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Abstract

This paper provides a simple characterization of potential games in terms of path indepen-
dence. Using this characterization we propose an algorithm to determine if a finite game
is potential or not. We define the storage requirement for our algorithm and provide its
upper bound. The number of equations required in this algorithm is lower or equal to the
number obtained in the algorithms proposed in the recent literature. We also show that
for games with same numbers of players and strategy profiles, the number of equations for
our algorithm is maximum when all players have the same number of strategies. To obtain
our results, the key technique of this paper is to identify an associated Poisson’s binomial
distribution. This distribution enables us to derive explicit forms of the number of equations,
storage requirement and related aspects.
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1 Introduction

A potential of a game is a function of its strategy profiles such that if a profile is obtained
from another through a unilateral deviation by one player, the difference in the potential
between these profiles equals the gain in payoff of the deviating player. If a game admits
a potential, it is called a potential game. Introduced by Monderer and Shapley (1996),
potential games have been applied to study diverse issues such as coordination (Anderson et
al., 2001; Bramoullé, 2007), congestion (Chien and Sinclair, 2011), networks (Roughgarden
and Tardos, 2002; Bramoullé et al. 2014), consensus problems (Marden et al., 2009) and
wireless systems like cognitive radio (Neel et al., 2004; Ellingsaeter et al., 2012).

This paper provides a simple characterization of potential games and proposes an algo-
rithm to determine whether a finite game is potential or not. The key technique of this
paper is to use properties of a statistical distribution, which enables us to get explicit forms
of number of equations of our algorithm, as well as comparable algorithms from the recent
literature.

Consider any game with a finite number n players, each having finitely many strategies.
For every player, we denote one of its strategy as the “zero strategy” and call the rest
“positive strategies”. Corresponding to any such game, there is an associated Poisson’s
binomial distribution (the distribution that corresponds to the number of successes in n
independent but not necessarily identical Bernoulli trials), where the probability of success
in the ¢-th trial is the proportion of positive strategies of player i.

A strategy profile s is called a predecessor of a profile s if s is obtained from s via
a unilateral deviation of a player from its zero strategy to some positive strategy. We
construct a weighted directed graph from the game, whose vertices are the strategy profiles.
The profile z with all zero strategies act as the origin. For any predecessor-successor pair
(s, ), a directed edge is drawn from 5 to s and the weight assigned to this edge is the gain
in payoff of the corresponding deviating player. The length of any directed path in this
graph is the sum of weights of all edges that appear in the path. For any profile s, the path
independence property holds if all paths from the origin z to s have the same length. We
show that a game admits a potential if and only if the path independence property holds for
all vertices of its associated graph (Theorem 1).

Based on the characterization above, we construct an algorithm to determine whether a
game is potential or not. Using the expectation and success probabilities of the associated
Poisson’s binomial distribution, the number of equations required for this algorithm can be
explicitly stated (Theorem 2).

Among the papers of the existing literature, Sandholm (2010), Hino (2011) and Cheng
et al. (2016) are closely related to our work. Using the dimensions of subspaces of different
classes of games, Cheng et al. (2016) find the same number of equations as our algorithm
to detect a potential game. Using a similar reasoning Sandholm (2010) also finds the same
number in the special case where all players in a game have the same number of strategies.
Our key point of distinction with the existing literature is the method of using the properties
of the associated Poisson’s binomial distribution. Hino (2011) proposes an alternative algo-
rithm,! but does not give an explicit form of its number of equations. Using the Poisson’s

'In the special case when all players have the same number of strategies, the number of equations in the
algorithm of Hino (2011) coincides with the number obtained in Theorem 3.5 of Sandholm (2010).



binomial distribution, we determine the number of equations in Hino’s algorithm and show
that it is always at least as large as the number of equations required in our algorithm.
Furthermore, for games in which there are at least three players with two or more strategies,
our algorithm results in lower number of equations (Corollary 1).

The existing literature (e.g., Sandholm, 2010; Hino 2011) discusses two measures to
determine computational burden for an algorithm: (i) the number of equations needed for
its execution and (ii) its storage requirement. However, the literature does not have a
precise definition of storage requirement. We give a definition of storage requirement for our
algorithm and find its upper bound. To define storage requirement we note that four types
of objects are needed to execute our algorithm: vertices, weights associated with vertices,
edges and weights associated with edges. The storage required at any step of the algorithm is
simply the total number of objects at that step. The storage requirement of the algorithm is
the maximum required storage over all of its steps. Using the Poisson’s binomial distribution
we are able to provide an upper bound to the storage requirement of our algorithm (Theorem
3). This bound is based on a remarkable result of Darroch (1964), who shows that the mode
of a Poisson’s binomial distribution differs from its mean by at most 1.

Finally we address another issue that has not received much attention in the literature.
We ask whether having same or different numbers of strategies across players increases
the number of equations of our algorithm. To address this question we begin with the
situation where all players have the same number of strategies. Then we alter the numbers
of strategies of players keeping the number of strategy profiles the same. It is shown that the
number of equations for our algorithm is maximum when all players have the same number
of strategies (Theorem 4). This conclusion is in part driven by the general result that for
different Poisson’s binomial distributions with the same mean, the corresponding binomial
distribution (the one where the probability of success stays the same across trials) results in
the maximum variance (see, e.g., Hoeffding, 1956; Wang, 1993; Pitman, 1997).

One specific application of our algorithm can be in situations where the problem is to
“design” a potential game. For instance, consider the problem of frequency allocation in a
wireless system (see, e.g., Ellingseeter et al., 2012). In this problem the players are wireless
access points and the set of strategies of each player is its available channels. It is often useful
to design this interaction as a potential game. This is an example where given players and
strategy profiles, one has to assign payoffs to ensure that the game has a potential function.
Our algorithm and the related results can be useful for such problems.

The paper is organized as follows. We present the model, together with the associated
Poisson’s binomial distribution, in Section 2. The characterization of potential games in
terms of path independence and our algorithm are presented in Section 3. We discuss other
aspects of the algorithm such as storage requirement in Section 4. We conclude in Section
5. Some proofs are presented in the Appendix.

2 The model

Let I' = (N, (Si)ien, (ui)ien) be a game in strategic form with a finite number of players,
with each player having a finite number of strategies. Let N = {1,...,n} be the set of
players where n > 2. For 7 € N, let S; be the set of strategies of player i. Let S = X;enS; be
the set of strategy profiles and denote S_; = x;5;. Let u; : S — R be the payoff function



of player 1.

Player ¢ has k; > 1 strategies, i.e., |S;| = k;. It will be useful for our analysis to denote
S; ={0,1,...,k; — 1}. Thus each player ¢ has a distinct zero strategy (s; = 0) and possibly
other positive strategies (s; > 0).
Definition 1 (Monderer and Shapley, 1996) The game I' is a potential game if there is a
function P : S — R (called a potential function of I') such that for every i € N, s;,5; € S;
and s_; € S_;

ui(si, S_i) — Uz(gz, 8_i> = P(Si, 5—2’) — P(gl, S_i) (1)
We begin with the following simple observation. The proof is straightforward and hence

omitted.

Lemma 1 The game I' is a potential game if and only if there is a function P : S — R such
that for everyi € N, s; € S; and s_; € S_;

ui(5i7 S—i) - U,Z(O, 8_7;) = P(Si, S—i) - P(O, 8_7;) (2)

2.1 A classification of strategy profiles

In light of Lemma 1, the zero strategy of a player will play a central role in our analysis
to determine whether a game is potential or not. Denote the strategy profile where every
player plays its zero strategy by z, i.e.,

z=(0,...,0) (3)

It will be useful to classify the strategy profiles according to the number of zero strategies
in a profile. Specifically, for t =0, 1,...n, define

Vi := {s € S|s has t positive strategies} (4)

Thus, V; is the set of all strategy profiles where n — ¢ players play their zero strategies and
the remaining ¢ players play positive strategies. Note that V; N Vy = 0 for ¢t # ¢’ and any
strategy profile s is an element of V; for some t = 0,1, ..., n, so we can partition S = U}, V;.
Also observe that Vj is the singleton set {z}.

2.2 An associated probability distribution

Fori=1,...,n, let p; be the proportion of positive strategies for player ¢ and let ¢; = 1 —p;,
that is,
pi = (ki —1)/ki, ¢ = 1/k; so that k; = 1/¢; (5)

Since k; > 1, we have 0 < p; < 1. Let Y = Y (n;p1,...,pn) denote the total number of suc-
cesses in n independent but not necessarily identical Bernouilli trials, where the probability
of success of the i-th trial is p;. Then Y follows a Poisson’s binomial (or Poisson-binomial)
distribution. We know that (see, e.g., Wang, 1993):

E(Y) = Zpi and Var(Y) = Zpiq,- (6)



From the definition of V; in (4), observe that

Pr(Y:t):%fort:O,l,...,n (7)
T=01"T

and hence E(Y) =Y 7 jtPr(Y =1t) =>"7 t|{Vil/ > iy [Vi|. From (6), we have

B) - 2 - 3 ®)

Since Y |Vi| corresponds to the total number of strategy profiles of the game I, using (5)

we have
n n 1
Vil=11ki==— (9)

2.3 A directed graph representation of I

Definition 2 Let s € V;. A strategy profile s € V;_; is called a predecessor of s (and s a
successor of 5) if there is a player ¢ such that (a) s; > 0 and 5; = 0 and (b) s; = 5; for all
j # i. The player i for which (a) and (b) hold is called the critical player of the pair (s, s).

Since there are t players who play positive strategies in s € V;, any such s has exactly ¢
predecessors, each having a different critical player. In particular, z has no predecessor and
any s € V| has only one predecessor z.

By Definition 2, if 5 is a predecessor of s, then s = (s;,s_;) and s = (0,s_;) with s; > 0,
where i is the critical player of (5, s). The profile s can be reached from profile s if player i
makes a unilateral deviation from its zero strategy to the strategy s;. For any predecessor-
successor pair (s, s) with critical player i, denote

A(S, s) = u;(s) — ui(s) = wi(si, 5-5) — ui(0, 5-;) (10)

Thus, A(s, s) presents the gain in payoff of the critical player from its unilateral deviation
when we move from s to s.

Consider condition (2) of Lemma 1. Note that if s; = 0, this condition holds for any
function P, so let s; > 0. Using Definition 2 and (10) in Lemma 1, it follows that a function
P : S — R is a potential function if and only if for every predecessor-successor pair (s, s),

P(s) - P(3) = AG, s) (11)

Motivated by (11), we construct the weighted directed graph G(I') from the game IT' as
follows.

i) Present each s € S = U ,V; as a vertex.
t=0

(ii) For any predecessor-successor pair (S, s), draw a directed edge which originates at s
and terminates at s. Denote this edge by (5, s).

(iii) Put the weight A(S,s) (given by (10)) on the edge (5, s).



Total number of edges in G: Let ¢; denote the number of edges that terminate at some
vertex of V;. Since every vertex of V; has t predecessors, we have e, = t|V;|. Therefore the
total number of edges in G is N(G) = > e = Y 1 t|Vi]. By (8) and (9), n(G) can be
presented in terms of the expectation and the success probabilities of the Poisson’s binomial
distribution of Section 2.2 as:

2(G) = EYV) S Vil = %—5 (12)

Definition 3 A sequence v = (Yo, Y1, .-, Ym) is a directed path of G(I') if for all ¢, y, is a
predecessor of y,y1. The vertex yg is called the origin and y,, the terminus of the path ~.
The number of edges in the path v is m, given by (yo,%1), - -, (Ym—1, Ym). The length of the
path v is the sum of weights over these m edges, given by

m—1
L(7) :== Ayo, y1) + A(y1,v2) + - -« + AYm—1,Ym) Z A(ye, Yet1) (13)
=0

If m = 0, the path v = (y9) has only one vertex and no edge, so its length is zero.
One immediate property of directed paths can be noted. By (13) it follows that for two
directed paths v = (yo, ..., Ym) and v = (Yo, - - -, Ym—1),

L(7) = L(Y) + A(ym-1,Ym) (14)

2.4 Illustrative examples

It will be useful to illustrate the directed graph presentation with the help of examples.

Example 1 Consider a three-firm Cournot oligopoly game I'; where quantities supplied by
firms are restricted to be non-negative integers. This can correspond to a situation where
firms produce an indivisible good that can be only sold in integers units. Specifically the set
of players is the set of three firms N = {1,2,3}. To make the game finite, assume further
that each player is capacity constrained: players 1,2 can produce at most 1 unit whereas
player 3 can produce at most 2 units. So we have Sy = {0,1}, So = {0,1} and S5 = {0, 1, 2}.
Players simultaneously choose their quantities. Given (si, o, s3), the market price is given
by the equation F'(si, s2,53) = 6 — (s1 + S2 + s3). Assume that all players have zero cost of
production, so the payoff of a player is simply its revenue, given by

u;(s1, 82, 83) = F(s1,52,83)s; = [6 — (s1+ s2+ s3)]s; (15)
Define the function P: S — R as
3 3
P(s1, 52, 53) :6257;—25?— Z S;S; (16)
i=1 i=1 1<i<j<3

It can be verified that the function P is a potential function? for the game I';.

2See Monderer and Shapley (1996) for potential functions of Cournot oligopoly games with more general
demand and cost functions. For an analysis of Cournot oligopoly games in integers, see Todd (2016).



Note that for the game I';, each player ¢ has a “zero strategy” which corresponds to
s; = 0. Each of players 1,2 has one positive strategy, whereas player 3 has two positive
strategies. Using the definition of V; from (4), for this game we have V; = {(0,0,0)},
Vi = {(1,0,0),(0,1,0),(0,0,1), (0,0,2)}, Vo = {(1,1,0),(0,1,1),(1,0,1),(1,0,2), (0,1,2)}
and V3 = {(1,1,1),(1,1,2)}.

Diagram 1 has the directed graph presentation of I';. At the top is the sole vertex of Vj:
(0,0,0). At next level are vertices of V; and so on. Between any predecessor-successor pair,
there is a directed edge. For this game we have p; = (k; — 1)/k; = 1/2 for ¢ = 1,2 and
ps = (ks — 1)/ks = 2/3, so that > p; = 5/3. Since ¢; = 1 — p;, we have [[_, ¢; = 1/12.
Hence (Z?Zl i)/ H?:1 ¢; = 20, so by (12) it follows that the directed graph has 20 edges in
total.

The number inside the box of each edge gives the weight of that edge. For example,

consider the edge between (0,0,0) and (1,0,0). For this edge, the critical player is player 1
(as we reach from (0,0,0) to (1,0,0) through the unilateral deviation of player 1 from its
zero strategy to s; = 1). So the weight on this edge is u;(1,0,0) — u1(0,0,0) =5 —0 = 5.
Similarly consider the edge between (1, 1,0) and (1,1, 2). For this edge, the critical player is
player 3 and weight on this edge is ugz(1,1,2) — u3(1,1,0) =4 — 0 = 4.
Example 2 Consider a three-player minimum-effort coordination game I's where?® the set
of players is N = {1,2,3}. Each player i chooses an effort level s;. The effort levels of
players act as perfect complements to determine the output. Specifically the output is given
by min{sy, 2, s3}. For any player i, the cost of effort level s; is ¢s; where ¢ is a positive
constant. To make the game finite, assume that Sy = {0,1}, Sy = {0,1} and S3 = {0,1,2}.
Given (s, S, s3), the payoff of a player is output net of its cost, so we have

u;(s1, S2, 83) = min{sy, 9, S3} — ¢s; (17)

Define the function P: S — R as
3
P(s1,82,83) = min{sy, s9, s3} — chi (18)
i=1

It can be verified that the function P is a potential function for the game I';.

Note that for t = 0,1, 2, 3, the set V; for this game is the same as in Example 1. Diagram
2 has the directed graph presentation of the game I's. As before, between any predecessor-
successor pair there is a directed edge. By (12), the total number of edges for this graph is
(Z?:1 pi)/ H?:l g = 20.

The number inside the box of each edge gives the weight of that edge. For example,
consider the edge between (0,0,0) and (1,0,0). For this edge, the critical player is player 1.
So the weight on this edge is u;(1,0,0) — u1(0,0,0) = —c — 0 = —c.

3 A characterization and an algorithm for potential
games

Based on the directed graph representation of the last section, we define the path indepen-
dence property that is used to characterize potential games. Based on this characterization,

3See Anderson et al. (2001) for general properties of such games.
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we propose an algorithm to determine if a game is potential or not.

3.1 Path independence

For a finite game I' consider the set V; defined in (4). Let s € V; for some ¢ > 0. It will be
useful for our analysis to consider all directed paths with origin at z and terminus at s. Since
the number of players with positive strategies at s € V; is t, to reach s from z, we need t
unilateral deviations. As these deviations can occur in t! different ways, this is the number
of directed paths with origin z and terminus s. Each of these paths has exactly t edges.

Definition 4 The path independence property (PI) holds for s € S if all directed paths with
origin z and terminus s have the same length.

Theorem 1 The game T' is a potential game if and only if the path independence property
holds for all s € S.

Proof The “if part”: Suppose PI holds for all s € S. Then all directed paths with origin
z and terminus s have the same length. Denote this length by A(s). Define the function
P:S—Ras

P(s) := A(s) (19)

Observe in particular that P(z) = A(z) = 0. We prove that P defined in (19) is a potential
function of I' by showing that P satisfies (11) for any predecessor-successor pair (s, s).

First suppose s € V;. Then the only predecessor of s is z. Denote A(z, s) := u;(s) —u;(2).
There is only one path with origin z and terminus s and this path has length A(z,s). So
for this case P(s) = A(s) = A(z,s). Since P(z) = 0, we have P(s) — P(z) = A(z,s) =
u;(s) —wu;(z), so (11) holds.

Next suppose s € V; for some t > 2. Consider any predecessor s € V;_; of s. Let
v = (Yo, ---,Yt—1,y:) be a directed path with origin z and terminus s that passes through
S, 1.e., Yo = 2, yp—1 = S and y; = s. Consider the path ¥ = (yo,...,y,—1) with origin z and
terminus s. Then it follows by (14) that

L(y) = L(Y) + A(ye—1,4) = L(7) + A(5, 5) (20)

Since PI holds for both s and s, we have L(y) = A(s) = P(s) and L(7) = A(s) = P(5). Using
this in (20), we have P(s) — P(5) = A(s, s), so (11) holds. This completes the proof of the
“if part”.

The “only if part”: Suppose I' is a potential game. Then there is a function P such that
(11) holds for any predecessor-successor pair (s, s). By (13), the length of any directed path
v = (Yo, Ym) is L(y) = Z;’;l A(Ye, Yer1)- Since (yg, yes1) is a predecessor-successor pair,
by (11), we have A(ye, yes1) = P(yer1) — Plye) for all £, so that L(y) = 3270 [P(yer1) —
P(ys)] = P(ym) — P(yo). Taking yo = z and y,, = s, all paths with origin z and terminus s
has the same length P(s) — P(z), proving that PI holds for s € S. u

Remark 1 It can be seen from Diagrams 1,2 that for each of the two graphs, path inde-
pendence holds all vertices. For instance, in Diagram 1 consider the vertex s = (1,0,2).
There are two paths from z = (0,0,0) to s: (i) (0,0,0) — (1,0,0) — (1,0,2) and (ii)
(0,0,0) — (0,0,2) — (1,0,2). The length of path (i) is 5+ 6 = 11 and the length of path
(ii) is 8 + 3 = 11.



3.2 An algorithm to determine a potential game

Based on the characterization of Theorem 1, the next theorem identifies the number of
equations required to verify PI for all s € S. This number is also represented in terms of the
expectation and success probabilities of the Poisson’s binomial distribution of Section 2.2.

Theorem 2 Let p; = (ki — 1)/ki, i = 1/k; and let Y = Y (n;p1,...,pn) denote the total
number of successes in n independent Bernouilli trials, where the probability of success of
the i-th trial is p;. Denote

n

An(ky, o k) =) (t=1)|Vi] (21)

t=2
By checking A, (k1,...,k,) equations, it can be determined whether I' is a potential game.
Moreover
i — 1
Anlkr, k) =14 [B(Y) — 1 Zlvt—Hz’ P (22)

H@ 1%

Proof Using Theorem 1, we determine whether I' is a potential game or not by checking if
PT holds for all s € S = U}_,V;. Note that PI always holds for all s € V;, U V;. We check the
property recursively as follows.

Let ¢t > 2. Suppose PI holds for all s € V, for £ = 0,1,...,t—1. Consider any s € V;. Any
directed path with origin z and terminus s must pass through some predecessor s € V;_; of
s. Consider two such paths v = (yo, ..., y—1, %) and v = (g, .., Y1, vy;) that pass through
the same predecessor s, ie., yo =y, = 2, yy = y; = s and y—1 = y,_; = S. Denoting
7= (Yo,---,Y—1) and v, = (y{, - -.,Y,_1), observe that

L(v) = L(m) + A(S,5) and L(y') = L() + A(5, s) (23)

Note that both 7, and 7{ have origin z and terminus s. Since s € V;_y, PI holds for s, so
we have L(v;) = L(7}). Denote this common length by A(s). Then it follows from (23) that
all directed paths with origin z and terminus s that pass through the same predecessor s
have the same length A(S) + A(S, s). Since s € V;, the vertex s has exactly ¢ predecessors.
Denoting these predecessors by s, ..., 3, it follows that PI holds for s if and only if

AGH +AEs) =... = A3) + AR, )

This implies that we need to check ¢t — 1 equations for every s € V;. Therefore the number
of equations we have to check to see if PI holds for all s € V; is (¢t — 1)|V;|. Applying this
recursive argument for ¢ = 2, ..., n, the total number of equations we need to check to see if
PI holds for all s € S'is D7 ,(t — 1)|V;|. Noting that |V;| = 1, (22) follows by using (8) and
(9) in (21). n

Remark 2 Note that for each of the games I'1, 'y in Examples 1,2, we have n = 3, |V| =5,
|V3] = 2 (see Diagrams 1,2). Each vertex in V5 has 2 edges terminating at it, so we need
to check 2 — 1 = 1 equation for each such vertex. Similarly each vertex in V3 has 3 edges
terminating at it, so we need to check 3 — 1 = 2 equations for each such vertex. So the total
number of equations to check, as in (21), is A, (k1, ko, k) = A3(2,2,3) = 320 (t — 1)|Vi| =
(1 x |Va]) + (2 x |V3]) = (1 x5)+ (2 x2) =9. Also note that for each of the games I';, Iy,
we have p; = (k; —1)/k; = 1/2 for i = 1,2 and P = (ks —1)/ks =2/3.S0 30 p;—1=2/3
and [[>_, ¢ = 1/12. Hence 1 + (Z:Z_lpZ — 1)/ ¢ =1+ (2/3)12 =9, so (22) holds.
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3.2.1 Comparison with recent literature

Consider as before a finite game I' with set of players N = {1,...,n}, where player i € N
has k; strategies. In the algorithm proposed in the recent paper of Hino (2011) (see also
Theorem 3.5, Sandholm, 2010), the number of equations required to verify whether I" is a
potential game is given as follows, where i, 5,/ € N:

Bu(ky, ... kn) = Y 6 where 0 := (ki — 1)(k; — 1) [] ke (24)

1<i<j<n i

Corollary 1 compares this with the number of equations required for our algorithm.
Corollary 1

(i)
Bulke k) =S (t) V| (25)

Moreover

Bulky, . k) = 5 [Var(Y) + (E(V)? ~ B(V)] 3 |Vl = Zn—qpp (26)

where p;,q;, Y are as in Theorem 2.

(i) Ba(ki, ko) = Ag(ki, ko) and for n > 3, Bu(ki,... kn) > Ap(ky, ..., ky) with strict

inequality if at least three players have two or more strategies.

Proof See the Appendix. |

Using the Poisson’s binomial distribution of Section 2.2, Corollary 1 identifies the number
of equations required for the algorithm proposed by Hino (2011). It is also shown that this
number is always at least as large as the number of equations required in our algorithm.
Furthermore, for games in which there are at least three players with two or more strategies,
our algorithm requires a lower number of equations.

4 Other aspects of algorithm

In this section we look at two other aspects of our algorithm: (i) storage requirement and
(ii) same versus different numbers of strategies across players.

4.1 Storage requirement

As mentioned earlier, the literature discusses two measures to determine the computational
burden for an algorithm: (a) the number of equations needed and (b) its storage requirement.
However, a precise definition of storage requirement is lacking in the literature. In this section
we define storage requirement for our algorithm and provide its upper bound.

Four types of objects are needed to execute our algorithm: (i) vertices, (ii) weights
associated with vertices, (iii) edges and (iv) weights associated with edges. Consider any

10



step 7 of the algorithm. Denote by N,(v) = number of vertices, N,(w,) = number of
weights associated with vertices, N, (e) = number of edges and N, (w.) = number of weights
associated with edges to run step 7 of the algorithm.

Definition 5 The storage requirement at step T (SR,) of the algorithm is the total number
of objets needed to run step 7 of the algorithm, that is, SR, is the sum N.(v) + N, (w,) +
N;(e) + N-(w,).

Definition 6 The storage requirement for the algorithm is the maximum of SR, over all
steps 7 of the algorithm.

Consider the Poisson’s binomial variable Y of Section 2.2. The variable Y is used in the
next theorem to give an upper bound to the storage requirement of our algorithm, where
| x| stands for the largest integer not exceeding z.

Theorem 3 For A =0,1, let
_APHY = |20 ) + )
[T @

where p;, q;, Y are as in Theorem 2. The storage requirement for the algorithm of Theorem 2
s bounded above by either By or [i.

By : +2n—1 (27)

Proof See the Appendix. [ ]

Recall that for the Poisson’s binomial variable Y, we have E(Y) = > " | p;. Darroch
(1964) has shown that the mode (that is, the most probable number of successes) of a
Poisson’s binomial distribution differs from its mean by at most 1. Specifically, for a Poisson’s
binomial variable Y, the mode is either |E(Y)| = |> " pi] or |[E(Y)|+1=[>" pi] +1
or both.* Theorem 3 shows that the probability of this mode determines an upper bound of
the storage requirement of our algorithm.

4.2 Same versus different numbers of strategies for players

In this section we ask whether having same or different numbers of strategies across players
increases the number of equations for our algorithm. Our approach is as follows. Fix the
number of players n and begin with the case where all players have the same number £ of
strategies so that the number of strategy profiles is k™. Now alter the numbers of strategies
across players keeping the number of strategy profiles the same, that is, consider n-tuples
(k1. .., ky) keeping [[_, k; = k™. Theorem 4 shows that A, (ki,...,k,), By(ki,..., k,) are

both maximum when k; = ... =k, = k.

Theorem 4 Letn > 2 and k > 1. The following hold for all n-tuples of positive integers
(k1, ..., ky) such that [}, ki = k™

(i) Ap(ky, ... kn) < Ap(k, ... k) with equality iff ki = ... =k, = k.
(i) Bp(k1,... kn) < Bu(k,..., k) with equality iff kv = ... =k, = k.

(iii) If either k; > 2 for at least four i, or k; > 3 for at least three i, then B, (ki, ..., k,) —
Ap(ky, o kn) < Bu(k, ... k) — Ay(k, ..., k) with equality iff ky = ... =k, = k.

4See Theorem 4 (p.1321) of Darroch (1964) for the complete description of the mode. See also Pitman
(1997, p.284).
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Proof The results trivially hold for k = 1, so consider k > 2. Let (kq,. .., k,) be any n-tuple
of positive integers such that [, k; = k. Since ¢; = 1/k;, we have [[_, ¢ = 1/k™. The
arithmetic mean-geometric mean inequality implies that for any r > 0:

T/Nn 1
z:qZ > an mo Wlth equality iff g = ... =¢q, = z (28)
(i) As ¢; = 1 — p;, from (22), we have
Anlky, .. k) =14+ k" (n—1) k”ZqZ (29)

The result of (i) follows by applying (28) with r = 1 for the last term of (29).
(i) Since Y7y cjeicn ipi = (X0, pi)? — > p?]/2 and ¢; = 1 — p;, from (26), we have

BTI(k:la-”akn):% (n—th) —Z(l—%‘)Q :glf(E:%’)—Zqu] (30)

=1

where f(z):=n—1+ [z — (n—1)]%

If (k1,...,ky,) is such that k; = k" for some ¢ and k; = 1 for all j # ¢ (that is, all players
except one have only one strategy), taking ¢; = 1/k™ and ¢; = 1 for all j # i it follows from
(30) that B,(ki,...,k,) =0< Bu(k,.... k) =n(n —1)k"*(k — 1)?/2 (since n, k > 2).

To complete the proof, consider (ki,...,k,) such that k; > 2 for at least two ¢ (that is,
at least two players have 2 or more strategies). In that case, ¢; < 1/2 for at least two i and
hence > 7", ¢; < (1/2)+(1/2) 4+ (n—2) = n— 1. Note that f is decreasing in . | ¢; (this is
because Y1, ¢; <n—1and f(x) is decreasing for x < n —1). Using this, the result follows
by applying (28) with » = 1 for the first term and r = 2 for the second term of (30).

(iii) Denote g(z) :=n — 2+ [z — (n — 2)]?. Note from (29) and (30) that

Bu(ky, ... kn) — An(ky, ...k [ (Zqz>—iq§]—1 (31)

If k; > 2 for at least four ¢ (that is, at least four players have 2 or more strategies), then
Yo @i <A4(1/2)+ (n—4) =n—2. If k; > 3 for at least three i (that is, at least three
players have 3 or more strategies), then > | ¢; < 3(1/3) + (n — 3) = n — 2. Thus, in either
case Y ., ¢ < n—2. Since g(x) is decreasing for x < n — 2, we conclude that g is decreasing
in > | ¢;- Using this, the result follows by applying (28) with » = 1 for the first term and
r = 2 for the second term of (30). u

Theorem 4 shows that beginning from a situation where all players have the same number
of strategies, the number of equations required for both our algorithm and the algorithm
of Hino (2011) falls when the number of strategies across players are altered keeping the
number of strategy profiles the same. Furthermore, provided enough players have two or
more strategies, the difference between the numbers of equations of these two algorithms
also falls when players have different numbers of strategies.
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The results of Theorem 4 can be useful in problems of designing a potential game. As
mentioned in the introduction, consider a wireless system problem (see, e.g., Ellingsaeter et
al., 2012) in which there are 4 access points (players), each having 2 channels (strategies).
So the number of strategy profiles is 24 = 16. Note that one can add players with only one
strategy without affecting the interaction of a game (moreover, since k; = 1 implies p; = 0
and ¢; = 1, by (22), adding players with only one strategy does not alter the number of
equations for our algorithm). Given this observation and noting that 8 x 2 x 1 x 1 = 16, it
follows by Theorem 4 that designing a potential game with 2 access points where one point
has 8 channels and the other one has 2 will require lower number of equations compared to
the case of 4 access points in which each one has 2 channels. Thus given the same number of
strategy profiles, the number of equations is lower when there are few players having many
strategies rather than many players having the same number of strategies.

To a certain extent, the results of Theorem 4 are driven by the general property that
among different Poisson’s binomial distributions with the same mean, the corresponding
binomial distribution has the maximum variance. For instance, discussing the inequalities of
Hoeffding (1956), Pitman (1997, p.283) states that among all Poisson’s binomial distributions
“.on {0,1,...,n} with a given mean g, the binomial (n,p) distribution for p = u/n is the
one that is “most spread out.”” A precise statement of this result is presented in Theorem 1 of
Wang (1993, p.301). Discussing this result, Wang (1993, p.302) points out that “...to estimate
an unknown proportion p, the unbiased sample mean from a sequence of non-identically
distributed Bernoulli random variables has smaller variance than the uniformly minimum
variance unbiased estimate obtained by using the binomial density b with parameterp.” (italics
in the original)

5 Concluding remarks

This paper presents a simple characterization of potential games in terms of path indepen-
dence. Based on this characterization we propose an algorithm to determine whether a finite
game is potential or not. In terms of the number of required equations, our algorithm does at
least as good or better than the algorithms proposed in the recent literature. In particular,
for games where at least three players have two or more strategies, our algorithm requires
a lower number of equations. We give a precise definition of the storage requirement and
using the result of Darroch (1964), provide an upper bound of the storage requirement for
our algorithm. We also address the question of whether the number of equations required
for our algorithm increases with same or different numbers of strategies across players.

The key contribution of this paper is the method of using a statistical distribution.
Identifying an associated Poisson’s binomial distribution with any finite game, we use the
properties of this distribution to derive our results. This distribution enables us to derive an
explicit form for the number of equations of our algorithm and helps us to better understand
related aspects such as the storage requirement. Our approach can be specifically useful for
problems where payoffs are assigned to design a strategic interaction as a potential game.
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Appendix

Proof of Corollary 1 (i) Since a player i € N has k; — 1 positive strategies and k; strategies
in total, the term 6;; defined in (24) corresponds to the number of strategy profiles where
both players i, 5 play positive strategies. Let ij be the number of strategy profiles in V,
where both 4, j play positive strategies. Then 0;; = )" ( 67,. Since 6;; = 6}, = 0, we have
0ij = 1y ;. Using this in (24), we have

Bu(k, .. ka)= D b= > > 0,=> > 0 (32)

1<i<j<n 1<i<j<n t=2 t=2 1<i<j<n

Fix any t € {2,...,n} and consider the sum 9, := Zl§i<j§n 0;;. For any strategy profile
s € V,, exactly t players play positive strategies. Since out of these t players, two players
1 < j can be chosen in (;) ways, it follows that the number of times a profile s € V; is counted
in this sum is (}). Therefore ¢, = (})|V;|. Using this in (32), the result in (25) follows.

Since Var(Y) = E(Y?) — (E(Y))?, the first equality of (26) follows by using (7) in (25).
Since ¢; = 1 — p;, the second equality follows from (6) and (9) by noting that (3", p;)? —
Do Df =2 El§i<j§n Dip;-

(ii) We give two alternative proofs of (ii).

First alternative proof. We compare A, (ki,...,k,) from (21) with B, (ki,...,k,) from
(25). The first part follows by noting that ({) — (t—1) = 0 if ¢ = 2. For the second part, note
that (1) — (t —1) = (*,') if t > 3. So for n > 3 we have B, (ki,..., k) — Ap(ki, ... ky) =
o (tgl) |Vi] > 0. If at least three players have two or more strategies, then the number of
players having one or more positive strategies is at least three. This implies that |V3| > 0,
so we have By, (ki,..., k) > Ay (k1, ..., ky).

Second alternative proof: Denote ¢, := (7, ¢)[Bn(k1, ..., kn) — An(k1,. .., ky)]. Since

=1—p;, from (22) and (26), we have

> pz-pj—H (1—pi) Zpﬂrl (33)

1<i<j<n i=1

For n = 2, we have ¢ = p1ps — (1 — p1)(1 — p2) — (p1 + p2) +1 = 0. For n = 3, we have
¢3 = pip2 + pips +paps — (1 —p1) (1 —p2)(1 —p3) — (p1 +p2 +p3) + 1 = pipaps > 0 and it is
positive if p; = (k; —1)/k; > 0 for all ¢ = 1,2, 3, that is, if all three players have two or more
strategies. Observe from (33) that

n+1 n+1
Onp1 = Z pip; — H 1 - pz ZPZ +1= 1 - pn+1)¢n + Pn+1 Z piDj (34)
1<i<j<n+1 =1 1<i<j<n

Since ¢3 > 0, it follows from (34) that ¢,1 > 0 for all n > 2.

Suppose there are n + 1 players where n > 2. We prove that if at least three out of n+1
players have two or more strategies (that is, p; > 0 for at least three i), then ¢, 1 > 0. The
result is true for n = 2. We prove the result by induction on n.

If ppi1 = 0, then (34) implies ¢,,+1 = ¢,,. Since there are at least three i € {1,...,n+ 1}
such that p; > 0 and p,;1 = 0, we must have at least three i € {1,...,n} such that p; > 0.
But then by induction hypothesis ¢, > 0 and so ¢,,+1 = ¢, > 0.
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Next suppose p,y1 > 0. Then there are at least two i € {1,...,n} such that p; > 0.
Hence p,, 11 Zl§i<j§n pip; > 0 and by (34) we have ¢, > 0. ]

Proof of Theorem 3 The proof proceeds in two parts. In part (A) we show that the storage
for the algorithm is bounded above by

= 2 2t + 1].
Bi=  mex | [2(Vil+ Vi) +2¢ +1] (35)

Given part (A), in part (B) we show that either § < fy or 5 < ;. The proof of part (A) is
constructive® and done later. Let us first show the proof of part (B) given part (A).

Proof of part (B) given part (A) Note by (7) and (9) that |Vi| + |Via] = [Pr(Y =
t) + Pr(Y =t +1)]/ ][/, ¢ where Y follows the Poisson’s binomial distribution given in
Section 2.2. Darroch (1964) has shown that the mode of a Poisson’s binomial distribution
distribution differs from its mean by at most 1. Specifically, for a Poisson’s binomial variable
Y, the mode is either | E(Y)| or | E(Y)] 41 or both, where | E(Y')] is the largest integer not
exceeding E(Y'). Using Darroch’s result, |V;| 4 |Vi41] is bounded above by either 2Pr(Y =
[E(Y)])/ TI, gs or by 2Px(Y = [E(Y)] + 1)/ ]\, g:. Noting that B(Y) = S, p; and
t <n—1, it follows from (35) that either 8 < Sy or 5 < f3.

Proof of part (A) There are 4 objects at each step of executing the algorithm: (i)
vertices, (ii) weights associated with vertices, (iii) edges and (iv) weights associated with
edges. Recall that N, (v) = number of vertices, N,(w,) = number of weights associated
with vertices, N;(e) = number of edges and N,(w.) = number of weights associated with
edges to run step 7 of the algorithm. The storage requirement at step 7 is SR, = N,(v) +
N;(w,) + N-(e) + N-(w,.) (as the step 7 will be clear from the context, henceforth we drop
the subscript 7).

We begin from the singleton set V5 = {z}. Since there is no path terminating at z, path
independence vacuously holds for z. In the initial step of the algorithm, construct a graph
with the sole vertex z and no edge.

Step 0

N(v) | N(w,) | N(e) | N(we) | SR
Vol=1] 0 0 0 1

Step 1

At Step 1, we verify path independence for the vertices of V;. At step 1, we have two
sub-steps for every vertex s € V}. In sub-step 1(a) we add vertex s, add the only edge that
originates from z and terminates at s together its weight. As there is only one path from z
to s, path independence trivially holds for any s € V;. In sub-step 1(b), we delete the edge
as well as its weight and put that weight on the vertex s (this weight is the common length
of all paths from z to s). So we have

5In the end of the paper it is shown how the storage requirement of the algorithm is determined for the
game 'y of Example 1.
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Step 1: first vertex of ]

N N{wy) N(e) Nwe) SR
(a): [Vo|+1 0 0+1=1 0+1=1 Vol +3
(add a vertex s) (add the edge (add weight
from z to s) of edge)
(b): Vo] +1 0+1=1 1—-1=0 1—-1=0 Vol + 2
(add weight for s) | (delete edge) | (delete weight of edge)
Continuing from the last table, for the next vertex of V;, we have
Step 1: next vertex of V;
N() N(w,) | N | N(uw) | SR
(a): (Vo] +1)+1 1 0+1=1[0+1=1]|W +5
= Vo[ +2
(b): [Vo| +2 (ol +1)+1|1—-1=0|1-1=0|Vy|+4
= Vo[ +2
Following similar steps, for the last vertex in V;, we have
Step 1: last vertex of 1}
N(v) N(w,) N(e) N(w,) SR
(a): (Vol + Vil = 1) +1 Vil =1 0+1=1[0+1=1 Vol +2[Vi] +1
= [Vol + V4] <2([Vol+ Vi) +(2x0)+1
(b): [Vol + [V (|V1|_‘1)‘+1 1-1=0]11-1=0 Vol 4 2|1
=V

Once PI has been established for vertices in V and V3, to verify PI for vertices in V; (t > 2)
we only need vertices of V; and their associated weights (where the weight for a vertex s € V)
is the length of the only path from z to s). So the sole vertex of V; is deleted in the end of
step 1 and we have:

In the end of step 1

SR
2[Vi|

N(v)
Vil

N<wv)
VAl

N(e)
0

N<we)
0

At step t > 2, we have two sub-steps for every vertex s € V;: (a) we add vertex s, add the
t edges that terminate to s from its predecessors together with their weights and (b) after
verifying these weights are equal (which requires ¢t — 1 equations), we delete the edges as well
as their weights and put the single weight on the vertex s (this weight is the common length
of all paths from z to s). Since any vertex in V5 has 2 predecessors, when we go to Step 2
from Step 1 to add the first vertex s of V5, we have

Step 2: first vertex of 15

N ) N(w) N () () SR
(a): V4| +1 Vi 0+2=2 0+2=2 2|Vi|+5
(add a vertex s) (add edges (add weights
terminating at s) of edges)
(b): [Vi] + 1 Wi+ 1 2 2=0 25-2=0 |2]h+2
(add weight for s) | (delete edges) | (delete weights
of edges)
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Continuing from the last table, for the next vertex of V5, we have
Step 2: next vertex of 15

N(v) N(w,) N{e) N(w.) SR
(a): (JVi]+1)+1 Vil + 1 0+2=20+2=2|2[V}|+7
= [V +2
(b): [V4|+2 (Vil+1)+1(2—-2=0|2—-2=0]2[Vi|+4
=Vl +2

Following similar steps, for the last vertex in V5, we have
Step 2: last vertex of 15

N(v) N (w,) N(e) N (w.) SR
(a): (il + Vol = 1) +1 Vi[+[Ve[ =1 |0+2=2|0+2=2 (il +Val) +3 =
= V1| + | V3] 2(Mal+Val) + (2 x 1) +1
(b): [VA[ + [V2] (Vi[+ Vo =1)+1|2-2=0|2-2=0 2(Val + [Val)
= |Vi| + |V3]

Once PI has been established for vertices in V; and V5, to verify PI for vertices in V; (¢t > 3)
we only need vertices of V5 and their associated weights (where the weight for a vertex s € V5
is the common length of any path from z to s). So the vertices of V; and their weights are
deleted after step 2 and we have:

In the end of step 2

N(v) | N(wy) | N(e) | N(we) | SR
Val | [V 0 0 |2V

By similar reasoning, we have the following in the end of step ¢
In the end of step ¢

N(v) | N(wy) | N(e) | N(we) | SR
Vil | Vi 0 0 | 2[V]

In step t+ 1, we add vertices of V;;;, where for each vertex there are two sub-steps (a),(b)
as before. Since t + 1 edges terminate to any vertex in Vi, 1, step t + 1 proceeds as follows:
Step t + 1

N(v) N(w,) N{e) N(w.) SR
@) Vil +1 V] 0+ (t+1) | 01 (+D) | 2WVl+1+20+1)
=t+1 =t+1
(b): [Vi|+1 Vi +1 (t+1) (t+1) 2|Vi| +2

(1) =0 —(t+1)=0

@): (Vi + Ve[ =) | Vil + Ve =1 | 0+ (+1) | 0+ (+1) | 2([Vi[ + [Via]) +2¢ + 1
+1 = |Vi[ + Vi =t+1 L

(b): Vil + Vel | (Vi + [Via[ = 1) | (84 1) (t+1) 2(IVil + Vi)
+1=Vi| + Vil | =t +1)=0| =(t+1)=0
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Note that the storage requirement (SR) in step 0 is |Vy| = 1. The maximum SR in step 1
is lower than 2(|Vo| + [V4]) + (2 x 0) + 1 (see the table corresponding to “Step 1: the last
vertex of 17”). The maximum SR in step 2 is 2(|Vi]| + |Va]) + (2 x 1) + 1 (see the table
corresponding to “Step 2: the last vertex of V5”). In general, for ¢ > 1, the maximum SR in
step t + 118 2(|Vi| + [Vig1]) + 2t + 1 (see the second last row of the table corresponding to
“Step t +17). This shows that the storage requirement of the algorithm is bounded above
by 8 = maxicqo1,..n—13[2(|Vi| + |Viga|) + 2t + 1]. u
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Diagram 1: directed graph presentation of the game I'; of Example 1
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Diagram 2: directed graph presentation of the game I'; of Example 2
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Determination of storage requirement for the game I'y (Example 1)

4 types of objects are needed at any step of the algorithm: vertices, weights associated with vertices,
edges and weights associated with vertices. Denote by N(v) = number of vertices, N(w,) = number of
weights associated with vertices, N(e) = number of edges, N(w.) = number of weights associated with
edges. The storage requirement at any step of the algorithm is SR = N(v) + N(w,) + N(e) + N(w,).

Step 0: The sole vertex z = (0,0,0) of Vj:

Table 0: Storage requirement in step 0

N(v) Nw,) N(e) Nw.) SR

Vo|=1 0 0 0 Vi

Step 1: First vertex (1,0,0) of V;

Substep (a): Add vertex (1,0,0), edge between (0,0,0) and (1,0,0) and weight on the edge:

_ @D

Table 1.1(a): Storage requirement in substep (a)

N@)

Nw,)

N(e)

Nw.)

SR

|V0| +1

0

0+1=1

0+1=1

|V()| +3

Substep (b): There is only one path between (0,0,0) and (1,0,0). The length of that path is 5. So path
independence (PI) trivially holds for (1,0,0). We delete the edge (after verifying PI, keeping the edge is

not necessary). We also delete the weight on the edge and put the weight on the vertex (1,0,0) as below.
The weight on (1,0,0) stands for the length of the only path between (0,0,0) and (1,0,0).

5
(1,0,0)

Table 1.1(b): Storage requirement in substep (b)

N@)

Nw,)

N(e)

Nw.)

SR

|V0| +1

0+1=1

1-1=0

1-1=0

|V0| +2




Second vertex (0,1,0) of V;:

Substep (a): add vertex (0,1,0), edge between (0,0,0) and (0,1,0) and weight on the edge:

(1,0,0)

5

Table 1.2(a): Storage requirement in substep (a)

N©W)

Nw,)

N(e)

Nw.)

SR

[Vo| + 1+1=|Vo| + 2

1

0+1=1

0+1=1

|V()| +5

Substep (b): As there is only one path between (0,0,0) and (0,1,0), PI holds for (0,1,0). We delete the

edge, delete the weight on the edge and put the weight on the (0,1,0) as below.

5

(0,1,0)

Table 1.2(b): Storage requirement in substep (b)

N©W)

Nw,)

N(e)

Nw.)

SR

|V0| +2

1+1=2

1-1=0

|V0| +4

Third vertex (0,0,1) of V;:

Substep (a): add vertex (0,0,1), edge between (0,0,0) and (0,0,1) and weight on the edge:

(1,0,0)

(0,0,1)




Table 1.3(a): Storage requirement in substep (a)

NO) Nw,) N(e) Nw.)

SR

[Vo| +2+1= V| +3 | 2 0+1=1 0+1=1

|V()| +7

Substep (b): As there is only one path between (0,0,0) and (0,0,1), PI holds for (0,0,1). We delete the
edge, delete the weight on the edge and put the weight on the (0,0,1) as below.

5 S 5

(0,1,0) (0,0,1)

Table 1.3(b): Storage requirement in substep (b)

N(v) Nw,) N(e) N(w,)

SR

Vol + 3 2+1=3 1-1=0 1-1=0

|V0| +6

Last vertex (0,0,2) of Vi:

Substep (a): add vertex (0,0,2), edge between (0,0,0) and (0,0,2) and weight on the edge

o)

5 5 5

(0,1,0) 0,0,1)

Table 1.4(a): Storage requirement in substep (a)
[this is the maximum SR that we can have in Step 1]

N(©v) Nw,) N(e) Nw,) SR
[Vo| +3+1= V| +4 | 3=|V|-1 0+1=1 0+1=1 [Vol + 9
= [Vl + [V =|Vo| + 2|Vi| + (2x0) +1

<2(|VolHVi)+ (2%0) +1




Substep (b): As there is only one path between (0,0,0) and (0,0,2), PI holds for (0,0,2). We delete the

edge, delete the weight on the edge and put the weight on the (0,0,2) as below.

5 5 5 8
(0.1,0) (0,0,1) (0,0.,2)
Table 1.4(b): Storage requirement in substep (b)
N®©) Nw,) N(e) Nw,) SR
|V0|+|V1| |V1|_1 +1 =|V]| 1-1=0 1-1=0 |V0|+2|V1|

End of step1: As PI has been established for all vertices in V;, we can delete vertex (0,0,0) and keep only

the vertices in V; with their associated weights.

5 5 5 8
(0.1,0) 0,0,1) (0,0,2)
Table 1.4(c): Storage requirement in the end of step 1
N©W) Nw,) N(e) Nw,) SR
[Vol+ [Vil=IVol =V | [V 0 0 2|V

Step 2: First vertex (1,1,0) of V,:

Substep (a): add vertex (1,1,0), edges terminating at (1,1,0) and weights on the edges

5 5
(1,0,0 (0,1,0)
5+4=9 5+4=9

5

8

(0,0,2)




Note that there are two edges terminating at (1,1,0): from (1,0,0) and from (0,1,0). PI has been already
established for (1,0,0) and (0,1,0). The common length of any path from z = (0,0,0) to (1,0,0) is 5. As the
length of the path between (1,0,0) and (1,1,0) is 4, the length of any path from z to (1,1,0) that goes
through (1,0,0) is 5 + 4 = 9. This is the weight we put on the edge between (1,0,0) and (1,1,0). By the

same reasoning we put the weight 5 + 4 = 9 on the edge between (0,1,0) and (1,1,0).

Table 2.1(a): Storage requirement in substep (a)

N©W)

Nw,)

Ne)

Nw.)

SR

|V1| +1

Vil

0+2=2

0+2=2

2|V1| +5

Substep (b): As both edges terminating at (1,1,0) have the same associated weight 9, PI holds for (1,1,0)
and the common length of any path between z and (1,1,0) is 9. We delete the two edges, delete the two
weights on the edges and put the weight 9 on the vertex (1,1,0) as below.

(1,0,0)

9

@

5
(0,1,0)

(0,0,1)

Table 2.1(b): Storage requirement in substep (b)

8

N©W)

Nw,)

Ne)

Nw.)

SR

|V1| +1

|V1| +1

2-2=0

2-2=0

2|V1| +2

Second vertex (0,1,1) of V,:

Substep (a): add vertex (0,1,1), edges terminating at (0,1,1) and weights on the edges

@

5
(0,1,0)

5+4=9

5+4=9

(0,0,1)

8




There are two edges terminating at (0,1,1): from (0,1,0) and from (0,0,1). PI has been already established
for (0,1,0) and (0,0,1). The common length of any path from z to (0,1,0) is 5. As the length of the path
between (0,1,0) and (0,1,1) is 4, the length of any path from z to (0,1,1) that goes through (0,1,0) is 5 + 4
= 9. This is the weight we put on the edge between (0,1,0) and (0,1,1). By the same reasoning we put the
weight 5 + 4 =9 on the edge between (0,0,1) and (0,1,1).

Table 2.2(a): Storage requirement in substep (a)

N©W) Nw,) N(e) Nw,) SR

Vi + 1+ 1= V| +2 | V4| + 1 0+2=2 0+2=2 2|vy| +7

Substep (b): As both edges terminating at (0,1,1) have the same associated weight 9, PI holds for (0,1,1)
and the common length of any path between z and (1,1,0) is 9. We delete the two edges, delete the two
weights on the edges and put the weight 9 on the vertex (0,1,1) as below.

5 5 5 8
002)

9 9
(1,1,0) (0.1,1)

Table 2.2(b): Storage requirement in substep (b)

N@) Nwy) N(e) Nw,) SR

[Vi| +2 Vi| +1+ 1=|Vj|+2 | 2-2=0 2-2=0 2|vy| +4

Third vertex (1,0,1) of V,:

Substep (a): add vertex (1,0,1), edges terminating at (1,0,1) and weights on the edges

4!:!:’ (0,1,0) (0,0,1) Qéé&é)

5+4=9 5+4=9

Qé;£§> 0.1, 11!:!”




There are two edges terminating at (1,0,1): from (1,0,0) and from (0,0,1). By the same reasoning as the
previous case, the length of any path from z to (1,0,1) that goes through (1,0,0) is 5 + 4 = 9. The length of
any path from z to (1,0,1) that goes through (0,0,1) is also 5 + 4 = 9. These are weights we put on the
corresponding edges.

Table 2.3(a): Storage requirement in substep (a)

N@) Nw,) N(e) Nw,) SR

Vil + 2+ 1= |Vi| +3 | [Vi] + 2 0+2=2 0+2=2 2|Vi| +9

Substep (b): As both edges terminating at (1,0,1) have the same associated weight 9, PI holds for (1,0,1)
and the common length of any path between z and (1,0,1) is 9. We delete the two edges, delete the two
weights on the edges and put the weight 9 on the vertex (1,0,1) as below.

5 5 5 8
0.0, 0.0.2)
9 9 9
(1,1,0) (0,1,1) (1,0,1)
Table 2.3(b): Storage requirement in substep (b)
N©) N(w,) N(e) Nw,) SR
[Vi| +3 [Vi| +2+ 1=|V4|+3 | 2-2=0 2-2=0 2|Vy| +6

Fourth vertex (1,0,2) of V,:

Substep (a): add vertex (1,0,2), edges terminating at (1,0,2) and weights on the edges

(0,0,1) 0,0,2)

5+6=11 8+3=11

Qig;ﬁ 0,1,1) (1.0.) (1,0,2)




There are two edges terminating at (1,0,2): from (1,0,0) and from (0,0,2). PI has been already established
for (1,0,0) and (0,0,2). The common length of any path from z to (1,0,0) is 5. As the length of the path
between (1,0,0) and (1,0,2) is 6, the length of any path from z to (1,0,2) that goes through (1,0,0) is 5 + 6
= 11. This is the weight we put on the edge between (1,0,0) and (1,0,2).

The common length of any path from z to (0,0,2) is 8. As the length of the path between (0,0,2) and
(1,0,2) is 3, the length of any path from z to (1,0,2) that goes through (0,0,2) is 8 + 3 = 11. This is the
weight we put on the edge between (0,0,2) and (1,0,2).

Table 2.4(a): Storage requirement in substep (a)

N©W) Nw,) N(e) Nw,) SR

[Vi| + 3+ 1= V| +4 | V4| +3 0+2=2 0+2=2 2|vy| +11

Substep (b): As both edges terminating at (1,0,2) have the same associated weight 11, PI holds for (1,0,2)
and the common length of any path between z and (1,0,1) is 11. We delete the two edges, delete the two
weights on the edges and put the weight 11 on the vertex (1,0,2) as below.

5 5 5 8
002

9 9 9 11
(1,1,0) (0,1,1) (1,0,1) (1,0,2)

Table 2.4(b): Storage requirement in substep (b)

N) Nwy) N(e) Nw,) SR

V[ +4 V[ +3+1=|V/[+4 [2-2=0 2-2=0 2|vy| +8

Last vertex (0,1,2) of V,:

Substep (a): add vertex (0,1,2), edges terminating at (0,1,2) and weights on the edges

0,0,2)

5+6=11 8+3=11

9

9 9 11




There are two edges terminating at (0,1,2): from (0,1,0) and from (0,0,2). PI has been already established
for (0,1,0) and (0,0,2). The common length of any path from z to (0,1,0) is 5. As the length of the path
between (0,1,0) and (0,1,2) is 6, the length of any path from z to (0,1,2) that goes through (0,1,0) is 5 + 6
= 11. This is the weight we put on the edge between (0,1,0) and (0,1,2).

The common length of any path from z to (0,0,2) is 8. As the length of the path between (0,0,2) and
(0,1,2) is 3, the length of any path from z to (0,1,2) that goes through (0,0,2) is 8 + 3 = 11. This is the
weight we put on the edge between (0,0,2) and (0,1,2).

Table 2.5(a): Storage requirement in substep (a)
[this is the maximum SR that we can have in Step 2]

NW) Nw,) N(e) Nw,) SR
[Vi| + 4+ 1= V|45 | [Vi| + 4 0+2=2 0+2=2 2|Vy|+ 13
=[Vi| +]V3| =[Vi| +|Val-1 =2(|Vi| + [Va)+3

=2(|Vi|+ [Va)) + (2x1) + 1

Substep (b): As both edges terminating at (0,1,2) have the same associated weight 11, PI holds for (0,1,2)
and the common length of any path between z and (0,1,2) is 11. We delete the two edges, delete the two
weights on the edges and put the weight 11 on the vertex (0,1,2) as below.

5 5 5 8
002)
9 9 9 11 11

(1.1.0) ©.1.) (1.0.1) @02 0,12)

Table 2.5(b): Storage requirement in substep (b)

N(©v) Nw,) N(e) Nw,) SR
|V1|+|V2| |V1|+|V2|_1+1 2-2=0 2-2=0 2(|V1|+ Vzl)
=[Vi| + [V

End of step 2: As PI has been established for all vertices in V,, we can delete the vertices in V; and keep
only the vertices in V, with their associated weights.

9 9 9 11 11

(1.1.0) ©O.1.1) (1.0.1) 1.02) ©.1.)

Table 2.5(c): Storage requirement in the end of step 2

NQ) Nw,) N(e) Nw.) SR

[Vi| +|V2| =V [Vi| +[Va| =V 0 0 2|V
= V)| = V)|




Step 3: First vertex (1,1,1) of V3:

Substep (a): add vertex (1,1,1), edges terminating at (1,1,1) and weights on the edges

9 9 9 11 11
(1,1,0) (0,1,1) (1,0,1) (1,0,2) 0,12
943 =12 943 =12 943 =12

/.
@11

There are three edges terminating at (1,1,1): from (1,1,0), from (0,1,1) and from (1,0,1). PI has been
already established for (1,1,0), (0,1,1), (1,0,1). The common length of any path from z to (1,1,0) is 9. As
the length of the path between (1,1,0) and (1,1,1) is 3, the length of any path from z to (1,1,1) that goes

through (1,1,0) is 9 + 3 = 12. This is the weight we put on the edge between (1,1,0) and (1,1,1).

The common length of any path from z to (0,1,1) is 9. As the length of the path between (0,1,1) and
(1,1,1) is 3, the length of any path from z to (1,1,1) that goes through (0,1,1) is 9 + 3 = 12. This is the
weight we put on the edge between (0,1,1) and (1,1,1). By the same reasoning, the weight we put on the
edge between (1,0,1) and (1,1,1)is 9 + 3 =12.

Table 3.1(a): Storage requirement in substep (a)

N@)

Nw,)

N(e)

Nw.)

SR

|V2| +1

|Vl

0+3=3

0+3=3

2|Vo| +7

Substep (b): As all three edges terminating at (1,1,1) have the same associated weight 12, PI holds for

(1,1,1) and the common length of any path between z and (1,1,1) is 12. We delete the three edges, delete

the three weights on the edges and put the weight 12 on the vertex (1,1,1) as below.

(1,1,0)

(0,1,1)

12

(1,1,1)

9
(1,0,1)

Table 3.1(b): Storage requirement in substep (b)

11

11

N©W)

Nw,)

N(e)

Nw.)

SR

|V2| +1

|V2| +1

3-3=0

3-3=0

2|V2| +2




Last vertex (1,1,2) of V,:

Substep (a): add vertex (1,1,2), edges terminating at (1,1,2) and weights on the edges

(1,1,0)

(0,1,1)

12

(1,1,1)

9

(1,0,1)

9+4=13

11
1,0,2)

11

0,1,2

1142=13

11+2=13

There are three edges terminating at (1,1,2): from (1,1,0), from (1,0,2) and from (0,1,2). PI has been
already established for (1,1,0), (1,0,2), (0,1,2). The common length of any path from z to (1,1,0) is 9. As
the length of the path between (1,1,0) and (1,1,2) is 4, the length of any path from z to (1,1,2) that goes
through (1,1,0) is 9 + 4 = 13. This is the weight we put on the edge between (1,1,0) and (1,1,2).

The common length of any path from z to (1,0,2) is 11. As the length of the path between (1,0,2) and
(1,1,2) is 2, the length of any path from z to (1,1,2) that goes through (1,0,2) is 11 + 2 = 13. This is the
weight we put on the edge between (1,0,2) and (1,1,2). By the same reasoning, the weight we put on the
edge between (0,1,2) and (1,1,2) is 11 + 2 =13.

Table 3.2(a): Storage requirement in substep (a)

[this is the maximum SR that we can have in Step 3]

N(©v) Nw,) N(e) Nw,) SR
[Vo| + 1+1=|Vo| + 2 | Vo1 = |V +|V5-1 | 0+ 3=3 0+3=3 2|Vo| +9
=[Va| + V3 =2(|Vo[+|V4)) + 5

=2(|Vol+|Va]) + (2x2) + 1

Substep (b): As all three edges terminating at (1,1,2) have the same associated weight 13, PI holds for
(1,1,2) and the common length of any path between z and (1,1,2) is 13. We delete the three edges, delete
the three weights on the edges and put the weight 13 on the vertex (1,1,2) as below.

(1,1,0)

(0,1,1)

12

(1,1,1)

9

(1,0,1)

13
(1,1,2)

11
(1,0,2)

11




Table 3.2(b): Storage requirement in substep (b)

N(©v) Nw,) N(e) Nw,) SR
|V2| + |V3| |V2| +|V3| —-1+1 3-3=0 3-3=0 2(|V2|+ |V3|)
=V + |V

End of step 3: As PI has been established for all vertices in V3, we can delete the vertices in V, and keep

only the vertices in V3 with their associated weights.

12

Table 3.2(c): Storage requirement in the end of step 3

12
{.1,2)

N©W) Nw,) N(e) Nw,) SR
[Va| +|V3| =V [Va| +|V3| =V 0 0 2|v3
=| V3| =| V3

This is the end of the algorithm for the game I'; (Example 1).

Maximum storage requirement:

In step 0, the storage requirement is |Vo| = 1.

As shown in Table 1.4(a), in step 1, the maximum storage required is |Vy| + 2|Vi| + (2x0) +1 < 2(|Vo| +|V1])

+ (2x0) +1

As shown in Table 2.5(a), in step 2, the maximum storage required is 2(|V;| + |Va|) + (2x1) +1

As shown in Table 3.2(a), in step 3, the maximum storage required is 2(|V,| + |V3]) + (2x2) +1

So the storage requirement for the algorithm is bounded above by max,—o12,[2(|V/| + [Vi1|) + 27 +11].
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