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Abstract 

         In 1986, Dyson defined the rank of a partition as the largest part of a partition   minus 

the number of parts of  . In 1988, Garvan discussed the theta series in x like A(x), B(x), C(x), 

D(x) and also discussed Jacobi’s triple product Identity (1829). Both of the authors have 

worked on Ramanujan’s seminal works “Ramanujan’s Lost Notebooks”. This paper proves 

the Theorem 1 with the help of Dyson’s rank conjectures N(0,5,5n +1), N(2,5, 5n +1) and 

proves the Theorem 2 with the help of Garvan’s theta series and Dyson’s rank conjectures 
N(1,5, 5n+2), N(2,5, 5n+2), respectively. An attempt has been taken here to the development 

of the Ramanujan’s works with the contributions of Dyson and Garvan. Definitions and 

simple mathematical calculations are presented here to make the paper easier to the common 

readers. 

 

Keywords: Congruent, Jacobi’s Triple product, Modulo, Ramanujan’s Lost Notebook, Theta 
series.  

 

1. Introduction 

       In this paper we give some related 

definitions of P(n), Rank of partitions, 

N(m,n), N(m,t,n), Z,  x ,  zx ,  
m

n
x , 

 
m

k
xx

5; ,  n1   and  n2 . We state the 

relations [4] to establish the Garvan’s theta 
series in x and establish the identity which 

in used in proving the Theorems and also 

establish Dyson’s various rank conjectures 
with the help of Ramanujan’s identities. 
Garvan [4] stated the terms  n1  and  n2  

with certain conditions. We also generate 

the generating functions for  n1  and  n2  

[1]. We prove the Theorem 1 in terms of 

 n1  with the help of Ramanujan’s 
identities and prove the Theorem 2 in 

terms of  n2  with the help of Dyson’s 
rank conjectures and Ramanujan’s 
identities.  

 

2. Some Related Definitions 

 

     P(n)  [5] : The number of partitions of n 

like;  

 

            4, 3+1, 2+2, 2+1+1, 1+1+1+1    
P (4) = 5. 

 

Rank of partition: The largest part of a 

partition   minus the number of parts of 

  (a partition of n). 

 

 nmN , : The number of partitions of n 

with rank m. 

 

Dyson’s rank conjectures are defined as 

follows [2]:  
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 ntmN ,, : The number of partition of n 

with rank congruent to m modulo t. 

 

Z: The set of complex numbers. 

 

Product notations [6]: 

 

 x : The product of infinite factors; 

  

          ... 1 1 1 32
xxxx . 

 

 zx :  The product of infinite factors;  

                     

         ...  1 1 1 32
zxzxzxzx . 

 

 
m

n
x : The product of m factors;  

 

        121 1  ...  1 1 1   mnnnn

m

n
xxxxx . 

 

 
m

k
xx

5; :  The product of m factors; 

 
        5  11055 1  ...  1 1 1;   mkkkk

m

k
xxxxxx

 

 n1 : The number of partitions of n into 

1’s and parts congruent to 0 or –1 modulo 

5 with the largest part    55mod0   times 

the number of 1’s  the smallest part 

 5mod1 .  

 

 n2 : The number of partitions of n into 

2’s and parts congruent to 0 or – 2 modulo 

5 with the largest part   55mod0   times 

the number of 2’s  the smallest part 

 5mod2 . 

 

3. The Relations from Ramanujan’s 
Lost Notebook [1]  

 






 ... )
5

2
cos21)(

5

2
cos21(

 ... )1)(1)(1(
)(

422

32

x
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5
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5
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2

5

1

5

1
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n

xxB
n

xxAxF
   

                            )(
5

2
cos2 5

3

xD
n

x
 . (1) 

 








  )(

5

2
cos2)()(

5

2
sin4)()( 5

2

5

1

25

1

xC
n

xxBxx
n

xAxf
  

         

     






 

x

xn
xD

n
x

)(
.

5

2
sin4)(

5

2
cos2 25

3  .  (2) 

 

Garvan’s theta series in x [4] are; 

 

 
      




...111

...1
26242

932

xxx

xxx
xA , 

 

     
    




 ...  1 1 1

 ... 1 1 1
64

15105

xxx

xxx
xB ,  

   

     
    




 ... 1 1 1

 ... 1 1 1
732

15105

xxx

xxx
xC , 

 

 
      




 ...  111

 ...1

272322

74

xxx

xxx
xD , 

 

     

 



64

5

1 1 11

1
1

xxx

x

x
x   

 

      






...
1 1 1 1 1 11964

20

xxxxx

x . 

   

But we get; 

 

 )(
5

4
cos2)(

5

2
cos4)( 5255

xCxxBxxA


 

 

)(
5

2
cos2 53

xDx
  

 

 5322 2
5

2
cos2

5

4
cos2

5

2
cos41 xxxx
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 ...
5

2
cos2

5

2
cos4 10826

xxx


 

 

     

 



732

5

2 1 1 11

1
1

xxx

x

x
x  

      






...
1 1 1 1 1 128732

20

xxxxx

x

. 

 

Now,  

 

       








...
1 1 11 11 543

5

32

3

xxx

x

xx

x

x

x   

 

   xAx  13 . 

  

And,  

 

       








...
1 1 11 11 543

3

32

2

xxx

x

xx

x

x

x   

 

   xxDx  3 . 

 

We assume without loss of generality that 

n = 1. Let 5

 2

exp

i

  , then we may write the 

definitions of F(x) and ′(x) as; 

 

   
   




xx

x
xF

1
, 

 

 and,  

 

       



 


1

11 1 1...1 1
1

2

n
nn

n

xxxx

x
xf


  

 

   





1
1

2

n nn

n

xx

x


,  

 

where we have used the relations; 

 

  10 a ,  

 

      11 ... 1 1  n

n axaxaa , for 1n  

 

and,  

 

     1

1 1 
  n

nn
n

axaLima . 

 

      After replacing x by x
5
 we see that (1) 

and (2) are identities for F(x) and ′(x). We 

note that the numerators in the definitions 

of A(x), B(x), C(x), and D(x) are theta 

series in x and hence may be written as 

infinite products using Jacobi’s triple 
product identity [3]; 

 

   nnn

n

xxzzx  



1 1 1 11

1

      

 

 
 

2

1

1





nn

nn

n

xz       (3) 

 

   ...1... 3212
xzzxzxz , 

 

where z  0 and x< 1.  

  

Replacing x by x
5
 and z by 3

x  we get 

from (3); 

 

   nnn

n

xxx
52535

1

1 1 1  



 

 

  ...1 ... 9211
xxx  

 

  ...1 11932
xxxx . 

 

Again replacing x by x
5
 and z by 3

x  

equation (3) becomes; 

 

   nnn

n

xxx
51545

1

1 1 1  



 

  

  ...1 ... 7413
xxxx  

 

  ...1 1374
xxxx . 

 

In fact we have; 
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   215245

52535

1 11

1 1 1





 




nn

nnn

n xx

xxx
xA , 

 

   
  1545

5

1 1 1

1




 



nn

n

n xx

x
xB ,  

 

   
  2535

5

1 1 1

1




 



nn

n

n xx

x
xC , 

 

     
   225235

51545

1 1 1

1 1 1





 




nn

nnn

n xx

xxx
xD . 

  

 Rank of a Partition 

        The rank of a partition is defined as 

the largest part minus the number of parts. 

Thus the partition; 6 + 5 + 2 + 1 + 1 + 1 + 

1 of 17 has rank, 6 –7 = –1 and the 

conjugated partition, 7 + 3 + 2 + 2 + 2 + 1 

has rank, 7– 6 = 1, i.e., the rank of a 

partition and that of the conjugate partition 

differ only in sign. The rank of a partition 

of 5 belongs to any one of the residues 

(mod 5) and we have exactly 5 residues. 

There is similar result for all partitions of 7 

leading to (mod 7). 

          The generating function for N(m, n) 

is of the form [3]; 
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111
n
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j

n
nmn

n
n

xxx  

 

        



















1 0

123
2

123
21
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n k

k
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n
mn

n
n

xkPxx  

 

  
 ... .0

321 mmm
xxx  

      

  
 ... 

6252 mm
xx  

   n

n

xnmN  ,
0






 . 

    

The generating function for  ntmN ,,  is of 

the form; 

 

        

















1

1

1

13
2 1

1
1

n
n

j

j
tn

mtnmn
n

n
n

x
x

xx
x  

 

      








1

13
2  1

n
n

mtnmn
n

n
n

xxx  

   





0

2  ...1
k

ktntn
xkPxx   

 

  n

n

xntmN





0

 ,, ; 

 

which shows that all the coefficients of 
n

x
  (where n is any positive integer) are 

zero. 

     Now we define the generating function; 

 

 dra  for  dtntaN ,,  

where       n

n
aa xdtntaNtdrdr  ,,,

0





, 

and 

 

       drdrtdrdr bababa  ,,,  

 

      n

n

xdtntbNdtntaN  ,,,,
0





. 

 

The generating function  x  [7]  is of the 

form; 

 

     

 



64

5

1 1 11

1
1

xxx

x

x
x  

 

      






...
1 11 1 1 11964

20

xxxxx

x ,

  

     ...1...11 252
xxxxx  

 

    ......1 ...1 64
xx  

 

 ...2222 8765432
xxxxxxxx
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     n

n

xnNnN  5,5,25,5,1
0






   

 

 02,1r . 

 

The generating function A(x) is defined as; 

 

 
      




...111

...1
2 62 42 

932

xxx

xxx
xA  

 

   ...321 ...1 2932
xxxxx  

 

   ... ...321 84
xx  

 

 ...2221 432
xxxx  

 

   





0

5,5,25,5,01
n

nNnN  

  

           n
xnNnN 5,5,225,5,12   

 

      




n

n

xnNnN  5,5,25,5,01
0

 

         

        n

n

xnNnN  5,5,25,5,12
0






  

 

   0201 2,12,0 rr  . 

 

The generating function is of the form; 

 

  1545

5

1 1 1

1




 



nn

n

n xx

x
 

 

    



...1 ...1 1 15455

1

nnn

n

xxx  

 

       ...2 11122301 432
xxxx  

 

     n

n

xnNnN  15,5,215,5,0
0






   

 

 12,0r . 

      

    The generating function is of the form; 

 

  2535

5

1 1 1

1




 



nn

n

n xx

x
 

 

    ...1 1 610355

1

 




nnn

n

xxx  

 

       ...15163301 2
xx  

 

     




n

n

xnNnN  25,5,225,5,0
0

 

 

                  

   ...1 41025 nn
xx  

 

  22,1r . 

  

The generating function (x) is of the 

form; 

 

     

 



732

5

2 1 1 11

1
1

xxx

x

x
x  

 

              

      






...
1 1 1 1 1 128732

20

xxxxx

x  

 

    ...1...11 2542  xxxx  

 

    ......1 ...1 763
xxx  

 

 ...22 10987642
xxxxxxx . 

 

Hence,   

 
 




...22 9876543
xxxxxxxx

x

x  

  

     n

n

xnNnN  35,5,035,5,2
0






   

 

 30,2r  
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and,    
x

x
r


32,0

. 

 

The generating function D(x) is of the 

form; 

 

        




...111

...1
2 72 32 2

74

xxx

xxx
xD  

 

   ...321 ...1 4274
xxxxx  

    ...  ...21 ...21 73
xx  

 

 ....021 32
xxx  

 

   





0

35,5,135,5,0
n

nNnN  

 

            n
xnNnN  35,5,235,5,0   

 

     


0

35,5,135,5,0
n

n
xnNnN  

 

    





0

 35,5,235,5,0
n

n
xnNnN  

 

   33 2,01,0 rr   

    

4. The Generating Functions for  n1  

and  n2  

        First we shall establish the following 

identity, which is used in proving the 

Theorems. If a and t are both real numbers 

with a < 1 and t < 1, we have; 

 

 
 

   
    








 ... 1 1 1

 ... 1 1 1
2

2

txtxt

atxatxat

t

at
 

 

      ... 1  ...  1 1 2
ttatxat  

 

     ...   ... 1 ...1 4422
xtxttx

 

 

     ...1...1 1 22
xxaxxt  

                 

     ...321 ...221 2322
xxaxxxt

            

   ......22 4322
xxxxa  

 

    ...1 11 2
xxta  

         

        

       ...  ... 221 1 1 322
xxxtaxa  

 

    
   









2

2

1 1

 1 1

1

 1
1

xx

taxa

x

ta
 

              

       
   
    




...
1 1 1

 1 1 1
32

32

xxx

taxaxa
  

 

 
 






0n n

n

n

x

ta
 

 

i.e.,  
 
 

 
 





 
0n n

n

n

x

ta

t

at
.        (4) 

 

The generating function for  n1  is 

defined as; 

 

   


 


0
54555 ;;n

n

n

n

xxxx

x
 

 

    



... 1 1 1

1
1494

xxx
 

  

    
 ... 1 1 1

1
1495

xxx
 

 

    


...
... 1 1 1 14105

2

xxx

x
 

 

 ...3221 865432
xxxxxxx  

 

   n

n

xn





0

1   ,        (5) 
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where we have assumed   101  . 

  

     The generating function for  n2  is 

defined as; 

 

   


 


0
53555

2

;;n
n

n

n

xxxx

x
 

 

    



 ... 1 1 1

1
1383

xxx
 

 

    
  ... 1 1 1 1385

2

xxx

x  

 

    


...
 ... 1 1 1 13105

4

xxx

x
 

 

 ...221 876432
xxxxxx   

 

  n

n

xn  
0

1




  ,    (6) 

 

where we have assumed,   101  .  

   Here we give two Theorems, which are 

related to the terms  n1  and  n2  

respectively. 

 

Theorem1:  15,5,0 nN  n1 +

 15,5,2 nN , where  n1  is the number of 

partitions of n into 1’s and parts congruent 
to 0 or –1 modulo 5 with the largest part  

  55mod0   times the number of 1’s  

the smallest part  5mod1 . 

 

Proof: From (4) by replacing  xz
1  for a 

and z for t we have; 

 

 
   





xzz

x
1

  
 
 










0

1

1

1

n n

n

n

x

zxz

xz
,  

 

where 1z  but 0z  

 

  
 
 

  
   
























 ...
1 1

1 1

1

1
1

 ... 1 1

1
2

22111

211
xx

zxzxz

x

zxz

xzxz

 

 

      



  ... 1 1...1 1

1
21211

xzx

z

xzxz
 

 

    


  ...
...1 1 1 312

2

xzxx

z  

 

  
      


  ... 1 1...1 1

... 1 1
211

2

xzxzzxz

xx
. 

 

Replacing x by x5 and z by x, we obtain; 

 

       



  ...  1 1 1...1 1

1
149594

xxx

x

xx
 

 

    


...
 ... 1 1 1 14105

2

xxx

x
 

 

 

  
      




... 1 1 ... 1 1

... 1 1
946

105

xxxx

xx
. 

 

Hence,  

 

   
 

   




 
  545

55

0
54555 ;;

;

;; xxxx

xx

xxxx

x

n
n

n

n

 

 

   12,0

0

1 rxn
n

n 




 , by above; 

 

     n

n

xnNnN  15,5,215,5,0
0






 . 

 

Equating the coefficient of n
x on both 

sides, we get; 

 

     15,5,215,5,01  nNnNn . 

Hence the Theorem. 

 

Example 1:  N(0,5,11)=12, N(2, 5, 11) = 

11,    121  , with the relevant partition is 

1 + 1. 
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 N(0, 5, 11) =  21 + N(2, 5, 11). 

 

Theorem 2:  15,5,1 nN  n2 + 

 25,5,2 nN , where  n2  is the number of 

partitions of n into 2’s and parts congruent 
to 0 or – 2 modulo 5 with the largest part 

  55mod0   times the number of 2’s  the 

smallest part  5mod2 . 

 

Proof: From (4) by replacing   xz
1  for a, 

and z for t we have; 

 

 
   





xzz

x
1

  
 
 










0

1

1

1

n n

n

n

x

zxz

xz
, 

 

 where 1z  but 0z  

 

  
 
 

  
   
























  ...
1 1

1 1

1

1
1

...1 1

1
2

22111

211
xx

zxzxz

x

zxz

xzxz

 

 

      



    ...  1 1 ...  1 1

1
21211

xzx

z

xzxz
 

 

    


  ...
 ...  1 1 1 312

2

xzxx

z
 

 

  
      


   ... 1 1 ... 1 1

 ... 1 1
211

2

xzxzzxz

xx . 

 

After replacing x by x5, and z by 2
x , we 

get; 

 

       



  ...  1 1 1 ... 1 1

1
149594

xxx

x

xx
 

 

    


 ...
 ... 1 1 1 14105

2

xxx

x . 

  

 We get by replacing x by x
5
 and z by x

2; 

 

       



  ... 1 1 1 ... 1 1

1
1385

2

83
xxx

x

xx
 

 

    


 ...
 ... 1 1 1 13105

4

xxx

x  

 

   
       




 ... 1 1   ... 1 1 

 ... 1 1 1
8372

15105

xxxx

xxx . 

 

Hence,  

   
 

   




 
  5352

55

0
53555

2

;;

;

;; xxxx

xx

xxxx

x

n
n

n

n

 

 

   22,1

0

2 rxn
n

n 




 , by above; 

 

     n

n

xnNnN  25,5,225,5,1
0






 . 

 

Equating the coefficient of x
n
 on both 

sides, we get; 

 

     25,5,225,5,12  nNnNn  

 

     25,5,225,5,1 2  nNnnN  . 

Hence the Theorem. 

 

 Example 2: N(1,5,12) =16, N(2, 5, 12) = 

15,   122   , with the relevant partition is 

2. 

N(1, 5, 12) =  22 + N(2, 5, 12) 

 

5. Conclusion 

      In this study we have discussed the 

relations collected from Ramanujan’s Lost 

Notebook VI. We have established 

Garvan’s theta series with the help of 
Ramanujan’s identities. We have proved 

the Theorem 1 in terms of  n1  and have 

verified the Theorem with a numerical 

example. Finally we have established the 

Theorem 2 in terms of   n2  and have 

verified the Theorem with a numerical 

example when n =2 
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