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Abstract

In 1986, Dyson defined the rank of a partition as the largest part of a partition 7 minus
the number of parts of 7. In 1988, Garvan discussed the theta series in x like A(x), B(x), C(x),
D(x) and also discussed Jacobi’s triple product Identity (1829). Both of the authors have
worked on Ramanujan’s seminal works “Ramanujan’s Lost Notebooks”. This paper proves
the Theorem 1 with the help of Dyson’s rank conjectures N(0,5,5n +1), N(2,5, 5n +1) and
proves the Theorem 2 with the help of Garvan’s theta series and Dyson’s rank conjectures
N(1,5, 5n+2), N(2,5, 5n+2), respectively. An attempt has been taken here to the development
of the Ramanujan’s works with the contributions of Dyson and Garvan. Definitions and
simple mathematical calculations are presented here to make the paper easier to the common
readers.

Keywords: Congruent, Jacobi’s Triple product, Modulo, Ramanujan’s Lost Notebook, Theta
series.

1. Introduction

In this paper we give some related
definitions of P(n), Rank of partitions,
N(m,n), N(mztn), Z, (x),, (zx),, (x")m, P(n) [5] : The number of partitions of n

(x*:x°),, B(n) and g,(n). We state the like;

relations [4] to establish the Garvan’s theta
series in x and establish the identity which
in used in proving the Theorems and also
establish Dyson’s various rank conjectures
with the help of Ramanujan’s identities.
Garvan [4] stated the terms g (n) and g,(n)

with certain conditions. We also generate
the generating functions for g(n) and g,(n)

2. Some Related Definitions

4, 3+1, 242, 2+1+1, 1+1+1+1
P@4)=5.

Rank of partition: The largest part of a
partition 7z minus the number of parts of

7 (a partition of n).

N(m,n): The number of partitions of n

[1]. We prove the Theorem 1 in terms of
B(n) with the help of Ramanujan’s
identities and prove the Theorem 2 in
terms of g,(n) with the help of Dyson’s
rank  conjectures and Ramanujan’s
identities.

with rank m.

Dyson’s rank conjectures are defined as
follows [2]:
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N(m,z,n): The number of partition of n
with rank congruent to m modulo 7.

Z: The set of complex numbers.
Product notations [6]:

(x), : The product of infinite factors;

(x)w = (1 —x)(l —xz)(l —x3)...oo.

(zx)w: The product of infinite factors;
(Zx)ao = (1— ZJC)(I - ZXZ)(I — zx3) ...00.

(x” )m : The product of m factors;

(x" )m = (1 —x" )(1 —x"! )(1 —x"? ) (1 —x"! ) .

(xk i x° )m : The product of m factors;

(xk;xs)m =(1—xk)(1—x“5)(l—xk“°) (l—x

B(n): The number of partitions of n into

k+(m-1) 5)

I’s and parts congruent to 0 or —1 modulo
5 with the largest part =0(mod5)<5 times

the number of I’s < the smallest part
=—1(mod 5).

B,(n): The number of partitions of 7 into
2’s and parts congruent to 0 or — 2 modulo
5 with the largest part =0(mod5)<5 times
the number of 2’s < the smallest part
E—Z(I‘I‘K)d 5)

3. The Relations from Ramanujan’s
Lost Notebook [1]

2 3
F(x) = I-x)d=x)T1-x")...

(1—2)ccoszn—7[+)c2)(1—2)c2 Coszn?ﬁ+x4)...oo

X

flx)=1+ +
1—2xcos%+x2

4
X

+..0
(1—2xcos2';ﬂ'+x2)(1—2x2 0052’;”+x4)

,n=lor2.
: : 2nrx 2 dnrx
F(x%)=A(x)—4x° COS?B(X) +2x3 COS?C(X) -

3
2x3 coszn?ﬁD(x)' (D)

1 1 2
f(x5) = {A(x) —4sin? 2”?” CD(X)} + x5 B(x)+2x° cos 2”?” Cx)-

2x§ COSM{D(X) +4sin? MW(X)} . ()
5 5 x

Garvan’s theta series in x [4] are;

A( ) 1—x2—x3+X9+...00

Y (l—x)z(l—x4)2(l—x6)z...oo ’

I-x—x*+x" +..0

(l—xz)z(l—x3)2(1—x7)2 00 ’

D(x) =

1 X
)= i)

20
X

(1—x)(l—x“)(l—x")(l—xg)(l—x”)mo}'

But we get;

A(x) - 4xcos25ﬂB(x5) +2x° c0s45ﬂC(x5) -
2x° cos 2?7[ D(x°)

:1—4xcoszz?”+2x2 0054?”—2x3 coszb_—ﬁ+2x5 -
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2 2
4x° cos? ? +2x° cos?—x10 +...00

1 x

*“”=‘1+%_x2*@_xau_xﬁ@_xq+
(o o (e e e

2 3

l1-x (l—xz)(l—x3)+(1—x3)(1—x4)(1_x5)+'"00
=3‘P(x)+xD(x).

+

We assume without loss of generality that
2rmi

n=1.Let £ =exp 5 , then we may write the
definitions of F(x) and f'(x) as;

_ )
-G

where we have used the relations;

(a)o =1,

(a), =(l—a)(l—ax)...(l—ax"_l), for n>1

and,

(a), = Lim(a), =17, (1-ax"")-

N—>0

After replacing x by © we see that (1)
and (2) are identities for F(x) and f'(x). We
note that the numerators in the definitions
of A(x), B(x), C(x), and D(x) are theta
series in x and hence may be written as
infinite products using Jacobi’s triple
product identity [3];

ﬁ(l— zx")(l— ) (1-x")

= [1(-1)'z"x 2 3)
n=—00
=tz =z 1+ 228 —...00,

where z# 0 and |x|< 1.

Replacing x by X and z by x7 we get
from (3);

ﬁ(l - )(1 - )(1 —x )

=X+l + X0 -0
=l-x"—x+x+x"—.. 0.

Again replacing x by X and z by x~°
equation (3) becomes;

M-x*) 1= 2" (1= x™)

= 4x—x*+l-x+x"—..©
=l—x—x'+x"+x"-.. .

In fact we have;
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-
A(x) = g (1 _ o )Z (1 o )2
1

s-fi ey

b

C(x) _ ﬁ (1 _ xSn)

el (1 _ x5n73 )(1 _ x5nf2) ’

Rank of a Partition

The rank of a partition is defined as
the largest part minus the number of parts.
Thus the partition; 6 +5+2+ 1+ 1+ 1 +
1 of 17 has rank, 6 -7 = —1 and the
conjugated partition, 7 + 3 +2 +2+2 + 1
has rank, 7— 6 = 1, i.e., the rank of a
partition and that of the conjugate partition
differ only in sign. The rank of a partition
of 5 belongs to any one of the residues
(mod 5) and we have exactly 5 residues.
There is similar result for all partitions of 7
leading to (mod 7).

The generating function for N(m, n)

is of the form [3];

0

S0 e )

n=l J=1

i { Hawszepni1) %n+2\m\+1 }ip

=1 k=0

3

(x\m\ﬂ Lo g Oo)

(xz\m\+5+x2\m\+6+moo)

©

=ZN(m n)x

n=0

The generating function for N(m,z,n) is of
the form;

© (_ 1)" xg(3n+1) (xmn +x n(t- m))f_ol(l . )
n=—o0 1- X J=1
n#l

= i(—l)ﬂ xg(3n+l)(xm” + x" '"))x

n#l

(1+x +x" + oo)w P(k)x*
%=0

which shows that all the coefficients of
x" (where n is any positive integer) are
Zero.

Now we define the generating function;

ra(d) for N(a,t,m+d)

where 7.(d)=r.(d,t)=TI N(a,t,;n+d)x"
n=0

and

ra,b(d): ra,b(d’t): ra(d)—rb(d)

0

= [1{N(a,t,tn+d)— N(b,t,tn+d )} x"

n=0

The generating function ¢(x) [7] is of the
form;

5

1 X
R (et e ey e

2
(1_x)(l_x4)(1—X6x1—x9)(l—x“)+'"oo}’
:—1+(1+X+x2 +'~-°O)+X5(1+x+x2 +”'OO)X

(1+x4 +...oo)(1 +x° +...oo)+...oo

= x4+ X+ +x 2+ 2x + 247 + 24 + .0
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i N(1,5,57)- N(2,5,5n)} x"

n=0
=ha (O)
The generating function A(x) is defined as;

1-x* =X +x" +..0

(l—x)Z(l—x4)2(1—x6)2...oo

= (1 - =X+ ...oo)(l +2x+3x° +...oo)><

A(x) =

(1+ 2x* +3x* +...oo)...oo

=1+4+2x4+2x" + x> +2x* +..0

=1+ i {N(0,5,5n)—- N(2,5,5n)+
n=0

2N(1,5,51) - 2N(2,5,5n)}x"

i N(0,5,5n) - N(2,5,50)} x" +
n=0

2> {N(15,5n)— N(2,5.5n)} x"

n=0
=147, (0)"' 21, (0) .
The generating function is of the form;

0 1—x™"

El (1 _ x5n74 )(1 _ xsm)

= ﬁ(l —x" )(1 +x" ...oo)(l +x7" 4 oo)

n=l1

=(1-0)+3-2)x+{12-11)x" +x" +2x" +...00
2 3 4

= 3 N(0.55n+1)- N(2.5.5n +1)} 1"

n=0

= ro,z(l)-

The generating function is of the form;

© 1_x5n

E (1 . x5n73 )(1 . x5n72)

= ﬁ(l —x" )(1 + 073 4 X0y oo)

n=1

=(1-0)+(3-3)x+(16-15)x" +..0

i (0,551 +2)— N(2,55n+2)} x" x

n=0

10n—4

(1+)65”_2 +x +...oo)

= ’3,2(2)-

The generating function W(x) is of the
form;

L

20
X

(1—xz)(l—x3)(1—x7)(l—xs)(l—x‘2)+"'°°}

= —1+(1+x2 +x* +...oo)+ x5(1+x2 +...oo)

(1 +x°+x° +...oo)(1 +x’ +...oo)+...oo
=+t x0T+ 2+ + 2410+ 0.

Hence,

¥()

X

=x+xX+x+ 0+ x4+ + X+ 2%+

= i {N(2,5,5n+3)- N(0,5,57+3)} x"
n=0

=ho (3)
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¥(x)

and, r,,(3)=- x tz{(1+x+2x2+2x3+...00)—a(1+2x+3x2+...00)+

The generating function D(x) is of the

612()64r)c2 +2x% 4+ 2x* +...oo)+...oo
form;

l—x—x* 42"+ o0 =1+(1—a)t(1+x+x2+...oo)+

(1—x2)2(1—x3)2(1—x7)2...oo

= (l—x—x4 +x’ +...oo)(1+ 2x° +3x* +...oo)><

D(x) =

(1-a)(1-ax) {1+ x+26 420 +...0)+..c0

(1425 +..00)(1+2x" +..0) .0 . (1-a)r . (1=a)(1-ax)? .
=1-x+2x>4+0.x" +..0 I-x (l—x)(l—xz)
- io (N(0.5,5n+3)— N(1,5,5n+3)+ (1(_1 ‘_’))S (; f);)z(; (I i”;))t} T .00
N(0,5.5n+3)— N(2,5,5n+3)} x" _ i (a),t"

o0

=> {N(0,5.5n+3)- N(1,5,5n+3)jx" +

n=0

Sl
R

o0 n=0 n

i N(0,5,5n+3)— N(2,5,5n +3)} x"
n=0 The generating function for f(n) is

defined as;
= r0’1(3)+ r0,2(3)
4. The Generating Functions for ﬁl(n) g( ) ( 5n+4,x5 )w
and ﬂz(”)
First we shall establish the following _ 1 N
identity, which is used in proving the (=)=t - x")..c0

Theorems. If a and ¢ are both real numbers
with |al <1 and |#] < 1, we have;

1
(@), _(1—ar)(1-arx) - ar’)... =)= )1 =)0
(1), (1-7) l—tx)(l—txz)...oo e o
(-2 )= 2" )1 -x").0

=l x+ 0+ 0+ 2+ 0+ 2 438 + 0

={(1-at)(1-atx) ..o}l +1+ +..o0)x

(1+ax+220 4 o) (14145 +..c0) .0
=2 A n)x", 5)

=1+t{(1+x+x2 +...oo)—a(1+x+x2 +---°°)}+
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where we have assumed f3(0)=1.

The generating function for ,Bz(n) is
defined as;

2n

o0
Z 5. 5 Sn+3. 5
eI}

1
T oo
=) Qéo_fw »"

.00

) )20

=1+ X2+ X+ x 22+ + 228 +..00

=> B(n)x", ©6)

where we have assumed, ,81(0) =1.

Here we give two Theorems, which are
related to the terms ﬂl(n) and ,Bz(n)
respectively.

Theorem1: N(0,5,51+1)= 3 (n)+
N(2,5,5n+1), where f,(n) is the number of

partitions of n into 1’s and parts congruent
to 0 or —1 modulo 5 with the largest part
=0(mod 5)<5 times the number of 1’s <

the smallest part =—1(mod 5).

Proof: From (4) by replacing (z’lx) for a
and z for ¢t we have;

(v, w(-)"
G TETE

where |z| <lbut z#0

(1 —x)(] - xz)(] - Z_1X3)..oo +..00

(1 —x)(l - x2)...oo
(1- z) (1 - zx)(l - z_lx)(l - z_lxz)...oo

Replacing x by x° and z by x, we obtain;

Z,B, (n)x” = ro,z(l), by above;

n=0

i (0,551 +1)- N(2,55n +1)} x"

n=0

Equating the coefficient of x"on both
sides, we get;

B,(n)=N(0,5,5n+1)—- N(2,5,5n+1).
Hence the Theorem.

Example 1: N(0,5,11)=12, N(2, 5, 11) =
11, p(2)=1, with the relevant partition is
1+1.
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S N, 5, 11) = B(2)+ N2, 5, 11).
Theorem 2: N155n+1)= B, (n)+
N(2,5,5n+2), where ,Hz(n) is the number of

partitions of n into 2’s and parts congruent
to 0 or — 2 modulo 5 with the largest part
=0(mod 5)< 5 times the number of 2’s < the

smallest part =-2(mod 5).

Proof: From (4) by replacing (z‘lx) for a,
and z for ¢t we have;

(x)w 11

(1 z)(1- (1 ZIX)(I 7)o

After replacing x by x°, and z by x*, we
get;

1 X

D | P (E) | () [ RNE) B

(1_X5)(1—xf°)(1_x14)moo +...00-

We get by replacing x by x and zby I

N(2,5,51+2)}x"

i{N(l 55n+2)—

Equating the coefficient of x' on both
sides, we get;

B,(n)=N(1,5,5n+2)- N(2,5.5n+2)

N(1,55n+2)= B,(n)+ N(2,55n+2).

Hence the Theorem.

Example 2: N(1,5,12) =16, N(2, 5, 12) =
15, ,32(2)= 1 , with the relevant partition is
2.

~N(1, 5, 12) = £,(2)+ N2, 5, 12)

5. Conclusion

In this study we have discussed the
relations collected from Ramanujan’s Lost
Notebook VI. We have established
Garvan’s theta series with the help of
Ramanujan’s identities. We have proved
the Theorem 1 in terms of ﬂl(n) and have
verified the Theorem with a numerical
example. Finally we have established the
Theorem 2 in terms of ﬂz(n) and have

verified the Theorem with a numerical
example when n =2
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