ ✐♠✐t❛t✐♦♥ ✐s ♥♦t ❢♦✉♥❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ✈❛❝❝✐♥❡s✱

✇❤✐❝❤ ❛r❡ ♠❛❞❡ ❢r♦♠ ❧✐✈✐♥❣ ♠✐❝r♦✲♦r❣❛♥✐s♠s✱ ❛♥❞ ✉♥❧✐❦❡ ❞r✉❣s ✏❛r❡ ♥♦t ❡❛s✐❧② r❡✈❡rs❡✲❡♥❣✐♥❡❡r❡❞✱

❛s t❤❡ ❣r❡❛t❡st ❝❤❛❧❧❡♥❣❡s ♦❢t❡♥ ❧✐❡ ✐♥ ❞❡t❛✐❧s ♦❢ ♣r♦❞✉❝t✐♦♥ ♣r♦❝❡ss❡s t❤❛t ❝❛♥♥♦t ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠

t❤❡ ✜♥❛❧ ♣r♦❞✉❝t✱✑ ✐♠♣❧②✐♥❣ t❤❛t ✏t❤❡r❡ ✐s t❡❝❤♥✐❝❛❧❧② ♥♦ s✉❝❤ t❤✐♥❣ ❛s ❛ ❣❡♥❡r✐❝ ✈❛❝❝✐♥❡✑ ✭❲✐❧s♦♥

❬✸✺❪✱ ♣✳ ✶✸✮✳

❚❤❡ r❡❣✉❧❛t♦r② ✐♠♣❧✐❝❛t✐♦♥ ✐s t❤❛t t❤❡ ✐♠✐t❛t✐♥❣ ✜r♠ ♠✉st r❡✐♥✈❡st ✐♥ ❝❧✐♥✐❝❛❧ tr✐❛❧s ✇❤✐❝❤ ❝❛♥

✐♥✈♦❧✈❡ s✉❜❥❡❝ts ✐♥ t❤❡ t❡♥s ♦❢ t❤♦✉s❛♥❞s✱ ❛♥❞ ✐♥ ❝♦♠♣❧❡① ♠❛♥✉❢❛❝t✉r✐♥❣ ❢❛❝✐❧✐t✐❡s t❤❛t ❝♦♠♣❧② ✇✐t❤

❞❡♠❛♥❞✐♥❣ r❡❣✉❧❛t♦r② st❛♥❞❛r❞s✱ ❜❡❢♦r❡ ❛♣♣❧②✐♥❣ ❢♦r ❛♣♣r♦✈❛❧ ♦❢ t❤❡ ♣r♦❞✉❝t ❜② t❤❡ r❡❣✉❧❛t♦r✳ ❚❤❡

✜①❡❞ ❝♦st t❤❛t ♠✉st ❜❡ ✐♥❝✉rr❡❞ ❜② ❛ ♥❡✇ ❡♥tr❛♥t ❢♦r t❤❡ ❞❡❧✐✈❡r② ♦❢ ❛ ❢♦❧❧♦✇✲♦♥ ✈❛❝❝✐♥❡ ❝❛♥ t❤✉s

❜❡ ♣r♦❤✐❜✐t✐✈❡❧② ❤✐❣❤✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ ❧❡ss s②st❡♠❛t✐❝ r❡❧✐❛♥❝❡ ♦♥ ♣❛t❡♥t✐♥❣ ❜② ❡st❛❜❧✐s❤❡❞

✜r♠s t❤❛♥ ✐♥ t❤❡ ❞r✉❣s s❡❣♠❡♥t✳ ❲❡ r❡t✉r♥ t♦ t❤✐s ✐ss✉❡ ✐♥ ❧✐❣❤t ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧ ✐♥ ❙❡❝t✐♦♥

✺✳✶✱ ✇❤❡r❡ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st ✐s ❛ss✉♠❡❞ t♦ ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥♥♦✈❛t♦r✬s ❝❤♦✐❝❡ ♦❢ ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧✳

✸ ❆ ♠♦❞❡❧ ♦❢ t❤❡ t✐♠✐♥❣ ♦❢ ♥❡✇ ♣r♦❞✉❝t ❞❡✈❡❧♦♣♠❡♥t ✐♥ ❞✉♦♣♦❧②

❚❤✐s s❡❝t✐♦♥ ❞❡s❝r✐❜❡s ♦✉r ♠♦❞❡❧ ♦❢ str❛t❡❣✐❝ ✐♥✈❡st♠❡♥t ✐♥ ♣r♦❞✉❝t ❞❡✈❡❧♦♣♠❡♥t t❤❛t r❡✢❡❝ts t❤❡

❝❤❛r❛❝t❡r✐st✐❝ ❢❡❛t✉r❡s ♦❢ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥ ✐❞❡♥t✐✜❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❛♥❞ ✐❧❧✉str❛t❡❞ ✐♥

t❤❡ ✐♥❞✉str② ❡①❛♠♣❧❡ ❛❜♦✈❡✳ ❆ss✉♠♣t✐♦♥s r❡❣❛r❞✐♥❣ ✐♥❞✉str② str✉❝t✉r❡ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥

✻❆♥♦t❤❡r s❛❧✐❡♥t ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡ ♣❤❛r♠❛❝❡✉t✐❝❛❧ ✐♥❞✉str② ✐s t❤❡ ❘✫❉ ✉♥❝❡rt❛✐♥t② t❤❛t ✐s ✐♥tr♦❞✉❝❡❞ ❜②

❧❛t❡✲st❛❣❡ ❝❧✐♥✐❝❛❧ tr✐❛❧s r❡❣❛r❞✐♥❣ t❤❡ ♦✉t❝♦♠❡ ♦❢ ❛ r❡s❡❛r❝❤ ♣r♦❥❡❝t✱ ♠♦st ♦❢t❡♥ ❛❢t❡r s✐❣♥✐✜❝❛♥t ❝♦sts ❤❛✈❡ ❛❧r❡❛❞②

❜❡❡♥ s✉♥❦✱ ❜✉t t❤❡ ❢♦❝✉s ♦❢ ♦✉r ♠♦❞❡❧ ✐s ♦♥ ♠❛r❦❡t ✉♥❝❡rt❛✐♥t② ✇❤✐❝❤ ✐s ❛❧s♦ ✐♠♣♦rt❛♥t ✭s❡❡ ❢♦♦t♥♦t❡ ✷✮✳

✽



✸✳✶✱ t❤♦s❡ r❡❣❛r❞✐♥❣ ✜r♠ ❝♦♥❞✉❝t ❛♥❞ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✱ ❛♥❞

❡q✉✐❧✐❜r✐✉♠ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳

✸✳✶ ■♥❞✉str② str✉❝t✉r❡

❚✇♦ ✐❞❡♥t✐❝❛❧ ✜r♠s s❡❡❦ t♦ ❡♥t❡r ❛ ♠❛r❦❡t ❜② ✐♥tr♦❞✉❝✐♥❣ t❤❡✐r ✈❡rs✐♦♥ ♦❢ ❛ ♥♦✈❡❧ ♣r♦❞✉❝t✳ ❖r❣❛✲

♥✐③❛t✐♦♥❛❧ ❝♦♥str❛✐♥ts ♣r❡❝❧✉❞❡ ❛ ✜r♠ ❢r♦♠ s❡❧❧✐♥❣ t✇♦ ✈❛r✐❛♥ts ♦❢ t❤❡ ♣r♦❞✉❝t ❛♥❞ t❡❝❤♥♦❧♦❣✐❝❛❧ ♦r

r❡❣✉❧❛t♦r② ❜❛rr✐❡rs s❤✐❡❧❞ ❜♦t❤ ✜r♠s ❢r♦♠ ❢✉rt❤❡r ❡♥tr②✳ ❉❡✈❡❧♦♣♠❡♥t ♦❢ t❤❡ ♥❡✇ ♣r♦❞✉❝t ✐♥✈♦❧✈❡s

❛♥ ✐rr❡✈❡rs✐❜❧❡ ✐♥✈❡st♠❡♥t ✐♥ t❤❡ ❢❛❝❡ ♦❢ ✉♥❝❡rt❛✐♥t② r❡❣❛r❞✐♥❣ ❢✉t✉r❡ ❞❡♠❛♥❞ ❧❡✈❡❧s✳

❚❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ ♣r♦❞✉❝t ❣❡♥❡r❛t❡s ❛ ❜❛s❡❧✐♥❡ ♣r♦✜t ✢♦✇ πM ✇❤❡♥ ❛ s✐♥❣❧❡ ✜r♠ i, i ∈

{1, 2} ✐s ❛❝t✐✈❡ ❛♥❞ πD ✇❤❡♥ ❜♦t❤ ❛r❡✱ ✇✐t❤ 0 < πD < πM ✳ ❋❧♦✇ ♣r♦✜t ❛t t✐♠❡ t t❛❦❡s t❤❡ ❢♦r♠

πMYt ♦r πDYt ✇❤❡r❡ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♠♣♦♥❡♥t Yt ✐s ❛ ♠❡❛s✉r❡ ♦❢ ♠❛r❦❡t s✐③❡ ❛♥❞ ✐s ❛ss✉♠❡❞

t♦ ❢♦❧❧♦✇ ❛ ❣❡♦♠❡tr✐❝ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥✱ dYt = αYtdt+σYtdZt ✇❤❡r❡ (Zt)t≥0 ✐s ❛ st❛♥❞❛r❞ ❲✐❡♥❡r

♣r♦❝❡ss✱ α ✐s t❤❡ ❞r✐❢t ♦❢ t❤❡ ♣r♦❝❡ss ❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ♣❛r❛♠❡t❡r σ > 0 r❡✢❡❝ts t❤❡ ♥♦t✐♦♥ t❤❛t

❞❡♠❛♥❞ ❢♦r ❛ ♥❡✇ ♣r♦❞✉❝t ❡✈♦❧✈❡s ✐♥ ❛ ❝♦♥t❡①t ♦❢ ✉♥❝❡rt❛✐♥t②✳ Pr♦✜t ✢♦✇s ✐♥st❛♥t❛♥❡♦✉s❧② ❛♥❞

✇✐t❤ ❝❡rt❛✐♥t② ♦♥❝❡ ✐♥✈❡st♠❡♥t ❤❛s ♦❝❝✉rr❡❞✳ ❋✐r♠s ❤❛✈❡ ❛ ❝♦♠♠♦♥ ❛♥❞ ❝♦♥st❛♥t ❞✐s❝♦✉♥t r❛t❡

❛ss✉♠❡❞ t♦ ❜❡ ❧❛r❣❡ ❡♥♦✉❣❤ t❤❛t t❤❡ ✐♥✈❡st♠❡♥t ♣r♦❜❧❡♠ ✐s ❡❝♦♥♦♠✐❝❛❧❧② ♠❡❛♥✐♥❣❢✉❧ ✭r > α✮✳

■♥tr♦❞✉❝✐♥❣ t❤❡ ♥❡✇ ♣r♦❞✉❝t ✐♥✈♦❧✈❡s ❛ ♣♦s✐t✐✈❡ ✐rr❡❝✉♣❡r❛❜❧❡ ✜①❡❞ ❝♦st I ❢♦r t❤❡ t❤❡ ✜rst

✜r♠ t❤❛t ✐♥✈❡sts t♦ s❡r✈❡ ❞❡♠❛♥❞✱ ✐✳❡✳ ❢♦r t❤❡ ✐♥♥♦✈❛t♦r✳ ■❢ ✐ts r✐✈❛❧ ❤❛s ✐♥♥♦✈❛t❡❞✱ ❛ ✜r♠ ❝❛♥

✐♥✈❡st ❛❢t❡r✇❛r❞s ✭❡✈❡♥ ✐♠♠❡❞✐❛t❡❧②✮ ❛s ❛ s❡❝♦♥❞ ❡♥tr❛♥t✱ ✐✳❡✳ ❛s ❛♥ ✐♠✐t❛t♦r✱ ❛♥❞ ✐♥tr♦❞✉❝✐♥❣ t❤❡

✐♠✐t❛t✐✈❡ ♣r♦❞✉❝t ❛❧s♦ ✐♥✈♦❧✈❡s ❛ ✜①❡❞ ❝♦st K ✇❤✐❝❤ ✐s ❛❧s♦ ✐rr❡❝✉♣❡r❛❜❧❡✳ ❚❤❡ ✐♠✐t❛t♦r✬s ✜①❡❞ ❝♦st

✐s ❛❧❧♦✇❡❞ t♦ ❜❡ ❡✐t❤❡r ❤✐❣❤❡r ♦r ❧♦✇❡r t❤❛♥ t❤❡ ✐♥♥♦✈❛t♦r✬s✱ ❛♥❞ ✇❡ ❛❧❧♦✇ ❢♦r t❤❡ ❡①tr❡♠❡ ❝❛s❡s ♦❢

❝♦st❧❡ss ♦r ❛r❜✐tr❛r✐❧② ❝♦st❧② ✐♠✐t❛t✐♦♥ ✭K = 0 ♦r K = ∞✮✳ ❚❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ t②♣✐❝❛❧❧② ✐♥❝❧✉❞❡s

✈❛r✐♦✉s st❛♥❞❛r❞ s❡t✉♣ ❝♦sts ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❜r✐♥❣✐♥❣ ❛ ♣r♦❞✉❝t t♦ ♠❛r❦❡t s✉❝❤ ❛s ❞❡❞✐❝❛t❡❞ ♣❧❛♥t

❛♥❞ ❡q✉✐♣♠❡♥t✱ ♠❛r❦❡t✐♥❣ ❡①♣❡♥❞✐t✉r❡s✱ ❛♥❞ s♦ ❢♦rt❤✱ ❛s ✇❡❧❧ ❛s t❤❡ ❝♦st ♦❢ ❞❡✈❡❧♦♣✐♥❣ t❤❡ ✜r♠✬s

✈❡rs✐♦♥ ♦❢ t❤❡ ♥❡✇ ♣r♦❞✉❝t✳ ■❢ t❤❡ s❡❝♦♥❞ ✜r♠ ❝❛♥ ❞❡✈❡❧♦♣ t❤❡ s❛♠❡ ♣r♦❞✉❝t ✐♥❞❡♣❡♥❞❡♥t❧②✱

✐♠✐t❛t✐♦♥ s❤♦✉❧❞ ❜❡ ♥♦ ♠♦r❡ ❡①♣❡♥s✐✈❡ t❤❛♥ ✐♥♥♦✈❛t✐♦♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ■P✱ ❛♥❞ ❡✈❡♥ ❝♦st str✐❝t❧②

❧❡ss t♦ t❤❡ ❡①t❡♥t t❤❛t t❤❡r❡ ❛r❡ ❦♥♦✇❧❡❞❣❡ s♣✐❧❧♦✈❡rs ✭K ≤ I✮✳ ❲❤❡♥ ■P ♣r♦t❡❝t✐♦♥ ✐s s✉✣❝✐❡♥t❧②

str♦♥❣ ❤♦✇❡✈❡r✱ ✐♠✐t❛t♦rs ♠✉st ✐♥✈❡♥t ❛r♦✉♥❞ ❛♥② ♣❛t❡♥ts ❤❡❧❞ ❜② t❤❡ ✐♥♥♦✈❛t♦r ❛♥❞ t❤❡ s❡❝♦♥❞

♠♦✈❡r ❝❛♥ ✐♥❝✉r ❤✐❣❤❡r ❡♥tr② ❝♦sts t❤❛♥ t❤❡ ❧❡❛❞❡r ✭K > I✮✳✼

✼❖t❤❡r ❝✐r❝✉♠st❛♥❝❡s ❝❛♥ ❧❡❛❞ t♦ ❛s②♠♠❡tr✐❝ ✜①❡❞ ❝♦sts ❢♦r ✐♥✐t✐❛❧❧② ✐❞❡♥t✐❝❛❧ ✜r♠s✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢ ❞❡✈❡❧♦♣✐♥❣

t❤❡ ♥❡✇ ♣r♦❞✉❝t ✐♥✈♦❧✈❡s ❛♥ ✐♥♣✉t ✐♥ s❝❛r❝❡ s✉♣♣❧②✱ t❤❡ ✐♠✐t❛t♦r t②♣✐❝❛❧❧② ❢❛❝❡ ❛ ❤✐❣❤❡r ❝♦st✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ❇✐❧❧❡tt❡

❞❡ ❱✐❧❧❡♠❡✉r ❡t ❛❧✳ ❬✷❪ s❤♦✇ t❤❛t ✐❢ t❤❡ ❝♦st ♦❢ ✐♥✈❡st♠❡♥t ✐s ❞❡t❡r♠✐♥❡❞ ❡♥❞♦❣❡♥♦✉s❧② ❜② ❛ ♠♦♥♦♣♦❧② ✐♥♣✉t s✉♣♣❧✐❡r✱

t❤❡ ✐♥♣✉t ♣r✐❝❡ ✐s ❡♥❞♦❣❡♥♦✉s❧② ❞✐s❝♦✉♥t❡❞ ❢♦r t❤❡ ✜rst ✜r♠ t❤❛t ✐♥✈❡sts✳

✾



✸✳✷ ❋✐r♠ str❛t❡❣✐❡s ❛♥❞ ♣❛②♦✛s

❋✐r♠s ♣❧❛② ❛ ❣❛♠❡ ♦❢ t✐♠✐♥❣ ✇❤♦s❡ ♥♦r♠❛❧ ❢♦r♠ ✐s st✉❞✐❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❢♦r s✐♠♣❧✐❝✐t② ♦❢ ❡①♣♦✲

s✐t✐♦♥✳ ❚❤✐s ❢r❛♠❡✇♦r❦ ♣r♦✈✐❞❡s ❡♥♦✉❣❤ str✉❝t✉r❡ t♦ ❞❡r✐✈❡ t❤❡ ✇❡❧❢❛r❡ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✹ ❛♥❞

❛❞❡q✉❛t❡❧② r❡✢❡❝ts ❡❝♦♥♦♠✐❝ ❜❡❤❛✈✐♦r s♦ ❧♦♥❣ ❛s ♣❧❛②❡rs ❞♦ ♥♦t ♠❛❦❡ ❡♠♣t② t❤r❡❛ts✳ ❲❡ ✈❡r✐❢②

t❤❛t t❤✐s ✐s ✐♥❞❡❡❞ t❤❡ ❝❛s❡ ❜② ❞❡✈❡❧♦♣✐♥❣ ❛ ❞②♥❛♠✐❝ ✈✐❡✇ ♦❢ t❤❡ s❛♠❡ ❣❛♠❡ ✐♥ ✇❤✐❝❤ ♣❧❛②❡rs ✉s❡

❡①t❡♥❞❡❞ ♠✐①❡❞ str❛t❡❣✐❡s ❛s ♣❡r ❋✉❞❡♥❜❡r❣ ❛♥❞ ❚✐r♦❧❡ ❬✶✶❪ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳ ❚❤✐s ❞②♥❛♠✐❝ ✈✐❡✇

❞♦❡s ♥♦t ♣♦s❡ ❛♥② ♥♦✈❡❧ ❞✐✣❝✉❧t✐❡s ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ✜r♠s ✐♥✈❡st ❛t t❤❡ ✜rst✲❤✐tt✐♥❣ t✐♠❡s ♦❢ t❤❡

st♦❝❤❛st✐❝ ♣r♦❝❡ss✱ ❜✉t ✐t ✐s s♦♠❡✇❤❛t ❧❡♥❣t❤② t♦ ❞❡✈❡❧♦♣ ❛♥❞ ✐♥t❡r❡st❡❞ r❡❛❞❡rs ♠❛② t❤❡r❡❢♦r❡

r❡❢❡r t♦ ❙❡❝t✐♦♥ ❆✳✺✳

❊❛❝❤ ✜r♠ ❝❤♦♦s❡s ❛♥ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞ t❤❛t tr✐❣❣❡rs ✐ts ✐♥✈❡st♠❡♥t ✇❤❡♥ ✐t ✐s r❡❛❝❤❡❞ ❢♦r t❤❡

✜rst t✐♠❡ ❛♥❞ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ r✐✈❛❧ ✐♥✈❡st♠❡♥t✱ ❜✉t ✇❤✐❝❤ ✐t ✐s ❢r❡❡ t♦ r❡✈✐s❡ ✐❢ r✐✈❛❧ ✐♥✈❡st♠❡♥t

♦❝❝✉rs✳ ❊❛❝❤ ✜r♠✬s ✐♥✈❡st♠❡♥t ❜❡❤❛✈✐♦r ✐s t❤❡r❡❢♦r❡ ❝♦♥❞✐t✐♦♥❡❞ ♦♥ t❤❡ ❞②♥❛♠✐❝ ❡✈♦❧✉t✐♦♥ ♦❢

t❤❡ ♠❛r❦❡t ❜✉t ♦♣❡♥✲❧♦♦♣ ✇✐t❤ r❡s♣❡❝t t♦ ❛♥② r✐✈❛❧ ♠♦✈❡ ✉♥t✐❧ ❛♥ ✐♥✈❡st♠❡♥t ♦❝❝✉rs✳✽ ❖♥❝❡ ❛♥

✐♥✈❡st♠❡♥t ♦❝❝✉rs✱ ❛♥② r❡♠❛✐♥✐♥❣ ✜r♠ ♠❛② ❡✐t❤❡r r❡s♣♦♥❞ ❜② ✐♥✈❡st✐♥❣ ✐♠♠❡❞✐❛t❡❧② ♦r r❡✈✐s❡ ✐ts

str❛t❡❣② ✐♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♣❤❛s❡ ✇❤✐❝❤ ✐s ❛ s✐♥❣❧❡✲✜r♠ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠✳ ■♥❞✉str② ❞②♥❛♠✐❝s

t❤✉s t②♣✐❝❛❧❧② ❝♦♥s✐st ♦❢ ❛ ♣❡r✐♦❞ ♦❢ ✐♥❛❝t✐♦♥ ❜❡❢♦r❡ ❡✐t❤❡r ✜r♠ ❤❛s ❡♥t❡r❡❞ ❛♥❞ ♦✈❡r ✇❤✐❝❤ t❤❡

♠❛✐♥ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✜r♠s ✉♥❢♦❧❞s✱ ❢♦❧❧♦✇❡❞ ❜② ❛ ♣♦ss✐❜❧❡ ♠♦♥♦♣♦❧② ♣❤❛s❡ ❛♥❞

✜♥❛❧❧② ❛ ❞✉♦♣♦❧② ♣❤❛s❡ ♦♥❝❡ ❜♦t❤ ✜r♠s ❤❛✈❡ ❡♥t❡r❡❞✳

■t ✐s ❛ss✉♠❡❞ t❤❛t Y0 ≤ (r − α) I/πM ✱ s♦ t❤❛t t❤❡ ❞❡♠❛♥❞ ❧❡✈❡❧ ✇❤❡♥ t❤❡ ❣❛♠❡ ❜❡❣✐♥s ✐s

s✉✣❝✐❡♥t❧② s♠❛❧❧ ❢♦r ✜r♠s t♦ ♣r❡❢❡r ❞❡❧❛②✐♥❣ ✐♥✈❡st♠❡♥t✳ ❚❤❡ str❛t❡❣② ♦❢ ✜r♠ i✱ i = 1, 2✱ ❝♦♥✲

s✐sts ♦❢ ❛♥ ❡♥tr② t❤r❡s❤♦❧❞ Yi ∈ [Y0,∞) t❤❛t tr✐❣❣❡rs ✐♥✈❡st♠❡♥t ✇❤❡♥ ✐t ✐s r❡❛❝❤❡❞ ❢♦r t❤❡ ✜rst

t✐♠❡✱ ❛❜s❡♥t ♣r✐♦r r✐✈❛❧ ❡♥tr②✳ ■♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s ❞❡t❡r♠✐♥❡ t❤❡ r♦❧❡s ♦❢ ✜r♠s ❛s ✐♥♥♦✈❛t♦r ♦r

✐♠✐t❛t♦r ❛♥❞ t❤❡ ✭st♦❝❤❛st✐❝✮ ♠♦♠❡♥t ❛t ✇❤✐❝❤ t❤❡ ♣r♦❞✉❝t ✐s ✐♥✐t✐❛❧❧② ✐♥tr♦❞✉❝❡❞✱ ❛♥❞ ♦♥❝❡ r✐✈❛❧

✐♥✈❡st♠❡♥t ✭✐♥♥♦✈❛t✐♦♥✮ ❤❛s ♦❝❝✉rr❡❞ ❛♥② r❡♠❛✐♥✐♥❣ ✜r♠ ✐s ❛❜❧❡ t♦ r❡✈✐s❡ ✐ts ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞

✐♥ ❛ ❝♦♥t✐♥✉❛t✐♦♥ ✭✐♠✐t❛t✐♦♥✮ ♣❤❛s❡✳ ❚❤❡ str❛t❡❣✐❡s Yi ❞❡t❡r♠✐♥❡ ❛ st♦❝❤❛st✐❝ t✐♠❡ ❛t ✇❤✐❝❤ t❤❡

✜r♠ ♣❧❛♥s t♦ ✐♥✈❡st✱ ✇❤✐❝❤ ✐s ❛ ✜rst ❤✐tt✐♥❣ t✐♠❡ τ (Yi) := inf {t ≥ 0 |Yt ≥ Yi }✳

■❢ ✐♥✈❡st♠❡♥t ❜② ♦♥❡ ♦❢ t❤❡ ✜r♠s ♦❝❝✉rs ❛t ❛ ✈❛❧✉❡ ♦❢ t❤❡ s❝❛❧❡ ♣❛r❛♠❡t❡r Yt = y✱ t❤❡ ♦♣t✐♠❛❧

♣♦❧✐❝② ♦❢ ❛♥② ✜r♠ t❤❛t ❤❛s ♥♦t ②❡t ❡♥t❡r❡❞ ✐s t♦ ✐♥✈❡st ✇❤❡♥ t❤❡ ♠❛r❦❡t s✐③❡ ❤❛s r❡❛❝❤❡❞ ❛♥ ♦♣t✐♠❛❧

t❤r❡s❤♦❧❞✱ ❞❡♥♦t❡❞ YF ✳ ❙t❛♥❞❛r❞ ❛r❣✉♠❡♥ts ✭s❡❡ ❙❡❝t✐♦♥ ❆✳✶✮ ❡st❛❜❧✐s❤ t❤❛t t❤❡ ❝♦♥t✐♥✉❛t✐♦♥

♣❛②♦✛ ♦❢ s✉❝❤ ❛ ✭❢♦❧❧♦✇❡r✮ ✜r♠ ❛t ❛ ❣✐✈❡♥ t✐♠❡ t ✐s

C (y) =

{
ACy

β ✱ y < YF
πD
r−αy −K ✱ y ≥ YF

✭✶✮

✽❚❤✐s ❞✐✛❡r❡♥❝❡ ✇✐t❤ ❘❡✐♥❣❛♥✉♠ ❬✷✽❪✬s ♥♦t✐♦♥ ♦❢ ♦♣❡♥✲❧♦♦♣ str❛t❡❣✐❡s ♣❧❛②s ❛ ❦❡② r♦❧❡ ✐♥ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡✳

✶✵



✇❤❡r❡ β ✐s s❤♦rt❤❛♥❞ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs

β (α, σ, r) :=
1

2
−

α

σ2
+

√(
1

2
−

α

σ2

)2

+
2r

σ2
✱ ✭✷✮

YF := (β (r − α)K) / ((β − 1)πD) ✐s t❤❡ ♦♣t✐♠❛❧ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞ ♦❢ ❛ ✜r♠ t❤❛t ❡❛r♥s ❛

❞✉♦♣♦❧② ♣r♦✜t str❡❛♠ ✉♣♦♥ ❡♥tr② ❛♥❞ AC := ββπβD/ (β − 1)β−1 (r − α)βKβ−1✳ ❚❤❡ ❢✉♥❝t✐♦♥ ✐♥

✭✷✮ ✐s ❛ st❛♥❞❛r❞ ❡①♣r❡ss✐♦♥ ✐♥ ♠♦❞❡❧s ♦❢ ✐♥✈❡st♠❡♥t ✉♥❞❡r ✉♥❝❡rt❛✐♥t② ❛♥❞ s❛t✐s✜❡s β > 1 ❛♥❞

∂β/∂α, ∂β/∂σ < 0✳✾

●✐✈❡♥ t❤❡ st❛rt✐♥❣ ✈❛❧✉❡ ♦❢ t❤❡ ❞❡♠❛♥❞ ♣❛r❛♠❡t❡r✱ ✐❢ ✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥t ♦❝❝✉rs ❛t ❛ t❤r❡s❤♦❧❞

Y ≥ y ❛♥❞ ❛♥② ✐♥✈❡st♠❡♥t ✐♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♣❤❛s❡ ♦❝❝✉rs ❛t t❤❡ t❤r❡s❤♦❧❞ max {Y, YF }✱ t❤❡

❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ❛ ❧❡❛❞❡r ✭♦r ✐♥♥♦✈❛t♦r✮ ❛t t✐♠❡ t = 0 ✐s

L (Y ) = Ey

(∫ τ(max{Y,YF })

τ(Y )
πMYse

−rsds− e−rτ(Y )I +

∫ ∞

τ(max{Y,YF })
πDYse

−rsds

)

=

(
πM
r − α

Y − I

)( y
Y

)β
−
πM − πD
r − α

yβ

[max {Y, YF }]
β−1

✭✸✮

✭s❡❡ ❙❡❝t✐♦♥ ❆✳✷ ❢♦r ❞❡r✐✈❛t✐♦♥s✮✳ ❚❤❡ ✜rst s✉♠♠❛♥❞ ✐♥ ✭✸✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢

♣❡r♣❡t✉❛❧ ♠♦♥♦♣♦❧② ♣r♦✜ts ❢♦r ❛ ✜r♠ t❤❛t ✐♥✈❡sts ❛t t❤❡ t❤r❡s❤♦❧❞ Y ❛♥❞ t❤❡ s❡❝♦♥❞ ✐s ❛ ❝♦rr❡❝t✐♦♥

t❡r♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ r❡❞✉❝t✐♦♥ ✐♥ ♣r♦✜t ✢♦✇ st❡♠♠✐♥❣ ❢r♦♠ t❤❡ r✐✈❛❧✬s ❛♥t✐❝✐♣❛t❡❞ ❡♥tr②✳

●✐✈❡♥ t❤❛t ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❛t t❤❡ t❤r❡s❤♦❧❞ Y ✱ t❤❡ ♣❛②♦✛ t♦ ❛♥② r❡♠❛✐♥✐♥❣ ✜r♠ ❢r♦♠ ❜❡❝♦♠✐♥❣

❛ ❢♦❧❧♦✇❡r ❛t t❤❡ ♠♦♠❡♥t t❤❛t Y ✐s ✜rst r❡❛❝❤❡❞ ✐s

F (Y ) = C (max {Y, YF })

(
y

max {Y, YF }

)β

✳ ✭✹✮

■❢ ❜♦t❤ ✜r♠s ✐♥✈❡st ❛t t❤❡ s❛♠❡ ♠♦♠❡♥t t❤❡ ❝♦st ♦❢ ✐♥✈❡st♠❡♥t ✐s ❛ss✉♠❡❞ t♦ ❜❡ I ❢♦r ❡❛❝❤✳ ❚❤✐s

♠❛② r❡✢❡❝t ❡✐t❤❡r ❛ ❧❡❣❛❧ t♦❧❡r❛♥❝❡ ❢♦r ✐♥❞❡♣❡♥❞❡♥t ❞✐s❝♦✈❡r②✱ ♦r ❛ ❧❛❣ ❢♦r ✐♥❢♦r♠❛t✐♦♥ s♣✐❧❧♦✈❡rs

t♦ ♦❝❝✉r t❤❛t ✇❡ ❞♦ ♥♦t ♠♦❞❡❧ ❡①♣❧✐❝✐t❧②✳✶✵ ❚❤❡ ✐♥✐t✐❛❧ ❡①♣❡❝t❡❞ ♣❛②♦✛ t♦ ✜r♠s ✐s t❤❡♥

M (Y ) = Ey

(∫ ∞

τ(Y )
πDYse

−rsds

)

=

(
πD
r − α

Y − I

)( y
Y

)β
. ✭✺✮

✾❆ st❛♥❞❛r❞ r❡s✉❧t r❡❣❛r❞✐♥❣ β ✐s t❤❛t ❢♦r ❛♥② Y ≥ y✱ t❤❡ ❡①♣❡❝t❡❞ ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡ ♦❢ ❛ ♠♦♥❡t❛r② ✉♥✐t r❡❝❡✐✈❡❞

✇❤❡♥ t❤❡ ♣r♦❝❡ss ✜rst ❤✐ts t❤❡ t❤r❡s❤♦❧❞ Y ✐s Eye
−rτ(Y ) = (y/Y )✳ ❆s ✈♦❧❛t✐❧✐t② ❞❡❝r❡❛s❡s t❤✐s ❞✐s❝♦✉♥t❡❞ ✈❛❧✉❡

❝♦♥✈❡r❣❡s t♦ t❤❡ st❛♥❞❛r❞ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥t✐♥✉♦✉s t✐♠❡ ❞✐s❝♦✉♥t t❡r♠✱ ✐✳❡✳ limσ→0 (y/Y )β = e−rτ(Y )✳
✶✵❆♥ ❛❧t❡r♥❛t✐✈❡ ❛ss✉♠♣t✐♦♥ ✇♦✉❧❞ ❜❡ t❤❛t ■P ♣r♦t❡❝t✐♦♥ ❛♥❞ s♣✐❧❧♦✈❡rs ❛r❡ ❞❡t❡r♠✐♥❡❞ r❛♥❞♦♠❧② ✇❤❡♥ ✐♥✈❡st✲

♠❡♥ts ❛r❡ s✐♠✉❧t❛♥❡♦✉s s♦ t❤❡ ❡①♣❡❝t❡❞ ✜①❡❞ ❝♦st ❛t t❤❡ ♠♦♠❡♥t ♦❢ ✐♥✈❡st♠❡♥t ✐s (I +K)/2✳ ■♥ t❤✐s ❝❛s❡ t❤❡ ✜rst

✐♥t❡rs❡❝t✐♦♥ ♦❢ L ❛♥❞ M ✐s t❤❡♥ ♥♦ ❧♦♥❣❡r ❛t YF r❡♥❞❡r✐♥❣ t❤❡ ❛❧❣❡❜r❛✐❝ ❡①♣r❡ss✐♦♥s ♠♦r❡ ❝♦♠♣❧❡①✱ ❜✉t t❤❡ ❣❡♥❡r❛❧

❝♦♥✜❣✉r❛t✐♦♥ ♦❢ ♣❛②♦✛s ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ✉♣♦♥ ✇❤✐❝❤ ♦✉r r❡s✉❧ts ❛r❡ ❜❛s❡❞ ✐s s✐♠✐❧❛r✳

✶✶



YL

F

L L,M

YF YS

E(V )

F (YF )

❋✐❣✉r❡ ✶✿ ❆ttr✐t✐♦♥✱ K ≤ K̃✱ YS ✐s ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❧❡❛❞❡r ♣❛②♦✛✱ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞s

❛r❡ ❞✐str✐❜✉t❡❞ ♦✈❡r [YS ,∞)✱ ❛♥❞ ✐♠✐t❛t✐♦♥ ♦❝❝✉rs ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r✳

YL

F

L

L,M

YFYS′ YS

F (YF )

E(V )

❋✐❣✉r❡ ✷✿ ❆ttr✐t✐♦♥✱ K̃ < K < K̂✱ YS ✐s ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ♦❢ t❤❡ ❧❡❛❞❡r ♣❛②♦✛✱ ✐♥♥♦✈❛t✐♦♥

t❤r❡s❤♦❧❞s ❛r❡ ❞✐str✐❜✉t❡❞ ♦✈❡r [YL, YS′ ] ∪ [YS ,∞)✱ ✐♠✐t❛t✐♦♥ ♦❝❝✉rs ❡✐t❤❡r ❛t YF ✐❢ t❤❡ ✐♥♥♦✈❛t✐♦♥

t❤r❡s❤♦❧❞ ✐s ✐♥ [YL, YS′ ]✱ ♦r ✐♠♠❡❞✐❛t❡❧② ♦t❤❡r✇✐s❡✳

✶✷



YL

E(V ) F

L

L,M

YFYP YP ′

❋✐❣✉r❡ ✸✿ Pr❡❡♠♣t✐♦♥✱ K̂ < K < I✱ ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❛t YP ❛♥❞ ✐♠✐t❛t✐♦♥ ❛t YF ✳ ❚❤❡r❡ ✐s ✇❛r

♦❢ ❛ttr✐t✐♦♥ ♦✛ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤ ✭♦✈❡r (YP ′ ,∞)✮✳

YL

E(V )
F

L(YL)

L

YFYP

❋✐❣✉r❡ ✹✿ Pr❡❡♠♣t✐♦♥✱ K ≥ I✱ ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❛t YP ❛♥❞ ✐♠✐t❛t✐♦♥ ❛t YF ✳ ❚❤❡ ❞♦tt❡❞ ❝✉r✈❡

r❡♣r❡s❡♥ts F (Y ) ✇❤❡r❡❛s t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ✜r♠s ✐s ❡q✉❛❧ t♦ t❤❡ ❝♦♥❝❡♥tr❛t❡❞ ❢♦❧❧♦✇❡r ♣❛②♦✛

F (YF ) ✭❤❡r❡ ✇✐t❤ K = I✮✳

❚❤❡ ❜❡❤❛✈✐♦r ♦❢ L,F ❛♥❞ M ❢♦r ❞✐✛❡r❡♥t ✈❛❧✉❡s ♦❢ K ❞❡t❡r♠✐♥❡s t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥✈❡st♠❡♥t

✶✸



❣❛♠❡✳ ❚❤❡r❡ ❡①✐st t❤r❡❡ ❝r✐t✐❝❛❧ ❧❡✈❡❧s ♦❢ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st✱ K̃ < K̂ < I✱✶✶ t❤❛t ❞❡t❡r♠✐♥❡ ❢♦✉r

t②♣✐❝❛❧ ♣❛②♦✛ ❝♦♥✜❣✉r❛t✐♦♥s ✇❤✐❝❤ ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡s 1− 4✳

❋♦r K < K̃ ✭❋✐❣✉r❡ 1✮✱✶✷ F > L ❢♦r ❛❧❧ Y ≥ y ❛♥❞ L ❤❛s ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ❛t YS :=

(β (r − α) I) / ((β − 1)πD)✳ ❋♦r K̃ < K < K̂ ✭❋✐❣✉r❡ 2✮✱ F > L ❢♦r ❛❧❧ Y ≥ y ❜✉t L ❤❛s ❛ ❣❧♦❜❛❧

♠❛①✐♠✉♠ ❛t YL := (β (r − α) I) / ((β − 1)πM )✳ ◆♦t❡ ❛❧s♦ t❤❛t L ✐s ♥♦t ♠♦♥♦t♦♥✐❝ t♦ t❤❡ r✐❣❤t

♦❢ ✐ts ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ✐♥ t❤✐s ❝❛s❡✳ ❋♦r K̂ < K < I ✭❋✐❣✉r❡ 3✮✱ F < L ♦✈❡r ❛♥ ✐♥t❡r✈❛❧ ❞❡♥♦t❡❞

(YP , YP ′) t❤❛t ✐♥❝❧✉❞❡s YL✳ ❋✐♥❛❧❧②✱ ❢♦r K > I ✭❋✐❣✉r❡ 4✮✱ F < L ❢♦r ❛❧❧ Y ≥ y✳

❆❧t❤♦✉❣❤ t❤❡ s♣❡❝✐✜❝ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ ♣❛②♦✛s ❛r❡ ❝♦♠♣❧❡① t❤❡r❡ ✐s ❛ ❜r♦❛❞ ✐♥t✉✐t✐♦♥

✉♥❞❡r❧②✐♥❣ t❤❡s❡ t❤❡ ✜❣✉r❡s✳ ❇❡❣✐♥♥✐♥❣ ✇✐t❤ ❛♥ ❡①tr❡♠❡❧② ❧♦✇ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✭K = 0✮✱ t❤❡

♣❛②♦✛ t♦ ❢♦❧❧♦✇✐♥❣ ✐s ❣❧♦❜❛❧❧② ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢ ❧❡❛❞✐♥❣ ✭F > L✮✳ ❘❛✐s✐♥❣ t❤❡ ❧❡✈❡❧ ♦❢ K t❤❡♥

✐♥❝r❡❛s❡s t❤❡ ❢♦❧❧♦✇❡r ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞ YF ❛♥❞ s❤✐❢ts F ❞♦✇♥✇❛r❞✱ ❜✉t ❝♦♥✈❡rs❡❧② t❤✐s ❤✐❣❤❡r

✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞ ❧❡♥❣t❤❡♥s t❤❡ ♠♦♥♦♣♦❧② ♣❤❛s❡ ❛♥❞ r❛✐s❡s t❤❡ ♣❛②♦✛ t♦ ❧❡❛❞✐♥❣ ❜❡❢♦r❡ ❢♦❧❧♦✇❡r

✐♥✈❡st♠❡♥t ♦❝❝✉rs✱ s❤✐❢t✐♥❣ L ✉♣✇❛r❞ ♦✈❡r t❤❡ r❛♥❣❡ (y, YF )✳ ❯❧t✐♠❛t❡❧② ✐❢ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥

❜❡❝♦♠❡s ❧❛r❣❡ ❡♥♦✉❣❤ ✭K > I✮ ✐t ✐s t❤❡ ♣❛②♦✛ t♦ ❧❡❛❞✐♥❣ t❤❛t ✐s ❣❧♦❜❛❧❧② ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢

❢♦❧❧♦✇✐♥❣ ✭F < L✮✳

❆ ❧❛st ❡❧❡♠❡♥t ♦❢ str✉❝t✉r❡ ♠✉st ❜❡ ✐♥tr♦❞✉❝❡❞ ❜❡❢♦r❡ t❤❡ ♣❛②♦✛s ❛♥❞ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡

❝❛♥ ❜❡ ❢✉❧❧② ❞❡s❝r✐❜❡❞✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t ✐♥ ♣r❡❡♠♣t✐♦♥ ❣❛♠❡s✱ ✜r♠s ❢❛❝❡ ❛ ❝♦♦r❞✐♥❛t✐♦♥

♣r♦❜❧❡♠ ✐❢ ❜♦t❤ s❡❡❦ t♦ ✐♥✈❡st ❛t t❤❡ s❛♠❡ t❤r❡s❤♦❧❞ ✇❤❡♥ ✐t ✇♦✉❧❞ ❜❡ ♦♣t✐♠❛❧ ❢♦r ♦♥❧② ♦♥❡ t♦

❞♦ s♦✱ ✐✳❡✳ ✐❢ ❛t s♦♠❡ Y1 = Y2 = Y ✱ L (Y ) ≥ F (Y ) ❛♥❞ F (Y ) > M (Y )✳ ❆ st❛♥❞❛r❞ s♦❧✉t✐♦♥

♣r♦♣♦s❡❞ ❜② ❋✉❞❡♥❜❡r❣ ❛♥❞ ❚✐r♦❧❡ ❬✶✶❪ ✐s ❢♦r ♣❧❛②❡rs t♦ ✉s❡ ❛✉❣♠❡♥t❡❞ ♠✐①❡❞ str❛t❡❣✐❡s t❤❛t

r❡✢❡❝t t❤❡ ❝♦♦r❞✐♥❛t✐♦♥ t❤❛t ❛r✐s❡s ✐♥ ❛ ❞✐s❝r❡t❡✲t✐♠❡ ❣❛♠❡ ❛♥❞ ✇❤✐❝❤ ✐s ♥♦t ❝❛♣t✉r❡❞ ❞✐r❡❝t❧②

✐♥ ❛ ❝♦♥t✐♥✉♦✉s t✐♠❡ ♠♦❞❡❧✳ ❋♦r s✐♠♣❧✐❝✐t② ✇❡ ♣r♦❝❡❡❞ s♦♠❡✇❤❛t ❞✐✛❡r❡♥t❧② ❛♥❞ ✐♥tr♦❞✉❝❡ ❛

s♣❡❝✐✜❝ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡ t♦ ❞❡t❡r♠✐♥❡ ✐♥✈❡st♠❡♥t ♦✉t❝♦♠❡s ✐♥ s✉❝❤ ❝❛s❡s✱ ❧❡❛✈✐♥❣ t❤❡ ❢♦r♠✉❧❛t✐♦♥

♦❢ ❡①t❡♥❞❡❞ ♠✐①❡❞ str❛t❡❣✐❡s ❢♦r t❤❡ ❛♣♣❡♥❞✐①✳ ❋♦❧❧♦✇✐♥❣ ❚❤✐❥ss❡♥ ❬✸✷❪✱ t❤❡ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡ ✐s

❝❤♦s❡♥ s♦ t❤❛t ♣❛②♦✛s ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ t❤♦s❡ t❤❛t ♦❜t❛✐♥ ✇✐t❤ ❛✉❣♠❡♥t❡❞ ♠✐①❡❞ str❛t❡❣✐❡s ❜②

✐♠♣♦s✐♥❣ r❡♥t ❡q✉❛❧✐③❛t✐♦♥✳

❚❤❛t ✐s t♦ s❛②✱ ✐❢ ✜r♠s ❢❛❝❡ s✉❝❤ ❛ ❝♦♦r❞✐♥❛t✐♦♥ ♣r♦❜❧❡♠ ❛t t❤❡ t❤r❡s❤♦❧❞ Y t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t

❡✐t❤❡r ✜r♠ ✐♥✈❡sts ✜rst ✭❛s ❛ ❧❡❛❞❡r✮✱ p✱ ✐s ❝❤♦s❡♥ s♦ ❛s t♦ s♦❧✈❡ pL (Y )+pF (Y )+(1− 2p)M(Y ) =

✶✶❙❡❡ ❙❡❝t✐♦♥ ❆✳✷✳✸ ❢♦r ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡s K̃ =
(
β ((πM/πD)− 1) /

(
(πM/πD)β − 1

))1/(β−1)

I ❛♥❞

K̂ =
(
(1 + β ((πM/πD)− 1)) / (πM/πD)β

)1/(β−1)

I✳

✶✷❋✐❣✉r❡ 1 ✐s ❞r❛✇♥ ❛ss✉♠✐♥❣ K > (πD/πM )I✳ ❇❡❧♦✇ t❤✐s ✈❛❧✉❡✱ YF < YL ❛♥❞ F ✐s ❞❡❝r❡❛s✐♥❣ ♦✈❡r (y,∞) ❜✉t

t❤❡ ❦❡② ♣r♦♣❡rt✐❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t ❛r❡ ✉♥❛❧t❡r❡❞✳
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F (Y ) ❧❡❛✈✐♥❣ ✜r♠s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ✐♥✈❡st✐♥❣ ❛t t❤❛t t❤r❡s❤♦❧❞ ❛♥❞ ❛ s✉❜s❡q✉❡♥t ❢♦❧❧♦✇❡r r♦❧❡✳

❚❤✐s ②✐❡❧❞s

p (Y ) =

{
F (Y )−M(Y )

L(Y )+F (Y )−2M(Y ) ✐❢ L (Y ) ≥ F (Y )

0 ✐❢ L (Y ) < F (Y )
✱ ✭✻✮

❛♥❞ ❛❝❝♦r❞✐♥❣❧② 1− 2p (Yi;K) ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛ ♠✐st❛❦❡♥ s✐♠✉❧t❛♥❡♦✉s ✐♥✈❡st♠❡♥t ♦❝❝✉rs✳

❖♥ t❤❡ ❜❛s✐s ♦❢ t❤❡s❡ ❡❧❡♠❡♥ts t❤❡ ✐♥✐t✐❛❧ ♣❛②♦✛ t♦ ✜r♠ i ❢r♦♠ ✐♥✈❡st✐♥❣ ❛t t❤❡ t❤r❡s❤♦❧❞ Yi ✐❢

t❤❡ ♦t❤❡r ✜r♠ ✐♥✈❡sts ❛t Yj ✐s

V (Yi, Yj) =





L (Yi) ✐❢ Yi < Yj

p (Yi)L (Yi) + p (Yi)F (Yi) + (1− 2p (Yi))M (Yi) ✐❢ Yi = Yj

F (Yj) ✐❢ Yi > Yj

✭✼✮

❛♥❞ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐s r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ♥♦r♠❛❧ ❢♦r♠ ({1, 2} , [y,∞)× [y,∞) , (V, V ))✳

✸✳✸ ❊q✉✐❧✐❜r✐✉♠

❚❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ❤❛s ❛ ✉♥✐q✉❡ s②♠♠❡tr✐❝ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ✐♥✈♦❧✈✐♥❣ ❡✐t❤❡r ♣✉r❡ ♦r ♠✐①❡❞

str❛t❡❣✐❡s✳ ❚❤❡ r❡s✉❧t✐♥❣ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ✐♥✈❡st♠❡♥t ❜❡❤❛✈✐♦r ✐s t❤❡r❡❢♦r❡ ❝♦♥s✐st❡♥t

✇✐t❤ t❤❡ s❡♠✐♥❛❧ ❛♣♣r♦❛❝❤❡s ♦❢ ❋✉❞❡♥❜❡r❣ ❛♥❞ ❚✐r♦❧❡ ❬✶✶❪ ❛♥❞ ❍❡♥❞r✐❝❦s ❡t ❛❧✳ ❬✶✼❪ t♦ ♣r❡❡♠♣t✐♦♥

❛♥❞ ❛ttr✐t✐♦♥✳ ■♥ ❛ttr✐t✐♦♥ ❣❛♠❡s✱ ❛✉t❤♦rs ❤❛✈❡ s♦♠❡t✐♠❡s st✉❞✐❡❞ ✭♣✉r❡ str❛t❡❣②✮ ❛s②♠♠❡tr✐❝

❡q✉✐❧✐❜r✐❛✳✶✸ ❚❤✐s ✐s ❛♣♣r♦♣r✐❛t❡✱ ❢♦r ❡①❛♠♣❧❡✱ ✐❢ t❤❡ s❛♠❡ ❡♥tr② ❣❛♠❡ ✐s ♣❧❛②❡❞ ✐♥ s❡✈❡r❛❧ ✐♥✲

❞❡♣❡♥❞❡♥t ♠❛r❦❡ts ❛♥❞ ♣r❡✲♣❧❛② ❝♦♠♠✉♥✐❝❛t✐♦♥ ❡♥❛❜❧❡s ❝♦♦r❞✐♥❛t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s✱ ❜✉t ✇❡ ❞♦

♥♦t ❛❧❧♦✇ ❤❡r❡ ❢♦r s✉❝❤ ❛ ♣♦ss✐❜✐❧✐t②✳ ❆s ✜r♠s ❛r❡ t❛❦❡♥ t♦ ❜❡ ✐♥✐t✐❛❧❧② s②♠♠❡tr✐❝✱ ✐t ❛❧s♦ s❡❡♠s

♥❛t✉r❛❧ t♦ s✉♣♣♦s❡ t❤❛t ✐♥✐t✐❛❧ ✐♥✈❡st♠❡♥t ❜❡❤❛✈✐♦r s❤♦✉❧❞ ❜❡ s②♠♠❡tr✐❝ ❛s ✇❡❧❧✳ ▼♦r❡♦✈❡r t❤❡

❡q✉✐❧✐❜r✐✉♠ t❤❛t ✇❡ ❝❤❛r❛❝t❡r✐③❡ ✐♥✈♦❧✈❡s ❛ s♠♦♦t❤ ❞❡♣❡♥❞❡♥❝❡ ♦❢ ♦✉t❝♦♠❡s ♦♥ ✐♠✐t❛t✐♦♥ ❝♦st t❤❛t

✐s ♦❢ ❝♦♠♣❡❧❧✐♥❣ s✐♠♣❧✐❝✐t②✳

❚♦ ❣❡t ❛♥ ✐♥t✉✐t✐✈❡ s❡♥s❡ ♦❢ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ❢♦r ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ t❤❡ ✐♠✐t❛t✐♦♥

❝♦st✱ ✐t ✐s ✉s❡❢✉❧ t♦ r❡❢❡r ❛❣❛✐♥ t♦ ❋✐❣✉r❡s 1−4✳ ❋♦r ❧♦✇ ❡♥♦✉❣❤ ❧❡✈❡❧s ♦❢ K ✭❋✐❣✉r❡ 1✱ K ≤ K̃✮✱ t❤❡

❧❡❛❞❡r ♣❛②♦✛ L (Y ) ❧✐❡s ❜❡❧♦✇ t❤❡ ❢♦❧❧♦✇❡r ♣❛②♦✛ F (Y ) ❢♦r ❛❧❧ Y ≥ y s♦ ✜r♠s ♣r❡❢❡r t♦ ❢♦❧❧♦✇✱ ❛

s✐t✉❛t✐♦♥ ♦❢ ❛ttr✐t✐♦♥✳ ■♥✈❡st✐♥❣ ✜rst ❛t ❛♥② t❤r❡s❤♦❧❞ Yi < YS ✐s ❞♦♠✐♥❛t❡❞ ❜② ✐♥✈❡st✐♥❣ ❛t YS ✱ ❛♥❞

❢r♦♠ t❤❛t t❤r❡s❤♦❧❞ ♦♥✇❛r❞ L (Y ) ✐s ❞❡❝r❡❛s✐♥❣ ❛s ✐♥ t❤❡ st❛♥❞❛r❞ ✇❛r ♦❢ ❛ttr✐t✐♦♥✳ ❋♦r ♠♦❞❡r❛t❡❧②

❧♦✇ ❧❡✈❡❧s ♦❢ K ✭❋✐❣✉r❡ 2✱ K̃ < K < K̂✮✱ t❤❡ ❧❡❛❞❡r ♣❛②♦✛ ✐s ❣❧♦❜❛❧❧② ❧♦✇❡r t❤❛♥ t❤❡ ❢♦❧❧♦✇❡r ♣❛②♦✛

s♦ t❤❛t ✜r♠s ❛❧s♦ ♣❧❛② ❛ ✇❛✐t✐♥❣ ❣❛♠❡✳ ❙✐♥❝❡ YL ✐s ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ♦❢ L (Y )✱ ✐♥✈❡st✐♥❣ ❛t YS

✶✸❋♦r ✐♥st❛♥❝❡ ❑❛t③ ❛♥❞ ❙❤❛♣✐r♦ ❬✷✷❪ ❛♥❞ ❍♦♣♣❡ ❬✷✶❪ ♣r♦❝❡❡❞ t❤✐s ✇❛②✳

✶✺



❞♦❡s ♥♦t ❞♦♠✐♥❛t❡ ❧♦✇❡r t❤r❡s❤♦❧❞s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r t❤r❡s❤♦❧❞s ✐♥ [YL, YS′ ]✳ ❋✐r♠s t❤❡r❡❢♦r❡

❡♥❣❛❣❡ ✐♥ ❛ ♥♦♥st❛♥❞❛r❞ ❢♦r♠ ♦❢ ❛ttr✐t✐♦♥✱ ✇✐t❤ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s ❝♦♥t✐♥✉♦✉s❧② ❞✐str✐❜✉t❡❞

♦✈❡r t❤❡ r❛♥❣❡ [YL, YS′ ] ∪ [YS ,∞) ✇❤❡r❡ L (Y ) ✐s ❞❡❝r❡❛s✐♥❣✳ ❋♦r ❤✐❣❤ ❧❡✈❡❧s ♦❢ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st

✭❋✐❣✉r❡ 3✱ K̂ < K < I ❛♥❞ ❋✐❣✉r❡ 4✱ I ≤ K✮✱ t❤❡r❡ ❡①✐sts ❛ r❛♥❣❡ ♦❢ t❤r❡s❤♦❧❞s ❜❡❧♦✇ YF ❢♦r ✇❤✐❝❤

t❤❡ ❧❡❛❞❡r ♣❛②♦✛ L (Y ) ❧✐❡s ❛❜♦✈❡ t❤❡ ❢♦❧❧♦✇❡r ♣❛②♦✛ F (Y ) ❢♦r ❛❧❧ Y ≥ y s♦ ✜r♠s ♣r❡❢❡r t♦ ❧❡❛❞✱ ❛

s✐t✉❛t✐♦♥ ♦❢ ♣r❡❡♠♣t✐♦♥✳ ■♥✐t✐❛❧ ✐♥✈❡st♠❡♥t t❤❡♥ ♦❝❝✉rs ❛t t❤❡ ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞ YP ✱ ✇❤✐❝❤ ✐s

❞❡✜♥❡❞ ❛s t❤❡ ❧♦✇❡st t❤r❡s❤♦❧❞ ❛t ✇❤✐❝❤ ✜r♠s ❛r❡ ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ❧❡❛❞✐♥❣ ❛♥❞ ❢♦❧❧♦✇✐♥❣ ✭✐t ✐s

t❤❡ ❧♦✇❡r r♦♦t ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ L (Y ) = F (Y )✮✳ ■❢ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st ✐s ♠♦❞❡r❛t❡❧② ❤✐❣❤ ✭❋✐❣✉r❡

3✮ t❤❡ ♣r❡❡♠♣t✐♦♥ ❣❛♠❡ ✐s ♥♦♥st❛♥❞❛r❞ ✐♥ t❤❛t ✜r♠s ❡♥❣❛❣❡ ✐♥ ❛ ✇❛✐t✐♥❣ ❣❛♠❡ ♦✛ t❤❡ ❡q✉✐❧✐❜r✐✉♠

♣❛t❤ ✐❢ t❤❡ t❤r❡s❤♦❧❞ YP ′ ✐s r❡❛❝❤❡❞ ❛♥❞ ♥♦ ✜r♠ ❤❛s ②❡t ✐♥✈❡st❡❞✱ ✇❤❡r❡❛s ✇✐t❤ ❛ ❤✐❣❤❡r ✐♠✐t❛t✐♦♥

❝♦st ✭❋✐❣✉r❡ 4✮ ✐s ❛ st❛♥❞❛r❞ ♣r❡❡♠♣t✐♦♥ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❧❡❛❞❡r ♣❛②♦✛ ♥❡✈❡r ❞r♦♣s ❜❡❧♦✇ t❤❡

❢♦❧❧♦✇❡r ♣❛②♦✛ t♦ t❤❡ ❧❡❢t ♦❢ YF ✳

❚❤❡ ♣r♦♣♦s✐t✐♦♥ ❜❡❧♦✇ st❛t❡s t❤❡s❡ ✐❞❡❛s ❢♦r♠❛❧❧② ❛♥❞ ❛❧s♦ s❡♣❛r❛t❡❧② ✐❞❡♥t✐✜❡s t❤❡ ♣✐✈♦t❛❧ ❝❛s❡

K = K̂ ❛t ✇❤✐❝❤ t❤❡r❡ ✐s ♥❡✐t❤❡r ❛ ✜rst✲♠♦✈❡r ❛❞✈❛♥t❛❣❡ ♥♦r ❛ s❡❝♦♥❞✲♠♦✈❡r ❛❞✈❛♥t❛❣❡ ✐♥ t❤❡

s❡♥s❡ t❤❛t L (YL) = F (YF )✮, ✇❤✐❝❤ ♣❧❛②s ❛ ❝❡♥tr❛❧ r♦❧❡ ✐♥ t❤❡ ✇❡❧❢❛r❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♥❡①t s❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✶ ■♥ t❤❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❞✉♦♣♦❧② ✐♥✈❡st♠❡♥t ❣❛♠❡✱

(i) ✐❢ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✐s ❧♦✇ ✭K < K̂✮ ✜r♠s ♣❧❛② ❛ ❣❛♠❡ ♦❢ ❛ttr✐t✐♦♥✳ ❊q✉✐❧✐❜r✐✉♠ ✐s ✐♥ ♠✐①❡❞

str❛t❡❣✐❡s ✇✐t❤ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞s ❞✐str✐❜✉t❡❞ ❝♦♥t✐♥✉♦✉s❧② ♦✈❡r [YS ,∞) ✐❢ K ≤ K̃ ❛♥❞ ♦✈❡r ❛

❞✐s❝♦♥♥❡❝t❡❞ s✉♣♣♦rt [YL, YS′ ]∪ [YS ,∞) ✐❢ K̃ < K < K̂✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡ ✐♠✐t❛t✐♦♥ ✐s ✐♠♠❡❞✐❛t❡

✇❤❡r❡❛s ✐♥ t❤❡ ❧❛tt❡r ✐t ♦❝❝✉rs ✇✐t❤ ❧❛❣ ❛t t❤❡ t❤r❡s❤♦❧❞ YF ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②❀

(ii) ✐❢ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✐s ❤✐❣❤ ✭K > K̂✮ ✜r♠s ♣❧❛② ❛ ❣❛♠❡ ♦❢ ♣r❡❡♠♣t✐♦♥✳ ❊q✉✐❧✐❜r✐✉♠ ✐s ✐♥

♣✉r❡ str❛t❡❣✐❡s ❛t t❤❡ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞ YP ✱ ❛♥❞ ✐♠✐t❛t✐♦♥ ♦❝❝✉rs ❛t t❤❡ t❤r❡s❤♦❧❞ YF ❀

(iii) ❛t t❤❡ ❝r✐t✐❝❛❧ ✐♠✐t❛t✐♦♥ ❝♦st K̂ ✜r♠s ♥❡✐t❤❡r ✇❛✐t ♥♦r r❛❝❡ t♦ ❡♥t❡r✳ ❊q✉✐❧✐❜r✐✉♠ ✐s ✐♥ ♣✉r❡

str❛t❡❣✐❡s ❛t t❤❡ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞ YL✱ ❛♥❞ ✐♠✐t❛t✐♦♥ ♦❝❝✉rs ❛t t❤❡ t❤r❡s❤♦❧❞ YF ✳

■♥ t❤❡ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐✈❡ r❡♥t ❞✐ss✐♣❛t✐♦♥ ♦❝❝✉rs ✇❤❡♥❡✈❡r t❤❡ ✜r♠s ♣❧❛② ❛ ♥♦♥✲

❞❡❣❡♥❡r❛t❡ t✐♠✐♥❣ ❣❛♠❡ ✭✇❤❡♥ K 6= K̂✮✳ ■♥ ❛♥ ❛ttr✐t✐♦♥ r❡❣✐♠❡✱ t❤❡ r❡♥ts ♦❢ ✐♠✐t❛t✐♦♥ t❤❛t ❛❝❝r✉❡

t♦ ❛ ❢♦❧❧♦✇❡r ❛r❡ ❞✐ss✐♣❛t❡❞ ✐♥ ❡①♣❡❝t❛t✐♦♥ ❜❡❝❛✉s❡ ✜r♠s ✇❛✐t ❜❡❢♦r❡ ✐♥✈❡st✐♥❣✱ ❡❛r♥✐♥❣ t❤❡ r❡❧❡✈❛♥t

❧❡❛❞❡r ♣❛②♦✛ L (YL) ♦r L (YS) ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ K✳ ■♥ ❛ ♣r❡❡♠♣t✐♦♥ r❡❣✐♠❡✱ t❤❡ r❡♥ts t♦

❛ ❧❡❛❞❡r ❢r♦♠ ✐♥♥♦✈❛t✐♦♥ ❛r❡ ❞✐ss✐♣❛t❡❞ ❛s ✜r♠s r❛❝❡ t♦ ❡♥t❡r ❡❛r❧②✱ ❡❛r♥✐♥❣ F (YF )✳ ❚❤❡ ❡①♣❡❝t❡❞

✈❛❧✉❡ ♦❢ ✜r♠s ✐♥ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ t❤❡r❡❢♦r❡ ❤❛s ❛ s✐♠♣❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✳ ❚❤✐s ✐s st❛t❡❞ ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✱ ✇❤❡r❡ t❤❡ ♦♥❧② ❞✐✣❝✉❧t② st❡♠s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❡✐t❤❡r YS ♦r YL ♠❛②

r❡♣r❡s❡♥t ❛ ❣❧♦❜❛❧❧② ♠❛①✐♠✉♠ ♦❢ L ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✈❛❧✉❡ ♦❢ K✳

✶✻



❈♦r♦❧❧❛r② ✶ ■♥ ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ t❤❡ ❞✉♦♣♦❧② ✐♥✈❡st♠❡♥t ❣❛♠❡ t❤❡ ❡①♣❡❝t❡❞ ♣❛②♦✛ ♦❢ ✜r♠s

❛r❡ min {F (YF ) ,max {L (YL) , L (YS)}}✳

❇❡❝❛✉s❡ t❤❡ ♥❛t✉r❡ ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ♠✐t❛t✐♦♥

❝♦st K r❡❧❛t✐✈❡ t♦ t❤❡ ❝r✐t✐❝❛❧ ✐♠✐t❛t✐♦♥ ❝♦st K̂✱ ✐s ✐t ✉s❡❢✉❧ t♦ ❤❛✈❡ s♦♠❡ s❡♥s✐t✐✈✐t② r❡s✉❧ts ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ✐♥t❡♥s✐t② ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t ♠❛r❦❡t ✭πM/πD✮ ❛♥❞ ♣❛r❛♠❡t❡rs ♦❢ t❤❡

❞❡♠❛♥❞ ♣r♦❝❡ss ✭α ❛♥❞ σ✮✳

❈♦r♦❧❧❛r② ✷ ❚❤❡ ♠♦r❡ ✐♥t❡♥s❡ ♣r♦❞✉❝t ♠❛r❦❡t ❝♦♠♣❡t✐t✐♦♥ ✐s ❛♥❞ t❤❡ ❧♦✇❡r ❞❡♠❛♥❞ ❣r♦✇t❤ ❛♥❞

✈♦❧❛t✐❧✐t②✱ t❤❡ ♠♦r❡ ❧✐❦❡❧② ✐t ✐s t❤❛t ♣r❡❡♠♣t✐♦♥ ♦❝❝✉rs✱ ❛♥❞ ❝♦♥✈❡rs❡❧② ❢♦r ❛ttr✐t✐♦♥

∂K̂

∂ (πM/πD)
< 0✱

∂K̂

∂α
,
∂K̂

∂σ
> 0✳

❚♦ ♣r♦✈✐❞❡ ✐♥t✉✐t✐♦♥ ❢♦r s♦♠❡ ♦❢ t❤❡ ❧❛tt❡r ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡❝❛❧❧ t❤❛t t❤❡ ♣r♦❝❡ss Yt ❡✈♦❧✈❡s

st♦❝❤❛st✐❝❛❧❧② ❛♥❞ t❤❛t t❤❡r❡ ✐s ❛♥ ♦♣t✐♦♥ ✈❛❧✉❡ ❢♦r ✜r♠s t♦ ✇❛✐t ❜❡❢♦r❡ ✐♥✈❡st✐♥❣ t❤❛t ✐s ♣♦s✐t✐✈❡❧②

r❡❧❛t❡❞ t♦ ❞r✐❢t ❛♥❞ ✈♦❧❛t✐❧✐t②✳ Pr♦✈✐❞❡❞ t❤❛t t❤❡r❡ ✐s ❛♥ ✐♥❤❡r❡♥t ❛❞✈❛♥t❛❣❡ t♦ ✐♠✐t❛t✐♦♥ ✭K < I✮✱

❢♦r s♦♠❡ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ❧❛r❣❡ ❡♥♦✉❣❤ ❧❡✈❡❧s ♦❢ ✈♦❧❛t✐❧✐t② ✭s✉❝❤ t❤❛tK < K̂✮✱

t❤✐s ♦♣t✐♦♥ ✈❛❧✉❡ ♦✉t✇❡✐❣❤s ❛♥② ♣r❡❡♠♣t✐✈❡ ♠♦t✐✈❡ t♦ s❡❝✉r❡ ♠♦♥♦♣♦❧② r❡♥ts✳ ❆ s✐♠✐❧❛r r❡❛s♦♥✐♥❣

❤♦❧❞s ✐❢ t❤❡ ❞r✐❢t ✐♥ ❞❡♠❛♥❞ ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤✳ ❚❤❛t ✐s t♦ s❛②✱ ❛♥ ❛ttr✐t✐♦♥ r❡❣✐♠❡ ✐s ♠♦r❡ ❧✐❦❡❧②

✐♥ ✐♥❞✉str✐❡s ✇✐t❤ ❣r❡❛t❡r tr❡♥❞ ❣r♦✇t❤ ❛♥❞ ❞❡♠❛♥❞ ✈♦❧❛t✐❧✐t②✳ ❚❤✐s ♦❜s❡r✈❛t✐♦♥ ✐s ♣❛rt✐❝✉❧❛r❧②

♥♦t❡✇♦rt❤② ❜❡❝❛✉s❡ ✐t ♣r♦✈✐❞❡s ❛ ❝♦✉♥t❡r✈❛✐❧✐♥❣ ❢♦r❝❡ t♦ s❡✈❡r❛❧ ♠❡❝❤❛♥✐s♠s t❤❛t ❛r❡ ❤✐❣❤❧✐❣❤t❡❞

✐♥ t❤❡ r❡st ♦❢ t❤❡ ♣❛♣❡r✳ ❆s t❤❡ ♥❡①t s❡❝t✐♦♥s s❤♦✇✱ ✐♥st✐t✉t✐♦♥❛❧ ❝♦♥❞✐t✐♦♥s s✉❝❤ ❛s ■P ♣r♦t❡❝t✐♦♥

❛♥❞ ✜r♠ ❝❤♦✐❝❡s r❡❣❛r❞✐♥❣ ❜♦t❤ t❡❝❤♥♦❧♦❣② ❛♥❞ ❧✐❝❡♥s✐♥❣ ❣❡♥❡r❛❧❧② s❡r✈❡ t♦ ♠❛❦❡ ♠❛r❦❡t ❡♥tr②

r❡❣✐♠❡s ♠♦r❡ ♣r❡❡♠♣t✐✈❡ ❛♥❞ ❛ttr✐t✐♦♥ r❡❧❛t✐✈❡❧② ♠♦r❡ r❛r❡✳ ❖♥❡ ✇♦✉❧❞ t❤❡r❡❢♦r❡ ❡①♣❡❝t ❛ttr✐t✐♦♥

t♦ s❡❧❞♦♠ ♦❝❝✉r ❡①❝❡♣t ✐♥ t❤♦s❡ ✐♥❞✉str✐❡s ✇✐t❤ ❛ s✐❣♥✐✜❝❛♥t ❡♥♦✉❣❤ ❞❡❣r❡❡ ♦❢ ❞❡♠❛♥❞ ❣r♦✇t❤ ♦r

❞❡♠❛♥❞ ✉♥❝❡rt❛✐♥t②✳

✹ ■♠✐t❛t✐♦♥ ❝♦st✱ ✐♥❞✉str② ♣r♦✜t✱ ❛♥❞ ✇❡❧❢❛r❡

❚❤❡ ♣r❡❝❡❞✐♥❣ s❡❝t✐♦♥ ❤✐❣❤❧✐❣❤t❡❞ t❤❡ r♦❧❡ ♦❢ t❤❡ ✜①❡❞ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♥❛✲

t✉r❡ ♦❢ str❛t❡❣✐❝ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛tt❡r♥ ♦❢ ❡♥tr② ✐♥ ❛♥ ✐♥❞✉str②✱ ❛♥❞ ✉❧t✐♠❛t❡❧②

❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ ✇❡❧❢❛r❡ ❧❡✈❡❧s✳ ❚❤✐s ✐♠✐t❛t✐♦♥ ❝♦st ✐s ❞r✐✈❡♥ ❜② s❡✈❡r❛❧ ❢❛❝t♦rs ✐♥❝❧✉❞✐♥❣

t❡❝❤♥♦❧♦❣✐❝❛❧ ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ■P ♣r♦t❡❝t✐♦♥✳ ■t t❤✉s ✈❛r✐❡s ❢r♦♠ ✐♥❞✉str② t♦ ✐♥❞✉str②

❛♥❞ ❝❛♥ ❜❡ ✐♥✢✉❡♥❝❡❞ ❡①✲❛♥t❡ ❜② r❡❣✉❧❛t♦rs✱ t②♣✐❝❛❧❧② t❤r♦✉❣❤ ❛ ❝❤♦✐❝❡ ♦❢ ♣❛t❡♥t ❜r❡❛❞t❤✳ ❚❤❡s❡

✶✼



❝♦♥s✐❞❡r❛t✐♦♥s r❛✐s❡ t❤❡ q✉❡st✐♦♥ ♦❢ ❞❡t❡r♠✐♥✐♥❣ ✇❤❛t ♠❛② ❜❡ s♦❝✐❛❧❧② ❞❡s✐r❛❜❧❡ ❧❡✈❡❧s ♦❢ ✐♠✐t❛t✐♦♥

❝♦st✳ ❆t ✜rst ❣❧❛♥❝❡ t❤✐s q✉❡st✐♦♥ ❛♣♣❡❛rs t♦ ✐♥✈♦❧✈❡ ❛ s✐♠♣❧❡ tr❛❞❡✲♦✛ s✐♥❝❡ ❛ ❤✐❣❤❡r ✐♠✐t❛t✐♦♥

❝♦st ✐s ✇❛st❡❢✉❧ ❜✉t ❤❛st❡♥s ✐♥♥♦✈❛t♦r ❡♥tr②✳ ❍♦✇❡✈❡r ❞✐✛❡r❡♥t ❡✛❡❝ts ❛r✐s❡ ✇✐t❤ r❡❣❛r❞ t♦ t❤❡

t✐♠✐♥❣ ♦❢ ✐♠✐t❛t♦r ❡♥tr② ✐♥ t❤❡ ♣r❡❡♠♣t✐♦♥ ❛♥❞ ❛ttr✐t✐♦♥ r❡❣✐♠❡s t❤❛t ♥❡❡❞ t♦ ❜❡ ❡①❛♠✐♥❡❞ ♠♦r❡

❝❛r❡❢✉❧❧②✳

❚❤✐s s❡❝t✐♦♥ t❤❡r❡❢♦r❡ st✉❞✐❡s t❤❡ ❡✛❡❝t ♦❢ K ♦♥ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❛♥❞ ♦✉t❝♦♠❡s✳ ■♥ ♦r❞❡r

t♦ ❡①♣r❡ss t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ♠♦r❡ ❝♦♠♣❛❝t❧② ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❢✉rt❤❡r ♥♦t❛t✐♦♥✳ ▲❡t

YI = min {Y1, Y2} ❞❡♥♦t❡ t❤❡ t❤r❡s❤♦❧❞ ❛t ✇❤✐❝❤ ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs✱ s♦ t❤❛t ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜②

Pr♦♣♦s✐t✐♦♥ ✶ YI = ỸA, YL ♦r YP ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❧❡✈❡❧ ♦❢ K ❛♥❞ ✇❤❡r❡ t❤❡ r❛♥❞♦♠ t❤r❡s❤♦❧❞

ỸA ✐♥ t❤❡ ❛ttr✐t✐♦♥ r❡❣✐♠❡ ✐s ❞✐str✐❜✉t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞❡♥s✐t② G∧ (Y ;K) = 1− (1−G· (Y ))2✱

G· = Ga ♦r Gb ❜❡✐♥❣ t❤❡ r❡❧❡✈❛♥t ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞s ✭t❤❡s❡ ❛r❡

❞❡r✐✈❡❞ ✐♥ ❙❡❝t✐♦♥ ❆✳✸✮✳

✹✳✶ ■♥❞✉str② ❡✛❡❝ts

❆ ✉s❡❢✉❧ ♣r❡❧✐♠✐♥❛r② st❡♣ ❜❡❢♦r❡ ❝♦♥❞✉❝t✐♥❣ t❤❡ ✇❡❧❢❛r❡ ❛♥❛❧②s✐s ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡✛❡❝t ♦❢

K ♦♥ ✐♥❞✉str② ♣❡r❢♦r♠❛♥❝❡✱ ✇❤✐❝❤ ❛❧❧♦✇s ✉s t♦ ❞❡r✐✈❡ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❡s✉❧t r❡❣❛r❞✐♥❣ ✐♥❞✉str②

✈❛❧✉❡✳ ❲❡ ❜❡❣✐♥ ❜② r❡❧❛t✐♥❣ ✐♠✐t❛t✐♦♥ ❝♦st t♦ ✜rst✲ ❛♥❞ s❡❝♦♥❞✲♠♦✈❡r ❛❞✈❛♥t❛❣❡✱ ❛♥❞ ✐♥❞✉str②

♣r♦✜t❛❜✐❧✐t②✳

❆ ✜rst ♦❜s❡r✈❛t✐♦♥ t❤❛t ❡♠❡r❣❡s ❢r♦♠ t❤❡ ♠♦❞❡❧ ✐s t❤❛t ❧♦✇❡r ✐♠✐t❛t✐♦♥ ❝♦st ✐s ❛ ♥❡❝❡ss❛r②✱ ❜✉t

♥♦t ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r s❡❝♦♥❞ ♠♦✈❡r ❛❞✈❛♥t❛❣❡✳ ❚♦♦ s❡❡ ✇❤② t❤✐s ✐s✱ ❝♦♥s✐❞❡r ❛♥ ✐♥❞✉str②

✐♥ ✇❤✐❝❤ ✐♥♥♦✈❛t✐♥❣ ❛♥❞ ✐♠✐t❛t✐♥❣ ✜r♠s ❤❛✈❡ ✐❞❡♥t✐❝❛❧ ✜①❡❞ ❝♦sts✳ ❚❤❡r❡ ✐s ❛♥ ✐♥❤❡r❡♥t ✜rst✲

♠♦✈❡r ❛❞✈❛♥t❛❣❡ ❢♦r t❤❡ ✐♥♥♦✈❛t✐♥❣ ✜r♠ t❤❛t st❡♠s ❢r♦♠ t❤❡ ♠♦♥♦♣♦❧② ♣❤❛s❡ t❤❛t ✐t ❡♥❥♦②s ♦✈❡r

t❤❡ r❛♥❣❡ ♦❢ t❤r❡s❤♦❧❞s (YL, YF )✱ ❛♥❞ t❤❡ ❞❡❣r❡❡ ♦❢ ✜rst✲♠♦✈❡r ❛❞✈❛♥t❛❣❡ ✐♥ s✉❝❤ ❛♥ ✐♥❞✉str② ✐s

❞❡t❡r♠✐♥❡❞ ❜② t❤❡ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ♣❛r❛♠❡t❡rs ❧✐❦❡ t❤❡ r❡❧❛t✐✈❡ ♠♦♥♦♣♦❧② r❡♥t ✭πM/πD✮✳

■♥ ♦r❞❡r ❢♦r ❛ s❡❝♦♥❞✲♠♦✈❡r ❛❞✈❛♥t❛❣❡ t♦ ❛r✐s❡ ✐♥ ❛♥ ✐♥❞✉str②✱ ✐t ♠✉st ❜❡ t❤❛t t❤❡ r❡❧❛t✐✈❡ ❝♦st

♦❢ ✐♠✐t❛t✐♦♥ ✭K/I✮ ✐♥ t❤❡ ✐♥♣✉t ♠❛r❦❡t ✐s s✉✣❝✐❡♥t❧② ❧♦✇ t♦ ❝♦♠♣❡♥s❛t❡ ❛ ✜r♠ ❢♦r ❢♦r❣♦✐♥❣ t❤❡

♣❡r✐♦❞ ♦❢ ♠♦♥♦♣♦❧② ♣r♦✜t ✐t ✇♦✉❧❞ ❡❛r♥ ❜② ✐♥♥♦✈❛t✐♥❣✳ ❚❤✉s ❛ ❧♦✇❡r ❝♦sts ❢♦r ✐♠✐t❛t♦rs✱ t❤❡ ♠♦st

❧✐❦❡❧② ❝❛s❡ t♦ ❛r✐s❡ ❛❜s❡♥t ■P ♣r♦t❡❝t✐♦♥✱ ❞♦❡s ♥♦t ❜② ✐ts❡❧❢ ❡♥s✉r❡ t❤❛t ✜r♠s ❤❛✈❡ ❛ ✜rst✲♠♦✈❡r

❛❞✈❛♥t❛❣❡ ♦r t❤❛t t❤❡② ✇✐❧❧ ✜♥❞ ✐t ❞❡s✐r❛❜❧❡ t♦ ♣✉rs✉❡ s♦✲❝❛❧❧❡❞ ✐♠✐t❛t✐♦♥ str❛t❡❣✐❡s✳

◆❡①t t❤❡r❡ ❛r❡ ❛ ♥✉♠❜❡r ♦❢ ♠♦♥♦t♦♥❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ ✐♠✐t❛t✐♦♥ ❝♦st ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠

✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s ❛♥❞ ♦✉t❝♦♠❡s ✐♥ t❤❡ ♠♦❞❡❧✳ ❋✐rst✱ t❤❡ ❤✐❣❤❡r ✐s t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st✱ t❤❡

❤✐❣❤❡r ✐s t❤❡ st❛♥❞❛❧♦♥❡ t❤r❡s❤♦❧❞ ❢♦r t❤❡ ❢♦❧❧♦✇❡r ✜r♠ ✭YF ✮✳ ◆♦t❡ t❤♦✉❣❤ t❤❛t ❛❝t✉❛❧ ❢♦❧❧♦✇❡r

❡♥tr② ♠❛② ♦r ♠❛② ♥♦t ♦❝❝✉r ❛t t❤✐s t❤r❡s❤♦❧❞✱ s✐♥❝❡ ✐♥♥♦✈❛t✐♦♥ ❝❛♥ ♦❝❝✉r ❛t ❛ t❤r❡s❤♦❧❞ ❜❡②♦♥❞ t❤✐s

✶✽



st❛♥❞❛❧♦♥❡ t❤r❡s❤♦❧❞ ✐♥ ❛♥ ❛ttr✐t✐♦♥ r❡❣✐♠❡ ✇❤❡r❡ t❤❡ s✉♣♣♦rt ♦❢ ♠✐①❡❞ str❛t❡❣✐❡s ❡①t❡♥❞s ❜❡②♦♥❞

YF ✳ ❚❤❡ ❡✛❡❝t ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st ♦♥ t❤❡ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞ ✐s ❝♦♥s✐st❡♥t❧② ♥❡❣❛t✐✈❡ t❤r♦✉❣❤♦✉t

t❤❡ r❛♥❣❡ ♦❢ ✐♠✐t❛t✐♦♥ ❝♦sts✳ ❆s ✐♠✐t❛t✐♦♥ ❝♦st ✐♥❝r❡❛s❡s✱ ✐♥ t❤❡ ❛ttr✐t✐♦♥ r❡❣✐♠❡ t❤❡ ❞✐str✐❜✉t✐♦♥

♦❢ ✐♥♥♦✈❛t♦r ❡♥tr② t❤r❡s❤♦❧❞s ✐s s❤✐❢t❡❞ ❧❡❢t✇❛r❞ ✇❤❡r❡❛s ✐♥ t❤❡ ♣r❡❡♠♣t✐♦♥ r❡❣✐♠❡ t❤❡ ♣r❡❡♠♣t✐♦♥

t❤r❡s❤♦❧❞ ❞❡❝r❡❛s❡s✱ s♦ ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❡❛r❧✐❡r ✐♥ ❜♦t❤ ❝❛s❡s✳ ❚❤❡ ❡✛❡❝t ♦❢ ❤✐❣❤❡r ✐♠✐t❛t✐♦♥ ❝♦st

♦♥ t❤❡ ✐♠✐t❛t✐♦♥ t❤r❡s❤♦❧❞ ✐s ♠♦♥♦t♦♥❡ ✉♥❞❡r ♣r❡❡♠♣t✐♦♥ s✐♥❝❡ ∂YF /∂K > 0✱ ❜✉t t❤✐s ✐s ♥♦t

t❤❡ ❝❛s❡ ✉♥❞❡r ❛ttr✐t✐♦♥✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✐♥ ❛♥ ❛ttr✐t✐♦♥ r❡❣✐♠❡✱ ❛ ❣r❡❛t❡r ✐♠✐t❛t✐♦♥ ❝♦st ❞❡❧❛②s

✐♠✐t❛t✐♦♥ ♦♥❧② ✐❢ t❤❡ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞ r❡❛❧✐③❛t✐♦♥ ✐s ❧♦✇ ❡♥♦✉❣❤ t❤❛t t❤❡r❡ ✐s ❛ ♣♦s✐t✐✈❡ ❧❛❣ ❜❡❢♦r❡

✐♠✐t❛t✐♦♥ ♦❝❝✉rs ✭✐❢ ỸA ≤ YF ✮✳ ❖t❤❡r✇✐s❡ t❤❡ ♦♥s❡t ♦❢ ✐♠✐t❛t✐♦♥✱ ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r ✐♥♥♦✈❛t✐♦♥✱ ✐s

✐ts❡❧❢ r❛♥❞♦♠ ❛♥❞ ✐ts ❞✐str✐❜✉t✐♦♥ ✭t♦ t❤❡ r✐❣❤t ♦❢ YF ✮ ✐s s❤✐❢t❡❞ ❧❡❢t✇❛r❞ ❜② ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♠✐t❛t✐♦♥

❝♦st✳ ❉❡s♣✐t❡ t❤✐s ❝♦♠♣❧❡① ❡✛❡❝t ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st ♦♥ t❤❡ t✐♠✐♥❣ ♦❢ ✐♠✐t❛t✐♦♥✱ t❤❡ ❣❛♣ ✭❛♥❞ t❤❡r❡❢♦r❡

t❤❡ ❡①♣❡❝t❡❞ t✐♠❡ ❧❛❣✮ ❜❡t✇❡❡♥ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥ t❤r❡s❤♦❧❞s✱ max
{
YF , ỸA

}
− ỸA ✐s ✇❡❛❦❧②

✐♥❝r❡❛s✐♥❣ ✐♥ K✳ ❚♦ s✉♠♠❛r✐③❡✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ✐♠✐t❛t✐♦♥ ❝♦st ♠❛② ♣r♦♣❡r❧② ❜❡ s❛✐❞ t♦ ❛❝❝❡❧❡r❛t❡

✐♥♥♦✈❛t✐✈❡ ✐♥✈❡st♠❡♥t ❛♥❞ t❤❡ ❛rr✐✈❛❧ ♦❢ ✐♠✐t❛t✐✈❡ ✐♥✈❡st♠❡♥t ❝♦♥❞✐t✐♦♥❛❧ ✉♣♦♥ ✐♥♥♦✈❛t✐♦♥ ❤❛✈✐♥❣

♦❝❝✉rr❡❞✳

▲❛st❧②✱ t❤❡r❡ ❡①✐sts ❛ s✐♠♣❧❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ✐♠✐t❛t✐♦♥ ❝♦st ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ✐♥❞✉str② ♣❡r✲

❢♦r♠❛♥❝❡✳ ❇❡❝❛✉s❡ ✐♥ t❤❡ ❞✐✛❡r❡♥t r❡❣✐♠❡s ♦❢ ❛ttr✐t✐♦♥ ❛♥❞ ♣r❡❡♠♣t✐♦♥✱ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s

t♦ s❡❝✉r❡ ❡✐t❤❡r s❡❝♦♥❞✲ ♦r ✜rst✲♠♦✈❡r ❛❞✈❛♥t❛❣❡s r❡s✉❧ts ✐♥ t❤❡ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❛♥② ♣♦s✐t✐♦♥❛❧ r❡♥ts✱

❡q✉✐❧✐❜r✐✉♠ ✜r♠ ❛♥❞ ✐♥❞✉str② ✈❛❧✉❡s ❤❛✈❡ ❛ str❛✐❣❤t❢♦r✇❛r❞ ❡①♣r❡ss✐♦♥ ✭❈♦r♦❧❧❛r② ✶✮✳ ▼♦r❡♦✈❡r✱

max {L (YL) , L (YS)} ✇❤✐❝❤ ❝♦♥st✐t✉t❡s t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✜r♠ ✈❛❧✉❡ ✐♥ ❛♥ ❛ttr✐t✐♦♥ r❡❣✐♠❡ ✐s ❡✐t❤❡r

✐♥❞❡♣❡♥❞❡♥t ♦❢ ✭✐❢ K ≤ K̃✮ ♦r ✐♥❝r❡❛s✐♥❣ ✐♥ K ✭✐❢ K̃ < K < K̂✮ ✇❤❡r❡❛s F (YF ) ✇❤✐❝❤ ❝♦♥st✐t✉t❡s

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✜r♠ ✈❛❧✉❡ ✐♥ ❛ ♣r❡❡♠♣t✐♦♥ r❡❣✐♠❡ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ K✳ ❙✐♥❝❡ ✐♥❞✉str② ✈❛❧✉❡ ✐s

♥♦♥❞❡❝r❡❛s✐♥❣ ❛♥❞ s✉❜s❡q✉❡♥t❧② ✐♥❝r❡❛s✐♥❣ ✐♥ K ✉♥❞❡r ❛ttr✐t✐♦♥ ✉♣ ✉♥t✐❧ K̂ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ K

t❤❡r❡❛❢t❡r ✉♥❞❡r ♣r❡❡♠♣t✐♦♥✱ ✐t ✐s t❤❡r❡❢♦r❡ ♦♥❧② ✇❤❡♥ t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st ✐s s✉❝❤ t❤❛t

♥❡✐t❤❡r ♦❢ t❤❡s❡ r❡❣✐♠❡s ♦❝❝✉rs ✭K = K̂✮ t❤❛t ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s ❛r❡ s❡t ♦♣t✐♠❛❧❧② ❢r♦♠ t❤❡

st❛♥❞♣♦✐♥t ♦❢ ✐♥❞✉str② ♣r♦✜t✳ ❆❧❧ ❡❧s❡ ❡q✉❛❧ t❤❡♥✱ ✐t ✐s ✐♥ t❤♦s❡ ✐♥❞✉str✐❡s ✐♥ ✇❤✐❝❤ ✐♠✐t❛t✐♦♥ ❝♦st

r❡❛❝❤❡s t❤❡ ❧❡✈❡❧ ❛t ✇❤✐❝❤ ✜r♠s ❞♦ ♥♦t ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ s❡❡❦ ❛ ♣♦s✐t✐♦♥❛❧ ❛❞✈❛♥t❛❣❡ ♦❢ ❡✐t❤❡r

s♦rt t❤❛t ✐♥❞✉str② ✈❛❧✉❡ ✐s ♠❛①✐♠✐③❡❞✳

Pr♦♣♦s✐t✐♦♥ ✷ ❊①♣❡❝t❡❞ ✐♥❞✉str② ✈❛❧✉❡ ✐s ❛ q✉❛s✐❝♦♥❝❛✈❡ ❢✉♥❝t✐♦♥ ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st ✇❤✐❝❤ ✐s ✐♥✐✲

t✐❛❧❧② ❝♦♥st❛♥t ✭♦✈❡r
(
0, K̃

)
✮ ✇✐t❤ ❛ ✉♥✐q✉❡ ♠❛①✐♠✉♠ ✇❤❡♥ ✐♠✐t❛t✐♦♥ ❝♦st ✐s s✉❝❤ ♥❡✐t❤❡r ❛ttr✐t✐♦♥

♥♦r ♣r❡❡♠♣t✐♦♥ ♦❝❝✉r ✭❛t K = K̂✮✳

Pr♦♣♦s✐t✐♦♥ ✷ st❛t❡s t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥✐t✐❛❧ r❛♥❣❡ ♦✈❡r ✇❤✐❝❤ ❡①♣❡❝t❡❞ ✜r♠ ✈❛❧✉❡ ✐s ✐♥❞❡✲

♣❡♥❞❡♥t ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st ❜❡❢♦r❡ ✐♥❝r❡❛s✐♥❣ t❤❡r❡❛❢t❡r✳ ■♥ ❡❝♦♥♦♠✐❝ t❡r♠s✱ t❤✐s ♠❡❛♥s t❤❛t st❛rt✐♥❣

✶✾



❢r♦♠ ❛ s✉✣❝✐❡♥t❧② ❧♦✇ ❧❡✈❡❧✱ ♣r♦❞✉❝t ✐♥tr♦❞✉❝t✐♦♥ ✐s ♠♦r❡ t✐♠❡❧② ❛♥❞ ✜r♠s ❜❡♥❡✜t ❡①✲❛♥t❡ ❢r♦♠

r❛✐s✐♥❣ t❤❡ ✜①❡❞ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ❡♥♦✉❣❤ t♦ s❤✐❡❧❞ ❛♥ ✐♥♥♦✈❛t♦r ❢r♦♠ ✐♥st❛♥t❛♥❡♦✉s ✐♠✐t❛t✐♦♥

✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✳ ▼♦r❡♦✈❡r✱ ❛♥❞ ❞❡s♣✐t❡ t❤❡ ✇❛st❡❢✉❧ ♥❛t✉r❡ ♦❢ ✜①❡❞ ❝♦sts ❢♦r t❤❡ s❡❝♦♥❞

✜r♠ ❡①✲♣♦st ✭t♦ t❤❡ ❡①t❡♥t t❤❛t t❤❡s❡ ✐♥❝❧✉❞❡ ❞✉♣❧✐❝❛t✐✈❡ ❡①♣❡♥❞✐t✉r❡s✮✱ r❛✐s✐♥❣ ✜①❡❞ ❝♦sts ❢♦r t❤❡

s❡❝♦♥❞ ✜r♠ ✐s str✐❝t❧② ❜❡♥❡✜❝✐❛❧ ❢♦r t❤❡ ✐♥❞✉str② ✭♦✈❡r
(
K̃, K̂

)
✮ ✇❤❡♥ t❤❡ ❡♥❞♦❣❡♥♦✉s t✐♠✐♥❣ ♦❢

✐♥✈❡st♠❡♥ts ✐s ❛❝❝♦✉♥t❡❞ ❢♦r✳ ❆s✐❞❡ ❢r♦♠ t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ✐♥❞✉str② ✈❛❧✉❡ ✐t ♣r♦✲

✈✐❞❡s✱ Pr♦♣♦s✐t✐♦♥ ✷ ✐s ❛❧s♦ ✐♥str✉♠❡♥t❛❧ ✐♥ ❡st❛❜❧✐s❤✐♥❣ ♦✉r ♠❛✐♥ ✇❡❧❢❛r❡ r❡s✉❧ts ✐♥ t❤❡ r❡♠❛✐♥❞❡r

♦❢ t❤✐s s❡❝t✐♦♥✱ ✇❤✐❝❤ ✇❡ t✉r♥ t♦ ♥❡①t✳

✹✳✷ ❙♦❝✐❛❧ ✇❡❧❢❛r❡ ❛♥❞ ♦♣t✐♠❛❧ ♣r♦t❡❝t✐♦♥ ♦❢ ✐♥♥♦✈❛t✐♦♥

❲❡ t❛❦❡ t❤❡ ✈✐❡✇ t❤❛t r❡❣✉❧❛t♦rs ❝❛♥ ✐♥✢✉❡♥❝❡ t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ t❤r♦✉❣❤ ❛ ❝❤♦✐❝❡ ♦❢

■P ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧ ✇❤✐❝❤ ✇❡ ✐♥t❡r♣r❡t ❛s ♣❛t❡♥t ❜r❡❛❞t❤✳ ❲✐t❤ t❤✐s ✐♥str✉♠❡♥t ❛♥❞ ♣r♦✈✐❞❡❞ t❤❛t

t❤❡ ♥❛t✉r❛❧ ✐♠✐t❛t✐♦♥ ❝♦st ✐s ♥♦t s♦ ❤✐❣❤ ❛s t♦ ❝♦♥str❛✐♥ t❤❡ r❡❣✉❧❛t♦r✬s ❝❤♦✐❝❡ ✭✐t s❡❡♠s ❞♦✉❜t❢✉❧

t❤❛t ✐♠✐t❛t✐♦♥ ✇♦✉❧❞ ❜❡ s✉❜s✐❞✐③❡❞✮✱ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st ♠❛② ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❞❡❝✐s✐♦♥ ✈❛r✐❛❜❧❡✳ ❲❡

❝♦♥s✐❞❡r ❛ s❡❝♦♥❞✲❜❡st ✇❡❧❢❛r❡ ❜❡♥❝❤♠❛r❦ ✐♥ t❤✐s s❡❝t✐♦♥✱ ✐♥ ✇❤✐❝❤ ✜r♠s ❛r❡ ❢r❡❡ t♦ s❡❧❡❝t t❤❡✐r

❡♥tr② t❤r❡s❤♦❧❞s ❛♥❞ ♣r♦❞✉❝t ♠❛r❦❡t ♦✉t♣✉t ♦r ♣r✐❝❡s s♦ ✇❡❧❢❛r❡ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st✱

K✳

❚♦ ♣r♦✈✐❞❡ ✐♥t✉✐t✐♦♥ ❢♦r t❤❡ ✇❡❧❢❛r❡ ❛♥❛❧②s✐s✱ ✐t ✐s ✉s❡❢✉❧ t♦ ❞❡❝♦♠♣♦s❡ t❤❡ ❡①♣❡❝t❡❞ ✇❡❧❢❛r❡ ✐♥

t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐♥t♦ t❤r❡❡ ♣❛rts✿ ❡①♣❡❝t❡❞ ✐♥❞✉str② ✈❛❧✉❡✱ t❤❡ ❝♦♥s✉♠❡r

s✉r♣❧✉s r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥♥♦✈❛t♦r ❡♥tr② ❛♥❞ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s r❡s✉❧t✐♥❣ ❢r♦♠ ✐♠✐t❛t♦r ❡♥tr②✳

❇② Pr♦♣♦s✐t✐♦♥ ✷ t❤❡ ✜rst ♦❢ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ✐s s✐♥❣❧❡✲♣❡❛❦❡❞ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❛t t❤❡ ❝r✐t✐❝❛❧

✐♠✐t❛t✐♦♥ ❝♦st K̂✳ ❚❤❡ t✇♦ ❝♦♥s✉♠❡r s✉r♣❧✉s t❡r♠s ❞❡♣❡♥❞ ♦♥ ✐♠✐t❛t✐♦♥ ❝♦st ✐♥ r♦✉❣❤❧② ♦♣♣♦s✐t❡

✇❛②s✱ ❛t ❧❡❛st ✉♥❞❡r ♣r❡❡♠♣t✐♦♥✳ ❆ ❤✐❣❤❡r ✐♠✐t❛t✐♦♥ ❝♦st ✉♥❛♠❜✐❣✉♦✉s❧② ❛❝❝❡❧❡r❛t❡s ✐♥♥♦✈❛t♦r

❡♥tr② ✇❤✐❝❤ r❛✐s❡s t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♥♥♦✈❛t✐♦♥ t❡r♠✱ s♦ t❤❡ s❡❝♦♥❞ ✇❡❧❢❛r❡ ❝♦♠♣♦♥❡♥t

✐s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ✐♥ K✳ ❯♥❞❡r ♣r❡❡♠♣t✐♦♥✱ ❤✐❣❤❡r ✐♠✐t❛t✐♦♥ ❝♦st ✉♥❛♠❜✐❣✉♦✉s❧② ❞❡❧❛②s

✐♠✐t❛t♦r ❡♥tr② ❛♥❞ t❤❡ t❤✐r❞ ✇❡❧❢❛r❡ ❝♦♠♣♦♥❡♥t ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ❞❡❝r❡❛s✐♥❣ ✐♥ K✳ ❇✉t ✉♥❞❡r

❛ttr✐t✐♦♥✱ t❤❡ ✐♠♣❛❝t ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st ♦♥ ✐♠✐t❛t♦r ❡♥tr② ✐s ♠♦r❡ ❝♦♠♣❧❡①✳ ❖✈❡r t❤❛t ♣❛rt ♦❢

t❤❡ s✉♣♣♦rt ♦❢ ♠✐①❡❞ str❛t❡❣✐❡s ✇❤❡r❡ ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❡❛r❧② ❡♥♦✉❣❤ ✭ỸA ≤ YF ✮ ❛♥ ✐♥❝r❡❛s❡

♦❢ ✐♠✐t❛t✐♦♥ ❝♦st ❞❡❧❛②s ✐♠✐t❛t✐♦♥ ❛♥❞ r❡❞✉❝❡s t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♠✐t❛t✐♦♥✱ ❜✉t ✇❤❡r❡

✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❧❛t❡ ❡♥♦✉❣❤ ✭ỸA > YF ✱ ✇❤✐❝❤ ❤♦❧❞s ❢♦r t❤❡ ❡♥t✐r❡ s✉♣♣♦rt ♦❢ ♠✐①❡❞ str❛t❡❣✐❡s

✐❢ K < K̃✮✱ ✐♠✐t❛t✐♦♥ ✐s ✐♠♠❡❞✐❛t❡ ❛♥❞ ❛♥ ✐♥❝r❡❛s❡ ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st r❛✐s❡s t❤❡ s❡❝♦♥❞ ❝♦♥s✉♠❡r

s✉r♣❧✉s t❡r♠✳

❚♦ st✉❞② s♦❝✐❛❧ ✇❡❧❢❛r❡ ♣r❡❝✐s❡❧②✱ s✉♣♣♦s❡ t❤❛t ❝♦♥s✉♠❡r s✉r♣❧✉s ✐s s❝❛❧❡❞ ❜② t❤❡ ♠❛r❦❡t s✐③❡

✷✵



♣❛r❛♠❡t❡r Yt ❛s ✐s t❤❡ ❝❛s❡ ❢♦r ✜r♠ ♣r♦✜ts✳ ▲❡t CSM ❛♥❞ CSD t❤❡♥ ❞❡♥♦t❡ t❤❡ ✉♥✐t❛r② ✢♦✇s

♦❢ ❝♦♥s✉♠❡r s✉r♣❧✉s ✉♥❞❡r ♠♦♥♦♣♦❧② ❛♥❞ ✉♥❞❡r ❞✉♦♣♦❧② r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s♦❝✐❛❧ ❞✐s❝♦✉♥t r❛t❡ ✐s

❛ss✉♠❡❞ t♦ ❜❡ r ❢♦r s✐♠♣❧✐❝✐t②✱ ✐❞❡♥t✐❝❛❧ t♦ t❤❛t ♦❢ ✜r♠s✳ ❘❡❝❛❧❧✐♥❣ t❤❡ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞ YI

❤❛s ❛ ♥♦♥❞❡❣❡♥❡r❛t❡ ❞✐str✐❜✉t✐♦♥ ❢♦r K < K̂✱ ❡①♣❡❝t❡❞ s♦❝✐❛❧ ✇❡❧❢❛r❡ t❤❡♥ ❤❛s t❤❡ s♣❡❝✐✜❝ ❢♦r♠

W (K) = 2min {F (YF ) ,max {L (YL) , L (YS)}}︸ ︷︷ ︸
✐♥❞✉str② ✈❛❧✉❡

+ E
CSM
r − α

[
ỸI

]−(β−1)
yβ

︸ ︷︷ ︸
❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♥♥♦✈❛t✐♦♥

+ E
CSD − CSM

r − α

[
max

{
ỸI , YF

}]−(β−1)
yβ

︸ ︷︷ ︸
❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♠✐t❛t✐♦♥

✳ ✭✽✮

❚❤❡ ✜rst s✉♠♠❛♥❞ ✐♥ ✭✽✮ ✐s ❡①♣❡❝t❡❞ ✐♥❞✉str② ✈❛❧✉❡✳ ❇② Pr♦♣♦s✐t✐♦♥ ✷ ✐t ✐s ❝♦♥st❛♥t ❢♦rK < K̃

❛♥❞ str✐❝t❧② q✉❛s✐❝♦♥❝❛✈❡ ✐♥ K t❤❡r❡❛❢t❡r ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❛t K̂✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ✐s t❤❡ ❡①♣❡❝t❡❞

❝♦♥s✉♠❡r s✉r♣❧✉s t❤❛t r❡s✉❧ts ❢r♦♠ ✐♥♥♦✈❛t✐✈❡ ✐♥✈❡st♠❡♥t✳ ❆s ❞✐s❝✉ss❡❞ ❛❜♦✈❡ t❤✐s t❡r♠ ✐♥❝r❡❛s❡s

✇✐t❤ K✱ s✐♥❝❡ ❛ ❤✐❣❤❡r ✐♠✐t❛t✐♦♥ ❝♦st s❤✐❢ts t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥♥♦✈❛t♦r ❡♥tr② t❤r❡s❤♦❧❞s ✭✇❤✐❝❤

✐s ❞❡❣❡♥❡r❛t❡ ❛t YP ✉♥❞❡r ♣r❡❡♠♣t✐♦♥✮ ❧❡❢t✇❛r❞✳ ❚❤❡ t❤✐r❞ t❡r♠ ✐s t❤❡ ❡①♣❡❝t❡❞ ❝♦♥s✉♠❡r s✉r♣❧✉s

t❤❛t r❡s✉❧ts ❢r♦♠ t❤❡ ✐♠✐t❛t♦r✬s ❡♥tr② ✐♥t♦ t❤❡ ♠❛r❦❡t✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❛ ♠♦r❡ ❝♦♠♣❧❡① ❞❡♣❡♥❞❡♥❝❡

♦♥ K ❛s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ ✭✽✮✱

t❤❡r❡ ✐s ❛ s❡♠✐✲❝❧♦s❡❞ ❢♦r♠ ❢♦r K ≥ K̂ ❛♥❞ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❜♦✉♥❞ t❤❡ ❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ r❡♠❛✐♥❞❡r

♦❢ ✐ts ❞♦♠❛✐♥ s✉✣❝✐❡♥t❧② ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ♣❛rt✐❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✭s❡❡

❙❡❝t✐♦♥ ❆✳✻ ❢♦r t❤❡ ❢✉❧❧ ♣r♦♦❢✮✳

❋✐rst✱ ✐♥ t❤❡ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡ ✭❢♦r K > K̂✮ t❤❡ ✐♥♥♦✈❛t♦r ❛♥❞ ✐♠✐t❛t♦r ❡♥tr② t❤r❡s❤♦❧❞s ❛r❡

r❡s♣❡❝t✐✈❡❧② YP ❛♥❞ YF ✱ t❤❡ ❢♦r♠❡r ♦❢ ✇❤✐❝❤ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❝❧♦s❡❞✲❢♦r♠ ❡①♣r❡ss✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss

t❤❡ s❡♠✐✲❡①♣❧✐❝✐t ❢♦r♠ ♦❢ W (K) ❛❧❧♦✇s ✉s t♦ ❡✈❛❧✉❛t❡ t❤❡ ✉♥✐q✉❡ ❧♦❝❛❧ ♦♣t✐♠✉♠ ♦❢ ✭✽✮ ✉♥❞❡r

♣r❡❡♠♣t✐♦♥✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ KP ✳ ❋♦r ❛ r❛♥❣❡ ♦❢ ♣❛r❛♠❡t❡r ✈❛❧✉❡s β ∈ [β0,∞)✱ β0 > 1✱ t❤✐s

♦♣t✐♠✉♠ ✐s ❛ ❝♦r♥❡r s♦❧✉t✐♦♥ ✭KP = ∞✮✳ ❚❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r✬s ✐♠✐t❛t✐♦♥ ❝♦st ✐♥str✉♠❡♥t ✐s ♦❢

t♦♦ ❧✐♠✐t❡❞ ❛ r❡❛❝❤ t♦ ❛tt❛✐♥ ✐ts ✇❡❧❢❛r❡ ♦❜❥❡❝t✐✈❡ ✐♥ s✉❝❤ ❝❛s❡s✱ s♦ t❤❛t ❢♦r s✉✣❝✐❡♥t❧② ❧❛r❣❡ β

t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ❢♦r♠ ♦❢ ♣r❡❡♠♣t✐♦♥ ✐s ❛ ✇✐♥♥❡r✲t❛❦❡✲❛❧❧ ❝♦♥t❡st✳ ❙✐♥❝❡ t❤❡ ❣r❡❛t❡st ❛♠♦✉♥t ♦❢

♣r❡❡♠♣t✐♦♥ t❤❛t t❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ❝❛♥ ❣❡♥❡r❛t❡ ❞♦❡s ♥♦t ❢♦st❡r ❡♥♦✉❣❤ ❝♦♠♣❡t✐t✐♦♥ t♦ ✐♥❞✉❝❡ ✜r♠s

t♦ ❡♥t❡r s✉✣❝✐❡♥t❧② ❡❛r❧② ✐♥ s✉❝❤ ❝❛s❡s✱ ❛ s✐♥❣❧❡ ✜r♠ ✐s ❛❝t✐✈❡ ❡①✲♣♦st ✇❤♦s❡ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞

✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ t❤r❡❛t ♦❢ ♣♦t❡♥t✐❛❧ ❡♥tr②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡ ❞✐s❝♦✉♥t✐♥❣ ♣❛r❛♠❡t❡r ✐s

♥♦t t♦♦ ❧❛r❣❡ ✭β ∈ (1, β0)✮ ❛s ♦❝❝✉rs ❢♦r ✐♥st❛♥❝❡ ✐❢ ✈♦❧❛t✐❧✐t② ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤✱ KP ✐s ✜♥✐t❡ ❛♥❞

str✐❝t❧② ❣r❡❛t❡r t❤❛♥ K̂ s♦ ❧♦♥❣ ❛s ❝♦♥s✉♠❡r s✉r♣❧✉s ✉♥❞❡r ♠♦♥♦♣♦❧② ✐s ♣♦s✐t✐✈❡ ✭CSM > 0✮✳

❙❡❝♦♥❞✱ ❡✈❡♥ ✇✐t❤♦✉t ❛♥ ❡①♣❧✐❝✐t ❢♦r♠ ❢♦rW (K) ✇✐t❤✐♥ t❤✐s r❛♥❣❡✱ ❛♥♦t❤❡r ♣♦ss✐❜❧❡ ♠❛①✐♠✉♠

♦❢ ✇❡❧❢❛r❡ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❛r✐s❡ ✉♥❞❡r ❛ttr✐t✐♦♥✳ ❚♦ ❡st❛❜❧✐s❤ t❤✐s✱ ❜❡❝❛✉s❡ W (K) ✐s ❝♦♥t✐♥✉♦✉s ✐t

✷✶



s✉✣❝❡s t♦ s❤♦✇ t❤❛t s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐s ❞❡❝r❡❛s✐♥❣ t♦ t❤❡ ❧❡❢t ♦❢ t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ K̂✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s

s❤♦✇✐♥❣ t❤❛t lim
K→K̂−

W ′(K) < 0✳ ❋♦r s✐♠♣❧✐❝✐t② s❡t CSM = 0 s♦ t❤❛t t❤❡ ♠✐❞❞❧❡ t❡r♠ ✐♥ ✭✽✮

❝❛♥ ❜❡ ✐❣♥♦r❡❞✳ ❙✐♥❝❡ t❤❡ ❡①♣❡❝t❡❞ ✐♥❞✉str② ✈❛❧✉❡ t❡r♠ r❡❛❝❤❡s ❛♥ ✐♥t❡r✐♦r ♠❛①✐♠✉♠ ❛t K̂✱ ✐ts

❞❡r✐✈❛t✐✈❡ ❛t t❤✐s ♣♦✐♥t ✈❛♥✐s❤❡s✳ ❚❤❡ ❧❡❢t ❞❡r✐✈❛t✐✈❡ ♦❢ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❛t K̂ ✐s t❤❡♥ ❡q✉❛❧ t♦ t❤❡

❧❡❢t ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♠✐t❛t✐♦♥ t❡r♠✳ ■♥ ❛♥ ❛ttr✐t✐♦♥ r❡❣✐♠❡ ❛♥❞ ♥❡❛r K̂

✭❢♦r K ∈
(
K̃, K̂

)
✮✱ t❤✐s t❡r♠ ❤❛s t✇♦ ♣❛rts t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ✐♥♥♦✈❛t♦r ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞

r❡❛❧✐③❛t✐♦♥s ❜❡❧♦✇ Y ′
S ✭✐♥ ✇❤✐❝❤ ❝❛s❡ ✐♠✐t❛t♦r ✐♥✈❡st♠❡♥t ♦❝❝✉rs ❛t YF ✱ s❡❡ ❋✐❣✉r❡ 2✮ ♦r ❛❜♦✈❡ YS ✭✐♥

✇❤✐❝❤ ❝❛s❡ ✐♠✐t❛t✐♦♥ ✐♠♠❡❞✐❛t❡❧② ❢♦❧❧♦✇s ✐♥♥♦✈❛t✐♦♥✮✳ ❆❝❝♦✉♥t✐♥❣ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥

♦❢ t❤❡ ✐♠✐t❛t✐♦♥ t❤r❡s❤♦❧❞ max
{
ỸI , YF

}
✱ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♠✐t❛t✐♦♥ ✐s

(CSD − CSM )

r − α
[YF ]

−(β−1) yβ
(
G∧ (YS) +

∫ ∞

YS

(YF /s)
β−1 dG∧(s)

)
✳ ✭✾✮

❆t K̂ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ G∧ ❝♦♥✈❡r❣❡s t♦ ❛ ❞❡❣❡♥❡r❛t❡ ❞✐str✐❜✉t✐♦♥ ❛t YL ❛♥❞ t❤❡ ✐♥t❡❣r❛❧

t❡r♠ ✈❛♥✐s❤❡s✳ ❏✉st t♦ t❤❡ ❧❡❢t ♦❢ K̂✱ ❝❤❛♥❣❡s ✐♥ K t❤❡r❡❢♦r❡ ❤❛✈❡ ❛ ♥❡❣❧✐❣✐❜❧❡ ❡✛❡❝t ♦♥ t❤❡

❞✐str✐❜✉t✐♦♥ ♦❢ ❡♥tr② t❤r❡s❤♦❧❞s ❛♥❞ ♦♥❧② t❤❡ ❞✐r❡❝t ❡✛❡❝t ♦♥ YF ♠❛tt❡rs✱ ✇❤✐❝❤ ✐s s✉✣❝✐❡♥t t♦

❡st❛❜❧✐s❤ t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

❊✐t❤❡r t②♣❡ ♦❢ ❧♦❝❛❧ ♠❛①✐♠✉♠ ✭✉♥❞❡r ❛ttr✐t✐♦♥ ♦r ♣r❡❡♠♣t✐♦♥✮ ❝❛♥ ❜❡ ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ❢r♦♠

✐♠✐t❛t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸ ■❢ t❤❡ t✐♠✐♥❣ ♦❢ ❡♥tr② ✐s r❡❣✉❧❛t❡❞ ✐♥❞✐r❡❝t❧② t❤r♦✉❣❤ ❛♥ ✐♠✐t❛t✐♦♥ ❝♦st ✐♥str✉♠❡♥t✱

(i) ❡✐t❤❡r ❛ttr✐t✐♦♥ ♦r ♣r❡❡♠♣t✐♦♥ ♠❛② ❝♦♥st✐t✉t❡ ❛ s♦❝✐❛❧ ♦♣t✐♠✉♠❀

(ii) ✐❢ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐♥✈♦❧✈❡s ❛ttr✐t✐♦♥✱ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✐s ♣♦s✐t✐✈❡ ✇✐t❤ K∗ > K̃ ✭✏✇✐♥♥❡r✲

♣❛②s✲s♦♠❡✑✮❀

(iii) ✐❢ t❤❡ s♦❝✐❛❧ ♦♣t✐♠✉♠ ✐♥✈♦❧✈❡s ♣r❡❡♠♣t✐♦♥✱ ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❛t t❤❡ t❤r❡s❤♦❧❞ Y ∗
P = ψYL✱

ψ ∈ [(β − 1) /β, 1]❀ ❢♦r β ❧❛r❣❡ ❡♥♦✉❣❤ ❛ ♣❡r♣❡t✉❛❧ ♠♦♥♦♣♦❧② ✐s ♦♣t✐♠❛❧✱ t❤❛t ✐s K∗ = ∞ ✭✇✐♥♥❡r✲

t❛❦❡✲❛❧❧✮✳✶✹

❚❤❡ ✉♣s❤♦t ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ✐s t❤❛t t❤❡r❡ ✐s ♥♦ ✏♦♥❡ s✐③❡ ✜ts ❛❧❧✑ ♣r❡s❝r✐♣t✐♦♥ ✇✐t❤ r❡s♣❡❝t

t♦ ❜❛❧❛♥❝✐♥❣ t❤❡ ✐♥❝❡♥t✐✈❡s ♦❢ ✐♥♥♦✈❛t✐♥❣ ❛♥❞ ✐♠✐t❛t✐♥❣ ✜r♠s✱ s✉❣❣❡st✐♥❣ t❤❛t ♣♦❧✐❝② ✐s ❜❡st ❞❡✲

t❡r♠✐♥❡❞ ♦♥ ❛ ❝❛s❡ ❜② ❝❛s❡ ❜❛s✐s ❛❝❝♦r❞✐♥❣ t♦ ❛ ♥✉♠❜❡r ♦❢ ✐♥❞✉str② ❝♦♥❞✐t✐♦♥s ❛s ✐s ❣❡♥❡r❛❧❧②

✶✹❙❡❡ ❙❡❝t✐♦♥ ❆✳✻ ❢♦r ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ψ := max
{

β−1
β
,
(

CSD−CSM

πD

+ 2
β

)
/
(

CSD

πD

−
β−1
β

CSM

πM

+ 2
β

)}
✳ ◆♦t❡

t❤❛t ✐♥ ❝♦♥tr❛st ✇✐t❤ t❤❡ ♦♣t✐♠❛❧ ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞s t❤❛t ✇❡ ❞❡r✐✈❡ ❡①♣❧✐❝✐t❧②✱ ✐♥ ♣r❡❡♠♣t✐♦♥ ❣❛♠❡s t❤❡s❡

t❤r❡s❤♦❧❞s ❣❡♥❡r❛❧❧② ❞♦ ♥♦t ❤❛✈❡ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s✳
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✉♥❞❡rst♦♦❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ■P ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧s✳ ❚❤❡ ♣r♦♣♦s✐t✐♦♥ ✐s ♥❡✈❡rt❤❡❧❡ss ✐♥❢♦r♠❛t✐✈❡

✐♥ ❛ ♥✉♠❜❡r ♦❢ ✇❛②s✳

P❛rt (ii) ♦✛❡rs s♦♠❡ ♣r❛❝t✐❝❛❧ ❣✉✐❞❛♥❝❡ ❛♥❞ ✐s ❡s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t ✐♥s♦❢❛r ❛s s♦♠❡ r❡s❡❛r❝❤❡rs

❤❛✈❡ ❛r❣✉❡❞ ❢♦r t❤❡ ❛❜♦❧✐t✐♦♥ ♦❢ ♣❛t❡♥ts ❛❧t♦❣❡t❤❡r ✭❡✳❣✳ ❇♦❧❞r✐♥ ❛♥❞ ▲❡✈✐♥❡ ❬✸❪✮✳ ❖✉r ♠♦❞❡❧ ♣♦✐♥ts

t♦ t❤❡ ❢❛❝t t❤❛t s✉❝❤ ❛♥ ❛❜♦❧✐t✐♦♥ ✐s ❞❡s✐r❛❜❧❡ ♦♥❧② t♦ t❤❡ ❡①t❡♥t t❤❛t t❤❡ ♥❛t✉r❛❧ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✐s

s✉✣❝✐❡♥t❧② ❤✐❣❤✱ ✐✳❡✳ t❤❛t K ≥ K̃ ✇✐t❤♦✉t ■P ♣r♦t❡❝t✐♦♥✳ ❚❤✐s ❧♦✇❡r ❜♦✉♥❞ ♦♥ ✐♠✐t❛t✐♦♥ ❝♦st ❤❛s ❛

str❛✐❣❤t❢♦r✇❛r❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✱ ✐♥ t❤❛t ✐♥❞✉str② ❝♦♥❞✐t✐♦♥s ♠✉st ❜❡ s✉❝❤ t❤❛t ❛♥ ✐♥♥♦✈❛t♦r ❤❛s ❛

♣♦s✐t✐✈❡ ❡①✲❛♥t❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡❛r♥✐♥❣ ❛ ♠♦♥♦♣♦❧② ♣r♦✜t r❛t❤❡r t❤❛♥ ❢❛❝❡ ✐♠♠❡❞✐❛t❡ ✐♠✐t❛t✐♦♥ ✇✐t❤

❝❡rt❛✐♥t②✱ t❤❛t ✐s t♦ s❛② ✐t ♠✉st ❤❛✈❡ s♦♠❡ ❝❤❛♥❝❡ ♦❢ ❛✈♦✐❞✐♥❣ t❤❡ s✐t✉❛t✐♦♥ ❞❡s❝r✐❜❡❞ ❜② ❙❝❤❡r❡r

✭s❡❡ ❢♦♦t♥♦t❡ ✹ ❛❜♦✈❡✮✳ ❚❤✐s ❧♦✇❡r ❜♦✉♥❞ ❝❛♥ ❜❡ ✉s❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ t♦ ❛ss❡ss t❤❡ ✐♥✐t✐❛t✐✈❡s t❤❛t

❤❛✈❡ ❜❡❡♥ t❛❦❡♥ ✐♥ t❤❡ ♣❤❛r♠❛❝❡✉t✐❝❛❧ ✐♥❞✉str② ✐♥ ♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ r❡❧❛t✐✈❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥

❛♥❞ ❡♥❝♦✉r❛❣❡ ❣❡♥❡r✐❝ ❝♦♠♣❡t✐t✐♦♥✳ ■♥ ❧♦✇✲ ❛♥❞ ♠✐❞❞❧❡✲✐♥❝♦♠❡ ❝♦✉♥tr✐❡s✱ ♦❢t❡♥ ❝❤❛r❛❝t❡r✐③❡❞ ❜②

❛ r❛♣✐❞❧② ❡①♣❛♥❞✐♥❣ ❛♥❞ ❤✐❣❤❧② ✉♥❝❡rt❛✐♥ ❞❡♠❛♥❞ ✇❤✐❝❤ ♠❛❦❡s ❛ttr✐t✐♦♥ ♠♦r❡ ❧✐❦❡❧② t♦ ♣r❡✈❛✐❧✱

♦♣t✐♠❛❧ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✐♥ t❤❡ ❧♦❝❛❧ ♠❛r❦❡t ♠❛② ✐♥✈♦❧✈❡ ❛ttr✐t✐♦♥ ❜✉t ✐♥ ❛❧❧ ❝❛s❡s r❡q✉✐r❡s t❤❛t ❛

♠✐♥✐♠❛❧ ❧❡✈❡❧ ♦❢ ■P ♣r♦t❡❝t✐♦♥ ❜❡ ♠❛✐♥t❛✐♥❡❞ s♦ t❤❛t t❤❡r❡ r❡♠❛✐♥s ❛ ✇✐♥❞♦✇ ♦❢ ♠❛r❦❡t s✐③❡s ✐♥

✇❤✐❝❤ ❛♥ ✐♥♥♦✈❛t♦r ❡♥t❡r✐♥❣ s✉✣❝✐❡♥t❧② ❡❛r❧② ✐s ✐♥❝❡♥t✐✈✐③❡❞ ❜② ❛ ♣❡r✐♦❞ ♦❢ ♠♦♥♦♣♦❧② ♣r♦✜ts✳

P❛rt (iii) ❡st❛❜❧✐s❤❡s t❤❛t ✐♥ ♦t❤❡r ❝✐r❝✉♠st❛♥❝❡s ✇❤❡r❡ ✜r♠s s✉✣❝✐❡♥t❧② ❞✐s❝♦✉♥t t❤❡ ❢✉t✉r❡✱

t❤❛t ✐s ✇❤❡♥ ❞❡♠❛♥❞ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ s✉✣❝✐❡♥t❧② ❧♦✇ ✭r❡❝❛❧❧ t❤❛t ∂β/∂α < 0 ❛♥❞ ∂β/∂σ <

0✮✱ t❤❡ ♦♣t✐♠❛❧ ❢♦r♠ ♦❢ ♣r❡❡♠♣t✐♦♥ ✐s ❛ ✇✐♥♥❡r✲t❛❦❡✲❛❧❧ ❝♦♥t❡st✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ ❣r❡❛t❡st ❛♠♦✉♥t

♦❢ ♣r❡❡♠♣t✐♦♥ t❤❛t t❤❡ s♦❝✐❛❧ ♣❧❛♥♥❡r ❝❛♥ ✐♥❞✉❝❡ ✭K∗ = ∞✱ ❛ ❝♦r♥❡r s♦❧✉t✐♦♥ ❞❡r✐✈❡❞ ✐♥ ❆♣♣❡♥❞✐①

❆✳✻✮ ✐♠♣❧✐❡s t❤❛t ❛ s✐♥❣❧❡ ✜r♠ ✐s ❛❝t✐✈❡ ❡①✲♣♦st✳ ■ts ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞✱ YP (K∗) = (r−α)I/πM

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ▼❛rs❤❛❧❧✐❛♥ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞ ❛♥❞ ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ t❤r❡❛t ♦❢ ♣♦t❡♥t✐❛❧

❡♥tr② ❜② t❤❡ ♦t❤❡r ✜r♠✱ ✇❤✐❝❤ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ♥❡✈❡r ❡♥t❡rs ✭❛s limK→∞ YF = ∞✮✳

❊✈❡♥ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ✉♥✐✈❡rs❛❧ ♣♦❧✐❝② ♣r❡s❝r✐♣t✐♦♥ ❝❡rt❛✐♥ ✐♥❞✉str② ❝❤❛r❛❝t❡r✐st✐❝s ❝❛♥ ♣❧❛②

❛ r♦❧❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ ♦♣t✐♠❛❧ ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ♣r♦✈✐❞❡s t✇♦ ✐♥t✉✐t✐✈❡

❛♣♣❧✐❝❛t✐♦♥s ♦❢ ♣❛rt (i) ♦❢ t❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥✳

❈♦r♦❧❧❛r② ✸ ■♥ ❛ ❝♦♥str❛✐♥❡❞ s♦❝✐❛❧ ♦♣t✐♠✉♠✿

(i) ✐❢ t❤❡r❡ ✐s ♣❡r❢❡❝t ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✉♥❞❡r ♠♦♥♦♣♦❧② ✭CSM = 0✮✱ ❛ttr✐t✐♦♥ ✐s s♦❝✐❛❧❧② ♦♣t✐♠❛❧❀

(ii) ✐❢ t❤❡r❡ ✐s ❝♦❧❧✉s✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t ♠❛r❦❡t ✭CSD + 2πD = CSM + πM ✮✱ ♣r❡❡♠♣t✐♦♥ ✐s s♦❝✐❛❧❧②

♦♣t✐♠❛❧✳

■♥ ♣❛rt (i) ♦❢ t❤❡ ❝♦r♦❧❧❛r②✱ t❤❡ ✐♥♥♦✈❛t♦r ❝❛♥ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t❡ ♣❡r❢❡❝t❧②✱ s♦ ✐t ❞♦❡s ♥♦t

❝♦♥tr✐❜✉t❡ t♦ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s✳ ❚❤❡r❡❢♦r❡✱ ✐♠✐t❛t✐♦♥ ✐s ♥❡❡❞❡❞ ❢♦r ❝♦♥s✉♠❡rs t♦ ❜❡♥❡✜t ❢r♦♠

✷✸



t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐♥✈❡st♠❡♥ts ❛♥❞ ❛♥ ♦♣t✐♠❛❧ ♣r♦t❡❝t✐♦♥ r❡❣✐♠❡ ❢❛✈♦rs ✐♠✐t❛t✐♦♥ ✐♥❝❡♥t✐✈❡s ✉♥❞❡r

t❤❡ ❝♦♥str❛✐♥t t❤❛t ✐♥♥♦✈❛t✐♦♥✱ ❛s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ✐♠✐t❛t✐♦♥✱ ♠✉st ❜❡ ✐♥❝❡♥t✐✈✐③❡❞ ❛s ✇❡❧❧✳

❆t t❤❡ ♦♣♣♦s✐t❡ ❡①tr❡♠❡ ✐s t❤❡ s✐t✉❛t✐♦♥ ♦❢ ♣❛rt (ii)✱ ✇❤❡r❡ ✐♠✐t❛t♦r ❡♥tr② ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡

✐♥st❛♥t❛♥❡♦✉s ✇❡❧❢❛r❡ ❜❡❝❛✉s❡ ♦❢ ❝♦❧❧✉s✐♦♥ ✐♥ t❤❡ ♣r♦❞✉❝t ♠❛r❦❡t✳ ❚❤❡♥ ♦♥❧② ✐♥♥♦✈❛t✐♦♥ ❝♦♥tr✐❜✉t❡s

t♦ s♦❝✐❛❧ ✇❡❧❢❛r❡✱ ❛♥❞ ❛ ❤✐❣❤ ✕t❤♦✉❣❤ ♥♦t ♥❡❝❡ss❛r✐❧② ✐♥✜♥✐t❡✕ ✐♠✐t❛t✐♦♥ ❝♦st ✐s ♥❡❡❞❡❞ t♦ ✐♥❝✐t❡

❡❛r❧② ❡♥♦✉❣❤ ✐♥✈❡st♠❡♥t ✐♥ ❛ ♣r❡❡♠♣t✐♦♥ r❡❣✐♠❡✳

❆s✐❞❡ ❢r♦♠ s✉❝❤ s♣❡❝✐✜❝ ❝❛s❡s ❛s t❤♦s❡ ❛❜♦✈❡✱ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❛ ❝❧♦s❡❞ ❢♦r♠ ✐♥ t❤❡ ♣r❡❡♠♣✲

t✐♦♥ r❛♥❣❡ r❡♥❞❡rs t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ✇❡❧❢❛r❡ ♠♦r❡ ❝♦♠♣❧❡①✳ ❇② ♠❛❦✐♥❣ ❛♥ ❛❞✲

❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥ ❤♦✇❡✈❡r✱ ✇❡ ❛r❡ ❛❜❧❡ t♦ ♦❜t❛✐♥ ❛ ❣❡♥❡r❛❧ r❡s✉❧t r❡❧❛t✐♥❣ ♦♣t✐♠❛❧ ✇❡❧❢❛r❡ t♦

❞❡♠❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❙✉♣♣♦s❡ t❤❡r❡❢♦r❡ t❤❛t t❤❡ st❛t✐❝ ❡♥tr② ✐♥❝❡♥t✐✈❡ ✐s s♦❝✐❛❧❧② ❡①❝❡ss✐✈❡

✭πD ≥ (CSD + 2πD) − (CSM + πM )✮✳ ❚♦ ♣r♦✈✐❞❡ ❛ r❛t✐♦♥❛❧❡ ❢♦r t❤✐s r❡str✐❝t✐♦♥✱ r❡❝❛❧❧ t❤❛t ✐♥ ❛

st❛t✐❝ s❡tt✐♥❣ ✇✐t❤ s②♠♠❡tr✐❝ ✜r♠s ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞s✱ ▼❛♥❦✐✇ ❛♥❞ ❲❤✐♥st♦♥ ❬✷✺❪ s❤♦✇ t❤❛t

t❤❡r❡ ✐s ❡①❝❡ss ❡♥tr② ✐♥ ❛♥ ✐♥❞✉str② ✐❢ t♦t❛❧ ♦✉t♣✉t ✐♥❝r❡❛s❡s ✇❤❡r❡❛s ✐♥❞✐✈✐❞✉❛❧ ♦✉t♣✉ts ❞❡❝r❡❛s❡

✐♥ t❤❡ ♥✉♠❜❡r ♦❢ ✜r♠s ✭t❤❡ ❜✉s✐♥❡ss✲st❡❛❧✐♥❣ ❡✛❡❝t✮ ❛♥❞ ❛r❣✉❡ t❤❛t t❤❡s❡ ❛ss✉♠♣t✐♦♥s ❝❤❛r❛❝t❡r✐③❡

❛ ❜r♦❛❞ r❛♥❣❡ ♦❢ ❝♦♠♠♦♥ ♠♦❞❡❧s ♦❢ ♦❧✐❣♦♣♦❧②✳ ■♥ ♦✉r ❞②♥❛♠✐❝ s❡tt✐♥❣✱ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ✉s❡❢✉❧

❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s ✉s t♦ ❜♦✉♥❞ t❤❡ ✇❡❧❢❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ✐♠✐t❛t♦r✬s ❡♥tr② ❜② t❤❡ ❡①♣❡❝t❡❞

✈❛❧✉❡ ♦❢ ❛ ❞✉♦♣♦❧② ✜r♠✱ ❛♥❞ ❤❡♥❝❡ ❜② E V (YL, YL)|K=K̂
✭❛❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✷✮✱ s♦ ❛s t♦

❡st❛❜❧✐s❤ t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✹ ❙✉♣♣♦s❡ t❤❛t t❤❡ st❛t✐❝ ♣r✐✈❛t❡ ❡♥tr② ✐♥❝❡♥t✐✈❡ ✐s s♦❝✐❛❧❧② ❡①❝❡ss✐✈❡✳ ❚❤❡♥✱ ✐♥ ❛

❝♦♥str❛✐♥❡❞ s♦❝✐❛❧ ♦♣t✐♠✉♠ ♣r❡❡♠♣t✐♦♥ ✐s ♦♣t✐♠❛❧ ✐❢

CSM
πM

≥ Ω (β) ✳✶✺ ✭✶✵✮

❆s t❤❡ r✐❣❤t✲❤❛♥❞ t❡r♠ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ β ✇✐t❤ lim→∞Ω (β) = 0✱ t❤❡ ❝♦♥❞✐t✐♦♥ ✭✶✵✮ ✐s s❛t✐s✜❡❞

❢♦r ❛♥② ❣✐✈❡♥ ❞❡♠❛♥❞ s♣❡❝✐✜❝❛t✐♦♥ ✐❢ t❤❡r❡ ✐s s✉✣❝✐❡♥t ❞✐s❝♦✉♥t✐♥❣✱ ❛s ♦❝❝✉rs ✐❢ ✐♥❞✉str② ❣r♦✇t❤

❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ s✉✣❝✐❡♥t❧② ❧♦✇✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ♣r♦✈✐❞❡s ❛ r✐❣♦r♦✉s ❢♦✉♥❞❛t✐♦♥ ❢♦r t❤❡ ✐❞❡❛ t❤❛t

■P ♣r♦t❡❝t✐♦♥ s❤♦✉❧❞ ❜❡ s✐❣♥✐✜❝❛♥t ✐♥ s✉❝❤ ♠❛r❦❡ts✳

❲❡ ❝♦♥❝❧✉❞❡ t❤✐s s❡❝t✐♦♥ ❜② ❛♣♣❧②✐♥❣ Pr♦♣♦s✐t✐♦♥ ✹ t♦ t✇♦ ❝♦♠♠♦♥ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞s

♦❧✐❣♦♣♦❧② s♣❡❝✐✜❝❛t✐♦♥s✳

❊①❛♠♣❧❡ ❙✉♣♣♦s❡ t❤❛t t❤❡ ♣r♦❞✉❝t ♠❛r❦❡t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛ ❧✐♥❡❛r ✐♥✈❡rs❡ ❞❡♠❛♥❞ P = A−BQ✱

A,B > 0 ❛♥❞ t❤❛t ✜r♠s ❤❛✈❡ ❝♦♥st❛♥t ✉♥✐t ✈❛r✐❛❜❧❡ ❝♦st c✳ ❚❤❡♥ CSM/πM = 0.5 ❛♥❞ ❡✈❛❧✉❛t✐♥❣

Ω (β) ❡st❛❜❧✐s❤❡s t❤❛t ✭✶✵✮ ✐s s❛t✐s✜❡❞ ❢♦r β ≥ 3.14✳ ■❢ t❤❡ ♣r♦❞✉❝t ♠❛r❦❡t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥st❡❛❞

✶✺❙❡❡ ❙❡❝t✐♦♥ ❆✳✼ ❢♦r ❛ ❞❡r✐✈❛t✐♦♥ ♦❢ Ω (β) := 2/
((
ββ/ (β − 1)β−1

)
− β

)
✳
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❜② ❛ ❝♦♥st❛♥t ❡❧❛st✐❝✐t② ✐♥✈❡rs❡ ❞❡♠❛♥❞ P = AQ−1/ε✱ A > 0 ❛♥❞ ε > 1✱ t❤❡♥ str❛✐❣❤t❢♦r✇❛r❞

❝❛❧❝✉❧❛t✐♦♥s ❡st❛❜❧✐s❤ CSM/πM = 1/ (ε− 1) s♦ ✭✶✵✮ ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② β ✐❢ ❞❡♠❛♥❞ ✐s s✉✣❝✐❡♥t❧②

❡❧❛st✐❝ ✭✐❢ ε ≥ 1 + (1/Ω (β))✮✳

✺ ❊♥❞♦❣❡♥♦✉s ✐♠✐t❛t✐♦♥ ❝♦st✱ ❜✉②♦✉t ❛♥❞ ❧✐❝❡♥s✐♥❣

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞✐s❝✉ss ❢✉rt❤❡r r❡❛❧✲✇♦r❧❞ ❛s♣❡❝ts ♦❢ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥ ❛♥❞ s❤♦✇ ❤♦✇

t❤❡② ✜t ✐♥t♦ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥s✳ ❖♥❡ ❛s♣❡❝t ✐s t❤❡ ❛❜✐❧✐t② ♦❢ ❛♥ ✐♥♥♦✈❛t✐♥❣ ✜r♠

t♦ r❛✐s❡ t❤❡ ❡♥tr② ❜❛rr✐❡r ♦❢ t❤❡ ✐♠✐t❛t♦r✱ ❡✐t❤❡r ❜② ❞❡✈❡❧♦♣✐♥❣ ❛ ♣r♦❞✉❝t t❤❛t ✐s ♠♦r❡ ❝♦st❧② t♦

r❡✈❡rs❡ ❡♥❣✐♥❡❡r ♦r ❜② str❡♥❣t❤❡♥✐♥❣ t❤❡ ♣❛t❡♥t❛❜✐❧✐t② ♦❢ ✐ts ♣r♦❞✉❝t✳ ❆♥♦t❤❡r ❛s♣❡❝t ✐s ❝♦♥tr❛❝t✐♥❣

❜❡t✇❡❡♥ t❤❡ ✐♥♥♦✈❛t♦r ❛♥❞ t❤❡ ✐♠✐t❛t♦r✱ ✇❤✐❝❤ ❝❛♥ t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ❜✉②♦✉t ♦❢ t❤❡ r✐✈❛❧ ✜r♠ ♦r ♦❢

❛ t❡❝❤♥♦❧♦❣② tr❛♥s❢❡r t❤❛t r❡❞✉❝❡s t❤❡ ❢♦❧❧♦✇❡r✬s ✐♠✐t❛t✐♦♥ ❝♦st✳ ❋r♦♠ ❛ ❢♦r♠❛❧ st❛♥❞♣♦✐♥t t❤❡s❡

t✇♦ ❡①t❡♥s✐♦♥s ❜♦t❤ ❛❞❞ ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❞❡❝✐s✐♦♥ ❧❛②❡r t♦ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐♥ t❤❡ ♠♦♥♦♣♦❧②

♣❤❛s❡✱ ♦♥❝❡ t❤❡ ✐♥♥♦✈❛t♦r✬s ❡♥tr② ❤❛s ♦❝❝✉rr❡❞ ❛♥❞ ❜❡❢♦r❡ t❤❡ ✐♠✐t❛t♦r ✐♥✈❡sts✳ ❇② r❛✐s✐♥❣ t❤❡

st❛♥❞❛❧♦♥❡ ✈❛❧✉❡ ♦❢ t❤❡ ✐♥♥♦✈❛t✐♥❣ ✜r♠✱ ❜♦t❤ ❡①t❡♥s✐♦♥s t❡♥❞ t♦ ❢❛✈♦r ✜rst✲♠♦✈❡r ❛❞✈❛♥t❛❣❡ ❛♥❞

t❤❡ ❡♠❡r❣❡♥❝❡ ♦❢ ♣r❡❡♠♣t✐♦♥ r❡❣✐♠❡s ❛❧t❤♦✉❣❤ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ❢♦r ✐♠✐t❛t✐♦♥ t✐♠✐♥❣ ❛♥❞ ✇❡❧❢❛r❡

❧❛r❣❡❧② ❞✐✛❡r✳

✺✳✶ ❊♥❞♦❣❡♥♦✉s ✐♠✐t❛t✐♦♥ ❝♦st

❙✉♣♣♦s❡ t❤❛t t❤❡ ✐♥♥♦✈❛t✐♥❣ ✜r♠ ♠❛② r❡❧② ♦♥ ❛ ✈❛r✐❛❜❧❡ ❛♠♦✉♥t ♦❢ ❡✐t❤❡r t❡❝❤♥✐❝❛❧ ♦r ❧❡❣❛❧ ♣r♦✲

t❡❝t✐♦♥ ✐♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st ♦❢ ❛ s✉❜s❡q✉❡♥t ❡♥tr❛♥t✳ ■♥ ❝❛s❡ ♦❢ t❡❝❤♥✐❝❛❧

♣r♦t❡❝t✐♦♥✱ ✐♠✐t❛t✐♦♥ ❝♦st ✐s ❞❡t❡r♠✐♥❡❞ ✐♥ ♣❛rt ❜② t❤❡ ❝♦st ♦❢ r❡✈❡rs❡ ❡♥❣✐♥❡❡r✐♥❣✱ ✇❤✐❝❤ ❝❛♥ ❜❡

r❛✐s❡❞ ❜② ✐♥❝r❡❛s✐♥❣ ♣r♦❞✉❝t ❝♦♠♣❧❡①✐t②✳ ❋♦r ❡①❛♠♣❧❡ ❛♥ ✐♥♥♦✈❛t✐♥❣ ✜r♠ ❝❛♥ ❡①♣❡♥❞ ❡✛♦rt t♦

r❡♥❞❡r ✐ts ♣r♦❞✉❝t ♠♦r❡ ❞✐✣❝✉❧t t♦ ❞✐s❛ss❡♠❜❧❡✱ ♦r ❡✈❡♥ ❛❞❞ ♠✐s❧❡❛❞✐♥❣ ❝♦♠♣❧❡①✐t② ✭❙❛♠✉❡❧s♦♥

❛♥❞ ❙❝♦t❝❤♠❡r ❬✸✵❪✮✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❧❡❣❛❧ ♣r♦t❡❝t✐♦♥✱ t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st ✐s r❡❧❛t❡❞ t♦ ♣❛t❡♥t ❜r❡❛❞t❤

✇✐t❤ ✇✐❞❡r ♣❛t❡♥ts ✐♠♣❧②✐♥❣ ❤✐❣❤❡r ❝♦sts ❢♦r ✐♥✈❡♥t✐♥❣ ❛r♦✉♥❞ s♦ ❛s t♦ ❞❡✈❡❧♦♣ ❛ ♥♦♥✲✐♥❢r✐♥❣✐♥❣

✐♠✐t❛t✐♦♥✱ ❛♥❞ ✜r♠s ♠♦r❡♦✈❡r ♠❛② ❞❡❝✐❞❡ t♦ ♣✉rs✉❡ ♣❛t❡♥t ♣r♦t❡❝t✐♦♥ ♠♦r❡ ♦r ❧❡ss ❛❣❣r❡ss✐✈❡❧②✱

❛s ✐s t❤❡ ❝❛s❡ ❢♦r ♣❤❛r♠❛❝❡✉t✐❝❛❧ ✜r♠s ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳

❙✉❝❤ ❜❡❤❛✈✐♦r ✐s ✐♥❝♦r♣♦r❛t❡❞ ✐♥t♦ t❤❡ ♠♦❞❡❧ ♦❢ ✐♥✈❡st♠❡♥t ❜② s✉♣♣♦s✐♥❣ t❤❛t ❛t t❤❡ t✐♠❡ ♦❢

✐ts ✐♥✈❡st♠❡♥t ❛t ❛ t❤r❡s❤♦❧❞ Yi ❛♥ ✐♥♥♦✈❛t✐♥❣ ✜r♠ ❝❤♦♦s❡s t♦ ❡①♣❡♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ✐rr❡❝✉♣❡r❛❜❧❡

❝♦st✱ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② ρ✱ t❤❛t r❛✐s❡s t❤❡ ✐♠✐t❛t✐♥❣ ✜r♠✬s ✜①❡❞ ❝♦st ❜② ❛♥ ❛♠♦✉♥t f (ρ)✳ ❚❤❡

✐♥❝r❡❛s❡ ✐♥ ✐♠✐t❛t✐♦♥ ❝♦st ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥st❛♥t❛♥❡♦✉s ❛♥❞ t❤❡ ❢✉♥❝t✐♦♥ f ✐s t❛❦❡♥ t♦ t✇✐❝❡

❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ f ′ > 0✱ f ′′ ≤ 0 ❛s ✇❡❧❧ ❛s f(0) = 0 ❛♥❞ limρ→0 f
′(ρ) = ∞✳ ❚❤❡ ✐♥✈❡st♠❡♥t

✷✺



❝♦sts ♦❢ t❤❡ ✐♥♥♦✈❛t♦r ❛♥❞ ✐♠✐t❛t♦r ❛r❡ r❡❞❡✜♥❡❞ ❛s I (ρ) := I0 + ρ ❛♥❞ K (ρ) := K0 + f (ρ) ✇❤❡r❡

I0 ❛♥❞ K0 r❡♣r❡s❡♥t t❤❡♥ ❜❛s❡❧✐♥❡ ✈❛❧✉❡s ✇❤❡r❡ ♥♦ ❝♦st✲r❛✐s✐♥❣ ❡①♣❡♥❞✐t✉r❡ ✐s ✉♥❞❡rt❛❦❡♥✳

Pr♦❝❡❡❞✐♥❣ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✱ ✐♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ st❛❣❡ t❤❡ ✐♠✐t❛t♦r ♣❛②♦✛ F (Y ) ❛♥❞

st❛♥❞❛❧♦♥❡ t❤r❡s❤♦❧❞ YF ❛r❡ ❛❝❝♦r❞✐♥❣❧② ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✐♥♥♦✈❛t♦r✬s ❡✛♦rt t❤r♦✉❣❤ K(ρ)✳ ❆t

t❤❡ ♠♦♠❡♥t ♦❢ ✐♥♥♦✈❛t✐♦♥ t❤❡r❡❢♦r❡✱ ❛♥ ✐♥♥♦✈❛t♦r ❡♥t❡r✐♥❣ ❛t t❤❡ t❤r❡s❤♦❧❞ Yi ❢❛❝❡s t❤❡ ❞❡❝✐s✐♦♥

♣r♦❜❧❡♠

max
ρ∈R+

LE (Yi, ρ) :=

(
πM
r − α

Yi − I0 − ρ

)(
y

Yi

)β

−
πM − πD
r − α

yβ

[max {Yi, YF (ρ)}]β−1
✳

▲❡t ρ∗ (Yi) ❞❡♥♦t❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠✳ ❆t ❛♥ ✐♥t❡r✐♦r s♦❧✉t✐♦♥✱ YF (ρ∗) > Yi ❛♥❞ ρ∗

s❛t✐s✜❡s

β

(
πM
πD

− 1

)
f ′ (ρ∗) =

(
YF (ρ∗)

Yi

)β

❆ str❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝ ❛r❣✉♠❡♥t ❡st❛❜❧✐s❤❡s t❤❛t t❤❡ ♦♣t✐♠❛❧ ❝♦st✲r❛✐s✐♥❣ ❡✛♦rt ✐s

✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ❜❛s❡❧✐♥❡ ✐♠✐t❛t✐♦♥ ❝♦st✳ ❚❤❡ ❧❛tt❡r

♣r♦♣❡rt② ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❜✐♦♣❤❛r♠❛❝❡✉t✐❝❛❧ ✐♥❞✉str② ❝❛s❡ ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✇❤❡r❡ ✜r♠s

t②♣✐❝❛❧❧② ♣❧❛❝❡ ❣r❡❛t❡r r❡❧✐❛♥❝❡ ♦♥ ♣❛t❡♥t✐♥❣ ✐♥ t❤❡ ♠❡❞✐❝❛t✐♦♥s s❡❣♠❡♥t ✐♥ ✇❤✐❝❤ ♥❛t✉r❛❧ ❡♥tr②

❜❛rr✐❡rs ❛r❡ ❧♦✇ t❤❛♥ ✐♥ t❤❡ ✈❛❝❝✐♥❡s s❡❣♠❡♥t✳

❚♦ ♣r♦❝❡❡❞ ❢✉rt❤❡r ✇❡ ❢♦❝✉s ♦♥ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡K0 ≥ K̂ s♦ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐s ♥❛t✉r❛❧❧②

♣r❡❡♠♣t✐✈❡✳✶✻ ❆❧❧♦✇✐♥❣ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ t♦ ❜❡ ❡♥❞♦❣❡♥♦✉s r❡s✉❧ts ✐♥ ❛ ❤✐❣❤❡r ❧❡❛❞❡r ♣❛②♦✛

LE (Y, ρ∗ (Y )) ❛♥❞ ❛ ❧♦✇❡r ❢♦❧❧♦✇❡r ♣❛②♦✛ FE (Y, ρ∗ (Y )) = F (Y )|K=K0+ρ∗(Y ) t❤❛t ✇❤❡♥ t❤✐s ❝♦st

✐s ❡①♦❣❡♥♦✉s✳ ❚❤✐s ♠❛❦❡s t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ♠♦r❡ ♣r❡❡♠♣t✐✈❡✳ ❙✐♥❝❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛②♦✛s ❛r❡

♣❡❣❣❡❞ t♦ t❤❡ ❢♦❧❧♦✇❡r ✈❛❧✉❡ ✉♥❞❡r ♣r❡❡♠♣t✐♦♥✱ ✜r♠s ❤❛✈❡ ❛ ❧♦✇❡r ❡①♣❡❝t❡❞ ✈❛❧✉❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳

❚♦ ❛✈♦✐❞ t❤✐s ♣❡♥❛❧✐③✐♥❣ ♦✉t❝♦♠❡ ✜r♠s ✇♦✉❧❞ ♣r❡❢❡r t♦ ❜♦t❤ ❝♦♠♠✐t ❡①✲❛♥t❡ ♥♦t t♦ ❡①❡rt ❛♥②

❝♦st✲r❛✐s✐♥❣ ❡✛♦rt ✐♥ ❝❛s❡ t❤❡② ❤❛♣♣❡♥ t♦ ❧❡❛❞ t❤❡ ✐♥✈❡st♠❡♥t ♣r♦❝❡ss✳ ❖♥❡ ✇❛② t♦ ❛❝❤✐❡✈❡ s✉❝❤ ❛

❝♦♠♠✐t♠❡♥t ✐s ❜② ❛❣r❡❡✐♥❣ t♦ ❛♥ ♦♣❡♥ ♦r ❝♦♠♠♦♥ t❡❝❤♥♦❧♦❣✐❝❛❧ st❛♥❞❛r❞✳

Pr♦♣♦s✐t✐♦♥ ✺ ■❢ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✐s ❡♥❞♦❣❡♥♦✉s ❛♥❞ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐s ♥❛t✉r❛❧❧② ♣r❡✲

❡♠♣t✐✈❡ ✜r♠s ❜❡♥❡✜t ❢r♦♠ ❛❣r❡❡✐♥❣ ❡①✲❛♥t❡ t♦ ❛ ❝♦♠♠♦♥ st❛♥❞❛r❞✳

✶✻❚❤✐s r❡str✐❝t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r✐❧② str✐❝t❧② s♣❡❛❦✐♥❣ ♥❡❝❡ss❛r② ❢♦r t❤❡ ❛♥❛❧②s✐s ❜✉t r❡❧❛t❡s s♣❡❝✐✜❝❛❧❧② t♦ ♦♣t✐♠❛❧

st♦♣♣✐♥❣✳ ■❢ t❤❡ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞ ✐s ❤✐❣❤ ❡♥♦✉❣❤✱ ❝♦r♥❡r s♦❧✉t✐♦♥s ρ∗ = 0 ❛r✐s❡ t❤❛t r❡s✉❧t ✐♥ ❛ ❦✐♥❦ ♦❢ t❤❡

❢✉♥❝t✐♦♥ LE✳ ■♥ s✉❝❤ ❝❛s❡s t❤❡ t❤r❡s❤♦❧❞ str❛t❡❣✐❡s ✇❡ ❛ss✉♠❡ ✜r♠s t♦ ❢♦❧❧♦✇ ♥❡❡❞♥✬t ❝♦rr❡s♣♦♥❞ t♦ ♦♣t✐♠❛❧

✐♥✈❡st♠❡♥t ❜❡❤❛✈✐♦r✳ ❯♥❞❡r ♣r❡❡♠♣t✐♦♥ ❤♦✇❡✈❡r s✉❝❤ ❤✐❣❤ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞s ♦❝❝✉r ♦♥❧② ♦✛ t❤❡ ❡q✉✐❧✐❜r✐✉♠

♣❛t❤✳
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✺✳✷ ❇✉②♦✉t ❛♥❞ ❧✐❝❡♥s✐♥❣

❈♦♥tr❛❝t✐♥❣ ✐♥ ❛ ✈❛r✐❡t② ♦❢ ❢♦r♠s✱ r❛♥❣✐♥❣ ❢r♦♠ ❥♦✐♥t ✈❡♥t✉r❡s ❛♥❞ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ❧✐❝❡♥s✐♥❣

❝♦♥tr❛❝ts t♦ ❛❝q✉✐s✐t✐♦♥s ❛♥❞ ♣❛②✲❢♦r✲❞❡❧❛② ❛❣r❡❡♠❡♥ts✱ ❣❡♥❡r❛❧❧② ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ✐♥♥♦✲

✈❛t✐♦♥ ❞❡❝✐s✐♦♥s✳ ❚❤❡s❡ ❞✐✛❡r❡♥t ♠❡❛s✉r❡s ❤❛✈❡ ❝♦♥tr❛st✐♥❣ ❡✛❡❝ts ♦♥ ✐♥✈❡st♠❡♥t ✐♥❝❡♥t✐✈❡s t❤❛t

❝❛♥ ❜❡ r❡❛❞✐❧② s❦❡t❝❤❡❞ ♦✉t ✇✐t❤✐♥ ♦✉r ❢r❛♠❡✇♦r❦✳ ❙✉♣♣♦s❡ t❤❛t ✜r♠s ❤❛✈❡ t❤❡ ♦♣♣♦rt✉♥✐t② t♦

❝♦♥tr❛❝t ♦♥❧② ♦♥❝❡ t♦ tr❛♥s❢❡r ❡✐t❤❡r ❛ss❡t ♦r t❡❝❤♥♦❧♦❣② ♦✇♥❡rs❤✐♣ ✐♥ ❡①❝❤❛♥❣❡ ❢♦r ❛ ❧✉♠♣ s✉♠

tr❛♥s❢❡r ✭ϕ✮ ❢r♦♠ t❤❡ ✐♥♥♦✈❛t✐♥❣ ✜r♠ t♦ t❤❡ ✐♠✐t❛t✐♥❣ ✜r♠✱ ❛♥❞ ❛ss✉♠❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t t❤❡

❝♦♥tr❛❝t ✐s ✇r✐tt❡♥ ❜② t❤❡ ✐♥♥♦✈❛t♦r ✇❤♦ ❞❡t❛✐♥s ❛❧❧ ❜❛r❣❛✐♥✐♥❣ ♣♦✇❡r✳

❇❡❝❛✉s❡ ♦❢ t❤❡ ❡✣❝✐❡♥❝② ❡✛❡❝t ✭πM > 2πD✮✱ ✐t ✐s ♣r♦✜t❛❜❧❡ ✐♥ ♣r✐♥❝✐♣❧❡ ❢♦r ❛♥ ✐♥♥♦✈❛t♦r t♦

♣❛② ❢♦r ✐ts r✐✈❛❧ ♥♦t t♦ s✉❜s❡q✉❡♥t❧② ❡♥t❡r t❤❡ ♠❛r❦❡t✱ ❜② ❜✉②✐♥❣ ✐t ♦✉t ✐❢ ✐t ❝❛♥ ♦r ❡♥❣❛❣✐♥❣ ✐♥ ❛

❧✐♠✐t✐♥❣ ❝❛s❡ ♦❢ ❛ ♣❛②✲❢♦r✲❞❡❧❛② ❛❣r❡❡♠❡♥t✳ Pr♦❝❡❡❞✐♥❣ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✱ ✐♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥

♣❤❛s❡ t❤❛t ❜❡❣✐♥s ✇❤❡♥ ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❛t ❛ t❤r❡s❤♦❧❞ Yi✱ t❤❡ r❡♠❛✐♥✐♥❣ ✜r♠ ❤❛s ❛♥ ❡①♣❡❝t❡❞

♣❛②♦✛ F (Yi)✳ ❆t t❤❡ ♠♦♠❡♥t t❤❡ ✜rst ✜r♠ ✐♥♥♦✈❛t❡s✱ t❤❡ r✐✈❛❧✬s ❝♦♥t✐♥✉❛t✐♦♥ ♣❛②♦✛ ❝♦♥st✐t✉t❡s ❛

♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ❢♦r ❛♥② ❝♦♥tr❛❝t t❤❛t t❤❡ ✐♥♥♦✈❛t♦r ♦✛❡rs✳ ❚❤❡ ✐♥♥♦✈❛t✐♥❣ ✜r♠ t❤❡r❡❢♦r❡

♦✛❡rs ❛ tr❛♥s❢❡r ϕ∗ (Yi) =C (Yi) ✇❤❡♥ ✐t ✐♥✈❡sts ✇❤♦s❡ ✈❛❧✉❡ ❛t t = 0 ✐s F (Y ) ❛♥❞ t❤❡ ❧❡❛❞❡r ♣❛②♦✛

❜❡❝♦♠❡s

LB (Y ) :=

(
πM
r − α

Y − I

)( y
Y

)β
− F (Y ) ✳

❚❤❡ ❡✛❡❝t ♦❢ ❛❧❧♦✇✐♥❣ ❜✉②♦✉ts ♦♥ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐s ✐♥t✉✐t✐✈❡✳ ■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡

❝❛s❡ ✇❤❡r❡ t❤❡② ❛r❡ r✉❧❡❞ ♦✉t✱ t❤❡ ❢♦❧❧♦✇❡r ♣❛②♦✛ ✐s ✉♥❝❤❛♥❣❡❞ ✇❤❡r❡❛s t❤❡ ❧❡❛❞❡r ♣❛②♦✛ ✐s ❛t

❧❡❛st ❛s ❧❛r❣❡ r❡♥❞❡r✐♥❣ ♣r❡❡♠♣t✐♦♥ ♠♦r❡ ❧✐❦❡❧②✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❛❧❧ ❡❧s❡ ❡q✉❛❧ t❤❡ ♠❛❣♥✐t✉❞❡

♦❢ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❜✉②♦✉t ♦♣t✐♦♥ ♦♥ t❤❡ ❧❡❛❞❡r ♣❛②♦✛ ❞❡♣❡♥❞s ♦♥ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ ❡✣❝✐❡♥❝②

❡✛❡❝t✱ ❛♥❞ ✐❢ t❤❡ ❧❛tt❡r ✐s s✉✣❝✐❡♥t❧② str♦♥❣ ♦r ✐♥ ✐♥❞✉str✐❡s ✇✐t❤ s✉✣❝✐❡♥t❧② ❤✐❣❤ ❞❡♠❛♥❞ ❣r♦✇t❤

♦r ✈♦❧❛t✐❧✐t② ✭s♣❡❝✐✜❝❛❧❧② ✐❢ πM/πD ≥ β + 1✮ ❛ttr✐t✐♦♥ ❞♦❡s ♥♦t ♦❝❝✉r ❢♦r ❛♥② ❧❡✈❡❧ ♦❢ K✳

❲❤❡t❤❡r t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❜✉②♦✉t r✉♥s ✐♥ t❤❡ ✐♥t❡r❡st ♦❢ ✜r♠s ♦r ♥♦t ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦st

♦❢ ✐♠✐t❛t✐♦♥✳ ❯♥❞❡r ♣r❡❡♠♣t✐♦♥ ❡①♣❡❝t❡❞ ♣r♦✜ts ❛r❡ ♣❡❣❣❡❞ t♦ t❤❡ ❢♦❧❧♦✇❡r ✈❛❧✉❡ ❛♥❞ t❤❡r❡❢♦r❡

✉♥❛✛❡❝t❡❞ ❜② t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❜✉②♦✉ts✱ ✇❤❡r❡❛s ✐❢ t❤❡ ✐♥❞✉str② ❢✉♥❝t✐♦♥s ♥❛t✉r❛❧❧② ✉♥❞❡r ❛ttr✐t✐♦♥

✭K < K̂✮ t❤❡② ❛r❡ ♣❡❣❣❡❞ t♦ t❤❡ ❧❡❛❞❡r ✈❛❧✉❡ ❛♥❞ ✐♥❝r❡❛s❡ ✐❢ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❜✉②♦✉ts ✐s ✐♥tr♦❞✉❝❡❞✱

s♦ t❤❛t ♦♥❡ ✇♦✉❧❞ ❡①♣❡❝t ❛ ♠♦r❡ ❛❝t✐✈❡ ♠❛r❦❡t ❢♦r ❛❝q✉✐s✐t✐♦♥s t♦ ❞❡✈❡❧♦♣ ✐♥ s✉❝❤ ✐♥❞✉str✐❡s✱ ❛♥❞

❛❧❧ t❤❡ ♠♦r❡ s♦ ✐❢ ❞❡♠❛♥❞ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ ❤✐❣❤✳

■❢ ❛ ❜✉②♦✉t ✐s ♥♦t ♣♦ss✐❜❧❡ ❛♥ ✐♥♥♦✈❛t♦r ♠✉st ❝♦♥t❡♥❞ ✇✐t❤ ❢♦❧❧♦✇❡r ❡♥tr② ❜✉t ❝❛♥ r❡❝♦✉♣

r❡✈❡♥✉❡ ❢r♦♠ t❤❡ ✐♠✐t❛t♦r✬s ✐♥✈❡st♠❡♥t ❜② s❡tt✐♥❣ ❛♥ ❛♣♣r♦♣r✐❛t❡ ❧✐❝❡♥s❡ ❢❡❡✳ ❙✉♣♣♦s❡ t❤❛t K =

K0+KI ✇❤❡r❡ K0 ✐s ❛♥ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❧❡✈❡❧ ♦❢ ✐♠✐t❛t✐♦♥ ❝♦st r❡✢❡❝t✐♥❣ s✉❝❤ ✐t❡♠s ❛s ❞✐str✐❜✉t✐♦♥
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❛♥❞ ♠❛r❦❡t✐♥❣ ❡①♣❡♥s❡s ❛♥❞ KI ❞❡♥♦t❡s t❤❡ ♣❛rt ♦❢ t❤❡ ✐♠✐t❛t♦r✬s ♣r♦❞✉❝t ❞❡✈❡❧♦♣♠❡♥t ❝♦st t❤❛t

❝❛♥ ❜❡ ❡❧✐♠✐♥❛t❡❞ ❜② ❛ t❡❝❤♥♦❧♦❣② tr❛♥s❢❡r ❢r♦♠ t❤❡ ✐♥♥♦✈❛t♦r✳ ❇❡❝❛✉s❡ ❧✐❝❡♥s✐♥❣ ❞♦❡s ♥♦t ❛❧❧♦✇

t❤❡ ✐♥♥♦✈❛t♦r t♦ ♣✉s❤ ❜❛❝❦ t❤❡ ♠♦♠❡♥t ♦❢ ✐♠✐t❛t✐♦♥✱ t❤❡ ♦♣t✐♠❛❧ ♣♦❧✐❝② ✐s t♦ s❡t t❤❡ ♠❛①✐♠✉♠

❧✐❝❡♥s❡ ❢❡❡ ❛t t❤❡ ♠♦♠❡♥t ♦❢ ✐♠✐t❛t✐♦♥ ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t✱ ϕ∗ = −KI ✳

Pr♦❝❡❡❞✐♥❣ ❜② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥✱ t❤❡ ❡①♣❡❝t❡❞ r❡✈❡♥✉❡ ❢r♦♠ ❧✐❝❡♥s✐♥❣ ❝♦♥st✐t✉t❡s ❛♥ ❛❞❞✐✲

t✐♦♥❛❧ t❡r♠ ❛♥❞ r❛✐s❡s t❤❡ ❧❡❛❞❡r ♣❛②♦✛ ✇❤✐❝❤ ❜❡❝♦♠❡s

LL (Y ) :=

(
πM
r − α

Y − I

)( y
Y

)β
−

(
πM − πD
r − α

max {Y, YF } −KI

)(
y

max {Y, YF }

)β

✳

❆s t❤❡ ❧❡❛❞❡r ♣❛②♦✛ s❤✐❢ts ✉♣ t♦ t❤❡ ❧❡❢t ♦❢ YF ✇❤✐❧❡ ❧❡❛✈✐♥❣ t❤❡ ❢♦❧❧♦✇❡r ♣❛②♦✛ ❢✉♥❝t✐♦♥ ✉♥✲

❝❤❛♥❣❡❞✱ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐s ♠♦r❡ ♣r❡❡♠♣t✐✈❡ ✇✐t❤ ❧✐❝❡♥s✐♥❣ ❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ❜✉②♦✉ts✳ ❍♦✇✲

❡✈❡r ✇❤❡r❡❛s t❤❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ✐♥tr♦❞✉❝✐♥❣ ❜✉②♦✉ts ❛r❡ ❛♠❜✐❣✉♦✉s ✭✜r♠s ✇❡❛❦❧② ❜❡♥❡✜t

❛♥❞ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♥♥♦✈❛t✐♦♥ ✐♥❝r❡❛s❡s ❜❡❝❛✉s❡ ♣r♦❞✉❝t ✐♥♥♦✈❛t✐♦♥ ♦❝❝✉rs ❡❛r❧✐❡r✱

❜✉t t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♠✐t❛t✐♦♥ ✐s ❡❧✐♠✐♥❛t❡❞✮✱ t❤❡ ✇❡❧❢❛r❡ ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❧✐❝❡♥s✐♥❣ ❛r❡

✉♥❛♠❜✐❣✉♦✉s❧② ♣♦s✐t✐✈❡✳ ❚❤❡ ✈✐s✐❜❧❡ ❡✛❡❝t ♦❢ ❧✐❝❡♥s✐♥❣ ✐s ♦❢ ❝♦✉rs❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ r❡❞✉❝t✐♦♥ ✐♥

t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♦❢ ❘✫❉ ❡✛♦rts✱ ❜✉t t❤❡ ✐♥❞✐r❡❝t ❜❡♥❡✜t ✭❜❡②♦♥❞ ❛♥② ✐♥❝r❡❛s❡ ✐♥ ✜r♠ ✈❛❧✉❡ t❤❛t

♠❛② ♦❝❝✉r ✐❢ t❤❡ ✐♥❞✉str② ❢✉♥❝t✐♦♥s ✐♥✐t✐❛❧❧② ✉♥❞❡r ❛ttr✐t✐♦♥✮ st❡♠s ❢r♦♠ t❤❡ r❡s✉❧t✐♥❣ ❛❝❝❡❧❡r❛t✐♦♥

♦❢ ✐♥♥♦✈❛t✐♦♥ ✇❤✐❝❤ r❛✐s❡s ❝♦♥s✉♠❡r s✉r♣❧✉s✳

❚❤✉s✱

Pr♦♣♦s✐t✐♦♥ ✻ ❲✐t❤ ❝♦♥tr❛❝t✐♥❣ ❜❡t✇❡❡♥ t❤❡ ✐♥♥♦✈❛t♦r ❛♥❞ t❤❡ ✐♠✐t❛t♦r (i) ❜✉②♦✉ts ❛r❡ t❤❡ ♣r❡✲

❢❡rr❡❞ ✐♥str✉♠❡♥t ♦❢ ❛♥ ✐♥♥♦✈❛t♦r ❛♥❞ r❛✐s❡ ✐♥❞✉str② ♣r♦✜t ✐❢ K < K̂ ✇❤❡r❡❛s (ii) ❧✐❝❡♥s✐♥❣ ✐s

P❛r❡t♦ ✐♠♣r♦✈✐♥❣✳

✻ ❈♦♥❝❧✉s✐♦♥

❲❡ ❤❛✈❡ s♦✉❣❤t t♦ ❞❡✈❡❧♦♣ ❛ ❢r❛♠❡✇♦r❦ t♦ st✉❞② t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ r❡s♦✉r❝❡s t♦ ✐♥♥♦✈❛t✐♦♥ ❛♥❞

t♦ ✐♠✐t❛t✐♦♥ t❤❛t ❡①♣❧✐❝✐t❧② ✐♥❝♦r♣♦r❛t❡s ✐♥t❡rr❡❧❛t❡❞ ✐♥✈❡st♠❡♥t ❞❡❝✐s✐♦♥s ✉♥❞❡r ✉♥❝❡rt❛✐♥t② ❜②

✐♠♣❡r❢❡❝t❧② ❝♦♠♣❡t✐t✐✈❡ ✜r♠s✳ ❆s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❝❧❛ss✐❝ ❧✐t❡r❛t✉r❡ ♦♥ ♣❛t❡♥t ❜r❡❛❞t❤✱ ❜②

❡♥❞♦❣❡♥✐③✐♥❣ t❤❡ t✐♠❡ ❛t ✇❤✐❝❤ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥ ♦❝❝✉r ✇❡ ❛r❡ ❛❜❧❡ t♦ ❤✐❣❤❧✐❣❤t ❛ ♥♦✈❡❧

❝❤❛♥♥❡❧ t❤r♦✉❣❤ ✇❤✐❝❤ ■P ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧s ❛❝t ✉♣♦♥ ✇❡❧❢❛r❡ t❤r♦✉❣❤ t❤❡✐r ❡✛❡❝t ♦♥ t❤❡ ❞②♥❛♠✐❝

❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s✳

❚❤❡ ♠❛✐♥ ♠❡ss❛❣❡ t❤❛t ❡♠❡r❣❡s ❢r♦♠ ♦✉r ❛♥❛❧②s✐s ✐s ❛ ❜r♦❛❞❧② ❢❛♠✐❧✐❛r ♦♥❡ ✐♥s♦❢❛r ❛s ✇❡ ✜♥❞

t❤❛t ■P ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧s ♠✉st ❜❡ s✉✣❝✐❡♥t❧② ❤✐❣❤ t♦ ♣r♦✈✐❞❡ ❛♣♣r♦♣r✐❛t❡ ✐♥❝❡♥t✐✈❡s ❢♦r ✐♥♥♦✈❛t✐♦♥✳

✷✽



❇② ✐♥t❡❣r❛t✐♥❣ t❤❡ t❤❡♦r② ♦❢ ✐♥✈❡st♠❡♥t ✉♥❞❡r ✉♥❝❡rt❛✐♥t② ✐♥t♦ t❤❡ ❛♥❛❧②s✐s ♦❢ ✐♥♥♦✈❛t✐♦♥ ✐♥❝❡♥t✐✈❡s

✇❡ ❛r❡ ❛❜❧❡ t♦ s❤❛r♣❡♥ t❤✐s ❣❡♥❡r❛❧ ♣❡rs♣❡❝t✐✈❡ ❜② ♣✐♥♣♦✐♥t✐♥❣ s♣❡❝✐✜❝ ♠❛r❦❡t ❝❤❛r❛❝t❡r✐st✐❝s

t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ❦❡② ❞❡t❡r♠✐♥❛♥ts ♦❢ ✐♥✈❡st♠❡♥t✱ ❛♥❞ ✇❤✐❝❤ ♣r♦✈✐❞❡ ❛ ❣r♦✉♥❞✐♥❣ ❢♦r str♦♥❣ ■P

♣r♦t❡❝t✐♦♥ ✐♥ ❝✐r❝✉♠st❛♥❝❡s t❤❛t s❡❡♠ ♠♦st ❧✐❦❡❧② t♦ ❜❡ ♣r❡s❡♥t ✐♥ ♠❛t✉r❡ ✐♥❞✉str✐❡s✳ ■♥ s✉❝❤

✐♥❞✉str✐❡s t❤❡♥ ✇❡ ✜♥❞ t❤❛t t❤❡ ❜❛rr✐❡rs t♦ ✐♠✐t❛t✐♦♥ s❤♦✉❧❞ ❜❡ s✉✣❝✐❡♥t❧② ❤✐❣❤ s♦ ❛s t♦ r❡♥❞❡r

❞②♥❛♠✐❝ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s ♣r❡❡♠♣t✐✈❡✱ ❛♥❞ ✐❢ ❞✐s❝♦✉♥t✐♥❣ ✐s ✐♠♣♦rt❛♥t ❡♥♦✉❣❤ ✐t s❤♦✉❧❞

t❛❦❡ t❤❡ ❢♦r♠ ♦❢ ❛ ✇✐♥♥❡r✲t❛❦❡✲❛❧❧ ❝♦♥t❡st✳

■♥ t❤♦s❡ ✐♥❞✉str✐❡s ✐♥ ✇❤✐❝❤ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t② ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤✱ ❛♥❞ ✇❤✐❝❤ ❛r❡ t❤♦s❡ ♠♦st

t②♣✐❝❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈✐❜r❛♥t ✐♥♥♦✈❛t✐♦♥✱ ❛ttr✐t✐♦♥ ♠❛② ❛❧s♦ ❜❡ ♦♣t✐♠❛❧ s♦ t❤❛t t❤❡ ❛❞❞✐t✐♦♥❛❧

❜❡♥❡✜ts ♦❢ ✐♠✐t❛t✐♦♥ r❡s✉❧t✐♥❣ ❢r♦♠ ❣r❡❛t❡r ♣r♦❞✉❝t ♠❛r❦❡t ❝♦♠♣❡t✐t✐♦♥ ❞♦ ♥♦t ❛rr✐✈❡ ❡①❝❡ss✐✈❡❧②

❧❛t❡✳ ❊✈❡♥ t❤❡♥ ■P ♣r♦t❡❝t✐♦♥ ♠❛② ❜❡ ♥❡❝❡ss❛r② ✐❢ t❤❡ ❝♦st ♦❢ ✐♠✐t❛t✐♦♥ ✐s ❡①tr❡♠❡❧② ❧♦✇✱ ✐♥ ♦r❞❡r

t♦ ❡♥s✉r❡ t❤❛t ❛ ✜r♠ t❤❛t ❞❡✈❡❧♦♣s ❛♥ ✐♠✐t❛t✐✈❡ ♣r♦❞✉❝t ❛s t❤❡ ✇✐♥♥❡r ♦❢ t❤❡ ❛ttr✐t✐♦♥ ❣❛♠❡

♥❡✈❡rt❤❡❧❡ss ✏♣❛②s s♦♠❡✑ ❛♥❞ t❤❛t ❛♥ ✐♥❞✉str② ❞♦❡s ♥♦t ❜❡❝♦♠❡ ♠✐r❡❞ ✐♥ ✐♥❡✣❝✐❡♥t ❞②♥❛♠✐❝s

❞❡s❝r✐❜❡❞ ❜② ❙❝❤❡r❡r ✭✶✾✽✵✮✳

❚❤r♦✉❣❤♦✉t ♦✉r ❛♥❛❧②s✐s ✇❡ ❤❛✈❡ s♦✉❣❤t t♦ ✐❧❧✉str❛t❡ t❤❡ t❤❡♦r② ✇✐t❤ st②❧✐③❡❞ ❢❛❝ts ♣❡rt❛✐♥✐♥❣

t♦ ❛ s♣❡❝✐✜❝ ✐♥❞✉str②✱ t❤❡ ❜✐♦♣❤❛r♠❛❝❡✉t✐❝❛❧ ✐♥❞✉str②✱ ✐♥ ✇❤✐❝❤ ❜♦t❤ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ t❤❡ r❡❣✉❧❛t✐♦♥

♦❢ ✐♥♥♦✈❛t✐♦♥ ♣❧❛② ❛ ❝❡♥tr❛❧ r♦❧❡✳ ■♥ t❤❡ ♣r❛❝t✐❝❡ ♦❢ ❛♥t✐tr✉st ❛♥❞ ✐♥❞✉str✐❛❧ ♣♦❧✐❝② ❞❡❝✐s✐♦♥s ✐t ✐s

❝♦♠♠♦♥ t♦ ❢♦❝✉s ✉♣♦♥ st❛t✐❝ ♣r♦❞✉❝t ♠❛r❦❡t ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤♦s❡ ❞❡♠❛♥❞ ❝❤❛r❛❝t❡r✐st✐❝ t❤❛t

✇❡ ❤❛✈❡ s♦✉❣❤t t♦ ❤✐❣❤❧✐❣❤t t❤♦✉❣❤✱ ❞❡♠❛♥❞ ❣r♦✇t❤ ❛♥❞ ✈♦❧❛t✐❧✐t②✱ ♣❧❛② ❛t ❧❡❛st ❛s s✐❣♥✐✜❝❛♥t

❛ r♦❧❡ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ✐♥✈❡st♠❡♥t ✐♥❝❡♥t✐✈❡s ❛♥❞ ♣r♦❞✉❝t ❞❡✈❡❧♦♣♠❡♥t ❞❡❝✐s✐♦♥s✱ ❛♥❞ ❛s s✉❝❤

s❤♦✉❧❞ ♥❛t✉r❛❧❧② ✉♥❞❡r❧✐❡ ❛♥② ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ■P ♣r♦t❡❝t✐♦♥ ❧❡✈❡❧s✳

❘❡❢❡r❡♥❝❡s

❬✶❪ ❆r♦r❛ ❆✱ ❇r❛♥st❡tt❡r ▲✱❈❤❛tt❡r❥❡❡ ❈ ✭✷✵✵✽✮ ❙tr♦♥❣ ♠❡❞✐❝✐♥❡✿ ♣❛t❡♥t r❡❢♦r♠ ❛♥❞ t❤❡ ❡♠❡r✲

❣❡♥❝❡ ♦❢ ❛ r❡s❡❛r❝❤✲❞r✐✈❡♥ ♣❤❛r♠❛❝❡✉t✐❝❛❧ ✐♥❞✉str② ✐♥ ■♥❞✐❛✱ P❛♣❡r ♣r❡s❡♥t❡❞ ❛t t❤❡ ◆❇❊❘
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❬✷✾❪ ❘✐❡❞❡❧ ❋✱ ❙t❡❣ ❏✲❍ ✭✷✵✶✼✮ ❙✉❜❣❛♠❡✲♣❡r❢❡❝t ❡q✉✐❧✐❜r✐❛ ✐♥ st♦❝❤❛st✐❝ t✐♠✐♥❣ ❣❛♠❡s✱ ❢♦rt❤❝♦♠✐♥❣

❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❊❝♦♥♦♠✐❝s

❬✸✵❪ ❙❛♠✉❡❧s♦♥ P✱ ❙❝♦t❝❤♠❡r ❙ ✭✷✵✵✷✮ ❚❤❡ ❧❛✇ ❛♥❞ ❡❝♦♥♦♠✐❝s ♦❢ r❡✈❡rs❡ ❡♥❣✐♥❡❡r✐♥❣✱ ❨❛❧❡ ▲❛✇

❏♦✉r♥❛❧ ✶✶✶✿✶✺✼✺✲✶✻✻✸✳

❬✸✶❪ ❙❝❤❡r❡r ❋✱ ❲❛t❛❧ ❏ ✭✷✵✵✷✮ P♦st✲❚❘■P❙ ♦♣t✐♦♥s ❢♦r ❛❝❝❡ss t♦ ♣❛t❡♥t❡❞ ♠❡❞✐❝✐♥❡s ✐♥ ❞❡✈❡❧♦♣✐♥❣

❝♦✉♥tr✐❡s✱ ❏♦✉r♥❛❧ ♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝ ▲❛✇ ✺✭✹✮✿✾✶✸✲✾✸✾✳

✸✶



❬✸✷❪ ❚❤✐❥ss❡♥ ❏ ✭✷✵✶✸✮ ●❛♠❡ t❤❡♦r❡t✐❝ r❡❛❧ ♦♣t✐♦♥s ❛♥❞ ❝♦♠♣❡t✐t✐♦♥ r✐s❦✱ ✐♥✿ ❇❡♥s♦✉ss❛♥ ❆✱ P❡♥❣

❙✱ ❙✉♥❣ ❏ ✭❡❞s✳✮✱ ❘❡❛❧ ❖♣t✐♦♥s✱ ❆♠❜✐❣✉✐t②✱ ❘✐s❦ ❛♥❞ ■♥s✉r❛♥❝❡ ✭❆♠st❡r❞❛♠✿ ■❖❙ Pr❡ss✮✳

❬✸✸❪ ❚❤✐❥ss❡♥ ❏✱ ❍✉✐s♠❛♥ ❑✱ ❑♦rt P ✭✷✵✵✻✮ ❚❤❡ ❡✛❡❝ts ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♦♥ str❛t❡❣✐❝ ✐♥✈❡st♠❡♥t ❛♥❞

✇❡❧❢❛r❡✱ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✷✽✭✷✮✿✸✾✾✲✹✷✹✳

❬✸✹❪ ❚❤✐❥ss❡♥ ❏✱ ❍✉✐s♠❛♥ ❑✱ ❑♦rt P ✭✷✵✶✷✮ ❙②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ✐♥ ❣❛♠❡ t❤❡♦r❡t✐❝

r❡❛❧ ♦♣t✐♦♥ ♠♦❞❡❧s✱ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❊❝♦♥♦♠✐❝s ✹✽✭✹✮✿✷✶✾✲✷✷✺✳

❬✸✺❪ ❲✐❧s♦♥ P ✭✷✵✶✵✮ ●✐✈✐♥❣ ❞❡✈❡❧♦♣✐♥❣ ❝♦✉♥tr✐❡s t❤❡ ❜❡st s❤♦t✿ ❆♥ ♦✈❡r✈✐❡✇ ♦❢ ✈❛❝❝✐♥❡ ❛❝❝❡ss

❛♥❞ ❘✫❉✱ ❖①❢❛♠ ■♥t❡r♥❛t✐♦♥❛❧✱ ✷✽ ♣❛❣❡s✳

❬✸✻❪ ❲✐tt② ❆ ✭✷✵✶✵✮ ◆❡✇ str❛t❡❣✐❡s ❢♦r ✐♥♥♦✈❛t✐♦♥ ✐♥ ❣❧♦❜❛❧ ❤❡❛❧t❤✿ ❆ ♣❤❛r♠❛❝❡✉t✐❝❛❧ ✐♥❞✉str②

♣❡rs♣❡❝t✐✈❡✱ ❍❡❛❧t❤ ❆✛❛✐rs ✸✵✭✶✮✿✶✶✽✲✶✷✻✳

❆ Pr♦♦❢s ❛♥❞ ❞❡r✐✈❛t✐♦♥s

❆✳✶ ❈♦♥t✐♥✉❛t✐♦♥ ♣❛②♦✛ C

❖♥❝❡ t❤❡ r✐✈❛❧ ✜r♠ ❤❛s ✐♥✈❡st❡❞ ❛t Yt = y ❛♥② r❡♠❛✐♥✐♥❣ ✜r♠ ❤♦❧❞s ❛ st❛♥❞❛r❞ ❣r♦✇t❤ ♦♣t✐♦♥

✭❉✐①✐t ❛♥❞ P✐♥❞②❝❦ ❬✽❪✮ ✇❤♦s❡ ✈❛❧✉❡ ✐s ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣ ❛♥ ♦♣t✐♠❛❧ st♦♣♣✐♥❣ ♣r♦❜❧❡♠

C (y) = sup
τ≥t

Ey




∞∫

τ

πDYse
−rsds−Ke−rτ


 ✳

❋r♦♠ t❤❡ ❍❛♠✐❧t♦♥✲❏❛❝♦❜✐✲❇❡❧❧♠❛♥ ❡q✉❛t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ C(y) s❛t✐s✜❡s

rC (y) dt = EydC (y)

❛♥❞ ❡①♣❛♥❞✐♥❣ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✉s✐♥❣ ■tô✬s ❧❡♠♠❛ ②✐❡❧❞s t❤❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥ t❤❛t

C(y) s♦❧✈❡s ✐♥ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ r❡❣✐♦♥ (0, YF )✱

rC = αyC ′ +
1

2
σ2y2C ′′✱

❛❧♦♥❣ ✇✐t❤ ❜♦✉♥❞❛r② ❛♥❞ s♠♦♦t❤ ♣❛st✐♥❣ ❝♦♥❞✐t✐♦♥s

C (0) = 0

C (YF ) =
πD
r − α

YF −K

C ′ (YF ) = 1✳

✸✷



❚❤❡ ❢✉♥❝t✐♦♥ C (y) = A1y
β1+A2y

β2 ✐s ❛ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥✳ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❢✉♥❞❛♠❡♥t❛❧ q✉❛❞r❛t✐❝

✐s 0.5σ2β (β − 1) + βα− r = 0✳ ■t ❤❛s t✇♦ r♦♦ts ♦❢ ✇❤✐❝❤ ♦♥❧②

β =
1

2
−

α

σ2
+

√(
α

σ2
−

1

2

)2

+
2r

σ2

✐s ♣♦s✐t✐✈❡✳ ❙❡tt✐♥❣ β1 = β ❛♥❞ A2 = 0 t♦ s❛t✐s❢② t❤❡ ✜rst ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡

r❡♠❛✐♥✐♥❣ ❝♦♥❞✐t✐♦♥s t❤❛t

YF =
β

β − 1

r − α

πD
K

❛♥❞ t❤❛t A1 = (1/β) [YF ]
−(β−1) ✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r AC ✐♥ t❤❡ t❡①t✳

❆✳✷ ▲❡❛❞❡r✱ ❢♦❧❧♦✇❡r ❛♥❞ s✐♠✉❧t❛♥❡♦✉s ✐♥✈❡st♠❡♥t ♣❛②♦✛ ❢✉♥❝t✐♦♥s L, F ❛♥❞

M

❆✳✷✳✶ ❉❡r✐✈❛t✐♦♥ ♦❢ L,F ❛♥❞ M

❚❤❡ ❡①♣r❡ss✐♦♥ ✭✸✮ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ L (Y ) ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ st❡♣s✳ ❙✐♥❝❡ t❤❡ r✐✈❛❧✬s

❡♥tr② ❝❛♥ ❡q✉✐✈❛❧❡♥t❧② ❜❡ ✈✐❡✇❡❞ ❛s ❛ ♥❡❣❛t✐✈❡ s❤♦❝❦ t♦ t❤❡ ✜r♠✬s ♣❡r♣❡t✉❛❧ str❡❛♠ ♦❢ ♠♦♥♦♣♦❧②

♣r♦✜ts st❛rt✐♥❣ ❛t t✐♠❡ τ (max {Y, YF })✱

Ey

(∫ τ(max{Y,YF })

τ(Y )
πMYse

−rsds− e−rτ(Y )I +

∫ ∞

τ(max{Y,YF })
πDYse

−rsds

)

= Ey

(∫ ∞

τ(Y )
πMYse

−rsds− e−rτ(Y )I −

∫ ∞

τ(max{Y,YF })
(πM − πD)Yse

−rsds

)
✳

▼♦✈✐♥❣ t❤❡ ❝♦♥st❛♥t t❡r♠s ♦✉ts✐❞❡ t❤❡ ✐♥t❡❣r❛❧s ❛♥❞ ✉s✐♥❣ Eye
−rτ(Y )ds = (y/Y )β ✱ t❤❡ ♠❛rt✐♥❣❛❧❡

♣r♦♣❡rt② ♦❢ ❇r♦✇♥✐❛♥ ♠♦t✐♦♥ ❛♥❞ Ey

∫∞
0 Yse

−rsds = (y/ (r − α))✱

Ey

(∫ ∞

τ(Y )
πMYse

−rsds− e−rτ(Y )I −

∫ ∞

τ(max{Y,YF })
(πM − πD)Yse

−rsds

)

=

(
πM
r − α

Y − I

)( y
Y

)β
−
πM − πD
r − α

yβ

[max {Y, YF }]
β−1

✳

❚❤❡ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❢♦❧❧♦✇❡r ♣❛②♦✛ ✭✹✮ r❡s✉❧ts ❢r♦♠ ❞✐s❝♦✉♥t✐♥❣ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♣❛②♦✛ C✱

✇❤✐❝❤ ✐s r❡❛❧✐③❡❞ ❛t t❤❡ t❤r❡s❤♦❧❞ max {Y, YF }✱ t♦ t❤❡ ❝✉rr❡♥t t✐♠❡ ❛♥❞ ❧❡✈❡❧ ♦❢ t❤❡ st♦❝❤❛st✐❝

s❤♦❝❦✳ ❋✐♥❛❧❧② t❤❡ s✐♠✉❧t❛♥❡♦✉s ♣❛②♦✛ ✭✺✮ ✐s ❞❡r✐✈❡❞ s✐♠✐❧❛r❧② t♦ ✭✸✮✱ ♥♦t✐♥❣ t❤❛t t❤❡ ✢♦✇ ♣r♦✜t

✉♣♦♥ ✐♥✈❡st♠❡♥t ✐s πD ✐♥st❡❛❞ ♦❢ πM ❛♥❞ t❤❛t t❤❡r❡ ✐s ♥♦ ❢♦❧❧♦✇✲♦♥ ❡♥tr② s♦ t❤❡ ❜♦✉♥❞ ∞ ❝❛♥ ❜❡

s✉❜st✐t✉t❡❞ ❢♦r τ (max {Y, YF }) ✐♥ t❤❡ ✜rst ✐♥t❡❣r❛❧ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐♥t❡❣r❛❧ ❞r♦♣♣❡❞ ❛❧t♦❣❡t❤❡r✳

✸✸



❆✳✷✳✷ ❇❡❤❛✈✐♦r ♦❢ L,F ❛♥❞ M

❚❤❡ ♠♦st str❛✐❣❤t❢♦r✇❛r❞ ❝♦♥t✐♥✉❛t✐♦♥ ♣❛②♦✛s t♦ st✉❞② ❛r❡ M ❛♥❞ F ✱ ❛♥❞ t❤❡s❡ ❛r❡ ❞✐s❝✉ss❡❞

✜rst ❜❡❢♦r❡ st✉❞②✐♥❣ L✳

❋✐rst✱ M (Y ) = ((πD/ (r − α))Y − I) (y/Y )β ✐s q✉❛s✐❝♦♥❝❛✈❡ ✐♥ Y ♦✈❡r (y,∞) ✇✐t❤ ❛ ♠❛①✲

✐♠✉♠ ❛t YS := (β (r − α) I) / ((β − 1)πD) s✉❝❤ t❤❛t YS > y ❜② t❤❡ ❛ss✉♠♣t✐♦♥ ♦♥ Y0✱ ❛♥❞

limY→∞M (Y ) = 0✳ ❖❜s❡r✈❡ t❤❛t M (Y ) ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ K✳

◆❡①t✱ ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ❡①♣r❡ss F (Y )✱ ✇❤✐❝❤ ✐s t❤❡ ✈❛❧✉❡ ❛t t = 0 ♦❢ ♣❡r❝❡✐✈✐♥❣ t❤❡ ❝♦♥t✐♥✉✲

❛t✐♦♥ ♣❛②♦✛ C (Y ;K)✱ ❛s

F (Y ) =





ACy
β ✱ Y < YF(

πD
r−αY −K

) ( y
Y

)β
✱ Y ≥ YF

✳

◆♦t❡ t❤❛t F ✐s ❞✐✛❡r❡♥t✐❛❜❧❡ ❛t YF ✳ ■❢ K < ((β − 1)πDy) / (β (r − α))✱ YF < y ❛♥❞ F ✐s str✐❝t❧②

❞❡❝r❡❛s✐♥❣ ✐♥ Y ♦✈❡r (y,∞)✳ ❖t❤❡r✇✐s❡ F ✐s ❝♦♥st❛♥t ♦✈❡r [y, YF ] ❛♥❞ ❞❡❝r❡❛s✐♥❣ ♦✈❡r (YF ,∞)

✇✐t❤ limY→∞ F (Y ) = 0✳

❆♥ ✐♥❝r❡❛s❡ ✐♥ K ❤❛s t✇♦ ♣r✐♥❝✐♣❛❧ ❡✛❡❝ts ♦♥ F (Y )✿ YF ✐♥❝r❡❛s❡s s♦ t❤❡ ❣r❛♣❤ ♦❢ F ✐s ✢❛t ♦✈❡r

❛ ❧♦♥❣❡r ✐♥t❡r✈❛❧ ❛♥❞ F (Y ) ✐♥❝r❡❛s❡s ❢♦r ❛❧❧ K s♦ t❤❡ ❣r❛♣❤ ♦❢ F s❤✐❢ts ✉♣✇❛r❞✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥

♦❢ M (Y ) ❛♥❞ F (Y ) ✐s str❛✐❣❤t❢♦r✇❛r❞✿ YS < (>)YF ✐❢ ❛♥❞ ♦♥❧② ✐❢ K > (<) I ❛♥❞ ✐❢ K < I t❤❡♥

M (Y ) < F (Y ) ❢♦r ❛❧❧ Y ✇❤❡r❡❛s ✐❢ K > I t❤❡♥ M (Y ) > F (Y ) ♦✈❡r ❛ ❤❛❧❢✲❧✐♥❡ (a,∞) ✇❤❡r❡

a ∈ (y, YS)✳

❋✐♥❛❧❧②✱ t❤❡ ❧❡❛❞❡r ♣❛②♦✛ L (Y ) ✐s t②♣✐❝❛❧❧② ❞❡✜♥❡❞ ✐♥ ♣❛rts ❛❝❝♦r❞✐♥❣ t♦ ✇❤❡t❤❡r Y ✐s ❣r❡❛t❡r ♦r

s♠❛❧❧❡r t❤❛♥ YF ✳ ■❢ K < ((β − 1)πDy) / (β (r − α))✱ ♥❡❝❡ss❛r✐❧② YF < Y ❛♥❞ ❢♦❧❧♦✇❡r ✐♥✈❡st♠❡♥t

✐s ✐♠♠❡❞✐❛t❡ ❛t ❛♥② t❤r❡s❤♦❧❞✱ s♦ t❤❛t L (Y ) = M (Y ) s✐♥❝❡ t❤❡ ❧❡❛❞❡r ✜r♠ ❞♦❡s ♥♦t ❡♥❥♦② ❛

♠♦♥♦♣♦❧② ♣❤❛s❡✳ ❚❤✉s

L (Y ) =





(
πM
r−αY − I

) ( y
Y

)β
− πM−πD

r−α YF

(
y
YF

)β
✱ Y < YF

M (Y ) ✱ Y ≥ YF
✳

◆♦t❡ t❤❛t L ✐s ❝♦♥t✐♥✉♦✉s ✇✐t❤ ❛ ❦✐♥❦ ❛t YF ✳ ❚❤❡ ✜rst ♣❛rt ♦❢ L ✐s q✉❛s✐❝♦♥❝❛✈❡ ✐♥ Y ✇✐t❤ ❛

♠❛①✐♠✉♠ ❛t YL := (β (r − α) I) / ((β − 1)πM ) s✉❝❤ t❤❛t YL > y ❜② ❛ss✉♠♣t✐♦♥✳

❆♥ ✐♥❝r❡❛s❡ ✐♥ K ❤❛s t✇♦ ♣r✐♥❝✐♣❛❧ ❡✛❡❝ts ♦♥ L (Y )✿ YF ✐♥❝r❡❛s❡s r❡❞✉❝✐♥❣ t❤❡ r❛♥❣❡ ♦✈❡r

✇❤✐❝❤ t❤❡ ❣r❛♣❤s ♦❢ L ❛♥❞ M ♦✈❡r❧❛♣✱ ❛♥❞ t❤❡ ✜rst ♣❛rt ♦❢ L (Y ) ✐♥❝r❡❛s❡s s❤✐❢t✐♥❣ t❤❡ ❣r❛♣❤ ♦❢

L ✉♣✇❛r❞ ✭❛ ❧❡✈❡❧ ❡✛❡❝t✮✳ ❇❡❝❛✉s❡ πM > πD✱ YL < YS ❢♦r ❛❧❧ K ✇❤❡r❡❛s YL < (>)YF ✐❢ ❛♥❞ ♦♥❧②

✐❢ I < (>) (πM/πD)K✳ ●✐✈❡♥ t❤❡ r❛♥❦✐♥❣ ♦❢ YS ❛♥❞ YF ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ✐t ❢♦❧❧♦✇s t❤❛t ✇❤❡♥❡✈❡r

✸✹



K ≤ I✱ L ❤❛s t✇♦ ❧♦❝❛❧ ♠❛①✐♠❛ ✭YL ❛♥❞ YS✮✳ ■t ✐s s❤♦✇♥ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts

❛ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ K̃ < I s✉❝❤ t❤❛t YL (YS) ✐s ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ♦❢ L ✐❢ ❛♥❞ ♦♥❧② ✐❢ K > (<) K̃✳

❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ L ❛♥❞ M ✐s str❛✐❣❤t❢♦r✇❛r❞ ❛s L ✐s ❣r❡❛t❡r t❤❛♥ M ♦✈❡r (y, YF ) ❛♥❞

t❤❡ t✇♦ ❢✉♥❝t✐♦♥s ❝♦✐♥❝✐❞❡ ♦✈❡r [YF ,∞)✳ ❚♦ ❝♦♠♣❛r❡ L ❛♥❞ F ✜rst ♥♦t❡ t❤❛t ❢♦r s✉✣❝✐❡♥t❧② ❧♦✇

✈❛❧✉❡s ♦❢ K✱ L < F ❢♦r ❛❧❧ Y ✱ ❜✉t ♦t❤❡r✇✐s❡ t❤❡ t✇♦ ❢✉♥❝t✐♦♥s ♠❛② ✐♥t❡rs❡❝t✳ ■t ✐s ❛❧s♦ s❤♦✇♥

✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ K̂ < I s✉❝❤ t❤❛t i) YL ✐s ❛ ❣❧♦❜❛❧

♠❛①✐♠✉♠ ♦❢ L ❛♥❞ ii) ❜♦t❤ L ❛♥❞ F ❛tt❛✐♥ t❤❡ s❛♠❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ❛t YL ❛♥❞ YF r❡s♣❡❝t✐✈❡❧②✳

❆❜♦✈❡ t❤✐s t❤r❡s❤♦❧❞✱ ❞✐r❡❝t ❝❛❧❝✉❧❛t✐♦♥s ❡st❛❜❧✐s❤ t❤❛t ❡✐t❤❡r K < I ✐♥ ✇❤✐❝❤ ❝❛s❡ F > L ♦✈❡r ❛♥

✐♥t❡r✈❛❧ (a′, b′) ⊆ (y, YF ) ♦r K ≥ I ✐♥ ✇❤✐❝❤ ❝❛s❡ L ≥ F ❢♦r ❛❧❧ Y ✳

❆✳✷✳✸ ❈r✐t✐❝❛❧ t❤r❡s❤♦❧❞s K̃ ❛♥❞ K̂

❚❤❡ t❤r❡s❤♦❧❞ K̃ s♦❧✈❡s L (YL) = M (YS)✳ ■❢ K̃ < (πD/πM )I t❤❡♥ max {YL, YF } = YL s♦ ❛❢t❡r

s✉❜st✐t✉t✐♥❣✱ L (YL) = ((πD/ (r − α))YL − I) (y/YL)
β =M (YL) < M (YS) s✐♥❝❡ YS ✐s t❤❡ ✉♥✐q✉❡

❣❧♦❜❛❧ ♠❛①✐♠✐③❡r ♦❢ M ✳ ❍❡♥❝❡ ✐t ♠✉st ❜❡ t❤❛t K̃ ≥ (πD/πM )I✱ ❛♥❞ t❤❡r❡❢♦r❡ s❛t✐s✜❡s

(
πM
r − α

YL − I

)(
y

YL

)β

−
πM − πD
r − α

YF

(
y

YF

)β

=

(
πD
r − α

YS − I

)(
y

YS

)β

✳

▼✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ❜② (YF /y)
β ✭♥♦t❡ t❤❛t YF /YL = (πM/πD)

(
K̃/I

)
❛♥❞ YF /YS = K̃/I ❤❡r❡✮

❛♥❞ s✉❜st✐t✉t✐♥❣ ❢♦r r❡♠❛✐♥✐♥❣ YL, YF ❛♥❞ YS t❡r♠s ②✐❡❧❞s

1

β − 1

(
πM
πD

)β [
K̃
]β
I−(β−1) +

β

β − 1

(
1−

πM
πD

)
K̃ =

1

β − 1

[
K̃
]β
I−(β−1)

✇❤✐❝❤ ❤❛s ❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥✱

K̃ =



β
(
πM
πD

− 1
)

(
πM
πD

)β
− 1




1
β−1

I✳

❚❤❡ t❤r❡s❤♦❧❞ K̂ s♦❧✈❡s L (YL) = L (YF )✳ ■❢ K ≤ K̃ t❤❡♥ ❛s s❤♦✇♥ ❛❜♦✈❡ L (YL) ≤ M (YS)

✇❤❡r❡❛s M (YS) < L (YF )✳ ❍❡♥❝❡ ✐t ♠✉st ❜❡ t❤❛t K̂ > K̃ ✭❛♥❞ max {YL, YF } = YF ✮✳ ❚❤✐s

t❤r❡s❤♦❧❞ t❤❡r❡❢♦r❡ s♦❧✈❡s

(
πM
r − α

YL − I

)(
y

YL

)β

−
πM − πD
r − α

YF

(
y

YF

)β

=
yβ

β [YF ]
(β−1)

✳

✸✺



▼✉❧t✐♣❧②✐♥❣ ❜♦t❤ s✐❞❡s ❜② (YF /y)
β ✭♥♦t❡ t❤❛t ❤❡r❡ YF /YL = (πM/πD)

(
K̂/I

)
✮ ❛♥❞ s✉❜st✐✲

t✉t✐♥❣ ❢♦r r❡♠❛✐♥✐♥❣ YL ❛♥❞ YF t❡r♠s ②✐❡❧❞s

I

β − 1

(
πM
πD

)β [
K̂
]β
I−(β−1) +

β

β − 1

(
1−

πM
πD

)
K̂ =

K̂

β − 1
✳

✇❤✐❝❤ ❤❛s ❛ ✉♥✐q✉❡ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥✱

K̂ =



1 + β

(
πM
πD

− 1
)

(
πM
πD

)β




1
β−1

I✳ ✭✶✷✮

❆✳✸ Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶

❆✳✸✳✶ P❛rt (i)

❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ t❡①t ❛♥❞ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡s 1 ❛♥❞ 2 t❤❡r❡ ❛r❡ t✇♦ s✉❜❝❛s❡s t♦ ❝♦♥s✐❞❡r ✐♥

♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤✐s ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ K ≤ K̃ ❛♥❞ K̃ < K < K̂✳

K ≤ K̃ ❝❛s❡ ❚❤✐s ❝❛s❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ st❛♥❞❛r❞ ❛ttr✐t✐♦♥ ❣❛♠❡ ♦✈❡r (YS ,∞)✳ ■t ✐s t❤❡r❡❢♦r❡

♦♥❧② ♥❡❝❡ss❛r② t♦ ✈❡r✐❢② t❤❛t ✜r♠s ❞♦ ♥♦t ♠♦✈❡ ✐♥ [y, YS ] ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②✱ ✐♥ ✇❤✐❝❤ ❝❛s❡

❛ s♣❡❝✐✜❝ ❢♦r♠ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts✳

❋✐rst✱ ✐❢ Yi ∈ [y, YS)✱ V (Yi, Yj) = L (Yi) < M (YS) ✐❢ Yi < Yj ✱ = M (Yi) < M (YS) ✐❢ Yi = Yj ✱

= F (Yj) ✐❢ Yi > Yj ✱ s♦ V (Yi, Yj) ≤ V (YS , Yj) ❢♦r ❛♥② Yj s♦ t❤❛t ❛♥② Yi ✐♥ t❤✐s ✐♥t❡r✈❛❧ ✐s ❛

❞♦♠✐♥❛t❡❞ str❛t❡❣②✳ ■❢ Yi = YS t❤❡♥ ✐t ♠✉st ❜❡ ✈❡r✐✜❡❞ t❤❛t ♣❧❛②❡rs ❞♦ ♥♦t ♣❧❛② ❛♥ ❛t♦♠ ❛t

t❤✐s ♣♦✐♥t ✐♥ ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✳ ❇✉t ✐❢ ♣❧❛②❡r j ✐♥✈❡sts ❛t YS ✇✐t❤ ♣r♦❜❛❜✐❧✐t② q > 0✱ ❜②

❝♦♥t✐♥✉✐t② ♦❢ L t❤❡r❡ ❡①✐sts ε > 0 s✉❝❤ t❤❛t EV (YS , Ỹj) = qM (YS) + (1− q)L (YS) = M (YS) <

qF (YS + ε) + (1− q)L (YS + ε) ≈ EV (YS + ε, Ỹj)✳

❋♦❧❧♦✇✐♥❣ ❍❡♥❞r✐❝❦s ❡t ❛❧✳ ❬✶✼❪ ✜r♠s r❛♥❞♦♠✐③❡ ✐♥✈❡st♠❡♥t tr✐❣❣❡rs ❝♦♥t✐♥✉♦✉s❧② ♦✈❡r [YS ,∞)✳

❚♦ ❞❡r✐✈❡ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ❛ss✉♠❡ t❤❛t ✜r♠ j 6= i r❛♥❞♦♠✐③❡s ❤❡r ✐♥✈❡st✲

♠❡♥t tr✐❣❣❡r ❛❝❝♦r❞✐♥❣ t♦ ❛ ❞✐str✐❜✉t✐♦♥ G ✇✐t❤ ❞❡♥s✐t② g✳ ❋✐r♠ i✬s ❡①♣❡❝t❡❞ ♣❛②♦✛ ❢r♦♠ ✐♥✈❡st✐♥❣

❛t ❛ t❤r❡s❤♦❧❞ Yi ≥ YS ✐s

∫ ∞

YS

V (Yi, s)g(s)ds =

∫ Yi

YS

F (s)g(s)ds+

∫ ∞

Yi

M(Yi)g(s)ds

=

∫ Yi

YS

F (s)g(s)ds+ (1−G(s))M(Yi)✳

✸✻



❋✐r♠ i ✐s ✇✐❧❧✐♥❣ t♦ ♠✐① ♦✈❡r ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s ✐❢ ∂
(∫∞

YS
V (Yi, s)g(s)ds

)
/∂Yi = 0 ♦✈❡r (YS ,∞)✱

t❤❛t ✐s ✐❢ G ✐s s✉❝❤ t❤❛t [F (Y )−M(Y )] g (Y ) = −M ′(Y ) [1−G (Y )] ❢♦r ❛❧❧ Y ∈ (YS ,∞)✳ ❆s t❤❡

s❛♠❡ ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ❢♦r t❤❡ ♦t❤❡r ❜② s②♠♠❡tr② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ s❛t✐s✜❡s

Ga (Y ) = 1− exp

∫ Y

YS

M ′(s)

F (s)−M(s)
ds

s♦ s✉❜st✐t✉t✐♥❣ ❢♦r F ❛♥❞ M t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ✐s

Ga (Y ) =





0 ✱ Y < YS

1−
(

Y
YS

)β I
I−K

exp
{
−β I

I−K

(
Y
YS

− 1
)}

✱ Y ≥ YS
✳

K̃ < K < K̂ ❝❛s❡ ❆s L (Y ) < F (Y ) ❢♦r ❛❧❧ Y ✜r♠s ❡♥❣❛❣❡ ✐♥ ❛ ✇❛r ♦❢ ❛ttr✐t✐♦♥ ❜✉t s✐♥❝❡

L (Y ) ✐s ❞❡❝r❡❛s✐♥❣ ♦✈❡r (YL, YS′)✱ ❝♦♥st❛♥t ♦✈❡r [YS′ , YS ] ❛♥❞ ❞❡❝r❡❛s✐♥❣ ♦✈❡r (YS ,∞) t❤❡ ✇❛r

♦❢ ❛ttr✐t✐♦♥ ❤❛s ❛ ♥♦♥st❛♥❞❛r❞ ❢♦r♠✱ ✇❤❡r❡ YS′ ❞❡♥♦t❡s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ✐♥ [YL, YF ] t♦ t❤❡

❝♦♥❞✐t✐♦♥ L (Y ) =M (YS)✳

❚❤❡ s✉♣♣♦rt ♦❢ ♠✐①❡❞ str❛t❡❣✐❡s ❢♦❧❧♦✇s ❢r♦♠ ❛♥ ❛r❣✉♠❡♥t s✐♠✐❧❛r t♦ ❛❜♦✈❡✳ ❆♥② t❤r❡s❤♦❧❞

Yi ∈ (y, YL) ✐s ❛ str✐❝t❧② ❞♦♠✐♥❛t❡❞ str❛t❡❣② ❛♥❞ ♥♦ ♣❧❛②❡r ♣✉ts ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♦♥ YL ✐♥ ❛

s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✳ ❙✐♠✐❧❛r❧② ✐♥✈❡st✐♥❣ ❛t ❛♥② t❤r❡s❤♦❧❞ Yi ∈ (YS′ , YS) ✐s str✐❝t❧② ❞♦♠✐♥❛t❡❞ ❜②

✐♥✈❡st✐♥❣ ❛t YS ❛♥❞ ♥♦ ♣❧❛②❡r ✐♥✈❡sts ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❛t YS ✐♥ ❛ s②♠♠❡tr✐❝ ❡q✉✐❧✐❜r✐✉♠✳

■♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s ❛r❡ t❤❡r❡❢♦r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐str✐❜✉t❡❞ ♦✈❡r [YLYS′ ] ∪ [YS ,∞)✳

▲❡tt✐♥❣ Gb ❛♥❞ gb ❞❡♥♦t❡ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❞❡♥s✐t② ❛ss✉♠❡

t❤❛t ✜r♠ j 6= i r❛♥❞♦♠✐③❡s ❤❡r ✐♥✈❡st♠❡♥t tr✐❣❣❡r✳ ❋✐r♠ i ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ ✐♥✈❡st♠❡♥t

t❤r❡s❤♦❧❞s ✐❢ ∂
(∫∞

YS
V (Yi, s)gb(s)ds

)
/∂Yi = 0 ♦✈❡r [YL, YS′ ] ∪ [YS ,∞)✱ t❤❛t ✐s ✐❢ Gb ✐s s✉❝❤ t❤❛t

[F (Y )− L(Y )] gb (Yi) = −L′(Y ) [1−Gb (Y )] ❢♦r ❛❧❧ Y ∈ (YLYS′) ❛♥❞ [F (Y )−M(Y )] gb (Y ) =

−M ′(Y ) [1−Gb (Y )] ❢♦r ❛❧❧ Y ∈ (YS ,∞)✳ ❚❤❡ ❢♦r♠❡r ❝♦♥❞✐t✐♦♥ ❤♦❧❞s ❢♦r

Ga′ (Y ) = 1− exp

∫ Y

YL

L′(s)

F (YF )− L(s)
ds

=
L (YL)− L (Y )

F (YF )− L (Y )

✇❤✐❧❡ t❤❡ ❧❛tt❡r ❝♦♥❞✐t✐♦♥ ✐s s❛t✐s✜❡❞ ❜② Ga s♦ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞✐str✐❜✉t✐♦♥ ✐s

Gb (Y ) =





0 ✐❢ Y < YL

Ga′ (Y ) ✐❢ YL ≤ Y ≤ YS′

Ga′ (YS′) ✐❢ YS′ < Y < YS

Ga′ (YS′) + (1−Ga′ (YS′))Ga (Y ) ✐❢ Y ≥ YS

✳

✸✼



❆✳✸✳✷ P❛rt (ii)

❆s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ t❡①t ❛♥❞ ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡s 3 ❛♥❞ 4 t❤❡r❡ ❛r❡ t✇♦ s✉❜❝❛s❡s t♦ ❝♦♥s✐❞❡r ✐♥

♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤✐s ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✳ ■t ✐s s✐♠♣❧❡r t♦ ❜❡❣✐♥ ✇✐t❤ t❤❡ ♠♦r❡ st❛♥❞❛r❞ ❝❛s❡

I ≤ K ❜❡❢♦r❡ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ K̂ < K < I✳

I ≤ K ❝❛s❡ ❋♦rK ≥ I✱ L (YF ) ≥ F (YF ) s♦ t❤❛t t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ YP < YF s✉❝❤ t❤❛t L (Y ) =

F (Y )✳ ❖✈❡r (YP , YF )✱ t❤❡ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡✱ L (Y ) > F (Y )✳ ❋♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❛r❣✉♠❡♥ts ♦✈❡r

t❤✐s r❛♥❣❡ ✜r♠s s❡❡❦ t♦ ❡♥t❡r ❜❡❢♦r❡ t❤❡ r✐✈❛❧ ❛♥❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜♦t❤ ✜r♠s ✐♥✈❡st ❛t YP ✇❤✐❝❤✱

❜② t❤❡ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡✱ r❡s✉❧ts ✐♥ ❡✐t❤❡r ✜r♠ ✐♥✈❡st✐♥❣ ❛t YP ✇✐t❤ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t②✳

■♥ ♣r❡❡♠♣t✐♦♥ ♠♦❞❡❧s✱ ❥♦✐♥t ✐♥✈❡st♠❡♥t ❡q✉✐❧✐❜r✐❛ ♠❛② ❛❧s♦ ❛r✐s❡ ❛♥❞ ✐t ♠✉st ❜❡ ✈❡r✐✜❡❞ t❤❛t

t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡ ❤❡r❡✳ ■♥✈❡st♠❡♥t ❛t t❤❡ ♦♣t✐♠❛❧ s✐♠✉❧t❛♥❡♦✉s ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞ YS ❜② ❜♦t❤

✜r♠s r❡s✉❧ts ✐♥ ❛ ♣❛②♦✛ M (YS) ❛♥❞ ❡✈❛❧✉❛t✐♥❣ t❤❡ r❛t✐♦ ♦❢ ♣❛②♦✛s✱

V (YL, YS)

V (YS , YS)
=

L (YL)

M (YS)
=

(
πM
πD

)β

− β

(
πM
πD

− 1

)(
I

K

)β−1

✳

❚❤✐s r❛t✐♦ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ K ❛♥❞ t❤❡r❡❢♦r❡ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜② ✐ts ✈❛❧✉❡ ❛t K̂ ✭♦✈❡r t❤❡ r❛♥❣❡

♦❢ ✐♥✈❡st♠❡♥t ❝♦sts ❢♦r ✇❤✐❝❤ ♣r❡❡♠♣t✐♦♥ ♦❝❝✉rs✮✳ ❙✉❜st✐t✉t✐♥❣ K̂ ❢♦r K ❛♥❞ s✐♠♣❧✐❢②✐♥❣ ❣✐✈❡s

L (YL) /M (YS) =
(
I/K̂

)(β−1)
> 1✳ ❚❤❡ ❜❡st r❡s♣♦♥s❡ t♦ Yj = YS ✐s t❤✉s YL ❢♦r ❛❧❧ K > K̂ ❛♥❞

s✐♠✉❧t❛♥❡♦✉s ✐♥✈❡st♠❡♥t ✐s ♥♦t ❛♥ ❡q✉✐❧✐❜r✐✉♠✳

K̂ < K < I ❝❛s❡ ❋♦r K̂ < K < I✱ t❤❡ ❝♦♥❞✐t✐♦♥ L (Y ) = F (Y ) ❤❛s t✇♦ r♦♦ts YP , YP ′ ✇✐t❤

YP < YL ❛♥❞ YP ′ ∈ (YL, YF )✳ ❋♦r ❛ ❣✐✈❡♥ Y > YP ′ ❛♥❞ ❛♥② Yj ✱ V (Y, Yj) ≤ F (YF ) s♦ ♣❧❛②✐♥❣

❜❡②♦♥❞ t❤❡ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡ (YP , YP ′) ✐s ❛ ❞♦♠✐♥❛t❡❞ str❛t❡❣②✳ ❖✈❡r t❤❡ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡

(YP , YP ′) ✜r♠s ♣r❡❡♠♣t ♦♥❡ ❛♥♦t❤❡r ❛s ✐♥ ❝❛s❡ 3 ❛❜♦✈❡ ❛♥❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜♦t❤ ✜r♠s ✐♥✈❡st ❛t YP

✇❤✐❝❤ ❜② t❤❡ t✐❡✲❜r❡❛❦✐♥❣ r✉❧❡ r❡s✉❧ts ✐♥ ❡✐t❤❡r ✜r♠ ✐♥✈❡st✐♥❣ ❛t YP ✇✐t❤ ❡q✉❛❧ ♣r♦❜❛❜✐❧✐t②✳

❆✳✸✳✸ P❛rt (iii)

■❢ K = K̂✱ t❤❡♥ ❛♥② Yi = YL ❛♥❞ Yj ≥ YL ❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ❛s ♣❧❛②❡rs ❛r❡ ✐♥❞✐✛❡r❡♥t

❜❡t✇❡❡♥ t❤❡ r❡s✉❧t✐♥❣ ❧❡❛❞❡r ❛♥❞ ❢♦❧❧♦✇❡r r♦❧❡s ✭L (YL) = F (YL)✮✱ ❛♥❞ ♦❢ t❤❡s❡ ❡q✉✐❧✐❜r✐❛ ♦♥❧②

(YL, YL) ✐s s②♠♠❡tr✐❝✳ �

✸✽



❆✳✹ ❈♦r♦❧❧❛r② ✷

❚♦ ❡st❛❜❧✐s❤ t❤❡ ❝♦♠♣❛r❛t✐✈❡ st❛t✐❝s r❡s✉❧ts t❤❡ ❡✛❡❝ts ♦❢ πM/πD ❛♥❞ β ❛♥❞ ♦♥ K̂ ♥❡❡❞ t♦ ❜❡

❞❡t❡r♠✐♥❡❞✳ ❊✈❛❧✉❛t✐♥❣ t❤❡ r❡❧❡✈❛♥t ♣❛rt✐❛❧ ❞❡r✐✈❛t✐✈❡s ❛♥❞ r❡❛rr❛♥❣✐♥❣ ②✐❡❧❞s

∂K̂

∂ (πM/πD)
= −β

πM
πD

− 1

πM
πD

(
1 + β

(
πM
πD

− 1
))K̂ ✭✶✹✮

❛❢t❡r r❡❛rr❛♥❣❡♠❡♥t s♦ ∂K̂/∂ (πM/πD) < 0 ❞✐r❡❝t❧②✱ ✇❤❡r❡❛s

∂K̂

∂β
=


−

ln 1+β((πM/πD)−1)

(πM/πD)β

(β − 1)2
+

1

β − 1

(
πM
πD

)β
(
1 + β

(
πM
πD

− 1
))

(
πM
πD

− 1
)(

πM
πD

)β
−
(
1 + β

(
πM
πD

− 1
))(

πM
πD

)β
ln πM

πD[(
πM
πD

)β]2


 K̂

=
−1

(β − 1)2

(
ln

1 + β ((πM/πD)− 1)

πM/πD
−

(β − 1) ((πM/πD)− 1)

1 + β ((πM/πD)− 1)

)
K̂✳ ✭✶✺✮

❚❤❡ s✐❣♥ ♦❢ ∂K̂/∂β ✐s t❤❡ ♦♣♣♦s✐t❡ ♦❢ t❤❛t ♦❢ t❤❡ ✭❜r❛❝❦❡t❡❞✮ ♠✐❞❞❧❡ t❡r♠✳ ❆♣♣❧②✐♥❣ t❤❡ ❧♦❣❛r✐t❤♠

✐♥❡q✉❛❧✐t② lnx > (x− 1) /x ❢♦r x > 0, x 6= 1 ✇✐t❤ x = (1 + β ((πM/πD)− 1)) / (πM/πD) ②✐❡❧❞s

ln
1 + β ((πM/πD)− 1)

πM/πD
>

(β − 1) ((πM/πD)− 1)

1 + β ((πM/πD)− 1)
✭✶✻✮

s♦ ∂K̂/∂β < 0 ❛♥❞ t❤❡r❡❢♦r❡ ∂K̂/∂α, ∂K̂/∂σ > 0✳

❆✳✺ ❊①t❡♥❞❡❞ ♠✐①❡❞ str❛t❡❣✐❡s ❛♥❞ ❞②♥❛♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ t✐♠✐♥❣

❣❛♠❡

❙✉♣♣♦s❡ t❤❛t t❤❡ ❢❡❛s✐❜❧❡ ✜r♠ ✐♥✈❡st♠❡♥t str❛t❡❣✐❡s ❛r❡ t❛❦❡♥ t♦ ❝♦♥s✐st ♦❢ ✐♥✈❡st♠❡♥t t✐♠❡s

t❤❛t ❛r❡ ✜rst✲❤✐tt✐♥❣ t✐♠❡s τ (Yi) := inf {t ≥ 0 |Yt ≥ Yi } ❝♦♥s✐st❡♥t❧② ✇✐t❤ t❤❡ ✐❞❡❛ t❤❛t ♠❛♥❛❣❡rs

❞❡t❡r♠✐♥❡ ♦♣t✐♠❛❧ ❤✉r❞❧❡ r❛t❡s ❢♦r ✐♥✈❡st♠❡♥t ❛t ❛♥② ♣♦✐♥t ✐♥ t✐♠❡✳ ❚❤❡♥ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐s

q✉❛s✐✲❞❡t❡r♠✐♥✐st✐❝ ✐♥ ♥❛t✉r❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ✐s ❛ ♦♥❡✲t♦✲♦♥❡ ♠❛♣♣✐♥❣ ❜❡t✇❡❡♥ ❞✐str✐❜✉t✐♦♥s

♦❢ ✐♥✈❡st♠❡♥t t✐♠❡s ❛♥❞ t❤r❡s❤♦❧❞ str❛t❡❣✐❡s✳ ❲❡ ❝❛♥ t❤❡♥ ❛♣♣❧② t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❋✉❞❡♥❜❡r❣ ❛♥❞

❚✐r♦❧❡ ❬✶✶❪ ❞✐r❡❝t❧② ❜② ❞❡✜♥✐♥❣ ❡①t❡♥❞❡❞ ♠✐①❡❞ str❛t❡❣✐❡s ♦✈❡r ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s r❛t❤❡r t❤❛♥

t✐♠❡✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ✉♥❞❡r❧②✐♥❣ ❞❡♠❛♥❞ ♣r♦❝❡ss ✐s st♦❝❤❛st✐❝✳✶✼

✶✼❆ ♠♦r❡ ❣❡♥❡r❛❧ ❞②♥❛♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ❛❧❧♦✇s ❢♦r ✜r♠s t♦ ❝❤♦♦s❡ ❛r❜✐tr❛r② st♦♣♣✐♥❣ t✐♠❡s ✭s❡❡ ♥♦t❛❜❧② ❘✐❡❞❡❧

❛♥❞ ❙t❡❣ ❬✷✾❪✮ ✇❤✐❝❤ r❡♥❞❡rs t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ♠♦r❡ ❝♦♠♣❧❡①✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦ ✇❡ ❛❞♦♣t ❢♦r ✐♥st❛♥❝❡✱ t❤❡

✐♥✈❡st♠❡♥t ❣❛♠❡ r❡♠❛✐♥s ✐♥ t❤❡ ❛ttr✐t✐♦♥ r❡❣✐♦♥ ♦♥❝❡ ✐t ❤❛s ❜❡❡♥ ✐♥✐t✐❛❧❧② ❛tt❛✐♥❡❞ ✇❤❡r❡❛s ♦t❤❡r✇✐s❡ t❤❡ ❞❡♠❛♥❞

♣r♦❝❡ss ❡①✐ts t❤❡ ❛ttr✐t✐♦♥ r❡❣✐♦♥s ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♦✈❡r ❛♥② t✐♠❡ ✐♥t❡r✈❛❧✳

✸✾



❆✳✺✳✶ ❙tr❛t❡❣✐❡s✱ ♣❛②♦✛s ❛♥❞ ❡q✉✐❧✐❜r✐✉♠ ❞❡✜♥✐t✐♦♥s

■♥ ❛ ❞②♥❛♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ t❤❡ ❝♦♥t✐♥✉❛t✐♦♥ ♣❛②♦✛s ❛r❡ ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢

t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss y✱ ❛♥❞ ❛❝❝♦r❞✐♥❣❧② ❞❡♥♦t❡❞ Ly (Y )✱ F y (Y ) ❛♥❞ My(Y )✱

❜② s❡tt✐♥❣

Ly (Y ) =

{
L (Y ) ✐❢ Y < y

L (y) ✐❢ Y ≥ y
✱

❛♥❞ s✐♠✐❧❛r❧② ❢♦r F y (Y ) ❛♥❞ My(Y )✳

❋♦❧❧♦✇✐♥❣ ❋✉❞❡♥❜❡r❣ ❛♥❞ ❚✐r♦❧❡✱ ❛ s✐♠♣❧❡ str❛t❡❣② ❢♦r ♣❧❛②❡r i ∈ {1, 2} ✐♥ t❤❡ ❣❛♠❡ st❛rt✐♥❣ ✐♥

st❛t❡ y ✐s ❛ ♣❛✐r ♦❢ r❡❛❧✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s (Gy
i , α

y
i ) : [y,∞)× [y,∞) → [0, 1]× [0, 1] s✉❝❤ t❤❛t (a) Gy

i

✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛♥❞ r✐❣❤t✲❝♦♥t✐♥✉♦✉s✱ (b) αy
i (Y ) > 0 ⇒ Gy

i (Y ) = 1✱ (c) αy
i ✐s r✐❣❤t✲❞✐✛❡r❡♥t✐❛❜❧❡

❛♥❞ (d) ✐❢ αy
i (Y ) = 0 ❛♥❞ Y = inf {Z ≥ Y, αy

i (Z) > 0} t❤❡♥ αy
i ❤❛s ♣♦s✐t✐✈❡ r✐❣❤t✲❞❡r✐✈❛t✐✈❡ ❛t Y ✳

▲❡t Gy−
i (Y ) := limZ→Y − Gy

i (Z) ❞❡♥♦t❡ t❤❡ ❧❡❢t✲❤❛♥❞ ❧✐♠✐t ♦❢ Gy
i ✱ a

y
i (Y ) = Gy

i (Y )−Gy−
i (Y )

t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ ❛♥② ❥✉♠♣ ❛t Y ❛♥❞ ❧❡t Gy−
i (Y ) = 0✱ i = 1, 2✳ ▲❡t Yi (y) = ∞ ✐❢ αy

i (Y ) = 0

❢♦r ❛❧❧ Y ≥ y ❛♥❞ Yi (y) = inf {Z ≥ y, αy
i (Z) > 0} ♦t❤❡r✇✐s❡✱ ❛♥❞ ❧❡t Y (y) = min {Y1 (y) ,Y2 (y)}

❞❡♥♦t❡ t❤❡ ✜rst t❤r❡s❤♦❧❞ ❛t ✇❤✐❝❤ ❛♥ ✐♥✈❡st♠❡♥t ✐s ❝❡rt❛✐♥ t♦ ♦❝❝✉r✳ ❋✐♥❛❧❧② ❧❡t

µL(u, v) :=
u(1− v)

u+ v − uv
❛♥❞ µM (u, v) :=

uv

u+ v − uv
✳

❋✐r♠ ♣❛②♦✛s ❝❛♥ t❤❡♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

V y
(
(Gy

i , α
y
i ) ,
(
Gy

j , α
y
j

))
=



∫ Y(y)−

y

(
Ly (s)

(
1−Gy

j (s)
)
dGy

i (s) + F y (s) (1−Gy
i (s)) dG

y
j (s)

)
+

∑

Z<Y(y)

ayi (Z) a
y
j (Z)M

y(Z)




+
(
1−Gy−

i (Y (y))
)(

1−Gy−
j (Y (y))

)
WY(y)

(
(Gy

i , α
y
i ) ,
(
Gy

j , α
y
j

))
✱

i, j ∈ {1, 2}✱ i 6= j ✇❤❡r❡

W Y
(
(Gy

i , α
y
i ) ,
(
Gy

j , α
y
j

))
=

ay−j (Y )

1−Gy−
j (Y )

((1− αy
i (Y ))F y (Y ) + αy

i (Y )My(Y ))+
1−Gy

j (Y )

1−Gy−
j (Y )

Ly (Y )

✐❢ Yi (y) < Yj (y)✱

=
ay−i (Y )

1−Gy−
i (Y )

((
1− αy

j (Y )
)
Ly (Y ) + αy

j (Y )My(Y )
)
+

1−Gy
i (Y )

1−Gy−
i (Y )

F y (Y )

✹✵



✐❢ Yi (y) > Yj (y) ❛♥❞

=





My(Y ) ✱ ayi (Y ) = ayj (Y ) = 1

µL(a
y
i (Y ), ayj (Y ))Ly (Y ) + µyL(a

y
j (Y ), ayi (Y ))F y (Y )

+µyM (ayi (Y ), ayj (Y ))My (Y )
✱ 0 < ayi (Y ) + ayj (Y ) < 2

(ayi (Y ))
′

Ly(Y )+(ayj (Y ))
′

F y(Y )

(ayi (Y ))
′

+(ayj (Y ))
′ ✱ ayi (Y ) + ayj (Y ) = 0

✐❢ Yi (y) = Yj (y)✳

❋♦r ❛ ❣✐✈❡♥ y ❛ ♣❛✐r ♦❢ s✐♠♣❧❡ str❛t❡❣✐❡s ((Gy
1, α

y
1) , (G

y
2, α

y
2)) ✐s ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡

❣❛♠❡ ({1, 2} , (Gy
1, α

y
1)× (Gy

2, α
y
2) , (V

y, V y)) ✐❢ (Gy
i , α

y
i ) ♠❛①✐♠✐③❡s V y (·, (Gy

i , α
y
i ))✱ i, j ∈ {1, 2}✱

i 6= j✳ ❆ ❝♦❧❧❡❝t✐♦♥ ♦❢ s✐♠♣❧❡ str❛t❡❣✐❡s ((Gy
i (Y ) , αy

i (Y )))y>0 ✐s s❛✐❞ t♦ ❜❡ ❝♦♥s✐st❡♥t ✐❢ ❢♦r y ≤

Y ≤ Z✱ Gy
i (Z) = Gy

i (Y ) + (1−Gy
i (Y ))GY

i (Z) ❛♥❞ αy
i (Z) = αY

i (Z)✳ ❚❤❡ ❝♦♥s✐st❡♥t str❛t❡❣✐❡s

((Gy
1 (Y ) , αy

1 (Y )))y>0 ❛♥❞ ((Gy
2 (Y ) , αy

2 (Y )))y>0 ❛r❡ ❛ ♣❡r❢❡❝t ❡q✉✐❧✐❜r✐✉♠ ✐❢ t❤❡ s✐♠♣❧❡ str❛t❡❣✐❡s

(Gy
1 (Y ) , αy

1 (Y )) ❛♥❞ (Gy
2 (Y ) , αy

2 (Y )) ❛r❡ ❛ ◆❛s❤ ❡q✉✐❧✐❜r✐✉♠ ❢♦r ❡✈❡r② y✳

❆✳✺✳✷ ❊q✉✐❧✐❜r✐✉♠

K < K̂ ❝❛s❡ ■♥ t❤❡ ❛ttr✐t✐♦♥ r❛♥❣❡ ✜r♠s ❞♦ ♥♦t ♣r♦✜t ❢r♦♠ ✉s✐♥❣ ♠✐①❡❞ str❛t❡❣✐❡s ❡①t❡♥s✐♦♥s

✭αy
i > 0✮ t♦ ❝♦♦r❞✐♥❛t❡ s✐♠✉❧t❛♥❡♦✉s ✐♥✈❡st♠❡♥ts ✐♥ ❛ ✇❛✐t✐♥❣ ❣❛♠❡✳ ❊q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❛r❡

t❤❡r❡❢♦r❡ ❡ss❡♥t✐❛❧❧② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ str❛t❡❣✐❡s Ga(Y ) ❛♥❞ Gb(Y ) ❞❡♣❡♥❞✐♥❣ ✉♣♦♥

✇❤❡t❤❡r K ≤ K̂ ♦r K̃ < K < K̂✳ ❚❤❡r❡❢♦r❡✱ ❧❡tt✐♥❣ Gy
a(Y ) := Ga(Y )−Ga(y)

1−Ga(y)
❛♥❞ Gy

b (Y ) :=
Gb(Y )−Gb(y)

1−Gb(y)
✱ (Gy

i (Y ) , αy
i (Y )) = (Gy

a(Y ), 0) ❛♥❞ (Gy
i (Y ) , αy

i (Y )) =
(
Gy

b (Y ), 0
)
❛r❡ ❡q✉✐❧✐❜r✐✉♠

str❛t❡❣✐❡s ✐♥ t❤❡s❡ t✇♦ s✉❜❝❛s❡s r❡s♣❡❝t✐✈❡❧②✳

K > K̂ ❝❛s❡ ■♥ t❤❡ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡ t❤❡r❡ ❛r❡ t✇♦ s✉❜❝❛s❡s t❤❛t ✇❡ ❝♦♥s✐❞❡r s✉❝❝❡ss✐✈❡❧②✳

K̂ < K < I s✉❜❝❛s❡ ❚❤✐s ✐s t❤❡ ❝❛s❡ r❡♣r❡s❡♥t❡❞ ✐♥ ❋✐❣✉r❡ 3 ✇❤♦s❡ ❦❡② ❢❡❛t✉r❡s ❛r❡ t❤❛t t❤❡

♣r❡❡♠♣t✐♦♥ r❛♥❣❡ ✭♦✈❡r ✇❤✐❝❤ Ly(Y ) > F y(Y )✮ ✐s t❤❡ ❜♦✉♥❞❡❞ ♦♣❡♥ ✐♥t❡r✈❛❧ (YP , YP ′) ⊂ (YP , YF )✱

❛♥❞ t❤❛t ✐❢ ❛ t❤r❡s❤♦❧❞ ❜❡②♦♥❞ t❤✐s r❛♥❣❡ ✐s r❡❛❝❤❡❞ ✭♦✛ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣❛t❤✮✱ ✜r♠s ♣❧❛② ❛ ✇❛✐t✐♥❣

❣❛♠❡ ❛s F y(Y ) > Ly(Y ) ❢♦r Y > YP ′ ✳ ■♥ ❛ ❞②♥❛♠✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ ❡q✉✐❧✐❜r✐✉♠

str❛t❡❣✐❡s ♠✉st ❛❝❝♦✉♥t ❡①♣❧✐❝✐t❧② ❢♦r t❤✐s ♣♦ss✐❜✐❧✐t②✳

❆t ❛♥② y > YP ′ t❤❡ ♣❛②♦✛ t♦ ❧❡❛❞✐♥❣ ❧✐❡s ❜❡❧♦✇ t❤❡ ❢♦❧❧♦✇❡r ♣❛②♦✛✱ ❜✉t ✐t ✐s ♥♦t ♠♦♥♦t♦♥✐❝✳

■♥ (YP ′ , YF ) t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ t❤r❡s❤♦❧❞ YS′ s✉❝❤ t❤❛t Ly (YS′) = Ly (YS)✳ ❚❤❡ ❧❡❛❞❡r ♣❛②♦✛ ✐s

❞❡❝r❡❛s✐♥❣ ♦♥❧② ♦✈❡r (YP ′ , YS′)∪(YS ,∞)✱ ❛♥❞ ✐t ✐s t❤✐s r❛♥❣❡ t❤❛t ❝♦♥st✐t✉t❡s t❤❡ s✉♣♣♦rt ♦❢ ♠✐①❡❞

✹✶



str❛t❡❣✐❡s✳ ❚❤❡ ❛ttr✐t✐♦♥ s✉❜❣❛♠❡ ✐s t❤❡♥ s♦❧✈❡❞ s✐♠✐❧❛r❧② t♦ t❤❡ K̂ < K < K̃ ❝❛s❡ ✐♥ ❙❡❝t✐♦♥ ❆✳✸

②✐❡❧❞✐♥❣ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥s

Gc (Y ) = 1− exp

∫ Y

YP ′

[Ly(s)]′

F (max {Y, YF })− Ly(s)
ds

❛♥❞

Gd (Y ) =





0 ✐❢ Y < Yp′

Gc (Y ) ✐❢ YP ′ ≤ Y ≤ YS′

Gc (YS′) ✐❢ YS′ < Y < YS

Gc (YS′) + (1−Gc (YS′))Ga (Y ) ✐❢ Y ≥ YS

s♦ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ✐s Gy
d(Y ) := Gd(Y )−Gd(y)

1−Gd(y)
✳

■❢ y ❧✐❡s ✐♥ t❤❡ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡ t❤❡ r❡❛s♦♥✐♥❣ ✐s st❛♥❞❛r❞ ❛♥❞ r❡s✉❧ts ✐♥ ✜r♠s ✐♥✈❡st✐♥❣

✐♠♠❡❞✐❛t❡❧② ❛♥❞ ✉s✐♥❣ t❤❡ str❛t❡❣② ❡①t❡♥s✐♦♥s t♦ ❝♦♦r❞✐♥❛t❡ s✐♠✉❧t❛♥❡♦✉s ✐♥✈❡st♠❡♥t✳

❚♦ s✉♠♠❛r✐③❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ✐♥ t❤✐s ❝❛s❡ ❛r❡ (Gy
i (Y ), αy

i (Y )) ✇✐t❤

Gy
i (Y ) =





0 ✐❢ Y < YP

1 ✐❢ YP ≤ Y < YP ′

Gy
d(Y ) ✐❢ Y ≥ YP ′

✱

αy
i (Y ) =





0 ✐❢ Y < YP
Ly(Y )−F y(Y )
Ly(Y )−My(Y ) ✐❢ YP ≤ Y < YP ′

0 ✐❢ Y ≥ YP ′

❢♦r i ∈ {1, 2}✳

K ≥ I s✉❜❝❛s❡ ❍❡r❡ Ly(Y ) > F y(Y ) ♦✈❡r (YP , YF ) s♦ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐s ❛ st❛♥❞❛r❞

❝❛s❡ ♦❢ ♣r❡❡♠♣t✐♦♥ ♦✈❡r t❤✐s r❛♥❣❡✳ ❆ s♣❡❝✐✜❝✐t② ♦❢ t❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ st✉❞✐❡❞ ❤❡r❡ ✐s t❤❛t ❢♦r

K > I✱My ❧✐❡s str✐❝t❧② ❛❜♦✈❡ F y ♦✈❡r [YF ,∞)✳ ❊q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s ❛r❡ t❤✉s t❤♦s❡ ♦❢ ❛ st❛♥❞❛r❞

r❡❛❧ ♦♣t✐♦♥ ❣❛♠❡✱ ②✐❡❧❞✐♥❣ (Gy
i (Y ), αy

i (Y )) ✇✐t❤

Gy
i (Y ) =

{
0 ✐❢ Y < YP

1 ✐❢ Y ≥ YP
✱

αy
i (Y ) =





0 ✐❢ Y < YP
Ly(Y )−F y(Y )
Ly(Y )−My(Y ) ✐❢ YP ≤ Y < YF

1 ✐❢ Y ≥ YF

❢♦r i ∈ {1, 2}✳

✹✷



❆✳✻ ■♠✐t❛t✐♦♥ ❝♦st✱ ❝♦♥s✉♠❡r s✉r♣❧✉s✱ ❛♥❞ ✇❡❧❢❛r❡ ✭Pr♦♣♦s✐t✐♦♥ ✸✮

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ✐♥✈♦❧✈❡s s❡✈❡r❛❧ st❡♣s✳ ❋✐rst✱ t♦ ❡st❛❜❧✐s❤ (iii) ❜② ❞❡t❡r♠✐♥✐♥❣ t❤❡

♦♣t✐♠❛❧ ✐♠✐t❛t✐♦♥ ❝♦st ❧❡✈❡❧ KP ✐♥ t❤❡ ❝❧♦s✉r❡ ♦❢ t❤❡ ♣r❡❡♠♣t✐♦♥ r❡❣✐♠❡ ✭❢♦r K ≥ K̂✮✳ ◆❡①t ✇❡

♣r♦✈❡ ♣❛rt (ii) ❜② s❤♦✇✐♥❣ t❤❛t W (K) ✐s ✐♥❝r❡❛s✐♥❣ ♦✈❡r [0, K̃)✳ ❋✐♥❛❧❧② ❢♦r ♣❛rt (i) ✇❡ ❡st❛❜❧✐s❤

t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❧♦❝❛❧ ♦♣t✐♠✉♠ ♦❢ ✇❡❧❢❛r❡ ✉♥❞❡r ❛ttr✐t✐♦♥ ✭K̃ ≤ KA < K̂✮ ❛♥❞ ❝♦♠♣❛r❡ ♦♣t✐♠❛❧

✇❡❧❢❛r❡ ✐♥ t❤❡ ❛ttr✐t✐♦♥ ❛♥❞ ♣r❡❡♠♣t✐♦♥ r❡❣✐♠❡s✳

❖♣t✐♠❛❧ ✐♠✐t❛t✐♦♥ ❝♦st KP

❙✉♣♣♦s❡ t❤❛t K ≥ K̂ s♦ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞s ❛r❡ YP ❛♥❞ YF ✳ ❚❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ✭✽✮

t❤❡♥ ❤❛s t❤❡ ❢♦r♠

W (K) =

(
πM +CSM
r − α

YP − I

)(
y

YP

)β

+

(
(2πD +CSD)− (πM +CSM )

r − α
YF −K

)(
y

YF

)β

✳

✭✶✽✮

◆♦t✐♥❣ t❤❛t YP ❛♥❞ YF ❛r❡ ❢✉♥❝t✐♦♥s ♦❢ K ✇✐t❤ YP ≤ YL ❛♥❞ lim
K→K̂

YP = YL✳ ❯s✐♥❣ t❤❡

♣r❡❡♠♣t✐♦♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦♥❞✐t✐♦♥ L (YP ) = F (YF ) ❛♥❞ ✐♠♣❧✐❝✐t ❞✐✛❡r❡♥t✐❛t✐♦♥ t♦ ♦❜t❛✐♥ ❛ ✉s❡❢✉❧

❡①♣r❡ss✐♦♥ ❢♦r t❤❡ r❛t✐♦ (YF /YP )
β ✱ ❛❢t❡r s❡✈❡r❛❧ st❡♣s ♦❢ ❝❛❧❝✉❧❛t✐♦♥s ✭s❡❡ ❙❡❝t✐♦♥ ❆✳✾✮✱ ❢♦r K > K̂

t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ✇❡❧❢❛r❡ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

W ′(K) =

(
CSM
πM

(
β
πM
πD

+

(
β
πM
πD

− (β − 1)

)
YL

YL − YP

)
− β

CSD
πD

− 2

)(
y

YF

)β

✳

■❢ CSM = 0✱ t❤❡ YL ❛♥❞ YP t❡r♠s ✈❛♥✐s❤ ❛♥❞ ✐t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡ t❤❛t W ′(K) < 0 s♦ t❤❛t

K̂ ✐s ❛ ♠❛①✐♠✉♠ ✐♥ t❤✐s ❝❛s❡✳ ❖t❤❡r✇✐s❡ CSM > 0 ❛♥❞ t❤❡ ❜❡❤❛✈✐♦r ♦❢ W (K) ❢♦r K > K̂ ❝❛♥

❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❙✐♥❝❡ lim
K→K̂+ YP = YL✱ ✇❡ ❤❛✈❡ lim

K→K̂
W ′(K) = +∞✳ ▼♦r❡♦✈❡r

❜♦t❤ (YL/ (YL − YP )) ❛♥❞ (y/YF ) ❛r❡ ❞❡❝r❡❛s✐♥❣ ✐♥ K s♦ W ✐s ❝♦♥❝❛✈❡ ♦✈❡r t❤✐s r❛♥❣❡✳ ❙♦ ❧♦♥❣

❛s limK→∞W ′(K) < 0 t❤❡r❡❢♦r❡✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ r♦♦t KP > K̂ t❤❛t ❝♦♥st✐t✉t❡s ❛♥ ✐♥t❡r✐♦r

♦♣t✐♠✉♠✱ ❛♥❞ ❛s limK→∞ YP = (r − α) I/πM = ((β − 1) /β)YL✱ t❤✐s ♦❝❝✉rs ✐❢

(
β2
πM
πD

− (β − 1)2
)

CSM
πM

− β
CSD
πD

− 2 < 0✳ ✭✶✾✮

■❢ ✭✶✾✮ ❞♦❡s ♥♦t ❤♦❧❞✱ s❡tKP = ∞✳ ❚❛❦❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ β t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✾✮ ✐s ❛ q✉❛❞r❛t✐❝

∆(β)✱ ✇✐t❤ ∆(1) = (CSM − CSD − 2πD) /πD < 0 ❛♥❞ lim∞∆(β) = ∞✳ ❚❤❡r❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛

✉♥✐q✉❡ β0 > 1 s✉❝❤ t❤❛t ∆(β0) = 0✳

❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ❤❛✈❡ s♦ ❢❛r ❝❤❛r❛❝t❡r✐③❡❞ s♦❧✉t✐♦♥s t♦ t❤❡ ❝♦♥str❛✐♥❡❞ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠

max
K≥K̂

W (K) ❛♥❞ s❤♦✇♥ t❤❛t t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ ♦♣t✐♠✉♠ KP ✐♥ t❤❡ ❡①t❡♥❞❡❞ r❡❛❧ ❧✐♥❡ ❛♥❞ t❤❡r❡

❡①✐sts ❛ ✉♥✐q✉❡ β0 > 1 s✉❝❤ t❤❛t KP ✐s ✜♥✐t❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ β < β0✳

✹✸



◆❡①t✱ s❡✈❡r❛❧ st❡♣s ♦❢ ❝❛❧❝✉❧❛t✐♦♥ ✭❛❣❛✐♥ s❡❡ ❙❡❝t✐♦♥ ❆✳✾ ❢♦r ❞❡t❛✐❧s✮ ❡st❛❜❧✐s❤ t❤❛t ✐❢ t❤❡ ✐♠✐t❛✲

t✐♦♥ ❝♦st ✐s s❡t ❛t KP ✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✭♦♣t✐♠✉♠✮ ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞ ❤❛s t❤❡ ❢♦r♠ Y ∗
P = ψYL

✇❤❡r❡

ψ =





CSD−CSM
πD

+ 2
β

CSD
πD

−β−1
β

CSM
πM

+ 2
β

✱ β < β0

β
β−1 ✱ β ≥ β0

❲❡ ❤❛✈❡ ψ ∈
[
β−1
β , 1

]
✇✐t❤ ψ = 1 ✐❢ CSM = 0 ❛♥❞ ψ = (β − 1) /β ✐❢ β ≥ β0✱ ❡st❛❜❧✐s❤✐♥❣ ♣❛rt

(iii)✳

◆♦t❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞ Y ∗
P s❛t✐s✜❡s Y ∗

P ∈ [YNPV, YL] ✇❤❡r❡ YNPV :=

(r − α) I/πM ✐s t❤❡ ♠②♦♣✐❝ ▼❛rs❤❛❧❧✐❛♥ ✐♥✈❡st♠❡♥t tr✐❣❣❡r✳ ❚❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♦❢ ✇❡❧❢❛r❡ ✉♥❞❡r

♣r❡❡♠♣t✐♦♥ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❜❡

W (KP ) =
CSM
πM

ψ1−β

1− ψ

I

β − 1

(
Y0
YL

)β

❛♥❞ t❤✐s ❧❛tt❡r ❡①♣r❡ss✐♦♥ ✐s ✉s❡❢✉❧ ❧❛t❡r ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳

▲♦✇❡r ❜♦✉♥❞ ♦♥ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ✐♠✐t❛t✐♦♥ ❝♦st

■❢ K < K̃✱ ✜r♠s r❛♥❞♦♠✐③❡ ✐♥✈❡st♠❡♥t tr✐❣❣❡rs ♦✈❡r [YS ,∞) ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❞✐str✐❜✉t✐♦♥

Ga (Y ) ❛♥❞ ✐♠✐t❛t♦r ❡♥tr② ✐s ✐♠♠❡❞✐❛t❡✳ ❖❜s❡r✈❡ ✜rst t❤❛t ❜② Pr♦♣♦s✐t✐♦♥ ✷ ✐♥❞✉str② ✈❛❧✉❡ ✐s ❧♦✇❡r

❛t ❛♥② K t❤❛♥ ❛t K̂✱ s♦ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢♦r K < K̃

✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② ✐ts ✈❛❧✉❡ ❛t K̂ ❛s ✇❡❧❧✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❡♥tr② t❤r❡s❤♦❧❞ ❞✐str✐❜✉t✐♦♥

✉♥❞❡r ❛ttr✐t✐♦♥ ✐♥ t❤✐s ❝❛s❡ ✐s YS = (β (r − α) I) / ((β − 1)πD)✱ ✇❤❡r❡❛s ❛t K̂ ✐♥♥♦✈❛t♦r ❛♥❞

✐♠✐t❛t♦r ❡♥tr② ❜♦t❤ ♦❝❝✉r ❡❛r❧✐❡r✱ ❛t t❤❡ t❤r❡s❤♦❧❞s YL ❛♥❞ ŶF :=
(
β (r − α) K̂

)
/ ((β − 1)πD)✳

❚❤❡r❡❢♦r❡✱ ❜♦t❤ ✐♥✈❡st♠❡♥ts ♦❝❝✉r ❧❛t❡r ✉♥❞❡r t❤✐s t②♣❡ ♦❢ ❛ttr✐t✐♦♥ r❡❣✐♠❡ r❡s✉❧t✐♥❣ ✐♥ ❧♦✇❡r

❝♦♥s✉♠❡r s✉r♣❧✉s ❛♥❞ K < K̃ ❝❛♥♥♦t ❜❡ ❛ s♦❝✐❛❧ ♦♣t✐♠✉♠✳

❊①✐st❡♥❝❡ ♦❢ ❧♦❝❛❧ ♦♣t✐♠✉♠ ✉♥❞❡r ❛ttr✐t✐♦♥ ❛♥❞ ❝♦♠♣❛r✐s♦♥

❋✐♥❛❧❧② ❝♦♥s✐❞❡r t❤❡ ❜❡❤❛✈✐♦r ♦❢ W (K) ❥✉st t♦ t❤❡ ❧❡❢t ♦❢ K̂✳ ❙✐♥❝❡ EV
(
Ỹ1, Ỹ2

)
✐s ♠❛①✐♠✐③❡❞

❛t K̂✱ t❤❡ ✈❛❧✉❡ ♦❢ lim
K→K̂−

W ′(K) ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❧❡❢t ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s

t❡r♠s ❛t K̂✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ t❤❡ t❤✐r❞ t❡r♠✱ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠ ✐♠✐t❛t✐♦♥✳

❉❡✈❡❧♦♣✐♥❣ ✐t ②✐❡❧❞s

CSD − CSM
r − α

[YF ]
−(β−1) yβ


 G∧ (YS′ ;K)︸ ︷︷ ︸

❧❛❣❣❡❞ ✐♠✐t❛t♦r ❡♥tr②

+

∫ ∞

YS

(YF /s)
β−1 dG∧(s;K)

︸ ︷︷ ︸




✐♠♠❡❞✐❛t❡ ✐♠✐t❛t♦r ❡♥tr②

✳

✹✹



❚♦ ❞❡t❡r♠✐♥❡ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❧❡❢t ❞❡r✐✈❛t✐✈❡ ❛t K̂ ♦❢ t❤✐s ❡①♣r❡ss✐♦♥ r❡❝❛❧❧ t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢

❡♥tr② t❤r❡s❤♦❧❞s ✐s ❜② G∧ (Y ;K) = 1 − (1−Gb (Y ))2✳ ❙✐♥❝❡ Gb

(
YS′ ; K̂

)
= 1✱ G∧

(
YS′ ; K̂

)
= 1

❛♥❞ ♠♦r❡♦✈❡r ∂G∧/∂Y = 2 (1−Gb) (∂Gb/∂Y )✱ ∂G∧

(
YS′ ; K̂

)
/∂K

∣∣∣ = 0✳ ❖♥❧② t❤❡ ❞✐r❡❝t ❡✛❡❝t

♦❢ K ♦♥ YF t❤❡r❡❢♦r❡ r❡♠❛✐♥s ❛t K̂✱ ❛♥❞ ❙✐♠✐❧❛r r❡❛s♦♥✐♥❣ ❤♦❧❞s ❢♦r t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s ❢r♦♠

✐♥♥♦✈❛t✐♦♥ t❡r♠ ✐♥ ✭✽✮ ✭❡①❝❡♣t t❤❛t t❤❡ ✐s ♥♦ ❞✐r❡❝t ❡✛❡❝t s✐♥❝❡ YL ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ K✮✳ ❚❤❡r❡❢♦r❡✱

lim
K→K̂−

W ′(K) = −β
CSD − CSM

πD
Y −β
F yβ

∂YF
∂K

≤ 0✳

❆s W ✐s ❝♦♥t✐♥✉♦✉s ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ✐❢ CSD > CSM t❤❡r❡ ❡①✐sts ❛ ❧♦❝❛❧ ♦♣t✐♠✉♠ ✐♠✐t❛t✐♦♥ ❝♦st

❧❡✈❡❧ KA ✐♥
(
K̃, K̂

)
✳

❆s lim
K→K̂−

dW (K) /dK < 0 ❢♦r CSD > CSM ❛♥❞ lim
K→K̂+

dW (K) /dK > 0 ❢♦r CSM > 0

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❢♦r (CSD − CSM ) CSM > 0 ✇❡❧❢❛r❡ ❤❛s ❧♦❝❛❧ ♠❛①✐♠❛ ✐♥ ❜♦t❤ t❤❡ ✭✉♣♣❡r✮ ❛ttr✐t✐♦♥

❛♥❞ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡s✳ ❊✐t❤❡r t②♣❡ ♦❢ ❧♦❝❛❧ ♠❛①✐♠✉♠ ❝❛♥ ❜❡ ❛ ❣❧♦❜❛❧ ♠❛①✐♠✉♠ ❞❡♣❡♥❞✐♥❣ ♦♥

t❤❡ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❝♦♥s✉♠❡r s✉r♣❧✉s r❡s✉❧t✐♥❣ ❢r♦♠ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥✱ ✇❤✐❝❤

❡st❛❜❧✐s❤❡s ♣❛rt (i)✳ �

❆✳✼ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ♣r❡❡♠♣t✐♦♥ t♦ ❜❡ ♦♣t✐♠❛❧ ✭Pr♦♣♦s✐t✐♦♥ ✹✮

❚❤❡ r❡s✉❧t ✐s ❡st❛❜❧✐s❤❡❞ ❜② ✜rst ❞❡r✐✈✐♥❣ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❧❡✈❡❧ ♦❢ ✇❡❧❢❛r❡ r❡❛❧✐③❡❞ ✐♥ t❤❡

❛ttr✐t✐♦♥ r❡❣✐♠❡✱ ✇❤✐❝❤ ✐s t❤❡♥ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ✇❡❧❢❛r❡ ♦❜t❛✐♥❡❞ ✉♥❞❡r

♣r❡❡♠♣t✐♦♥ s♦ ❛s t♦ ♦❜t❛✐♥ ❛ tr❛❝t❛❜❧❡ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥✳

❯♣♣❡r ❜♦✉♥❞ ❢♦r ✇❡❧❢❛r❡ ✉♥❞❡r ❛ttr✐t✐♦♥

❯♥❞❡r ❛ttr✐t✐♦♥✱ ✐♥♥♦✈❛t✐♦♥ ❛♥❞ ✐♠✐t❛t✐♦♥ ♦❝❝✉r ❛t t❤r❡s❤♦❧❞s ỸA ❛♥❞ ỸF = min
{
ỸA, YF

}
s♦

t❤❡ ❡①♣❡❝t❡❞ s♦❝✐❛❧ ✇❡❧❢❛r❡ ✭✽✮ ✐s

W (K) = E

(
CSM + πM
r − α

ỸA − I

)(
y

ỸA

)β

+ E

(
(CSD + 2πD)− (CSM + πM )

r − α
ỸF −K

)(
y

ỸF

)β

✳

❚❤❡ t❡r♠ ✐♥ t❤❡ ✜rst s✉♠♠❛♥❞ ✐s q✉❛s✐❝♦♥❝❛✈❡ ✐♥ t❤❡ ✐♥✈❡st♠❡♥t t❤r❡s❤♦❧❞ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❛t

(β (r − α) I) /((β − 1)(CSM + πM )) ≤ YL ✇❤❡r❡❛s ❣✐✈❡♥ t❤❡ s✉♣♣♦rt ♦❢ t❤❡ ❛ttr✐t✐♦♥ ❞✐str✐❜✉t✐♦♥

ỸA ≥ YL✳ ❚❤❡r❡❢♦r❡

E

(
CSM + πM
r − α

ỸA − I

)(
y

ỸA

)β

≤

(
CSM + πM
r − α

YL − I

)(
y

YL

)β

≤

(
β
CSM
πM

+ 1

)
I

β − 1

(
y

YL

)β

✳ ✭✷✵✮

✹✺



❚❤❡ s❡❝♦♥❞ s✉♠♠❛♥❞ ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ✉s✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ st❛t✐❝ ❡♥tr② ✐♥❝❡♥t✐✈❡ ✐s

❡①❝❡ss✐✈❡✱

E

(
(CSD + 2πD)− (CSM + πM )

r − α
ỸF −K

)(
y

ỸF

)β

≤ E

(
πD
r − α

ỸF −K

)(
y

ỸF

)β

✳

❚❤❡ t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ✐s t❤❡ ❡①♣❡❝t❡❞ ❢♦❧❧♦✇❡r ♣❛②♦✛ ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ EF
(
ỸF

)
✳ ▼♦r❡✲

♦✈❡r ✐♥ ❡q✉✐❧✐❜r✐✉♠ ♣❛②♦✛s ❛r❡ ❝♦♥st❛♥t ♦✈❡r t❤❡ s✉♣♣♦rt ♦❢ ♠✐①❡❞ str❛t❡❣✐❡s s♦ EF
(
ỸF

)
=

max {L (YL) , L (YS)}✱ ❛♥❞ t❤✐s ❧❛tt❡r t❡r♠ ✐s ♠❛①✐♠✐③❡❞ ❢♦r K = K̂ ❜② Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡r❡❢♦r❡

E

(
(CSD + 2πD)− (CSM + πM )

r − α
ỸF −K

)(
y

ỸF

)β

≤
K̂

β − 1

(
y

ŶF

)β

✇❤❡r❡ ŶF :=
(
β (r − α) K̂

)
/((β − 1)πD)) =

(
K̂/I

)
(πM/πD)YL✳ ❯s✐♥❣ ✭✶✷✮ t♦ s✉❜st✐t✉t❡ ❢♦r

(
K̂/I

)−(β−1)
❣✐✈❡s

E

(
(CSD + 2πD)− (CSM + πM )

r − α
ỸF −K

)(
y

ỸF

)β

≤
1

1 + β
(
πM
πD

− 1
) I

β − 1

(
y

YL

)β

✳ ✭✷✶✮

❈♦♠❜✐♥✐♥❣ ✭✷✵✮ ❛♥❞ ✭✷✶✮ ②✐❡❧❞s

W (K) ≤


βCSM

πM
+ 1 +

1

1 + β
(
πM
πD

− 1
)


 I

β − 1

(
y

YL

)β

❢♦r K ≤ K̂✳

❈♦♠♣❛r✐s♦♥ ♦❢ ❛ttr✐t✐♦♥ ❛♥❞ ♣r❡❡♠♣t✐♦♥ ✇❡❧❢❛r❡

❚❤❡ ♦♣t✐♠❛❧ ✈❛❧✉❡ ♦❢ ❡①♣❡❝t❡❞ ✇❡❧❢❛r❡ ✉♥❞❡r ♣r❡❡♠♣t✐♦♥ ✐s

W (KP ) =
CSM
πM

1

ψβ−1 − ψβ

I

β − 1

(
y

YL

)β

✭s❡❡ ❙❡❝t✐♦♥ ❆✳✾✮✳ Pr❡❡♠♣t✐♦♥ ✐s t❤❡r❡❢♦r❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ✐❢

CSM
πM

(
1

ψβ−1 − ψβ
− β

)
≥ 1 +

1

1 + β
(
πM
πD

− 1
) ✳ ✭✷✷✮

❚❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❞✐✣❝✉❧t t♦ ✐♥t❡r♣r❡t ❤♦✇❡✈❡r s✐♥❝❡ ψ ✐s ✐ts❡❧❢ ❛ ❢✉♥❝t✐♦♥ ♦❢ ♣❛r❛♠❡t❡rs ✐♥❝❧✉❞✐♥❣

CSD ❛♥❞ πD✳ ❲❡ t❤❡r❡❢♦r❡ ❞❡r✐✈❡ ❛ ❝♦♥s❡r✈❛t✐✈❡ ✭✐t ✐s ♦♥❧② t✐❣❤t ✐♥ t❤❡ ❧✐♠✐t ❛s β → 1✮ ❜✉t ♠♦r❡

tr❛❝t❛❜❧❡ ❜♦✉♥❞✳

✹✻



❚❛❦❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ψ ♦✈❡r (0, 1)✱ 1/
(
ψβ−1 − ψβ

)
✐s ❛ str✐❝t❧② ❝♦♥✈❡① ❢✉♥❝t✐♦♥ t❤❛t ✐s

♠✐♥✐♠✐③❡❞ ❛t ψ0 := (β − 1) /β✳ ❙✉❜st✐t✉t✐♥❣ t❤✐s ✈❛❧✉❡ ✐♥t♦ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✷✮ ❛♥❞ ✉s✐♥❣

1/ (1 + β ((πM/πD)− 1)) ≤ 1 ②✐❡❧❞s ❛❢t❡r r❡❛rr❛♥❣✐♥❣ t❤❡ str♦♥❣❡r s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥

CSM
πM

≥
2

β

1
(

β
β−1

)β−1
− 1

=: Ω (β) ✳ ✭✷✸✮

❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✷✸✮ ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞✱ ✜rst ❜② ♦❜s❡r✈✐♥❣ t❤❛t ❜② ❧✬❍ô♣✐t❛❧✬s r✉❧❡✱

limβ→1

(
β

β−1

)β−1
= 1 ❛♥❞ limβ→∞

(
β

β−1

)β−1
= e s♦ limβ→1Ω (1) = ∞ ❛♥❞ limβ→∞Ω (β) = 0✳

▼♦r❡♦✈❡r✱ 2/β ✐s ❞❡❝r❡❛s✐♥❣ ❛♥❞ d
[
(β/ (β − 1))β−1

]
/dβ =

[
(β/ (β − 1))β−1

]
(− (1/β) + ln (β/ (β − 1)))

✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ s✐♥❝❡ ln (β/ (β − 1)) > 1/β ❜② t❤❡ ❧♦❣❛r✐t❤♠ ✐♥❡q✉❛❧✐t②✳ ❚❤❡r❡❢♦r❡ Ω′ (β) < 0✳ �

❆✳✽ ❇✉②♦✉t ❛♥❞ ❧✐❝❡♥s✐♥❣

❇✉②♦✉ts ❛♥❞ ❛ttr✐t✐♦♥

❚♦ ✈❡r✐❢② t❤❡ ❝❧❛✐♠ t❤❛t ❛ttr✐t✐♦♥ ❞♦❡s ♥♦t ♦❝❝✉r ✐❢ πM/πD ≥ β + 1 s✉♣♣♦s❡ t❤❛t K = 0

✭t❤❡ ✐♠✐t❛t✐♦♥ ❝♦st ♠♦st ❢❛✈♦r❛❜❧❡ ❢♦r ❛ttr✐t✐♦♥✮✳ ❚❤❡ ❧❡❛❞❡r ♣❛②♦✛ LB (Y ) ✐s ♠❛①✐♠✐③❡❞ ❛t t❤❡

t❤r❡s❤♦❧❞ YB = (β (r − α) I) /((β − 1)(πM − πD))✳ ❚❤❡ ✐♥✈❡st♠❡♥t ❣❛♠❡ ✐s ✭✇❡❛❦❧②✮ ♣r❡❡♠♣t✐✈❡

✐❢ LB (YB) ≥ F (YB)✱ t❤❛t ✐s ✐❢

(
πM − πD
r − α

YB − I

)(
y

YB

)β

≥
πD
r − α

YB

(
y

YB

)β

✇❤✐❝❤ ②✐❡❧❞s t❤❡ ❞❡s✐r❡❞ ❝♦♥❞✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✻

❲❡ ✜rst ✈❡r✐❢② t❤❛t ❛ ❜✉②♦✉t ✐s t❤❡ ♣r❡❢❡rr❡❞ ✐♥str✉♠❡♥t✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ LB (Y ) ≥ LL (Y )

✇♦r❦s ♦✉t t♦

(
πM − πD
r − α

max {Y, YF } −KI

)(
y

max {Y, YF }

)β

≥

(
πD
r − α

max {Y, YF } −K0 −KI

)(
y

max {Y, YF }

)β

✇❤✐❝❤ ❤♦❧❞s ❜❡❝❛✉s❡ ♦❢ t❤❡ ❡✣❝✐❡♥❝② ❡✛❡❝t πM > 2πD✳

❚❤❛t ❜✉②♦✉ts ✐♥❝r❡❛s❡ ✜r♠ ♣r♦✜t ❢♦r K < K̂ ❢♦❧❧♦✇s ❢r♦♠ LB (Y ) > L(Y ) ❛♥❞ t❤❡ r❡♥t

❞✐ss✐♣❛t✐♦♥ ♣r♦♣❡rt② ♦❢ ❛ttr✐t✐♦♥ ❛♥❞ ♣r❡❡♠♣t✐♦♥✳

❙✐♠✐❧❛r❧②✱ ❧✐❝❡♥s✐♥❣ ✭♣r♦✈✐❞❡❞KI > 0✮ ✐♥❝r❡❛s❡s ✜r♠ ♣r♦✜t ✇❤✐❧❡ ❧❡❛✈✐♥❣ t❤❡ t✐♠✐♥❣ ♦❢ ✐♠✐t❛t✐♦♥

✉♥❝❤❛♥❣❡❞✳ ■t t❤❡r❡❢♦r❡ r❡♠❛✐♥s t♦ ✈❡r✐❢② t❤❛t ❧✐❝❡♥s✐♥❣ r❡s✉❧ts ✐♥ ❡❛r❧✐❡r ✐♥♥♦✈❛t✐♦♥✳ ▲❡t K̂L < K̂

✹✼



❞❡♥♦t❡ t❤❡ ❝r✐t✐❝❛❧ t❤r❡s❤♦❧❞ t❤❛t s❡♣❛r❛t❡s ❛ttr✐t✐♦♥ ❛♥❞ ♣r❡❡♠♣t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧✐❝❡♥s✐♥❣✱

✇❤✐❝❤ s♦❧✈❡s LL (YL) = F (YF ) ✭❛s ❧✐❝❡♥s✐♥❣ ♦♥❧② ❤❛s ❛ ❧❡✈❡❧ ❡✛❡❝t ♦♥ t❤❡ ❧❡❛❞❡r ♣❛②♦✛ ❢♦r Y < YF

t❤❡ ♣❛②♦✛ LL ✐s ♠❛①✐♠✐③❡❞ ❛t YL✮✳ ❋♦r K ≥ K̂L✱ ❛s LL (Y ) > L(Y ) ❛❧❧♦✇✐♥❣ ❧✐❝❡♥s✐♥❣ r❡s✉❧ts

✐♥ ✐♥♥♦✈❛t✐♦♥ ❛t ❛ t❤r❡s❤♦❧❞ t❤❛t ✐s ❡✐t❤❡r ❧♦✇❡r t❤❛♥ t❤❡ ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞ ✇✐t❤♦✉t ❧✐❝❡♥s✐♥❣

♦r ✇❡❛❦❧② ❧♦✇❡r t❤❛♥ t❤❡ ♣r❡✈✐♦✉s ♣♦ss✐❜❧❡ ✐♥♥♦✈❛t✐♦♥ t❤r❡s❤♦❧❞s✳ ❖t❤❡r✇✐s❡ ✐❢ K < K̂L✱ t❤❡

✐♥❞✉str② ✐s ✐♥ ❛♥ ❛ttr✐t✐♦♥ r❡❣✐♠❡ ❜♦t❤ ✇✐t❤ ❛♥❞ ✇✐t❤♦✉t ❧✐❝❡♥s✐♥❣ ❛♥❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✐♥♥♦✈❛t✐♦♥

t❤r❡s❤♦❧❞s s❤✐❢ts ❧❡❢t ✇✐t❤ ❧✐❝❡♥s✐♥❣✳ �

❆✳✾ ❆❞❞✐t✐♦♥❛❧ ❞❡r✐✈❛t✐♦♥s

❚❤✐s s❡❝t✐♦♥ ❞❡t❛✐❧s s♦♠❡ ♦❢ t❤❡ ❧❡♥❣t❤✐❡r ❞❡r✐✈❛t✐♦♥s ♥❡❝❡ss❛r② t♦ ❞❡t❡r♠✐♥❡ KP ❛♥❞ YP ✭t❤❡

♦♣t✐♠❛❧ ✐♠✐t❛t✐♦♥ ❝♦st ❛♥❞ ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞ ✇✐t❤✐♥ t❤❡ ❡①t❡♥❞❡❞ ♣r❡❡♠♣t✐♦♥ r❛♥❣❡✮ ❛♥❞

W (KP ) ✭t❤❡ ♦♣t✐♠❛❧ ✇❡❧❢❛r❡ ✉♥❞❡r ❡①t❡♥❞❡❞ ♣r❡❡♠♣t✐♦♥✮✳

❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ YP ❛♥❞ dYP /dK

❚❤❡ ❝♦♥❞✐t✐♦♥ L (YP ) = F (YF ) ✐♠♣❧✐❝✐t❧② ❞❡✜♥❡s t❤❡ ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞ YP ❛s ❛ C1 ❢✉♥❝t✐♦♥

♦❢ K ♦✈❡r
(
K̂,∞

)
✭s❡❡ ❙❡❝t✐♦♥ ❆✳✷✮✳ ❉✐✈✐❞✐♥❣ ❜② yβ ❛♥❞ ❣r♦✉♣✐♥❣ YF ②✐❡❧❞s t❤❡ ♠♦r❡ ❝♦♠♣❛❝t

❢♦r♠ ♦❢ t❤✐s ❝♦♥❞✐t✐♦♥✱

(
πM
r − α

YP − I

)
Y −β
P =

(
πM
r − α

YF −K

)
Y −β
F

=

(
β

β − 1

πM
πD

− 1

)(
β − 1

β

πD
r − α

)β

K−(β−1)✳ ✭✷✹✮

❚❤✐s ❝♦♥❞✐t✐♦♥ ❤❛s t❤❡ ❢♦r♠ f (YP ) = g (K)✱ s♦ t❤❛t dYP /dK = g′(K)/f ′(YP ) ✇❤❡r❡

f ′ (YP ) =

(
− (β − 1)

πM
r − α

YP + βI

)
Y −β−1
P

❛♥❞

g′ (K) = −
β − 1

K
g (K) < 0✳

❆♥② ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞ YP s❛t✐s✜❡s YP < YL✱ s♦ f ′ (YP ) > 0✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ t❤❡ ✐❞❡♥t✐t②

g(K) = f (YP ) ❛♥❞ ❞❡✈❡❧♦♣✐♥❣ ②✐❡❧❞s

dYP
dK

= −
YP − YNPV

YL − YP

(
YP
K

)
✳

■♥t❡r✐♦r ♣r❡❡♠♣t✐♦♥ ♦♣t✐♠✉♠ KP

✹✽



❙✉♣♣♦s❡ t❤❛t ❝♦♥❞✐t✐♦♥ ✭✶✾✮ ❤♦❧❞s s♦ t❤❛t t❤❡ ♣r❡❡♠♣t✐♦♥ ♦♣t✐♠✉♠ ✐s ❦♥♦✇♥ t♦ ❜❡ ❛♥ ✐♥t❡r✐♦r

s♦❧✉t✐♦♥✳ ❚♦ ❞❡r✐✈❡ ✐ts ❡①♣❧✐❝✐t ❢♦r♠✱ ✜rst s✉❜st✐t✉t❡ YF ✐♥ t❤❡ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❢✉♥❝t✐♦♥ ✭✶✽✮ t♦ ❣❡t

W (K) =

(
CSM + πM
r − α

YP − I

)(
y

YP

)β

+

(
β

β − 1

(CSD + 2πD)− (CSM + πM )

πD
− 1

)(
β − 1

β

πD
r − α

)β

yβK−(β−1)✳

❈♦♥s✐❞❡r t❤❡♥ t❤❡ ♣r♦❜❧❡♠ max
K≥K̂

W (K)✳ ❲❡ ❤❛✈❡

W ′ (K) =

(
− (β − 1)

CSM + πM
r − α

YP + βI

)(
y

YP

)β 1

YP

dYP
dK

−

(
β
(CSD + 2πD)− (CSM + πM )

πD
− (β − 1)

)(
β

β − 1

r − α

πD

)−β

yβK−β ✳

❆t ❛♥ ✐♥t❡r✐♦r ♦♣t✐♠✉♠ t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ✐♠✐t❛t✐♦♥ ❝♦stKP s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥W ′
P (KP ) = 0

❜✉t ✐t ✐s ❝♦♥✈❡♥✐❡♥t t♦ ♦❜t❛✐♥ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ s♦❝✐❛❧❧② ♦♣t✐♠❛❧ ♣r❡❡♠♣t✐♦♥ t❤r❡s❤♦❧❞ Y ∗
P

✐♥st❡❛❞✳

❙✉❜st✐t✉t✐♥❣ ❢♦r dYP /dK ❛♥❞ ♥♦r♠❛❧✐③✐♥❣ t❤❡ ✜rst✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ②✐❡❧❞s

(
(β − 1)

CSM + πM
r − α

Y ∗
P − βI

)
Y ∗
P − YNPV

YL − Y ∗
P

[Y ∗
P ]

−β

−

(
β
(CSD + 2πD)− (CSM + πM )

πD
− (β − 1)

)(
β

β − 1

r − α

πD

)−β

K
−(β−1)
P = 0

❛♥❞ s✉❜st✐t✉t✐♥❣ t❤❡ ♣r❡❡♠♣t✐♦♥ ❝♦♥❞✐t✐♦♥ ✭✷✹✮ ❣✐✈❡s ❛ ❝♦♥❞✐t✐♦♥ ✐♥ Y ∗
P ♦♥❧②✱

(
(β − 1)

CSM + πM
r − α

Y ∗
P − βI

)
Y ∗
P − YNPV

YL − Y ∗
P

−

(
β
(CSD + 2πD)− (CSM + πM )

πD
− (β − 1)

) πM
r−αY

∗
P − I

β
β−1

πM
πD

− 1
= 0✳

◆♦t✐♥❣ t❤❛t Y ∗
P − YNPV = r−α

πM

(
πM
r−αY

∗
P − I

)
❛♥❞ r❡❛rr❛♥❣✐♥❣ t❤❡♥ ❣✐✈❡s

(
CSM + πM

πM
Y ∗
P − YL

)(
β

β − 1

πM
πD

− 1

)

= (YL − Y ∗
P )

(
β

β − 1

(CSD + 2πD)− (CSM + πM )

πD
− 1

)
✳

❚❤❡r❡ ✐s ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ t❤✐s ❝♦♥❞✐t✐♦♥ ✇❤✐❝❤ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s Y ∗
P = ψYL ✇❤❡r❡

✹✾



ψ =

CSD−CSM
πD

+ 2
β

CSD
πD

− β−1
β

CSM
πM

+ 2
β

✳

◆♦t❡ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥ Y ∗
P > YNPV ✐s ❡q✉✐✈❛❧❡♥t t♦ ψ > (β − 1) /β ✇❤✐❝❤ ②✐❡❧❞s ❝♦♥❞✐t✐♦♥ ✭✶✾✮ ✐♥

t❤❡ t❡①t✳

❱❛❧✉❡ ♦❢ ♦♣t✐♠❛❧ ✇❡❧❢❛r❡ ✉♥❞❡r ♣r❡❡♠♣t✐♦♥ W (KP )

❚❤❡ ♦♣t✐♠❛❧ s♦❝✐❛❧ ✇❡❧❢❛r❡ ❝❛♥ ♥♦✇ ❜❡ ❡✈❛❧✉❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❯s✐♥❣ ✭✷✹✮ t♦ s✉❜st✐t✉t❡ ✐♥ t❤❡

❡①♣r❡ss✐♦♥ ❢♦r W (KP ) ❛❜♦✈❡ ②✐❡❧❞s

WP (KP ) =(
CSM+πM

r−α Y ∗
P − I

)(
β

β−1
πM
πD

− 1
)
+
(

β
β−1

(CSD+2πD)−(CSM+πM )
πD

− 1
)(

πM
r−αY

∗
P − I

)

β
β−1

πM
πD

− 1

(
y

Y ∗
P

)β

✳

❙✉❜st✐t✉t✐♥❣ ❢♦r Y ∗
P = (β (r − α)ψI) / ((β − 1)πM ) ✭= ψYL✮ ❛♥❞ ❢❛❝t♦r✐♥❣ I✱

WP (KP ) =(
β

β−1
CSM+πM

πM
ψ − 1

)(
β

β−1
πM
πD

− 1
)
+
(

β
β−1

(CSD+2πD)−(CSM+πM )
πD

− 1
)(

β
β−1ψ − 1

)

β
β−1

πM
πD

− 1
ψ−βI

(
y

YL

)β

✳

❚❤❡♥ ❛❢t❡r s✉❜st✐t✉t✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r ψ ❛♥❞ s♦♠❡ ❛❧❣❡❜r❛✱

WP (KP ) =
CSM
πM

ψ−(β−1)

1− ψ

I

β − 1

(
y

YL

)β

✳

�
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