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❙❝❤♦♦❧✱ t❤❡ ✼✵t❤ ❊❙❊▼ ♠❡❡t✐♥❣ ✐♥ ▲✐s❜♦♥ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❑r✐s ❇♦✉❞t✱ ▲②♥❞❛ ❑❤❛❧❛❢✱ ❙✐❡♠ ❏❛♥ ❑♦♦♣♠❛♥ ❛♥❞
❆♥❞r❡✇ P❛tt♦♥ ❢♦r ✉s❡❢✉❧ ❝♦♠♠❡♥ts✳ ❚❤❡ ✜rst ❛✉t❤♦r ❣r❛t❡❢✉❧❧② ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ♦❢ t❤❡ ❝❤❛✐r
◗✉❛♥t❱❛❧❧❡②✴❘✐s❦ ❋♦✉♥❞❛t✐♦♥ ✧◗✉❛♥t✐t❛t✐✈❡ ▼❛♥❛❣❡♠❡♥t ■♥✐t✐❛t✐✈❡✧✳ ❚❤❡ ✜rst t✇♦ ❛✉t❤♦rs ❛r❡ ❣r❛t❡❢✉❧ t♦ t❤❡
❆❣❡♥❝❡ ◆❛t✐♦♥❛❧❡ ❞❡ ❧❛ ❘❡❝❤❡r❝❤❡ ✭❆◆❘✮✱ ✇❤✐❝❤ s✉♣♣♦rt❡❞ t❤✐s ✇♦r❦ ✈✐❛ t❤❡ Pr♦❥❡❝t ▼✉❧t✐❘✐s❦ ✭❆◆❘✲✶✻✲❈❊✷✻✲
✵✵✶✺✲✵✷✮✳ ❚❤❡ s❡❝♦♥❞ ❛✉t❤♦r ❛❧s♦ t❤❛♥❦s t❤❡ ❧❛❜❡① ❊❈❖❉❊❈✳

✶



❈❛♣✐t❛❧ ❆ss❡t Pr✐❝✐♥❣ ▼♦❞❡❧ ✭❈❆P▼✮ ✭❙❤❛r♣❡✱ ✶✾✻✹✮ ✇✐t❤ ❝♦♥st❛♥t r❡❣r❡ss✐♦♥ ♣❛r❛♠❡t❡rs ♠❛② ❧❡❛❞
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✭❙❤❛r♣❡✱ ✶✾✾✷✮ ✇✐t❤ ❝♦♥st❛♥t ♣❛r❛♠❡t❡rs ♠❛② ❧❡❛❞ t♦ ❛♥ ♦✈❡r✲✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♠❛♥❛❣❡r✬s s❦✐❧❧s✳ ■t

✐s t❤❡r❡❢♦r❡ ✐♠♣♦rt❛♥t t♦ ❞❡✈❡❧♦♣ s✐♠♣❧❡ st❛t✐st✐❝❛❧ ❛♣♣r♦❛❝❤❡s ❝❛♣t✉r✐♥❣ ❛❧❧ t❤❡ ❞②♥❛♠✐❝ ❛s♣❡❝ts ♦❢

t❤❡ ✜♥❛♥❝✐❛❧ s❡r✐❡s✳

❘❡❝❡♥t❧②✱ ❊♥❣❧❡ ✭✷✵✶✻✮ ♣r♦♣♦s❡❞ ❛ ♥❡✇ ♠♦❞❡❧ ❝❛❧❧❡❞ ❉②♥❛♠✐❝ ❈♦♥❞✐t✐♦♥❛❧ ❇❡t❛ ✭❉❈❇ ✐♥ s❤♦rt✮

t♦ ♦❜t❛✐♥ t✐♠❡✲✈❛r②✐♥❣ s❧♦♣❡ ❝♦❡✣❝✐❡♥ts ❜② ❡①t❡♥❞✐♥❣ ❇♦❧❧❡rs❧❡✈✱ ❊♥❣❧❡ ❛♥❞ ❲♦♦❧❞r✐❞❣❡ ✭✶✾✽✽✮ t♦

t❤❡ ❝❛s❡ ♦❢ ♠♦r❡ t❤❛♥ ♦♥❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡ ✭♦r ❢❛❝t♦r✮✳✶ ❆ss✉♠✐♥❣ ❥♦✐♥t ❝♦♥❞✐t✐♦♥❛❧ ♥♦r♠❛❧✐t②

♦❢ t❤❡ ✈❛r✐❛❜❧❡s ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♠♦❞❡❧ ✭✐✳❡✳✱ ❞❡♣❡♥❞❡♥t ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✮✱ ❊♥❣❧❡ ✭✷✵✶✻✮

s❤♦✇s ❤♦✇ t♦ r❡❝♦✈❡r ✐♥❞✐r❡❝t❧② t❤❡ t✐♠❡✲✈❛r②✐♥❣ s❧♦♣❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ✐♥❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s

✉s✐♥❣ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ■♥ ❤✐s ❛♣♣❧✐❝❛t✐♦♥✱ ❤❡ r❡❧✐❡s ♦♥ ❛ ❉❈❈

♠♦❞❡❧ t♦ ♦❜t❛✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ♦❢ t❤❡ ❋❛♠❛✲❋r❡♥❝❤ t❤r❡❡ ❢❛❝t♦r ♠♦❞❡❧✳ ❲❤✐❧❡ t❤✐s ❛♣♣r♦❛❝❤

✐s ❡❛s② t♦ ✐♠♣❧❡♠❡♥t✱ t❡st✐♥❣ ❛♥❞ ✐♠♣♦s✐♥❣ t❤❡ ❝♦♥st❛♥❝② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ✐s ❝✉♠❜❡rs♦♠❡✳

❋✉rt❤❡r♠♦r❡✱ ✐❞❡♥t✐❢②✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ❜❡t❛s ✐s ✐♠♣♦ss✐❜❧❡ ❜❡❝❛✉s❡

❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛r❡ ♥♦t ♠♦❞❡❧❡❞ ❞✐r❡❝t❧② ❜✉t r❡❝♦✈❡r❡❞ ❛❢t❡r✇❛r❞s ❜② ❛ ♥♦♥✲❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥

♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ♣r♦♣♦s❡ ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ ❡ss❡♥t✐❛❧❧② ❜❛s❡❞ ♦♥ ❛ ♥❛t✉r❛❧ ♦rt❤♦❣♦♥❛❧✐③❛t✐♦♥

♦❢ t❤❡ ♦❜s❡r✈❡❞ t✐♠❡ s❡r✐❡s✱ ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ❜② P♦✉r❛❤♠❛❞✐ ✭✶✾✾✾✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧

❞❛t❛✳ ❲❡ ✜rst st✉❞② t❤❡ ❈❤♦❧❡s❦②✲●❆❘❈❍ ♠♦❞❡❧ ✭❈❍❆❘ ✐♥ s❤♦rt✮✱ ❛ ♠♦❞❡❧ s♣❡❝✐❢②✐♥❣ ❞✐r❡❝t❧②

t❤❡ ❞②♥❛♠✐❝s ♦❢ t✐♠❡ ✈❛r②✐♥❣ s❧♦♣❡ ❝♦❡✣❝✐❡♥ts✳ ❲❡ ❡①t❡♥❞ t❤❡ ✇♦r❦ ♦❢ P♦✉r❛❤♠❛❞✐ ✭✶✾✾✾✮ ❜②

❝♦♥s✐❞❡r✐♥❣ t✐♠❡ ✈❛r②✐♥❣ s❧♦♣❡ ❝♦❡✣❝✐❡♥ts t❤❛t ❞❡♣❡♥❞ ♦♥ t❤❡✐r ❧❛❣❣❡❞ ✈❛❧✉❡s ❛♥❞ ♣❛st s❤♦❝❦s✳ ❲❡

❞❡r✐✈❡ st❛t✐♦♥❛r✐t② ❛♥❞ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s ❛♥❞ ♣r♦✈❡ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢

t❤❡ ❋✉❧❧ ❛♥❞ ❡q✉❛t✐♦♥✲❜②✲❡q✉❛t✐♦♥ ✭❊❜❊✮ ◗▼▲ ❡st✐♠❛t♦rs ♦❢ t❤✐s ♠♦❞❡❧✳ ❖✉r ❛♣♣r♦❛❝❤ ✐s ✈❡r② ✢❡①✲

✐❜❧❡ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s t♦ ✐♠♣♦s❡ ❡❛s✐❧② t❤❡ ❝♦♥st❛♥❝② ♦❢ s♦♠❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✳ ❋✉rt❤❡r♠♦r❡✱

✉♥❧✐❦❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s✱ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❝❛♥ t❛❦❡ ❛♥② r❡❛❧ ✈❛❧✉❡s✱ ✇❤✐❝❤ ❛❧❧♦✇s t❤❡ ✉s❡ ♦❢

❣❡♥❡r❛❧ s♣❡❝✐✜❝❛t✐♦♥s✳

❲❡ ❝♦♠♣❛r❡ t❤❡ ♥✉♠❡r✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✇♦ ❡st✐♠❛t♦rs ✉s✐♥❣ ❛ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥

st✉❞②✳ ❖✉r r❡s✉❧ts s✉❣❣❡st t❤❛t ❜♦t❤ t❤❡ ❋✉❧❧ ❛♥❞ ❊❜❊ ◗▼▲ ❞❡❧✐✈❡r s❛t✐s❢❛❝t♦r② r❡s✉❧ts ✐♥ t❤❡ s❡♥s❡

✶▼❛❤❡✉ ❛♥❞ ❙❤❛♠s✐ ✭✷✵✶✻✮ ♣r♦♣♦s❡ ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ❉❈❇ ♠♦❞❡❧ ✐♥ ❛ ❇❛②❡s✐❛♥ ❢r❛♠❡✇♦r❦✳

✷



t❤❛t ❜✐❛s❡s ❛r❡ ✈❡r② s♠❛❧❧ ❢♦r ❛❧❧ ♣❛r❛♠❡t❡rs✳ ■♥ ❛♥ ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✱ ✇❡ s❤♦✇ t❤❛t t❤✐s ❝❧❛ss ♦❢

♠♦❞❡❧s ✐s ✉s❡❢✉❧ t♦ ❡st✐♠❛t❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❋❛♠❛✲❋r❡♥❝❤ t❤r❡❡ ❢❛❝t♦r ♠♦❞❡❧✳

❲❡ ❝♦♥s✐❞❡r ❢♦✉r ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s t♦ ♦❜t❛✐♥ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❢♦r❡❝❛sts ♦❢ t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥❛❧

❜❡t❛s✱ ✐✳❡✳✱ t✇♦ ❉❈❇ ♠♦❞❡❧s ❜❛s❡❞ ♦♥ ❛ ❈❈❈✲●❆❘❈❍✭✶✱✶✮ ♦r ❛ ❉❈❈✲●❆❘❈❍✭✶✱✶✮✱ ♦✉r ♣r♦♣♦s❡❞

♠♦❞❡❧ ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ❜❡t❛s ❛♥❞ ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤✐s ♠♦❞❡❧ ✇❤❡r❡ t❤❡ ❝♦♥st❛♥❝② ♦❢ t❤❡ ❜❡t❛s ✐s

✐♠♣♦s❡❞✳ ❲❡ ✉s❡ t❤❡s❡ ❢♦r❡❝❛sts t♦ ❜✉✐❧❞ tr❛❝❦✐♥❣ ♣♦rt❢♦❧✐♦s ❢♦r t❤❡ ✶✷ ❯❙ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ✭❉❛t❛

❛r❡ ❢r♦♠ ❑❡♥ ❋r❡♥❝❤✬s ✇❡❜ s✐t❡ ❛♥❞ ❝♦✈❡r t❤❡ ♣❡r✐♦❞ s♣❛♥♥✐♥❣ ❢r♦♠ ❋❡❜r✉❛r② ✶✾✾✹ t♦ ❆✉❣✉st ✷✵✶✻✮✳

❲❡ r❡❧② ♦♥ t✇♦ ❧♦ss ❢✉♥❝t✐♦♥s ✭✐✳❡✳✱ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ♦r ♠❡❛♥ ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥✮ t♦ q✉❛♥t✐❢② t❤❡

♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ tr❛❝❦✐♥❣ ❡rr♦rs ✭✐✳❡✳✱ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♦❜s❡r✈❡❞ r❡t✉r♥s ❛♥❞ t❤❡ tr❛❝❦✐♥❣

♣♦rt❢♦❧✐♦s✮ ♦❢ t❤❡ ❢♦✉r ♠♦❞❡❧s ❛♥❞ ❛♣♣❧② t❤❡ ▼♦❞❡❧ ❈♦♥✜❞❡♥❝❡ ❙❡t ✭▼❈❙✮ t❡st ♦❢ ❍❛♥s❡♥✱ ▲✉♥❞❡

❛♥❞ ◆❛s♦♥ ✭✷✵✶✶✮ t♦ ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ t❤❡♠✳ ❲❡ ✜♥❞ t❤❛t ♦♥ t❤❡ ✇❤♦❧❡ ❢♦r❡❝❛st✐♥❣ ♣❡r✐♦❞ ✭✐✳❡✳✱

✷✵✶✵✲✷✵✶✻✮✱ ♦✉r ♣r♦♣♦s❡❞ ♠♦❞❡❧ ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ❜❡t❛s ❜❡❧♦♥❣s t♦ t❤❡ s❡t ♦❢ s✉♣❡r✐♦r ♠♦❞❡❧s ✐♥

❛❧❧ ❝❛s❡s ✇❤✐❧❡ t❤❡ ❉❈❇ ❜❛s❡❞ ♦♥ t❤❡ ❉❈❈ ♠♦❞❡❧ ❜❡❧♦♥❣s t♦ t❤✐s s❡t ✐♥ ♦♥❧② ✸ ❛♥❞ ✷ ❝❛s❡s✱ ✇❤❡♥

r❡❧②✐♥❣ r❡s♣❡❝t✐✈❡❧② ♦♥ t❤❡ ▼❙❊ ❛♥❞ ▼❆❉ ❧♦ss ❢✉♥❝t✐♦♥s✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❉❈❇✲❈❈❈ ♠♦❞❡❧ ❛♥❞

t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✇✐t❤ ❝♦♥st❛♥t ❜❡t❛s ♥❡✈❡r s❤♦✇ ✉♣ ✐♥ t❤❡ ▼❈❙✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t ♦✉r ♣r♦♣♦s❡❞

♠♦❞❡❧ ❤❛s ❢♦r❡❝❛st❡❞ ❜❡t❛s t❤❛t ❛r❡ ♠✉❝❤ s♠♦♦t❤❡r t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ❉❈❇✲❉❈❈ ♠♦❞❡❧✱

✇❤✐❝❤ tr❛♥s❧❛t❡s ✐♥t♦ s♠❛❧❧❡r tr❛♥s❛❝t✐♦♥ ❝♦sts✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ r❡✈✐❡✇ t❤❡ ❉❈❇ ♠♦❞❡❧ ♦❢ ❊♥❣❧❡ ✭✷✵✶✻✮ ❛♥❞

♣r❡s❡♥t t❤❡ ❈❍❆❘ ♠♦❞❡❧✳ ❙t❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❛r❡ st✉❞✐❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳

❚❤❡ ❋✉❧❧ ❛♥❞ ❊❜❊ ◗▼▲ ❡st✐♠❛t♦rs ♦❢ t❤✐s ♠♦❞❡❧ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹ ❛s ✇❡❧❧ ❛s ✐♥✈❡rt✐❜✐❧✐t②

❝♦♥❞✐t✐♦♥s✳ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ ✐♥ ❙❡❝t✐♦♥ ✺ ❛♥❞ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥

✻✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✼ ❝♦♥❝❧✉❞❡s✳

✷ ❉✐r❡❝t ✈❡rs✉s ✐♥❞✐r❡❝t s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s

❇❡❢♦r❡ st✉❞②✐♥❣ ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♦✉r ♣r♦♣♦s❡❞ ♠♦❞❡❧✱ ❧❡t ✉s ♣r❡s❡♥t s♦♠❡ ♥♦t❛t✐♦♥

❛♥❞ ❛ ❝♦♠♣❡t✐♥❣ ❛♣♣r♦❛❝❤ ❞❡❧✐✈❡r✐♥❣ t✐♠❡✲✈❛r②✐♥❣ s❧♦♣❡ ❝♦❡✣❝✐❡♥ts✳ ▲❡t ǫt = (ǫ1t, . . . , ǫmt)
′ ❜❡ ❛

✈❡❝t♦r ♦❢ m ≥ 2 r❡t✉r♥s ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ s❛t✐s❢②✐♥❣ ❛ ❣❡♥❡r❛❧ ✈♦❧❛t✐❧✐t② ♠♦❞❡❧ ♦❢ t❤❡ ❢♦r♠

ǫt = Σ
1/2
t (ϑ0)ηt, t = 1, . . . , n, ✭✷✳✶✮
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✇❤❡r❡ (ηt) ✐s ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✐❞❡♥t✐❝❛❧❧② ❞✐str✐❜✉t❡❞ ✭✐✳✐✳❞✳✮ r❛♥❞♦♠ ✈❡❝t♦rs ✇✐t❤

③❡r♦ ♠❡❛♥ ❛♥❞ ✐❞❡♥t✐t② ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✱ ❛♥❞

Σt = Σt(ϑ0) = Σ(ǫt−1, ǫt−2, . . . ;ϑ0)

✐s ❛❧♠♦st s✉r❡❧② ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡m×m ♠❛tr✐①✱ ♣❛r❛♠❡tr✐③❡❞ ❜② ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛♠❡t❡r ϑ0 ❛♥❞

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ Ft−1 ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣❛st ✈❛❧✉❡s ♦❢ ǫt✳ ❆ss✉♠✐♥❣ t❤❛t ✭✷✳✶✮ ❛❞♠✐ts

❛ ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ ✭t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ s❡q✉❡❧✮✱ Σt

✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ ǫt✳

▼✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ✭▼●❆❘❈❍✮ ♠♦❞❡❧s ❛r❡ ✈❡r② ✇❡❧❧ s✉✐t❡❞ ❢♦r ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♥❡❡❞✐♥❣

❛♥ ❡st✐♠❛t❡ ♦r ❛ ❢♦r❡❝❛st ♦❢ Σt ✭s❡❡ ❇❛✉✇❡♥s✱ ▲❛✉r❡♥t✱ ❛♥❞ ❘♦♠❜♦✉ts✱ ✷✵✵✻ ❛♥❞ ❙✐❧✈❡♥♥♦✐♥❡♥✱ ❛♥❞

❚❡räs✈✐rt❛✱ ✷✵✵✾ ❢♦r ❛ s✉r✈❡② ♦❢ ▼●❆❘❈❍ ♠♦❞❡❧s✮✳ ❆ ♥❛t✉r❛❧ ❡①❛♠♣❧❡ ✐s t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡

✈❛❧✉❡✲❛t✲r✐s❦ ♦❢ ❛ ♣♦rt❢♦❧✐♦✱ ✇❤❡♥ t❤❡ ♣♦rt❢♦❧✐♦✬s ❝♦♠♣♦s✐t✐♦♥ ✐s ♦❜s❡r✈❛❜❧❡ ❛♥❞ t✐♠❡✲✈❛r②✐♥❣ ✭s❡❡

❡✳❣✳✱ ❋r❛♥❝q ❛♥❞ ❩❛❦♦✐❛♥✱ ✷✵✶✼✮✳ ❍♦✇❡✈❡r✱ ▼●❆❘❈❍ ♠♦❞❡❧s ❛r❡ ❛❧s♦ ✉s❡❞ ✐♥ ✜♥❛♥❝✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s

✐♥✈♦❧✈✐♥❣ ❛ ♥♦♥✲❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ Σt✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ♠❡❛♥✲✈❛r✐❛♥❝❡ ❢r❛♠❡✇♦r❦ ✭s❡❡

❡✳❣✳✱ ▼❛r❦♦✇✐t③✱ ✶✾✺✷ ✐♥ ❛ st❛t✐❝ ❝❛s❡✮✱ t❤❡ ♦♣t✐♠❛❧ ✇❡✐❣❤ts ♦❢ ❛ ♣♦rt❢♦❧✐♦ ❞❡♣❡♥❞ ♦♥ ❛♥ ❡st✐♠❛t❡

♦❢ Σ−1
t ✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ✉s✐♥❣ t❤❡ ❉❈❇ ♠♦❞❡❧ ♦❢ ❊♥❣❧❡

✭✷✵✶✻✮ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ♥❡①t s✉❜s❡❝t✐♦♥✳ ■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❛❞✈♦❝❛t❡ t❤❡ ✉s❡ ♦❢ ❛ ♠♦❞❡❧ t❤❛t s♣❡❝✐✜❡s

❞✐r❡❝t❧② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ✐♥st❡❛❞ ♦❢ Σt✳

✷✳✶ ■♥❞✐r❡❝t s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s

■♥ s♦♠❡ ❡♠♣✐r✐❝❛❧ ✜♥❛♥❝❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ❣✐✈❡ ❛ s♣❡❝✐❛❧ r♦❧❡ t♦ ♦♥❡ ♦❢ t❤❡ ❛ss❡t

❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ✈❡❝t♦r ǫt✱ ❢♦r ❡①❛♠♣❧❡ ✇❤❡♥ ❛ ♣❛rt✐❝✉❧❛r r❡t✉r♥ s❡r✐❡s✱ s❛② yt = ǫmt✱ ✐s r❡❣r❡ss❡❞ ♦♥

t❤❡ ♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r ǫt✱ ✐✳❡✳✱ xt = (ǫ1t, . . . , ǫm−1,t)
′. ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♠✉❧t✐✈❛r✐❛t❡

r❡❣r❡ss✐♦♥ ♦❢ yt ♦♥ xt ❛r❡ ✉s✉❛❧❧② ❝❛❧❧❡❞ ❜❡t❛s✳ ❚♦ ♦❜t❛✐♥ t✐♠❡✲✈❛r②✐♥❣ ❜❡t❛s✱ ❊♥❣❧❡ ✭✷✵✶✻✮ ❛ss✉♠❡s

t❤❛t ǫt = (xt, yt)
′ ❤❛s ❛ ♠✉❧t✐✈❛r✐❛t❡ ♥♦r♠❛❧ ❞✐str✐❜✉t✐♦♥ ✭❝♦♥❞✐t✐♦♥❛❧ ♦♥ Ft−1✮ ✇✐t❤ ❝♦♥❞✐t✐♦♥❛❧

❝♦✈❛r✐❛♥❝❡ Σt✱ ✐✳❡✳✱

 xt

yt


 |Ft−1 ∼ N




 0m−1

0


 ,


 Σxx,t Σxy,t

Σyx,t Σyy,t




✱

✹



✇❤❡r❡ s✉❜s❝r✐♣ts r❡♣r❡s❡♥t ♥❛t✉r❛❧ ♣❛rt✐t✐♦♥s✳ ❊♥❣❧❡ ✭✷✵✶✻✮ ✉s❡s t❤❡ ❢❛❝t t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐s✲

tr✐❜✉t✐♦♥ ♦❢ yt ♦♥ xt ✐s

yt|xt ∼ N
(
Σyx,tΣ

−1
xx,txt,Σyy,t −Σyx,tΣ

−1
xx,tΣxy,t

)

t♦ ❞❡r✐✈❡ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✳ ■♥❞❡❡❞✱ ❡st✐♠❛t❡s ♦❢ t❤❡ t✐♠❡✲✈❛r②✐♥❣ ❝♦❡✣❝✐❡♥ts ♦❢

t❤❡ r❡❣r❡ss✐♦♥ ♦❢ yt ♦♥ xt ❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ Σt ❜② t❤❡ ❢♦r♠✉❧❛ Σ
−1
xx,tΣxy,t ♦r Σxy,t/Σxx,t ✐❢ t❤❡r❡

✐s ♦♥❧② ♦♥❡ ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡ ✭❧✐❦❡ ✐♥ ❇♦❧❧❡rs❧❡✈✱ ❊♥❣❧❡ ❛♥❞ ❲♦♦❧❞r✐❞❣❡✱ ✶✾✽✽✮✳ ❊♥❣❧❡ ✭✷✵✶✻✮

❛❞✈♦❝❛t❡s t❤❡ ✉s❡ ♦❢ ❛ ❉②♥❛♠✐❝ ❈♦♥❞✐t✐♦♥❛❧ ❈♦rr❡❧❛t✐♦♥ ✭❉❈❈✮ ♠♦❞❡❧ t♦ ❡st✐♠❛t❡ Σt✱ ❜✉t ❛♥②

♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧ ❝❛♥ ❜❡ ✉s❡❞✳ ❚❤❡ ❉❈❈ ❛♣♣r♦❛❝❤ r❡❧✐❡s ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥

♦❢ Σt✿

Σt = DtRtDt, ✭✷✳✷✮

✇❤❡r❡ Dt ❛♥❞ Rt ❛r❡ r❡s♣❡❝t✐✈❡❧② ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈♦❧❛t✐❧✐t✐❡s ♦❢ ǫt ❛♥❞

✐ts ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐①✳ ▼❛tr✐① Dt ✐s t②♣✐❝❛❧❧② ♠♦❞❡❧❡❞ ✉s✐♥❣ m ✉♥✐✈❛r✐❛t❡ ●❆❘❈❍

♠♦❞❡❧s ♦♥ ǫt ❛♥❞ Rt ✉s✐♥❣ ❛ s❝❛❧❛r ❇❊❑❑ s♣❡❝✐✜❝❛t✐♦♥ ♦♥ t❤❡ ❞❡✈♦❧❛t✐❧✐③❡❞ s❡r✐❡s D−1
t ǫt ✭✇❤✐❝❤ ✐s

tr❛♥s❢♦r♠❡❞ ❛❢t❡r✇❛r❞s t♦ ❣❡t ❛ ❝♦rr❡❧❛t✐♦♥ ♠❛tr✐①✮✳ ❚❤❡ ❈♦♥st❛♥t ❈♦♥❞✐t✐♦♥❛❧ ❈♦rr❡❧❛t✐♦♥ ✭❈❈❈✮

♠♦❞❡❧ ♦❢ ❇♦❧❧❡rs❧❡✈ ✭✶✾✾✵✮ ✐s ♦❜t❛✐♥❡❞ ❜② s❡tt✐♥❣ Rt = R✳

✷✳✷ ❉✐r❡❝t s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s

❚❤❡ s♣❡❝✐✜❝✐t② ♦❢ t❤❡ ♣r❡✈✐♦✉s ❛♣♣r♦❛❝❤ ✐s t♦ ❞❡❞✉❝❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❢r♦♠ ❛♥ ❡st✐♠❛t❡ ♦❢ Σt✳

❖✉r ❛♣♣r♦❛❝❤ ✐s r❛❞✐❝❛❧❧② ❞✐✛❡r❡♥t ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s t♦ ❞✐r❡❝t❧② ♠♦❞❡❧ t❤❡s❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✳ ■t ✐s

❜❛s❡❞ ♦♥ ❛ ♥❛t✉r❛❧ ♦rt❤♦❣♦♥❛❧✐③❛t✐♦♥ ♦❢ ǫt✱ ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ❜② P♦✉r❛❤♠❛❞✐ ✭✶✾✾✾✮ ✐♥ t❤❡ ❝❛s❡ ♦❢

❧♦♥❣✐t✉❞✐♥❛❧ ❞❛t❛✳ ❲❡ ❡①t❡♥❞ ❤✐s ✇♦r❦ ❜② ❛❧❧♦✇✐♥❣ t❤❡ s❧♦♣❡ ❝♦❡✣❝✐❡♥ts t♦ ✈❛r② ♦✈❡r t✐♠❡ ✇✐t❤ ❛♥

❛✉t♦r❡❣r❡ss✐✈❡ str✉❝t✉r❡✳

❲❡ ❢♦❧❧♦✇ ❚s❛② ✭✷✵✶✵✱ ❈❤❛♣t❡r ✼✮ ❛♥❞ ✐♥tr♦❞✉❝❡ r❡❝✉rs✐✈❡❧② t❤❡ ♦rt❤♦❣♦♥❛❧ ❢❛❝t♦rs ♦❜t❛✐♥❡❞

❢r♦♠ ǫt✳ ▲❡t ℓ21,t ❜❡ t❤❡ t✐♠❡✲✈❛r②✐♥❣ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ r❡❣r❡ss✐♦♥ ♦❢ ǫ2t ♦♥ v1t := ǫ1t✱ ❝♦♥❞✐t✐♦♥❛❧

♦♥ Ft−1✳ ❖♥❡ ❝❛♥ ✇r✐t❡

ǫ2t = ℓ21,tv1t + v2t = β21,tǫ1t + v2t,

✇❤❡r❡ β21,t = ℓ21,t ∈ Ft−1 ✐s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ ✐♥ t❤❡ r❡❣r❡ss✐♦♥ ♦❢ ǫ2t ♦♥ ǫ1t✱ ❛♥❞ v2t ✐s ♦rt❤♦❣♦♥❛❧

✺



t♦ ǫ1t ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ Ft−1✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❡ ❤❛✈❡

ǫit =
i−1∑

j=1

ℓij,tvjt + vit =
i−1∑

j=1

βij,tǫjt + vit, ❢♦r i = 2, . . . ,m, ✭✷✳✸✮

✇❤❡r❡ vit ✐s ✉♥❝♦rr❡❧❛t❡❞ t♦ v1t, . . . , vi−1,t✱ ❛♥❞ t❤✉s ✉♥❝♦rr❡❧❛t❡❞ t♦ ǫ1t, . . . , ǫi−1,t✱ ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥

Ft−1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ♦❜t❛✐♥

β31,t = ℓ31,t − ℓ32,tℓ21,t, β32,t = ℓ32,t.

■♥ ♠❛tr✐① ❢♦r♠✱ ✭✷✳✸✮ ❝❛♥ ❜❡ ✇r✐tt❡♥

ǫt = Ltvt ❛♥❞ Btǫt = vt, ✭✷✳✹✮

✇❤❡r❡ Lt ❛♥❞ Bt = L−1
t ❛r❡ ❧♦✇❡r ✉♥✐tr✐❛♥❣✉❧❛r ✭✐✳❡✳✱ ❧♦✇❡r tr✐❛♥❣✉❧❛r ✇✐t❤ ✶ ♦♥ t❤❡ ❞✐❛❣♦♥❛❧✮

♠❛tr✐❝❡s✱ ✇✐t❤ ℓij,t ✭r❡s♣✳ −βij,t✮ ❛t t❤❡ r♦✇ i ❛♥❞ ❝♦❧✉♠♥ j ♦❢ Lt ✭r❡s♣✳ Bt✮ ❢♦r i > j✳ ❋♦r ✐♥st❛♥❝❡✱

❢♦r m = 3✱ ✇❡ ❤❛✈❡

Lt =




1 0 0

ℓ21,t 1 0

ℓ31,t ℓ32,t 1


 ❛♥❞ Bt =




1 0 0

−β21,t 1 0

−β31,t −β32,t 1


 .

❚❤❡ ✈❡❝t♦r vt = (v1t, . . . , vmt)
′ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ✈❡❝t♦r ♦❢ ♦rt❤♦❣♦♥❛❧ ❢❛❝t♦rs✱ ✇❤♦s❡ ❝♦✈❛r✐❛♥❝❡

♠❛tr✐① Gt ✐s t❤❡r❡❢♦r❡ ❞✐❛❣♦♥❛❧ ❜✉t ♥♦t ♥❡❝❡ss❛r✐❧② ❝♦♥st❛♥t ♦✈❡r t✐♠❡✱ ✐✳❡✳✱ Gt = diag (g1t, . . . , gmt)

✇✐t❤ git > 0 ❛✳s✳✱ ❢♦r i = 1, . . . ,m ✭s✐♥❝❡ Σt ✐s ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✮✳
✷

❲❡ ❡♥❞ ✉♣ ✇✐t❤ t❤❡ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ P♦✉r❛❤♠❛❞✐ ✭✶✾✾✾✮✱ ✐✳❡✳✱

Σt(ϑ0) = Σt = ❱❛r(Ltvt) = LtGtL
′
t, ✭✷✳✺✮

✇❤✐❝❤ ✐s ❛♥ ❛❧t❡r♥❛t✐✈❡ t♦ ✭✷✳✷✮✳ ❯s✐♥❣ ✭✷✳✺✮✱ ✭✷✳✶✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

ǫt = LtG
1/2
t ηt,

✇❤❡r❡ (ηt) ✐s ❞❡✜♥❡❞ ❛s ❛❜♦✈❡✳

■♥t❡r❡st✐♥❣❧②✱ ✇❤❡♥ i = m✱ ✭✷✳✸✮ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❡❣r❡ss✐♦♥ ♦❢ yt ♦♥ xt ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣

❝♦❡✣❝✐❡♥ts ✭✐♥ t❤❡ ❝❛s❡ ♦❢ ❞❡♠❡❛♥❡❞ s❡r✐❡s✮✱ ✐✳❡✳✱ ǫmt =
∑m−1

j=1 βmj,tǫjt + vmt✱ t❤❛t ❛r❡ ❞✐r❡❝t❧②

✷❲❡ ❢♦❧❧♦✇ t❤❡ ❘ ❧❛♥❣✉❛❣❡ ❝♦♥✈❡♥t✐♦♥ t❤❛t ❞✐❛❣(v) ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ t❤❡ ✈❡❝t♦r v ♦♥ t❤❡ ❞✐❛❣♦♥❛❧✱ ❛♥❞

❞✐❛❣(M) ✐s t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ❞✐❛❣♦♥❛❧ ♦❢ M ✱ ✇❤❡♥ M ✐s ❛ sq✉❛r❡ ♠❛tr✐①✳

✻



❝♦♠♣❛r❛❜❧❡ ✇✐t❤ t❤♦s❡ ♦❜t❛✐♥❡❞ ✐♥❞✐r❡❝t❧② ✇✐t❤ t❤❡ ❉❈❇ ♠♦❞❡❧ ♦❢ ❊♥❣❧❡ ✭✷✵✶✻✮✳ ❍♦✇❡✈❡r✱ ♦✉r

❛♣♣r♦❛❝❤ ❛❧❧♦✇s t♦ ❞✐r❡❝t❧② s♣❡❝✐❢② ❛ ♠♦❞❡❧ ❢♦r t❤❡ βij,t ❝♦❡✣❝✐❡♥ts ✇✐t❤♦✉t ❤❛✈✐♥❣ t♦ ✐♠♣♦s❡ ❛♥②

❝♦♥str❛✐♥t ❛♣❛rt ❢r♦♠ t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥str❛✐♥t ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳

❆s ♣♦✐♥t❡❞ ♦✉t ❜② ❛ r❡❢❡r❡❡✱ t❤❡r❡ ✐s ❛ r❡ss❡♠❜❧❛♥❝❡ ❜❡t✇❡❡♥ ✭✷✳✹✮ ❛♥❞ t❤❡ ❖●❆❘❈❍ ♠♦❞❡❧ ♦❢

❆❧❡①❛♥❞❡r ❛♥❞ ❈❤✐❜✉♠❜❛ ✭✶✾✾✼✮ ❛♥❞ ❆❧❡①❛♥❞❡r ✭✷✵✵✶✮ ❛♥❞ ✐ts ❣❡♥❡r❛❧✐③❛t✐♦♥s ✭s❡❡ ✈❛♥ ❞❡r ❲❡✐❞❡✱

✷✵✵✷✱ ▲❛♥♥❡ ❛♥❞ ❙❛✐❦❦♦♥❡♥✱ ✷✵✵✼✱ ❋❛♥ ❡t ❛❧✳✱ ✷✵✵✽ ❛♥❞ ❇♦s✇✐❥❦ ❛♥❞ ✈❛♥ ❞❡r ❲❡✐❞❡✱ ✷✵✶✶ ❛♠♦♥❣

♦t❤❡rs✮✳ ❚❤❡ ❖●❆❘❈❍ ♠♦❞❡❧ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ǫt = Zv∗
t , ✇✐t❤ Z = PE1/2 ❛♥ ♦rt❤♦❣♦♥❛❧

♠❛tr✐①✱ ✇❤❡r❡ P ✐s ❛ ♠❛tr✐① ♦❢ ♦rt❤♦❣♦♥❛❧ ❡✐❣❡♥✈❡❝t♦rs ❛♥❞ E ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ❝♦♥t❛✐♥✐♥❣ t❤❡

❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ♦❢ ǫt✳ ❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❝t♦r v∗
t ❛r❡

♦rt❤♦❣♦♥❛❧ ✭❛♥❞ ❤❡t❡r♦s❝❡❞❛st✐❝✮ ❢❛❝t♦rs ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ ǫt✳ ❚❤❡r❡❢♦r❡✱

❧✐❦❡ t❤❡ ❈❍❆❘ ♠♦❞❡❧✱ t❤❡ ❖●❆❘❈❍ ♠♦❞❡❧ ❛ss✉♠❡s t❤❛t t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ ǫt ❝❛♥ ❜❡ ❧✐♥❡❛r❧②

tr❛♥s❢♦r♠❡❞ ✐♥t♦ ❛ s❡t ♦❢ ✉♥❝♦rr❡❧❛t❡❞ ❢❛❝t♦rs✳

❍♦✇❡✈❡r✱ t❤❡ ❖●❆❘❈❍ ♠♦❞❡❧✱ ❛s ✐ts ❡①t❡♥s✐♦♥s✱ s♣❡❝✐✜❡s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✈✐❛ ❛ ❢❛❝t♦r ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ t❤❡ ♠♦❞❡❧❧✐♥❣ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡s❡

❢❛❝t♦rs✳ ❚❤❡r❡❢♦r❡✱ ✉♥❧✐❦❡ t❤❡ ❈❍❆❘ ♠♦❞❡❧✱ t❤❡ ❖●❆❘❈❍ ♠♦❞❡❧ ❞♦❡s ♥♦t ❞✐r❡❝t❧② s♣❡❝✐❢② t❤❡

❞②♥❛♠✐❝s ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✱ ✇❤✐❝❤ ✐s t❤❡ ♣r✐♠❛r② ❛✐♠ ♦❢ t❤✐s ♣❛♣❡r ✭❛❧t❤♦✉❣❤ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s

❝❛♥ ❜❡ r❡❝♦✈❡r❡❞ ❢r♦♠ t❤❡ ❡st✐♠❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐① ✉s✐♥❣ t❤❡ ❉❈❇ ❛♣♣r♦❛❝❤ ♦❢

❊♥❣❧❡✱ ✷✵✶✻✮✳

■♠♣♦rt❛♥t❧②✱ t❤❡ t✇♦ s❡ts ♦❢ ❢❛❝t♦rs ✇❡ ♦❜t❛✐♥ ✇✐t❤ t❤❡ ❈❍❆❘ ❛♥❞ ❖●❆❘❈❍ ♠♦❞❡❧s ❞✐✛❡r ❢♦r

t✇♦ r❡❛s♦♥s✿

✶✳ t❤❡ ❡❧❡♠❡♥ts ♦❢ vt ❛r❡ t❤❡ r❡s✐❞✉❛❧s ♦❢ ❧✐♥❡❛r ♠♦❞❡❧s ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ s❧♦♣❡ ❝♦❡✣❝✐❡♥ts ❢♦r

t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✇❤✐❧❡ t❤❡② ❛r❡ ♣r✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥ts ❢♦r t❤❡ ❖●❆❘❈❍ ♠♦❞❡❧❀

✷✳ t❤❡ ♣r♦❥❡❝t✐♦♥ ♠❛tr✐① Z ✐s ❝♦♥st❛♥t ✐♥ t❤❡ ❖●❆❘❈❍ ♠♦❞❡❧ ✇❤✐❧❡ Lt ❛♥❞ Bt ❛r❡ t✐♠❡✲✈❛r②✐♥❣

✐♥ t❤❡ ❈❍❆❘ ♠♦❞❡❧✳ ■❢ t❤❡ tr✉❡ r♦t❛t✐♦♥ ♠❛tr✐① Z ✐s ♥♦t ❝♦♥st❛♥t ♦✈❡r t✐♠❡✱ ✇r♦♥❣❧② ❛ss✉♠✐♥❣

✐t t♦ ❜❡ ❝♦♥st❛♥t ❧❡❛❞s t♦ ❢❛❝t♦rs t❤❛t ❛t ❜❡st ✉♥❝♦♥❞✐t✐♦♥❛❧❧② ✉♥❝♦rr❡❧❛t❡❞✳ ◆♦t❡ t❤❛t t❤❡

s❛♠❡ ❝♦♠♠❡♥t ❛♣♣❧✐❡s t♦ t❤❡ ●❖●❆❘❈❍ ♠♦❞❡❧✱ ❢♦r ✇❤✐❝❤ Z ✐s ❛ss✉♠❡❞ t♦ ❜❡ ✐♥✈❡rt✐❜❧❡ ❛♥❞

♥♦t ♥❡❝❡ss❛r✐❧② ♦rt❤♦❣♦♥❛❧✳

❘❡❝❡♥t❧②✱ ◆♦✉r❡❧❞✐♥ ❡t ❛❧✳ ✭✷✵✶✹✮ ♣r♦♣♦s❡❞ ❛ ♠♦❞❡❧✱ ❝❛❧❧❡❞ ❘❆❘❈❍✱ ❢♦r ✇❤✐❝❤ t❤❡ ❢❛❝t♦rs

❛r❡ ✉♥❝♦rr❡❧❛t❡❞ ❜♦t❤ ❝♦♥❞✐t✐♦♥❛❧❧② ❛♥❞ ✉♥❝♦♥❞✐t✐♦♥❛❧❧②✱ ❛♥❞ t❤❡ ❢❛❝t♦r ❧♦❛❞✐♥❣s ❛r❡ t✐♠❡✲✈❛r②✐♥❣✳

✼



❍♦✇❡✈❡r✱ ✉♥❧✐❦❡ t❤❡ ❈❍❆❘ ♠♦❞❡❧✱ t❤❡ ❘❆❘❈❍ ❞♦❡s ♥♦t ❞✐r❡❝t❧② s♣❡❝✐❢② t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦♥❞✐t✐♦♥❛❧

❜❡t❛s✳

✷✳✸ ❆ ❣❡♥❡r❛❧ ♣❛r❛♠❡t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧

❆♥ ❛ttr❛❝t✐✈❡ ❢❡❛t✉r❡ ♦❢ t❤❡ ❈❤♦❧❡s❦②✲●❆❘❈❍ ✭❈❍❆❘✮ ♠♦❞❡❧ ✐s t❤❛t t❤❡ ❞②♥❛♠✐❝s ♦❢ ǫt ❝❛♥ ❜❡

❞❡✜♥❡❞ ❜② s♣❡❝✐❢②✐♥❣ s✉❝❝❡ss✐✈❡❧② t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ✈❡❝t♦r vt ♦❢ t❤❡ ♦rt❤♦❣♦♥❛❧ ❢❛❝t♦rs ❛♥❞ t❤❡

❞②♥❛♠✐❝s ♦❢ t❤❡ ✈❡❝t♦r ℓt = ✈❡❝❤0Lt ♦❢ t❤❡ s✉❜❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ Lt✱ ♦r ❛❧t❡r♥❛t✐✈❡❧② t❤❡ ❞②♥❛♠✐❝s

♦❢ βt✳
✸

❲❡ ✐❧❧✉str❛t❡ ♦✉r ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ ❜② ✜rst ❝♦♥s✐❞❡r✐♥❣✱ ❢♦r t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤✐s s♣❡❝✐✜❝❛t✐♦♥✱

t❤❡ ❊①t❡♥❞❡❞ ❈♦♥st❛♥t ❈♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ●❆❘❈❍ ♠♦❞❡❧ st✉❞✐❡❞ ❜② ❏❡❛♥t❤❡❛✉ ✭✶✾✾✽✮✱ ▲✐♥❣

❛♥❞ ▼❝❆❧❡❡r ✭✷✵✵✸✮✱ ❍❡ ❛♥❞ ❚❡räs✈✐rt❛ ✭✷✵✵✹✮✱ ❆✉❡✱ ❍ör♠❛♥♥✱ ❍♦r✈át❤✱ ❛♥❞ ❘❡✐♠❤❡rr ✭✷✵✵✾✮✱

❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✵✮ ❛♥❞ P❡❞❡rs❡♥ ✭✷✵✶✼✮✱ ❛♠♦♥❣ ♦t❤❡rs✳ ❚❤✐s ♠♦❞❡❧ ❛ss✉♠❡s t❤❛t

gt = ω0 +

q∑

i=1

A0iv
2
t−i +

p∑

j=1

B0jgt−j , ✭✷✳✻✮

✇❤❡r❡ gt = (g1t, . . . , gmt)
′✳ ❚♦ ❣✉❛r❛♥t❡❡ str✐❝t ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ gt✱ ✐t ✐s ❛ss✉♠❡❞

t❤❛t ω0 ✐s ❛ ✈❡❝t♦r ♦❢ str✐❝t❧② ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ t❤❛t A0i ❛♥❞ B0j ❛r❡ ♠❛tr✐❝❡s ♦❢ ♣♦s✐t✐✈❡

❝♦❡✣❝✐❡♥ts✳ ▼♦❞❡❧ ✭✷✳✻✮ ✐s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✐♥✐t✐❛❧ ♠♦❞❡❧ ✐♥tr♦❞✉❝❡❞ ❜② ❇♦❧❧❡rs❧❡✈ ✭✶✾✾✵✮ ❢♦r

✇❤✐❝❤ t❤❡ ♠❛tr✐❝❡s A0i ❛♥❞ B0j ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❞✐❛❣♦♥❛❧✳ ❚❤❡ ✈❛r✐❛♥❝❡s ❞❡✜♥❡❞ ❜② ✭✷✳✻✮ ❛r❡

❢✉♥❝t✐♦♥s ♦❢ sq✉❛r❡❞ r❡t✉r♥s✱ ❛♥❞ t❤✉s t❤❡ ♠♦❞❡❧ ✐s ♥♦t ❛❜❧❡ t♦ t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❧❡✈❡r❛❣❡ ❡✛❡❝t

❝♦♠♠♦♥❧② ♦❜s❡r✈❡❞ ♦♥ ✜♥❛♥❝✐❛❧ s❡r✐❡s ♦❢ ❞❛✐❧② r❡t✉r♥s✱ ✐✳❡✳✱ t❤❡ ❢❛❝t t❤❛t ♥❡❣❛t✐✈❡ r❡t✉r♥s t❡♥❞ t♦

❤❛✈❡ ❛♥ ❤✐❣❤❡r ✐♠♣❛❝t ♦♥ t❤❡ ❢✉t✉r❡ ✈♦❧❛t✐❧✐t② t❤❛♥ ♣♦s✐t✐✈❡ r❡t✉r♥s ♦❢ t❤❡ s❛♠❡ ♠❛❣♥✐t✉❞❡✳ ❆♥

❡①t❡♥s✐♦♥ ♦❢ ✭✷✳✻✮ ❛❧❧♦✇✐♥❣ ❛s②♠♠❡tr✐❝ r❡s♣♦♥s❡s ♦❢ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ♣❛st r❡t✉r♥s ♦♥ t❤❡ ❢✉t✉r❡

✈♦❧❛t✐❧✐t② ✐s t❤❡ ❆s②♠♠❡tr✐❝ ●❆❘❈❍ ✭❆●❆❘❈❍✮ ♠♦❞❡❧ st✉❞✐❡❞ ❜② ▼❝❆❧❡❡r✱ ❍♦t✐ ❛♥❞ ❈❤❛♥ ✭✷✵✵✾✮

❛♥❞ ❋r❛♥❝q ❛♥❞ ❩❛❦♦✐❛♥ ✭✷✵✶✷✮✱ ❛♠♦♥❣ ♦t❤❡rs✳ ❚❤✐s ♠♦❞❡❧ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠✉❧t✐✈❛r✐❛t❡ ❡①t❡♥s✐♦♥

♦❢ t❤❡ ●❏❘ ♠♦❞❡❧ ✭●❧♦st❡♥✱ ❏❛❣❛♥❛t❤❛♥ ❛♥❞ ❘✉♥❦❧❡✱ ✶✾✾✸✮✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛ss✉♠❡ t❤❛t

gt = ω0 +

q∑

i=1

{
A0i,+v

2+
t−i +A0i,−v

2−
t−i

}
+

p∑

j=1

B0jgt−j , ✭✷✳✼✮

✇❤❡r❡

v2+
t =

({
v+1t
}2

, · · · ,
{
v+mt

}2)′
, v2−

t =
({

v−1t
}2

, · · · ,
{
v−mt

}2)′

✸✈❡❝❤0 ❞❡♥♦t❡s t❤❡ ♦♣❡r❛t♦r st❛❝❦✐♥❣ t❤❡ s✉❜✲❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥ts ♦❢ ❛ sq✉❛r❡ ♠❛tr✐①✳

✽



✇✐t❤ x+ = max(x, 0) = (−x)−✳ ❚♦ ❣✉❛r❛♥t❡❡ str✐❝t ♣♦s✐t✐✈✐t② ♦❢ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ gt✱ t❤❡ ♣❛r❛♠❡✲

t❡rs ω0 ❛♥❞ B0j ❛r❡ ❛s ✐♥ ✭✷✳✻✮✱ ❛♥❞ A0i,+✱ A0i,− ❛r❡ ♠❛tr✐❝❡s ♦❢ ♣♦s✐t✐✈❡ ❝♦❡✣❝✐❡♥ts✳

◆♦t❡ t❤❛t ❢♦r t❤❡ ❛❜♦✈❡✲♠❡♥t✐♦♥❡❞ tr❛❞✐t✐♦♥❛❧ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♣r♦❝❡ss❡s✱ ❛ ♠♦❞❡❧ ♦❢ t❤❡

❢♦r♠ ✭✷✳✻✮ ♦r ✭✷✳✼✮ ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ✈❡❝t♦r ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✈♦❧❛t✐❧✐t✐❡s ♦❢ ǫt ✐♥ ❛ ✜rst st❡♣✳ ■♥

❛ s❡❝♦♥❞ st❡♣✱ t❤❡ ♠♦❞❡❧ ✐s ❝♦♠♣❧❡t❡❞ ❜② s♣❡❝✐❢②✐♥❣ ❡✐t❤❡r ❛ ✜①❡❞ ♦r ❛ t✐♠❡✲✈❛r②✐♥❣ ❝♦♥❞✐t✐♦♥❛❧

❝♦rr❡❧❛t✐♦♥✱ ❧❡❛❞✐♥❣ t♦ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❈❈❈ ❛♥❞ ❉❈❈✲●❆❘❈❍ ♠♦❞❡❧s ✭s❡❡ ❇❛✉✇❡♥s✱ ▲❛✉✲

r❡♥t ❛♥❞ ❘♦♠❜♦✉ts ✭✷✵✵✻✮✱ ❙✐❧✈❡♥♥♦✐♥❡♥ ❛♥❞ ❚❡räs✈✐rt❛ ✭✷✵✵✾✮✱ ❋r❛♥❝q ❛♥❞ ❩❛❦♦ï❛♥ ✭✷✵✶✵✱ ❈❤❛♣t❡r

✶✶✮✱ ❚s❛② ✭✷✵✶✵✱ ❈❤❛♣t❡r ✼✮✱ ❇❛✉✇❡♥s✱ ❍❛❢♥❡r ❛♥❞ ▲❛✉r❡♥t ✭✷✵✶✷✮ ❢♦r ❣❡♥❡r❛❧ r❡❢❡r❡♥❝❡s✮✳ ▼♦❞❡❧s

❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ❛r❡ ❝♦♠♣❧✐❝❛t❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r ❜❡❝❛✉s❡ t❤❡ ♠♦❞❡❧✐♥❣ ♦❢ ❝♦♥❞✐t✐♦♥❛❧

❝♦rr❡❧❛t✐♦♥s r❡q✉✐r❡ ✐♠♣♦s✐♥❣ str♦♥❣ r❡str✐❝t✐♦♥s ♦♥ t❤❡ t②♣❡ ♦❢ ❞②♥❛♠✐❝s ❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s t❤❡ ✉s❡

♦❢ ❛ ♥♦♥✲❧✐♥❡❛r tr❛♥s❢♦r♠❛t✐♦♥ t♦ r❡❝♦✈❡r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s ❢r♦♠ q✉❛s✐ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡✲

❧❛t✐♦♥s✳ ❚❤✐s ✐s t❤❡ r❡❛s♦♥ ✇❤② ♥♦ ❝♦♠♣❧❡t❡ ❛s②♠♣t♦t✐❝ t❤❡♦r② ✐s ❝✉rr❡♥t❧② ❛✈❛✐❧❛❜❧❡ ❢♦r ❡st✐♠❛t✐♥❣

❉❈❈✲●❆❘❈❍ ♠♦❞❡❧s✳

❚❤❡ ❈❤♦❧❡s❦②✲●❆❘❈❍ ❛♣♣r♦❛❝❤ ❛✈♦✐❞s s♣❡❝✐❢②✐♥❣ ❛ ❝♦rr❡❧❛t✐♦♥ str✉❝t✉r❡ ❜✉t r❡q✉✐r❡s s♣❡❝✐❢②✐♥❣

❤♦✇ ❝♦♥❞✐t✐♦♥❛❧❧② ♦rt❤♦❣♦♥❛❧ ❢❛❝t♦rs vt ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ǫt ❛s ✇❡❧❧ ❛s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡✐r

❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡s✳ ▼♦r❡♦✈❡r✱ t❤❡ ❈❤♦❧❡s❦②✲●❆❘❈❍ ❛♣♣r♦❛❝❤ ♣r❡s❡♥ts t❤❡ str♦♥❣ ❛❞✈❛♥t❛❣❡

t❤❛t t❤❡ ✈❡❝t♦r ℓt✱ ♦❢ s✐③❡ m0 = m(m− 1)/2✱ ✐s ♥♦t ❝♦♥str❛✐♥❡❞✳ ❖♥❡ ❝❛♥ t❤✉s ❝♦♥s✐❞❡r ❛ ♠♦❞❡❧ ♦❢

t❤❡ ❢♦r♠

ℓt = c0

(
vt−1, . . . ,vt−r, g

1/2
t−1, . . . , g

1/2
t−r

)
+

s∑

j=1

C0jℓt−j , ✭✷✳✽✮

✇❤❡r❡ c0 ✐s ❛ ❣❡♥❡r❛❧ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ ❢r♦♠ R
m × · · · × R

m t♦ R
m0 ❛♥❞ ✇❤❡r❡ t❤❡ C0j ✬s ❛r❡

m0×m0 ♠❛tr✐❝❡s ♦❢ ❝♦❡✣❝✐❡♥ts✱ ✐♥ ♣❛rt✐❝✉❧❛r ♥♦t ❝♦♥str❛✐♥❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡✳ ❆❧t❡r♥❛t✐✈❡❧② t♦ ✭✷✳✽✮✱

♦♥❡ ❝♦✉❧❞ s♣❡❝✐❢② ❛ ❞②♥❛♠✐❝ ♠♦❞❡❧ ❞✐r❡❝t❧② ♦♥ t❤❡ ❜❡t❛✬s✿

βt = c0

(
vt−1, . . . ,vt−r, g

1/2
t−1, . . . , g

1/2
t−r

)
+

s∑

j=1

C0jβt−j . ✭✷✳✾✮

❙t❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ❞❡r✐✈❡❞ ✐♥ ❙❡❝t✐♦♥ ✸ ❢♦r ▼♦❞❡❧s ✭✷✳✼✮✲✭✷✳✽✮ ❛♥❞ ✭✷✳✼✮✲✭✷✳✾✮ ✇❤✐❧❡

❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❋✉❧❧ ◗▼▲❊ ♦❢ t❤❡s❡ ♠♦❞❡❧s ❛r❡ ♣r♦✈❡❞ ✉♥❞❡r ✈❡r②

❣❡♥❡r❛❧ ❛ss✉♠♣t✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✹✳

✾



✷✳✹ P❛rt✐❝✉❧❛r s✉❜♠♦❞❡❧s

❚♦ ❣❡t ♠♦r❡ ❡①♣❧✐❝✐t ❝♦♥❞✐t✐♦♥s ❢♦r st❛t✐♦♥❛r✐t② ❛♥❞ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❛s ✇❡❧❧ ❛s

❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❋✉❧❧ ❛♥❞ ❊❜❊ ◗▼▲❊✱ ✇❡ ❝♦♥s✐❞❡r ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡s

♦❢ t❤❡ ❣❡♥❡r❛❧ s♣❡❝✐✜❝❛t✐♦♥ ✭✷✳✼✮✲✭✷✳✾✮✳

❋♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢❛❝t♦rs✱ ✇❡ ✜rst ❛ss✉♠❡ t❤❛t

git = ω0i + γ0i+

(
ǫ+1,t−1

)2
+ γ0i−

(
ǫ−1,t−1

)2
+

i∑

k=2

α
(k)
0i v

2
k,t−1 + b0igi,t−1 ✭✷✳✶✵✮

❢♦r i = 1, . . . ,m✱ ✇✐t❤ ♣♦s✐t✐✈✐t② ❝♦♥str❛✐♥ts ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts✳ ❇② ❝♦♥✈❡♥t✐♦♥✱ ❛♥② t❡r♠ ♦❢ t❤❡ ❢♦r♠
∑i

k=2 ✈❛♥✐s❤❡s ✇❤❡♥ i < 2✳ ◆♦t❡ t❤❛t t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ i✲t❤ ❢❛❝t♦r ❝❛♥ ❞❡♣❡♥❞ ♦♥ t❤❡ ♣❛st ✈❛❧✉❡s

♦❢ t❤❡ ❢❛❝t♦rs ♦❢ ✐♥❞✐❝❡s k ≤ i✳ ❚❤✐s ♠♦❞❡❧ ❛❧❧♦✇s ✈♦❧❛t✐❧✐t② s♣✐❧❧♦✈❡rs ❜❡t✇❡❡♥ t❤❡ ❢❛❝t♦rs✳ ◆♦t❡

❛❧s♦ t❤❛t✱ ❛❧t❤♦✉❣❤ t❤❡ ❢❛❝t♦rs ❛r❡✱ ❜② ❞❡✜♥✐t✐♦♥✱ ❝♦♥❞✐t✐♦♥❛❧❧② ✉♥❝♦rr❡❧❛t❡❞✱ ❛♥❞ t❤✉s ♠❛r❣✐♥❛❧❧②

✉♥❝♦rr❡❧❛t❡❞ ✇❤❡♥ s❡❝♦♥❞✲♦r❞❡r ♠♦♠❡♥ts ❡①✐st✱ t❤❡② ❛r❡ ♥♦t ✐♥❞❡♣❡♥❞❡♥t✳

■t ❤❛s t♦ ❜❡ ✉♥❞❡r❧✐♥❡❞ t❤❛t t❤❡ ♣♦ss✐❜❧❡ ❛s②♠♠❡tr② ♦❢ git ✐s t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ❜② ❛ ❢✉♥❝t✐♦♥

♦❢ ǫ+1,t−1 = v+1,t−1 ❛♥❞ ǫ−1,t−1 ♦♥❧② ❛♥❞ ♥♦t v+i,t−1 ❛♥❞ v−i,t−1✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ✇❡ ♥❡❡❞ t❤❡ ❡①✐st❡♥❝❡

♦❢ ❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ✈♦❧❛t✐❧✐t② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡r ✭s❡❡ ❆✼ ❜❡❧♦✇✮✳ ❚♦ ✐❧❧✉str❛t❡ t❤❡

✐ss✉❡✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡ ✇✐t❤ m = 2 ❛♥❞ ❝♦♥st❛♥t ❜❡t❛ β21,t = β21✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡

v2t = ǫ2t−β21ǫ1t✱ t❤❡ t❡r♠ v+2t ✐s ♥♦t ❞❡r✐✈❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ β21✱ ❛♥❞ t❤✉s ❛ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ❢♦r♠

g2t = ω + γ+

(
v+2,t−1

)2
+ γ−

(
v−2,t−1

)2

✇♦✉❧❞ ♥♦t ❜❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡r✳ ❚❤✐s ✇♦✉❧❞ r❡s✉❧t ✐♥ ❛ ◗▼▲ ❡st✐♠❛t♦r

♦♣t✐♠✐③✐♥❣ ❛ ♥♦♥ ❞✐✛❡r❡♥t✐❛❜❧❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥✱ ❛ s✐t✉❛t✐♦♥ ✇❤✐❝❤ ✐s ❦♥♦✇♥ t♦ ❝❛✉s❡ ❢♦r♠✐❞❛❜❧❡

t❡❝❤♥✐❝❛❧ ❞✐✣❝✉❧t✐❡s ✭s❡❡ ❡✳❣✳ ❈❤❛♥✱ ✶✾✾✸✮✳

❋♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✱ ✇❡ ✜rst ❛❞♦♣t t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❡❝✐✜❝❛t✐♦♥✿

βij,t = ̟0ij + ς0ij+ǫ
+
1,t−1 + ς0ij−ǫ

−
1,t−1 +

i∑

k=2

τ
(k)
0ij vk,t−1 + c0ijβij,t−1 ✭✷✳✶✶✮

❢♦r ❛♥② ✐♥❞❡① (i, j) ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❡t

Tm = {(i, j) : i = 2, . . . ,m ❛♥❞ j = 1, . . . , i− 1}.

❚❤✐s s♣❡❝✐✜❝❛t✐♦♥ ❛❧❧♦✇s ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s t♦ ❞❡♣❡♥❞ ♦♥ ♣❛st s❤♦❝❦s ♦♥ t❤❡ ✜rst i ❢❛❝t♦rs ❛s ✇❡❧❧

❛s t❤❡ ♣r❡✈✐♦✉s ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ ♦❢ t❤❡ ♣❡r✐♦❞ ❜❡❢♦r❡✳ ❲❡ ❛❧❧♦✇ t❤❡ ❡✛❡❝t ♦❢ ♣❛st s❤♦❝❦s t♦ ❞✐✛❡r

✶✵



❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡✐r s✐❣♥ ❜✉t ♦♥❧② ❢♦r t❤❡ ✜rst s❡r✐❡s ❜❡❝❛✉s❡✱ ❛s ✐♥ ✭✷✳✶✵✮✱ ✇❡ ♥❡❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢

❞❡r✐✈❛t✐✈❡s ♦❢ t❤❡ ❜❡t❛s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛r❛♠❡t❡r ✭s❡❡ t❤❡ ❥✉st✐✜❝❛t✐♦♥ ❥✉st ❛❜♦✈❡ ✭✷✳✶✶✮✮✳ ◆♦t❡

t❤❛t t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ♣❛♣❡r ✐s ♥♦t t♦ ♣r♦✈✐❞❡ ❛ ✜♥❛♥❝✐❛❧ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♣r❡s❡♥❝❡ ♦❢ s✉❝❤

♥♦♥✲❧✐♥❡❛r✐t② ✐♥ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❜✉t t♦ ♣r♦✈✐❞❡ ❛ st❛t✐st✐❝❛❧ t♦♦❧ t♦ ❡st✐♠❛t❡ ❛♥❞ t❡st t❤❡ ❡♠♣✐r✐❝❛❧

r❡❧❡✈❛♥❝❡ ♦❢ t❤✐s ❢❡❛t✉r❡ ✐♥ t❤❡ ♠♦❞❡❧✳

■♠♣♦rt❛♥t❧②✱ ♥♦ ❢✉rt❤❡r ♣♦s✐t✐✈✐t② ❝♦♥str❛✐♥t ✐s r❡q✉✐r❡❞ ✐♥ ✭✷✳✶✶✮ t♦ ❡♥s✉r❡ t❤❡ ♣♦s✐t✐✈✐t❡✲

❞❡✜♥✐t❡♥❡ss ♦❢ Σt✳ ❚❤❡ s❛♠❡ ❡q✉❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞ ❢♦r t❤❡ ℓij,t✬s ❜✉t ✇❡ ❞❡❝✐❞❡❞ ♥♦t t♦

st✉❞② ✐♥ ❞❡t❛✐❧ s✉❝❤ ❛ s♣❡❝✐✜❝❛t✐♦♥ ❜❡❝❛✉s❡ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♠♦❞❡❧ ❝♦♥❞✐t✐♦♥❛❧

❜❡t❛s✳ ◆♦t❡ t❤❛t ❚s❛② ✭✷✵✶✵✮ ✉s❡s ❛ s♣❡❝✐✜❝❛t✐♦♥ ✇❤❡r❡ ℓij,t ❞❡♣❡♥❞s ♦♥ ❛ ❝♦♥st❛♥t✱ ℓij,t−1 ❛♥❞

ǫi,t−1✳ ❍♦✇❡✈❡r✱ t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♠♦❞❡❧ ❤❛✈❡ ♥♦t ❜❡❡♥ st✉❞✐❡❞ ②❡t ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

❊q✉❛t✐♦♥s ✭✷✳✶✵✮✲✭✷✳✶✶✮ ❞❡✜♥❡ ❛ tr✐❛♥❣✉❧❛r s②st❡♠ ✐♥ ✇❤✐❝❤ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ i✲t❤ r♦✇ ❞❡♣❡♥❞s

♦♥❧② ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣r❡✈✐♦✉s r♦✇s✳

❲❡ ❛❧s♦ ❝♦♥s✐❞❡r ❛ s❡❝♦♥❞ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❢♦r ✇❤✐❝❤ t❤❡ ❊❜❊ ◗▼▲❊ ❝❛♥ ❜❡

♣❛r❛❧❧❡❧✐③❡❞✱ ✐✳❡✳✱

git = ω0i + γ0i+

(
ǫ+1,t−1

)2
+ γ0i−

(
ǫ−1,t−1

)2
+ α0iv

2
i,t−1 + b0igi,t−1, ✭✷✳✶✷✮

βij,t = ̟0ij + ς0ij+ǫ
+
1,t−1 + ς0ij−ǫ

−
1,t−1 + τ0ijvi,t−1 + ξ0ijvi,t−1v1,t−1 + c0ijβij,t−1. ✭✷✳✶✸✮

❆s ✐♥ ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ t❤❡ ❛s②♠♠❡tr✐❝ ❡✛❡❝ts ❛r❡ ✐♥tr♦❞✉❝❡❞ ✈✐❛ t❤❡ ✜rst ❢❛❝t♦r ♦♥❧②✳ ❇❡❝❛✉s❡ ♦❢

t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ♣r♦❞✉❝t t❡r♠ vi,t−1v1,t−1✱ ✭✷✳✶✸✮ ✐s ♥♦t ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ✭✷✳✶✶✮✳ ◆♦t❡ t❤❛t✱

s✐♥❝❡ t❤❡ ✜rst ❢❛❝t♦r v1,t−1 = ǫ1,t−1 ✐s ♦❜s❡r✈❡❞✱ ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡①♣r❡ss ❡①♣❧✐❝✐t❧②

vi,t−1v1,t−1 ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛st ♦❜s❡r✈❛t✐♦♥s ✭❛♥ ✐♥✈❡rt✐❜✐❧✐t② ♣r♦♣❡rt② t❤❛t ✇✐❧❧ ❜❡ ❢✉rt❤❡r

st✉❞✐❡❞ ✐♥ ❙✉❜s❡❝t✐♦♥ ✹✳✶✳✸ ❜❡❧♦✇✮✳

■♥tr♦❞✉❝✐♥❣ ❛ t❡r♠ ♦❢ t❤❡ ❢♦r♠ vi,t−1vj,t−1 ✐♥ ✭✷✳✶✹✮ r❡s✉❧ts ✐♥ ✉♥❡①♣❧✐❝✐t ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✱

❜❡❝❛✉s❡ t❤❡ ♣r♦❞✉❝t ✐s r❡❧❛t❡❞ t♦ t❤❡ ♣❛st ♦❜s❡r✈❛t✐♦♥s ❜② ❝♦♠♣❧✐❝❛t❡❞ ♥♦♥❧✐♥❡❛r r❡❝✉rs✐♦♥s✳ ❚❤✐s

✐s ❤♦✇❡✈❡r ❛ r❡❧❡✈❛♥t t❤✐r❞ ♠♦❞❡❧ t❤❛t ✇❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✱ ✉♥❞❡r t❤❡ ❢♦r♠

βij,t = ̟0ij + ς0ij+ǫ
+
1,t−1 + ς0ij−ǫ

−
1,t−1 + τ0ijvi,t−1 + ξ0ijvi,t−1vj,t−1 + c0ijβij,t−1. ✭✷✳✶✹✮

◆♦t❡ t❤❛t ❛❧❧ t❤r❡❡ s♣❡❝✐✜❝❛t✐♦♥s ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ✭✷✳✶✷✮✲✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✷✮✲✭✷✳✶✹✮ ❛r❡ ♣❛rt✐❝✉❧❛r

❝❛s❡s ♦❢ ✭✷✳✼✮✲✭✷✳✾✮ ❛♥❞ t❤❡r❡❢♦r❡ ❛❧❧ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢♦r t❤✐s ❣❡♥❡r❛❧ ❝❧❛ss ♦❢ ♠♦❞❡❧s ❛❧s♦ ❛♣♣❧② t♦

t❤❡s❡ t❤r❡❡ s♣❡❝✐✜❝❛t✐♦♥s ✭✐✳❡✳✱ ❚❤❡♦r❡♠s ✸✳✶ ❛♥❞ ✹✳✶✮✳

✶✶



❋♦❧❧♦✇✐♥❣ ❛ r❡❢❡r❡❡✬s s✉❣❣❡st✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❢♦✉rt❤ ♠♦❞❡❧✱ t❤❛t ✐s ♥♦t ❛ s✉❜❝❛s❡ ♦❢ ✭✷✳✼✮✲✭✷✳✾✮✱

✐✳❡✳✱

git = ω0i +

m∑

k=1

{
α
(k)
0i+

(
ǫ+k,t−1

)2
+ α

(k)
0i−

(
ǫ−k,t−1

)2}
+ b0igi,t−1 ✭✷✳✶✺✮

❛♥❞

βij,t = ̟0ij + τ0ijǫi,t−1ǫj,t−1 + c0ijβij,t−1 ✭✷✳✶✻✮

❢♦r i = 1, . . . ,m✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ✈♦❧❛t✐❧✐t✐❡s ❛♥❞ ❜❡t❛s ❛r❡ ♥♦✇ ❢✉♥❝t✐♦♥s ♦❢ ♣❛st ♦❜s❡r✈❛t✐♦♥s✱

✐♥st❡❛❞ ♦❢ ♣❛st ❢❛❝t♦rs✱ ✐♥❤✐❜✐ts ✜♥❞✐♥❣ ❡①♣❧✐❝✐t st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ❜✉t✱ ❛s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥

❙❡❝t✐♦♥ ✹✳✺✱ r❡♥❞❡rs ❡❛s✐❡r t❤❡ ❛s②♠♣t♦t✐❝ t❤❡♦r② ♦❢ t❤❡ ◗▼▲❊✳

❚❤❡ ♠❛✐♥ ♣✐t❢❛❧❧ ♦❢ ❞②♥❛♠✐❝ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ ❛ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❤❛t

t❤❡ ♦r❞❡r ♦❢ t❤❡ s❡r✐❡s ♠❛tt❡rs ❛♥❞ t❤❛t ♠♦st ♦❢ t❤❡ t✐♠❡s ❛❧❧ ♣♦ss✐❜❧❡ ♣❡r♠✉t❛t✐♦♥s ♦❢ t❤❡ s❡r✐❡s ❛r❡

♣❧❛✉s✐❜❧❡✳✹ ■♥ t❤✐s ❝❛s❡ t❤❡ ♦♣t✐♠❛❧ ♦r❞❡r ❝❛♥ ❜❡ ❝❤♦s❡♥ ✉s✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❝r✐t❡r✐❛✳ ❍♦✇❡✈❡r✱ t❤❡r❡

❛r❡ ❝❛s❡s ✇❤❡r❡ ❛ ♥❛t✉r❛❧ ♦r❞❡r✐♥❣ ✐s ❛✈❛✐❧❛❜❧❡ ❧✐❦❡ ✐♥ ♦✉r ❡♠♣✐r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥✳ ■♥❞❡❡❞✱ ✇❡ ✉s❡

t❤❡ ❈❍❆❘ ♠♦❞❡❧ t♦ ❡st✐♠❛t❡ ❛ t❤r❡❡ ❢❛❝t♦rs ♠♦❞❡❧ ✭à ❧❛ ❋❛♠❛ ❛♥❞ ❋r❡♥❝❤✱ ✶✾✾✷✱ ✷✵✵✹✮ ✇✐t❤ t✐♠❡

✈❛r②✐♥❣ ❜❡t❛s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❧❛st s❡r✐❡s ✐s ♥❡❝❡ss❛r✐❧② t❤❡ ❛ss❡t ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ✭✐✳❡✳✱ ❡①❝❡ss

r❡t✉r♥s ♦❢ ❛♥ ✐♥❞✉str② ♣♦rt❢♦❧✐♦✮✱ t❤❡ ✜rst s❡r✐❡s ✐s ❧✐❦❡❧② t♦ ❜❡ ❡①❝❡ss r❡t✉r♥s ♦❢ t❤❡ ♠❛r❦❡t ❛♥❞

t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞ s❡r✐❡s ❛r❡ t❤❡ t✇♦ r❡♠❛✐♥✐♥❣ ❢❛❝t♦rs ✭✇❤♦s❡ ♦r❞❡r ✐s ❝❤♦s❡♥ ✉s✐♥❣ t❤❡ ❙❝❤✇❛r③

■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥✮✳ ❙❡❡ ❙❡❝t✐♦♥ ✻ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳

✸ ❙t❛t✐♦♥❛r✐t② ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ st✉❞② t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❈❍❆❘ ♠♦❞❡❧✳ Pr♦♦❢s ❛r❡

❣❛t❤❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳ ▲❡t η2+
t =

({
η+1t
}2

, · · · ,
{
η+mt

}2)′
❛♥❞ η2−

t =
({

η−1t
}2

, · · · ,
{
η−mt

}2)′
✱ ✇❤❡r❡

ηt = (η1t, · · · , ηmt)
′✳ ❋♦r ❛♥② ✐♥t❡❣❡r k ❛♥❞ ❛♥② s❡q✉❡♥❝❡ ♦❢ ✈❡❝t♦rs (xt)✱ ❧❡t xt:t−k = (x′

t, . . . ,x
′
t−k)

′✳

❲✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ✭✷✳✼✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

zt = ht +Htzt−1,

✹❚❤❡ ❈❤♦❧❈♦✈ ♦❢ ❇♦✉❞t ❡t ❛❧✳ ✭✷✵✶✼✮ ✐s ❛ ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t♦r ♦❢ t❤❡ q✉❛❞r❛t✐❝ ✈❛r✐❛t✐♦♥ ♦❢ ❧♦❣✲♣r✐❝❡s ✉♥❞❡r

❛s②♥❝❤r♦♥✐❝✐t② ❛♥❞ ♠✐❝r♦str✉❝t✉r❡ ♥♦✐s❡✳ ▲✐❦❡ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✐t ✐s r❡❧✐❡s ♦♥ t❤❡ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ❛❧❧♦✇s

❛ s❡q✉❡♥t✐❛❧ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❝♦✈❛r✐❛♥❝❡ ♠❛tr✐①✳ ❚❤❡ ♦r❞❡r ♦❢ t❤❡ s❡r✐❡s ❛❧s♦ ♠❛tt❡rs ✐♥ t❤✐s ❝❛s❡✳ ❚♦ ♠❛❦❡ ♦♣t✐♠❛❧

✉s❡ ♦❢ t❤❡ ❞❛t❛✱ ❇♦✉❞t ❡t ❛❧✳ ✭✷✵✶✼✮ ♣r♦♣♦s❡ ❛♥ ♦r❞❡r✐♥❣ ♦❢ t❤❡ s❡r✐❡s ✐♥ t❡r♠s ♦❢ ❞❡❝r❡❛s✐♥❣ ❧✐q✉✐❞✐t②✳

✶✷



✇❤❡r❡ zt =
(
v2+′

t:(t−q+1),v
2−′

t:(t−q+1), g
′
t:(t−p+1)

)′
❛♥❞

ht =
(
ω′

0Υ
+′

t , 0′m(q−1),ω
′
0Υ

−′

t , 0′(q−1)m,ω′
0, 0

′
(p−1)m

)′
,

✇❤❡r❡ Υ+
t = ❞✐❛❣

(
η2+
t

)
❛♥❞ Υ

−
t = ❞✐❛❣

(
η2−
t

)
✳ ❚❤❡ ♠❛tr✐① Ht ❞❡♣❡♥❞s ♦♥ θ0 ❛♥❞ ηt✳ ❋♦r ❡①❛♠♣❧❡✱

✇❤❡♥ p = q = 1 ✇❡ ❤❛✈❡

Ht =




Υ
+
t A01,+ Υ

+
t A01,− Υ

+
t B01

Υ
−
t A01,+ Υ

−
t A01,− Υ

−
t B01

A01,+ A01,− B01


 .

❚❤❡ t♦♣ ▲②❛♣✉♥♦✈ ❡①♣♦♥❡♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ (Ht) ✐s ❞❡✜♥❡❞ ❜②

γ0 = inf
t≥1

1

t
E(log ‖HtHt−1 . . .H1‖)

❢♦r ❛♥② ♥♦r♠ ‖ · ‖✳ ❉❡♥♦t❡ ❜② ̺(M) t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ♦❢ ❛ sq✉❛r❡ ♠❛tr✐① M ✱ ❛♥❞ ❧❡t ⊗ ❜❡ t❤❡

❑r♦♥❡❝❦❡r ♣r♦❞✉❝t ♦❢ ♠❛tr✐❝❡s✳

❚❤❡♦r❡♠ ✸✳✶ ❈♦♥s✐❞❡r t❤❡ ❈❍❆❘ ▼♦❞❡❧ ✭✷✳✶✮✳ ❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str✐❝t❧②

st❛t✐♦♥❛r②✱ ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡✺ ❛♥❞ ❡r❣♦❞✐❝ ❈❍❆❘ ♣r♦❝❡ss (ǫt)t s❛t✐s❢②✐♥❣ ❊q✉❛t✐♦♥s ✭✷✳✼✮✲✭✷✳✽✮✱ ♦r

❊q✉❛t✐♦♥s ✭✷✳✼✮✲✭✷✳✾✮✱ ✐s ✐✮ γ0 < 0 ❛♥❞ ✐✐✮ det
{
Im0 −

∑s
i=1C0iz

i
}
6= 0 ❢♦r ❛❧❧ |z| ≤ 1✳ ❙✉♣♣♦s❡ ✐♥

❛❞❞✐t✐♦♥ t❤❛t c0 s❛t✐s✜❡s t❤❡ ❍ö❧❞❡r ❝♦♥❞✐t✐♦♥ ✐✐✐✮ ‖c0(x)− c0(y)‖ ≤ K ‖x− y‖a✱ ❢♦r s♦♠❡ ❝♦♥st❛♥t

K > 0✱ a ∈ (0, 1] ❛♥❞ ❛❧❧ x ❛♥❞ y ✐♥ R
2rm✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts s0 > 0 s✉❝❤ t❤❛t E‖ǫ1‖2s0 < ∞ ❛♥❞

E‖Σ1‖s0 < ∞✳ ■❢ γ0 ≥ 0 t❤❡♥ t❤❡r❡ ❡①✐sts ♥♦ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ t♦ ✭✷✳✼✮✳

▲❡t m1 ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ■❢

E‖η1‖2m1 < ∞ ❛♥❞ ̺(EH⊗m1
1 ) < 1, ✭✸✳✶✮

t❤❡♥ E‖vt‖2m1 < ∞✳ ■❢✱ ✐♥ ❛❞❞✐t✐♦♥✱ ❝♦♥❞✐t✐♦♥s ✐✐✮ ❛♥❞ ✐✐✐✮ ❤♦❧❞✱ t❤❡♥ E ‖ǫ1‖2m1 < ∞✳

❋♦r ♠♦❞❡❧s ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ✭✷✳✶✷✮✲✭✷✳✶✸✮ ❛♥❞ ✭✷✳✶✷✮✲✭✷✳✶✹✮✱ t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ♠♦r❡

❡①♣❧✐❝✐t✳

❈♦r♦❧❧❛r② ✸✳✶ ❚❤❡r❡ ❡①✐sts ❛ str✐❝t❧② st❛t✐♦♥❛r②✱ ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡ ❛♥❞ ❡r❣♦❞✐❝ ♣r♦❝❡ss s❛t✐s❢②✐♥❣

✭✷✳✶✮ ✇✐t❤ ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ✭✷✳✶✷✮✲✭✷✳✶✸✮ ♦r ✭✷✳✶✷✮✲✭✷✳✶✹✮ ✇❤❡♥

✺✐✳❡ ǫt ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s✐❣♠❛✲✜❡❧❞ ❣❡♥❡r❛t❡❞ ❜② {ηu, u ≤ t}✳

✶✸



✶✮ E log

{
γ01+

(
η+1,t−1

)2
+ γ01−

(
η−1,t−1

)2
+ b01

}
< 0✱

✷✮ E log
{
α
(i)
0i η

2
it + b0i

}
< 0 ❢♦r i = 2, . . . ,m✱

✸✮ |c0ij | < 1 ❢♦r ❛❧❧ (i, j) ∈ Tm✳

▼♦r❡♦✈❡r✱ t❤❡ st❛t✐♦♥❛r② s♦❧✉t✐♦♥ s❛t✐s✜❡s E‖ǫ1‖2s0 < ∞✱ E‖g1‖s0 < ∞✱ E‖v1‖s0 < ∞✱ E‖β1‖s0 <

∞ ❛♥❞ E‖Σ1‖s0 < ∞ ❢♦r s♦♠❡ s0 > 0✳

✹ ❖♥❡✲st❡♣ ❛♥❞ ♠✉❧t✐✲st❡♣ ◗▼▲❊

❚❤❡ ♣❛r❛♠❡t❡r ϑ0 ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② t❤❡ st❛♥❞❛r❞ ●❛✉ss✐❛♥ ◗▼▲❊✳ ❋♦r ♠♦❞❡❧s ✇✐t❤ ❛ ✧tr✐❛♥❣✉❧❛r

str✉❝t✉r❡✧✱ s✉❝❤ ❛s ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ❛ ♥✉♠❡r✐❝❛❧❧② ♠♦r❡ ❝♦♥✈❡♥✐❡♥t ❡q✉❛t✐♦♥✲❜②✲❡q✉❛t✐♦♥ ❡st✐♠❛t♦r

✭❊❜❊❊✮ ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞✳ Pr♦♦❢s ❛r❡ ❣❛t❤❡r❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳

✹✳✶ ❋✉❧❧ ◗▼▲❊

▲❡t Θ ❜❡ ❛ ❝♦♠♣❛❝t ♣❛r❛♠❡t❡r s♣❛❝❡ ✇❤✐❝❤ ❝♦♥t❛✐♥s ϑ0✳ ❋♦r ❛❧❧ ϑ ∈ Θ✱ ❛ss✉♠❡ t❤❛t t❤❡ ✈❛r✐❛♥❝❡

Σt(ϑ) ✐s ✇❡❧❧✲❞❡✜♥❡❞✱ ❛♥❞ ❝♦♥s✐❞❡r ✐ts ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥ Σt(ϑ) = Lt(ϑ)Gt(ϑ)L
′
t(ϑ)✳ ❲❡ ❛❧s♦

✐♥tr♦❞✉❝❡ t❤❡ ✈❡❝t♦r gt(ϑ) ♦❢ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t git(ϑ) s✉❝❤ t❤❛t gt = gt(ϑ0) = g(ǫt−1, ǫt−2, . . . ;ϑ0)✱

❛♥❞ t❤❡ ✈❡❝t♦rs βt(ϑ) ❛♥❞ ℓt(ϑ) s✉❝❤ t❤❛t βt = βt(ϑ0) = β(ǫt−1, ǫt−2, . . . ;ϑ0) ❛♥❞ ℓt = ℓt(ϑ0) =

ℓ(ǫt−1, ǫt−2, . . . ;ϑ0)✳ ●✐✈❡♥ ♦❜s❡r✈❛t✐♦♥s ǫ1, . . . , ǫn✱ ❛♥❞ ❛r❜✐tr❛r② ✜①❡❞ ✐♥✐t✐❛❧ ✈❛❧✉❡s ǫ̃i ❢♦r i ≤ 0✱

❧❡t t❤❡ st❛t✐st✐❝s

Σ̃t(ϑ) = Σ (ǫt−1, . . . , ǫ1, ǫ̃0, ǫ̃−1, . . . ;ϑ)

❛♥❞ s✐♠✐❧❛r❧② ❞❡✜♥❡ L̃t(ϑ)✱ G̃t(ϑ) = ❞✐❛❣ {g̃t(ϑ)}✱ B̃t(ϑ)✱ ℓ̃t(ϑ) = ✈❡❝0L̃t(ϑ) ❛♥❞ β̃t(ϑ) =

−✈❡❝0B̃t(ϑ)✳ ❆ ◗▼▲❊ ♦❢ ϑ0 ✐s ❞❡✜♥❡❞ ❛s ❛♥② ♠❡❛s✉r❛❜❧❡ s♦❧✉t✐♦♥ ϑ̂n ♦❢

ϑ̂n = ❛r❣ ♠✐♥
ϑ∈Θ

Õn(ϑ), Õn(ϑ) = n−1
n∑

t=1

q̃t(ϑ), ✭✹✳✶✮

✇❤❡r❡

q̃t(ϑ) = ǫ′tΣ̃
−1

t (ϑ)ǫt + log
∣∣∣Σ̃t(ϑ)

∣∣∣ = ǫ′tB̃
′
t(ϑ)G̃

−1

t (ϑ)B̃t(ϑ)ǫt +
m∑

i=1

log g̃it(ϑ).

■t ✐s ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ◗▼▲❊✱ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ✐♥✈❡rt ♠❛tr✐❝❡s ✭G̃t(ϑ) ❜❡✐♥❣

❞✐❛❣♦♥❛❧✮✳ ❚❤✐s ❝♦♥st✐t✉t❡s ❛♥ ❛ttr❛❝t✐✈❡ ❢❡❛t✉r❡ ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧s✳

✶✹



✹✳✶✳✶ ●❡♥❡r❛❧ ❈❍❆❘ ♠♦❞❡❧

❲❡ ♥♦✇ ❣✐✈❡ ❤✐❣❤✲❧❡✈❡❧ ❛ss✉♠♣t✐♦♥s ✇❤✐❝❤ ❡♥t❛✐❧ t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ❛♥❞ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②

✭❈❆◆✮ ♦❢ t❤❡ ◗▼▲ ❡st✐♠❛t♦r ❢♦r t❤❡ ❣❡♥❡r❛❧ ❈❍❆❘ ♠♦❞❡❧✳ ❚❤❡s❡ ❛ss✉♠♣t✐♦♥s ✇✐❧❧ ❜❡ ♠❛❞❡

❡①♣❧✐❝✐t ❢♦r t❤❡ ♣❛rt✐❝✉❧❛r ♠♦❞❡❧ ✭✷✳✶✵✮✲✭✷✳✶✶✮✳ ■♥ t❤❡ s❡q✉❡❧ ρ ❞❡♥♦t❡s ❛ ❣❡♥❡r✐❝ ❝♦♥st❛♥t ❜❡❧♦♥❣✐♥❣

t♦ [0, 1)✱ ❛♥❞ K ❞❡♥♦t❡s ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t ♦r ❛ ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t

t♦ {ǫu, u < 0} ✭❛♥❞ t❤✉s ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ n✮✳

❆✶✿ supϑ∈Θ

∥∥∥g̃−1
t (ϑ)

∥∥∥ ≤ K, supϑ∈Θ
∥∥g−1

t (ϑ)
∥∥ ≤ K, ❛✳s✳

❆✷✿ supϑ∈Θ
{
‖gt(ϑ)− g̃t(ϑ)‖+ ‖βt(ϑ)− β̃t(ϑ)‖

}
≤ Kρt ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ρt s❛t✐s✜❡s

∑∞
t=1 {Eρs1t }1/3 < ∞ ❢♦r ❛❧❧ s1 ∈ (0, s0] ❛♥❞ s♦♠❡ s0 > 0✳

❆✸✿ E {‖ǫt‖s0 + ‖gt(ϑ0)‖s0 + supϑ∈Θ ‖βt(ϑ)‖s0} < ∞ ❢♦r s♦♠❡ s0 > 0✳

❆✹✿ ❋♦r ϑ ∈ Θ✱ {gt(ϑ),βt(ϑ)} = {gt(ϑ0),βt(ϑ0)} ❛✳s✳ ✐♠♣❧✐❡s ϑ = ϑ0.

❆✺✿ ❋♦r ❛♥② s❡q✉❡♥❝❡ x1,x2, . . . ♦❢ ✈❡❝t♦rs ♦❢ R
m✱ t❤❡ ❢✉♥❝t✐♦♥s ϑ 7→ g(x1,x2, . . . ;ϑ) ❢r♦♠ Θ t♦

(0,+∞)m ❛♥❞ ϑ 7→ β(x1,x2, . . . ;ϑ) ❢r♦♠ Θ t♦ R
m0 ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ Θ✳

❆✻✿ ϑ0 ❜❡❧♦♥❣s t♦ t❤❡ ✐♥t❡r✐♦r Θ̊ ♦❢ Θ✳

❆✼✿ ❋♦r ❛♥② s❡q✉❡♥❝❡ x1,x2, . . . ♦❢ ✈❡❝t♦rs ♦❢ Rm✱ t❤❡ ❢✉♥❝t✐♦♥s ϑ 7→ g(x1,x2, . . . ;ϑ) ❛♥❞ ϑ 7→
β(x1,x2, . . . ;ϑ) ❛❞♠✐t ❝♦♥t✐♥✉♦✉s s❡❝♦♥❞✲♦r❞❡r ❞❡r✐✈❛t✐✈❡s✳

❆✽✿ ❋♦r s♦♠❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (ϑ0) ♦❢ ϑ0✱ t❤❡r❡ ❡①✐sts s0 > 0 s✉❝❤ t❤❛t

sup
ϑ∈V (ϑ0)

{∥∥∥∥
∂gt(ϑ)

∂ϑ
− ∂g̃t(ϑ)

∂ϑ

∥∥∥∥+
∥∥∥∥∥
∂βt(ϑ)

∂ϑ
− ∂β̃t(ϑ)

∂ϑ

∥∥∥∥∥

}
≤ Kρt

✇✐t❤ ρt ❛s ✐♥ ❆✷✳

❆✾✿ ❋♦r s♦♠❡ ♥❡✐❣❤❜♦r❤♦♦❞ V (ϑ0) ♦❢ ϑ0✱ ❢♦r ❛❧❧ i, j ∈ {1, . . . ,m} ❛♥❞ p > 0✱ q > 0 ❛♥❞ r > 0 s✉❝❤

t❤❛t 2q−1 + 2r−1 = 1 ❛♥❞ p−1 + 2r−1 = 1✱ ✇❡ ❤❛✈❡

E sup
ϑ∈V (ϑ0)

∥∥∥∥Σ
−1/2′

t (ϑ)
∂2

Σt(ϑ)

∂ϑi∂ϑj
Σ

−1/2
t (ϑ)

∥∥∥∥
p

< ∞,

E sup
ϑ∈V (ϑ0)

∥∥∥∥Σ
−1/2′

t (ϑ)
∂Σt(ϑ)

∂ϑi
Σ

−1/2
t (ϑ)

∥∥∥∥
q

< ∞,

E sup
ϑ∈V (ϑ0)

∥∥∥Σ1/2′

t (ϑ0)Σ
−1/2
t (ϑ)

∥∥∥
r
< ∞,

✶✺



✇❤❡r❡ ϑi ❞❡♥♦t❡s t❤❡ i✲t❤ ❡❧❡♠❡♥t ♦❢ t❤❡ ✈❡❝t♦r ϑ✳

❆✶✵✿ E‖ηt‖4 < ∞✳

❆✶✶✿ ❚❤❡ ♠❛tr✐❝❡s {∂Σt(ϑ0)/∂ϑi, i = 1, . . . , d} ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✇✐t❤ ♥♦♥③❡r♦ ♣r♦❜❛❜✐❧✐t②✳

❚❤❡♦r❡♠ ✹✳✶ ✭❈❆◆ ♦❢ t❤❡ ◗▼▲❊ ✐♥ t❤❡ ❣❡♥❡r❛❧ ❈❍❆❘ ❝❛s❡✮ ▲❡t (ǫt) ❜❡ ❛ ♥♦♥ ❛♥t✐❝✐♣❛✲

t✐✈❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✭✷✳✶✮✳ ▲❡t (ϑ̂n) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ◗▼▲ ❡st✐♠❛t♦rs s❛t✐s❢②✐♥❣ ✭✹✳✶✮✳

❯♥❞❡r ❆✶✲❆✺ ✇❡ ❤❛✈❡

ϑ̂n → ϑ0, ❛❧♠♦st s✉r❡❧② ❛s n → ∞.

❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ❆✻✲❆✶✵✱ ✇❡ ❤❛✈❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ d× d ♠❛tr✐①

J = ED′
t

{
Σ

−1
t (ϑ0)⊗Σ

−1
t (ϑ0)

}
Dt, Dt =

∂✈❡❝Σt(ϑ0)

∂ϑ′ ,

❛♥❞ ♦❢ t❤❡ d× d ♠❛tr✐① I ♦❢ ❣❡♥❡r✐❝ t❡r♠

I(i, j) = ❚r
{
KECi,tC

′
j,t

}
,

✇✐t❤ K = E✈❡❝(Im − ηtη
′
t)✈❡❝

′(Im − ηtη
′
t) ❛♥❞

Ci,t =
{
Σ

−1/2
t (ϑ0)⊗Σ

−1/2
t (ϑ0)

}
✈❡❝

∂Σt(ϑ0)

∂ϑi
.

▼♦r❡♦✈❡r✱ ✉♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥ ❆✶✶✱ J ✐s ✐♥✈❡rt✐❜❧❡ ❛♥❞

√
n
(
ϑ̂n − ϑ0

) L→ N
{
0,J−1IJ−1

}
❛s n → ∞.

❲❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❇❛❤❛❞✉r r❡♣r❡s❡♥t❛t✐♦♥

ϑ̂n − ϑ0 = J−1 1

n

n∑

t=1

∇t✈❡❝(ηtη
′
t − Im) + oP (n

−1/2), ✭✹✳✷✮

✇❤❡r❡ ∇t = D′
t

{
Σ

−1/2′

t (ϑ0)⊗Σ
−1/2′

t (ϑ0)
}
✳

✹✳✶✳✷ ◗▼▲❊ ❢♦r ❛ s♣❡❝✐✜❝ ♣❛r❛♠❡t❡r✐③❛t✐♦♥

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ (ǫt) ✐s ❛ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝ s♦❧✉t✐♦♥ t♦ ♠♦❞❡❧ ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ✇❤♦s❡

✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡r ϑ0 ❜❡❧♦♥❣s t♦ ❛ ❝♦♠♣❛❝t s❡t Θ ♦❢ Rd✱ ✇✐t❤ d = m(m + 1)(m + 5)/3✳ ▲❡t

θ
(1)
0 = (ω01, γ01+, γ01−, b01)′ ❛♥❞✱ ❢♦r i = 2, . . . ,m✱ ❧❡t

θ
(i)
0 = (ω0i, γ0i+, γ0i−, α

(2)
0i , . . . , α

(i)
0i , b0i)

′

✶✻



❜❡ t❤❡ ✈❡❝t♦r ♦❢ t❤❡ i + 3 ♣❛r❛♠❡t❡rs ✐♥✈♦❧✈❡❞ ✐♥ git✳ ❆ss✉♠❡ t❤❛t θ
(i)
0 ❜❡❧♦♥❣s t♦ ❛ ❝♦♠♣❛❝t s❡t

Θ
(i)
θ ⊂ (0,∞)× [0,∞)i+2✳ ❋♦r (i, j) ∈ Tm✱ s❡t

ϕ
(ij)
0 = (̟0ij , ς0ij+, ς0ij−, τ

(2)
0ij , . . . , τ

(i)
0ij , c0ij)

′,

❛♥❞ ϕ
(i)
0 = (ϕ

(i1)′

0 , . . . ,ϕ
(i,i−1)′

0 )′✳ ❋♦r i ≥ 2✱ ❧❡t Θ
(i)
ϕ ❜❡ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ♦❢ ϕ

(i)
0 ✱ ❛ ❝♦♠♣❛❝t

s✉❜s♣❛❝❡ ♦❢ R(i−1)(i+3)✳ ❚❤❡ ♣❛r❛♠❡t❡r ϕ0 := (ϕ
(2)′

0 , . . . ,ϕ
(m)′

0 )′ ❜❡❧♦♥❣s t♦ t❤❡ ❝♦♠♣❛❝t s✉❜s❡t

Θϕ = Θ
(2)
ϕ × · · · ×Θ

(m)
ϕ ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ ♦❢ ❞✐♠❡♥s✐♦♥ m(m− 1)(2m+11)/6✳ ▲❡t ϑ

(1)
0 = θ

(1)
0

❛♥❞ ϑ
(i)
0 = (θ

(i)′

0 ,ϕ
(i)′

0 )′ ❢♦r i = 2, . . . ,m✳ ❚❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ Θ(i) = Θ
(i)
θ × Θ

(i)
ϕ ♦❢ ϑ

(i)
0 ✭✇✐t❤

t❤❡ ❝♦♥✈❡♥t✐♦♥ Θ(1) = Θ
(1)
θ ✮ ✐s ❛ ❝♦♠♣❛❝t s✉❜s❡t ♦❢ R

di ✱ ✇✐t❤ di = i(i + 3)✳ ❲❡ ❤❛✈❡ ϑ0 =

(ϑ
(1)′

0 , . . . ,ϑ
(m)′

0 )′✳ ▲❡t ϑ = (ϑ(1)′ , . . . ,ϑ(m)′)′ ❜❡ ❛ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ Θ ❛♥❞

ϕ = (ϕ(2)′ , . . . ,ϕ(m)′)′ ❛ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ♦❢ Θϕ✳ ❯s✐♥❣ ✭✷✳✸✮ t♦ ❝♦♠♣✉t❡ vk,t−1 ✐♥ ✭✷✳✶✶✮✱ ♦♥❡ ❝❛♥

s❡❡ t❤❛t βij,t ❛❝t✉❛❧❧② ❞❡♣❡♥❞s ♦♥

ϕ
(+i)
0 =

(
ϕ

(i)′

0 ,ϕ
(−i)′

0

)′
, ϕ

(−i)
0 =

(
ϕ

(i−1)′

0 , . . . ,ϕ
(2)′

0

)′
,

✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ ϕ
(+2)
0 = ϕ

(2)
0 ✳ ❲❡ t❤✉s ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥ βij,t(ϕ

(+i)) s✉❝❤ t❤❛t βij,t =

βij,t(ϕ
(+i)
0 )✳ ■♥tr♦❞✉❝❡ ❛❧s♦ t❤❡ ♥♦t❛t✐♦♥

ϑ
(+i)
0 =

(
ϑ
(i)′

0 ,ϕ
(−i)′

0

)′
=
(
θ
(i)′

0 ,ϕ
(+i)′

0

)′
, ✭✹✳✸✮

❞r♦♣♣✐♥❣ t❤❡ s✉❜s❝r✐♣t ✧✵✧ ✇❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ❛ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ♦❢ ❛ ♣❛r❛♠❡t❡r s♣❛❝❡ ❞❡♥♦t❡❞ ❜②

Θ(+i)✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ ϑ(+i) = ϑ(i) ❢♦r i = 1, 2✳ ❚❤❡ ◗▼▲❊ ♦❢ ϑ0 ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮

✇❤❡r❡✱ ✇✐t❤ s♦♠❡ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱

q̃t(ϑ) =
m∑

i=1

q̃it(ϑ
(+i)), ✭✹✳✹✮

✇✐t❤✱ ❢♦r t = 1, . . . , n✱

q̃it(ϑ
(+i)) =

ṽ2it(ϕ
(+i))

g̃it(ϑ
(+i))

+ log g̃it(ϑ
(+i)), ✭✹✳✺✮

g̃it(ϑ
(+i)) = ωi,t−1 +

i∑

k=2

α
(k)
i ṽ2k,t−1(ϕ

(+k)) + big̃i,t−1(ϑ
(+i)), ✭✹✳✻✮

ṽkt(ϕ
(+k)) = ǫkt −

k−1∑

j=1

β̃kj,t(ϕ
(+k))ǫjt, ✭✹✳✼✮

β̃ij,t(ϕ
(+i)) = ωij,t−1 +

i∑

k=2

τ
(k)
ij ṽk,t−1(ϕ

(+k)) + cij β̃ij,t−1(ϕ
(+i)), ✭✹✳✽✮

✶✼



✉s✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ ṽ21t(ϕ
(+i)) = ǫ21t✱ t❤❡ ♥♦t❛t✐♦♥s ωit = ωi + γi+

(
ǫ+1t
)2

+ γi−
(
ǫ−1t
)2

❛♥❞ ωijt =

̟ij + ςij+ǫ
+
1t + ςij−ǫ

−
1t✱ ❛♥❞ ✜①❡❞ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r β̃ij,0(·)✱ ǫ0 ❛♥❞ g̃i,0(·)✳

✹✳✶✳✸ ■♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

❙t❛rt✐♥❣ ✇✐t❤ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❛♥❞ ✉s✐♥❣ ✭✹✳✼✮ ❢♦r t = 0 ❛♥❞ s✉❝❝❡ss✐✈❡❧② ✭✹✳✽✮ ❛♥❞ ✭✹✳✼✮ ❢♦r t =

1, 2, . . . ✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ β̃ij,t(ϕ
(+i)) ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ ϕ(+i)✳ ❖♥❡ ❝❛♥ ❡①♣❡❝t t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s

❜❡ ❛s②♠♣t♦t✐❝❛❧❧② ♥❡❣❧✐❣✐❜❧❡✱ ✐♥ t❤❡ s❡♥s❡ t❤❛t✱ ❛s t → ∞✱ β̃ij,t(ϕ
(+i)) ❜❡ ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ s♦♠❡

❢✉♥❝t✐♦♥ βij,t(ϕ
(+i)) ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣❛st ♦❜s❡r✈❛t✐♦♥s Ft−1✳ ❋r♦♠ ✭✹✳✼✮✱ ✇❡ t❤❡♥

❝♦♥s✐st❡♥t❧② ❛♣♣r♦①✐♠❛t❡ ṽit(ϕ
(+i)) ❜② ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ vit(ϕ

(+i)) ♦❢ Ft−1✳ ❇② ✐♠♣♦s✐♥❣ |bi| <
1 ✐♥ ✭✹✳✻✮✱ ♦♥❡ ❝❛♥ ❛❧s♦ ❝♦♥s✐st❡♥t❧② ❛♣♣r♦①✐♠❛t❡ g̃it(ϑ

(+i)) ❜② s♦♠❡ ❢✉♥❝t✐♦♥ git(ϑ
(+i)) ♦❢ Ft−1✳

❲❤❡♥ t❤❡s❡ ❝♦♥s✐st❡♥t Ft−1✲❛♣♣r♦①✐♠❛t✐♦♥s ❤♦❧❞ ❢♦r ❛❧❧ ✈❛❧✉❡s ♦❢ i ❛♥❞ j✱ t❤❡ ♠♦❞❡❧ ✭✷✳✶✵✮✲✭✷✳✶✶✮ ✐s

s❛✐❞ t♦ ❜❡ ✐♥✈❡rt✐❜❧❡✳ ❋♦r ♣r❡❞✐❝t✐♦♥ ♦r ❡st✐♠❛t✐♦♥ ♣✉r♣♦s❡s✱ ✐t ✐s ✐♠♣♦rt❛♥t t❤❛t t❤❡ ♠♦❞❡❧ ♣♦ss❡ss❡s

t❤✐s ♣r♦♣❡rt②✳ ■♥❞❡❡❞✱ ✐❢ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❞♦❡s ♥♦t ❤♦❧❞✱ t❤❡ ❛♣♣r♦①✐♠❛t❡ ✈♦❧❛t✐❧✐t② Σ̃t(ϑ) ✐s ❧✐❦❡❧② t♦

❞❡♣❡♥❞ str♦♥❣❧② ♦♥ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s✱ ❡✈❡♥ ❢♦r ❧❛r❣❡ t✱ ❛♥❞ t❤✉s t❤❡ ♠♦❞❡❧ ✇♦✉❧❞ ♣r♦✈✐❞❡ ✉♥st❛❜❧❡

♣r❡❞✐❝t✐♦♥s t❤❛t ❞❡♣❡♥❞ ♠✉❝❤ ♦♥ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s✳ ❚❤❡ ♥♦♥✐♥✈❡rt✐❜✐❧✐t② ✇♦✉❧❞ ❛❧s♦ ❡♥t❛✐❧ ❡st✐♠❛t✐♦♥

✐♥❝♦♥s✐st❡♥❝②✱ ❜❡❝❛✉s❡ t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥s Õ
(i)
n (ϑ(+i)) ❝♦✉❧❞ ❛s②♠♣t♦t✐❝❛❧❧② ❞❡♣❡♥❞ ♦♥ t❤❡ ✐♥✐t✐❛❧

✈❛❧✉❡s✳ Pr♦❜❧❡♠s ♦❢ ✐♥✈❡rt✐❜✐❧✐t② ❤❛✈❡ ❜❡❡♥ ❞♦❝✉♠❡♥t❡❞ ✐♥ ❲✐♥t❡♥❜❡r❣❡r ✭✷✵✶✸✮ ❢♦r t❤❡ ❊●❆❘❈❍

♠♦❞❡❧ ♦❢ ◆❡❧s♦♥ ✭✶✾✾✶✮ ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② ❇❧❛sq✉❡s ❡t ❛❧✳ ✭✷✵✶✻✮ ❢♦r t❤❡ ❇❡t❛✲t ●❆❘❈❍ ♦❢ ❍❛r✈❡②

✭✷✵✶✸✮✳ ■♥ ❜♦t❤ ♠♦❞❡❧s✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ✭♦r ✐ts ❧♦❣✮ ❞❡♣❡♥❞s ✐♥ ❛ ✈❡r② ♥♦♥❧✐♥❡❛r ✇❛② ♦♥

♣❛st ✐♥♥♦✈❛t✐♦♥s✳

❲❡ ♥♦✇ ❣✐✈❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ✉♥✐❢♦r♠ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ ▼♦❞❡❧ ✭✷✳✶✵✮✲✭✷✳✶✶✮✳

❋♦r ❛❧❧ ϕ ∈ Θϕ✱ ❧❡t

β̃t(ϕ) =
(
β̃21,t(ϕ

(2)), β̃31,t(ϕ
(+3)) . . . , β̃m,m−1,t(ϕ

(+m))
)′

= −✈❡❝❤0B̃t(ϕ),

✇❤❡r❡ B̃t(ϕ) ✐s ❛ ❧♦✇❡r ✉♥✐tr✐❛♥❣✉❧❛r ♠❛tr✐①✳ ■♥ ✈❡❝t♦r ❢♦r♠✱ t❤❡ ❡q✉❛t✐♦♥s ✭✹✳✼✮✲✭✹✳✽✮ ✇r✐t❡

β̃t(ϕ) = wt−1 + TB̃t−1(ϕ)ǫt−1 +Cβ̃t−1(ϕ), t ≥ 1, ✭✹✳✾✮

✇✐t❤ ❛ ✜①❡❞ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r β̃0(ϕ)✳ ■❢ t❤❡ ℓ✲t❤ ❡❧❡♠❡♥t ♦❢ βt ❝♦♥t❛✐♥s βij,t✱ t❤❡♥ t❤❡ ℓ✲t❤ ❡❧❡♠❡♥t ♦❢

t❤❡ r❛♥❞♦♠ ✈❡❝t♦rwt ✐s ωijt✱ r♦✇ ℓ ♦❢ T ✐s (0, τ
(2)
ij , . . . , τ

(i)
ij ,0′m−i)✱ ❛♥❞C ✐s ❛ ❞✐❛❣♦♥❛❧ ♠❛tr✐① ✇✐t❤ cij

❛s ℓ✲t❤ ❞✐❛❣♦♥❛❧ ❡❧❡♠❡♥t✳ ▲❡t D0
m ❜❡ t❤❡ ♠❛tr✐① ✇✐t❤ ❡❧❡♠❡♥ts ✵ ♦r ✶ s✉❝❤ t❤❛t ✈❡❝A = D

0
m✈❡❝❤

0A

✶✽



❢♦r ❛♥② str✐❝t❧② ❧♦✇❡r tr✐❛♥❣✉❧❛r✻ m×m ♠❛tr✐① A✳ ◆♦t✐♥❣ t❤❛t ✈❡❝B̃t(ϕ) = −D
0
mβ̃t(ϕ) + ✈❡❝Im✱

✇❡ ♦❜t❛✐♥

T B̃t(ϕ)ǫt = Tǫt − (ǫ′t ⊗ T )D0
mβ̃t(ϕ)

❛♥❞

β̃t(ϕ) = w∗
t−1 +

t−1∑

i=1




i∏

j=1

St−j


w∗

t−i−1 +

(
t−1∏

i=1

St−i

)(
w∗

0 + β̃0(ϕ)
)
,

✇✐t❤ w∗
t = wt+Tǫt ❛♥❞ St = St(ϕ) = C− (ǫ′t⊗T )D0

m✳ ❇② t❤❡ ❈❛✉❝❤② r✉❧❡✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s

E log+ sup
ϕ∈Θϕ

‖w1 + Tǫ1‖ < ∞, ✭✹✳✶✵✮

γS := lim sup
n→∞

1

n
log sup

ϕ∈Θϕ

∥∥∥∥∥

n∏

i=1

St−i

∥∥∥∥∥ < 0, ✭✹✳✶✶✮

✇❤❡r❡ ‖ · ‖ ❞❡♥♦t❡s ❛♥② ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦r♠✱ t❤❡ s❡r✐❡s

βt(ϕ) = w∗
t−1 +

∞∑

i=1




i∏

j=1

St−j


w∗

t−i−1 ✭✹✳✶✷✮

❝♦♥✈❡r❣❡s ❛❜s♦❧✉t❡❧② ✭❛♥❞ ✉♥✐❢♦r♠❧②✮ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡✳ ▼♦r❡♦✈❡r✱

sup
ϕ∈Θϕ

∥∥∥βt(ϕ)− β̃t(ϕ)
∥∥∥ = sup

ϕ∈Θϕ

∥∥∥∥∥

(
t−2∏

i=1

St−i

){
β1(ϕ)− β̃1(ϕ)

}∥∥∥∥∥ ≤ Kρt, ✭✹✳✶✸✮

✇❤❡r❡ K ✐s ❛ ♣♦s✐t✐✈❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ {ǫu, u ≤ 0} ❛♥❞ 0 ≤
exp {γS(ϕ)} < ρ < 1 ✭s❡❡ ❇♦✉❣❡r♦❧ ❛♥❞ P✐❝❛r❞✱ ✶✾✾✷❛ ❛♥❞ ✶✾✾✷❜ ❢♦r ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤

✭✹✳✶✶✮ ✐s ♥♦t ♦♥❧② s✉✣❝✐❡♥t ❜✉t ❛❧s♦ ♥❡❝❡ss❛r② ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✭✹✳✶✷✮✮✳

◆♦t❡ t❤❛t ❢♦r ❛♥② s0 > 0✱ t❤❡r❡ ❡①✐stsK > 0 s✉❝❤ t❤❛t log+ ‖w1‖ ≤ K+‖w1+Tǫ1‖s0 ✳ ❚❤❡r❡❢♦r❡
E log+ ‖w1+Tǫ1‖ < ∞ ✐❢ E ‖ǫ1‖s0 < ∞ ❢♦r s♦♠❡ s0 > 0✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ ✈❛❧✉❡ ♦❢ ϕ✳ ❈♦♥s❡q✉❡♥t❧②✱

✐♥ ✈✐❡✇ ♦❢ ❈♦r♦❧❧❛r② ✸✳✶✱ ❈♦♥❞✐t✐♦♥ ✭✹✳✶✵✮ ❞♦❡s ♥♦t ❝♦♥str❛✐♥ t❤❡ ❝♦♠♣❛❝t ♣❛r❛♠❡t❡r s♣❛❝❡ Θϕ✳ ❇②

❝♦♥tr❛st✱ ✭✹✳✶✶✮ ❡♥t❛✐❧s ♥♦♥ ❡①♣❧✐❝✐t ❝♦♥str❛✐♥ts ♦♥ ϕ✳ ❇② ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t②✱ t❤❡ ❝♦♥❞✐t✐♦♥ γS < 0

✐s s❛t✐s✜❡❞ ✐❢ E supϕ∈Θϕ
‖S1‖ < 1 ❢♦r s♦♠❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♥♦r♠ ‖ · ‖✳ ❚❛❦❡ t❤❡ s♣❡❝tr❛❧ ♥♦r♠✱

❞❡✜♥❡❞ ❜② ‖A‖2 =
√

̺(A∗A)✱ ✇✐t❤ ̺ t❤❡ s♣❡❝tr❛❧ r❛❞✐✉s ❛♥❞ ♦t❤❡r st❛♥❞❛r❞ ♥♦t❛t✐♦♥s✳ ◆♦t✐♥❣

t❤❛t
∥∥D0

m

∥∥
2
=

√
2 ❛♥❞ ‖ǫ′t ⊗ T ‖2 =

√
̺(ǫtǫ′t ⊗ T ′T ) =

√
ǫ′tǫt ‖T ‖2✱ ❛♥❞ ✉s✐♥❣ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢

Θϕ✱ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ✉♥✐❢♦r♠ ✐♥✈❡rt✐❜✐❧✐t② ❤♦❧❞s ✐❢

✻❇② str✐❝t❧② ❧♦✇❡r tr✐❛♥❣✉❧❛r ✇❡ ♠❡❛♥ ❛ ❧♦✇❡r tr✐❛♥❣✉❧❛r ♠❛tr✐① ✇❤♦s❡ ♠❛✐♥ ❞✐❛❣♦♥❛❧ ❝♦♥s✐sts ♦❢ ③❡r♦❡s✳

✶✾



max
i,j

|c0ij |+
√
2 ‖T ‖2E

√
ǫ′1ǫ1 < 1, ∀ϕ ∈ Θϕ. ✭✹✳✶✹✮

◆♦t❡ t❤❛t✱ ❛❧t❤♦✉❣❤ s❧✐❣❤t❧② ♠♦r❡ ❡①♣❧✐❝✐t✱ ❈♦♥❞✐t✐♦♥ ✭✹✳✶✹✮ ✐s ♠♦r❡ r❡str✐❝t✐✈❡ t❤❛♥ ❈♦♥❞✐t✐♦♥ ✭✹✳✶✶✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✭✹✳✶✹✮ r❡q✉✐r❡s ❛ ✜♥✐t❡ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥t ❢♦r ‖ǫt‖ ✇❤❡♥ T 6= 0✳ ◆♦t❡ ❛❧s♦ t❤❛t ✐❢

t❤❡ t❡r♠
∑i

k=2 τ
(k)
0ij vk,t−1 ❞♦❡s ♥♦t ❛♣♣❡❛r ✐♥ ✭✷✳✶✶✮✱ t❤❡♥ t❤❡ ♠♦❞❡❧ ✐s ✐♥✈❡rt✐❜❧❡✱ ✐✳❡✳✱ ✭✹✳✶✶✮ ❤♦❧❞s✱

✐❢ maxi,j |c0ij | < 1 ❢♦r ❛❧❧ ϕ ∈ Θϕ.

✹✳✶✳✹ ❆s②♠♣t♦t✐❝ ♣r♦♣❡rt② ♦❢ t❤❡ ◗▼▲❊

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♠♣✐r✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐❝❡s✿

Jn =
∂2Õn(ϑ̂n)

∂ϑ∂ϑ′ ❛♥❞ In =
1

n

n∑

t=1

∂q̃t(ϑ̂n)

∂ϑ

∂q̃t(ϑ̂n)

∂ϑ′ .

❲❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✳

❇✶✿ ❈♦♥❞✐t✐♦♥s ✶✮✱ ✷✮ ❛♥❞ ✸✮ ♦❢ ❈♦r♦❧❧❛r② ✸✳✶ ❛r❡ s❛t✐s✜❡❞✳

❇✷✿ ❋♦r i = 2, . . . ,m✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ η2it ❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ {ηjt, j 6= i} ✐s ♥♦♥✲❞❡❣❡♥❡r❛t❡✳ ❚❤❡

s✉♣♣♦rt ♦❢ η1t ❝♦♥t❛✐♥s ❛t ❧❡❛st t✇♦ ♣♦s✐t✐✈❡ ♣♦✐♥ts ❛♥❞ t✇♦ ♥❡❣❛t✐✈❡ ♣♦✐♥ts✳

❇✸✿ ❋♦r (i, j) ∈ Tm ❛♥❞ ❛❧❧ ϑ(i) ∈ Θ(i) ✇❡ ❤❛✈❡ θ(i) ≥ 0 ❝♦♠♣♦♥❡♥t✇✐s❡✱ ω0i > 0✱ |b0i| < 1 ❛♥❞

|c0ij | < 1✳

❇✹✿ ❋♦r i = 1, . . . ,m✱ ✇❡ ❤❛✈❡ (γ0i+, γ0i−, α
(2)
0i , . . . , α

(i)
0i ) 6= 0 ❛♥❞ (ς0ij+, ς0ij−, τ

(2)
0ij , . . . , τ

(i)
0ij) 6= 0✳

❇✺✿ ❚❤❡ ✉♥✐❢♦r♠ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✭✹✳✶✶✮ ❤♦❧❞s tr✉❡✳

❇✻✿ ❚❤❡r❡ ❡①✐st t❤r❡❡ ♣❛✐rs ♦❢ ❍ö❧❞❡r ❝♦♥❥✉❣❛t❡ ♥✉♠❜❡rs✱ (pi, qi) ✇✐t❤ p−1
i +q−1

i = 1 ❢♦r i ∈ {1, 2, 3}✱
s✉❝❤ t❤❛t E ‖ǫt‖4p1q2 < ∞✱ E ‖ǫt‖2q1q3 < ∞✱ ❛♥❞ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (ϕ0) ♦❢ ϕ0

s✉❝❤ t❤❛t

E sup
ϕ∈V (ϕ0)

‖βt(ϕ)‖4p1p2 < ∞, E sup
ϕ∈V (ϕ0)

∥∥∥∥
∂βt(ϕ)

∂ϕ′

∥∥∥∥
2q1p3

< ∞, ✭✹✳✶✺✮

✇❤❡r❡ βt(ϕ) ✐s ❞❡✜♥❡❞ ❜② ✭✹✳✶✷✮✳

■♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛r❡ ❝♦♥st❛♥t✱ ✭✹✳✶✺✮ ❤♦❧❞s tr✉❡ ❢♦r ❛♥② ✈❛❧✉❡ ♦❢ t❤❡ ❍ö❧❞❡r

❝♦♥❥✉❣❛t❡s✳ ❚❤❡r❡❢♦r❡ ♦♥❡ ❝❛♥ ❝❤♦♦s❡ q1 = 3 ❛♥❞ q2, q3 ❛r❜✐tr❛r✐❧② ❝❧♦s❡ t♦ 1✱ ✇❤✐❝❤ s❤♦✇s t❤❛t✱ ✐♥

t❤✐s ❝❛s❡✱ ❇✻ ✐s s❛t✐s✜❡❞ ✇❤❡♥ ‖ǫt‖ ❛❞♠✐ts ❛ ♠♦♠❡♥t ❧❛r❣❡r t❤❛♥ ✻✳

✷✵



❆s s❤♦✇♥ ❜② ❈♦r♦❧❧❛r② ✸✳✶✱ ❇✶ ❡♥s✉r❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ str✐❝t❧② st❛t✐♦♥❛r② s♦❧✉t✐♦♥ t♦ ✭✷✳✶✵✮✲

✭✷✳✶✶✮✳ ❆ss✉♠♣t✐♦♥ ❇✷ ✐s ❛♥ ✐❞❡♥t✐✜❛❜✐❧✐t② ❛ss✉♠♣t✐♦♥✳ ❆ss✉♠♣t✐♦♥ ❇✸ ❣✉❛r❛♥t❡❡s t❤❡ ❡①✐st❡♥❝❡

❛♥❞ ♣♦s✐t✐✈✐t② ♦❢ g̃it(ϑ
(i))✱ ❛s ✇❡❧❧ ❛s t❤❡ ❡①✐st❡♥❝❡ ♦❢ β̃ij,t(ϑ

(i))✳ ❚❤❡ ✜rst ♣❛rt ♦❢ ❇✹ ❛✈♦✐❞s t❤❡

✇❡❧❧✲❦♥♦✇♥ ✐❞❡♥t✐✜❛❜✐❧✐t② ✐ss✉❡ git = ω0i/(1−b0i) = ω0i−b0igi,t−1 t❤❛t ❛r✐s❡s ✇❤❡♥ ❛❧❧ t❤❡ ❝♦❡✣❝❡♥ts

γ0i+, γ0i−, α
(2)
0i , . . . , α

(i)
0i ❛r❡ ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤❡ s❡❝♦♥❞ ♣❛rt ✐s ❛♥ ❛♥❛❧♦❣♦✉s ✐❞❡♥t✐✜❛❜✐❧✐t② ❝♦♥❞✐t✐♦♥

❢♦r βij,t✳ ❆ss✉♠♣t✐♦♥ ❇✺ ❡♥s✉r❡s t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ♥❡❣❧✐❣✐❜❧❡✳

❚❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ✐♥ ❇✻ ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ✭s❡❡ t❤❡ ❡①❛♠♣❧❡ ❣✐✈❡♥

❛❢t❡r t❤❡ ♥❡①t t❤❡♦r❡♠✮✳ ■t ♠✉st ❜❡ ❛❝❦♥♦✇❧❡❞❣❡❞ t❤❛t t❤❡② ❛r❡ r❡str✐❝t✐✈❡ ❛♥❞ ♥♦t ❡①♣❧✐❝✐t✳ ■♥❞❡❡❞✱

❚❤❡♦r❡♠ ✸✳✶ ♣r♦✈✐❞❡s ♠♦r❡ ❡①♣❧✐❝✐t ❝♦♥❞✐t✐♦♥s ❢♦r ❡✈❡♥✲♦r❞❡r ♠♦♠❡♥ts ♦♥❧②✳ ❊✈❡♥ ❢♦r t❤❡ s✐♠♣❧❡st

✉♥✐✈❛r✐❛t❡ ❆❘❈❍ ♣r♦❝❡ss❡s ǫt✱ t❤❡ ♣r❡❝✐s❡ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ E|ǫt|p1 ❛r❡ ✉♥❦♥♦✇♥ ✇❤❡♥

p1 ✐s ♥♦t ❛♥ ❡✈❡♥ ✐♥t❡❣❡r✳ ❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤❡ ♦♥❧② ❛s②♠♣t♦t✐❝ t❤❡♦r② ❛✈❛✐❧❛❜❧❡ ❢♦r ♠✉❧t✐✈❛r✐❛t❡

●❆❘❈❍ ♠♦❞❡❧s ✇✐t❤ ❞②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ❤❛s ❜❡❡♥ ♣r♦✈✐❞❡❞ ❜② ❈♦♠t❡ ❛♥❞ ▲✐❡❜❡r♠❛♥

✭✷✵✵✸✮ ❛♥❞ ❝♦♥❝❡r♥s t❤❡ ❇❊❑❑ ♠♦❞❡❧✳ ❚❤❡s❡ ❛✉t❤♦rs ❛ss✉♠❡✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ❛ ♠♦♠❡♥t ♦❢ ♦r❞❡r t✇♦

❢♦r t❤❡ ❝♦♥s✐st❡♥❝② ❛♥❞ ♦❢ ♦r❞❡r ❡✐❣❤t ❢♦r t❤❡ ❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②✳ ❆❝t✉❛❧❧②✱ ❆✈❛r✉❝❝✐✱ ❇❡✉t♥❡r ❛♥❞

❩❛✛❛r♦♥✐ ✭✷✵✶✸✮ ❣✐✈❡ ❡✈✐❞❡♥❝❡ t❤❛t ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ❛r❡ ♥❡❝❡ss❛r② ❢♦r t❤❡ ❈❆◆ ♦❢ t❤❡ ◗▼▲❊ ✐♥

t❤❡ ❝❛s❡ ♦❢ t❤❡ s✐♠♣❧❡st ❱❊❈✲●❆❘❈❍ ♠♦❞❡❧✱ ✇❤✐❝❤ ❝♦♥tr❛sts ✇✐t❤ t❤❡ ✉♥✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s

❢♦r ✇❤✐❝❤ t❤❡ ❈❆◆ ❝❛♥ ❜❡ ❡st❛❜❧✐s❤❡❞ ✇✐t❤♦✉t ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♦❜s❡r✈❡❞ ♣r♦❝❡ss✳

❚❤❡♦r❡♠ ✹✳✷ ✭❈❆◆ ♦❢ t❤❡ ◗▼▲❊✮ ❈♦♥s✐❞❡r t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✭✷✳✶✮ s❛t✐s❢②✐♥❣ ✭✷✳✶✵✮✲✭✷✳✶✶✮✳

❯♥❞❡r ❇✶✲❇✺✱ t❤❡ ◗▼▲❊ ϑ̂n ❞❡✜♥❡❞ ❜② ✭✹✳✶✮ ❛♥❞ ✭✹✳✹✮✲✭✹✳✽✮ s❛t✐s✜❡s

ϑ̂n → ϑ0, ❛❧♠♦st s✉r❡❧② ❛s n → ∞.

❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ❆✻✱ ❆✶✵ ❛♥❞ ❇✻✱ t❤❡ ♠❛tr✐❝❡s In ❛♥❞ Jn ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧②

t♦ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐❝❡s I ❛♥❞ J ❛s n → ∞✳ ▼♦r❡♦✈❡r✱

√
n
(
ϑ̂n − ϑ0

) L→ N (0,Ω) , Ω = J−1IJ−1. ✭✹✳✶✻✮

■♥ ♦r❞❡r t♦ ❡♠♣❤❛s✐③❡ t❤❡ ♥❡❡❞ ♦❢ t❤❡ ♠♦♠❡♥t ❝♦♥❞✐t✐♦♥s ✐♥✈♦❧✈❡❞ ✐♥ ❇✻✱ ❧❡t ✉s ❝♦♥s✐❞❡r ❛♥

❡❧❡♠❡♥t❛r② ❜✐✈❛r✐❛t❡ ❡①❛♠♣❧❡✳ ❆ss✉♠❡ g1t = ω01 + γ01+

(
ǫ+1,t−1

)2
+ γ01−

(
ǫ+1,t−1

)2
+ b01g1,t−1,

g2t = ω02 ❛♥❞ β21,t = ̟0 + ς0+ǫ
+
1,t−1 + ς0−ǫ

−
1,t−1✳ ❚❤❡r❡ ❛r❡ ✽ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡rs ❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢

✭✽✳✶✸✮ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✱ ✇❡ ❤❛✈❡

I(8, 8) = ❱❛r

(
2η2t

1√
g2t

∂v2t
∂ς−

)
=

4

ω02
Eǫ21,t

(
ǫ−1,t−1

)2
.

❚❤❡r❡❢♦r❡✱ ❡✈❡♥ ✐♥ t❤✐s s✐♠♣❧✐st✐❝ ❡①❛♠♣❧❡✱ ❛t ❧❡❛st ♠♦♠❡♥ts ♦❢ ♦r❞❡r ✹ ❛r❡ r❡q✉✐r❡❞✳

✷✶



✹✳✷ ▼✉❧t✐✲st❡♣ ◗▼▲❊

❘❡❝❛❧❧ t❤❛t ✭✷✳✶✵✮✲✭✷✳✶✶✮ ❞❡✜♥❡s ❛ tr✐❛♥❣✉❧❛r s②st❡♠ ✐♥ ✇❤✐❝❤ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ i✲t❤ r♦✇ ❞❡♣❡♥❞s

♦♥❧② ♦♥ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ♣r❡✈✐♦✉s r♦✇s✳ ❚❤❡r❡❢♦r❡✱ ✐♥st❡❛❞ ♦❢ ❡st✐♠❛t✐♥❣ s✐♠✉❧t❛♥❡♦✉s❧② t❤❡ d

❝♦♠♣♦♥❡♥ts ♦❢ ϑ0✱ ♦♥❡ ❝❛♥ ❡st✐♠❛t❡ t❤❡ ♣❛r❛♠❡t❡rs ❡q✉❛t✐♦♥✲❜②✲❡q✉❛t✐♦♥ ✭❊❜❊✮ ✭s❡❡ ❡✳❣✳✱ ❋r❛♥❝q

❛♥❞ ❩❛❦♦✐❛♥✱ ✷✵✶✻ ❢♦r ❛♥ ❊❜❊ ❡st✐♠❛t♦r ✐♥ ❛♥♦t❤❡r ❝❧❛ss ♦❢ ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s✮✳

✹✳✷✳✶ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❡st✐♠❛t♦r

❋♦r s✐♠♣❧✐❝✐t②✱ t❤❡ ❊❜❊ ❡st✐♠❛t♦r ✭❊❜❊❊✮ ♦❢ ϑ0 ✐s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ ▼♦❞❡❧ ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ❜✉t

t❤❡ ❡st✐♠❛t♦r ❝❛♥ ❜❡ r❡❛❞✐❧② ❡①t❡♥❞❡❞ t♦ ♦t❤❡r ♠♦❞❡❧s✳

■♥ ❛ ✜rst st❡♣ ✇❡ ❡st✐♠❛t❡ ϑ
(1)
0 ❜②

ϑ̂
(1)

n = ❛r❣ ♠✐♥
ϑ(1)∈Θ(1)

Õ(1)
n (ϑ(1)), Õ(1)

n (ϑ(1)) =
1

n

n∑

t=1

q̃1t(ϑ
(1)), ✭✹✳✶✼✮

✇❤❡r❡✱ ❛❝❝♦r❞✐♥❣ t♦ ✭✹✳✺✮✱ q̃1t(ϑ
(1)) ✐s ❞❡✜♥❡❞ ❜②

q̃1t(ϑ
(1)) =

ǫ21t

g̃1t(ϑ
(1))

+ log g̃1t(ϑ
(1)), g̃1t(ϑ

(1)) = ω1,t−1 + b1g̃1,t−1(ϑ
(1)).

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ϑ
(2)
0 ❝❛♥ ❜❡ ❞♦♥❡ ✐♥❞❡♣❡♥❞❡♥t❧② ♦r ✐♥ ♣❛r❛❧❧❡❧ t♦ ϑ

(1)
0 ❜② ✉s✐♥❣

ϑ̂
(2)

n = ❛r❣ ♠✐♥
ϑ(2)∈Θ(2)

Õ(2)
n (ϑ(2)), Õ(2)

n (ϑ(2)) =
1

n

n∑

t=1

q̃2t(ϑ
(2)), ✭✹✳✶✽✮

✇❤❡r❡✱ ❢♦❧❧♦✇✐♥❣ ❛❣❛✐♥ ✭✹✳✺✮✱

q̃2t(ϑ
(2)) =

ṽ22t(ϕ
(2))

g̃2t(ϑ
(2))

+ log g̃2t(ϑ
(2)),

g̃2t(ϑ
(2)) = ω2,t−1 + α

(2)
2 ṽ22,t−1(ϕ

(2)) + b2g̃2,t−1(ϕ
(2)),

ṽ2t(ϕ
(2)) = ǫ2t − β̃21,t(ϕ

(2))ǫ1t,

β̃21,t(ϕ
(2)) = ω21,t−1 + τ

(2)
21 ṽ2,t−1(ϕ

(2)) + c21β̃21,t−1(ϕ
(2)).

❋♦r i = 3, . . . ,m✱ t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ϑ
(i)
0 ❞❡♣❡♥❞s ♦♥ t❤❡ ❡st✐♠❛t❡s ϕ̂(−i)

n =
(
ϕ̂(i−1)′

n , . . . , ϕ̂(2)′

n

)′

♦❜t❛✐♥❡❞ ✐♥ ♣r❡✈✐♦✉s st❡♣s ✭✐✳❡✳✱ j < i✮✳ ❲❡ t❤❡♥ ❡st✐♠❛t❡ ϑ
(i)
0 ✱ ❢♦r i = 3, . . . ,m✱ ❜②

ϑ̂
(i)

n = ❛r❣ ♠✐♥
ϑ(i)∈Θ(i)

Õ(i)
n


 ϑ(i)

ϕ̂(−i)
n


 , Õ(i)

n (ϑ(+i)) =
1

n

n∑

t=1

q̃it(ϑ
(+i)), ✭✹✳✶✾✮

✇❤❡r❡ q̃it ✐s ❞❡✜♥❡❞ ✐♥ ✭✹✳✺✮✳

✷✷



✹✳✷✳✷ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❊❜❊❊

▲❡t ✉s ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♠♣✐r✐❝❛❧ ✐♥❢♦r♠❛t✐♦♥ ♠❛tr✐❝❡s✿

J (i)
n =

∂2Õ
(i)
n (ϑ̂

(+i)

n )

∂ϑ(i)∂ϑ(i)′
, I(i)

n =
1

n

n∑

t=1

∂q̃it(ϑ̂
(+i)

n )

∂ϑ(i)

∂q̃it(ϑ̂
(+i)

n )

∂ϑ(i)′
, K(i)

n =
∂2Õ

(i)
n (ϑ̂

(+i)

n )

∂ϑ(i)∂ϕ(−i)′

✇✐t❤ t❤❡ ♥♦t❛t✐♦♥ ϑ̂
(+i)

n = ϑ̂
(i)

n ❢♦r i = 1, 2 ❛♥❞ ϑ̂
(+i)

n = (ϑ̂
(i)′

n , ϕ̂(−i)′

n )′ ❢♦r i = 3, . . . ,m✳ ❇② ❞❡✜♥✐t✐♦♥✱

t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ηt ❛r❡ ✉♥❝♦rr❡❧❛t❡❞✳ ❚❤❡ ❢♦r♠ ♦❢ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❊❜❊❊ ❝❛♥ ❜❡

s✐♠♣❧✐✜❡❞ ✉♥❞❡r t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ηt ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱ ♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ✉♥❞❡r

t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥✳

❇✼✿ ❚❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ηt ❛r❡ s✉❝❤ t❤❛t Eηitη
2
jt = 0 ❛♥❞ Eη2itη

2
jt = 1 ✇❤❡♥ i 6= j✳

❚❤❡♦r❡♠ ✹✳✸ ✭❈❆◆ ♦❢ t❤❡ ❊❜❊❊✮ ❈♦♥s✐❞❡r ▼♦❞❡❧ ✭✷✳✶✮✱ s❛t✐s❢②✐♥❣ ✭✷✳✶✵✮✲✭✷✳✶✶✮✳ ❯♥❞❡r ❇✶✲

❇✺✱ t❤❡ ❊❜❊❊ ϑ̂
EbE

n =

(
ϑ̂
(1)′

n , . . . , ϑ̂
(m)′

n

)′
❞❡✜♥❡❞ ❜② ✭✹✳✶✼✮✱ ✭✹✳✶✽✮ ❛♥❞ ✭✹✳✶✾✮ s❛t✐s✜❡s

ϑ̂
EbE

n → ϑ0, ❛❧♠♦st s✉r❡❧② ❛s n → ∞.

❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ❆✻✱ ❆✶✵ ❛♥❞ ❇✻✱ ❢♦r i = 1, . . . ,m✱ t❤❡ ♠❛tr✐❝❡s J
(i)
n ✱ I

(i)
n ❛♥❞

K
(i)
n ❝♦♥✈❡r❣❡ ❛❧♠♦st s✉r❡❧②✱ r❡s♣❡❝t✐✈❡❧②✱ t♦ ❛ ♣♦s✐t✐✈❡✲❞❡✜♥✐t❡ ♠❛tr✐① J (i)✱ t♦ ❛ ♣♦s✐t✐✈❡ s❡♠✐❞❡✜♥✐t❡

♠❛tr✐① I(i)✱ ❛♥❞ t♦ ❛ ♠❛tr✐① K(i)✱ ❛s n → ∞✳ ▼♦r❡♦✈❡r✱

√
n
(
ϑ̂
(i)

n − ϑ
(i)
0

) L→ N
{
0,Σ(i) :=

(
J (i)

)−1
I(i)

(
J (i)

)−1
}

✭✹✳✷✵✮

❢♦r i = 1 ❛♥❞ i = 2✳ ❆❝❝♦r❞✐♥❣ t♦ ✭✹✳✸✮✱ ❞❡♥♦t❡ ❜② Σ
(+i)
ϕ−

✭♦r ❜② Σ
(+(i−1))
ϕ+ ✮ t❤❡ ❜♦tt♦♠✲r✐❣❤t s✉❜✲

♠❛tr✐① ♦❢ Σ(+i) ✭♦r ♦❢ Σ(+(i−1))✮ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ ϕ̂(−i)
n ✭✇❤✐❝❤ ✐s ❡q✉❛❧

t♦ ϕ̂(+(i−1))
n ✮✳ ❯s✐♥❣ t❤✐s ♥♦t❛t✐♦♥ ❛♥❞ t❤❡ ❝♦♥✈❡♥t✐♦♥ Σ

(+2) = Σ
(2)✱ ❢♦r i = 3, . . . ,m✱ ✇❡ ❤❛✈❡

√
n
(
ϑ̂
(+i)

n − ϑ
(+i)
0

) L→ N
(
0,Σ(+i)

)
✭✹✳✷✶✮

✇✐t❤✱ ✉♥❞❡r ❇✼✱

Σ
(+i) =


 Σ

(i)
ϑ −

(
J (i)

)−1
K(i)

Σ
(+(i−1))
ϕ+

−Σ
(+(i−1))
ϕ+ K(i)′

(
J (i)

)−1
Σ

(+(i−1))
ϕ+




❛♥❞ Σ
(i)
ϑ =

(
J (i)

)−1 {
I(i) +K(i)

Σ
(+(i−1))
ϕ+ K(i)′

}(
J (i)

)−1
✳

✷✸



✹✳✸ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ t❤❡ ❋✉❧❧ ◗▼▲❊ ❛♥❞ t❤❡ ❊❜❊❊

❈♦♥s✐❞❡r t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✭✷✳✶✮ s❛t✐s❢②✐♥❣ ✭✷✳✶✵✮✲✭✷✳✶✶✮✳ ■❢ m = 2✱ t❤❡ ♦♥❡✲st❡♣ ❢✉❧❧ ◗▼▲❊ ❛♥❞ t❤❡

t✇♦✲st❡♣ ❊❜❊❊ ❛r❡ ❡①❛❝t❧② t❤❡ s❛♠❡ ❜❡❝❛✉s❡

Q̃n(ϑ) = Q̃(1)
n (ϑ(1)) + Q̃(2)

n (ϑ(2))

✐♥ t❤✐s ❝❛s❡✳ ❋♦r m ≥ 3✱ t❤❡ t✇♦ ❡st✐♠❛t♦rs ❛r❡ ❣❡♥❡r❛❧❧② ❞✐✛❡r❡♥t✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡✐r

❛s②♠♣t♦t✐❝ ❛❝❝✉r❛❝✐❡s✱ ✇❡ ❝♦♥s✐❞❡r ❛ s✐♠♣❧✐st✐❝ st❛t✐❝ ♠♦❞❡❧ ✇✐t❤ git = 1 ❢♦r i ∈ {1, 2, 3⑥✱ ℓ21,t = ℓ21✱

ℓ32,t = ℓ32 ❛♥❞ ℓ31,t = 0 ✭♦r ❡q✉✐✈❛❧❡♥t❧② β21,t = β21✱ β32,t = β32 ❛♥❞ β31,t = −β21β32✮✳ ❚❤❡ ✉♥❦♥♦✇♥

♣❛r❛♠❡t❡r ✐s t❤✉s ϑ = (β21, β32)✳ ❚❤❡ ❢✉❧❧ ◗▼▲❊ ✐s

ϑ̂n = ❛r❣ ♠✐♥
ϑ∈Θ

n∑

t=1

qt(ϑ),

✇❤❡r❡ qt(ϑ) = (ǫ2t − β21ǫ1t)
2 + (ǫ3t − β32ǫ2t + β21β32ǫ1t)

2 ❛♥❞ Θ ✐s ❛ ❝♦♠♣❛❝t ♣❛r❛♠❡t❡r s♣❛❝❡ s✉❝❤

t❤❛t ϑ0 ∈ Θ̊✳ ❲❡ ❤❛✈❡

∂qt(ϑ)

∂ϑ
=


 −2ǫ1tv2t(ϑ) + 2β32ǫ1tv3t(ϑ)

−2v2t(ϑ)v3t(ϑ)




❛♥❞

∂2qt(ϑ)

∂ϑ∂ϑ′ =


 2ǫ21t + 2β2

32ǫ
2
1t 2ǫ1tv3t(ϑ)− 2β32ǫ1tv2t(ϑ)

2ǫ1tv3t(ϑ)− 2β32ǫ1tv2t(ϑ) 2v22t(ϑ)




✇✐t❤

v2t(ϑ) = ǫ2t − β21ǫ1t, v3t(ϑ) = ǫ3t − β32ǫ2t + β21β32ǫ1t.

❆ss✉♠❡ ❢♦r ✐♥st❛♥❝❡ t❤❛t t❤❡ ✈❛r✐❛❜❧❡ η2t ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ✈❡❝t♦r (η1t, η3t)
′ ❛♥❞ t❤❛t t❤✐s ✈❡❝t♦r

✐s ❞✐str✐❜✉t❡❞ ❛s t❤❡ ♣r♦❞✉❝t ηu✱ ✇❤❡r❡ t❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ η ❛♥❞ t❤❡ ✈❡❝t♦r u ❛r❡ ✐♥❞❡♣❡♥❞❡♥t✱

❡✳❣✳✱ u ∼ N (0, I2) ❛♥❞ Eη2 = 1✳ ■♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ ❛♥❞ ♥♦t✐♥❣ t❤❛t vit(ϑ0) = ηit✱ ✇❡ t❤❡♥

❤❛✈❡

√
n
(
ϑ̂n − ϑ0

)
oP (1)
=

{
E
∂2qt(ϑ0)

∂ϑ∂ϑ′

}−1
1√
n

n∑

t=1

∂qt(ϑ0)

∂ϑ

L→ N



0,Ω :=




1+β2
32Eη4

(1+β2
32)

2 0

0 Eη4





 .

❚❤❡ ❊❜❊❊ ♦❢ t❤❡ ♣❛r❛♠❡t❡r β21 ✐s ❞❡✜♥❡❞ ❜②

β̂21 = ❛r❣ ♠✐♥
β21∈Θ(1)

n∑

t=1

(ǫ2t − β21ǫ1t)
2

✷✹



β32

ν (degree of freedom)

(1
+β

32
2E

η4)/
(1

+β
32

-1
0

1
2

5

6

7

8

10
20

30

❋✐❣✉r❡ ✶✿ ❘❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ◗▼▲ ❡st✐♠❛t♦r ♦❢ β21 ❛♥❞ ✐ts ❊❜❊ ❝♦✉♥✲
t❡r♣❛rt ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ν ❛♥❞ β32✳

❛♥❞ s❛t✐s✜❡s
√
n
(
β̂21 − β0,21

)
=

n−1/2
∑n

t=1 η2tǫ1t
n−1

∑n
t=1 ǫ

2
1t

L→ N (0, 1) .

■t ❢♦❧❧♦✇s t❤❛t ✇❤❡♥ Eη4 ✐s ❧❛r❣❡ ❡♥♦✉❣❤✱ t❤❡ ❊❜❊❊ ♦❢ β21 ✐s ❛s②♠♣t♦t✐❝❛❧❧② ♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥

✐ts ❋✉❧❧ ◗▼▲❊✳ ❇② ❝♦♥tr❛st✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ❊❜❊❊ ❛♥❞ ❋✉❧❧ ◗▼▲❊ ♦❢ β32 ❤❛✈❡ t❤❡ s❛♠❡

❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥✳

❚♦ ✐❧❧✉str❛t❡ t❤❡ ❣❛✐♥ ♦❢ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❊❜❊ ♦✈❡r t❤❡ ◗▼▲ ✐♥ t❤✐s ♣❛rt✐❝✉❧❛r s❡tt✐♥❣✱ ❋✐❣✉r❡

✶ r❡♣♦rts t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❛s②♠♣t♦t✐❝ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ◗▼▲ ❡st✐♠❛t♦r ♦❢ β21 ❛♥❞ ✐ts ❊❜❊

❝♦✉♥t❡r♣❛rt✱ ✐✳❡✳
1+β2

32Eη4

(1+β2
32)

2 ✱ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ β32 ❛♥❞ Eη4✳ ❲❡ ❝♦♥s✐❞❡r ✈❛❧✉❡s ♦❢ β32 r❛♥❣✐♥❣ ❜❡t✇❡❡♥

−2 ❛♥❞ 2✳ ■♥st❡❛❞ ♦❢ t❛❦✐♥❣ ❞✐✛❡r❡♥t ✈❛❧✉❡s ❢♦r Eη4✱ ✇❡ ❛ss✉♠❡ t❤❛t η ❢♦❧❧♦✇s ❛ st❛♥❞❛r❞✐③❡❞

❙t✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥ ✇✐t❤ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ν s✉❝❤ t❤❛t Eη4 = 3 + 6/(ν − 4) ❢♦r ν > 4✳

❋✐❣✉r❡ ✶ ❝♦♥✜r♠s t❤❛t t❤❡ ❣❛✐♥ ♦❢ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❊❜❊ ❡st✐♠❛t♦r ♦❢ β21 ✐s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧

t♦ ν ✭❛♥❞ t❤❡r❡❢♦r❡ ✐♥❝r❡❛s❡s ✇✐t❤ Eη4✮✳ ❚❤❡ ❧♦ss ♦❢ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❋✉❧❧ ◗▼▲❊ ❝❛♥ ❜❡ ✈❡r② ❧❛r❣❡

❢♦r ✈❛❧✉❡s ♦❢ ν < 5✱ ✐✳❡✳ Eη4 > 9✳

✷✺



❖❢ ❝♦✉rs❡✱ ✇❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ s❡❝t✐♦♥ ❛ ♣❛rt✐❝✉❧❛r ❡①❛♠♣❧❡✱ ❛♥❞ ♦♥❡ ❝❛♥ ❡❛s✐❧② ✜♥❞ ♦t❤❡r

❡①❛♠♣❧❡s ❢♦r ✇❤✐❝❤ t❤❡ ❋✉❧❧ ◗▼▲❊ ✐s ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ❊❜❊❊✳

✹✳✹ ❈❛s❡ ✇❤❡r❡ t❤❡ ❡st✐♠❛t✐♦♥ ❝❛♥ ❜❡ ♣❛r❛❧❧❡❧✐③❡❞

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✭✷✳✶✷✮✲✭✷✳✶✸✮✳ ❲❡ ❛❞❛♣t t❤❡ ♥♦t❛t✐♦♥s ✉s❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✶✳✷ ❢♦r

♠♦❞❡❧ ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ❜② s❡tt✐♥❣

θ(i) = (ωi, γi+, γi−, αi, bi)
′, ϕ(ij) = (̟ij , ςij+, ςij−, τij , ξij , cij)

′,

❢♦r (i, j) ∈ Tm✱ ❦❡❡♣✐♥❣ t❤❡ ❝♦♥✈❡♥t✐♦♥ ♦❢ ❛❞❞✐♥❣ t❤❡ s✉❜s❝r✐♣t ✧✵✧ t♦ ❞❡♥♦t❡ t❤❡ tr✉❡ ♣❛r❛♠❡t❡r

✈❛❧✉❡✳ ◆♦t❡ t❤❛t✱ ✇✐t❤ t❤✐s ♥❡✇ ♠♦❞❡❧✱ ṽit(ϕ
(+i)) ❛♥❞ g̃it(ϑ

(+i)) ❞❡♣❡♥❞ ♦♥❧② ♦♥ ϕ(i) ❛♥❞ ϑ(i)✱

r❡s♣❡❝t✐✈❡❧②✳ ■♥❞❡❡❞ t❤❡ ◗▼▲❊ ✐s t❤❡ s♦❧✉t✐♦♥ t♦ ✭✹✳✶✮✱ ✇✐t❤

q̃t(ϑ) =

m∑

i=1

q̃it(ϑ
(i)),

❛♥❞✱ ❢♦r t = 1, . . . , n✱

q̃it(ϑ
(i)) =

ṽ2it(ϕ
(+i))

g̃it(ϑ
(i))

+ log g̃it(ϑ
(i)),

g̃it(ϑ
(i)) = ωi,t−1 + αiṽ

2
i,t−1(ϕ

(i)) + big̃i,t−1(ϑ
(i)),

ṽit(ϕ
(i)) = ǫit −

i−1∑

j=1

β̃ij,t(ϕ
(i))ǫjt,

β̃ij,t(ϕ
(i)) = ωij,t−1 + τij ṽi,t−1(ϕ

(i)) + ξij ṽi,t−1(ϕ
(i))ǫ1,t−1 + cij β̃ij,t−1(ϕ

(i)),

❛♥❞ ✜①❡❞ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❢♦r β̃ij,0(ϕ
(i))✱ ǫ0 ❛♥❞ g̃i,0(ϑ

(i))✳ ❚❤❡ ◗▼▲❊ ❛♥❞ ❊❜❊❊ ♦❢ ϑ
(i)
0 t❤✉s ❝♦✐♥❝✐❞❡✱

❛♥❞ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❜② s♦❧✈✐♥❣

ϑ̂
(i)

n = ❛r❣ ♠✐♥
ϑ(i)∈Θ(i)

n∑

t=1

q̃it(ϑ
(i)),

✐♥ ♣❛r❛❧❧❡❧ ✭♦r s✉❝❝❡ss✐✈❡❧② ❜✉t ✇✐t❤♦✉t ❛♥② ♣❛rt✐❝✉❧❛r ♦r❞❡r✮ ❢♦r ❛❧❧ i ∈ {1, . . . ,m}✳ ❚❤❡ ❛♥❛❧♦❣

♦❢ ❚❤❡♦r❡♠ ✹✳✷ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞✱ ✇✐t❤ ❛ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ♠❛tr✐① Ω✱ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥ ❇✹ ❛r❡

♠♦❞✐✜❡❞ ✐♥ ❛♥ ♦❜✈✐♦✉s ✇❛②✱ ❛♥❞ ✐❢ t❤❡ ♠❛tr✐① T ✐♥✈♦❧✈❡❞ ✐♥ St ✭s❡❡ ✭✹✳✾✮✲✭✹✳✶✶✮✮✱ ✇✐t❤ ℓ✲t❤ r♦✇

(0, τ
(2)
ij , . . . , τ

(i)
ij ,0′m−i)✱ ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ♠❛tr✐① T t ✇✐t❤ ℓ✲t❤ r♦✇ (0′i−1, τij + ξijǫ1t,0

′
m−i)✳

✷✻



✹✳✺ ▼♦❞❡❧ ❜❛s❡❞ ♦♥ ♦❜s❡r✈❡❞ r❡t✉r♥s ✐♥st❡❛❞ ♦❢ ❢❛❝t♦rs

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❡st✐♠❛t✐♦♥ ♦❢ ▼♦❞❡❧ ✭✷✳✶✺✮✲✭✷✳✶✻✮✳ ◆♦t❡ t❤❛t✱ ❝♦♥tr❛r② t♦ ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ t❤❡

❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡s ❞❡♣❡♥❞ ♦♥ ♣❛st r❡t✉r♥s ✐♥st❡❛❞ ♦❢ ♣❛st sq✉❛r❡❞ ❢❛❝t♦rs ✇❤✐❧❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s

❞❡♣❡♥❞ ♦♥ t❤❡ ♣r♦❞✉❝t ♦❢ ♣❛st r❡t✉r♥s✳

❚❤❡ ✉♥❦♥♦✇♥ ♣❛r❛♠❡t❡r ϑ0 ♦❢ t❤✐s ♠♦❞❡❧ ❜❡❧♦♥❣s t♦ ❛ ❝♦♠♣❛❝t s❡t Θ ♦❢ Rd✱ ✇✐t❤ d = m(7m+

1)/2✳ ❙✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ϑ ♦❢ Θ✱ t❤❡ ❝♦♥str❛✐♥ts ❡♥s✉r✐♥❣ t❤❡ ❛❧♠♦st s✉r❡ ♣♦s✐t✐✈✐t②

♦❢ git(ϑ) ❛r❡ s❛t✐s✜❡❞✿ ✇✐t❤ ♦❜✈✐♦✉s ♥♦t❛t✐♦♥

min
i

ωi > 0 ❛♥❞ min
i,k

{
α
(k)
i+ , α

(k)
i− , bi

}
≥ 0 ❢♦r ❛❧❧ ϑ ∈ Θ. ✭✹✳✷✷✮

❚❤❡ ❢❛❝t t❤❛t git(ϑ) ❛♥❞ βij,t(ϑ) ❛r❡ ♥♦✇ ❢✉♥❝t✐♦♥s ♦❢ ♣❛st ♦❜s❡r✈❛t✐♦♥s✱ ✐♥st❡❛❞ ♦❢ ♣❛st ❢❛❝t♦rs✱

✐♥❤✐❜✐ts ✜♥❞✐♥❣ ❡①♣❧✐❝✐t st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s ✭❚❤❡♦r❡♠ ✸✳✶ ❝❛♥ ♥♦t ❜❡ ❛♣♣❧✐❡❞✮✱ ❜✉t r❡♥❞❡rs ❡❛s✐❡r

t❤❡ ❛s②♠♣t♦t✐❝ t❤❡♦r② ♦❢ t❤❡ ◗▼▲❊✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ✐s ❡♥s✉r❡❞ ✐❢

|bi| < 1 ❛♥❞ |cij | < 1 ❢♦r ❛❧❧ ϑ ∈ Θ. ✭✹✳✷✸✮

❚♦ s❤♦✇ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ◗▼▲❊✱ ✇❡ ♥❡❡❞ t♦ s❧✐❣❤t❧② ♠♦❞✐❢② ❇✷ ❛♥❞ ❇✹✳ ❚♦ ❡st❛❜❧✐s❤ t❤❡

❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t②✱ ❇✻ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ ♠♦r❡ ❡①♣❧✐❝✐t ❝♦♥❞✐t✐♦♥✳

❇✷∗✿ ❋♦r i = 1, . . . ,m✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢
(
η+it
)2

❛♥❞
(
η−it
)2

❝♦♥❞✐t✐♦♥❛❧❧② ♦♥ {ηjt, j 6= i} ❛r❡ ♥♦♥

❞❡❣❡♥❡r❛t❡✳ ❋♦r i, j = 1, . . . ,m✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ηitηjt ✐s ♥♦♥ ❞❡❣❡♥❡r❛t❡✳

❇✹∗✿ ❋♦r i = 1, . . . ,m✱ ✇❡ ❤❛✈❡ (α
(1)
0i+, . . . , α

(m)
0i−) 6= 0 ❛♥❞ τ0ij 6= 0✳

❇✻∗✿ ❲❡ ❤❛✈❡ E‖ǫt‖s0 < ∞ ❢♦r s♦♠❡ s0 > 6✳

❚❤❡♦r❡♠ ✹✳✹ ✭❈❆◆ ♦❢ t❤❡ ◗▼▲❊ ♦❢ ✭✷✳✶✺✮✲✭✷✳✶✻✮✮ ▲❡t (ǫt) ❜❡ ❛ st❛t✐♦♥❛r② ❡r❣♦❞✐❝ ❛♥❞ ♥♦♥

❛♥t✐❝✐♣❛t✐✈❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✭✷✳✶✮ s❛t✐s❢②✐♥❣ ✭✷✳✶✺✮✲✭✷✳✶✻✮✳ ❆ss✉♠❡ E‖ǫt‖s0 < ∞ ❢♦r

s♦♠❡ s0 > 0✳ ▲❡t (ϑ̂n) ❜❡ ❛ s❡q✉❡♥❝❡ ♦❢ ◗▼▲ ❡st✐♠❛t♦rs s❛t✐s❢②✐♥❣ ✭✹✳✶✮✳ ❯♥❞❡r ✭✹✳✷✷✮✱ ✭✹✳✷✸✮ ❛♥❞

❇✷∗✱ ❇✹∗✱ ✇❡ ❤❛✈❡

ϑ̂n → ϑ0, ❛❧♠♦st s✉r❡❧② ❛s n → ∞.

❯♥❞❡r t❤❡ ❛❞❞✐t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ❆✻✱ ❆✶✵ ❛♥❞ ❇✻∗✱

√
n
(
ϑ̂n − ϑ0

) L→ N (0,Ω) , Ω = J−1IJ−1,

✇❤❡r❡ I ❛♥❞ J ❛r❡ ❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢✳ ❚❤❡s❡ t✇♦ ♠❛tr✐❝❡s ❛r❡ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ✇❤❡♥ t❤❡ ❝♦♠♣♦♥❡♥ts

♦❢ ηt ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s②♠♠❡tr✐❝❛❧❧② ❞✐str✐❜✉t❡❞✳

✷✼



✺ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✜rst ✐❧❧✉str❛t❡ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ❛♥❞ ❛❧s♦ ❝♦♥✜r♠ t❤❡ ❣♦♦❞ ✜♥✐t❡ s❛♠♣❧❡

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ◗▼▲ ❛♥❞ ❊❜❊ ❡st✐♠❛t♦rs ✇✐t❤ ❛ ▼♦♥t❡ ❈❛r❧♦ st✉❞②✳

✺✳✶ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

❚♦ ✐❧❧✉str❛t❡ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✱ ❝♦♥s✐❞❡r ❛ tr✐✈❛r✐❛t❡ st♦❝❤❛st✐❝ ♣r♦❝❡ss

ǫt = (ǫ1t, ǫ2t, ǫ3t)
′ = Σ

1/2
t ηt✱ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ✭✷✳✶✮✲✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s

t❤❛t Σ
1/2
t = B−1

t G
1/2
t ✱ ✇✐t❤ Gt = G = ω0I3✱ ηt

i.i.d.∼ N (0, I3) ❛♥❞ βij,t = ̟ + τ
(i)
ij vi,t−1 ❢♦r

(i, j) ∈ T3✳

❚❤✐s ♠♦❞❡❧ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❈❍❆❘ ♠♦❞❡❧ ✇✐t❤ ✐✳✐✳❞✳ ●❛✉ss✐❛♥ ✐♥♥♦✈❛t✐♦♥s✱ ❤♦♠♦s❝❡❞❛st✐❝

♦rt❤♦❣♦♥❛❧ ❢❛❝t♦rs (v1t, v2t, v3t)
′ ❛♥❞ t✐♠❡ ✈❛r②✐♥❣ ❜❡t❛s ❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ ♣❛st s❤♦❝❦s vi,t−1✳ ❋♦r

s✐♠♣❧✐❝✐t②✱ t❤❡ ❝♦♥st❛♥ts ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢❛❝t♦rs ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛r❡ r❡str✐❝t❡❞ t♦

❜❡ t❤❡ s❛♠❡ ✐♥ ❛❧❧ ❡q✉❛t✐♦♥s✳ ❚❤❡ t❤r❡❡ ❡q✉❛t✐♦♥s ❞❡s❝r✐❜✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❝❛♥ ❜❡ ✇r✐tt❡♥

♠♦r❡ ❝♦♠♣❛❝t❧② ❛s ❢♦❧❧♦✇s✿

βt :=




β21,t

β31,t

β32,t


 =




̟

̟

̟


+




0 τ
(2)
21 0

0 0 τ
(3)
31

0 0 τ
(3)
32


vt−1

=




̟

̟

̟


+




0 τ
(2)
21 0

0 0 τ
(3)
31

0 0 τ
(3)
32







1 0 0

−β21,t−1 1 0

−β31,t−1 −β32,t−1 1


 ǫt−1

= w∗
t−1 + St−1βt−1,

✇✐t❤ w∗
t =




̟ + τ
(2)
21 ǫ2,t

̟ + τ
(3)
31 ǫ3,t

̟ + τ
(3)
32 ǫ3,t


 ❛♥❞ St =




−τ
(2)
21 ǫ1,t 0 0

0 −τ
(3)
31 ǫ1,t −τ

(3)
31 ǫ2,t

0 −τ
(3)
32 ǫ1,t −τ

(3)
32 ǫ2,t


 .

❋✐❣✉r❡ ✷ ♣❧♦ts n = 1, 000 ♦❜s❡r✈❛t✐♦♥s ♦❢ ǫt ❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ♠♦❞❡❧ ✇✐t❤ ♣❛r❛♠❡t❡rs

ω0 = 2, ̟ = 0.5 ❛♥❞ τ
(1)
21 = τ

(2)
31 = τ

(2)
32 = 0.5✳

❋✐❧t❡r❡❞ ❜❡t❛s ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ s✐♠✉❧❛t❡❞ ❧♦❣✲r❡t✉r♥s ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❝✉rs✐✈❡

✷✽
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❋✐❣✉r❡ ✷✿ ❙✐♠✉❧❛t❡❞ r❡t✉r♥s ❢♦r t❤❡ ❝❛s❡ s❛t✐s❢②✐♥❣ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

❢♦r♠✉❧❛s✿

vkt = ǫkt −
k−1∑

j=1

βkj,tǫjt

βij,t = ̟ + τ
(i)
ij vi,t−1

❢♦r k = 1, 2 ❛♥❞ 3 ❛♥❞ (i, j) ∈ T3✳ ■♠♣♦rt❛♥t❧②✱ t❤❡ ♣❛r❛♠❡t❡rs ̟ ❛♥❞ τ
(i)
ij ❛r❡ ♥♦t ❡st✐♠❛t❡❞ ❜✉t

s❡t t♦ t❤❡✐r tr✉❡ ✈❛❧✉❡s ❛♥❞ t❤❡ s❛♠❡ ✐♥✐t✐❛❧ ✈❛❧✉❡ βij,0 = ̟ ✐s ✉s❡❞ ✐♥ t❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❞❛t❛

❛♥❞ ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❜❡t❛s ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛s✳ ◆♦t❡ t❤❛t t❤✐s ♠♦❞❡❧ ✐♠♣❧✐❡s t❤❛t

β31,t = β32,t∀t ❜❡❝❛✉s❡ t❤❡② ❜♦t❤ ❞❡♣❡♥❞ ♦♥❧② ♦♥ v3,t−1 ❛♥❞ ❢✉rt❤❡r♠♦r❡ τ
(2)
31 = τ

(2)
32 ✳

❚❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ st❛t❡❞ ✐♥ ✭✹✳✶✶✮ ✐♠♣❧✐❡s t❤❛t ✇❤❡♥ n → ∞✱ γ̃S =

1
n log ‖∏n

i=1 Sn−i+1‖ < 0 ❢♦r ❛❧❧ ϕ ∈ Θϕ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ϕ0✳ ❯s✐♥❣ t❤❡ ❋r♦❜❡♥✐✉s ♥♦r♠

❢♦r ‖ · ‖✱ ✇❡ ♦❜t❛✐♥ ❛ ✈❛❧✉❡ ♦❢ γ̃S = −0.41 < 0 s❛t✐s❢②✐♥❣ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ◆♦t❡ t❤❛t ✐♥

t❤✐s ❝❛s❡✱ ✜❧t❡r❡❞ ❛♥❞ tr✉❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛r❡ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ❛♥❞ t❤❡r❡❢♦r❡ ♥♦t ♣❧♦tt❡❞ t♦ s❛✈❡

s♣❛❝❡✳

❋✐❣✉r❡ ✸ ♣❧♦ts ✶✱✵✵✵ ♦❜s❡r✈❛t✐♦♥s ❣❡♥❡r❛t❡❞ ✉s✐♥❣ t❤❡ s❛♠❡ ♠♦❞❡❧ ❛s ❛❜♦✈❡ ❡①❝❡♣t t❤❛t τ
(1)
21 =

✷✾



τ
(2)
31 = τ

(2)
32 = 0.85✳ ■♥t❡r❡st✐♥❣❧②✱ ❋✐❣✉r❡ ✸ ❞♦❡s ♥♦t ❞✐✛❡r ❞r❛♠❛t✐❝❛❧❧② ❢r♦♠ ❋✐❣✉r❡ ✷✱ ❡①❝❡♣t t❤❛t

s❡r✐❡s ✷ ❛♥❞ ✸ ❛r❡ ♠♦r❡ ✈♦❧❛t✐❧❡ ❛♥❞ ❤❛✈❡ ❧❛r❣❡ ♣❡❛❦s ✐♥ t❤❡ ❧❛t❡r ❝❛s❡✳ ❋♦r t❤✐s s✐♠✉❧❛t✐♦♥✱ ✇❡ ❤❛✈❡

❛♥ ❡st✐♠❛t❡ ♦❢ γ̃S = 0.09 > 0 ✐♠♣❧②✐♥❣ γS > 0 ✭♣r♦✈✐❞❡❞ t❤❛t n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✮✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❛t t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞ ✐♥ t❤✐s ❝❛s❡✳ ❚❤❡ ✜rst ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✸ ❝♦rr❡s♣♦♥❞s

t♦ ✜❧t❡r❡❞ ✈❛❧✉❡s ♦❢ β21,t ✉s✐♥❣ t❤❡ ❛❜♦✈❡ ❢♦r♠✉❧❛s✱ ✇❤✐❝❤ ❛r❡ ✐♥❞✐st✐♥❣✉✐s❤❛❜❧❡ ❢r♦♠ t❤❡ tr✉❡ ✈❛❧✉❡s✳

❚❤❡ ✜❧t❡r❡❞ ✈❛❧✉❡s ♦❢ β31,t ❛♥❞ β32,t ♣❧♦tt❡❞ ✐♥ t❤❡ ♥❡st t✇♦ ♣❛♥❡❧s ♦❢ ❋✐❣✉r❡ ✹✳ ❘❡❝❛❧❧ t❤❛t t❤❡

♠♦❞❡❧ ✐s s♣❡❝✐✜❡❞ s✉❝❤ t❤❛t β31,t = β32,t∀t✳
■♥t❡r❡st✐♥❣❧②✱ t❤❡ ✜❧t❡r❡❞ ✈❛❧✉❡s ♦❢ β31,t ❛♥❞ β32,t ❞❡✈✐❛t❡ ❝♦♠♣❧❡t❡❧② ❢r♦♠ t❤❡ tr✉❡ ✈❛❧✉❡s ❛t t❤❡

❡♥❞ ♦❢ t❤❡ s❛♠♣❧❡✱ ✇❤✐❝❤ ✐❧❧✉str❛t❡s t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ r❡❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥✳ ❋♦r

t❤❡ s❛❦❡ ♦❢ ✐❧❧✉str❛t✐♦♥✱ t✇♦ ❞✐✛❡r❡♥t s❝❛❧❡s ❛r❡ ✉s❡❞ ✐♥ t❤❡s❡ t✇♦ ♣❛♥❡❧s✳ ■♥ t❤❡ s❡❝♦♥❞ ❛♥❞ t❤✐r❞

♣❛♥❡❧s✱ ✈❛❧✉❡s ♦❢ t❤❡ tr✉❡ ❛♥❞ ✜❧t❡r❡❞ ❜❡t❛s ❛r❡ ♣❧♦tt❡❞ ❜❡t✇❡❡♥ −10 ❛♥❞ 50 ❛♥❞ ❜❡t✇❡❡♥ 50 ❛♥❞

t❤❡ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ 7.5× 1023 r❡s♣❡❝t✐✈❡❧② ❢♦r β31,t ❛♥❞ β32,t✳ ❲❡ s❡❡ t❤❛t ✜❧t❡r❡❞ ❜❡t❛s st❛rt t♦

❞❡✈✐❛t❡ ♠✉❝❤ ❢r♦♠ t❤❡ tr✉❡ ✈❛❧✉❡s ❛❢t❡r ❛❜♦✉t ✷✴✸ ♦❢ t❤❡ s❛♠♣❧❡✱ ✇❤❡r❡ t❤❡② ♦s❝✐❧❧❛t❡ ❜❡t✇❡❡♥ ✈❡r②

♥❡❣❛t✐✈❡ ❛♥❞ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✳ ❆t t❤❡ ✈❡r② ❡♥❞ ♦❢ t❤❡ s❛♠♣❧❡ ✭❛❢t❡r ♦❜s❡r✈❛t✐♦♥ ✽✶✵✮✱ t❤❡ ✜❧t❡r❡❞

✈❛❧✉❡s ♦❢ t❤❡s❡ t✇♦ ❜❡t❛s ❛r❡ s②st❡♠❛t✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣✱ r❡❛❝❤✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ 7.5× 1023 ❛t t❤❡ ✈❡r②

❡♥❞ ♦❢ t❤❡ s❛♠♣❧❡✳

✺✳✷ ❋✐♥✐t❡ s❛♠♣❧❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ◗▼▲ ❛♥❞ ❊❜❊ ❡st✐♠❛t♦rs

❚♦ st✉❞② t❤❡ ✜♥✐t❡ s❛♠♣❧❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ◗▼▲ ❛♥❞ ❊❜❊ ❡st✐♠❛t♦rs ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧✱ ✇❡

♣❡r❢♦r♠ ❛ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥✳

❙✐♠✉❧❛t✐♦♥ s❡t✉♣✿ ❲❡ ❣❡♥❡r❛t❡ T = 1000, 2000 ♦r ✹✵✵✵ ♦❜s❡r✈❛t✐♦♥s ♦❢ ❛ m(= 5)✲❞✐♠❡♥s✐♦♥❛❧ r❡t✉r♥

♣r♦❝❡ss ǫt = Σ
1/2
t ηt ✭t = 1, . . . , T )✱ ✇❤❡r❡ Σ

1/2
t = B−1

t G
1/2
t ✳ ■♥ t❤❡ ✜rst s✐♠✉❧❛t✐♦♥ ✭✐✳❡✳✱ ●❛✉ss✐❛♥

❝❛s❡✮ ηt
i.i.d.∼ N (0, I5) ✇❤✐❧❡ ✐♥ t❤❡ s❡❝♦♥❞ s✐♠✉❧❛t✐♦♥ ✭✐✳❡✳✱ ❙t✉❞❡♥t✲t ❝❛s❡✮ ✐♥♥♦✈❛t✐♦♥s ❢♦❧❧♦✇ ✐♥❞❡✲

♣❡♥❞❡♥t st❛♥❞❛r❞✐③❡❞ ❙t✉❞❡♥t✲t ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ✼ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ ✐✳❡✳✱ ηt = (η1t, . . . , ηmt)✱

✇❤❡r❡ ηit
i.i.d.∼ T (0, 1, 7) ❢♦r i = 1, . . . ,m ✇✐t❤ ηit⊥ηjt ❢♦r i 6= j✳

❚❤❡ r❡s♣❡❝t✐✈❡❧② m ❛♥❞ m(m − 1)/2 ❡❧❡♠❡♥ts git ❛♥❞ βij,t ❞❡✜♥✐♥❣ Gt ❛♥❞ Bt ❛r❡ s♣❡❝✐✜❡❞ ❛s

r❡str✐❝t❡❞ ✈❡rs✐♦♥s ♦❢ ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ ✐✳❡✳

git = ω0i + α0iv
2
i,t−1 + b0igi,t−1

βij,t = ̟0ij + τ0ijvi,t−1 + c0ijβij,t−1.
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❋✐❣✉r❡ ✸✿ ❙✐♠✉❧❛t❡❞ r❡t✉r♥s ❢♦r t❤❡ ❝❛s❡ ♥♦t s❛t✐s❢②✐♥❣ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

❲❡ s❡t t❤❡ ♣❛r❛♠❡t❡rs ❣♦✈❡r♥✐♥❣ t❤❡ ❞②♥❛♠✐❝s ✐♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡s t♦ ω0i = 0.1✱ α0i = 0.1

❛♥❞ b0i = 0.8 ✭❢♦r i = 1, . . . ,M✮ s♦ t❤❛t ❛❧❧ ❡❧❡♠❡♥ts ♦❢ vt ❤❛✈❡ ❛ ✉♥✐t ✉♥❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ❛♥❞

●❆❘❈❍ ❡✛❡❝ts✳ P❛r❛♠❡t❡rs ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛r❡ s❡t t♦ ̟0ij = 0.1 τ0ij = 0.2 ❛♥❞ c0ij = 0.8✳

❘❡s✉❧ts r❡♣♦rt❡❞ ❜❡❧♦✇ ❛r❡ ❜❛s❡❞ ♦♥ ♣r♦❣r❛♠s ✇r✐tt❡♥ ❜② t❤❡ ❛✉t❤♦rs ✉s✐♥❣ ❖① ✈❡rs✐♦♥ ✼✳✶ ✭❉♦♦r♥✐❦✱

✷✵✶✷✮✳

❘❡s✉❧ts✿ ❙✉♠♠❛r② st❛t✐st✐❝s ♦♥ t❤❡ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ❛r❡ r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡s ✶ ❛♥❞ ✷✳ ❚❤❡

❧❡❢t ♣❛rt ♦❢ ❜♦t❤ t❛❜❧❡s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❋✉❧❧ ◗▼▲❊ ✇❤✐❧❡ t❤❡ r✐❣❤t ♣❛rt ✐s ❢♦r t❤❡ ❊❜❊❊✳ ❉✉❡

t♦ t❤❡ ❤✐❣❤ ♥✉♠❜❡r ♦❢ ♣❛r❛♠❡t❡rs✱ r❡s✉❧ts ❛r❡ ♥♦t r❡♣♦rt❡❞ ❢♦r ❡❛❝❤ ♣❛r❛♠❡t❡r s❡♣❛r❛t❡❧②✳ ■♥st❡❛❞✱

✇❡ r❡♣♦rt ❛✈❡r❛❣❡s ❛❝r♦ss t❤❡ ♥✉♠❜❡r ♦❢ s❡r✐❡s ❢♦r t❤❡ ●❆❘❈❍ ♣❛r❛♠❡t❡rs ❡♥t❡r✐♥❣ ✐♥ θ ✭✐✳❡✳✱ ω✱ α

❛♥❞ β✮ ♦r ❛❝r♦ss t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❢♦r t❤❡ ♣❛r❛♠❡t❡rs ❡♥t❡r✐♥❣ ✐♥ ϕ ✭✐✳❡✳✱ ̟✱ τ ❛♥❞

c✮✳ ◆♦t❡ t❤❛t ❢♦r ω✱ α ❛♥❞ β✱ ❛✈❡r❛❣❡s ❛r❡ t❛❦❡♥ ♦✈❡r m = 5 ✈❛❧✉❡s ✇❤✐❧❡ ❢♦r ̟✱ τ ❛♥❞ c✱ t❤❡②

❛r❡ t❛❦❡♥ ♦✈❡r m(m − 1)/2 = 10 ✈❛❧✉❡s✳ ❆✈❡r❛❣❡s ❛❝r♦ss ❛❧❧ ♣❛r❛♠❡t❡rs ❛r❡ ❛❧s♦ r❡♣♦rt❡❞ ✐♥ r♦✇s

❧❛❜❡❧❧❡❞ ✏❆▲▲✑ ✳

❈♦❧✉♠♥s ✏❇■❆❙✑ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡♠♣✐r✐❝❛❧ ❜✐❛s ♦❢ t❤❡ ❡st✐♠❛t❡s ♦✈❡r ✶✱✵✵✵ r❡♣❧✐❝❛t✐♦♥s✳ ▼♦r❡
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❋✐❣✉r❡ ✹✿ ❚r✉❡ ❛♥❞ ✜❧t❡r❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ ❢♦r t❤❡ ❝❛s❡ ♥♦t s❛t✐s❢②✐♥❣ t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥

s♣❡❝✐✜❝❛❧❧②✱ t❤❡ ❜✐❛s❡s r❡♣♦rt❡❞ ✐♥ r♦✇s ✏ω✑ ❛r❡ ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿

❇■❆❙ ♦❢ ω̂ =
1

1, 000

1,000∑

r=1

1

5

5∑

i=1

(ω̂
(r)
i − ω0i),

✇❤❡r❡ ω̂
(r)
i ✐s ❡✐t❤❡r t❤❡ ❋✉❧❧ ◗▼▲❊ ♦r ❊❜❊❊ ♦❢ ωi ♦❜t❛✐♥❡❞ ❛t t❤❡ r✲t❤ r❡♣❧✐❝❛t✐♦♥✳ ❙✐♠✐❧❛r❧②✱ t❤❡

❘▼❙❊ ♦❢ ω̂ ✐s ❝♦♠♣✉t❡❞ ❛s ❢♦❧❧♦✇s✿

❘▼❙❊ ♦❢ ω̂ =

√√√√ 1

1, 000

1,000∑

r=1

1

5

5∑

i=1

(ω̂
(r)
i − ω0i)2.

❚❤❡ r❡❧❛t✐✈❡ ❡✣❝✐❡♥❝② ♦❢ t❤❡ ❊❜❊❊ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❋✉❧❧ ◗▼▲❊ ✐s r❡♣♦rt❡❞ ✐♥ ❝♦❧✉♠♥ ✏❘❊✑✳

❋♦r ❡❛❝❤ r♦✇ ♦❢ t❤❡ t❛❜❧❡s✱ ❘❊ ✐s ❞❡✜♥❡❞ ❛s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❘▼❙❊ ♦❢ t❤❡ ❊❜❊ ❞✐✈✐❞❡❞ ❜② t❤❡

❘▼❙❊ ♦❢ t❤❡ ❋✉❧❧ ◗▼▲✳ ❆ ✈❛❧✉❡ ♦❢ ❘❊ ❣r❡❛t❡r t❤❛♥ 1 t❤❡r❡❢♦r❡ ♠❡❛♥s t❤❛t t❤❡ ❋✉❧❧ ◗▼▲ ✐s ♠♦r❡

❡✣❝✐❡♥t t❤❛♥ t❤❡ ❊❜❊✳ ❋✐♥❛❧❧②✱ ❝♦❧✉♠♥s ✏✺✪ ❈❇✑ ❛♥❞ ✏✾✺✪ ❈❇✑ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢

tr✉❡ ♣❛r❛♠❡t❡rs ❢❛❧❧✐♥❣ ❜❡❧♦✇ t❤❡ ❜❛♥❞s ♦❢ ❛ ✾✵✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧ ❝♦♠♣✉t❡❞ ✉s✐♥❣ ❚❤❡♦r❡♠s ✹✳✷

❛♥❞ ✹✳✸✱ r❡s♣❡❝t✐✈❡❧② ❢♦r t❤❡ ❋✉❧❧ ◗▼▲❊ ❛♥❞ ❊❜❊❊✳ ❆❣❛✐♥ t❤❡s❡ ❢r❡q✉❡♥❝✐❡s ❛r❡ ❛✈❡r❛❣❡❞ ♦✈❡r t❤❡

♥✉♠❜❡r ♦❢ ●❆❘❈❍ ❡q✉❛t✐♦♥s ♦r ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✳

✸✷



❘❡s✉❧ts s✉❣❣❡st t❤❛t ❜♦t❤ t❤❡ ❋✉❧❧ ◗▼▲ ❛♥❞ ❊❜❊ ❞❡❧✐✈❡r s❛t✐s❢❛❝t♦r② r❡s✉❧ts ✐♥ t❤❡ s❡♥s❡ t❤❛t

❜✐❛s❡s ❛r❡ ✈❡r② s♠❛❧❧ ❢♦r ❛❧❧ ♣❛r❛♠❡t❡rs ✭♣❛rt✐❝✉❧❛r❧② ❢♦r T = 2, 000 ❛♥❞ 4, 000✮✳ ■♥ t❤❡ ●❛✉ss✐❛♥ ❝❛s❡

✭✐✳❡✳ ❚❛❜❧❡ ✶✮✱ t❤❡ ❋✉❧❧ ◗▼▲ ✐s ❛❜♦✉t ✾✪✱ ✶✻✪ ❛♥❞ ✸✵✪ ♠♦r❡ ❡✣❝✐❡♥t t❤❛♥ t❤❡ ❊❜❊✱ r❡s♣❡❝t✐✈❡❧②

❢♦r ❚❂1, 000, 2, 000 ❛♥❞ 4, 000✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❙t✉❞❡♥t✲t✱ ✐♥♥♦✈❛t✐♦♥s t❤❡ ❘❊ ♦❢ t❤❡ ❋✉❧❧ ◗▼▲ ✐s

s❧✐❣❤t❧② ❣r❡❛t❡r✳

❆❜♦✉t t❤❡ ✈❛❧✐❞✐t② ♦❢ ❚❤❡♦r❡♠s ✹✳✷ ❛♥❞ ✹✳✸ ✐♥ ✜♥✐t❡ s❛♠♣❧❡s✱ t❤❡ r❡❥❡❝t✐♦♥ ❢r❡q✉❡♥❝✐❡s r❡♣♦rt❡❞

✐♥ ❝♦❧✉♠♥s ✏✺✪ ❈❇✑ ❛♥❞ ✏✾✺✪ ❈❇✑ ❛r❡ ❝❧♦s❡ t♦ t❤❡ t❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡s ❢♦r ❛❧❧ ♣❛r❛♠❡t❡rs ❜♦t❤ ❢♦r

●❛✉ss✐❛♥ ❛♥❞ ❙t✉❞❡♥t✲t ✐♥♥♦✈❛t✐♦♥s✳

❯♥r❡♣♦rt❡❞ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ✭❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st✮ s✉❣❣❡st ✈❡r② s✐♠✐❧❛r ✜♥✐t❡ s❛♠♣❧❡ ❜❡✲

❤❛✈✐♦rs ♦❢ t❤❡ ❋✉❧❧ ❛♥❞ ❊❜❊ ◗▼▲ ❢♦r ❛ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ♦❢ t❤❡ t②♣❡

βij,t = ̟0ij + τ0ijvj,t−1 + c0ijβij,t−1✱ βij,t = ̟0ij + τ0ijvi,t−1v1,t−1 + c0ijβij,t−1 ❛♥❞ βij,t =

̟0ij + τ0ijvi,t−1vj,t−1 + c0ijβij,t−1✳ ❚❤❡ ✜rst t✇♦ s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ♥❡st❡❞ r❡s♣❡❝t✐✈❡❧② ✐♥ ✭✷✳✶✶✮

❛♥❞ ✭✷✳✶✸✮✳ ❚❤❡ t❤✐r❞ ♦♥❡ s❛t✐s✜❡s t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥s st❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❲❤❡♥ m > 2 ✐t ✐s

♥♦t ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ t❤❡♦r❡t✐❝❛❧ s❡tt✐♥❣ ♦❢ ❙❡❝t✐♦♥ ✹ ❜✉t t❤✐s s♣❡❝✐✜❝❛t✐♦♥ ✐s ❢♦✉♥❞ t♦ ❜❡ ❡♠♣✐r✐❝❛❧❧②

r❡❧❡✈❛♥t ✭s❡❡ ♥❡①t s❡❝t✐♦♥✮✳

✻ ❊♠♣✐r✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥s

❚❤❡ ❛✐♠ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ ✐❧❧✉str❛t❡ t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✐♥ ❛ ♣♦rt❢♦❧✐♦ ❛♥❞ r✐s❦

♠❛♥❛❣❡♠❡♥t ❡①❡r❝✐❝❡✳ ❲❡ st❛rt ✇✐t❤ t❤❡ s❛♠❡ ❞❛t❛s❡t ✉s❡❞ ✐♥ ❊♥❣❧❡ ✭✷✵✶✻✮✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ✶✷

❯❙ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ✭✐✳❡✳✱ ❇✉s❊q✱ ❈❤❡♠s✱ ❉✉r❜❧✱ ❊♥r❣②✱ ❍❧t❤✱ ▼❛♥✉❢✱ ▼♦♥❡②✱ ◆♦❉✉r✱ ❖t❤❡r✱

❙❤♦♣s✱ ❚❡❧❝♠ ❛♥❞ ❯t✐❧s✮ ❛♥❞ t❤❡ t❤r❡❡ ❢❛❝t♦rs ✐♥tr♦❞✉❝❡❞ ✐♥ ❛♥ ❛ss❡t ♣r✐❝✐♥❣ ❝♦♥t❡①t ❜② ❋❛♠❛ ❛♥❞

❋r❡♥❝❤ ✭✶✾✾✷✱ ✷✵✵✹✮✳ ❉❛✐❧② ❞❛t❛ ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❑❡♥ ❋r❡♥❝❤✬s ✇❡❜s✐t❡ ✭❋r❡♥❝❤✱ ✷✵✶✹✮ ❛♥❞ ❝♦✈❡r

t❤❡ ♣❡r✐♦❞ ✶✾✾✹✲❆✉❣✉st ✷✵✶✻✳ ❚❤❡ t❤r❡❡ r✐s❦ ❢❛❝t♦rs ❛r❡ t❤❡ ♠❛r❦❡t ❢❛❝t♦r MKT ♣r♦①✐❡❞ ❜② t❤❡

❡①❝❡ss ❧♦❣✲r❡t✉r♥s ♦♥ t❤❡ ❙P✺✵✵ ✐♥❞❡① ❛s ✇❡❧❧ ❛s t❤❡ st❛♥❞❛r❞ ❋❛♠❛ ❋r❡♥❝❤ s✐③❡ ❛♥❞ ✈❛❧✉❡ ❢❛❝t♦rs

SMB ✭❙♠❛❧❧ ▼✐♥✉s ❇✐❣✮ ❛♥❞ HML ✭❍✐❣❤ ▼✐♥✉s ▲♦✇✮✳ ❚❤❡ ✸ ❢❛❝t♦rs MKTt✱ SMBt✱ HMLt ❛♥❞

t❤❡ ✶✷ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ❧♦❣✲r❡t✉r♥s ✐♥ ❡①❝❡ss t♦ t❤❡ r✐s❦ ❢r❡❡ r❛t❡ ✭✐✳❡✳✱ rkt ❢♦r k = 1, . . . , 12✮ ❛r❡

♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡s ✺ ❛♥❞ ✻✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧❧ t❤❡ ❢❛♠✐❧✐❛r ❛ss❡t ♣r✐❝✐♥❣ r❡s✉❧ts ❝❛♥ ❜❡ ❡❛s✐❧② ❡①♣r❡ss❡❞

✐♥ t❡r♠s ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r

Et−1(rkt) = βk,MKT,tEt−1(MKTt) + βk,SMB,tEt−1(SMBt) + βk,HML,tEt−1(HMLt), ✭✻✳✶✮

✸✸



❚❛❜❧❡ ✶✿ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ✕ ●❛✉ss✐❛♥ ❝❛s❡
❋✉❧❧ ◗▼▲ ❊❜❊

❇■❆❙ ❘▼❙❊ ✺✪ ❈❇ ✾✺✪ ❈❇ ❇■❆❙ ❘▼❙❊ ✺✪ ❈❇ ✾✺✪ ❈❇ ❘❊

T = 1, 000

ω ✵✳✵✶✻✵ ✵✳✵✻✶✹ ✸✳✺✾✽✽ ✾✸✳✹✹✹✵ ✵✳✵✶✾✵ ✵✳✵✻✼✷ ✹✳✵✼✵ ✾✷✳✷✺✶ ✶✳✶✵

α ✵✳✵✵✸✵ ✵✳✵✷✾✺ ✸✳✷✷✻✺ ✾✷✳✾✹✼✵ ✵✳✵✵✸✻ ✵✳✵✸✷✷ ✸✳✻✺✾ ✾✶✳✻✾✻ ✶✳✵✾

β ✲✵✳✵✶✾✻ ✵✳✵✽✵✹ ✻✳✷✹✻✶ ✾✺✳✶✻✵✵ ✲✵✳✵✷✸✵ ✵✳✵✽✼✻ ✼✳✸✼✾ ✾✹✳✸✹✼ ✶✳✵✾

̟ ✵✳✵✵✵✻ ✵✳✵✶✷✶ ✹✳✷✶✾✷ ✾✸✳✹✾✺✵ ✵✳✵✵✵✼ ✵✳✵✶✸✷ ✹✳✻✵✹ ✾✷✳✺✺✾ ✶✳✵✽

τ ✵✳✵✵✵✾ ✵✳✵✶✹✾ ✺✳✻✷✺✻ ✾✺✳✷✻✹✵ ✵✳✵✵✶✶ ✵✳✵✶✻✺ ✻✳✷✵✽ ✾✹✳✼✼✾ ✶✳✶✵

c ✲✵✳✵✵✶✸ ✵✳✵✷✸✵ ✻✳✶✺✸✶ ✾✺✳✸✾✽✵ ✲✵✳✵✵✶✻ ✵✳✵✷✺✵ ✼✳✵✵✾ ✾✹✳✾✶✸ ✶✳✵✾

❆▲▲ ✵✳✵✵✵✵ ✵✳✵✸✵✶ ✺✳✵✵✼✺ ✾✹✳✹✸✵✵ ✵✳✵✵✵✵ ✵✳✵✸✷✾ ✺✳✻✸✾ ✾✸✳✻✹✹ ✶✳✵✾

T = 2, 000

ω ✵✳✵✵✻✽ ✵✳✵✸✷✵ ✷✳✹✽✻✾ ✾✺✳✹✵✷✵ ✵✳✵✵✽✼ ✵✳✵✸✼✵ ✸✳✸✵✺ ✾✸✳✶✸✽ ✶✳✶✻

α ✵✳✵✵✶✸ ✵✳✵✶✽✺ ✷✳✻✼✺✵ ✾✺✳✷✺✻✵ ✵✳✵✵✶✼ ✵✳✵✷✶✼ ✸✳✼✻✻ ✾✸✳✹✶✵ ✶✳✶✼

β ✲✵✳✵✵✽✷ ✵✳✵✹✸✾ ✹✳✷✻✸✸ ✾✻✳✻✶✹✵ ✲✵✳✵✶✵✹ ✵✳✵✺✶✵ ✻✳✶✸✵ ✾✺✳✹✻✵ ✶✳✶✻

̟ ✵✳✵✵✵✶ ✵✳✵✵✻✼ ✸✳✽✹✺✹ ✾✹✳✺✶✹✵ ✵✳✵✵✵✷ ✵✳✵✵✼✾ ✹✳✺✺✵ ✾✸✳✹✶✵ ✶✳✶✼

τ ✵✳✵✵✵✷ ✵✳✵✵✽✽ ✹✳✻✷✾✵ ✾✺✳✻✵✶✵ ✵✳✵✵✵✹ ✵✳✵✶✵✷ ✺✳✻✾✵ ✾✹✳✽✶✷ ✶✳✶✼

c ✲✵✳✵✵✵✸ ✵✳✵✶✷✻ ✺✳✵✽✽✽ ✾✻✳✷✽✵✵ ✲✵✳✵✵✵✹ ✵✳✵✶✹✽ ✻✳✷✻✻ ✾✺✳✻✾✵ ✶✳✶✽

❆▲▲ ✵✳✵✵✵✵ ✵✳✵✶✻✼ ✹✳✵✻✶✸ ✾✺✳✺✻✸✵ ✵✳✵✵✵✵ ✵✳✵✶✾✺ ✺✳✶✸✺ ✾✹✳✹✷✻ ✶✳✶✼

T = 4, 000

ω ✵✳✵✵✷✹ ✵✳✵✶✼✷ ✷✳✶✹✼✺ ✾✻✳✸✾✾✵ ✵✳✵✵✸✾ ✵✳✵✷✷✺ ✸✳✹✹✷ ✾✸✳✽✸✶ ✶✳✸✶

α ✵✳✵✵✵✺ ✵✳✵✶✶✸ ✷✳✷✾✾✸ ✾✻✳✽✾✽✵ ✵✳✵✵✵✻ ✵✳✵✶✹✽ ✸✳✽✸✶ ✾✹✳✸✼✷ ✶✳✸✵

β ✲✵✳✵✵✸✵ ✵✳✵✷✹✽ ✸✳✹✾✷✹ ✾✼✳✷✹✺✵ ✲✵✳✵✵✹✻ ✵✳✵✸✷✶ ✺✳✻✹✾ ✾✺✳✾✵✾ ✶✳✷✾

̟ ✵✳✵✵✵✵ ✵✳✵✵✸✼ ✷✳✽✽✺✵ ✾✻✳✶✼✶✵ ✵✳✵✵✵✵ ✵✳✵✵✹✾ ✹✳✵✺✽ ✾✹✳✶✼✼ ✶✳✸✶

τ ✵✳✵✵✵✶ ✵✳✵✵✹✾ ✸✳✹✾✷✹ ✾✻✳✼✶✹✵ ✵✳✵✵✵✶ ✵✳✵✵✻✺ ✺✳✸✸✻ ✾✺✳✷✹✾ ✶✳✸✸

c ✲✵✳✵✵✵✶ ✵✳✵✵✼✶ ✸✳✺✼✾✷ ✾✻✳✾✸✶✵ ✲✵✳✵✵✵✶ ✵✳✵✵✾✷ ✺✳✹✽✼ ✾✺✳✼✹✼ ✶✳✸✵

❆▲▲ ✵✳✵✵✵✵ ✵✳✵✵✾✹ ✸✳✵✾✹✼ ✾✻✳✻✽✻✵ ✵✳✵✵✵✵ ✵✳✵✶✷✸ ✹✳✼✹✸ ✾✹✳✾✹✵ ✶✳✸✵

◆♦t❡✿ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts ❜❛s❡❞ ♦♥ ✶✱✵✵✵ r❡♣❧✐❝❛t✐♦♥s✳ ❉●P ✐s ❛ m(= 5)✲❞✐♠❡♥s✐♦♥❛❧

r❡t✉r♥ ♣r♦❝❡ss ǫt = Σ
1/2
t ηt✱ ✇❤❡r❡ Σ

1/2
t = B−1

t G
1/2
t ✱ ηt

i.i.d.
∼ N (0, I5)✱ git = ω0i + α0iv

2
i,t−1 +

b0igi,t−1 ✭✇✐t❤ ω0i = 0.1✱ α0i = 0.1✱ b0i = 0.8✮ ❢♦r i = 1, . . . ,m✱ βij,t = ̟0ij + τ0ijvi,t−1 + c0ijβij,t−1

✭✇✐t❤ ̟0ij = 0.1 τ0ij = 0.2 ❛♥❞ c0ij = 0.8✮ ❢♦r i = 1, . . . ,m✱ j < i✳ ❈♦❧✉♠♥s ✏❇■❆❙✑ ❛♥❞ ✏❘▼❙❊✑

❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❡♠♣✐r✐❝❛❧ ❜✐❛s ❛♥❞ r♦♦t ♠❡❛♥ sq✉❛r❡ ❡rr♦r✳ ❈♦❧✉♠♥s ✏✺✪ ❈❇✑ ❛♥❞ ✏✾✺✪ ❈❇✑

❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❢r❡q✉❡♥❝✐❡s ♦❢ tr✉❡ ♣❛r❛♠❡t❡rs ❢❛❧❧✐♥❣ ❜❡❧♦✇ t❤❡ ❜❛♥❞s ♦❢ ❛ ✾✵✪ ❝♦♥✜❞❡♥❝❡ ✐♥t❡r✈❛❧✳

❈♦❧✉♠♥ ✏❘❊✑ ✐s t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ❘▼❙❊ ♦❢ t❤❡ ❊❜❊ ❛♥❞ t❤❛t ♦❢ ❋✉❧❧ ◗▼▲✳ ❊♥tr✐❡s ✐♥ t❤✐s

t❛❜❧❡ ❛r❡ ❛✈❡r❛❣❡s ❛❝r♦ss t❤❡ m s❡r✐❡s ❢♦r ω✱ α ❛♥❞ β✱ ❛❝r♦ss t❤❡ m(m− 1)/2 ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❢♦r

t❤❡ ♣❛r❛♠❡t❡rs ̟✱ τ ❛♥❞ c ❛♥❞ ❛❝r♦ss ❛❧❧ ♣❛r❛♠❡t❡rs ❢♦r r♦✇s ❧❛❜❡❧❧❡❞ ✏❆❧❧✑✳

✸✹



❚❛❜❧❡ ✷✿ ▼♦♥t❡✲❈❛r❧♦ s✐♠✉❧❛t✐♦♥ ✕ ❙t✉❞❡♥t✲t ❝❛s❡
❋✉❧❧ ◗▼▲ ❊❜❊

❇■❆❙ ❘▼❙❊ ✺✪ ❈❇ ✾✺✪ ❈❇ ❇■❆❙ ❘▼❙❊ ✺✪ ❈❇ ✾✺✪ ❈❇ ❘❊

❚❂✶✱✵✵✵

ω ✵✳✵✶✼✾ ✵✳✵✻✽✾ ✸✳✸✼✷✵ ✾✷✳✹✶✸✵ ✵✳✵✷✷✺ ✵✳✵✼✼✶ ✹✳✷✷✼ ✾✵✳✷✽✹ ✶✳✶✷

α ✵✳✵✵✸✾ ✵✳✵✸✺✺ ✷✳✷✸✸✾ ✾✶✳✾✵✼✵ ✵✳✵✵✺✼ ✵✳✵✹✶✹ ✷✳✽✻✵ ✾✵✳✵✼✹ ✶✳✶✼

β ✲✵✳✵✷✸✸ ✵✳✵✾✶✾ ✻✳✾✾✻✽ ✾✹✳✺✽✹✵ ✲✵✳✵✷✾✸ ✵✳✶✵✸✶ ✽✳✾✽✵ ✾✸✳✷✼✵ ✶✳✶✷

̟ ✵✳✵✵✵✽ ✵✳✵✶✸✺ ✹✳✵✺✻✾ ✾✸✳✾✺✷✵ ✵✳✵✵✶✵ ✵✳✵✶✹✹ ✹✳✺✸✷ ✾✷✳✻✺✵ ✶✳✵✻

τ ✵✳✵✵✶✵ ✵✳✵✶✺✺ ✹✳✾✶✵✹ ✾✺✳✾✼✺✵ ✵✳✵✵✶✷ ✵✳✵✶✼✽ ✺✳✾✶✵ ✾✺✳✶✺✷ ✶✳✶✺

c ✲✵✳✵✵✶✻ ✵✳✵✷✹✺ ✺✳✾✺✸✻ ✾✺✳✼✾✻✵ ✲✵✳✵✵✶✽ ✵✳✵✷✼✶ ✼✳✸✵✽ ✾✺✳✷✷✻ ✶✳✶✵

❆▲▲ ✲✵✳✵✵✵✶ ✵✳✵✸✸✼ ✹✳✼✶✻✶ ✾✹✳✹✽✸✵ ✲✵✳✵✵✵✶ ✵✳✵✸✼✽ ✺✳✼✸✵ ✾✸✳✷✾✽ ✶✳✶✷

❚❂✷✱✵✵✵

ω ✵✳✵✵✻✹ ✵✳✵✸✸✼ ✷✳✶✼✺✽ ✾✹✳✼✷✺✵ ✵✳✵✵✾✸ ✵✳✵✹✶✻ ✸✳✶✹✶ ✾✶✳✼✸✹ ✶✳✷✸

α ✵✳✵✵✵✾ ✵✳✵✷✶✺ ✶✳✼✸✻✸ ✾✸✳✽✹✻✵ ✵✳✵✵✷✵ ✵✳✵✷✻✻ ✷✳✼✹✽ ✾✶✳✶✽✾ ✶✳✷✹

β ✲✵✳✵✵✽✵ ✵✳✵✹✼✽ ✺✳✵✾✽✾ ✾✻✳✼✹✼✵ ✲✵✳✵✶✷✵ ✵✳✵✺✽✽ ✼✳✺✹✻ ✾✹✳✾✽✹ ✶✳✷✸
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◆♦t❡✿ ❙❡❡ ❚❛❜❧❡ ✶ ❡①♣❡❝t t❤❛t ηt = (η1t, . . . , ηmt)✱ ✇❤❡r❡ ηit
i.i.d.
∼ T (0, 1, 7) ❢♦r i = 1, . . . ,m ✇✐t❤

ηit⊥ηjt ❢♦r i 6= j✳
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❋✐❣✉r❡ ✺✿ ❚✐♠❡ s❡r✐❡s ❣r❛♣❤ ♦❢ t❤❡ t❤r❡❡ ❢❛❝t♦rs ✭MKTt✱ SMBt ❛♥❞ HMLt✮ ❢♦r t❤❡ ✇❤♦❧❡ s❛♠♣❧❡
✭✐✳❡✳✱ ✐♥✲ ❛♥❞ ♦✉t✲♦❢✲s❛♠♣❧❡ ♣❡r✐♦❞✮

✇❤❡r❡ βk,MKT,t✱ βk,SMB,t ❛♥❞ βk,HML,t ❛r❡ t❤❡ t❤r❡❡ t✐♠❡✲✈❛r②✐♥❣ ♣❛r❛♠❡t❡rs ♦❢ ✐♥t❡r❡st t♦ ❜❡

❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ ❞❛t❛✳ ■♥ t❤✐s ❛ss❡t ♣r✐❝✐♥❣ ❝♦♥t❡①t✱ ❡①♣❡❝t❡❞ r❡t✉r♥s ♦♥ ❛♥② ❛ss❡t ✐s ❧✐♥❡❛r ✐♥

t❤❡ ❜❡t❛s ❛♥❞ ♦♥❧② ❞❡♣❡♥❞ ✉♣♦♥ t❤❡ r✐s❦ ♣r❡♠✐✉♠s ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ❢❛❝t♦rs✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡

✐s ♥♦ ❛❧♣❤❛ ♦r ✐♥t❡r❝❡♣t ✐♥ ✭✻✳✶✮✳ ❚❤✐s ♣r♦♣❡rt② ❝❛♥ ❜❡ ❞✐r❡❝t❧② ✉s❡❞ t♦ ❜✉✐❧❞ ❛♥ ✐♥✲s❛♠♣❧❡ t❡st ♦❢

t❤❡ ❛ss❡t ♣r✐❝✐♥❣ ♠♦❞❡❧ ✭s❡❡ ❡✳❣✳✱ ❊♥❣❧❡✱ ✷✵✶✻✮✳

❲❡ ❢♦❧❧♦✇ t❤❡ ❛♣♣r♦❛❝❤ ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ❜② P❛tt♦♥ ❛♥❞ ❱❡r❛r❞♦ ✭✷✵✶✷✮ t❤❛t ❝♦♥s✐sts ✐♥ ❜✉✐❧❞✐♥❣

❤❡❞❣❡❞ ♣♦rt❢♦❧✐♦s t♦ ♦✛s❡t s♦♠❡ ✉♥✇❛♥t❡❞ ❡①♣♦s✉r❡s t♦ ♣r❡❞❡t❡r♠✐♥❡❞ ❢❛❝t♦rs✳ ▲❡t ✉s ❝♦♥s✐❞❡r

❛♥ ✐♥❞✉str② ♣♦rt❢♦❧✐♦ ✇✐t❤ ❛ ❝❧❡❛r s♠❛❧❧ ❝❛♣s ❜✐❛s✳ ❚❤❡ ♦✈❡r✴✉♥❞❡r♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤✐s ♣♦rt❢♦❧✐♦

❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❛r❦❡t ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② ❛ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t βk,SMB,t ❝♦❡✣❝✐❡♥t✳ ❚❤❡

♦♥❧② ✇❛② t♦ ❝♦♥tr♦❧ ❢♦r t❤✐s ❡✛❡❝t ✐s t♦ ❜✉✐❧❞ ❛ ♣♦rt❢♦❧✐♦ t❤❛t ❜✉②s t❤❡ ✐♥❞✉str② ♣♦rt❢♦❧✐♦ ❛♥❞ s❡❧❧s

t❤❡ ✐♠♣❧✐❡❞ SMB ❡①♣♦s✉r❡✳ ■❢ βk,SMB,t ✐s t✐♠❡✲✈❛r②✐♥❣✱ ♦✉t✲♦❢✲s❛♠♣❧❡ ❢♦r❡❝❛sts ❛r❡ ♥❡❡❞❡❞ t♦ ❛❞❥✉st

t❤❡ ♣♦s✐t✐♦♥✳ ●❡♥❡r❛❧✐③✐♥❣ t❤✐s ✐❞❡❛ t♦ t❤❡ t❤r❡❡ ❢❛❝t♦rs✱ ❊q✉❛t✐♦♥ ✭✻✳✶✮ ❧❡❛❞s t♦ ❛♥ ❤❡❞❣❡❞ ♣♦rt❢♦❧✐♦

♦r ❡q✉✐✈❛❧❡♥t❧② ❛ tr❛❝❦✐♥❣ ❡rr♦r s❡r✐❡s ✇✐t❤ ③❡r♦ ♠❡❛♥✳

❚♦ ✐♠♣❧❡♠❡♥t t❤✐s str❛t❡❣②✱ ❢♦✉r ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s ❛r❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥❛❧
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❋✐❣✉r❡ ✻✿ ❚✐♠❡ s❡r✐❡s ❣r❛♣❤ ♦❢ t❤❡ ❧♦❣✲r❡t✉r♥s ♦❢ t❤❡ ✶✷ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ❢♦r t❤❡ ✇❤♦❧❡ s❛♠♣❧❡
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❜❡t❛s ❛♥❞ ♦❜t❛✐♥ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❢♦r❡❝❛sts✱ ✐✳❡✳✱ t✇♦ ❉❈❇ ♠♦❞❡❧s ❛♥❞ t✇♦ ❈❍❆❘ ♠♦❞❡❧s✳ ❋♦r t❤❡

❉❈❇ ♠♦❞❡❧s✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❈❈❈✲●❆❘❈❍✭✶✱✶✮ ♠♦❞❡❧ ❛♥❞ ❛ ❉❈❈✲●❆❘❈❍✭✶✱✶✮ ❡st✐♠❛t❡❞ ♦♥ ✹✲

❞✐♠❡♥s✐♦♥❛❧ s②st❡♠s ǫt = (xt, yt)
′ ✇✐t❤ xt = (MKTt, SMBt, HMLt)

′ ❛♥❞ yt = rkt ✉s✐♥❣ t❤❡ s❛♠❡

♥♦t❛t✐♦♥ ❛s ✐♥ ❙❡❝t✐♦♥ ✷✳ ■♥✲s❛♠♣❧❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ ❡st✐♠❛t❡s ♦❢ t❤❡ ❉❈❇ ♠♦❞❡❧s ❛r❡ ♦❜t❛✐♥❡❞

✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛ Σyx,tΣ
−1
xx,t ✇❤✐❧❡ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❢♦r❡❝❛sts ❛r❡ ♦❜t❛✐♥❡❞ ❛s Σyx,t+1|tΣ

−1
xx,t+1|t✳

❚❤❡ t❤✐r❞ ♠♦❞❡❧ ✐s ❛ ❈❍❆❘ ♠♦❞❡❧ ✇✐t❤ ❝♦♥st❛♥t ❜❡t❛s ✭❞❡♥♦t❡❞ ❈✲❈❍❆❘✮ ❛♥❞ ❛ ●❆❘❈❍✭✶✱✶✮

s♣❡❝✐✜❝❛t✐♦♥ ❢♦r t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ❢❛❝t♦rs✱ ✐✳❡✳✱

git = ωi + αiv
2
i,t−1 + bigi,t−1, βij,t = ̟ij . ✭✻✳✷✮

❆s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ t❤❡ ♦r❞❡r ♦❢ t❤❡ s❡r✐❡s ♠✐❣❤t ♠❛tt❡r ✐♥ ❈❤♦❧❡s❦② ❞❡❝♦♠♣♦s✐t✐♦♥s✳ ■♥ ♦✉r

❝❛s❡✱ t❤❡ ❧❛st s❡r✐❡s ♦❢ t❤❡ ✈❡❝t♦r ǫt ✐s ❦♥♦✇♥ ❛♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ k✲t❤ ✐♥❞✉str② ♣♦rt❢♦❧✐♦ s♦

t❤❛t β41,t✱ β42,t ❛♥❞ β43,t ❝♦rr❡s♣♦♥❞ t♦ βk,MKT,t, βk,SMB,t ❛♥❞ βk,HML,t ✭✐♥ ❛ ❝❡rt❛✐♥ ♦r❞❡r✮✳ ❚❤❡

❝❤♦✐❝❡ ♦❢ ǫ1,t ✐s ❛❧s♦ ♥❛t✉r❛❧ ❜❡❝❛✉s❡ ✐t ♠❛❦❡s ♠♦r❡ s❡♥s❡ t♦ ❞②♥❛♠✐❝❛❧❧② ♦rt❤♦❣♦♥❛❧✐③❡ t❤❡ SMB

❛♥❞ t❤❡ HML ❢❛❝t♦rs ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ MKT ❢❛❝t♦r r❛t❤❡r t❤❛♥ t❤❡ ♦♣♣♦s✐t❡✳ ■♥❞❡❡❞✱ t❤❡ s✐③❡

❛♥❞ ✈❛❧✉❡ ❢❛❝t♦rs ❛r❡ ❣❡♥❡r❛t❡❞ ✉s✐♥❣ ❧♦♥❣✴s❤♦rt ❞♦❧❧❛r ♥❡✉tr❛❧ str❛t❡❣✐❡s t♦ ❣❡t ❛♣♣r♦①✐♠❛t✐✈❡❧②

♠❛r❦❡t ♥❡✉tr❛❧ r❡t✉r♥s✳ ❚❤❡ ♦r❞❡r ❜❡t✇❡❡♥ ❙▼❇ ❛♥❞ ❍▼▲ ✐s ❤♦✇❡✈❡r ♥♦t ❦♥♦✇♥ ❛♣r✐♦r✐ ❛♥❞

❤❛s ❜❡❡♥ ❝❤♦s❡♥ ✉s✐♥❣ t❤❡ ❙❝❤✇❛r③ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥ ✭❙■❈✮✳ ❲❡ ✜①❡❞ t❤❡ ♦r❞❡r ❛s ❢♦❧❧♦✇s✿

ǫt = (MKTt, SMBt, HMLt, rkt)
′✳

❚❤❡ ❧❛st ♠♦❞❡❧ ✭s✐♠♣❧② ❞❡♥♦t❡❞ ❈❍❆❘✮ r❡❧❛①❡s t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥❝② ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❜❡t❛s✳ ❲❡ st❛rt ❜② ❞✐s❝✉ss✐♥❣ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ♦❢ t❤❡ ✜rst t❤r❡❡ ❝♦♠♣♦♥❡♥ts

♦❢ ǫt✱ ❛s t❤❡② ❛r❡ ✐❞❡♥t✐❝❛❧ ✇❤❛t❡✈❡r t❤❡ ✐♥❞✉str② ♣♦rt❢♦❧✐♦ ✇❡ ❝♦♥s✐❞❡r✳ ❲❡ t❡st❡❞ s❡✈❡r❛❧ s♣❡❝✐✜✲

❝❛t✐♦♥s ❢♦r t❤❡ βij,t✬s ❛♥❞ ❢♦✉♥❞ t❤❛t t❤❡ ❜❡st ♦♥❡ ✭r❡❧②✐♥❣ ♦♥ t✲t❡sts✱ ❲❛❧❞ t❡sts ❛♥❞ ✐♥❢♦r♠❛t✐♦♥

❝r✐t❡r✐❛✮ ✐s

βij,t = ̟ij + τijvi,t−1vj,t−1 + cijβij,t−1 ✭✻✳✸✮

❢♦r (i, j) ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ s❡t T3✳
✼ ❲✐t❤ t❤✐s ❝❤♦✐❝❡✱ ✇❡ ❝❛♥ ❡♠♣✐r✐❝❛❧❧② ❝❤❡❝❦ ❢♦r ✐♥st❛♥❝❡ ✇❤❡t❤❡r t❤❡

❢❛❝t♦rs ❛r❡ ❛❧r❡❛❞② ♦rt❤♦❣♦♥❛❧ ♦♥ ❛✈❡r❛❣❡ ✭✐✳❡✱ ̟ij = 0✮✱ ♦r ♥❡❡❞ t♦ ❜❡ ❝♦♥❞✐t✐♦♥❛❧❧② ♦rt❤♦❣♦♥❛❧✐③❡❞

✭✐✳❡✱ ̟ij , τij , cij 6= 0✮✳

✼❚❤❡ βij,t✬s ❞♦ ♥♦t ♥❡❡❞ t♦ ❜❡ ❝♦♥str❛✐♥❡❞ t♦ ❜❡ ♣♦s✐t✐✈❡ ❛♥❞ t❤❡r❡❢♦r❡ ❝❛♥ ❞❡♣❡♥❞ ♦♥ ✈❛r✐❛❜❧❡s t❛❦✐♥❣ ✈❛❧✉❡s ♦♥

ℜ✳ ❖✉r t❤❡♦r❡t✐❝❛❧ ❢r❛♠❡✇♦r❦ ❛❧❧♦✇s t♦ ✐♥❝❧✉❞❡ ♣❛st ✈❛❧✉❡s ♦❢ t❤❡ i ✜rst ❢❛❝t♦rs ❛♥❞ ❛❧s♦ t♦ t❡st ❛♥ ❛s②♠♠❡tr② ✐♥ t❤❡

r❡s♣♦♥s❡ t♦ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ s❤♦❝❦s ♦❢ t❤❡ ✜rst s❡r✐❡s ✭✐✳❡✳✱ ▼❛r❦❡t✮✳ ■t t✉r♥s ♦✉t t❤❛t ♥♦♥❡ ♦❢ t❤❡s❡ ✈❛r✐❛❜❧❡s ❛r❡

❢♦✉♥❞ t♦ ❜❡ s✐❣♥✐✜❝❛♥t✳

✸✽



■♥ ❛ s❡❝♦♥❞ st❡♣✱ ❛♥❞ t♦ ♠♦❞❡❧ t❤❡ r❡♠❛✐♥✐♥❣ βk,MKT,t, βk,SMB,t ❛♥❞ βk,HML,t t❡r♠s r❡❧❛t✐✈❡ t♦

❛ ❣✐✈❡♥ ✐♥❞✉str② ♣♦rt❢♦❧✐♦✱ s❡✈❡r❛❧ s♣❡❝✐✜❝❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞✳ ❲❡ ❛❧❧♦✇ ❡❛❝❤ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ t♦

❜❡ ❡✐t❤❡r ❝♦♥st❛♥t ❧✐❦❡ ✐♥ ✭✻✳✷✮ ♦r t✐♠❡✲✈❛r②✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ ✭✻✳✸✮✳ ❚❤❡ ❜❡st s♣❡❝✐✜❝❛t✐♦♥ ✭❝❤♦s❡♥

✉s✐♥❣ t❤❡ ❙■❈✮ ✐s ✉s❡❞ t♦ ♦❜t❛✐♥ ♦♥❡✲st❡♣ ❛❤❡❛❞ ❢♦r❡❝❛sts ♦❢ t❤❡ t❤r❡❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ♦❢ ✐♥t❡r❡st✳

◆♦t❡ t❤❛t ✐♥ ❛❧♠♦st ❛❧❧ ❝❛s❡s✱ t❤❡ ❜❡st ♠♦❞❡❧ ✐s ❢♦✉♥❞ t♦ ❜❡ t❤❡ ♦♥❡ ✇❤❡r❡ ❛❧❧ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s

❢♦❧❧♦✇ ❊q✉❛t✐♦♥ ✭✻✳✸✮✳ ❖♥❡✲st❡♣✲❛❤❡❛❞ ❢♦r❡❝❛sts✱ ❞❡♥♦t❡❞ βij,t+1|t✱ ❛r❡ ♦❜t❛✐♥❡❞ ✉s✐♥❣ ❡✐t❤❡r ✭✻✳✷✮

♦r ❜② tr❛♥s❧❛t✐♥❣ ✭✻✳✸✮ ♦♥❡ st❡♣ ✐♥t♦ t❤❡ ❢✉t✉r❡ ❜❡❝❛✉s❡ ✭✻✳✸✮ ♦♥❧② ❞❡♣❡♥❞s ♦♥ q✉❛♥t✐t✐❡s t❤❛t ❛r❡

♦❜s❡r✈❡❞ ❛t t✐♠❡ t✳

❚❤❡ ✜rst t✇♦ ♠♦❞❡❧s ❛r❡ ❡st✐♠❛t❡❞ ❜② ●❛✉ss✐❛♥ ◗▼▲ ✇❤✐❧❡ t❤❡ t✇♦ ❈❍❆❘ ♠♦❞❡❧s ❛r❡ ❡st✐♠❛t❡❞

❜② t❤❡ ❊❜❊ ◗▼▲❊ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳ ❆❧❧ ♠♦❞❡❧s ❛r❡ ❡st✐♠❛t❡❞ ♦♥ ❞❡♠❡❛♥❡❞ ❧♦❣✲r❡t✉r♥s ✭t❤❡

❡♠♣✐r✐❝❛❧ ♠❡❛♥s ❛r❡ ❝♦♠♣✉t❡❞ ♦♥ ✐♥✲s❛♠♣❧❡ ♦❜s❡r✈❛t✐♦♥s ❛♥❞ ♥♦t t❤❡ ✇❤♦❧❡ s❛♠♣❧❡✮ ♦♥ r♦❧❧✐♥❣

✇✐♥❞♦✇s ♦❢ ✹✱✵✵✵ ♦❜s❡r✈❛t✐♦♥s✳ ▼♦❞❡❧s ❛r❡ r❡❡st✐♠❛t❡❞ ❡✈❡r② ✸ st❡♣s ✭♣❛r❛♠❡t❡rs ❛r❡ t❤❡r❡❢♦r❡ ❦❡♣t

❝♦♥st❛♥t t♦ ♣r♦❞✉❝❡ t❤r❡❡ ❝♦♥s❡❝✉t✐✈❡ ❢♦r❡❝❛sts ❜❡❢♦r❡ ❜❡✐♥❣ r❡❡✈❛❧✉❛t❡❞✮✳

❇❡❢♦r❡ ♣r❡s❡♥t✐♥❣ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ❢♦r❡❝❛st✐♥❣ ❡①❡r❝✐s❡✱ ✇❡ r❡♣♦rt ✐♥ ❚❛❜❧❡ ✸ t❤❡ ❡st✐♠❛t✐♦♥

r❡s✉❧ts ♦❢ ❛ ❈❍❆❘ ♠♦❞❡❧ ❢♦r s❡r✐❡s ❇✉s❊q ❛♥❞ t❤❡ ♣❡r✐♦❞ s♣❛♥♥✐♥❣ ❢r♦♠ ✷✵✵✵✲✵✷✲✵✽ t♦ ✷✵✶✺✲✶✷✲✸✶✱

✐✳❡✳✱ t❤❡ ✈❛❧✉❡s ✉s❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ❢♦r❡❝❛sts ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❢♦r t❤❡ ✜rst ✇♦r❦✐♥❣ ❞❛② ✐♥ ✷✵✶✻✳

❚❤❡ ❧❡❢t ♣❛rt ♦❢ t❤❡ t❛❜❧❡ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❋✉❧❧ ◗▼▲❊ ❛♥❞ t❤❡ r✐❣❤t ♣❛rt t♦ t❤❡ ❊❜❊ ◗▼▲❊ ✭✐✳❡✳✱

t❤❡ ♠❡t❤♦❞ ✉s❡❞ t♦ ♣r♦❞✉❝❡ t❤❡ ❢♦r❡❝❛sts✮✳ ❲❡ ❝❤♦♦s❡ t♦ ❝♦♠♠❡♥t t❤✐s ❡①❛♠♣❧❡ ❜❡❝❛✉s❡ ✐t ✐s ♦♥❡

♦❢ t❤❡ ❢❡✇ ❝❛s❡s ✇❤❡r❡ ♥♦t ❛❧❧ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛r❡ t✐♠❡✲✈❛r②✐♥❣✳

■♠♣♦rt❛♥t❧②✱ r❡s✉❧ts ♦❢ t❤❡ t✇♦ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞s ❛r❡ ❢♦✉♥❞ t♦ ❜❡ ❛❧♠♦st ✐❞❡♥t✐❝❛❧✱ r❡❛s♦♥

✇❤② ✇❡ r❡❧② ♦♥ t❤❡ ❊❜❊ ❡st✐♠❛t♦r ✐♥ t❤❡ ❢♦r❡❝❛st✐♥❣ ❡①❡r❝✐s❡ ❜❡❝❛✉s❡ ❝♦♥✈❡r❣❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ♠✉❝❤

❢❛st❡r ✇✐t❤ t❤✐s ♠✉❧t✐✲st❡♣ ♠❡t❤♦❞✳ ❋✐rst✱ ❚❛❜❧❡ ✸ s✉❣❣❡sts t❤❛t ❛❧❧ ❢❛❝t♦rs ❤❛✈❡ ●❆❘❈❍ ❡✛❡❝ts

❛s t❤❡ αi ❛♥❞ bi✱ i = 1, ..., 4 ❝♦❡✣❝✐❡♥ts ❛r❡ st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t✳ ❙❡❝♦♥❞✱ t❤❡ t✇♦ SMB ❛♥❞

HML ❢❛❝t♦rs ❛r❡ ♠❛r❣✐♥❛❧❧② ♦rt❤♦❣♦♥❛❧ t♦ t❤❡ MKT ❢❛❝t♦r ❛s t❤❡ ♣❛r❛♠❡t❡rs ̟21 ❛♥❞ ̟31 ❛r❡ ♥♦t

st❛t✐st✐❝❛❧❧② s✐❣♥✐✜❝❛♥t ❛♥❞ t❤❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ✉♥❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛r❡ 0.15 ❛♥❞ −0.19✱ r❡s♣❡❝t✐✈❡❧②

❢♦r E(β21,t) ❛♥❞ E(β31,t)✳ ❍♦✇❡✈❡r✱ t❤❡ t✇♦ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ♠❛r❦❡t ❜❡t❛s s❤♦✇ ❛ t✐♠❡✲

✈❛r②✐♥❣ ❜❡❤❛✈✐♦r ✇✐t❤ ❧♦♥❣ t❡r♠ ♣❡rs✐st❡♥❝❡ ✭t❤❡ t✇♦ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥ts c21 ❛♥❞ c31 ❛r❡ ❝❧♦s❡

t♦ ✶✮✱ ♠❡❛♥✐♥❣ t❤❛t ✇❡ ❝❛♥ ✉s❡ ❝✉rr❡♥t ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r❡❞✐❝t ♥♦♥ ③❡r♦ ❝♦♥❞✐t✐♦♥❛❧ ♠❛r❦❡t ❜❡t❛s

❢♦r t❤❡ ✈❛❧✉❡ ❛♥❞ s✐③❡ ❢❛❝t♦rs✳ ❈♦♥❝❡r♥✐♥❣ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ HML ♦♥ t❤❡ SMB ❢❛❝t♦r✱ ✇❡ ♦❜s❡r✈❡

❛ ♥❡❣❛t✐✈❡ ♠❛r❣✐♥❛❧ ✈❛❧✉❡ ❜✉t ❛ s✐♠♣❧❡r t✐♠❡✲✈❛r②✐♥❣ ❜❡❤❛✈✐♦r ✇✐t❤ ♥♦ ❧♦♥❣ t❡r♠ ♣❡rs✐st❛♥❝❡ ❛s

✸✾



❚❛❜❧❡ ✸✿ ❋✉❧❧ ❛♥❞ ❊❜❊ ◗▼▲❊ ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❢♦r ❇✉s❊q
❋✉❧❧ ◗▼▲ ❊❜❊ ◗▼▲

❈♦❡✣❝✐❡♥t ❙t❞✲❊rr ♣✲✈❛❧✉❡ ❈♦❡✣❝✐❡♥t ❙t❞✲❊rr ♣✲✈❛❧✉❡

ω1 ✵✳✵✶✾✷✹ ✵✳✵✵✹✾✺ ✵✳✵✵✵✶✵ ✵✳✵✶✾✷✹ ✵✳✵✵✹✾✺ ✵✳✵✵✵✶✵

α1 ✵✳✵✾✺✺✽ ✵✳✵✶✶✸✹ ✵✳✵✵✵✵✵ ✵✳✵✾✺✺✽ ✵✳✵✶✶✸✹ ✵✳✵✵✵✵✵

b1 ✵✳✽✾✵✺✵ ✵✳✵✶✶✽✹ ✵✳✵✵✵✵✵ ✵✳✽✾✵✺✵ ✵✳✵✶✶✽✹ ✵✳✵✵✵✵✵

ω2 ✵✳✵✵✺✼✺ ✵✳✵✵✶✼✸ ✵✳✵✵✵✾✵ ✵✳✵✵✺✼✺ ✵✳✵✵✶✼✸ ✵✳✵✵✵✾✵

α2 ✵✳✵✻✻✹✹ ✵✳✵✶✶✼✻ ✵✳✵✵✵✵✵ ✵✳✵✻✻✹✹ ✵✳✵✶✶✼✻ ✵✳✵✵✵✵✵

b2 ✵✳✾✶✸✷✾ ✵✳✵✶✺✼✹ ✵✳✵✵✵✵✵ ✵✳✾✶✸✷✾ ✵✳✵✶✺✼✸ ✵✳✵✵✵✵✵

̟21 ✵✳✵✵✵✺✼ ✵✳✵✵✵✹✸ ✵✳✶✽✾✽✵ ✵✳✵✵✵✺✽ ✵✳✵✵✵✹✸ ✵✳✶✼✼✺✵

τ21 ✵✳✵✷✶✷✽ ✵✳✵✵✸✸✹ ✵✳✵✵✵✵✵ ✵✳✵✷✶✷✽ ✵✳✵✵✸✵✺ ✵✳✵✵✵✵✵

c21 ✵✳✾✾✻✷✵ ✵✳✵✵✶✻✷ ✵✳✵✵✵✵✵ ✵✳✾✾✻✷✶ ✵✳✵✵✶✻✵ ✵✳✵✵✵✵✵

ω3 ✵✳✵✵✶✻✸ ✵✳✵✵✵✼✶ ✵✳✵✷✶✻✵ ✵✳✵✵✶✻✸ ✵✳✵✵✵✼✶ ✵✳✵✷✵✼✵

α3 ✵✳✵✽✽✸✽ ✵✳✵✶✾✻✺ ✵✳✵✵✵✵✵ ✵✳✵✽✽✸✽ ✵✳✵✶✾✹✷ ✵✳✵✵✵✵✵

b3 ✵✳✾✵✻✾✾ ✵✳✵✷✵✷✵ ✵✳✵✵✵✵✵ ✵✳✾✵✻✾✾ ✵✳✵✶✾✾✻ ✵✳✵✵✵✵✵

̟31 ✵✳✵✵✵✵✹ ✵✳✵✵✵✶✺ ✵✳✼✾✵✹✵ ✵✳✵✵✵✵✸ ✵✳✵✵✵✶✺ ✵✳✽✺✼✸✵

τ31 ✵✳✵✷✸✸✻ ✵✳✵✵✼✼✾ ✵✳✵✵✷✼✵ ✵✳✵✷✸✸✻ ✵✳✵✵✻✽✾ ✵✳✵✵✵✼✵

c31 ✵✳✾✾✺✹✻ ✵✳✵✵✶✺✵ ✵✳✵✵✵✵✵ ✵✳✾✾✺✹✼ ✵✳✵✵✶✹✽ ✵✳✵✵✵✵✵

̟32 ✲✵✳✷✹✽✷✹ ✵✳✵✻✻✸✾ ✵✳✵✵✵✷✵ ✲✵✳✷✹✽✷✹ ✵✳✵✼✶✸✽ ✵✳✵✵✵✺✵

τ32 ✵✳✵✾✻✶✵ ✵✳✵✶✶✶✼ ✵✳✵✵✵✵✵ ✵✳✵✾✻✶✵ ✵✳✵✶✵✼✻ ✵✳✵✵✵✵✵

c32 ✲✵✳✸✵✾✵✷ ✵✳✸✶✽✹✺ ✵✳✸✸✶✾✵ ✲✵✳✸✵✾✵✷ ✵✳✸✺✶✵✸ ✵✳✸✼✽✼✵

ω4 ✵✳✵✵✶✵✻ ✵✳✵✵✵✻✵ ✵✳✵✼✼✵✵ ✵✳✵✵✶✵✻ ✵✳✵✵✵✻✶ ✵✳✵✼✾✹✵

α4 ✵✳✵✹✹✽✵ ✵✳✵✶✹✻✽ ✵✳✵✵✷✸✵ ✵✳✵✹✹✽✵ ✵✳✵✶✹✽✶ ✵✳✵✵✷✺✵

b4 ✵✳✾✺✶✼✸ ✵✳✵✶✺✺✹ ✵✳✵✵✵✵✵ ✵✳✾✺✶✼✸ ✵✳✵✶✺✻✻ ✵✳✵✵✵✵✵

̟41 ✵✳✵✵✸✾✹ ✵✳✵✵✶✹✵ ✵✳✵✵✹✽✵ ✵✳✵✵✸✾✹ ✵✳✵✵✶✹✸ ✵✳✵✵✻✵✵

τ41 ✵✳✵✶✵✸✻ ✵✳✵✵✷✷✸ ✵✳✵✵✵✵✵ ✵✳✵✶✵✸✻ ✵✳✵✵✷✷✸ ✵✳✵✵✵✵✵

c41 ✵✳✾✾✻✸✵ ✵✳✵✵✶✷✻ ✵✳✵✵✵✵✵ ✵✳✾✾✻✸✵ ✵✳✵✵✶✸✵ ✵✳✵✵✵✵✵

̟42 ✵✳✵✽✷✷✶ ✵✳✵✶✻✾✻ ✵✳✵✵✵✵✵ ✵✳✵✽✷✷✶ ✵✳✵✶✼✸✹ ✵✳✵✵✵✵✵

̟43 ✲✵✳✵✵✷✹✷ ✵✳✵✵✶✼✻ ✵✳✶✻✽✵✵ ✲✵✳✵✵✷✹✷ ✵✳✵✵✶✾✷ ✵✳✷✵✽✷✵

τ43 ✵✳✵✹✸✸✷ ✵✳✵✷✻✸✻ ✵✳✶✵✵✹✵ ✵✳✵✹✸✸✷ ✵✳✵✷✻✻✺ ✵✳✶✵✹✷✵

c43 ✵✳✾✾✺✵✾ ✵✳✵✵✸✻✺ ✵✳✵✵✵✵✵ ✵✳✾✾✺✵✾ ✵✳✵✵✹✵✺ ✵✳✵✵✵✵✵

◆♦t❡✿ ❋✉❧❧ ◗▼▲❊ ✭❧❡❢t ♣❛♥❡❧✮ ❛♥❞ ❊❜❊ ◗▼▲❊ ✭r✐❣❤t ♣❛♥❡❧✮ ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧

❢♦r ❇✉s❊q ❛♥❞ t❤❡ ♣❡r✐♦❞ s♣❛♥♥✐♥❣ ❢r♦♠ ✷✵✵✵✲✵✷✲✵✽ t♦ ✷✵✶✺✲✶✷✲✸✶✳ ❙t❛♥❞❛r❞

❡rr♦rs ❛r❡ ❝♦♠♣✉t❡❞ ✉s✐♥❣ t❤❡ ❢♦r♠✉❧❛s ❞❡s❝r✐❜❡❞ ✐♥ ❚❤❡♦r❡♠s ✹✳✷ ❛♥❞ ✹✳✸✳

t❤❡ ♣❛r❛♠❡t❡r c3,2 ♣❛r❛♠❡t❡r ✐s ♥♦t st❛t✐st✐❝❛❧❧② ❞✐✛❡r❡♥t ❢r♦♠ ③❡r♦✳ ❚❤✐s ❧❛st r❡s✉❧t ♦♥ SMB ❛♥❞

HML ❥✉st✐✜❡s ♦✉r ❝❤♦✐❝❡ t♦ ♦rt❤♦❣♦♥❛❧✐③❡ t❤❡ t❤r❡❡ ❢❛❝t♦rs✳ ❚❤✐r❞✱ ✇❡ ♥♦✇ st✉❞② t❤❡ ❞②♥❛♠✐❝

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✐♥❞✉str② ♣♦rt❢♦❧✐♦ r❡t✉r♥s✳ ❲❤✐❧❡ βBusEq,SMB,t ✐s ❝♦♥st❛♥t ❛♥❞ s❧✐❣❤t❧② ♣♦s✐t✐✈❡

✭β42,t = ̟42 = 0.08✮✱ t✐♠❡✲✈❛r②✐♥❣ ❜❡❤❛✈✐♦r ✐s ❞❡t❡❝t❡❞ ✐♥ βBusEq,MKT,t ❛♥❞ βBusEq,HML,t✱ ❛♥❞

❢♦✉♥❞ t♦ ❜❡ ✈❡r② ♣❡rs✐st❡♥t ✭✇✐t❤ ❡st✐♠❛t❡s ♦❢ t❤❡ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦❡✣❝✐❡♥ts c41 ❛♥❞ c43 ❛❣❛✐♥ ❝❧♦s❡

t♦ ✶✮✳

❚❤❡ ❡st✐♠❛t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s βBusEq,MKT,t✱ βBusEq,SMB,t ❛♥❞ βBusEq,HML,t ❛r❡ ♣❧♦tt❡❞ ✐♥

❋✐❣✉r❡ ✼✳ ❊❛❝❤ ❣r❛♣❤ ❝♦♥t❛✐♥s t❤❡ ❡st✐♠❛t❡❞ ❜❡t❛s ❢♦r t❤❡ ❢♦✉r ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s✳ ■t ✐s ✐♥t❡r❡st✐♥❣ t♦

♥♦t✐❝❡ t❤❛t ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ✜❧t❡r❡❞ ✇✐t❤ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❛r❡ ♠✉❝❤ s♠♦♦t❤❡r t❤❛♥ t❤♦s❡ ♦❜t❛✐♥❡❞

✇✐t❤ t❤❡ ❉❈❈✲❉❈❇ ♠♦❞❡❧✳ ■♥ t❤❡ ❝❛s❡ ♦❢ βBusEq,MKT,t ❢♦r ❡①❛♠♣❧❡✱ ✇❡ ❡①♣❡❝t t♦ ❣❡t ❛ ❝♦♥❞✐t✐♦♥❛❧

❜❡t❛ st❛❜❧❡ ❛♥❞ ❝❧♦s❡ t♦ 1✳ ❲❡ ♦❜s❡r✈❡ t❤✐s r❡s✉❧t ❢♦r ❛❧❧ ♠♦❞❡❧s✱ ❡①❝❡♣t ❛t t❤❡ ❜✉rst ♦❢ t❤❡ ✐♥t❡r♥❡t

✹✵
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❋✐❣✉r❡ ✼✿ ❈♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ✭βBusEq,MKT,t✱ βBusEq,SMB,t ❛♥❞ βBusEq,HML,t✮ ♦❢ t❤❡ ❢♦✉r ❝♦♠♣❡t✐♥❣
♠♦❞❡❧s ❢♦r t❤❡ ♣❡r✐♦❞ s♣❛♥♥✐♥❣ ❢r♦♠ ✷✵✵✵✲✵✷✲✵✽ t♦ ✷✵✶✺✲✶✷✲✸✶

❜✉❜❜❧❡ ✭✐✳❡✳✱ ✷✵✵✵✲✷✵✵✷✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ❈❈❈ ♠♦❞❡❧ ❣✐✈❡s ✈❡r② ❡rr❛t✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❞✉r✐♥❣

t❤✐s ♣❡r✐♦❞✱ ✇❤✐❧❡ ❝♦♥❞✐t✐♦♥❛❧ ♠❛r❦❡t ❜❡t❛s ♦❢ t❤❡ ❉❈❈ ❛♥❞ ❈❍❆❘ ♠♦❞❡❧s ❛r❡ ♠✉❝❤ ♠♦r❡ r❡❛❧✐st✐❝✳

◆❡①t✱ ✇❡ ❝♦♠♣✉t❡ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❢♦r❡❝❛sts βk,MKT,t+1|t, βk,SMB,t+1|t ❛♥❞ βk,HML,t+1|t✱ ❢♦r t❤❡

❢♦✉r ♠♦❞❡❧s ❛♥❞ t❤❡ ✶✷ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s✳ ❚❤❡ s❛♠♣❧❡✲s✐③❡ ❤❛s ❜❡❡♥ ❝❤♦s❡♥ s♦ t❤❛t t❤❡ ✜rst ❢♦r❡❝❛st

❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✜rst ✇♦r❦✐♥❣ ❞❛② ♦❢ ②❡❛r ✷✵✶✵ ✭✐✳❡✳✱ ✹t❤ ♦❢ ❏❛♥✉❛r② ✷✵✶✵✮✱ ✇❤✐❝❤ ✐s ❤✐❣❤❧✐❣❤t❡❞ ❜②

❛ ✈❡rt✐❝❛❧ ❧✐♥❡ ✐♥ ❋✐❣✉r❡s ✺ ❛♥❞ ✻✳ ❚❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ❢♦r❡❝❛sts ✐s ✶✱✻✼✽✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ✐❧❧✉str❛t✐♦♥✱

t❤❡ ♣r❡❞✐❝t❡❞ ❜❡t❛s ♦❢ t❤❡ ✜rst ♣♦rt❢♦❧✐♦ ✭❇✉s❊q✮ ❛r❡ ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✽✳ ❘❡❝❛❧❧ t❤❛t t❤❡ ♠♦❞❡❧s ❛r❡

r❡❡✈❛❧✉❛t❡❞ ❡✈❡r② ✸ st❡♣s✱ r❡❛s♦♥ ✇❤② t❤❡ ❢♦r❡❝❛sts ♦❢ t❤❡ ♠♦❞❡❧ ✇✐t❤ ❝♦♥st❛♥t ❜❡t❛s ✭✐✳❡✳✱ ❈✲❈❍❆❘✮

❛r❡ s❧♦✇❧② ❝❤❛♥❣✐♥❣ ♦✈❡r✲t✐♠❡✳ ❙❡✈❡r❛❧ ❝♦♠♠❡♥ts ❛r❡ ✐♥ ♦r❞❡r✳

❋✐rst✱ ✇❡ ♦❜s❡r✈❡ ❤✉❣❡ ❞✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❢♦r❡❝❛sts ♣r♦❞✉❝❡❞ ❜② t❤❡ ❢♦✉r ♠♦❞❡❧s✳ ❋♦❝✉s✐♥❣

♦♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♠❛r❦❡t ❜❡t❛ ✭✐✳❡✳✱ t❤❡ t♦♣ ❣r❛♣❤ ✐♥ ❋✐❣✉r❡ ✽✮✱ t❤❡ ❈❍❆❘ ❢♦r❡❝❛sts ✭r❡❞ ❝♦♥t✐♥✉♦✉s

❧✐♥❡✮ ❛r❡ ♠✉❝❤ s♠♦♦t❤❡r t❤❛♥ t❤♦s❡ ♦❢ t❤❡ ❈❈❈✲❉❈❇ ❛♥❞ ❉❈❈✲❉❈❇ ♠♦❞❡❧s ✭❣r❡❡♥ ❛♥❞ ♣✉r♣❧❡

❞♦tt❡❞ ❧✐♥❡s✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❚❤❡ s❛♠❡ ❝♦♠♠❡♥t ❛♣♣❧✐❡s t♦ t❤❡ ♦t❤❡r ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ✭❣r❛♣❤s ❛r❡

♥♦t r❡♣♦rt❡❞ t♦ s❛✈❡ s♣❛❝❡ ❜✉t ❛r❡ ❛✈❛✐❧❛❜❧❡ ✉♣♦♥ r❡q✉❡st✮✳
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❋✐❣✉r❡ ✽✿ ❖♥❡✲st❡♣ ❛❤❡❛❞ ❢♦r❡❝❛sts ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ♦❢ ❇✉s❊q ❢♦r t❤❡ ✹ ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s

❙❡❝♦♥❞✱ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❣✐✈❡s ❛ tr❛❞❡♦✛ ❜❡t✇❡❡♥ t❤❡ ✈❡r② s♠♦♦t❤ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❈✲❈❍❆❘

♠♦❞❡❧ ❛♥❞ t❤❡ s❤❛❦② ❜❡❤❛✈✐♦r ♦❢ t❤❡ t✇♦ ❉❈❇ ♠♦❞❡❧s✳ ■♥t❡r❡st✐♥❣❧②✱ ❢♦r❡❝❛sts ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧

❍▼▲ ❜❡t❛ ♦❢ t❤❡ ❉❈❈ ♠♦❞❡❧ ❞❡✈✐❛t❡ ♠✉❝❤ ❢r♦♠ t❤❡ ❢♦r❡❝❛sts ♦❢ t❤❡ ♦t❤❡r ♠♦❞❡❧s ❜❡t✇❡❡♥ ▼❛r❝❤✲

✷✵✶✸ ❛♥❞ ❆✉❣✉st✲✷✵✶✸✳ ■♥❞❡❡❞✱ t❤❡ ❉❈❈ ♣r❡❞✐❝ts ❛♥ ❛❧♠♦st ③❡r♦ ❜❡t❛ ✇❤✐❧❡ t❤❡ ♦t❤❡r ✸ ♠♦❞❡❧s

❦❡❡♣ ♣r❡❞✐❝t✐♥❣ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❝❧♦s❡ t♦ t❤❡✐r s❛♠♣❧❡ ♠❡❛♥✳ ■♥ ❛ r✐s❦ ♠❛♥❛❣❡♠❡♥t ♣❡rs♣❡❝t✐✈❡✱ ✐❢

t❤❡ ♦❜❥❡❝t✐✈❡ ✐s t♦ ♦✛s❡t t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ HML ❢❛❝t♦r ♦♥t♦ t❤❡ ❇✉s❡q ♣♦rt❢♦❧✐♦✱ t❤❡ ♠❡ss❛❣❡ ❣✐✈❡♥

❜② t❤❡ ❉❈❈ ❞✉r✐♥❣ t❤✐s ♣❡r✐♦❞ ✐s t♦ ❝✉t t❤❡ ❤❡❞❣✐♥❣ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♣♦rt❢♦❧✐♦✱ ✇❤✐❧❡ t❤❡ ♠❡ss❛❣❡

♦❢ t❤❡ ♦t❤❡r t❤r❡❡ ♠♦❞❡❧s ✐s t♦ ❝♦♥t✐♥✉❡ ✇✐t❤ t❤❡ s❛♠❡ r✐s❦ ♠❛♥❛❣❡♠❡♥t ♣♦❧✐❝②✳

❋✐♥❛❧❧②✱ ❢♦r ❡❛❝❤ ♠♦❞❡❧✱ t❤❡ ♣r❡❞✐❝t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛r❡ ✉s❡❞ t♦ ❜✉✐❧❞ ❛ ❤❡❞❣✐♥❣ ♣♦rt❢♦❧✐♦

✉s❡❞ t♦ ✐♠♠✉♥✐③❡ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ❛❣❛✐♥st ❛❧❧ ❢❛❝t♦rs✳ ❚❤❡ r❡t✉r♥s ♦❢ t❤✐s ♣♦rt❢♦❧✐♦ ❛r❡ ❡❛s✐❧②

♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❢♦r❡❝❛st❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✱ ✐✳❡✳✱

Zk,t+1|t = βk,MKT,t+1|tMKTt+1 + βk,SMB,t+1|tSMBt+1 + βk,HML,t+1|tHMLt+1,

✇❤❡r❡ MKTt+1✱ SMBt+1 ❛♥❞ HMLt+1 ❛r❡ t❤❡ r❡❛❧✐③❡❞ ✭♥♦♥✲❞❡♠❡❛♥❡❞✮ ❧♦❣✲r❡t✉r♥s ♦❢ t❤❡ t❤r❡❡
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❢❛❝t♦rs✳ ❊❝♦♥♦♠✐❝❛❧❧②✱ t❤✐s ❤❡❞❣✐♥❣ ♣♦rt❢♦❧✐♦ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ♣♦rt❢♦❧✐♦ ✐♥✈❡st❡❞ ✐♥ t❤❡ r✐s❦ ❢❛❝t♦rs

t❤❛t ♦♣t✐♠❛❧❧② tr❛❝❦s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♥❞✉str② ♣♦rt❢♦❧✐♦ r❡t✉r♥✳ ❚❤❡ t❡r♠ ❤❡❞❣✐♥❣ ♠❡❛♥s t❤❛t

✇❡ ❝❛♥ s❤♦rt s❡❧❧ t❤✐s ♣♦rt❢♦❧✐♦ t♦ ❝♦✈❡r t❤❡ ♠❛✐♥ r✐s❦s ♦❢ ❛ ❣✐✈❡♥ ♣♦rt❢♦❧✐♦✳

❋♦r ❡❛❝❤ ♦❢ t❤❡ ✶✷ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ❛♥❞ t❤❡ ❢♦✉r ❞✐✛❡r❡♥t ❤❡❞❣✐♥❣ ♣♦rt❢♦❧✐♦s✱ ✇❡ ❝♦♠♣✉t❡ t❤❡

r❡❛❧✐③❡❞ tr❛❝❦✐♥❣ ❡rr♦r ❛s ❢♦❧❧♦✇s✿

TEk,t+1 = rk,t+1 − Zk,t+1|t

❛♥❞ s❡❡❦ ❢♦r t❤❡ ♠♦❞❡❧ ✇✐t❤ t❤❡ s♠❛❧❧❡st s❛♠♣❧❡ ♠❡❛♥ sq✉❛r❡ ❡rr♦r ✭▼❙❊✮ ♦r ♠❡❛♥ ❛❜s♦❧✉t❡ ❞❡✈✐❛t✐♦♥

✭▼❆❉✮ ♦✈❡r t❤❡ ✶✱✻✼✽ ✈❛❧✉❡s ♦❢ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r ❜② ♠❡❛♥s ♦❢ t❤❡ ▼♦❞❡❧ ❈♦♥✜❞❡♥❝❡ ❙❡t ♦❢ ❍❛♥s❡♥

❡t ❛❧✳ ✭✷✵✶✶✮✳ ❆ s✐♠✐❧❛r ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ ❜② ❍❛♥s❡♥ ❡t ❛❧✳ ✭✷✵✶✹✮ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❘❡❛❧✐③❡❞

❇❡t❛ ●❆❘❈❍ ♠♦❞❡❧s ❛♥❞ ♠♦r❡ r❡❝❡♥t❧② ❜② ❇♦✉❞t ❡t ❛❧✳ ✭✷✵✶✼✮ ♦♥ t❤❡ ♦♥❡✲st❡♣✲❛❤❡❛❞ ❢♦r❡❝❛sts

♦❢ t❤❡ ❈❤♦❧❈♦✈ ❡st✐♠❛t♦r✳ ❚❤❡ ❋❛♠❛ ❋r❡♥❝❤ t❤r❡❡ ❢❛❝t♦r ♠♦❞❡❧✱ ♣r❡❞✐❝ts t❤❛t t❤❡s❡ ❢❛❝t♦rs ❛r❡

s✉✣❝✐❡♥t t♦ ♣r✐❝❡ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ tr❛❝❦✐♥❣ ❡rr♦r ✐s ❡①♣❡❝t❡❞ t♦ ❤❛✈❡ ❛ ③❡r♦

♠❡❛♥ ✭♦r ③❡r♦ ❛❧♣❤❛✮✳ ❇❡❢♦r❡ r❡♣♦rt✐♥❣ t❤❡ r❡s✉❧ts ♦❢ t❤❡ ▼❈❙ t❡st✱ ✇❡ t❡st t❤❡ ✈❛❧✐❞✐t② ♦❢ t❤✐s

❛ss✉♠♣t✐♦♥ ❢♦r t❤❡ ❢♦✉r ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧ ❜② r❡❣r❡ss✐♥❣ TEk,t+1 ♦♥ ❛ ❝♦♥st❛♥t ✭♦♥ t❤❡ ✇❤♦❧❡ ♦✉t✲

♦❢✲s❛♠♣❧❡ ♣❡r✐♦❞✮✳ ❘♦❜✉st ✭❍❆❈✮ t✲st❛t✐st✐❝s ❢♦r t❤❡ ♥✉❧❧ ❤②♣♦t❤❡s✐s t❤❛t t❤✐s ❝♦♥st❛♥t ✐s ③❡r♦ ❛r❡

r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✹✳ ❘❡s✉❧ts ❛r❡ ✐♥ ❢❛✈♦r ♦❢ t❤✐s ❛ss✉♠♣t✐♦♥ ✐♥ ❛❧❧ ❜✉t ♦♥❡ ❝❛s❡ ❢♦r t❤❡ ❈✲❈❍❆❘✱

❈❍❆❘ ❛♥❞ ❉❈❈✲❉❈❇ ♠♦❞❡❧s ❛♥❞ ❢♦r ✾ ❝❛s❡s ❢♦r t❤❡ ❈❈❈✲❉❈❇✳ ❚❤❡ ♦♥❧② ✐♥❞✉str② ♣♦rt❢♦❧✐♦s ❢♦r

✇❤✐❝❤ t❤✐s ❛ss✉♠♣t✐♦♥ ✐s ✈✐♦❧❛t❡❞ ❛t t❤❡ ✺✪ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ✐s ◆♦❉✉r✳

❚❛❜❧❡ ✺ ❝♦♥t❛✐♥s t❤❡ r❡s✉❧ts ♦❢ t❤❡ ▼❈❙ t❡st ✇✐t❤ ❛ ▼❙❊ ❧♦ss ❢✉♥❝t✐♦♥✱ ✇✐t❤ ❛ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧

♦❢ ✺✪✱ ❛♥❞ ✶✵✱✵✵✵ ❜♦♦tstr❛♣ s❛♠♣❧❡s ✭✇✐t❤ ❛ ❜❧♦❝❦ ❧❡♥❣t❤ ♦❢ ✺ ♦❜s❡r✈❛t✐♦♥s✮✳ ▼♦❞❡❧s ❤✐❣❤❧✐❣❤t❡❞

✇✐t❤ t❤❡ s②♠❜♦❧ X ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♠♦❞❡❧ ❝♦♥✜❞❡♥❝❡ s❡t ✭♦r s❡t ♦❢ s✉♣❡r✐♦r ♠♦❞❡❧s✮✳ ❚❤❡

❈❍❆❘ tr❛❝❦✐♥❣ ♣♦rt❢♦❧✐♦s ❛❧✇❛②s ❜❡❧♦♥❣ t♦ t❤❡ s❡t ♦❢ s✉♣❡r✐♦r ♠♦❞❡❧s ✇❤✐❧❡ t❤❡ ❉❈❈✲❉❈❇ ❛♣♣❡❛rs

✐♥ t❤❡ ▼❈❙ ✐♥ ♦♥❧② ✸ ❝❛s❡s✳✽ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ ❈✲❈❍❆❘ ✐s r❡❥❡❝t❡❞ ✐♥ ❛❧❧ ❜✉t t✇♦ ❝❛s❡s ❢r♦♠ t❤❡

▼❈❙ s✉❣❣❡st✐♥❣ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❝♦♥st❛♥t ❜❡t❛s ❧❡❛❞s t♦ ✐♥❢❡r✐♦r tr❛❝❦✐♥❣ ♣♦rt❢♦❧✐♦s✳ ❚❤❡

❈❈❈✲❉❈❇ ♠♦❞❡❧s ✐s ❛❧s♦ r❡❥❡❝t❡❞ ❢r♦♠ t❤❡ ▼❈❙ ✐♥ ❛❧❧ ❝❛s❡s ❞❡s♣✐t❡ t❤❡ ❢❛❝t t❤❛t ❛❧t❤♦✉❣❤ t❤✐s

♠♦❞❡❧ ✐♠♣♦s❡s t❤❡ ❝♦♥st❛♥❝② ♦❢ t❤❡ ❝♦rr❡❧❛t✐♦♥s ✐t ❛❧❧♦✇s t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s t♦ ❜❡ t✐♠❡✲✈❛r②✐♥❣✳

❱❡r② s✐♠✐❧❛r r❡s✉❧ts ❛r❡ ♦❜t❛✐♥❡❞ ✭❜✉t ♥♦t r❡♣♦rt❡❞ t♦ s❛✈❡ ♣❧❛❝❡✮ ✇✐t❤ ❛ ▼❆❉ ❧♦ss ❢✉♥❝t✐♦♥ ✭t❤❡

♦♥❧② ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ❉❈❈ ♠♦❞❡❧ ❛♣♣❡❛rs ✐♥ t❤❡ ▼❈❙ ✐♥ ♦♥❧② ✷ ❝❛s❡s ✐♥st❡❛❞ ♦❢ ✸✮✳ ❚❤❡ ♠❛✐♥

✽❲❤✐❧❡ s✉♠♠❛r② st❛t✐st✐❝s ♦♥ t❤❡ r❡❛❧✐③❡❞ tr❛❝❦✐♥❣ ❡rr♦rs ❛r❡ ♥♦t r❡♣♦rt❡❞ ✐♥ ❚❛❜❧❡ ✺✱ ✐t ✐s ✇♦rt❤ t♦ ♠❡♥t✐♦♥ t❤❛t

t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❤❛s t❤❡ s♠❛❧❧❡st ▼❙❊ ✭❛♥❞ ▼❆❉✮ ✐♥ ✶✶ ❝❛s❡s✳
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❚❛❜❧❡ ✹✿ ❘♦❜✉st ✭❍❆❈✮ t✲st❛t✐st✐❝ ♦❢ t❤❡ r❡❣r❡ss✐♦♥ ♦❢ t❤❡ tr❛❝❦✐♥❣ ❡rr♦rs ♦♥ ❛ ❝♦♥st❛♥t

❈✲❈❍❆❘ ❈❍❆❘ ❈❈❈ ❉❈❈

❇✉s❊q ✲✶✳✵✷✺ ✲✵✳✹✹✷ ✵✳✶✸✸ ✲✵✳✽✽✾

❈❤❡♠s ✵✳✻✽✸ ✵✳✶✺✵ ✶✳✶✽✼ ✵✳✷✺✷

❉✉r❜❧ ✲✵✳✵✺✾ ✲✵✳✹✵✷ ✲✵✳✶✷✸ ✲✵✳✼✷✵

❊♥r❣② ✲✶✳✶✾✶ ✲✶✳✽✻✺ ✲✵✳✺✷✽ ✲✶✳✻✻✺

❍❧t❤ ✶✳✻✻✹ ✶✳✶✷✸ ✶✳✼✼✼ ✶✳✸✷✺

▼❛♥✉❢ ✲✵✳✶✵✶ ✲✵✳✷✻✾ ✵✳✵✻✹ ✲✵✳✶✾✼

▼♦♥❡② ✲✵✳✻✾✾ ✲✵✳✻✹✽ ✲✵✳✽✸✼ ✲✵✳✺✹✶

◆♦❉✉r ✷✳✼✸✶ ✷✳✶✽✵ ✷✳✾✻✶ ✷✳✸✹✸

❖t❤❡r ✲✵✳✶✾✸ ✲✵✳✹✸✻ ✲✵✳✸✾✹ ✲✵✳✹✶✺

❙❤♦♣s ✶✳✼✹✻ ✶✳✾✹✼ ✷✳✹✹✼ ✶✳✼✻✽

❚❡❧❝♠ ✶✳✸✾✷ ✶✳✻✵✹ ✷✳✷✹✼ ✶✳✽✺✽

❯t✐❧s ✶✳✵✺✸ ✵✳✽✺✽ ✶✳✺✹✾ ✶✳✵✶✵

◆♦t❡✿ ❘♦❜✉st ✭❍❆❈✮ t✲st❛t✐st✐❝s ❢♦r t❤❡ ♥✉❧❧

❤②♣♦t❤❡s✐s t❤❛t t❤❡ ❝♦❡✣❝✐❡♥t ✐♥ t❤❡ r❡❣r❡s✲

s✐♦♥ ♦❢ TEk,t+1 ♦♥ ❛ ❝♦♥st❛♥t ✐s ③❡r♦✳ ❱❛❧✉❡s

✐♥ ❜♦❧❞ ❛r❡ ❣r❡❛t❡r ✭✐♥ ❛❜s♦❧✉t❡ ✈❛❧✉❡✮ t❤❛♥

t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ❛t t❤❡ ✺✪ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧✳

❝♦♥❝❧✉s✐♦♥ ❞r❛✇♥ ❢r♦♠ ❚❛❜❧❡ ✺ ✐s t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ ❢♦r❡❝❛sts ♣r♦❞✉❝❡❞ ❜② t❤❡ ❈❍❆❘ ♠♦❞❡❧

❣✐✈❡ t❤❡ ❜❡st tr❛❝❦✐♥❣ ♣♦rt❢♦❧✐♦s ❛♥❞ t❤❛t t❤❡ ❉❈❈✲❉❈❇ ♠♦❞❡❧ ✐s ♥♦t st❛t✐st✐❝❛❧❧② ✐♥❢❡r✐♦r ✐♥ ✸ ❝❛s❡s

✇❤❡♥ r❡❧②✐♥❣ ♦♥ ❛ ▼❙❊ ❧♦ss ❢✉♥❝t✐♦♥✳

❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ❛r✐s❡s ♦♥ ✇❤❡t❤❡r✱ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ ❢♦r❡❝❛sts ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❧❡❛❞ t♦

♠♦r❡ ♦r ❧❡ss tr❛♥s❛❝t✐♦♥ ❝♦sts t❤❛♥ t❤❡ ❉❈❈✲❉❈❇ ♠♦❞❡❧✳ ❚♦ ❛♥s✇❡r t❤✐s q✉❡st✐♦♥ ❧❡t ∆βk,MKT
=

∑1,678
t=2 |βk,MKT,t+1|t−βk,MKT,t|t−1| ❜❡ t❤❡ s✉♠ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ♣r❡❞✐❝t❡❞

❝♦♥❞✐t✐♦♥❛❧ st♦❝❦ ♠❛r❦❡t ❜❡t❛s ♦❢ t❤❡ k✲t❤ ✐♥❞✉str② ♣♦rt❢♦❧✐♦ ❢♦r ❛ ❣✐✈❡♥ ♠♦❞❡❧✳ ❆ ❤✐❣❤❡r ✈❛❧✉❡ ♦❢

∆βk,MKT
tr❛♥s❧❛t❡s ♥❛t✉r❛❧❧② ✐♥t♦ ♠♦r❡ tr❛♥s❛❝t✐♦♥ ❝♦sts✳ ❈♦❧✉♠♥ ▼❑❚ ✐♥ ❚❛❜❧❡ ✻ ❝♦rr❡s♣♦♥❞s

t♦ t❤❡ r❛t✐♦ ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡ ♦❢ ∆βk,MKT
♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❈❍❆❘ ❛♥❞ t❤❡ ❉❈❈✲❉❈❇ ♠♦❞❡❧s✳

❈♦❧✉♠♥s ❙▼❇ ❛♥❞ ❍▼▲ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ s❛♠❡ r❛t✐♦ ❜✉t ❢♦r t❤❡ ♦t❤❡r t✇♦ ❢❛❝t♦rs✳ ❆ ✈❛❧✉❡ ❝❧♦s❡

✹✹



t♦ ✶ ♠❡❛♥s t❤❛t t❤❡ t✇♦ ♠♦❞❡❧s ❞❡❧✐✈❡r ❡q✉❛❧❧② st❛❜❧❡ ❜❡t❛ ❢♦r❡❝❛sts ✇❤✐❧❡ ❛ ✈❛❧✉❡ s♠❛❧❧❡r ✭r❡s♣✳

❣r❡❛t❡r✮ t❤❛♥ ✶ ♠❡❛♥s t❤❛t t❤❡ ❈❍❆❘ ✭r❡s♣✳ ❉❈❈✲❉❈❇✮ ♠♦❞❡❧ ❞❡❧✐✈❡rs ♠♦r❡ st❛❜❧❡ ❜❡t❛ ❢♦r❡❝❛sts

❛♥❞ t❤❡r❡❢♦r❡ ❧❡ss ✭r❡s♣✳ ♠♦r❡✮ tr❛♥s❛❝t✐♦♥ ❝♦sts✳ ■♥t❡r❡st✐♥❣❧②✱ ❛❧❧ r❛t✐♦s ❛r❡ ✇❡❧❧ ❜❡❧♦✇ ✶ ✭✐✳❡✳✱

❜❡t✇❡❡♥ ❛❜♦✉t ✵✳✸ ❛♥❞ ✵✳✼✮ s✉❣❣❡st✐♥❣ t❤❛t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ ❢♦r❡❝❛sts ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ❛r❡

♠✉❝❤ s♠♦♦t❤❡r t❤❛♥ t❤♦s❡ ♦❢ t❤❡ ❉❈❈✲❉❈❇ ♠♦❞❡❧ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✐♥❞✉❝❡s ♠✉❝❤

❧❡ss tr❛♥s❛❝t✐♦♥ ❝♦sts✳

✼ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ ♠♦❞❡❧ t♦ ❡st✐♠❛t❡ t✐♠❡ s❡r✐❡s r❡❣r❡ss✐♦♥s ✇✐t❤ t✐♠❡✲✈❛r②✐♥❣ ❝♦❡✣❝✐❡♥ts✱

❝❛❧❧❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ✐♥ s♦♠❡ ✜♥❛♥❝✐❛❧ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡ ❈❍❆❘ ♠♦❞❡❧ ✭❢♦r ❈❤♦❧❡s❦②✲●❆❘❈❍

♠♦❞❡❧✮✱ ✐s ✐♥s♣✐r❡❞ ❜② t❤❡ ♠♦❞❡❧ ♦❢ P♦✉r❛❤♠❛❞✐ ✭✶✾✾✾✮✱ ♦r✐❣✐♥❛❧❧② ♣r♦♣♦s❡❞ ✐♥ ❛ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❛t❛

❢r❛♠❡✇♦r❦✳ ❯♥❧✐❦❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥s✱ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ♥❡❡❞ ♥♦t ❜❡ ❝♦♥str❛✐♥❡❞✱ ❡①❝❡♣t ❢♦r

t❤❡ st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ♠❛❦❡s t❤✐s ❛♣♣r♦❛❝❤ ✈❡r② ❛♣♣❡❛❧✐♥❣✳

❖✉r ♠♦❞❡❧ ✐s ✢❡①✐❜❧❡ ❡♥♦✉❣❤ t♦ ❞✐r❡❝t❧② s♣❡❝✐❢② t❤❡ ❞②♥❛♠✐❝s ♦❢ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s ❛♥❞ ✐♠♣♦s❡

t❤❡ ❝♦♥st❛♥❝② ♦❢ s♦♠❡ ♦❢ t❤❡s❡ ❝♦❡✣❝✐❡♥ts✳ ❲❡ st✉❞② s❡✈❡r❛❧ s♣❡❝✐✜❝❛t✐♦♥s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛

❞②♥❛♠✐❝s ❛♥❞ ❞❡r✐✈❡ s♦♠❡ st❛t✐♦♥❛r✐t② ❛♥❞ ✐♥✈❡rt✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥s✳ ❲❡ ❛❧s♦ ♣r♦✈❡ ❝♦♥s✐st❡♥❝② ❛♥❞

❛s②♠♣t♦t✐❝ ♥♦r♠❛❧✐t② ♦❢ t❤❡ ❋✉❧❧ ❛♥❞ ❊q✉❛t✐♦♥✲❜②✲❊q✉❛t✐♦♥ ◗▼▲ ❡st✐♠❛t♦rs✳ ❚❤❡ ✜♥✐t❡ s❛♠♣❧❡

❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ t✇♦ ❡st✐♠❛t♦rs ✐s ❛❧s♦ ♥✉♠❡r✐❝❛❧❧② ✐♥✈❡st✐❣❛t❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ▼♦♥t❡ ❈❛r❧♦ s✐♠✉✲

❧❛t✐♦♥✳

❲❡ ✐❧❧✉str❛t❡ t❤❡ ✉s❡❢✉❧♥❡ss ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✐♥ ❛ ♣♦rt❢♦❧✐♦ ❛♥❞ r✐s❦ ♠❛♥❛❣❡♠❡♥t ❡①❡r❝✐s❡✳ ❲❡

❢♦❧❧♦✇ P❛tt♦♥ ❛♥❞ ❱❡r❛r❞♦ ✭✷✵✶✷✮ ❛♥❞ ❜✉✐❧❞ ❤❡❞❣❡❞ ♣♦rt❢♦❧✐♦s t♦ ♦✛s❡t s♦♠❡ ✉♥✇❛♥t❡❞ ❡①♣♦s✉r❡s t♦

t❤❡ t❤r❡❡ ❢❛❝t♦rs ✐♥tr♦❞✉❝❡❞ ✐♥ ❛♥ ❛ss❡t ♣r✐❝✐♥❣ ❝♦♥t❡①t ❜② ❋❛♠❛ ❛♥❞ ❋r❡♥❝❤ ✭✶✾✾✷✱ ✷✵✵✹✮✳ ❲❡ ✉s❡

❢♦✉r ❞✐✛❡r❡♥t ♠♦❞❡❧s t♦ ❢♦r❡❝❛st ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s✱ ❜✉✐❧❞ tr❛❝❦✐♥❣ ♣♦rt❢♦❧✐♦s ❛♥❞ ❝♦♠♣✉t❡ tr❛❝❦✐♥❣

❡rr♦rs ❜❡t✇❡❡♥ ❢♦r❡❝❛st❡❞ ❛♥❞ r❡❛❧✐③❡❞ ♣♦rt❢♦❧✐♦ r❡t✉r♥s✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✇✐t❤

t✐♠❡✲✈❛r②✐♥❣ ❜❡t❛s ✐s t❤❡ ♦♥❡ tr❛❝❦✐♥❣ t❤❡ ❜❡st t❤❡ ✶✷ ❯❙ ✐♥❞✉str② ♣♦rt❢♦❧✐♦s✳ ■♥❞❡❡❞✱ t❤✐s ♠♦❞❡❧

♦✉t♣❡r❢♦r♠s t❤❡ t❤r❡❡ ❝♦♠♣❡t✐♥❣ ♠♦❞❡❧s ❛♥❞ ❞❡❧✐✈❡rs ♠✉❝❤ s♠♦♦t❤❡r ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛ ❢♦r❡❝❛sts✱

✇❤✐❝❤ tr❛♥s❧❛t❡s ✐♥t♦ s♠❛❧❧❡r tr❛♥s❛❝t✐♦♥ ❝♦sts✳

❲❡ ❧✐♠✐t ♦✉r ✐♥✈❡st✐❣❛t✐♦♥s t♦ ❞②♥❛♠✐❝ s♣❡❝✐✜❝❛t✐♦♥s ♦♥❧② ✐♥✈♦❧✈✐♥❣ ♣❛st s❤♦❝❦s ❛♥❞ ♣❛st ❝♦♥❞✐✲

t✐♦♥❛❧ ❜❡t❛s✳ ❆❞❞✐♥❣ ❡①♦❣❡♥♦✉s ❡①♣❧❛♥❛t♦r② ✈❛r✐❛❜❧❡s ❧✐❦❡ ✐♥ P❛tt♦♥ ❛♥❞ ❱❡r❛r❞♦ ✭✷✵✶✷✮ ✇♦✉❧❞ ❛❧❧♦✇

t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s ✐♥✢✉❡♥❝✐♥❣ ❜❡t❛s ♦✈❡r t✐♠❡✳ ❆s t❤✐s ✇♦✉❧❞ ❝♦♠♣❧✐❝❛t❡ t❤❡ ❞❡r✐✈❛t✐♦♥

✹✺



♦❢ ✐ts st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s✱ ✇❡ ❧❡❛✈❡ t❤✐s ❢♦r ❢✉t✉r❡ ✇♦r❦✳

✽ Pr♦♦❢s

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✶✳ ❋✐rst ♥♦t❡ t❤❛t t❤❡ t♦♣ ▲②❛♣✉♥♦✈ γ0 ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ [−∞,∞) ❜❡❝❛✉s❡

E log+ ‖H1‖ < ∞✳ ❯s✐♥❣ ❇♦✉❣❡r♦❧ ❛♥❞ P✐❝❛r❞ ✭✶✾✾✷❛✮✱ ✐t ✐s s❤♦✇♥ ✐♥ ❋r❛♥❝q ❛♥❞ ❩❛❦♦✐❛♥ ✭✷✵✶✷✮

t❤❛t ✭✷✳✼✮ ❛❞♠✐ts ❛ str✐❝t❧② st❛t✐♦♥❛r② ✭❛♥❞ ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡✮ s♦❧✉t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ γ0 < 0✳ ❆ss✉♠❡

γ0 < 0✳ ❚❤❡ st❛t✐♦♥❛r② ❛♥❞ ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡ s♦❧✉t✐♦♥ ✐s ✉♥✐q✉❡ ❛♥❞ ❡r❣♦❞✐❝✱ ❛♥❞ ✐s ❣✐✈❡♥ ❜② t❤❡

(2q + 1)✲t❤ ❝♦♠♣♦♥❡♥t ♦❢

zt = ht +
∞∑

k=1

(
k−1∏

i=0

Ht−i

)
ht−k. ✭✽✳✶✮

❚❤❡ ♣r♦❝❡ss (v′
t, g

′
t)
′ ✐s t❤❡♥ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✳ ❇② t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ t❤❡ ♣r♦❝❡ss (c0t)t✱

✇❤❡r❡ c0t = c0
(
vt, . . . ,vt−r+1, gt, . . . , gt−r+1

)
✱ ✐s ❛❧s♦ st❛t✐♦♥❛r② ❛♥❞ ❡r❣♦❞✐❝✳ ❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥

ii)✱ ❛ str✐❝t❧② st❛t✐♦♥❛r② ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡ ❛♥❞ ❡r❣♦❞✐❝ s♦❧✉t✐♦♥ t♦ ✭✷✳✽✮ ✭♦r ✭✷✳✾✮✮ ❛♥❞ ✐s ❞❡✜♥❡❞ ❜②

ℓt ✭♦r βt✮ ❡q✉❛❧ t♦

{
Im0 −

s∑

i=1

C0iB
i

}−1

c0,t−1 = c0,t−1 +
∞∑

k=1

Πkc0,t−k−1,

✇❤❡r❡ B ❞❡♥♦t❡s t❤❡ ❇❛❝❦✇❛r❞ ♦♣❡r❛t♦r✳ ❚❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❈❍❆❘ ♠♦❞❡❧ ✐s t❤❡♥ ❞❡✜♥❡❞ ❜②

ǫt = Ltvt✳

▲❡♠♠❛ ✷✳✸ ✐♥ ❇❡r❦❡s✱ ❍♦r✈át❤ ❛♥❞ ❑♦❦♦s③❦❛ ✭✷✵✵✸✮ ✭s❡❡ ❛❧s♦ ❈♦r♦❧❧❛r② ✷✳✸ ✐♥ ❋r❛♥❝q ❛♥❞

❩❛❦♦✐❛♥✱ ✷✵✶✵✮ s❤♦✇s t❤❛t t❤❡ str✐❝t st❛t✐♦♥❛r✐t② ❝♦♥❞✐t✐♦♥ i) ✐♠♣❧✐❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ s0 > 0 s✉❝❤

t❤❛t E‖z1‖s0 < ∞✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ iii) t❤❡♥ ❡♥t❛✐❧s E ‖c01‖2s0 < ∞✳ ❯♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥ ii)✱ ✇❡

❤❛✈❡ ‖Πk‖ ≤ Kρk ❢♦r s♦♠❡ K > 0 ❛♥❞ ρ ∈ [0, 1)✳ ❲❡ t❤✉s ❤❛✈❡ E ‖ℓ1‖s0 < ∞ ❢♦r s♦♠❡ s0 > 0✳ ❇②

t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ‖ǫt‖ ❛♥❞ ‖Σt‖ ❛❞♠✐t ❛ s♠❛❧❧ ♦r❞❡r ♠♦♠❡♥t✳

❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♥♦✇ t❛❦❡ t❤❡ ♠❛tr✐① ♥♦r♠ ❞❡✜♥❡❞ ❜② ‖M‖ =
∑

i,j |mi,j | ❢♦r ❛♥②
♠❛tr✐① M ✇❤♦s❡ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t ✐s mi,j ✳ ◆♦t✐♥❣ t❤❛t ‖A‖‖B‖ = ‖A ⊗B‖ ❛♥❞ ✉s✐♥❣ ❡❧❡♠❡♥t❛r②

♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❑r♦♥❡❦❡r ♣r♦❞✉❝t✱ ✇❡ ♦❜t❛✐♥

E

∥∥∥∥∥

k−1∏

i=0

Ht−iht−k

∥∥∥∥∥

m

= E

∥∥∥∥∥

k−1∏

i=0

H⊗m1
t−i h⊗m1

t−k

∥∥∥∥∥ =
∥∥∥(EH⊗m1

1 )kEh⊗m1
1

∥∥∥ .

❚❤❡r❡❢♦r❡✱ ✉♥❞❡r t❤❡ ❝♦♥❞✐t✐♦♥s ✭✸✳✶✮✱ t❤❡ Lm1✲♥♦r♠ ♦❢ t❤❡ k✲t❤ t❡r♠ ♦❢ t❤❡ s✉♠ ✭✽✳✶✮ ✐s ❜♦✉♥❞❡❞

❜② Kρk✱ ❛♥❞ t❤✉s E ‖zt‖m1 < ∞✱ ✇❤✐❝❤ ❡♥t❛✐❧s E ‖vt‖2m1 < ∞ ❛♥❞ E ‖gt‖m1 < ∞✳ ❯♥❞❡r t❤❡

✹✻



❝♦♥❞✐t✐♦♥ ✐✐✐✮✱ ✇❡ t❤❡♥ ❤❛✈❡ E ‖c0t‖2m1 < ∞✱ ❛♥❞ t❤✉s E ‖ǫ1‖2m1 < ∞ ✉♥❞❡r ✐✐✮✳ ✷

Pr♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✸✳✶✳ ❲❡ ✇r✐t❡ t❤❡ ♣r♦♦❢ ❢♦r ▼♦❞❡❧ ✭✷✳✶✵✮✲✭✷✳✶✶✮✱ t❤❡ ♣r♦♦❢ ❢♦r ▼♦❞❡❧ ✭✷✳✶✷✮✕

✭✷✳✶✸✮ ❜❡✐♥❣ ✐❞❡♥t✐❝❛❧✳ ❯♥❞❡r t❤❡ ❈♦♥❞✐t✐♦♥ ✶✮ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t g1t ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ t❤❛t

v1t =
√
g1tη1t ✐s ❛ st❛t✐♦♥❛r② ●❏❘ ♣r♦❝❡ss✳ ❆ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐st st❛t✐♦♥❛r②✱ ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡

❛♥❞ ❡r❣♦❞✐❝ ♣r♦❝❡ss❡s (v1,t, . . . , vi0−1,t) ❛♥❞ (g1,t, . . . , gi0−1,t) s❛t✐s❢②✐♥❣ ✭✷✳✶✵✮ ❢♦r i < i0 t❤❡♥✱ ❜② t❤❡

❡r❣♦❞✐❝ t❤❡♦r❡♠✱ t❤❡ ♣r♦❝❡ss

zi0,t = ω0i0 + γ0i0+

(
ǫ+1,t−1

)2
+ γ0i0−

(
ǫ−1,t−1

)2
+

i0−1∑

k=2

α
(k)
0i0

v2k,t−1

❛♥❞✱ ✉♥❞❡r ✸✮✱ t❤❡ ♣r♦❝❡ss❡s

βij =
∞∑

ℓ=0

cℓ0ijuij,t−1−ℓ, uij,t = ̟0ij + ς0ij+ǫ
+
1,t−1 + ς0ij−ǫ

−
1,t−1 +

i∑

k=2

τ
(k)
0ij vk,t−1,

❢♦r i < i0 ❛♥❞ (i, j) ∈ Tm ✐♥❤❡r✐t t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ st❛t✐♦♥❛r②✱ ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡ ❛♥❞ ❡r❣♦❞✐❝✳ ❇②

❈❛✉❝❤②✬s r✉❧❡✱ ✉♥❞❡r ❈♦♥❞✐t✐♦♥ ✷✮✱ t❤❡ ♣r♦❝❡ss

gi0,t = zi0,t +
∞∑

ℓ=1

zi0,t−ℓ

ℓ∏

k=1

{
α
(i0)
0i0

η2i0,t−k + b0i0

}

✐s ❛❧s♦ st❛t✐♦♥❛r②✱ ♥♦♥ ❛♥t✐❝✐♣❛t✐✈❡ ❛♥❞ ❡r❣♦❞✐❝✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ str✐❝t❧② st❛t✐♦♥❛r② s♦❧✉t✐♦♥

✐s t❤✉s ♦❜t❛✐♥❡❞ ❜② ♠❛t❤❡♠❛t✐❝❛❧ ✐♥❞✉❝t✐♦♥ ♦♥ i0✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♠♦♠❡♥ts ✐s s❤♦✇♥ ❛s ✐♥

❚❤❡♦r❡♠ ✸✳✶✳ ✷

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳ ❇② ❝♦♠♣❛❝t♥❡ss ♦❢ Θ✱ ✉s✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❲❛❧❞ ✭✶✾✹✾✮✱ t♦ ❡st❛❜❧✐s❤

t❤❡ str♦♥❣ ❝♦♥s✐st❡♥❝② ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❢♦r ❛❧❧ ϑ 6= ϑ0✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦r❤♦♦❞ V (ϑ) ♦❢

ϑ s✉❝❤ t❤❛t

lim inf
n→∞

inf
ϑ∗∈V (ϑ)

Õn(ϑ
∗) > lim

n→∞
Õn(ϑ0), ❛✳s✳ ✭✽✳✷✮

❲❡ ✜rst s❤♦✇ t❤❛t Õn ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② On✱ ✇❤❡r❡

On(ϑ) =
1

n

n∑

t=1

qt(ϑ), qt(ϑ) = ǫ′tB
′
t(ϑ)G

−1
t (ϑ)Bt(ϑ)ǫt +

m∑

i=1

log git(ϑ).

❖♠✐tt✐♥❣ t❤❡ s✉❜s❝r✐♣t ✧(ϑ)✧ ✐♥ t❤❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❤❛✈❡

sup
ϑ∈Θ

|On − Õn| ≤
1

n

n∑

t=1

sup
ϑ∈Θ

∣∣∣ǫ′t
(
BtG

−1
t B′

t − B̃tG̃
−1

t B̃t

)
ǫt

∣∣∣ ✭✽✳✸✮

+
1

n

n∑

t=1

m∑

i=1

sup
ϑ∈Θ

|log git − log g̃it| .

✹✼



◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ BtG
−1
t B′

t − B̃tG̃
−1

t B̃t = At +Bt + Ct✱ ✇✐t❤

At = (Bt − B̃t)G
−1
t B′

t, Bt = B̃tG
−1
t (G̃t −Gt)G̃

−1

t Bt, Ct = B̃tG̃
−1

t (Bt − B̃t).

■♥ t❤❡ s❡q✉❡❧✱ ✇❡ t❛❦❡ t❤❡ s♣❡❝tr❛❧ ♥♦r♠ ❛s ♠❛tr✐① ♥♦r♠ ❛♥❞ t❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ❛s ✈❡❝t♦r ♥♦r♠✳

❯s✐♥❣ ❆✶✲❆✷✱ ✇❡ ♦❜t❛✐♥

1

n

n∑

t=1

sup
ϑ∈Θ

∣∣ǫ′tAtǫt
∣∣ = 1

n

n∑

t=1

sup
ϑ∈Θ

∣∣∣ ❚r
{
(Bt − B̃t)G

−1
t B′

tǫtǫ
′
t

}∣∣∣

≤K
1

n

n∑

t=1

sup
ϑ∈Θ

‖βt − β̃t‖‖g−1
t ‖‖βt‖‖ǫtǫ′t‖ ≤ K

1

n

n∑

t=1

ρt‖ǫtǫ′t‖ sup
ϑ∈Θ

‖βt‖.

▼♦r❡♦✈❡r
∑∞

t=1 ρt‖ǫtǫ′t‖ supϑ∈Θ ‖βt‖ ✐s ✜♥✐t❡ ❛✳s✳ s✐♥❝❡

E

( ∞∑

t=1

ρt
∥∥ǫ′tǫt

∥∥ sup
ϑ∈Θ

‖βt‖
)s0

≤
{
E ‖ǫ1‖6s0

}1/3
{
E

(
sup
ϑ∈Θ

‖β1‖
)3s0

}1/3 ∞∑

t=1

{
Eρ3s0t

}1/3
< ∞

❢♦r s0 s♠❛❧❧ ❡♥♦✉❣❤✱ ❜② ❆✷ ❛♥❞ ❆✸✳ ❚❤❡ s❛♠❡ ❜♦✉♥❞s ❛r❡ ♦❜t❛✐♥❡❞ ✇❤❡♥ At ✐s r❡♣❧❛❝❡❞ ❜② Bt ♦r

Ct✳ ❚❤❡r❡❢♦r❡ t❤❡ ✜rst t❡r♠ ♦❢ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ✭✽✳✸✮ ✐s ♦❢ ♦r❞❡r O(n−1) ❛✳s✳

◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ s❡❝♦♥❞ t❡r♠✳ ❚❤❡ ❡❧❡♠❡♥t❛r② ✐♥❡q✉❛❧✐t② log(x) ≤ x+ 1 ❛♥❞ ❆✶✲❆✷ ❡♥t❛✐❧

sup
ϑ∈Θ

|log git − log g̃it| = sup
ϑ∈Θ

∣∣∣∣log
(
1 +

g̃it − git
git

)∣∣∣∣ ≤ Kρt,

♥♦t✐♥❣ t❤❛t g−1
it ≤ ‖g−1

t ‖✳ ❲❡ t❤✉s ❤❛✈❡ s❤♦✇♥ t❤❛t

sup
ϑ∈Θ

|On(ϑ)− Õn(ϑ)| = O(n−1) ❛✳s✳ ✭✽✳✹✮

❲❡ ♥♦✇ s❤♦✇ t❤❛t Eqt(ϑ) ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ R ∪ {+∞} ❢♦r ❛❧❧ ϑ✱ ❛♥❞ ✐♥ R ❢♦r ϑ = ϑ0✳ ❇② ❆✶

✇❡ ❤❛✈❡

Eq−t (ϑ) ≤
∑m

i=1E log− git(ϑ) < ∞.

❆t ϑ0✱ ❏❡♥s❡♥✬s ✐♥❡q✉❛❧✐t② ❛♥❞ ❆✸ ❡♥t❛✐❧

Eqt(ϑ0) = Eη′
tηt +

m∑

i=1

1

s
E log gsit(ϑ0) < ∞.

❚❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛♥❞ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠ t❤❡♥ ❡♥t❛✐❧ t❤❛t

lim
n→∞

Õn(ϑ0) = lim
n→∞

On(ϑ0) = Eqt(ϑ0).
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❙✐♠✐❧❛r❧②✱ ✭✽✳✹✮ ❛♥❞ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠ ❛♣♣❧✐❡❞ t♦ t❤❡ st❛t✐♦♥❛r② ♣r♦❝❡ss (Xt) ✇✐t❤ Xt =

infϑ∗∈Vm(ϑ) qt(ϑ
∗) s❤♦✇ t❤❛t

lim inf
n→∞

inf
ϑ∗∈Vm(ϑ)

Õn(ϑ
∗) ≥ lim

n→∞
1

n

n∑

t=1

inf
ϑ∗∈Vm(ϑ)

qt(ϑ
∗) = E inf

ϑ∗∈Vm(ϑ)
qt(ϑ

∗),

✇❤❡r❡ Vm(ϑ) ❞❡♥♦t❡s t❤❡ ❜❛❧❧ ♦❢ ❝❡♥t❡r ϑ ❛♥❞ r❛❞✐✉s 1/m✳ ■❢ E|qt(ϑ)| < ∞✱ ❜② ❋❛t♦✉✬s ❧❡♠♠❛ ❛♥❞

❆✺✱ ❢♦r ❛♥② ε > 0 t❤❡r❡ ❡①✐sts m s✉✣❝✐❡♥t❧② ❧❛r❣❡ s✉❝❤ t❤❛t

E inf
ϑ∗∈Vm(ϑ)

qt(ϑ
∗) > Eqt(ϑ)− ε.

■❢ Eq+t (ϑ) = ∞✱ t❤❡♥ t❤❡ ❧❡❢t✲❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ❝❛♥ ❜❡ ♠❛❞❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳

❚♦ s❤♦✇ ✭✽✳✷✮✱ ✐t t❤✉s r❡♠❛✐♥s t♦ s❤♦✇ t❤❛t Eqt(ϑ) ✐s ♠✐♥✐♠✐③❡❞ ❛t ϑ0✳ ❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱

❛ss✉♠❡ t❤❛t Eq+t (ϑ) < ∞✳ ▲❡t λi,t ❜❡ t❤❡ ❡✐❣❡♥✈❛❧✉❡s ♦❢ Σt(ϑ0)Σ
−1
t (ϑ)✱ ✇❤✐❝❤ ❛r❡ ♣♦s✐t✐✈❡✳ ❲❡

❤❛✈❡

Eqt(ϑ)− Eqt(ϑ0) = E log{|Σt(ϑ)Σ
−1
t (ϑ0)|}+ E

(
❚r
{
[Σt(ϑ0)Σ

−1
t (ϑ)− Im]

})

= E

{
m∑

i=1

(λit − 1− log λit)

}
≥ 0,

✇❤❡r❡ t❤❡ ✐♥❡q✉❛❧✐t② ✐s str✐❝t ✉♥❧❡ss ✐❢ λit = 1 ❛✳s✳ ❢♦r ❛❧❧ i✱ t❤❛t ✐s ✐✛ Σt(ϑ) = Σt(ϑ0) ❛✳s✳✱ ✇❤✐❝❤

✐s ❡q✉✐✈❛❧❡♥t t♦ ϑ = ϑ0 ✉♥❞❡r ❆✹✳ ❚❤❡ ❝♦♥s✐st❡♥❝② ❢♦❧❧♦✇s✳

❊❧❡♠❡♥t❛r② ♠❛tr✐① ❞❡r✐✈❛t✐✈❡ ❝♦♠♣✉t❛t✐♦♥s ②✐❡❧❞

∂

∂ϑi
qt(ϑ0) = ❚r

{
(Im − ηtη

′
t)Σ

−1/2
t (ϑ0)

∂Σt(ϑ0)

ϑi
Σ

−1/2′

t (ϑ0)

}

=
∂✈❡❝′Σt(ϑ0)

∂ϑi

{
Σ

−1/2′

t (ϑ0)⊗Σ
−1/2′

t (ϑ0)
}
✈❡❝(Im − ηtη

′
t),

✇❤❡r❡ ✧❚r✧✱ ✧✈❡❝✧ ❛♥❞ ✧⊗✧ ♦❢ ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② t❤❡ tr❛❝❡✱ ✈❡❝ ❛♥❞ ❑r♦♥❡❝❦❡r ♦♣❡r❛t♦rs✳ ❲❡ ❛❧s♦

❤❛✈❡
∂2

∂ϑi∂ϑj
qt(ϑ) =

5∑

i=1

ci,

✹✾



✇✐t❤

c1 = ǫ′tΣ
−1
t (ϑ)

∂Σt(ϑ)

∂ϑi
Σ

−1
t (ϑ)

∂Σt(ϑ)

∂ϑj
Σ

−1
t (ϑ)ǫt,

c2 = ǫ′tΣ
−1
t (ϑ)

∂Σt(ϑ)

∂ϑj
Σ

−1
t (ϑ)

∂Σt(ϑ)

∂ϑi
Σ

−1
t (ϑ)ǫt

c3 = −ǫ′tΣ
−1
t (ϑ)

∂2
Σt(ϑ)

∂ϑi∂ϑj
Σ

−1
t (ϑ)ǫt

c4 = −❚r

(
∂Σt(ϑ)

∂ϑi
Σ

−1
t (ϑ)

∂Σt(ϑ)

∂ϑj
Σ

−1
t (ϑ)

)

c5 = ❚r

(
Σ

−1
t (ϑ)

∂2
Σt(ϑ)

∂ϑi∂ϑj

)
.

❲❡ t❤✉s ❤❛✈❡

E

{
∂2

∂ϑi∂ϑj
qt(ϑ0)

}
= ❚r

(
Σ

−1/2
t (ϑ)

∂Σt(ϑ)

∂ϑi
Σ

−1
t (ϑ)

∂Σt(ϑ)

∂ϑj
Σ

−1/2′

t (ϑ)

)

= ✈❡❝

(
∂Σt(ϑ)

∂ϑi

)′
Σ

−1
t (ϑ)⊗Σ

−1
t (ϑ)✈❡❝

(
∂Σt(ϑ)

∂ϑi

)
,

✉s✐♥❣ ❡❧❡♠❡♥t❛r② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✈❡❝ ❛♥❞ ❑r♦♥❡❝❦❡r ♦♣❡r❛t♦rs ✧✈❡❝✧ ❛♥❞ ✧⊗✧✳ ❇② t❤❡ ❝♦♥s✐st❡♥❝②

❛♥❞ ❆✻✱ ✇❡ ❤❛✈❡ ϑ̂n → ϑ0 ∈ Θ̊✱ ❛♥❞ t❤✉s ❛❧♠♦st s✉r❡❧② ∂
∑n

t=1 q̃t(ϑ̂n)/∂ϑ = 0 ❢♦r n ❧❛r❣❡ ❡♥♦✉❣❤✳

❚❛②❧♦r ❡①♣❛♥s✐♦♥s ❛♥❞ ❆✼✲ ❆✽ t❤✉s s❤♦✇ t❤❛t ❛❧♠♦st s✉r❡❧②

0 =
1√
n

n∑

t=1

∂qt(ϑ0)

∂ϑ
+

(
1

n

n∑

t=1

∂2

∂ϑi∂ϑj
qt(ϑ

∗
ij)

)
√
n
(
ϑ̂n − ϑ0

)
+ oP (1),

✇❤❡r❡ t❤❡ ϑ∗
ij ✬s ❛r❡ ❜❡t✇❡❡♥ ϑ̂n ❛♥❞ ϑ0 ❝♦♠♣♦♥❡♥t✇✐s❡✳ ❚♦ s❤♦✇ t❤❛t t❤❡ ♣r❡✈✐♦✉s ♠❛tr✐① ✐♥t♦

❜r❛❝❦❡ts ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ J ✐t s✉✣❝❡s t♦ ✉s❡ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ t❤❡

❞❡r✐✈❛t✐✈❡s✱ ❛♥❞ t♦ s❤♦✇ t❤❛t

E sup
ϑ∈V (ϑ0)

∣∣∣∣
∂2qt(ϑ)

∂ϑi∂ϑj

∣∣∣∣ < ∞

❢♦r s♦♠❡ ♥❡✐❣❤❜♦r❤♦♦❞ V (ϑ0) ♦❢ ϑ0✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ ❆✼ ❛♥❞ ❆✾✳

■❢ J ✇❛s ♥♦t ✐♥✈❡rt✐❜❧❡✱ t❤❡r❡ ✇♦✉❧❞ ❡①✐st s♦♠❡ ♥♦♥③❡r♦ λ ∈ R
d s✉❝❤ t❤❛t λ′Jλ = 0✳ ❙✐♥❝❡

Σ
−1
t (ϑ0) ⊗ Σ

−1
t (ϑ0) ✐s ❛❧♠♦st s✉r❡❧② ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡✱ t❤✐s ❡♥t❛✐❧s t❤❛t Dtλ = 0 ✇✐t❤ ♣r♦❜❛❜✐❧✐t②

♦♥❡✱ ✇❤✐❝❤ ✐s ❡①❝❧✉❞❡❞ ❜② ❆✶✶✳ ❚❤❡ ❇❛❤❛❞✉r ❧✐♥❡❛r✐③❛t✐♦♥ ✭✹✳✷✮ ❡❛s✐❧② ❢♦❧❧♦✇s✳

■t ✐s ❝❧❡❛r ❢r♦♠ ✭✽✳✶✸✮✱ ❆✶✵ ❛♥❞ ❛❧r❡❛❞② ❣✐✈❡♥ ❛r❣✉♠❡♥ts t❤❛t
{

∂
∂ϑqt(ϑ0)

}
t
✐s ❛ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡

♠❛rt✐♥❣❛❧❡ ❞✐✛❡r❡♥❝❡✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ✐♥ ❇✐❧❧✐♥❣s❧❡②

✭✶✾✻✶✮✳ ✷

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❋✐rst ♥♦t❡ t❤❛t ❈♦r♦❧❧❛r② ✸✳✶ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ |bi| < 1 ✉♥✐❢♦r♠❧② ✐♥ Θ
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❡♥t❛✐❧ t❤❛t ❆✸ ✐s s❛t✐s✜❡❞✳ ◆♦✇ r❡❝❛❧❧ t❤❛t ❇✺ ❡♥t❛✐❧s ✭✹✳✶✸✮✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ vt(ϕ) = Bt(ϕ)ǫt

❛♥❞ ṽt(ϕ) = B̃t(ϕ)ǫt✱ ✇❡ t❤✉s ❤❛✈❡

sup
ϕ∈Θϕ

‖vt(ϕ)− ṽt(ϕ)‖ ≤ Kρt ‖ǫt‖ . ✭✽✳✺✮

❚❤❛♥❦s t♦ t❤❡ ❝♦♥❞✐t✐♦♥ |bi| < 1 ✐♥ ❇✸✱ ♦♥❡ ❝❛♥ t❤❡♥ ❞❡✜♥❡ gt(ϑ) =
(
g1t(ϑ

(+1), . . . , gmt(ϑ
(+m))

)′

❜②

git(ϑ
(+i)) =

∞∑

j=0

bji

{
ωi,t−j−1 +

i∑

k=2

α
(k)
i v2k,t−j−1(ϕ

(+k))

}
.

❖♥❡ ❝❛♥ ❛❧s♦ ❞❡✜♥❡ qt(ϑ) =
∑m

i=1 qit(ϑ
(+i))✱ ✇❤❡r❡ qit(ϑ

(+i)) ✐s ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ṽkt(ϕ
(+i))

❛♥❞ g̃it(ϑ
(+i)) ❜② vkt(ϕ

(+i)) ❛♥❞ git(ϑ
(+i)) ✐♥ q̃it(ϑ

(+i))✳

❯s✐♥❣ ✭✽✳✺✮ ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Θ✱ ✇❡ ❤❛✈❡

∣∣∣git(ϑ(+i))− g̃it(ϑ
(+i))

∣∣∣

=

∣∣∣∣∣

i∑

k=2

α
(k)
i

{
v2k,t−1(ϕ

(+k))− ṽ2k,t−1(ϕ
(+k))

}
+ bi

{
gi,t−1(ϑ

(+i))− g̃i,t−1(ϑ
(+i))

}∣∣∣∣∣

≤Kρt−1 ‖ǫt−1‖ (‖vt−1‖+ ‖ǫt−1‖) + ρ
∣∣∣gi,t−1(ϑ

(+i))− g̃i,t−1(ϑ
(+i))

∣∣∣ .

■t ❢♦❧❧♦✇s t❤❛t

sup
ϑ∈Θ

‖gt(ϑ)− g̃t(ϑ)‖ ≤ Kρt, ρt = ρt
t−1∑

i=1

‖ǫi‖ (‖vi‖+ ‖ǫi‖) .

❋♦r s1 < s0/2 ❛♥❞ s0 < 1 s❛t✐s❢②✐♥❣ ❆✸✱ ✇❡ ❤❛✈❡

∞∑

t=1

{Eρs1t }1/3 ≤
∞∑

t=1

{
tρs1t

(
E‖ǫ1‖2s1 +

√
E‖ǫ1‖2s1E‖v1‖2s1

)}1/3
< ∞.

■t ❢♦❧❧♦✇s t❤❛t ❆✷ ✐s s❛t✐s✜❡❞✳ ❚❤❡ ♣♦s✐t✐✈✐t② ❝♦♥str❛✐♥ts ✐♥ ❇✸ ❡♥t❛✐❧ t❤❛t ❆✶ ❤♦❧❞s tr✉❡✳ ❲❡

t❤❡♥ ♦❜t❛✐♥ t❤❡ ❡q✉❛t✐♦♥ ✭✽✳✹✮ t❤❛t s❤♦✇s t❤❡ ❛s②♠♣t♦t✐❝ ✐rr❡❧❡✈❛♥❝❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s✳ ❯s✐♥❣

t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ ✐t ❢♦❧❧♦✇s t❤❛t Õn(ϑ) ❝♦♥✈❡r❣❡s ❛❧♠♦st s✉r❡❧② t♦ Eqt(ϑ) =
∑m

i=1Eqit(ϑ
(+i))✱

✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✐♥ R ∪ {+∞} ❜❡❝❛✉s❡

inf
ϑ(+i)∈Θ(+i)

git(ϑ
(+i)) > 0 ✭✽✳✻✮

❢r♦♠ ❇✸✳ ❙✐♥❝❡ E‖g1‖s0 < ∞ ❢♦r s♦♠❡ s0 > 0 ❜② ❈♦r♦❧❧❛r② ✸✳✶✱ ✇❡ ❤❛✈❡ E log git(ϑ
(+i)
0 ) < ∞✱ ❛♥❞

✺✶



t❤✉s E
∣∣∣qit(ϑ(+i)

0 )
∣∣∣ < ∞✳ ❲❤❡♥ Eqit(ϑ

(+i)) < ∞✱ ✇❡ ❤❛✈❡

Eqit(ϑ
(+i))− Eqit(ϑ

(+i)
0 ) =E

{
log

git(ϑ
(+i))

git(ϑ
(+i)
0 )

+
git(ϑ

(+i)
0 )

git(ϑ
(+i))

− 1

}
+ E

{
vit(ϕ

(+i))− vit(ϕ
(+i)
0 )

}2

git(ϑ
(+i))

+ 2E
vit(ϕ

(+i)
0 )

{
vit(ϕ

(+i))− vit(ϕ
(+i)
0 )

}

git(ϑ
(+i))

✭✽✳✼✮

✇✐t❤ t❤❡ ❝♦♥✈❡♥t✐♦♥ ϕ(+2) = ϕ(2) ❛♥❞ v1t(ϕ
(+1)) = ǫ1t✳ ❚❤❡ ❧❛st ❡①♣❡❝t❛t✐♦♥ ✐♥ ✭✽✳✼✮ ✐s ❡q✉❛❧ t♦

③❡r♦ ❜❡❝❛✉s❡✱ ✇❤❡♥ i > 1✱

vit(ϕ
(+i))− vit(ϕ

(+i)
0 ) = −

i−1∑

j=1

{
βij,t(ϕ

(+i))− βij,t(ϕ
(+i)
0 )

}
ǫjt ✭✽✳✽✮

✐s ♦rt❤♦❣♦♥❛❧ t♦ vit = vit(ϕ
(+i)
0 )✳ ❇② t❤❡ ✐♥❡q✉❛❧✐t② x − 1 ≥ log x ❢♦r x > 0✱ ✐t ❢♦❧❧♦✇s t❤❛t

Eqit(ϑ
(+i)) ≥ Eqit(ϑ

(+i)
0 ) ✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢

vit(ϕ
(+i)) = vit(ϕ

(+i)
0 ) ❛♥❞ git(ϑ

(+i)) = git(ϑ
(+i)
0 ) ❛✳s✳ ✭✽✳✾✮

■♥ ✈✐❡✇ ♦❢ ✭✷✳✶✵✮ ❛♥❞ ✭✹✳✻✮✱ t❤❡s❡ ❡q✉❛❧✐t✐❡s ❡♥t❛✐❧

0 = ω0i,t−1 − ωi,t−1 +
i∑

k=2

(
α
(k)
0i − α

(k)
i

)
v2k,t−1 + (b0i − bi) gi,t−1.

❲❡ t❤✉s ❤❛✈❡
(
α
(i)
0i − α

(i)
i

)
η2i,t−1 = R

(−i)
t−1 ,

✇❤❡r❡ R
(−i)
t−1 ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ σ✲✜❡❧❞ F (−i)

t−1 ❣❡♥❡r❛t❡❞ ❜② Ft−2

❛♥❞ {ηj,t−1, j 6= i}✳ ■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
(
α
(i)
0i − α

(i)
i

)
η2i,t−1 ❝♦♥❞✐t✐♦♥❛❧❧② t♦ F (−i)

t−1 ✐s

❞❡❣❡♥❡r❛t❡❞✳ ❙✐♥❝❡ η2i,t−1 ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ Ft−2✱ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢
(
α
(i)
0i − α

(i)
i

)
η2i,t−1 ❝♦♥❞✐t✐♦♥❛❧❧②

t♦ {ηj,t−1, j 6= i} ✐s ❞❡❣❡♥❡r❛t❡❞✳ ❇② t❤❡ ✜rst ♣❛rt ♦❢ ❇✷✱ ✐t ❢♦❧❧♦✇s t❤❛t α
(i)
i = α

(i)
0i ✳ ❘❡♣❡❛t✐♥❣ t❤❡

❛r❣✉♠❡♥t✱ ✇❡ s❤♦✇ t❤❛t α
(k)
i = α

(k)
0i ❢♦r k = 2, . . . , i✳ ◆♦✇✱ ♥♦t✐♥❣ t❤❛t

ω0i,t−1 − ωi,t−1 = ω0i − ωi + (γ0i+ − γi+)g1,t−1η
2
1,t−11{η1,t−1>0}

+ (γ0i− − γi−)g1,t−1η
2
1,t−11{η1,t−1<0}

✇❡ ♦❜t❛✐♥

(γ0i+ − γi+)η
2
1,t−11{η1,t−1>0} + (γ0i− − γi−)η

2
1,t−11{η1,t−1<0} = Rt−2,

✺✷



✇❤❡r❡ Rt ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ ♠❡❛s✉r❛❜❧❡ ✇✐t❤ r❡s♣❡❝t t♦ Ft✳ ❆♥ ❡q✉❛t✐♦♥ ♦❢ t❤❡ ❢♦r♠ ax21{x>0}+

b = 0 ❝❛♥♥♦t ❛❞♠✐t t✇♦ ♣♦s✐t✐✈❡ s♦❧✉t✐♦♥s ✇❤❡♥ a 6= 0✳ ❚❤❡r❡❢♦r❡ t❤❡ ❧❛st ♣❛rt ♦❢ ❇✷ ❡♥t❛✐❧s t❤❛t

γ0i+ = γi+ ❛♥❞ γ0i− = γi−✳ ❲❡ t❤❡♥ ♦❜t❛✐♥

0 = ω0i − ωi + (b0i − bi) gi,t−1,

✇❤✐❝❤ ❡♥t❛✐❧s ω0i = ωi ❛♥❞ b0i = bi✱ ✇❤❡♥ gi,t−1 ✐s ♥♦t ❝♦♥st❛♥t ✇✐t❤ ♣r♦❜❛❜✐❧✐t② ♦♥❡ ✭✇❤✐❝❤

✐s ❣✉❛r❛♥t❡❡❞ ❜② ❇✹ ❛♥❞ ❇✷✮✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✭✽✳✾✮ ✐♠♣❧✐❡s θ(i) = θ
(i)
0 ✳ ❲✐t❤♦✉t ❧♦ss ♦❢

❣❡♥❡r❛❧✐t②✱ ❛ss✉♠❡ i > 1✳ ■♥ ✈✐❡✇ ♦❢ ✭✽✳✽✮✱ t❤❡ ✜rst ❡q✉❛❧✐t② ♦❢ ✭✽✳✾✮ ❡♥t❛✐❧s

i−1∑

j=1

{
βij,t(ϕ

(+i))− βij,t(ϕ
(+i)
0 )

}√
gjtηjt = 0 ❛✳s✳

❙✐♥❝❡ t❤❡ ✈❛r✐❛❜❧❡s η1t, . . . , ηi−1,t ❛r❡ ♥♦t ❧✐♥❡❛r❧② ❞❡♣❡♥❞❡♥t✱ ❛♥❞ t❤❡ ✈❛r✐❛❜❧❡s gjt ❛r❡ str✐❝t❧② ♣♦s✐t✐✈❡

✭❜② ❇✷ ❛♥❞ ❇✸✮✱ ✐t ❢♦❧❧♦✇s t❤❛t

βij,t(ϕ
(+i)) = βij,t(ϕ

(+i)
0 ) ❛✳s✳, j = 1, . . . , i− 1. ✭✽✳✶✵✮

❯s✐♥❣ vit(ϕ
(+i)) = vit(ϕ

(+i)
0 ) ✐♥ ✭✽✳✾✮✱ ✭✷✳✶✶✮✱ ✭✹✳✽✮ ❛♥❞ ✭✽✳✶✵✮ ❡♥t❛✐❧s

0 =̟ij −̟0ij + (ςij+ − ς0ij+) ǫ
+
1,t−1 + (ςij− − ς0ij−) ǫ

−
1,t−1

+

i∑

k=2

(
τ
(k)
ij − τ

(k)
0ij

)
vk,t−1 + (cij − c0ij)βij,t−1.

❲❡ t❤✉s ❤❛✈❡
(
τ
(i)
ij − τ

(i)
0ij

)
ηi,t−1 = R

(−i)
t−1 ,

✇❤❡r❡ R
(−i)
t−1 ✐s F (−i)

t−1 ✲♠❡❛s✉r❛❜❧❡✳ ❇✷ t❤❡♥ ❡♥t❛✐❧s τ
(i)
ij = τ

(i)
0ij ✳ ❈♦♥t✐♥✉✐♥❣ ✐♥ t❤✐s ✇❛②✱ ❜② ❇✷ ❛♥❞ ❇✹

✐t ❢♦❧❧♦✇s t❤❛t ϕ(ij) = ϕ
(ij)
0 ✱ ❛♥❞ ✜♥❛❧❧② ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ✭✽✳✾✮ ✐♠♣❧✐❡s ϑ

(i)
0 = ϑ(i)✳ ❚❤❡ r❡♠❛✐♥❞❡r

♦❢ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ϑ̂n t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❛ st❛♥❞❛r❞ ❝♦♠♣❛❝t♥❡ss ❛r❣✉♠❡♥t✱ ❛s ✐♥ t❤❡

♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳

◆♦✇ ✇❡ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ✭✹✳✶✻✮✳ ❲❡ ✜rst s❤♦✇ t❤❛t t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✐♥✐t✐❛❧

✈❛❧✉❡s ❜❡❝♦♠❡s ❛s②♠♣t♦t✐❝❛❧❧② ♥❡❣❧✐❣✐❜❧❡✳ ■♥ ❙❡❝t✐♦♥ ✹✳✶✳✸✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t✱ ✉♥❞❡r ❇✺✱ ❢♦r t ≥ 2

β̃t(ϕ) = w∗
t−1 + St−1β̃t−1(ϕ), βt(ϕ) = w∗

t−1 + St−1βt−1(ϕ),

✇✐t❤ ❛ ✜①❡❞ ✐♥✐t✐❛❧ ✈❛❧✉❡ β̃1(ϕ)✳ ❉❡♥♦t✐♥❣ ❜② ϕk t❤❡ k✲t❤ ❡❧❡♠❡♥t ♦❢ ϕ✱ ✇❡ t❤✉s ❤❛✈❡

∂β̃t(ϕ)

∂ϕk
= w̃

(k)
t−1 + St−1

∂β̃t−1(ϕ)

∂ϕk
,

∂βt(ϕ)

∂ϕk
= w

(k)
t−1 + St−1

∂βt−1(ϕ)

∂ϕk
,

✺✸



✇✐t❤

w̃
(k)
t =

∂w∗
t

∂ϕk
+

∂St

∂ϕk
β̃t(ϕ), w

(k)
t =

∂w∗
t

∂ϕk
+

∂St

∂ϕk
βt(ϕ).

■♥ ✈✐❡✇ ♦❢ ✭✹✳✶✸✮✱ t❤✐s ❡♥t❛✐❧s t❤❛t

sup
ϕ∈Θϕ

∥∥∥w̃(k)
t −w

(k)
t

∥∥∥ ≤ Kρt, sup
ϕ∈Θϕ

∥∥∥∥∥
∂β̃t(ϕ)

∂ϕ′ − ∂βt(ϕ)

∂ϕ′

∥∥∥∥∥ ≤ Kρt,

✇❤❡r❡ ρt ✐s ❛s ✐♥ ❆✷✳ ■t ❢♦❧❧♦✇s t❤❛t

sup
ϑ∈Θ

∥∥∥∥∥
∂On(ϑ)

∂ϑ
− ∂Õn(ϑ)

∂ϑ

∥∥∥∥∥ =O(n−1) ❛✳s✳ ✭✽✳✶✶✮

❇② t❤❡ ❝♦♥s✐st❡♥❝② ❛♥❞ ❆✻✱ ✇❡ t❤✉s ❤❛✈❡

0 =
1√
n

n∑

t=1

∂

∂ϑ
q̃t(ϑ̂n) =

1√
n

n∑

t=1

∂

∂ϑ
qt(ϑ̂n) + oP (1).

❆ ❚❛②❧♦r ❡①♣❛♥s✐♦♥ t❤❡♥ ❣✐✈❡s

oP (1) =
1√
n

n∑

t=1

∂

∂ϑ
qt(ϑ0) +

[
1

n

n∑

t=1

∂2

∂ϑk∂ϑj
qt(ϑkl)

]
√
n
(
ϑ̂n − ϑ0

)
,

✇❤❡r❡✱ ❢♦r t❤❡ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t (k, j) ♦❢ t❤❡ ♠❛tr✐① ✐♥t♦ ❜r❛❝❦❡ts✱ ϑkl ✐s ❜❡t✇❡❡♥ ϑ0 ❛♥❞ ϑ̂n✳ ❖♠✐tt✐♥❣

t❤❡ ❛r❣✉♠❡♥t ✧(ϑ(+i))✧ ✐♥ git(ϑ
(+i)) ❛♥❞ ✧(ϕ(+i))✧ ✐♥ vit(ϕ

(+i))✱ ❢♦r i ≥ 2

∂qit(ϑ
(+i))

∂ϑ(+i)
=

(
1− v2it

git

)
1

git

∂git

∂ϑ(+i)
+ 2

vit√
git

1√
git

∂vit

∂ϑ(+i)
, ✭✽✳✶✷✮

❛♥❞ t❤✉s
∂qit(ϑ

(+i)
0 )

∂ϑ(+i)
=
(
1− η2it

) 1

git

∂git

∂ϑ(+i)
(ϑ

(+i)
0 ) + 2ηit

1√
git

∂vit

∂ϑ(+i)
(ϑ

(+i)
0 ). ✭✽✳✶✸✮

❚♦ ❡st❛❜❧✐s❤ t❤❛t

lim
n→∞

In = I := E
∂qt(ϑ0)

∂ϑ

∂qt(ϑ0)

∂ϑ′ ❛✳s✳,

✐t s✉✣❝❡s t♦ ✉s❡ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ϑ̂n✱ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❊①❡r❝✐s❡ ✼✳✾ ✐♥ ❋r❛♥❝q

❛♥❞ ❩❛❦♦✐❛♥ ✭✷✵✶✵✮✱ ❛♥❞ t♦ s❤♦✇ t❤❛t ❢♦r s♦♠❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (ϑ0) ♦❢ ϑ0

E sup
ϑ∈V (ϑ0)

∥∥∥∥
∂qt(ϑ)

∂ϑ

∂qt(ϑ)

∂ϑ′

∥∥∥∥ < ∞. ✭✽✳✶✹✮

◆♦t❡ t❤❛t ❆✻ ❡♥t❛✐❧s t❤❛t t❤❡ ✜rst i + 3 ❝♦♠♣♦♥❡♥ts ϑ(+i) ∈ V (ϑ
(+i)
0 ) ❛r❡ str✐❝t❧② ♣♦s✐t✐✈❡✱ ❢♦r

❛♥② s✉✣❝✐❡♥t❧② s♠❛❧❧ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (ϑ
(+i)
0 ) ♦❢ ϑ

(+i)
0 ✳ ❇② ❛♥ ❡①t❡♥s✐♦♥ ♦❢ ✭✺✳✷✵✮ ✐♥ ❍❛♠❛❞❡❤ ❛♥❞

❩❛❦♦ï❛♥ ✭✷✵✶✶✮ ❛♥❞ ✭✹✷✮ ✐♥ ❋r❛♥❝q ❛♥❞ ❚❤✐❡✉ ✭✷✵✶✻✮✱ ✇❡ t❤❡♥ ❤❛✈❡

E sup
ϑ(+i)∈V (ϑ

(+i)
0 )

∥∥∥∥∥
1

git

∂git(ϑ
(+i))

∂θ(i)

∥∥∥∥∥

d

< ∞, E sup
ϑ(+i)∈V (ϑ

(+i)
0 )

∥∥∥∥∥
1

git

∂2git(ϑ
(+i))

∂θ(i)∂θ(i)′

∥∥∥∥∥

d

< ∞, ✭✽✳✶✺✮

✺✹



❢♦r ❛♥② ✐♥t❡❣❡r d ❛♥❞ s♦♠❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (ϑ
(+i)
0 ) ♦❢ ϑ

(+i)
0 ✳ ❉❡♥♦t❡ ❜② ϕ

(+i)
j t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢

ϕ(+i)✱ ❢♦r j = 1, . . . , i(i− 1)(2i+ 11)/6✳ ◆♦✇✱ ♥♦t❡ t❤❛t ❢♦r i ≥ 2

∂git(ϑ
(+i))

∂ϕ
(+i)
j

= 2
∞∑

k=0

bki

i∑

ℓ=2

α
(ℓ)
i vℓ,t−k−1

∂vℓ,t−k−1(ϕ
(+ℓ))

∂ϕ
(+i)
j

.

❋♦r ❛❧❧ p1 ≥ 1✱ ✉s✐♥❣ t❤❡ ✐♥❡q✉❛❧✐t② x/(1 + x2) ≤ 1/2 ❢♦r ❛❧❧ x✱ ✇❡ t❤✉s ❤❛✈❡

∥∥∥∥∥
1

git

∂git(ϑ
(+i))

∂ϕ
(i)
j

∥∥∥∥∥
p1

≤2

∞∑

k=0

i∑

ℓ=2

∥∥∥∥∥∥∥

bki α
(ℓ)
i vℓ,t−k−1

∂vℓ,t−k−1(ϕ
(+ℓ))

∂ϕ
(+i)
j

ωi + bki α
(ℓ)
i v2ℓ,t−k−1

∥∥∥∥∥∥∥
p1

≤K

∞∑

k=0

ρk
i∑

ℓ=2

∥∥∥∥∥
∂vℓ,t−k−1(ϕ

(+ℓ))

∂ϕ
(+i)
j

∥∥∥∥∥
p1

.

■♥ ✈✐❡✇ ♦❢ ✭✽✳✶✺✮✱ t❤❡ ✐♥❡q✉❛❧✐t✐❡s ‖vt(ϕ)‖ ≤ ‖Bt(ϕ)‖‖ǫt‖ ❛♥❞ ‖∂vt(ϕ)
∂ϕk

‖ ≤ ‖∂Bt(ϕ)
∂ϕk

‖‖ǫt‖✱ ❛♥❞ ❇✻✱
❢♦r s♦♠❡ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (ϕ0) ♦❢ ϕ0 ✇❡ ❤❛✈❡

E sup
ϕ∈V (ϕ0)

‖vt(ϕ)‖4p1 < ∞, ✭✽✳✶✻✮

E sup
ϕ∈V (ϕ0)

∥∥∥∥
∂vt(ϕ)

∂ϕ

∥∥∥∥
2q1

< ∞,

E sup
ϑ(+i)∈V (ϑ

(+i)
0 )

∥∥∥∥∥
1

git

∂git(ϑ
(+i))

∂ϑ(+i)

∥∥∥∥∥

2q1

< ∞. ✭✽✳✶✼✮

■♥ ✈✐❡✇ ♦❢ ✭✽✳✶✷✮✱ ✇❡ t❤✉s ♦❜t❛✐♥ ✭✽✳✶✹✮ ❢r♦♠ t❤❡ ❍ö❧❞❡r ✐♥❡q✉❛❧✐t②✱ ✭✽✳✻✮ ❛♥❞ ✭✽✳✶✻✮✲✭✽✳✶✼✮✳

❲❡ ♥♦✇ s❤♦✇ t❤❛t I ✐s ✐♥✈❡rt✐❜❧❡✳ ■❢ t❤✐s ✐s ♥♦t t❤❡ ❝❛s❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♥♦♥ ③❡r♦ ✈❡❝t♦r

λ ∈ R
d s✉❝❤ t❤❛t

∑m
i=1 λ

′ ∂qit(ϑ(+i)
0 )

∂ϑ = 0 ❛✳s✳✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

m∑

i=1

(
1− η2it

) 1

git
λ′∂git

∂ϑ
(ϑ

(+i)
0 ) + 2ηit

1√
git

λ′∂vit
∂ϑ

(ϕ
(+i)
0 ) = 0 ❛✳s✳

❇② ❇✷✱ t❤✐s ❡♥t❛✐❧s

λ′∂git
∂ϑ

(ϑ
(+i)
0 ) = 0 ❛♥❞ λ′∂vit

∂ϑ
(ϕ

(+i)
0 ) = 0 ❛✳s✳ ❢♦r i = 1, . . . ,m. ✭✽✳✶✽✮

▲❡t t❤❡ ❡❧✐♠✐♥❛t✐♦♥ ♠❛tr✐❝❡s E0
θ(i) ❛♥❞ E

0
ϕ(ij) ✭✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡ ③❡r♦ ♦r ♦♥❡✮ s✉❝❤ t❤❛t θ(i) = E

0
θ(i)ϑ

❛♥❞ ϕ(ij) = E
0
ϕ(ij)ϑ✳ ▲❡t λ

θ(i) = E
0
θ(i)λ ❛♥❞ λϕ(ij) = E

0
ϕ(ij)λ✳ ❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ ❢r♦♠ ✭✷✳✶✵✮ ✇❡

✺✺



❤❛✈❡

λ′∂git
∂ϑ

(ϑ
(+i)
0 ) =λ′

θ(i)

∂

∂θ(i)

{
ω0i + γ0i+

(
ǫ+1,t−1

)2
+ γ0i−

(
ǫ−1,t−1

)2
+

i∑

k=2

α
(k)
0i v

2
k,t−1(ϕ

(+k)
0 )

}

+ 2

i∑

k=2

α
(k)
0i vk,t−1λ

′∂vk,t−1

∂ϑ
(ϕ

(+k)
0 ) + λ′∂gi,t−1

∂ϑ
(ϑ

(+i)
0 ).

❚❤❡r❡❢♦r❡ ✭✽✳✶✽✮ ❡♥t❛✐❧s

(
1 (ǫ+t−1)

2 (ǫ−t−1)
2 v22,t−1 · · · v2i,t−1 gi,t−1

)
λ
θ(i) = 0.

❚❤❡♥✱ ❛s ✐♥ P❛❣❡ ✶✻✸ ♦❢ ❋r❛♥❝q ❛♥❞ ❩❛❦♦✐❛♥ ✭✷✵✶✵✮✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t ❇✷ ❛♥❞ ❇✹ ✐♠♣❧② t❤❛t

λ
θ(i) = 0✳ ◆♦✇ ♥♦t❡ t❤❛t t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ♦❢ ✭✽✳✶✽✮ ✐♠♣❧✐❡s

0 = λ′
ϕ(ij)

∂vit

∂ϕ(ij)
(ϕ

(+i)
0 ) = −

i−1∑

ℓ=1

ǫℓ,tλ
′
ϕ(ij)

∂βiℓ,t

∂ϕ(ij)
(ϕ

(+i)
0 ).

❲❤❡♥ ℓ 6= j✱ ✇❡ ❤❛✈❡

λ′
ϕ(ij)

∂βiℓ,t

∂ϕ(ij)
(ϕ

(+i)
0 ) =τ

(i)
0iℓλ

′
ϕ(ij)

∂vi,t−1

∂ϕ(ij)
(ϕ

(+i)
0 ) + c0iℓλ

′
ϕ(ij)

∂βiℓ,t−1

∂ϕ(ij)
(ϕ

(+i)
0 )

=c0iℓλ
′
ϕ(ij)

∂βiℓ,t−1

∂ϕ(ij)
(ϕ

(+i)
0 ) = 0

❜② st❛t✐♦♥❛r✐t②✳ ❇② ❇✷✱ ✇❡ t❤✉s ❤❛✈❡

0 = λ′
ϕ(ij)

∂βij,t

∂ϕ(ij)
(ϕ

(+i)
0 ) =

(
1 ǫ+t−1 ǫ

−
t−1 v2,t−1 · · · vi,t−1 βij,t−1

)
λϕ(ij) .

❲❡ t❤❡♥ s❤♦✇ t❤❛t λϕ(ij) = 0 ❢r♦♠ ❇✷ ❛♥❞ ❇✹✳ ❙✐♥❝❡ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛r❡ tr✉❡ ❢♦r ❛❧❧ i ∈
{1, . . . ,m} ❛♥❞ ❛❧❧ (i, j) ∈ Tm✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t λ = 0✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ✐♥✈❡rt✐❜✐❧✐t② ❜②

❝♦♥tr❛❞✐❝t✐♦♥✳

❉✐✛❡r❡♥t✐❛t✐♥❣ ✭✽✳✶✷✮✱ ✇❡ ♦❜t❛✐♥

∂2qit(ϑ
(+i))

∂ϑ(+i)∂ϑ(+i)′
=

(
1− v2it

git

)
1

git

∂2git

∂ϑ(+i)∂ϑ(+i)′
+

(
2v2it
git

− 1

)
1

git

∂git

∂ϑ(+i)

1

git

∂git

∂ϑ(+i)′

+
2

git

∂vit

∂ϑ(+i)

∂vit

∂ϑ(+i)′
+

2vit
git

∂2vit

∂ϑ(+i)∂ϑ(+i)′

− 2vit
git

{
∂vit

∂ϑ(+i)

1

git

∂git

∂ϑ(+i)′
+

1

git

∂git

∂ϑ(+i)

∂vit

∂ϑ(+i)′

}
.

❲❡ t❤✉s ❤❛✈❡

J :=
m∑

i=1

E
∂2qit(ϑ

(+i)
0 )

∂ϑ∂ϑ′ =
m∑

i=1

E
1

git

∂git
∂ϑ

1

git

∂git
∂ϑ′ + 2E

1

git

∂vit
∂ϑ

∂vit
∂ϑ′ .

✺✻



❚❤❡ ✐♥✈❡rt✐❜✐❧✐t② ♦❢ J ❛♥❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ Jn t♦ J ✐s s❤♦✇♥ ❜② ❛❧r❡❛❞② ❣✐✈❡♥ ❛r❣✉♠❡♥ts✳ ❚❤❡

❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r sq✉❛r❡❞ ✐♥t❡❣r❛❜❧❡ ♠❛rt✐♥❣❛❧❡ ❞✐✛❡r❡♥❝❡s✳ ✷

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✸✳ ❚❤❡ ❝♦♥s✐st❡♥❝② ♦❢ ϑ̂
(1)

n ❛♥❞ ϑ̂
(2)

n ✐s ♦❜t❛✐♥❡❞ ❡①❛❝t❧② ❛s t❤❡ ❝♦♥s✐st❡♥❝②

✐♥ ❚❤❡♦r❡♠ ✹✳✷✳ ❲❡ t❤❡♥ ❝♦♥t✐♥✉❡ t❤❡ ♣r♦♦❢ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ i✱ ❛♥❞ ❛ss✉♠❡ t❤❛t ϑ̂
(k)

n → ϑ
(k)
0 ❛✳s✳

❢♦r k = 1, . . . , i− 1✳ ▲❡t V (−i)(ϕ
(−i)
0 ) ❛♥❞ V (i)(ϑ

(i)
0 ) ❜❡ ❛r❜✐tr❛r② ♥❡✐❣❤❜♦✉r❤♦♦❞s ♦❢ ϕ

(−i)
0 ❛♥❞ ϑ

(i)
0 ✱

❛♥❞ ❧❡t

V (+i)(ϑ
(+i)
0 ) = V (i)(ϑ

(i)
0 )× V (−i)(ϕ

(−i)
0 )

❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥❡✐❣❤❜♦✉r❤♦♦❞ ♦❢ ϑ
(+i)
0 ✳ ❋♦r ❛♥② ϑ

(i)
1 6= ϑ

(i)
0 ✱ ❜② ✭✽✳✾✮ ❛♥❞ ❛r❣✉♠❡♥ts ❣✐✈❡♥ ✐♥

t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ t❤❡r❡ ❡①✐sts ❛ ♥❡✐❣❤❜♦✉r❤♦♦❞ V (i)(ϑ
(i)
1 ) ♦❢ ϑ

(i)
1 s✉❝❤ t❤❛t

lim inf
n→∞

1

n

n∑

t=1

inf
ϑ(i)∈V (i)(ϑ

(i)
1 )

qit(ϑ
(i), ϕ̂(−i)

n ) ≥ E inf
ϑ(+i)∈V (i)(ϑ

(i)
1 )×V (−i)(ϕ

(−i)
0 )

qit(ϑ
(+i)) > Eqit(ϑ

(+i)
0 ).

❇② ❝♦♠♣❛❝t♥❡ss ♦❢ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡✱ t❤✐s ❡♥t❛✐❧s t❤❛t✱ ❛s②♠♣t♦t✐❝❛❧❧②✱ ϑ̂
(i)

n ❜❡❧♦♥❣s t♦ V (i)(ϑ
(i)
0 )✱

✇❤✐❝❤ ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❝♦♥s✐st❡♥❝②✳

◆♦✇ ✇❡ s❤♦✇ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ✐♥ ❞✐str✐❜✉t✐♦♥ ✭✹✳✷✵✮✲✭✹✳✷✶✮✳ ❋♦r i = 1✱ t❤❡ r❡s✉❧t ❝♦♠❡s ❢r♦♠

❛❧r❡❛❞② ❦♥♦✇♥ r❡s✉❧ts ♦♥ t❤❡ ◗▼▲❊ ♦❢ ✉♥✐✈❛r✐❛t❡ ❆P❆❘❈❍ ♠♦❞❡❧s ✭s❡❡ ❍❛♠❛❞❡❤ ❛♥❞ ❩❛❦♦ï❛♥✱

✷✵✶✶✮✳ ◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ i = 2 t❤❡ ❊❜❊❊ st✐❧❧ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ♦♥❡✲st❡♣ ◗▼▲❊ ✭s❡❡ ❙✉❜s❡❝t✐♦♥

✹✳✷✮✳ ❚❤❡r❡❢♦r❡ ✭✹✳✷✵✮ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✹✳✷ ❛♣♣❧✐❡❞ ✇✐t❤ m = 2✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ ♣r♦♦❢

♦❢ t❤✐s t❤❡♦r❡♠✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❢♦r j = 2 ♦♥❡ ❤❛s t❤❡ ❇❛❤❛❞✉r r❡♣r❡s❡♥t❛t✐♦♥

√
n


 ϑ̂

(j)

n − ϑ
(j)
0

ϕ̂(−j)
n −ϕ

(−j)
0


 oP (1)

= M (j) 1√
n

n∑

t=1




∂qjt(ϑ
(+j)
0 )

∂ϑ(j)

∂qj−1,t(ϑ
(+(j−1))
0 )

∂ϕ(j−1)

✳✳✳

∂q2t(ϑ
(2)
0 )

∂ϕ(2)




✭✽✳✶✾✮

❢♦r s♦♠❡ ♠❛tr✐① ♦❢ t❤❡ ❢♦r♠

M (j) =


 −

(
J

(j)
ϑ

)−1
−
(
J

(j)
ϑ

)−1
K(j)M

(j)
ϕ−

0 M
(j)
ϕ−


 ,

❛♥❞ t❤❡ ❝♦♥✈❡♥t✐♦♥ M (2) = −
(
J

(2)
ϑ

)−1
✳

❲❡ ♥♦✇ s❤♦✇ ✭✽✳✶✾✮ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ j✱ ❢♦r 3 ≤ j ≤ m✳ ❙✐♠✐❧❛r❧② t♦ ✭✽✳✶✶✮✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

sup
ϑ(+i)∈Θ(+i)

∥∥∥∥∥
∂O

(i)
n (ϑ(+i))

∂ϑ(+i)
− ∂Õ

(i)
n (ϑ(+i))

∂ϑ(+i)

∥∥∥∥∥ =O(n−1) ❛✳s✳ ✭✽✳✷✵✮

✺✼



❲❡ ❤❛✈❡

0 =
1√
n

n∑

t=1

∂

∂ϑ(i)
q̃it(ϑ̂

(i)

n , ϕ̂(−i)
n ) =

1√
n

n∑

t=1

∂

∂ϑ(i)
qit(ϑ̂

(i)

n , ϕ̂(−i)
n ) + oP (1),

✇❤❡r❡ t❤❡ ✜rst ❡q✉❛❧✐t② ❝♦♠❡s ❢r♦♠ ❆✻ ❛♥❞ t❤❡ ❝♦♥s✐st❡♥❝②✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ❢r♦♠ ✭✽✳✷✵✮✳ ❆ ✜rst

❚❛②❧♦r ❡①♣❛♥s✐♦♥ t❤✉s ❣✐✈❡s

oP (1) =
1√
n

n∑

t=1

∂qit(ϑ
(i)
0 , ϕ̂(−i)

n )

∂ϑ(i)
+

[
1

n

n∑

t=1

∂2qit(ϑ
(+i)
kl )

∂ϑ
(i)
k ∂ϑ

(i)
j

]
√
n
(
ϑ̂
(i)

n − ϑ
(i)
0

)
,

✇❤❡r❡✱ ❢♦r t❤❡ ❣❡♥❡r✐❝ ❡❧❡♠❡♥t (k, j) ♦❢ t❤❡ ♠❛tr✐① ✐♥t♦ ❜r❛❝❦❡ts✱ ϑ
(+i)
kl ✐s ❜❡t✇❡❡♥ ϑ

(+i)
0 ❛♥❞ ϑ̂

(+i)

n ✳

❆♥♦t❤❡r ❚❛②❧♦r ❡①♣❛♥s✐♦♥ ②✐❡❧❞s

1√
n

n∑

t=1

∂qit(ϑ
(i)
0 , ϕ̂(−i)

n )

∂ϑ(i)
=

1√
n

n∑

t=1

∂qit(ϑ
(+i)
0 )

∂ϑ(i)
+

[
1

n

n∑

t=1

∂2qit(ϑ
(i)
0 ,ϕ

(−i)
kl )

∂ϑ
(i)
k ∂ϕ

(−i)
j

]
√
n
(
ϕ̂(−i)

n −ϕ
(−i)
0

)
,

✇❤❡r❡ t❤❡ ϕ
(−i)
kl ✬s ❛r❡ ❜❡t✇❡❡♥ ϕ

(−i)
0 ❛♥❞ ϕ̂(−i)

n ✳ ❇② t❤❡ ❛r❣✉♠❡♥ts ✉s❡❞ t♦ ♣r♦✈❡ t❤❛t In ❛♥❞ Jn

❝♦♥✈❡r❣❡ t♦ I ❛♥❞ J ✐♥ ❚❤❡♦r❡♠ ✹✳✷✱ ♦♥❡ ❝❛♥ s❤♦✇ t❤❛t

lim
n→∞

J (i)
n = lim

n→∞

[
1

n

n∑

t=1

∂2qit(ϑ
(+i)
kl )

∂ϑ
(i)
k ∂ϑ

(i)
j

]
= J (i)

❛♥❞

lim
n→∞

K(i)
n = lim

n→∞

[
1

n

n∑

t=1

∂2qit(ϑ
(i)
0 ,ϕ

(−i)
kl )

∂ϑ
(i)
k ∂ϕ

(−i)
j

]
= K(i),

✇❤❡r❡

J (i) = E
1

git

∂git

∂ϑ(i)

1

git

∂git

∂ϑ(i)′
(ϑ

(+i)
0 ) + 2E

1

git

∂vit

∂ϑ(i)

∂vit

∂ϑ(i)′
(ϑ

(+i)
0 )

✐s ❛ ♣♦s✐t✐✈❡ ❞❡✜♥✐t❡ ♠❛tr✐①✱ ❛♥❞

K(i) = E
∂2qit(ϑ

(+i)
0 )

∂ϑ(i)∂ϕ(−i)
.

❲❡ t❤✉s ❤❛✈❡

√
n
(
ϑ̂
(i)

n − ϑ
(i)
0

)
oP (1)
= −

{
J (i)

}−1
{

1√
n

n∑

t=1

∂qit(ϑ
(+i)
0 )

∂ϑ(i)
+K(i)√n

(
ϕ̂(−i)

n −ϕ
(−i)
0

)}
.

❇② ✐♥❞✉❝t✐♦♥✱ ♦♥❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

√
n
(
ϕ̂(−i)

n −ϕ
(−i)
0

)
=

√
n
(
ϕ̂(+(i−1))

n −ϕ
(+(i−1))
0

)
= M

(i)
ϕ−

1√
n

n∑

t=1




∂qi−1,t(ϑ
(+(i−1))
0 )

∂ϕ(i−1)

✳✳✳

∂q2t(ϑ
(2)
0 )

∂ϕ(2)


 ,

✺✽



✇❤✐❝❤ ❤♦❧❞s tr✉❡ ❢♦r i− 1 = 2✳ ■t ❢♦❧❧♦✇s t❤❛t ✭✹✳✷✮ ❤♦❧❞s ❢♦r j = i✳ ❇② ✭✽✳✶✸✮✱ ✇❡ ❤❛✈❡

1√
n

n∑

t=1




∂qjt(ϑ
(+j)
0 )

∂ϑ(j)

∂qi−1,t(ϑ
(+(i−1))
0 )

∂ϕ(i−1)

✳✳✳

∂q2t(ϑ
(2)
0 )

∂ϕ(2)




L→ N
(
0, I(+i)

)
.

❯♥❞❡r ❇✼✱ t❤❡ ♠❛tr✐① I(+i) ✐s ❜❧♦❝❦✲❞✐❛❣♦♥❛❧✱ ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳ ✷

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✹✳ ◆♦t❡ t❤❛t ❆✶ ❢♦❧❧♦✇s ❢r♦♠ ✭✹✳✷✷✮ ❛♥❞ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Θ✳ ❇② ✭✹✳✷✸✮

✇❡ ❤❛✈❡

|git(ϑ)− g̃it(ϑ)| = bi|gi,t−1(ϑ)− g̃i,t−1(ϑ)| ≤ Kρt, |βij,t(ϑ)− β̃ij,t(ϑ)| ≤ Kρt,

t❤✉s ❆✷ ❤♦❧❞s tr✉❡✳ ❚❤❡ cr✲✐♥❡q✉❛❧✐t②✱ E‖ǫt‖s0 < ∞ ❛♥❞ ✭✹✳✷✸✮ ❡♥t❛✐❧ ❆✸✳ ❆ss✉♠♣t✐♦♥ ❆✺ ✐s

♦❜✈✐♦✉s❧② s❛t✐s✜❡❞✳ ❚❤❡ ❡r❣♦❞✐❝✐t② t❤❡♥ ❡♥t❛✐❧s t❤❛t

lim
n→∞

1

n

n∑

t=1

q̃t(ϑ) = Eq1(ϑ) ❛✳s✳, qt(ϑ) =
m∑

i=1

qit

(
ϑ(i)

)
,

✇✐t❤✱ ❢♦r t = 1, . . . , n✱

qit

(
ϑ(i)

)
=

v2it(ϕ
(i))

git

(
θ(i)
) + log git

(
θ(i)
)
,

git

(
θ(i)
)
= ωi +

m∑

k=1

{
α
(k)
i+

(
ǫ+k,t−1

)2
+ α

(k)
i−

(
ǫ−k,t−1

)2}
+ bigi,t−1

(
θ(i)
)
,

vit

(
ϕ(i)

)
= ǫit −

i−1∑

j=1

βij,t(ϕ
(ij))ǫjt,

βij,t

(
ϕ(ij)

)
= ̟ij + τijǫi,t−1ǫj,t−1 + cijβij,t−1

(
ϕ(ij)

)
,

✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥ ϑ = (ϑ(1)′ , . . . ,ϑ(m)′)′✱

ϑ(i) =
(
θ(i)′ ,ϕ(i)′

)′
, θ(i) =

(
ωi, α

(1)
i+ , . . . , α

(m)
i− , bi

)′
, ϕ(i) =

(
ϕ(i1), . . . ,ϕ(i,i−1)

)′
,

ϕ(ij) = (̟ij , τij , cij)
′✱ ❛♥❞ ♦❜✈✐♦✉s ❝♦♥✈❡♥t✐♦♥s✱ s✉❝❤ ❛s v1t

(
ϕ(1)

)
= ǫ1t ♦r ϑ

(1) = θ(1)✳ ❇② ❛♥ ❛❜✉s❡

♦❢ ♥♦t❛t✐♦♥✱ ✇❡ ❛r❡ ♥♦✇ ✇r✐t✐♥❣ ❢♦r ✐♥st❛♥❝❡ βij,t (ϑ) = βij,t
(
ϕ(i)

)
= βij,t

(
ϕ(ij)

)
✳ ❙✐♠✐❧❛r❧② t♦ ✭✽✳✾✮✱

♦♥❡ ❝❛♥ s❤♦✇ t❤❛t Eqit(ϑ
(i)) ≥ Eqit(ϑ

(i)
0 ) ✇✐t❤ ❡q✉❛❧✐t② ✐❢ ❛♥❞ ♦♥❧② ✐❢

vit(ϕ
(i)) = vit(ϕ

(i)
0 ) ❛♥❞ git(θ

(i)) = git(θ
(i)
0 ) ❛✳s✳ ✭✽✳✷✶✮

✺✾



❲✐t❤ t❤❡ ♥♦t❛t✐♦♥ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷ ✱ t❤❡ s❡❝♦♥❞ ❡q✉❛❧✐t② ❡♥t❛✐❧s

(
α
(i)
0i+ − α

(i)
i+

)(
η+i,t−1

)2
+
(
α
(i)
0i− − α

(i)
i−

)(
η−i,t−1

)2
= R

(−i)
t−1 .

❇② ❇✷∗✱ t❤✐s ✐♠♣❧✐❡s α
(i)
0i+ = α

(i)
i+ ❛♥❞ α

(i)
0i− = α

(i)
i−. ❈♦♥t✐♥✉✐♥❣ ✐♥ t❤✐s ✇❛②✱ ✇❡ s❤♦✇ t❤❛t✱ ✉♥❞❡r ❇✷∗

❛♥❞ ❇✹∗✱ t❤❡ r❡❧❛t✐♦♥ git(θ
(i)) = git(θ

(i)
0 ) ❛✳s✳ ❡♥t❛✐❧s θ(i) = θ

(i)
0 ✳ ◆♦✇✱ s✐♠✐❧❛r❧② t♦ ✭✽✳✶✵✮✱ t❤❡ ✜rst

❡q✉❛❧✐t② ♦❢ ✭✽✳✷✶✮ ❡♥t❛✐❧s✱ ❢♦r j = 1, . . . , i− 1✱ βij,t(ϕ
(ij)) = βij,t(ϕ

(ij)
0 ). ❚❤✐s ✐♠♣❧✐❡s

(πij − π0ij)ηi,t−1ηj,t−1 = Rt−2,

✇❤✐❝❤ ❡♥t❛✐❧s πij = π0ij ❜② t❤❡ ❧❛st ♣❛rt ♦❢ ❇✷∗✳ ❈♦♥t✐♥✉✐♥❣ t❤✐s ✇❛②✱ ✇❡ ✜♥❛❧❧② ❝♦♥❝❧✉❞❡ t❤❛t ✭✽✳✷✶✮

✐♠♣❧✐❡s ϑ(i) = ϑ
(i)
0 ✳ ❚❤❡ ❝♦♥s✐st❡♥❝② t❤❡♥ ❢♦❧❧♦✇s ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✳

◆♦✇ ✇❡ t✉r♥ t♦ t❤❡ ❛s②♠♣t♦t✐❝ ❞✐str✐❜✉t✐♦♥✳ ❋✐rst ♥♦t❡ t❤❛t ❆✼ ❛♥❞ ❆✽ ❛r❡ s❛t✐s✜❡❞✱ ✇✐t❤

ρt = ρt✳ ■t ❢♦❧❧♦✇s t❤❛t ✇❡ ❤❛✈❡ ❛ r❡s✉❧t ♦❢ t❤❡ ❢♦r♠ ✭✽✳✶✶✮✱ s❤♦✇✐♥❣ t❤❛t t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❡s ❛r❡

❛s②♠♣t♦t✐❝❛❧❧② ✉♥✐♠♣♦rt❛♥t✳ ◆♦✇✱ s✐♠✐❧❛r❧② t♦ ✭✽✳✶✸✮✱ ✇❡ ❤❛✈❡

∂qit(ϑ
(i)
0 )

∂ϑ(i)
=
(
1− η2it

)



1
git

∂git
∂θ(i) (θ

(i)
0 )

0


+ 2ηit


 0

1√
git

∂vit
∂ϕ(i) (ϕ

(i)
0 )


 .

❲❡ ❛❧s♦ ❤❛✈❡

∂2qit(ϑ
(i))

∂θ(i)∂θ(i)′
=

(
1− v2it

git

)
1

git

∂2git

∂θ(i)∂θ(i)′
+

(
2v2it
git

− 1

)
1

git

∂git

∂θ(i)

1

git

∂git

∂θ(i)′
,

∂2qit(ϑ
(i))

∂θ(i)∂ϕ(i)′
=− 2vit

git

1

git

∂git

∂θ(i)

∂vit

∂ϕ(i)′
,

∂2qit(ϑ
(i))

∂ϕ(i)∂ϕ(i)′
=

2

git

∂vit

∂ϕ(i)

∂vit

∂ϕ(i)′
+

2vit
git

∂2vit

∂ϕ(i)∂ϕ(i)′
.

◆♦t❡ t❤❛t ❢♦r ❛♥② d

E sup
θ(i)∈V (θ

(i)
0 )

∥∥∥∥∥
1

git(θ
(i))

∂git(θ
(i))

∂θ(i)

∥∥∥∥∥

d

< ∞, E sup
θ(i)∈V (θ

(i)
0 )

∥∥∥∥∥
1

git(θ
(i))

∂2git(θ
(i))

∂θ(i)∂θ(i)′

∥∥∥∥∥

d

< ∞

❢♦r s♦♠❡ ♥❡✐❣❤❜♦r❤♦♦❞ V (θ
(i)
0 ) ♦❢ θ

(i)
0 ✭❜② ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ t❤♦s❡ s❤♦✇✐♥❣ ✭✽✳✶✺✮✮✳ ❲r✐t✐♥❣ ❢♦r

✐♥st❛♥❝❡ ✧ϕ(ij) ∈ Θ✧ ✐♥st❡❛❞ ♦❢ ✧ϕ(ij) s✉❝❤ t❤❛t ϑ ∈ Θ✧✱ t❤❡ ❝♦♠♣❛❝t♥❡ss ♦❢ Θ✱ ✭✹✳✷✸✮✱ ❇✸∗ ❛♥❞

❍ö❧❞❡r✬s ✐♥❡q✉❛❧✐t② ❡♥t❛✐❧

E sup
ϑ∈Θ

∥∥∥βij,t(ϕ(ij))
∥∥∥
s0/2

< ∞, E sup
ϑ∈Θ

∥∥∥∥∥
∂βij,t(ϕ

(ij))

∂ϕ(ij)

∥∥∥∥∥

s0/2

< ∞,

✻✵



❛♥❞

E sup
ϑ∈Θ

∣∣∣vit(ϕ(i))
∣∣∣
s0/3

< ∞,

∥∥∥∥∥supϑ∈Θ

∥∥∥∥∥
∂vit(ϕ

(i))

∂ϕ(ij)

∥∥∥∥∥

∥∥∥∥∥
s0/3

=

∥∥∥∥∥|ǫjt| supϑ∈Θ

∥∥∥∥∥
∂βij,t(ϕ

(ij))

∂ϕ(ij)

∥∥∥∥∥

∥∥∥∥∥
s0/3

< ∞.

❲❡ ❛❧s♦ ❤❛✈❡ E supϑ∈Θ

∥∥∥ ∂2vit(ϕ
(i))

∂ϕ(ij)∂ϕ(ij)′

∥∥∥
s0/3

< ∞✳ ❇② t❤❡ ❝❡♥tr❛❧ ❧✐♠✐t t❤❡♦r❡♠ ❢♦r sq✉❛r❡❞ ✐♥t❡❣r❛❜❧❡

♠❛rt✐♥❣❛❧❡ ❞✐✛❡r❡♥❝❡s ❛♥❞ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r❡♠✱ ✇❡ t❤❡♥ ❞❡❞✉❝❡ t❤❛t t❤❡r❡ ❡①✐st ♠❛tr✐❝❡s I ❛♥❞ J

s✉❝❤ t❤❛t
1√
n

n∑

t=1

∂qt(ϑ0)

∂ϑ

L→ N (0, I) ,
1

n

n∑

t=1

∂2qt(ϑ̂n)

∂ϑ∂ϑ′ → J ,

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✳ ❚❤❡ ♠❛tr✐① J ✐s ❜❧♦❝❦✲❞✐❛❣♦♥❛❧✱ ♦❢ t❤❡ ❢♦r♠

J = ❞✐❛❣
(
J

(1)
θ ,J

(2)
θ ,J

(2)
ϕ , . . . ,J

(m)
θ ,J

(m)
ϕ

)

✇✐t❤

J
(i)
θ = E

1

g2it

∂git

∂θ(i)

∂git

∂θ(i)′
(θ

(i)
0 ), J

(i)
ϕ = 2E

1

git

∂vit

∂ϕ(i)

∂vit

∂ϕ(i)′
(ϕ

(i)
0 ).

◆♦t❡ t❤❛t✱ ✇❤❡♥ t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ ηt ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ❛♥❞ s②♠♠❡tr✐❝ ✭♦r ♠♦r❡ ❣❡♥❡r❛❧❧② ✇❤❡♥

Eη2itη
2
jt = 1 ❛♥❞ Eη3it = 0✮✱ t❤❡ ♠❛tr✐① I ✐s ❛❧s♦ ♦❢ t❤❡ ❜❧♦❝❦✲❞✐❛❣♦♥❛❧ ❢♦r♠

I = ❞✐❛❣
(
I
(1)
θ , I

(2)
θ , I

(2)
ϕ , . . . , I

(m)
θ , I

(m)
ϕ

)
, I

(i)
θ = (Eη4it − 1)J

(i)
θ ❛♥❞ I

(i)
ϕ = 2J

(i)
ϕ .

❘❡❢❡r❡♥❝❡s

❆❧❡①❛♥❞❡r✱ ❈✳ ✭✷✵✵✶✮ ❖rt❤♦❣♦♥❛❧ ●❆❘❈❍✳ ■♥ ▼❛st❡r✐♥❣ ❘✐s❦✳ ▼❛st❡r✐♥❣ ❘✐s❦✱ ✷ ✷✶✕✸✽✳

❆❧❡①❛♥❞❡r✱ ❈✳ ❛♥❞ ❈❤✐❜✉♠❜❛✱ ❆✳ ▼✳ ✭✶✾✾✼✮ ▼✉❧t✐✈❛r✐❛t❡ ♦rt❤♦❣♦♥❛❧ ❢❛❝t♦r ●❆❘❈❍✳ ▼✐♠❡♦✿ ❯♥✐✈❡r✲

s✐t② ♦❢ ❙✉ss❡①✱ ❯❑✳

❆♠❛❞♦✱ ❈✳ ❛♥❞ ❚❡räs✈✐rt❛✱ ❚✳ ✭✷✵✶✹✮ ❈♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ♠♦❞❡❧s ♦❢ ❛✉t♦r❡❣r❡ss✐✈❡ ❝♦♥❞✐t✐♦♥❛❧ ❤❡t✲

❡r♦s❝❡❞❛st✐❝✐t② ✇✐t❤ ♥♦♥st❛t✐♦♥❛r② ●❆❘❈❍ ❡q✉❛t✐♦♥s✳ ❏♦✉r♥❛❧ ♦❢ ❇✉s✐♥❡ss ❛♥❞ ❊❝♦♥♦♠✐❝ ❙t❛t✐st✐❝s

✸✷✱ ✻✾✕✽✼✳
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❯❙❆✳
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❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠❡tr✐❝s ✷✶✱ ✼✾✕✶✵✾✳

❇❡r❦❡s✱ ■✳✱ ❍♦r✈át❤✱ ▲✳ ❛♥❞ ❑♦❦♦s③❦❛✱ P✳ ✭✷✵✵✸✮ ●❆❘❈❍ ♣r♦❝❡ss❡s✿ str✉❝t✉r❡ ❛♥❞ ❡st✐♠❛t✐♦♥✳

❇❡r♥♦✉❧❧✐ ✾✱ ✷✵✶✕✷✷✼✳
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♠❛t✐❝❛❧ ❙♦❝✐❡t② ✶✷✱ ✼✽✽✕✼✾✷✳
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❝✉ss✐♦♥ P❛♣❡r ✶✻✲✵✽✷✴■■■
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❇♦❧❧❡rs❧❡✈✱ ❚✳ ✭✶✾✾✵✮ ▼♦❞❡❧❧✐♥❣ t❤❡ ❝♦❤❡r❡♥❝❡ ✐♥ s❤♦rt✲r✉♥ ♥♦♠✐♥❛❧ ❡①❝❤❛♥❣❡ r❛t❡s✿ ❛ ♠✉❧t✐✈❛r✐❛t❡ ❣❡♥❡r✲

❛❧✐③❡❞ ❆❘❈❍ ♠♦❞❡❧✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s ✼✷✱ ✹✾✽✕✺✵✺✳
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❙t❛t✐st✐❝s ✽✱ ✾✸✕✶✶✺✳

❈♦♠t❡✱ ❋✳ ❛♥❞ ▲✐❡❜❡r♠❛♥✱ ❖✳ ✭✷✵✵✸✮ ❆s②♠♣t♦t✐❝ t❤❡♦r② ❢♦r ♠✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♣r♦❝❡ss❡s✳ ❏♦✉r♥❛❧

♦❢ ▼✉❧t✐✈❛r✐❛t❡ ❆♥❛❧②s✐s ✽✹✱ ✻✶✕✽✹✳

❉♦♦r♥✐❦✱ ❏✳ ✭✷✵✶✷✮ ❖❜❥❡❝t✲♦r✐❡♥t❡❞ ♠❛tr✐① ♣r♦❣r❛♠♠✐♥❣ ✉s✐♥❣ ❖①✳ ❚✐♠❜❡r❧❛❦❡ ❈♦♥s✉❧t❛♥ts Pr❡ss✳
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❊♥❣❧❡✱ ❘✳❋✳ ✭✷✵✶✻✮ ❉②♥❛♠✐❝ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝✐❛❧ ❊❝♦♥♦♠❡tr✐❝s ✶✹✱ ✻✹✸✕✻✻✼✳

❋❛♠❛✱ ❊✳ ❛♥❞ ❋r❡♥❝❤✱ ❑✳ ✭✶✾✾✷✮ ❚❤❡ ❝r♦ss✲s❡❝t✐♦♥ ♦❢ ❡①♣❡❝t❡❞ r❡t✉r♥s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✹✼✱ ✹✷✼✕✹✻✺✳

❋❛♠❛✱ ❊✳ ❛♥❞ ❋r❡♥❝❤✱ ❑✳ ✭✷✵✵✹✮ ❚❤❡ ❝❛♣✐t❛❧ ❛ss❡t ♣r✐❝✐♥❣ ♠♦❞❡❧✿ t❤❡♦r② ❛♥❞ ❡✈✐❞❡♥❝❡s✳ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s ✶✽✱ ✷✺✕✹✻✳

❋❛♥✱ ❏✳✱ ❲❛♥❣✱ ▼✳ ❛♥❞ ❨❛♦✱ ◗✳ ✭✷✵✵✽✮ ▼♦❞❡❧❧✐♥❣ ♠✉❧t✐✈❛r✐❛t❡ ✈♦❧❛t✐❧✐t✐❡s ✈✐❛ ❝♦♥❞✐t✐♦♥❛❧❧② ✉♥❝♦rr❡❧❛t❡❞
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❋r❛♥❝q✱ ❈✳ ❛♥❞ ❚❤✐❡✉✱ ▲✳◗✳ ✭✷✵✶✺✮ ◗▼▲ ✐♥❢❡r❡♥❝❡ ❢♦r ✈♦❧❛t✐❧✐t② ♠♦❞❡❧s ✇✐t❤ ❝♦✈❛r✐❛t❡s✳ ▼P❘❆ ♣r❡♣r✐♥t

◆♦✳ ✻✸✶✾✽✳
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♠♦❞❡❧s✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✷✽✱ ✶✼✾✕✷✵✻✳
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❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t② ❇ ✼✽✱ ✻✶✸✕✻✸✺✳
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❛♥❞ t❤❡ ✈♦❧❛t✐❧✐t② ♦❢ t❤❡ ♥♦♠✐♥❛❧ ❡①❝❡ss r❡t✉r♥ ♦♥ st♦❝❦s✳ ❏♦✉r♥❛❧ ♦❢ ❋✐♥❛♥❝❡ ✹✽✱ ✶✼✼✾✕✶✽✵✶✳
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❍❛♥s❡♥✱ P✳❘✳✱ ▲✉♥❞❡✱ ❆✳ ❛♥❞ ❱♦❡✈✱ ❱✳ ✭✷✵✶✹✮ ❘❡❛❧✐③❡❞ ❜❡t❛ ●❆❘❈❍✿ ▼✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧

✇✐t❤ r❡❛❧✐③❡❞ ♠❡❛s✉r❡s ♦❢ ✈♦❧❛t✐❧✐t② ❛♥❞ ❝♦✈♦❧❛t✐❧✐t②✳ ❏♦✉r♥❛❧ ♦❢ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠❡tr✐❝s ✷✾✱ ✼✼✹✕✼✾✾✳

❍❛r✈❡②✱ ❆✳ ✭✷✵✶✸✮✳ ❉②♥❛♠✐❝ ♠♦❞❡❧s ❢♦r ✈♦❧❛t✐❧✐t② ❛♥❞ ❤❡❛✈② t❛✐❧s✿ ❲✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ✜♥❛♥❝✐❛❧ ❛♥❞

❡❝♦♥♦♠✐❝ t✐♠❡ s❡r✐❡s✳ ◆❡✇ ❨♦r❦✿ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✳

❍❡✱ ❈✳ ❛♥❞ ❚❡räs✈✐rt❛✱ ❚✳ ✭✷✵✵✹✮ ❆♥ ❡①t❡♥❞❡❞ ❝♦♥st❛♥t ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥ ●❆❘❈❍ ♠♦❞❡❧ ❛♥❞ ✐ts

❢♦✉rt❤✲♠♦♠❡♥t str✉❝t✉r❡✳ ❊❝♦♥♦♠❡tr✐❝ ❚❤❡♦r② ✷✵✱ ✾✵✹✕✾✷✻✳
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P❡❞❡rs❡♥✱ ❘✳❙✳ ✭✷✵✶✼✮ ■♥❢❡r❡♥❝❡ ❛♥❞ t❡st✐♥❣ ♦♥ t❤❡ ❜♦✉♥❞❛r② ✐♥ ❡①t❡♥❞❡❞ ❝♦♥st❛♥t ❝♦♥❞✐t✐♦♥❛❧ ❝♦rr❡❧❛t✐♦♥

●❆❘❈❍ ♠♦❞❡❧s✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠❡tr✐❝s ✶✾✻✱ ✷✸✕✸✻✳

P♦✉r❛❤♠❛❞✐✱ ▼✳ ✭✶✾✾✾✮ ❏♦✐♥t ♠❡❛♥✲❝♦✈❛r✐❛♥❝❡ ♠♦❞❡❧s ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❛t❛✿ ❯♥❝♦♥✲

str❛✐♥❡❞ ♣❛r❛♠❡tr✐③❛t✐♦♥✳ ❇✐♦♠❡tr✐❦❛ ✽✻✱ ✻✼✼✕✻✾✵✳

❙✐❧✈❡♥♥♦✐♥❡♥✱ ❆✳ ❛♥❞ ❚❡räs✈✐rt❛✱ ❚✳ ✭✷✵✵✾✮ ▼✉❧t✐✈❛r✐❛t❡ ●❆❘❈❍ ♠♦❞❡❧s✳ ❍❛♥❞❜♦♦❦ ♦❢ ❋✐♥❛♥❝✐❛❧ ❚✐♠❡

❙❡r✐❡s ❚✳●✳ ❆♥❞❡rs❡♥✱ ❘✳❆✳ ❉❛✈✐s✱ ❏✲P✳ ❑r❡✐ss ❛♥❞ ❚✳ ▼✐❦♦s❝❤✱ ❡❞s✳ ◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✳

❚s❛②✱ ❘✳ ❙✳ ✭✷✵✶✵✮ ❆♥❛❧②s✐s ♦❢ ✜♥❛♥❝✐❛❧ t✐♠❡ s❡r✐❡s✱ ✸r❞ ❊❞✐t✐♦♥✱ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✳

✈❛♥ ❞❡r ❲❡✐❞❡✱ ❘✳ ✭✷✵✵✷✮ ●❖✲●❆❘❈❍✿ ❛ ♠✉❧t✐✈❛r✐❛t❡ ❣❡♥❡r❛❧✐③❡❞ ♦rt❤♦❣♦♥❛❧ ●❆❘❈❍ ♠♦❞❡❧✳ ❏♦✉r♥❛❧

♦❢ ❆♣♣❧✐❡❞ ❊❝♦♥♦♠❡tr✐❝s ✶✼✱ ✺✹✾✕✺✻✹✳

❲❛❧❞✱ ❆✳ ✭✶✾✹✾✮ ◆♦t❡ ♦♥ t❤❡ ❝♦♥s✐st❡♥❝② ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t❡✳ ❚❤❡ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧

❙t❛t✐st✐❝s ✷✵✱ ✺✾✺✕✻✵✶✳

❲✐♥t❡♥❜❡r❣❡r✱ ❖✳ ✭✷✵✶✸✮✳ ❈♦♥t✐♥✉♦✉s ✐♥✈❡rt✐❜✐❧✐t② ❛♥❞ st❛❜❧❡ ◗▼▲ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❊●❆❘❈❍✭✶✱✶✮

♠♦❞❡❧✳ ❙❝❛♥❞✐♥❛✈✐❛♥ ❏♦✉r♥❛❧ ♦❢ ❙t❛t✐st✐❝s✱ ✹✵✭✹✮✿✽✹✻✕✽✻✼✳

✻✹



❚❛❜❧❡ ✺✿ ❘❡s✉❧ts ♦❢ t❤❡ ▼❈❙ t❡st

❈✲❈❍❆❘ ❈❍❆❘ ❈❈❈ ❉❈❈

❇✉s❊q X

❈❤❡♠s X

❉✉r❜❧ X

❊♥r❣② X X

❍❧t❤ X X

▼❛♥✉❢ X

▼♦♥❡② X X

◆♦❉✉r X

❖t❤❡r X X

❙❤♦♣s X

❚❡❧❝♠ X X

❯t✐❧s X

❚❤❡ t❛❜❧❡ s❤♦✇s t❤❡ ♠♦❞❡❧s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ▼♦❞❡❧

❈♦♥✜❞❡♥❝❡ ❙❡t ✐♥ t❤❡ ❜❡t❛ ❤❡❞❣✐♥❣ ❡①❡r❝✐s❡✳ ▼♦❞✲

❡❧s ❤✐❣❤❧✐❣❤t❡❞ ✇✐t❤ t❤❡ s②♠❜♦❧ X ❛r❡ ❝♦♥t❛✐♥❡❞

✐♥ t❤❡ ♠♦❞❡❧ ❝♦♥✜❞❡♥❝❡ s❡t ✉s✐♥❣ ❛ ▼❙❊ ❧♦ss

❢✉♥❝t✐♦♥✳ ❚❤❡ s✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧ ❢♦r t❤❡ ▼❈❙ ✐s

s❡t t♦ ✺✪✱ ❛♥❞ ✶✵✱✵✵✵ ❜♦♦tstr❛♣ s❛♠♣❧❡s ✭✇✐t❤

❛ ❜❧♦❝❦ ❧❡♥❣t❤ ♦❢ ✺ ♦❜s❡r✈❛t✐♦♥s✮✳ ❚❤❡ tr❛❝❦✐♥❣

❡rr♦r ✐s ❞❡✜♥❡❞ ❛s TEk,t+1 = rk,t+1 − r0,t+1 −
Zk,t+1|t✱ ✇❤❡r❡ Zk,t+1|t = βk,MKT,t+1|tMKTt+1 +

βk,SMB,t+1|tSMBt+1 + βk,HML,t+1|tHMLt+1✳

✻✺



❚❛❜❧❡ ✻✿ ❚r❛♥s❛❝t✐♦♥ ❝♦sts

▼❑❚ ❙▼❇ ❍▼▲

❇✉s❊q ✵✳✸✺✻ ✵✳✸✽✵ ✵✳✸✹✶

❈❤❡♠s ✵✳✸✶✵ ✵✳✷✻✸ ✵✳✸✼✻

❉✉r❜❧ ✵✳✹✶✾ ✵✳✹✻✹ ✵✳✻✾✸

❊♥r❣② ✵✳✸✼✸ ✵✳✸✸✼ ✵✳✹✺✻

❍❧t❤ ✵✳✹✻✶ ✵✳✻✻✼ ✵✳✸✾✼

▼❛♥✉❢ ✵✳✹✹✷ ✵✳✹✵✷ ✵✳✹✸✵

▼♦♥❡② ✵✳✸✾✵ ✵✳✸✾✼ ✵✳✸✻✻

◆♦❉✉r ✵✳✹✶✹ ✵✳✸✽✸ ✵✳✷✾✻

❖t❤❡r ✵✳✷✼✸ ✵✳✸✹✸ ✵✳✸✸✺

❙❤♦♣s ✵✳✸✹✹ ✵✳✷✾✼ ✵✳✸✾✺

❚❡❧❝♠ ✵✳✸✸✹ ✵✳✹✶✹ ✵✳✻✹✵

❯t✐❧s ✵✳✹✻✺ ✵✳✹✵✽ ✵✳✹✸✶

◆♦t❡✿ ❧❡t ∆βk,j
=

∑1,678
t=2 |βk,j,t+1|t − βk,j,t|t−1|

❜❡ t❤❡ s✉♠ ♦❢ t❤❡ ❛❜s♦❧✉t❡

✈❛❧✉❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡

♣r❡❞✐❝t❡❞ ❝♦♥❞✐t✐♦♥❛❧ ❜❡t❛s

❜❡t✇❡❡♥ t❤❡ k✲t❤ ✐♥❞✉str②

♣♦rt❢♦❧✐♦ ❛♥❞ t❤❡ j✲t❤ ✭✇❤❡r❡

j = ▼❑❚✱ ❙▼❇ ❛♥❞ ❍▼▲✮

❢❛❝t♦r ❢♦r ❛ ❣✐✈❡♥ ♠♦❞❡❧✳

❋♦r ❡❛❝❤ ❝♦❧✉♠♥✱ t❤❡ ✜❣✲

✉r❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ r❛t✐♦

❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❡ ♦❢ ∆βk,j

♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❈❍❆❘ ❛♥❞

t❤❡ ❉❈❈✲❉❈❇ ♠♦❞❡❧s✳

✻✻


