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   �  1 - cos is a.k.a. the versed sine: https://en.wikipedia.org/wiki/Versine
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   �  wikipedia is a portal and no source
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   �  https://en.wikipedia.org/wiki/Distance#General_metric

   �  https://en.wikipedia.org/wiki/Norm_(mathematics)#Euclidean_norm
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   �  https://en.wikipedia.org/wiki/United_States_House_of_Representatives_elections,_2016#Results_summary
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   �  https://en.wikipedia.org/wiki/Loosemore%E2%80%93Hanby_index
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   �  https://en.wikipedia.org/wiki/Gallagher_index
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   �  https://en.wikipedia.org/wiki/Angular_distance
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Plot�SineDiagonalID��50, 50�, �t, Ð 
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�ad1 � SineDiagonalID��4, 6�, �5, 5��,

ad2 � SineDiagonalID��9, 1�, �10, 0��, ad1 � ad2� �� N�4.4285, 3.32312, 1.33263�
   �  https://mpra.ub.uni-muenchen.de/81389/ 
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? WebsterSainteLagueID
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Plot�WebsterSainteLagueID��Ð 
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   �  https://en.wikipedia.org/wiki/Webster/Sainte-Lagu%C3%AB_method
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Limit�AitchisonDistance��1 
 t, t�, �t, 1 
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   �  For 3D, the ternary plot reworks the simplex: http://mathworld.wolfram.com/TernaryDiagram.html
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   �  https://en.wikipedia.org/wiki/Apportionment
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   �  http://ima.udg.edu/activitats/codawork05/A_concise_guide_to_compositional_data_analysis.pdf

   �  http://ima.udg.edu/~barcelo/index_archivos/Measures_of_difference__Clustering.pdf
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   �  https://boycottholland.wordpress.com/2017/11/19/karl-pearsons-curious-construction-of-spurious-correlation/
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zero � Table�0, �3��;

ones � Table�1, �3��;

simp � Simplex���1, 0, 0�, �0, 1, 0�, �0, 0, 1���;

lin � Line�� zero, ones ��;

pnt � Point� Closure�ones��;

pnt1 � Point�� cs � �.10, .35, .55�, cls � Closure�cs�, cpo � cls � 1,

lcpotrue � Log�cpo�, lcpo � lcpotrue � Log�2� ��

lin1 � Line��zero, cs, cls, cpo, lcpotrue, lcpo��;

Graphics3D��simp, lin, Red, PointSize�Large�, pnt, Blue, pnt1, lin1 ��

Point���0.1, 0.35, 0.55�, �0.1, 0.35, 0.55�, �1.1, 1.35, 1.55�,�0.0953102, 0.300105, 0.438255�, �0.137504, 0.432959, 0.632268���

��
�����
��
���������(
����
���
�������

!����'��	
��
����
��
9�������
����(
'
��
��
���������(
����
���
��������
H
���
�����


��
9�������
����������
��
��
����������
����
����
���
��
�����
'�����
9�������
�����


? ImprodLCPO

/�����;�BC�G( �� ������ �� 9������� ��������� �� �� �'� ;�	������������ � ��

ImprodLCPO��a, b, c�, �d, e, f��

Log1 � a

a�b�c Log1 � d

d�e�f
Log�2�2 � Log1 � b

a�b�c Log1 � e

d�e�f
Log�2�2 � Log1 � c

a�b�c Log1 � f

d�e�f
Log�2�2
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? NormLCPO

D���;�BC�G� ������ �� 9������� D��� �� ;�	��������G� � ��

NormLCPO��a, b, c��

Log1 � a

a�b�c2
Log�2�2 � Log1 � b

a�b�c2
Log�2�2 � Log1 � c

a�b�c2
Log�2�2

? DistanceLCPO

�������;�BC�G( �� 	��� �� 9������� ������� "�'� �� �'� ;�	������������ � ��

DistanceLCPO��a, b, c�, �d, e, f��

 Log1 � a

a�b�c
Log�2� � Log1 � d

d�e�f
Log�2�

2 �
Log1 � b

a�b�c
Log�2� � Log1 � e

d�e�f
Log�2�

2 � Log1 � c

a�b�c
Log�2� � Log1 � f

d�e�f
Log�2�

2
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DistanceLCPO�seats, votes� �� N

0.0796768
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Total�Abs�Closure�seats� 
 Closure�votes��� � 2 �� N

0.0628834

C��
������
�����
��
J%(
PL�

AbsLoosemoreHanbyID�votes, seats� �� N

0.628834

   �  https://en.wikipedia.org/wiki/Loosemore%E2%80%93Hanby_index
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? CenteredLogRatio

�����;�	*�����G� 	��� ;�	�G � :������?���G��� ���� ������ � ������� ��� ����� G

CenteredLogRatio�UnAit�7���0, 0, 0, 0, 0, 0, 0�
��
	������
���
��
����
������
���
�������
�������
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votes2 � Closure�votes� �� N;

seats2 � Closure�seats � �0, 
1, 1�� �� N;

N�CenteredLogRatio �� �seats2, votes2����1.68503, 1.89781, �3.58283�, �0.933053, 0.955419, �1.88847��
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������1

CenteredLogRatio��x, y, z�� 	 CenteredLogRatio� Λ �x, y, z��

Log x

�x y z	1�3 , Log y

�x y z	1�3 , Log z

�x y z	1�3  �
Log x Λ

x y z Λ31�3 , Log y Λ
x y z Λ31�3 , Log z Λ

x y z Λ31�3 
� �. Log�x�� � Log�PowerExpand�x��

True

H��
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N�CenteredLogRatio �� �seats2, votes����1.68503, 1.89781, �3.58283�, �0.933053, 0.955419, �1.88847��
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ParametricPlot3D�z � 1 
 x 
 y; If�z � 0, �x, y, z� � �x y z�^�1 � 3��,

�x, 0, 1�, �y, 0, 1�, AspectRatio � 1, ViewPoint � Right�

ParametricPlot3D�z � 1 
 x 
 y; If�z � 0, Log��x, y, z� � �x y z�^�1 � 3���,

�x, 0, 1�, �y, 0, 1�, AspectRatio � 1, PlotRange � All�
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? AitchisonImproduct

���������/���������G( �� 	��� �����;�	*�����G� � �����;�	*�������

AitchisonImproduct��a, b, c�, �d, e, f��

Log a

�a b c	1�3  Log d

�d e f	1�3  �
Log b

�a b c	1�3  Log e

�d e f	1�3  � Log c

�a b c	1�3  Log f

�d e f	1�3 
AitchisonImproduct�seats2, votes2� �� N

10.1515
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AitchisonImproduct�seats2, votes� �� N

10.1515

? AitchisonNorm

���������D����G� 	��� 7�������������/���������G( G��

AitchisonNorm�UnAit���

0

AitchisonNorm��a, b, c��

Log a

�a b c	1�3 
2 � Log b

�a b c	1�3 
2 � Log c

�a b c	1�3 
2

AitchisonNorm �� �seats2, votes2� �� N�4.39063, 2.31295�
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? AitchisonDistance

�����������������G( �� 	��� D���������;�	*�����G�

� �����;�	*�������� � D���������;�	*�����G����'���� ��

���������D����G � ��'���� �� ���� ���������D����*��������G( 7�������( �����

AitchisonDistance��a, b, c�, �d, e, f��

Log a

d  a b c

d e f
1�3 

2 � Log b

e  a b c

d e f
1�3 

2 � Log c

 a b c

d e f
1�3 f

2
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AitchisonDistance��a, b, c� � �d, e, f�, �1, 1, 1��

Log a

d  a b c

d e f
1�3 

2 � Log b

e  a b c

d e f
1�3 

2 � Log c

 a b c

d e f
1�3 f

2

AitchisonDistance�seats2, votes2� �� N

2.07952
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AitchisonDistance�seats2 � votes2, �1, 1, 1�� �� N

2.07952
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? Reportion

*��������G( �� 	��� �������G ��� ��2��� �����"�����

�� ;�	������������� ���� ������ ���� G ��� � �� ������ �� ������

Reportion��a, b, c� , �d, e, f��

 a d

a d � b e � c f
,

b e

a d � b e � c f
,

c f

a d � b e � c f
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? Stretch

7�������( �� 	��� ��������W��� ��2��� ��'��

���� ������ ���� � �� � ��� ���"� ��� ���� � �� � ����� �� ������

Stretch��a, b, c�, p�

 ap

ap � bp � cp
,

bp

ap � bp � cp
,

cp

ap � bp � cp


Stretch��a, b, c�, 
1�

 1

a  1

a
� 1

b
� 1

c
 ,
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? AitchisonDistance

�����������������G( �� 	��� D���������;�	*�����G� � �����;�	*��������'����

�� ���������D����G � ��'���� �� ���� ���������D����*��������G( 7�������( �����

AitchisonDistance�seats2, votes2�

2.07952

AitchisonNorm�Reportion�seats2, Stretch�votes2, 
1���

2.07952
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   �  Use of the angular distance measure and its transform for voting data: https://mpra.ub.uni-muenchen.de/81389/ 
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factor � �6, 14�; AngularID�factor �49, 51�, factor �51, 49�� �� N
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   �  http://ima.udg.edu/~barcelo/index_archivos/Measures_of_difference__Clustering.pdf
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x1 � �.1, .2, .7�; s1 � Drop�x1, 
1�;

x2 � �.2, .1, .7�; s2 � Drop�x2, 
1�;
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   �  http://ima.udg.edu/activitats/codawork05/A_concise_guide_to_compositional_data_analysis.pdf
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   �  http://ima.udg.edu/~barcelo/index_archivos/Measures_of_difference__Clustering.pdf

   �  https://link.springer.com/article/10.1007/BF00893217
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Graphics��lin1, lin2, unitcircle, Thick, Arrowheads�.1�, Blue, arpat,

arpbt , Red, arpanorm, arpbnorm�, Axes � True, AspectRatio � Automatic�

0.5 1.0 1.5 2.0 2.5 3.0

1

2

3

4

�����������
��
����
���
����

/�
'
'����
'��2
'���
�����"��
+�����
��
����������
��
GYY
6
7���J������J+LL
���
��
7���
����


��
����
����
��
���	����
����
��
��	�
"�'�
+����
��������
����
��
��	�
"�'�
+YY
���


�YY�
����
��
D���J+YY
+
�?YL
'����
�����
"
��
�����G�������
��
��
��	�
"�'�
+??����
�??�

������
���
��������
���

��2
���
G����
��
$%�<
0����1
�������
���
��
87
)���
��
*����������
�	����

votes � �rep � 63173 815, dem � 61 776554, 128627 010 
 rep 
 dem�;

seats � �241, 194, 0�;

�vts � Closure�votes�, sts � Closure�seats�� �� N��0.49114, 0.480277, 0.0285837�, �0.554023, 0.445977, 0.��
   �  https://en.wikipedia.org/wiki/United_States_House_of_Representatives_elections,_2016#Results_summary
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VectorAngle�votes, seats� �� N

0.105005
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�vhyp, shyp� � Sqrt��vts, sts�� �� N��0.700814, 0.69302, 0.169067�, �0.744327, 0.667815, 0.��
��
�����G�������
"�
��
D���
��
����2�"��
����
��
��
���
��	�
"�'�
���
�����"���

�VectorAngle�vhyp, shyp�, Norm�vhyp 
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   �  https://pdfs.semanticscholar.org/67e5/fa4a7cc9c833109722eed64fc3611c4e15f4.pdf
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   �  Website: http://www.compositionaldata.com/
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   �  https://www.irishtimes.com/news/world/europe/corruption-sentence-hits-catalonia-s-dominant-nationalist-party-1.3356372
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   �  January 15 2018: https://en.wikipedia.org/wiki/Catalan_regional_election,_2017#Results

data � ��"Names", "Labels", "Votes", "Seats", "1 � Independence"�,

�"Citizens–Party of the Citizenry", Cs, 1109 732, 36, 0�,

�"Together for Catalonia", JuntsxCat, 948233, 34, 1�,

�"Republican Left–Catalonia Yes", ERC�CatSí, 935861, 32, 1�,

�"Socialists' Party of Catalonia", PSC�PSOE, 606659, 17, 0�,

�"Catalonia in Common–We Can", CatComú�Podem, 326360, 8, 0�,

�"Popular Unity Candidacy", CUP, 195246, 4, 1�,

�"People's Party", PP, 185670, 4, 0�,

�"Other, Blank, Invalid", Other, 49607 � 19431 � 16092, 0, 0��;
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data �� MatrixForm

Names Labels Votes Seats 1 � Independence

Citizens–Party of the Citizenry Cs 1109 732 36 0

Together for Catalonia JuntsxCat 948233 34 1

Republican Left–Catalonia Yes ERC�CatSí 935861 32 1

Socialists' Party of Catalonia PSC�PSOE 606659 17 0

Catalonia in Common–We Can CatComú�Podem 326360 8 0

Popular Unity Candidacy CUP 195246 4 1

People's Party PP 185670 4 0

Other, Blank, Invalid Other 85130 0 0

�names, labels, votes, seats, indep� � Transpose�Rest�data��;
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sts � UnitÐ�seats� �� N�2.5262, 2.15856, 2.1304, 1.381, 0.742928, 0.444459, 0.42266, 0.19379�
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�AngularID�vts, sts�, AngularPolicyDistance�vts, sts, indep���0.680163, 1.24041�
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   �  Use of the angular distance measure for voting data: https://mpra.ub.uni-muenchen.de/81389/ 

   �  Discussion of electoral systems: https://mpra.ub.uni-muenchen.de/82513/

   �  The policy distance: https://www.wolframcloud.com/objects/thomas-cool/Voting/2018-02-02-PolicyDistance.nb

   �  Aitchison 134 pages: http://ima.udg.edu/activitats/codawork05/A_concise_guide_to_compositional_data_analysis.pdf

   �  Sheets: https://laboratoriomatematicas.uniandes.edu.co/cursocoda/04-Vera-geometry.pdf 

   �  Nutshell: http://www.sediment.uni-goettingen.de/staff/tolosana/extra/CoDaNutshell.pdf

   �  Summary text on closure: http://slon.diamo.cz/hpvt/2011/_Mat/M%2002.pdf

   �  Different measures (including angular): http://ima.udg.edu/~barcelo/index_archivos/Measures_of_difference__Clustering.pdf

   �  Use of the geometric mean in the Aitchison improduct: http://kma.upol.cz/data/xinha/ULOZISTE/ActaMath/0708.pdf 

   �  Website: http://www.compositionaldata.com/

   �  More involved math of Aitchison’s approach to compositional data: http://dx.doi.org/10.17713/ajs.v45i4.142

   �  Wikipedia, a portal and no source: https://en.wikipedia.org/wiki/Compositional_data

   �  https://en.wikibooks.org/wiki/Why,_and_How,_Should_Geologists_Use_Compositional_Data_Analysis 

   �  Voting but no use of distance: https://gking.harvard.edu/files/gking/files/multiparty.pdf

   �  PM. Aitchison & Brown (1957), The lognormal distribution, CUP
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