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Abstract

We will show that Sion’s minimax theorem is equivalent to the existence of Nash
equilibrium in a symmetric multi-person zero-sum game. If a zero-sum game is
asymmetric, maximin strategies and minimax strategies of players do not corre-
spond to Nash equilibrium strategies. However, if it is symmetric, the maximin
strategy and the minimax strategy constitute a Nash equilibrium.
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1. Introduction

We consider the relation between Sion’s minimax theorem and the existence of
Nash equilibrium in a symmetric multi-person zero-sum game. We will show that
they are equivalent. An example of such a game is a relative profit maximization
game in a Cournot oligopoly. Suppose that there are n > 3 firms in an oligopolistic
industry. Let 7T; be the absolute profit of the i-th firm. Then, its relative profit is

ﬂi:ﬁi—nil i ﬁj.

J=1.j#i

We see
n n 1

Zn,-: ﬁi—n_l(n—l)]Zi;ﬁj:O.

i=1 i=1
Thus, the relative profit maximization game in a Cournot oligopoly is a zero-
sum game?. If the oligopoly is asymmetric because the demand function is not
symmetric or firms have different cost functions, maximin strategies and minimax
strategies of firms do not correspond to Nash equilibrium strategies. However, if
the demand function is symmetric and the firms have the same cost function, the
maximin strategy and the minimax strategy constitute a Nash equilibrium.

2. The model

Consider a symmetric n-person zero-sum game with n > 3 as follows. There
are n players, 1, 2, ..., n. The set of players is denoted by N. A vector of strategic
variables is (51, §2,...,5,) € S1 X S, X -+ X §,. §;1s a convex and compact set in
a linear topological space for each i € N. The payoff functions of the players are
u;(sy, S2,...,8,) fori € N. We assume

u; for each i € N is upper semi-continuous and quasi-concave on S ;
for each s; € §;, j € N, j # i. It is lower semi-continuous and
quasi-convex on S ; for j € N, j# iforeachs; € S;.

2 About relative profit maximization under imperfect competition please see Matsumura, Mat-
sushima and Cato (2013), Satoh and Tanaka (2013), Satoh and Tanaka (2014a), Satoh and Tanaka
(2014b), Tanaka (2013a), Tanaka (2013b) and Vega-Redondo (1997)



Since the game is symmetric, all players have the same payoff function, and we
have

n
Zui(sl’S29---9sn) :O’ (1)
i=1
for given (sy, 57, ..., s,) because we consider a zero-sum game. Also all §;’s are
identical. Denote them by S .

3. The main results

Sion’s minimax theorem (Sion (1958), Komiya (1988), Kindler (2005)) is
stated as follows.

Lemma 1 (Sion’s minimax theorem). Let X and Y be non-void convex and com-
pact subsets of two linear topological spaces, and let f : X XY — R be a function
that is upper semi-continuous and quasi-concave in the first variable and lower
semi-continuous and quasi-convex in the second variable. Then

max min f(x,y) = minmax f(x,y).
xeX yeY yeYy xeX

We follow the description of this theorem in Kindler (2005).

Suppose that s, € S for all kK € N other than i and j, j # i are given. Denote a
vector of such s;’s by s_; ;. Then, u;(sy, 52, ..., s,) is written as u,(s;, s;,5-; ;), and
it is a function of s; and s;. We can apply Lemma 1 to such a situation, and get the
following lemma.

Lemma 2. Let j # i, and S; and S j be non-void convex and compact subsets of
two linear topological spaces, and let u; : §;XS ; — R givens_; ; be a function that
is upper semi-continuous and quasi-concave on S ; and lower semi-continuous and
quasi-convex on S ;. Then

max min u;(s;, §j,S—; ;) = minmax u;(s;, 5, S ;).
S,‘ES; SjESj SjESj S;ES,’

We assume that arg max,cs, ming es ui(s;, 5, S ;) and arg ming e5 , Maxges, u;(s;, $;,8-; ;)
are single-valued for any pair of i and j. By the maximum theorem they are con-
tinuous in S_; ;.



Consider the following function;

S1 argmaXg, s, MiNg,es, u(S1, 52,8-12)
S2 | _, [arg maXs,es, Milges, us(82, 53,8-23)
b

Sn arg maxg, cs, Ming,es, Uy(Sy, S1,5-1,1)

given (sy, 52, ..., s,). This function is continuous, and each S; is convex and com-
pact. Therefore, there exists a fixed point (51, 55,. .., 5,) (by Glicksberg’s fixed
point theorem (Glicksberg (1952))).

Similarly, we can consider the following function;

5] arg ming, g, MaXg,es, U2(S1, $2,5-12)
S2 | _, [argming,es, Maxyses, uz(s2, 53,8-23)

b
Sn arg ming g, MaxXg,es, U1(Sy, S1,5-1.)

given (sy, 82, ..., S,). This function also has a fixed point, (5], &, ..., §).
Since we consider a symmetric game in which all players have the same payoft
function, we can assume that when s_; ; = s_,

max min u;(s;, §;,S—; j) = max min u (S, 7, S_x;) = min max u(S, S, S_x,1)
S,'ES SjES SkES S[ES A‘[ES SkES

= min max u;(s;, 5, S—; j),
s;€S  s;€S

and

arg max migl u;(s;, $j,8_; j) = arg max miSn Ur(Sk, 81, S—gy) = arg min max u(Sg, S, S—x.1)

5;i€S i€ SKES  s1€ si1€S  sieS
= arg min max u;(s;, s;,8_; ;) for i, j,k,l € N.
SjES s;i€S
They mean

max min u;(s;, §;,8-; ;) = maxmin u;(s;, S;,S_; ;)
s;eS SjES I b SjES s;€S JATE R b

= minmax u;i(s;, §;,S_; ;) = min max u;(s;, S;,S_; i
5ES ;€8 j( is 9> t,j) 5;€S sieS z( is 9> z,‘/),

and

arg max min u;(s;, §;,S_; ;) = aremax min u ;(s;, S:,S_; ;
g 5;€S  s5;€S l( v l"l) g SjES ;€8 ./( ) l,])

= arg min max u;(s;, §;,S_; ;) = arg min max u;(s;, s, S_; ;) for any i, j.
si€S  sj€S s;eS  s;€S



Then, we find (57, 35, ..., 58,) = (§1,5,...,5,). Lets = (s, 5,...,5). If (51, 82,...,5,) =

s, all arg max,eg minges ui(si, 5, 5, - . ., §)’s and all arg ming,eg Maxg,es u;(s;, 5, S, . . -

are the same. Thus, the fixed point obtained from above two functions is sym-
metric. Denote it by § = (5, 5,...,5). These arguments ensure the existence of
symmetric maximin and minimax strategies.

Summarizing the results, Sion’s minimax theorem for a symmetric multi-
person zero-sum game is stated as follows.

Theorem 1. Let S;’s for i € N be non-void convex and compact subsets of linear
topological spaces, let u; : S; X S; — R given S_; ; be a function that is upper
semi-continuous and quasi-concave on S ; and lower semi-continuous and quasi-
convexon S jforall j#iandi € N, and S; = S for alli € N. Then, there exists
$=(5,35,...,5) such that

max min u;(s;, s;,8-; ;) = max min u;(s;, Sj,5-; ;)
5;€S  s;€S s;€S  si€S

= min max u;(s;, §;,S_; ;) = minmax u;(s;, S;,8_; j),
si€S  s5;€8 sjES  si€S

and

arg max min u;(s;, s;,8_; ;) = arg max min u;(s;, 5, S-
EN% 5;€8 (8 8j>8-4) gsjeS si€s #868j:8-1.)

= arg m1§1 max u;(s;, $;,8_; ;) = arg m1§1 max u;(s;, sj,8_; ;) for any i, j,
S;€ S S;€ $i€

where§_; ;= (§,5,...,8) fork e N, k #1, j.

Now we consider a Nash equilibrium of a symmetric multi-person zero-sum
game. Let s7, i € N, be the values of s;’s which, respectively, maximize u;, i € N,
given sj.,j # I, in a neighborhood around (s}, s3,...,s,) in §1 X §, X --- X §,,.
Then,

* *
ui(sy, ..., 8;,

. 80) = ui(sy, ..., Si,...,8,) foralls; # s, i € N. 2)

Since the game is symmetric, we consider a symmetric equilibrium such that all
s?’s are equal at equilibria. Thus, u,(s7,...,s?,...,s;)’s for all i are equal, and by

the property of zero-sum game they are zero. By symmetry of the game we have
Wi(S)s ooy Siseens Sy) = (Sy, .y 8., sy for jEi k#1,j#k
From this and (1)

n

Z Wi, oy Sivee s 8y) = —(n=Duj(s], ..., Sis. oy 8,) = Ui(S], ., Siy ety 8.

J=Lj#i

,8)’s



Therefore, from (2)

*

Wiy, ooy iy Sy) 2 ui(sy, .. .,87, ..., 8,) for j#i.
By symmetry
ui(sy, ooy Sjpee s 8y) 2 ui(sy,...,87, ..., 8,) for j#i.
Combining this and (2)
ui(Sy, ooy Sivee s 8) S (S, o, 87, 8,) S u(S], S, S))
for all s; # s; and all s; # sj-, j#1i, i €N.
This is equivalent to

* * * * * . * *
WSy, ooy Sisen,8y) = maxu(sy, ..., 8,...,8,) =minu(s),...,S...,5,),
Si Sj

j#igiven sy, k #1,J,
Denote the symmetric Nash equilibrium of the zero-sum game by s* = (s*, s*, ..., s%).
Let§*_l.’j =, 5,...,8§)forkeN, k+#i,j,andS_;; =(5,5,...,5)forke N, k #
i, j. We can show the following result.
Theorem 2. The following three statements are equivalent.

(1) There exists a symmetric Nash equilibrium in a symmetric multi-person
zero-sum game.
(2) There exists S = (8,5, ..., 5) such that the following relation holds.

s . - . ~ o . . .
‘A= mvax rryn ui(si, 8,8 ;) = rrzm myax ui(si, 8,8 ) = \s for any pair of i and j.
o1 J J o1

3) There exists a real number vy, s™ and s such that
i J

ui(s?', s;,8-; ;) > v, for any s;, and u;(s;, s}”, S_;j) < v, for any s;, 3)

for any pair of i and j.

Proof. (1 —=2)
Set § = s*. Then,

S _ b * £ * — 3k * *
V= rril_n msax u;(s;, sj,s_,-,j) < msax u;(s;, sj,s_,-,j) = u;(s;, sj,s_,-’j)
J i i
_ . * ES . * _ S
= min ui(s;, 55,8 ;) < max min ui(si, 8,8, ;) = V;.
J i 2]



On the other hand, miny, u;(s;, 5, sii’j) < ui(si, 8, sii’j), then max,, miny; u;(s;, 5, S
maxg, u;(s;, s.,-,s"jl.’j), and so maxg, ming, u;(s;, Sj,S:,j) < ming, maxg, u;(s;, s, sfi’j).
Thus, v} < vj., and we have v; = Vj..
2-3)

Set § = s". Let s = arg max,, miny; u(s;, sj,Si,-,j) (the maximin strategy),
s = arg ming; max,, ui(si, 8j, 8-, j) (the minimax strategy), and let v, = vi = V;
Then, we have

m

ui(s', sj, s_i’j) > Irzl_n u; (s ,sj,s_,-,j) = msax msln u;(s;, sj,s_,-’,-) =V,
Sj i Sj ’

= rrzin max u;(s;, S, 8-, ;) = maxu;(s;, 7,87, ;) > ui(si, 7,87, ).

* m *

and 7 = § = 5*.

By Theorem 1 s = § = s !

B3-1
Set§ = s". Since s = sT = s* from (3) we get

l/ti(S*, Sj,S:-,j) > Vg 2> I/ti(Si, S*,S:’j) for all s; €85, s; € Sj.

*

Putting 5; = 57 and s; = sj, we see v, = u;(s*, s*,s*_l.’j) and s* = (5%, 5%, ...,5%) 18
an equilibrium. [

Therefore, Sion’s minimax theorem is equivalent to the existence of Nash
equilibrium of a symmetric multi-person zero-sum game.
4. Example of asymmetric multi-person zero-sum game

Consider a three-person game. Suppose that the payoff functions of players
are

1
= (a_sl_(52"'53)51_6'151_5[(‘1_52_(51+S3)52_C252+(a_53_(S2+Sl)s3_6353],

1
T = (0—52—(S1+S3)52—0252—5[(0—51—(S2+S3)Sl—0151+(a—S3—(52+51)S3—C3S3],

and

1
3 = (a—s3—(s2+51)s3—c353— = [(a—s1—(s2+53)s1—C1 51 +(a—s52—(51+53)52—C252].

2

This is a model of relative profit maximization in a three firms Cournot oligopoly
with constant marginal cost and zero fixed cost producing a homogeneous good.

7

_i’j



si,i = 1,2,3 are the outputs of the firms. The conditions for maximization of
m, 1=1,2,3 are

o 1
o =a-2s1— (s +s83)—c1+ =(s50+ 53) =0,
8s1 2
on 1
-2 =a—2s;—(s1+53)—cr+ =(s1+53) =0,
Hsz 2
and 5 1
s =a—-2s3—(s,+81)—c3+ =(s2+ 1) =0.
6S3 2
The Nash equilibrium strategies are
3a—5¢c1+ ¢+ 3a—5¢c,+c1 +¢3 3a—5c3+ ¢+
S1 = , 2 = » 83 = .4
9 9 9
We consider maximin and minimax strategy about Player 1 and 2. The con-
dition for minimization of m; with respect to s, is g% = 0. Denote s, which

satisfies this condition by s,(s1, 53), and substitute it into 7r;. Then, the condition
for maximization of mr; with respect to s; given s,(sy, s3) and s3 is

871'1 + 871'1 dSz
651 (9S2 dSl

We call the strategy of Player 1 obtained from these conditions the maximin strat-
egy of Player 1 to Player 2. It is denoted by arg max, min,, 7r;. The condition for
maximization of m; with respect to s; is g—’:: = 0. Denote s; which satisfies this
condition by s;(s,, s3), and substitute it into ;. Then, the condition for minimiza-

tion of m; with respect to s, given s1(s3, 53) 1S
on 1 + on 1 dSl
(9S2 s 1 d2
We call the strategy of Player 2 obtained from these conditions the minimax strat-

egy of Player 2 to Player 1. It is denoted by arg min,, max;, ;. In our example
we obtain

. 3a—4c) + ¢ . 6a —9s3 —2c¢; — 4c,
argmax minm; = ————, argminmaxm; = .
51 0% 9 52 sy 9
Similarly, we get the following results.
. 3a —4c, + ¢ . 6a —9s3 — 2¢, — 4cy
arg max minr, = —————, argmin max m, = ,
K S1 9 S1 52 9



3a —4cy + c3 6a —9s, —2¢; — 4cs

argmax minm; = , arg min max m; = ,
51 53 9 53 §1 9
. 3a —4c3 + ¢ . 6a —9sy — 2¢3 — 4cy
arg max min 13 = ————————, arg min max 3 = ,
53 S 9 5183 9
. 3a—4cy + c3 . 6a —9s; —2¢p, — 4cs
argmax min 1, = ———————, arg min maxm, = ,
52 53 9 83 852 9
. 3a—4c3 + ¢, . 6a —9s1 —2¢3 — 4,
arg max min 13 = ———————, arg min max 13 = .
53 52 9 52 53 9

If the game is asymmetric, for example, ¢; # ¢3, arg max,, ming, 71y # arg max,, ming, 7,
arg max,, ming, 7, # arg max,, ming, 773, arg ming, Maxg, 7, # arg min,, maxg, zand
so on. However, if the game is symmetric, we have ¢, = ¢3 = ¢ and

arg max min 1, = arg max min 1, = arg max minsr; = arg max min 3
S 52 52 S1 S 53 53 S1
. . a—cy
= arg max min s, = arg max minm; = .
52 083 53 S 3

All of the Nash equilibrium strategies of the players in (4) are also equal to 5.
Assume s, = s3 = 57 as well as ¢; = ¢3 = ¢;. Then,

arg min max n1; = arg min max 1, = arg min max s1; = arg min max 713
52 S1 S1 52 53 S1 S1 53

. . 2a — 3s; — 2c¢
= argminmax z, = arg minmax 73 = ——————.
53 8 52 83 3
Further, if
§] = arg min max m, = arg min max 7s,
S1 52 S1 $3
we obtain

arg min max s1; = arg min max 7, = arg min max s1; = arg min max 3
52 S 51 52 53 S S 53

a— Cp

= arg min max s, = arg min max 713 =
535 s 2 05 3

Therefore, the maximin strategy, the minimax strategy and the Nash equilibrium
strategy for all players are equal.
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