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Abstract

We derive conditions under which the original result of Abadie et al. (2010) regarding the bias of
the Synthetic Control (SC) estimator remains valid when we relax the assumption of a perfect match on
observed covariates. We then show that, even when the conditions for the first result are valid, a perfect
match on pre-treatment outcomes does not generally imply an approximate match for all covariates.
Taken together, our results show that a perfect match on covariates should not be required for the SC

method, as long as there is a perfect match on a long set of pre-treatment outcomes.
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1 Introduction

Social scientists are often interested in evaluating the effect of a policy or a treatment on an outcome of
interest. To perform such an analysis, it is necessary to construct a counterfactual for the treated group
in case there were no treatment. In the absence of randomized experiments, however, it is often difficult
to find a suitable comparison group to construct such counterfactual. The synthetic control (SC) method,
developed in a series of papers by Abadie and Gardeazabal (2003), Abadie et al. (2010), and Abadie et al.
(2015), allows practitioners to construct a counterfactual for the treated group from a set of potential control
groups. The method uses a data-driven weighted average of the selected groups to construct a synthetic
control group that is more similar to the treated group than any of the individual control groups. This
fact has contributed to the method’s success, earning it its distinction of being “arguably one of the most
important innovations in the policy evaluation literature in the last 15 years,” c.f. Athey and Imbens (2017).

A crucial step in the applications of the SC method is the choice of predictors used to estimate the
weights. The original articles on the SC method mention using pre-treatment outcomes and other time-
invariant observed covariates. In fact, when potential outcomes follow a linear factor model, Abadie et al.
(2010) show that the existence of weights that achieve a perfect match on both pre-treatment outcomes and
time-invariant covariates implies that the bias of the SC estimator is bounded by a function that approaches
zero as the number of pre-treatment periods increases. Based on this result, Abadie et al. (2010) and Abadie
et al. (2015) recommend that the SC estimator should only be used if the SC unit provides a good fit in
terms of both pre-treatment outcomes and covariates.

In this paper, we analyze the implications of assuming a perfect match only on pre-treatment outcomes,
without imposing a perfect match on covariates. We first show that, if we impose additional assumptions on
the effects of observed covariates on potential outcomes relative to the assumptions in Abadie et al. (2010),
then we can still derive bounds on the bias of the SC estimator. However, even when the conditions for
the first result are satisfied, we show that a perfect match on pre-treatment outcomes does not necessarily
imply an approximate match on the covariates.! This may be the case even for covariates that are relevant
in determining the potential outcomes. A perfect match on lagged outcomes will only imply approximate
match for covariates that are both relevant and whose effects on the potential outcomes are linearly inde-

pendent from the effects of other observable and unobservable covariates.? Our results have two important

1We refer to “approximate match” for a covariate as the difference between the covariate for the treated unit and for the
SC unit being bounded by a function that goes to zero with the number of pre-treatment periods.

2 Abadie et al. (2015) argue that matching on pre-intervention lagged outcomes would help control for unobserved factors and
for the heterogeneity of the effects of the unobserved and observed factors, because only units that are alike in both observed



implications for researchers applying the SC method. First, we show that it is not necessary to directly
attempt to match on covariates when estimating the SC weights.? Second, we show that researchers should
not take unbalance in covariates as evidence that the SC estimator should not be used, as its bias can still
be bounded even when the covariates of the treated unit are not in the convex hull of the covariates of the
control unit (as long as we have a good match on outcomes over an extended period of time prior to the
treatment).

The remainder of this note is organized as follows. In Section 2 we set-up the model and briefly review
the results of Abadie et al. (2010), while in Section 3 we present the new results. All proofs are contained in

the Appendix.

2 The model in Abadie et al. (2010)

Let Y;; (1) and Y;; (0) be potential outcomes in the presence and in the absence of a treatment, respectively,

for unit 7 at time ¢. Consider the model:

Yie(0) = 0p + 0, Z; + Mipis + €in
(1)
Yie(1) = aur + Y3 (0)

where d0; is an unknown common factor with constant factor loadings across units; A; is a (1 x F') vector
of common factors; u; is a (F x 1) vector of unknown factor loadings; 6; is a (1 x r) vector of unknown
parameter; Z; is a (r x 1) vector of observed covariates (not affected by the intervention), and the error
terms e;; are unobserved transitory shocks. As in Abadie et al. (2010), we treat §; and \; as parameters and
1; as random. We say that a covariate Z; is relevant if its associated coefficient 0y; # 0 for some ¢, and we

refer to p,; as an unobserved covariate. The observed outcomes are given by

Yit = DitYie (1) + (1 — D;) Y3t (0), (2)

and unobserved determinants of the outcome variable as well as in the effect of those determinants on the outcome variable
should produce similar trajectories of the outcome variable over extended periods of time. Our results show that matching on
pre-intervention lagged outcomes may indeed help controls for these effects, although it does not guarantee that the treated
and the SC units will be alike in terms of observed covariates. In parallel with our work, Kaul et al. (2017) also claim (without
formalizing it) that ignoring covariates is not expected to lead to asymptotic bias when the number of pre-treatment periods
goes to infinity.

3This is important because there is still no consensus on which variables should be used as predictors in SC applications
(see e.g. Ferman et al. (2016)). Among the commonly used choices of predictor variables, many applied researchers include
all pre-treatment outcomes lags as predictors which, as explained in Kaul et al. (2017), implies that the optimization problem
to estimate the SC weights will render all other covariate used as predictor as irrelevant. Our results show that this does not
necessarily imply that the SC estimator will be biased.



where D;; = 1 if unit ¢ is treated at time t.

Suppose that the treatment takes place after time t = Ty and let the index 1 denote the treated unit.
We observe the outcomes of the treated unit and of J control units for T pre-intervention periods and for
T — Ty post-intervention periods, that is, (Y1, ..., Yy41,) for t =1,...,To, T + 1,....T.

The main goal of the SC method is to estimate the treatment effect on the treated, i.e.
a1y = let (1) - Ylt (0) y t> T(). (3)

Since Y1t (0) for ¢ > Tj is not observed, the main idea of the SC method is to consider a weighted average

of the control units to construct a proxy for this counterfactual. That is, for a given set of weights

J+1
WE{(wg,...,wJ+1)|ij=1 and w; > 0} (4)

j=2
the SC estimator for ¢ > Tj is given by:
Qi =Y — ijyjt =ap+0: | 21— ijZj + A | 1 — ij,uj + | €1t — Zw]fjt
J#1 Jj#1 j#1 J#1

Abadie et al. (2010) provide conditions under which the bias of the SC estimator is bounded by a function
that goes to zero as the number of pre-intervention periods grows. The authors assume the existence of

weights w* € R” that satisfy (4) and such that

Ylt - Zw; Jts t S TO) (5)
i#1

Zl = Z’LU;Z]', (6)
i#1

where (5) is the assumption of a perfect match on pre-treatment outcomes, and (6) is the assumption of
perfect match on time-invariant observed covariates. Given (5) and (6), and other assumptions, Abadie et
al. (2010) derive bounds on the bias of the SC estimator that go to zero when Ty increases. More precisely,

letting

ay, =Y — Zw;yju (7)
71



they show that there exists a function b (Tp) such that for all ¢ > Tp:

[E (43;) — at| < b(Tp) with b(Tp) — 0 as Ty — 0. (8)

3 The role of covariates in the Abadie et al. (2010) method

We derive conditions under which result (8) remains valid when (6) is not assumed. We also derive conditions

under which assuming (5) implies that (6) holds approximately. The main idea of our proof is to treat

observed covariates (Z;) as factor loadings and their associated time-varying effects (6;) as common factors.
To

Define the 1 x (r+F) row vector v; = (0, A¢), and denote by &(Tp) the smallest eigenvalue of T%) o1 Ve

Consider the following assumptions, which are similar to those in Abadie et al. (2010).

Assumption 1

(i) ei+ are inid with E (1) = 0 and O'izt =E (elzt) < oo for all i and t;
(ii) Eleit|Zs, pus] = 0;

(iii) 3¢ > 0 and T € N such that {(Ty) > & for all Ty > T;

() |vem| <7 forallt =1,...,T and m=1,....1+ F;

(v) E(lei|?) < 0o for p=2m where 1 <m €N, and for allt =1,....,To and i =2,....;J + 1;

Remark 1 Assumption 1.(iii) excludes the possibility of covariates that are irrelevant in determining the
potential outcome (that is, 8, = 0 for all ¢). This assumption also excludes the possibility of covariates whose
effects are multicollinear with the effects of other observed or unobserved covariates. If we were considering a
setting with only unobserved covariates, then we would always be able to redefine the unobserved covariates
so that we have an observationally equivalent model with no covariates that are irrelevant or whose effects
are multicollinear with the effects of other covariates.* However, this will not be the case if we have observed
covariates. We show later that it is possible to relax this assumption and still provide bounds on the bias of

the SC estimator.

Proposition 1 Consider the model (1) and (2). Let there be weights w* € R’ such that (4) and (5) hold,

4Note, however, that assumption 1.(iii) may still fail in this case. For example, we may have a simple example in which
A1, =1fort =1 and Ay =0 for t > 1. In this case, A1 ¢ is relevant, but £(Tp) — 0 when Ty — oo.



and let Assumption 1 hold. Then there exists a function b, (7o) with limr, coba(To) = 0 such that:

|E (@,{t) — Oélt‘ < ba(TO) for all t > Tj. (9)

Additionally, there exist functions b, ; (To),l{ = 1,..., F,and bz (To), k = 1, ..., r, with limg, —00bp,1(To) =

0 = lim7, 00 bz,%(T0) such that:

J+1
E(Zn— > wZ < bgp(Tp) forall k=1,...,7, (10)
j=2
J+1
E(pun = > w); < buu(Ty) foralll =1, ..., F. (11)
j=2

Proof. We provide the proof of Proposition 1 in the Appendix.

Proposition 1 provides conditions under which perfect matching on pre-treatment outcomes implies that
the bias of the SC estimator converges to zero with the number of pre-treatment periods, e.g. result (9).°
Note that assumptions 1.(iii) and 1.(iv) refer to both the effects of observed and unobserved covariates
(0 and A¢), while the equivalent result in Abadie et al. (2010) only requires conditions on the effects of
unobserved covariates (A;). Therefore, while we relax the assumption of perfect match on covariates, we
require additional assumptions on the effects of unobserved covariates relative to Abadie et al. (2010).°

The proposition also provides conditions under which a perfect match on pre-treatment outcomes is
sufficient for an approximate match on observed covariates, e.g. result (10), and an approximate match
on unobserved covariates, e.g. result (11). This will be the case if observed and unobserved covariates are
relevant and their effects on the potential outcomes are not linearly dependent. The intuition behind this
result is that, under these assumptions, it would not be possible to match on a large number of pre-treatment
outcomes without matching on both observed and unobserved relevant covariates. Note, however, that this
result is only valid if we impose additional assumptions on the effects of observed and unobserved covariates.

We now relax assumption 1.(iii). We allow for covariates that are irrelevant or whose effects are multico-
linear with the effects of other observed and unobserved covariates. That is, we allow for vzb = 0 for all ¢ for
some b € R\ {0}.”7 Without loss of generality, suppose that the first 7 covariates are relevant and have

effects that are not multicolinear (0 < 7 < r), and let 0~t be a 1 x 7 vector with the first 7 components of 6,

5The formulas for the functions b (Tp), bu,1(To), and bz 1 (Tp) are presented in the Appendix.

6See Ferman and Pinto (2016) for the implications for the SC estimator when the effects of covariates are allowed to increase
without bounds, so that assumption 1.(iv) is violated.

"For example, this allows for irrelevant covariates or for two or more covariates with time-invariant effects.



and Z; be a 7 x 1 vector with the first 7 components of Z;. Also, let @ be the dimension of the complement
of the space {b € R"*F\{0}|;b = 0}. Then we can always find a 1 x & vector 4; with first 7 components
equal to 0, such that, for any b € R"T¥ there will be a b € R® such that Y:b = ’ytg for all ¢. Moreover, the
first 7 components of b will be the same as the first 7 components of b. Therefore, we can find a @ x 1 vector
X, with first 7 components equal to Zi, such that model 1 can be rewritten as Y;;(0) = d; + %)N(i + &4t
Therefore, if we assume that T% ZtTil 17+ satisfies assumption 1.(iii), then we can apply Proposition 1.
In this case, the bias of the SC estimator is bounded, and the first 7 covariates are approximately matched.
However, in this case, it is not be possible to guarantee an approximate match for all covariates if r > 7. There
are two reasons for this. First, some covariates may be irrelevant in determining the potential outcomes. In
this case, it is clear that a perfect match on pre-treatment outcomes may be achieved even in the presence
of a mismatch in such covariates. More interestingly, there may be a mismatch even for covariates that are
relevant. For example, imagine that there is a time-invariant common factor A\;; = 1 with associated factor
loading u1;, and a covariate Z1; with time-invariant effects #;; = 6;. In this case, we would guarantee an
approximate match for (u1; + Z1,61), but we would not be able to guarantee an approximate match for pq,
and for Zy; separately. Intuitively, this multicollinearity implies that there would be weighted averages of
the control units that may provide a perfect match for the treated unit even if there is a mismatch in these
covariates. Importantly, these results suggest that a mismatch in observed covariates does not necessarily
imply an (asymptotically) biased SC estimator, even if such covariates are relevant in determining potential

outcomes.

4 Conclusion

We revisit the role of time-invariant covariates in the SC method. We formally derive two results. First,
we provide conditions under which the result in Abadie et al. (2010) regarding the bias of the SC estimator
remains valid when we relax the assumption of perfect match on covariates and assume only a perfect match
on pre-treatment outcomes. Second, we provide conditions under which a perfect match on pre-treatment
outcomes also provides an approximate match for the covariates. We show that an approximate match for
covariates may not be achieved even when the bias of the SC estimator is bounded. This may be the case
even for relevant covariates. Taken together, our results show that a perfect match on covariates should not
be required for the SC method, as long as there is a perfect match on a long set of pre-treatment outcomes.

Our results have direct implications on how applied researcher should implement the SC method and on how



they should assess the applicability of the method.
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A Appendix

Proof of Proposition 1

The proof follows closely Abadie et al. (2010). We first prove result (9) of Proposition 1. First, notice that
J+1 J+1 J+1

Y4 (0) — Z w;Yit (0) =7 <X1 - Z wiXi> + Z wi (€1t — €4t) (12)
=2 i=1 i=2

where X; = (Z;, ;)" is a (r + F) x 1 vector.

Stacking pre-treatment variables, i.e. Y, = (Yjy, ..., YiTD)/, we have that:

J+1 J+1 J+1
vE -3 wyP = rF (Xl = win) + D wiel — &) (13)
i=2 i=1 =2



where Y, and e} are Ty x 1 vectors, and T = [/, ..., ] is a Ty x (r + F) matrix.

We solve (13) for <X1 - Z;]ill wiXi> to obtain

J+1 ) S, J+1 ) I
(Xl -3 wixi> = (r7'r7) e (Yf’ -3 me> ~(PTR) PP S (- <F) )
i=1 =2 =2

-1
where we used assumption 1(iii), which guarantees that (FP 'TF ) exists if Ty is large enough. Plugging

this into (12) obtains

J+1 / N J+1
Yie (0) = Y wiYiu (0) = (FP FP) r? (Ylp -3 in3’>
i=2 1=2
, 1 , J+1
— (TPTP) TS wi (ef — eF)
=2

J+1

+ Z w; (616 — €4t) -
i=2

Using (4) and (5) obtains:

J+1

Y14 (0) — Z w; Yt (0) (15)

, _1 /J+1
= (I‘P I‘P> re wasf (16)
i=2

—1
—, (FP’PP) I (17)
J+1

+ Z wy (1t — €qt) - (18)

Noting that the (r + F) x (r + F) matrix I7'TF = Zfil ;7 we write the right hand side of (16) as:

—1
, 1 /J+1 J+1 To To
PP P * P * ! /

Ve (F 1“) r E wie;, = E w; Ve E V5V § VsEis

i=2 i=2 j=1 s=1

J+1

To
= Z w: Z wts{?:is (19)
1=2 1

s=

where L

To
b= | D]
j=1



Taking expectations on both sides of (15) and using expression (19) obtains for ¢t > Ty :

J+1 J+1 To
E <Y1t (0) — Z w; Yit (0)> =E <Z wy Z¢t55is> (20)
i—2 =2 s—1

where (17) and (18) equal to zero by assumption and since w} is independent of €;; for ¢ > Tp.

We show below that there exists a positive function b, (Tp) such that

0—00

J+1 To
E (Z w: Z Z/}tssz’s)

=2 s=1

First, consider the following string of inequalities:

(r+F)72>2

ths S wttwss S < To§

where the first inequality follows by the Cauchy Schwarz inequality and by the fact that ZJTL '7;"7j is positive

-1
definite and symmetric, while the second inequality follows since (T%) ZJTil 'yg»yj) is symmetric positive

definite with its largest eigenvalue given by £~'. Then

oy < X Yot Vom P+ F)F
VATS e = T
and, similarly,
=2
e < THEOT
Tog

Define
To
Eit = Zwtssisa 1= 27 ceey J+1
s=1
and consider

J+1

3wt el

i—2

J+1 Va sy41 1/p

(Z(wf)q> (Z |5z‘t|p> (21)

i=2 1=2

J+1 1/p
(Z |€¢t|p> (22)

—
E W; €4t

=2

IN

‘JJrl

IN

IN

10



where (21) follows by Holder’s inequality with p,¢ > 1 and % + % = 1 and (22) follows by norm monotonicity

and (4). Hence, applying Holder’s again obtains:

J+1 J+1 1/p
=2 =2

Applying Rosenthal’s inequality to
P
E |51t‘ ( >

comel (M52 S, (4527 (Eer)

p/2

Z 1/%5815

obtains

To
]:E <
s=1

IN

_9o\ P To To
C (p) <(’"+F”) max { =S Eleil?, (2 S B (e)?
5 TO s=1 TO s=1

which follows since

p To

To To r—i—F
D E el = Z|wts|”1€(sis|”><( ) ZEM
s=1 s=1

T To (r+ F)7 2 To
Z;E|¢ts€is|2 = Z(lﬂts)QE(ew) g( Toé ) ZE gw

11



Finally,

J+1
IE (a7, —aw)| < E(Zwﬂfzﬂ)

i=2

J+1 1/17
o)

i=2

J+1 py 7 1/P

: lEE( )1

1/p

A
Q
=
=
>
+
’ﬁ
.L
SN——
LM
=)
&
‘@
M
=
S’
/“\
~
[\
N
=
Ay
N—————
3
[V

P~ —1/p —

< (ch(p))l/,,<<r+ 1 )max{ m/TU/}

< (J><C’(p))1/p<(r—i_F)7 )max m;/p 7 = by (T0)
§ Tolil/paTl/Q = Ya \10

where, using the same notation as in Abadie et al. (2010), we let:

1 Do 1/2
2 2 2 Z - 2
;. = [E(g i = — oi, 0= max o;
b (80)", o To is? (i—2,...,J+1 ’)
Mp,is = E |€i8| Mpi = E mp,l87 my, = i 2rna)§+1 My < 00

The proof for results (10) and (11) follow by similar arguments. First, define the 1 x (r + F') vector
pr =10,0,...,1,...,0] where only the k" element equals to 1. Consider k such that 1 < k < r. From equation

(14), we have that:

J+1 J+1
(Zk,l — Z wiZk:,i> = pk (Xl - Z wiXi>
i—1 ;

=2
1 /J+1
—p (T7'T7) 073w (o — <)
=2

If we define 4" = max{¥, 1} > 0, then the proof of result (10) follows exactly the same steps as the proof of

< bZ,k (To) with bZ,k (To) — 00.

result (9) if we use 7' instead of 7, so we have that ’E (Zkl Zl 5 w*Z;”>

Similarly, if we consider [ > r we have that ’E (ull - Zz 5 W, mL> < b, (To) with by, (Tp) — oc.

12
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