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MARKETS AND GAMES: A SI MPLE EQUI VALENCE AMONG

THE CORE, EQUI LI BRI UMAND LI MI TED ARBI TRAGE

ABSTRACT

Gr aci el a Chi chi l ni sky *

Col umbi a Uni ver si t y

( Jul y 1994 : r evi sed Sept ember 1995)

Thi s not e pr ovi des si mpl e pr oof s of t he equi val ence among t he cor e, equi l i br i um and l i mi t ed

ar bi t r age i n mar ket s wi t h shor t sal es, and wi t h uni f or m st r i ct l y convex pr ef er ences .

1 . I NTRODUCTI ON

Thi s not e pr ovi des ver y shor t and si mpl e pr oof s of t he equi val ence among

t he cor e, compet i t i ve equi l i br i um and l i mi t ed ar bi t r age . Li mi t ed ar bi t r age

i s a condi t i on def i ned on t he endowment s and pr ef er ences of t he t r ader s i n

an Ar r ow Debr eu economy ; i t was i nt r oduced i n Chi chi l ni sky ( 1991) and i t

has an ant ecedent i n Chi chi l ni sky and Heal ( 1984) .

The expr essi on l i mi t ed ar bi t r age i s used t o descr i be economi es wher e

onl y bounded, or l i mi t ed, gai ns ar e avai l abl e t o t he t r ader s at t hei r i ni t i al

endowment s . Thi s means t hat t her e exi st s one pr i ce- t he same f or al l

t r ader s- at whi ch af f or dabl e t r ades can onl y i ncr ease t hei r ut i l i t i es by

l i mi t ed, or bounded, amount s . Li mi t ed ar bi t r age i s r el at ed t o, but

nonet hel ess di f f er ent f r om, t he concept of no- ar bi t r age used i n f i nance,

see Chi chi l ni sky ( 1992, 1995a) .

The r esul t s i n t hi s not e pr ovi de a ver y succi nct and si mpl e exposi t i on

of par t of a much l ar ger and mor e compl ex ar ea . I dr aw f r om ear l i er

* The Lei f Johansen Awar d at t he Uni ver si t y of Osl o, and r esear ch suppor t f r om NSF

gr ant s No. 92- 16028 & DMS 94- 08798 cont r i but ed t o t he pr epar at i on of t hi s paper . The

r esul t s of t hi s paper wer e pr esent ed and ci r cul at ed at an i nvi t ed sessi on of t he Amer i can

Economi c Associ at i on and al so at a sessi on of t he Economet r i c Soci et y Meet i ngs i n Bost on,

Januar y 3- 5, 1994 . 1 t hank t he Associ at e Edi t or and t wo anonymous r ef er ees f or ver y

hel pf ul comment s .
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r esul t s est abl i shi ng f or t he f i r st t i me a condi t i on- l i mi t ed ar bi t r age-

whi ch i s si mul t aneousl y necessar y and suf f i ci ent f or t he exi st ence of a

compet i t i ve equi l i br i um and f or t he non- empt i ness of t he cor e .

( Chi chi l ni sky 1991, 1992, 1993a, 1994b) . I The si mpl e pr oof s pr ovi ded

her e wor k onl y f or economi es wi t h shor t sal es ( so t hat t r ades ar e i n
RN) ,

and when t he pr ef er ences ar e convex, uni f or m and cont ai n no hal f l i nes i n

t hei r i ndi f f er ences, such as f or exampl e t hose whi ch ar e r epr esent abl e by

st r i ct l y concave ut i l i t i es . 2 I t has been est abl i shed t hat t he equi val ence

bet ween l i mi t ed ar bi t r age and t he exi st ence of an equi l i br i um hol ds i n

gr eat gener al i t y : i t i s t r ue i n mar ket s wi t h shor t sal es, i . e . when X=
RN

and al so i n t he cl assi c Ar r ow Debr eu case when no shor t sal es ar e

al l owed 3 X=
RN

+ ; f ur t her mor e i t hol ds al so wi t h f i ni t el y and wi t h

i nf i ni t el y many commodi t i es . 4 Li mi t ed ar bi t r age i s al so equi val ent t o t he

non- empt i ness of t he cor e wi t h shor t sal es, and ei t her f i ni t el y or i nf i ni t el y

many mar ket s, see al so Chi chi l ni sky and Heal ( 1991) . I n gener al ,

compl ex pr oof s ar e r equi r ed. However by speci al i zi ng on a si mpl er case,

when X=
RN+

and uni f or m pr ef er ences wi t h i ndi f f er ence sur f aces whi ch

cont ai n no hal f l i nes, I can use known r esul t s i n t he l i t er at ur e 5

Chi chi l ni sky and Heal ( 1984, 1993) , and of f er pr oof s whi ch ar e ver y

shor t and si mpl e . Just a f ew l i nes suf f i ce .

Sect i on 4 shows t hat t he no- ar bi t r age Condi t i on C, i nt r oduced i n 1984

by Chi chi l ni sky and Heal ( 1984, 1993) i n a paper whi ch pr ovi ded t he f i r st

pr oof of exi st ence of a compet i t i ve equi l i br i um i n Wal r asi an economi es

wi t h shor t sal es, i s al so si mul t aneousl y necessar y and suf f i ci ent f or t he

exi st ence ' of a compet i t i ve equi l i br i um and f or . t he nonempt i ness of t he

cor e i n t he speci al cases consi der ed i n t hi s paper . The r el at i onshi p

bet ween t he r esul t s of Chi chi l ni sky and Heal ( 1984, 1993) and t he

Ot her l i t er at ur e i s di scussed i n Chi chi l ni sky ( 1992) and al so bel ow.

2 Thi s excl udes t he cl assi c Ar r ow Debr eu model i n whi ch t he t r adi ng space i s R' ' +, and

pr ef er ences whi ch ar e l i near or have hal f l i nes i n t hei r i ndi f f er ences . The r esul t s i n

Chi chi l ni sky ( 1991, 1992, 1993a, 1993b, 1994a, 1994b, 1995a, 1995b) i ncl ude 118 N+ and al l

t he pr ef er ences ment i oned above .

3 See Chi chi l ni sky ( 1991, 1992, 1993a, 1994b, 1995a) .

4 Chi chi l ni sky and Heal ( 1984, 1993) .

E. g . t he 1984 r esul t s i n Chi chi l ni sky and Heal ( 1984, 1993) whi ch i nt r oduced a no-

ar bi t r age condi t i on C and pr oved i t i s suf f i ci ent f or t he exi st ence of an Ar r ow Debr eu

equi l i br i um i n mar ket s wi t h shor t sal es ( f i ni t e or i nf i ni t e di mensi onal ) . Subsequent l y,

exi st ence r esul t s whi ch ar e speci al cases of t he above wer e gi ven i n Wer ner ( 1987) , Ni el sen

( 1989) , Page ( 1987) , and Chi chi l ni sky ( 1992) . The l at t er pr ovi des necessar y as wel l as

suf f i ci ent condi t i ons . Theor em 1 of Chi chi l ni sky and Heal ( 1984, 1993) est abl i shes t he

exi st ence of an equi l i br i um under t hi s paper ' s condi t i ons . See Pr oposi t i on 4 of Sect i on 4

bel ow.
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subsequent r esul t s i n Wer ner ( 1987) , Ni el sen ( 1989) and Page ( 1987) i s

al so di scussed i n Sect i on 4 .

I n addi t i on t o mar ket equi l i br i um and t he cor e, t he concept of l i mi t ed

ar bi t r age i s cent r al t o ot her f or ms of r esour ce al l ocat i on : i t i s necessar y

and suf f i ci ent f or t he exi st ence of cont i nuous anonymous soci al choi ce

r ul es whi ch r espect unani mi t y on pr ef er ences si mi l ar t o t hose of t he

t r ader s ( Chi chi l ni sky 1993c, 1991) and f or t he el i mi nat i on of Condor cet

cycl es and a r esol ut i on of Ar r ow' s i mpossi bi l i t y t heor em on choi ces of

l ar ge ut i l i t y val ues ( Chi chi l ni sky 1994b, 1995a) . Li mi t ed ar bi t r age i s

t her ef or e a uni f yi ng condi t i on whi ch i s cr uci al f or t he most f r equent l y

used f or ms of r esour ce al l ocat i on : by mar ket s, games and soci al choi ce .

2. DEFI NI TI ONS

An economy E has H:-:- 2 t r ader s who t r ade n : 2 commodi t i es or asset s ;

t he t r adi ng space X i s RN+ . A t r ader i i s descr i bed by an i ni t i al endowment

or pr oper t y r i ght s vect or S2 i i n RN,
and by a convex pr ef er ence r epr esent ed

by a ut i l i t y f unct i on ui :
RN - > I f s, whi ch i s cont i nuous and monot oni cal l y

i ncr easi ng . Wi t hout l oss of gener al i t y we may choose a quasi concave ut i l i t y

r epr esent at i on sat i sf yi ng u i ( 0) = 0, and SUPXE RN ( u( x) ) = oc . A mar ket

economy i s E= { X S2 i E
RN+, ui : X- + R, i = 1, . . . , H} . The t r adi ng

oppor t uni t i es whi ch coul d yi el d unbounded ut i l i t y i ncr eases f or t he i t h

t r ader ar e descr i bed by net t r ades i n t he gl obal cone def i ned ash

A; ( Q; ) = { y E RN: ` dx E 118N, 3A > 0 : ui ( Qi + Ay) > ui ( x) } : t hi s i s a con-

cept or i gi nal l y i nt r oduced i n Chi chi l ni sky ( 1991) and ( 1992) , and cont ai ns

gl obal i nf or mat i on about t he t r ader . I make t hr ee assumpt i ons on

pr ef er ences, b' i s

( 1) non- sat i at i on : A; ( 52 ; ) * 0 ;
( 2) uni f or mi t y : t he smal l est cl osed set cont ai ni ng Ai ( Qi ) , denot ed

Ai ( Qi ) , i s t he set of di r ect i ons of net t r ades f r om S2 i al ong whi ch

ui does not decr ease and i s t he same b' Sk i E
RN.

Thi s condi t i on i s

aut omat i cal l y sat i sf i ed by pr ef er ences whi ch admi t a r epr esent at i on by

' The gl obal cone A; and i t s cl osur e A; ( i . e . t he smal l est cl osed set cont ai ni ng A ; ) ar e

di f f er ent i n gener al f r om t he " r ecessi on cone" used by Rockaf el l ar ( 1970) and ot her s, e . g .

Wer ner ( 1987) . For exampl e, wi t h Leont i ef - t ype pr ef er ences t he r ecessi on cone i s t he cl osed

upper cont our of t he pr ef er ence whi l e t he gl obal cone A ; i s an open set . Fur t her mor e when a

pr ef er ence i n RN has sever al di r ect i ons t o whi ch t he i ndi f f er ences asympt ot e, t hen t he

r ecessi on cone i s di f f er ent al so f r om t he cl osed set A; , see e . g . Pr oposi t i on 2 i n Chi chi l ni sky

( 1995a) . For exampl es see Pr oposi t i on 2 i n Chi chi l ni sky ( 1995a) .
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concave ut i l i t i es, or by smoot h ut i l i t i es wi t h gr adi ent s bounded away

f r om zer o . 8 I t i s used t o pr ove t he necessi t y of l i mi t ed ar bi t r age f or

t he exi st ence of an equi l i br i um and t he cor e ;

no f l at s : pr ef er ences cont ai n no hal f - l i nes i n t hei r i ndi f f er ence

sur f aces, a condi t i on whi ch i s aut omat i cal l y sat i sf i ed by st r i ct l y

convex pr ef er ences . 9

Under assumpt i ons ( 1) ( 2) and ( 3) , t he boundar y of t he gl obal cone,

aAi , i s non- empt y and i t consi st s of t hose di r ect i ons al ong whi ch t he

ut i l i t y i ncr eases st r i ct l y and asympt ot i cal l y appr oaches but never r eaches
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and

3 h E N s . t . uh( yh) > uh( xh
) . The t r ader s mar ket cone Di i s t he set of

al l t hose pr i ces at whi ch al l t r adi ng oppor t uni t i es i n A; ar e unaf f or dabl e :

Di = { p E RN
: d y E A, , ( p, y) >

01 .

Def i ni t i on 1 . The mar ket economy E has l i mi t ed ar bi t r age when al l i t s

mar ket cones i nt er sect :

H

n Di

	

~ .

i =1
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Thi s means t hat t her e exi st s one pr i ce, t he same f or al l t r ader s, at

whi ch t he t r ades t hey can af f or d onl y i ncr ease t hei r ut i l i t i es by l i mi t ed, or

bounded, amount s . The geomet r y of l i mi t ed ar bi t r age i s si mpl e : i t means

t hat t he t r ader s gl obal cones cannot cont ai n net t r ades whi ch add up t o

zer o : Wi t h t wo t r ader s : - 3 x, y such t hat x + y = 0, x EA I and y E A2. I n

ot her wor ds : t he cones Ai must l i e on one si de of a gi ven pr i ce

hyper pl ane . Fi gur e 1 i l l ust r at es an economy El wi t h t wo t r ader s and t wo

asset s whi ch has l i mi t ed ar bi t r age . I t s cones ar e A, and A2 and t he pr i ce

l i ne p l eaves bot h cones on one si de . Ther ef or e net t r ades i n di r ect i ons

whi ch l ead t o unbounded ut i l i t y gai ns ar e unaf f or dabl e by al l t r ader s f r om

t hei r i ni t i al endowment s at pr i ce p . The economy of Fi gur e 2 does not

7 For a pr oof see Chi chi l ni sky ( 1995b) .
8 For a pr oof see Chi chi l ni sky ( 1992, 1995a) .

9 Wi t hout t he condi t i on t hat pr ef er ences cont ai n no hal f l i nes t he ar gument s pr ovi ded i n t hi s

paper do not hol d . Thi s condi t i on i ncl udes al l st r i ct l y concave pr ef er ences, but i t excl udes

l i near pr ef er ences, pr ef er ences whi ch ar e par t l y l i near and many pr ef er ences whi ch ar e

convex but not st r i ct l y so .
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Fi gur e 1 : Li mi t ed ar bi t r age i s sat i sf i ed. The t wo gl obal cones l i e i n t he hal f space def i ned by

p . Ther e ar e no . f easi bl e t r ades t hat i ncr ease ut i l i t i es wi t hout l i mi t : t hese woul d consi st of

pai r s of poi nt s symmet r i cal l y pl aced about t he common i ni t i al endowment , and such pai r s of

poi nt s l ead t o ut i l i t y val ues bel ow t hose of t he endowment s at a bounded di st ance, f i om t he

i ni t i al endowment s .

sat i sf y l i mi t ed ar bi t r age : t her e ar e t wo di r ect i ons of net t r ades wl E A l

and wl E A2 , whi ch yi el d unbounded i ncr eases i n ut i l i t y and whi ch sum

up t o zer o . Ther ef or e, t her e i s no pr i ce p at whi ch al l net t r ades i n A 1

and i n A2 ar e unaf f or dabl e f r om i ni t i al endowment s .

3. LI MI TED ARBI TRAGE, COMPETI TI VE EQUI LI BRI UMAND THE CORE

Wel l def i ned economi es may have no compet i t i ve equi l i br i um. Exampl es of

such f ai l ur e i n Ar r ow Debr eu economi es wi t h convex and monot one
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Fi gur e 2 : Li mi t ed ar bi t r age does not hol d. The gl obal cones ar e not cont ai ned i n a hal f

space, and t her e ar e sequences of f easi bl e al l ocat i ons such as ( WI , W, ) , ( W2, W2) whi ch

pr oduce unbounded ut i l i t i es .

pr ef er ences wer e pr ovi ded i n Ar r ow and Hahn ( 1970) . They t r ace t hi s

pr obl emt o t he di scont i nui t y of t he excess demand when pr i ces t end t o zer o

and when some t r ader has a zer o endowment of some good, a si t uat i on

whi ch t hey consi der r eal i st i c . Thi s pr obl em i s i di osyncr at i c t o economi es

wi t hout shor t sal es .

Her e we speci al i ze, i nst ead, i n economi es wi t h shor t sal es . The pr obl em

of t he l ack of a compet i t i ve equi l i br i um i s somewhat di f f er ent . I t i s t r aced

t o t he desi r e of t r ader s t o t ake ar bi t r ar i l y l ong and shor t posi t i ons whi ch
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cannot be accommodat ed wi t hi n t he bounded r esour ces of t he economy . 1 °

Such unbounded t r adi ng posi t i ons may cor r espond t o bounded but

never t hel ess ever i ncr easi ng ut i l i t y i ncr eases . Under t hese condi t i ons,

t r ader s never r each an opt i mal t r adi ng posi t i on and a compet i t i ve

equi l i br i um wi t h shor t sal es t ypi cal l y f ai l s t o exi st .

Thi s sect i on pr oves t hat one condi t i on on endowment s and pr ef er -

ences- l i mi t ed ar bi t r age- i s necessar y and suf f i ci ent f or t he exi st ence of

an equi l i br i um and t he non empt i ness of t he cor e . Li mi t ed ar bi t r age

ensur es t hat t her e exi st pr i ces at whi ch no t r ader wi shes, and none can

af f or d, t o t ake posi t i ons whi ch exceed t he r esour ces avai l abl e i n t he

economy . Not onl y i s t hi s condi t i on suf f i ci ent f or t he exi st ence of an

equi l i br i um: i t i s al so t he mi ni mal condi t i on t hat wi l l wor k, because

l i mi t ed ar bi t r age i s al so necessar y f or t he exi st ence of an equi l i br i um.

The r esul t s pr ovi ded bel ow summar i ze t he mai n r esul t s of a l ar ger and

mor e compl ex l i t er at ur e, speci al i zi ng t hem t o cases i n whi ch shor t and

si mpl e pr oof s can be pr ovi ded . The f i r st pr oof of a condi t i on whi ch i s

si mul t aneousl y necessar y and suf f i ci ent f or t he exi st ence of a compet i t i ve

equi l i br i um- l i mi t ed ar bi t r age- was gi ven i n Chi chi l ni sky ( 1991, 1992) ;

i t appl i es ver y gener al l y t o economi es wi t h or wi t hout shor t sal es, havi ng

pr ef er ences wi t h or wi t hout f l at s, see Chi chi l ni sky and Chi chi l ni sky

( 1991, 1995b) , and wi t h f i ni t el y or i nf i ni t el y many mar ket s, see

Chi chi l ni sky and Heal ( 1991) . The f i r st suf f i ci ent condi t i on f or t he

exi st ence of a compet i t i ve equi l i br i um i n Ar r ow Debr eu- t ype economi es

wi t h shor t sal es ( wi t h f i ni t el y or i nf i ni t el y many mar ket s) was gi ven i n

Chi chi l ni sky and Heal ( 1984) ; subsequent r el at ed l i t er at ur e i s di scussed

al so i n Sect i on 4 . 11

Theor em 3 . 1 . Li mi t ed ar bi t r age

	

i s

	

necessar y

	

and suf f i ci ent f or t he

exi st ence of a compet i t i ve equi l i br i um i n t he economy E, f or any set of

i ni t i al endowment s I Qi } i _1, . . . , H E RNxH,

Pr oof. Necessi t y f i r st . The pr oof i s by cont r adi ct i on . Wi t hout l oss of

gener al i t y assume t hat ` d i , Qi = 0 . I f p* i s an equi l i br i um pr i ce, t hen

d i , x i E Ai ==> ( p * , xi ) > 0,

	

f or ot her wi se t her e woul d exi st af f or dabl e

' ° When t he i ndi f f er ence sur f aces of t he pr ef er ences have a cl osed - set of gr adi ent di r ect i ons

( f or exampl e when pr ef er ences ar e l i near ) t hen an economy f ai l s t o have a compet i t i ve

equi l i br i um when i t has t he r esour ces t o accompl i sh i ndef i ni t el y l ar ge i ncr eases i n ut i l i t y,

si nce t her e ar e at l east t wo t r ader s who ar e wi l l i ng and abl e t o make i ndef i ni t el y l ar ge ut i l i t y

i ncr easi ng exchanges .

' ' I n t empor ar y equi l i br i um model s, whi ch di f f er f r om Ar r ow- Debr eu economi es i n t hat

f or war d mar ket s ar e mi ssi ng, Gr een ( 1973) st at ed condi t i ons on pr i ce expect at i ons as

necessar y and suf f i ci ent f or t he exi st ence of a t empor ar y equi l i br i um.

Bl ackwel l Publ i sher s Lt d . 1996
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consumpt i on bundl es whose ut i l i t y exceeds any ot her ut i l i t y l evel , and

t her ef or e an equi l i br i um cannot exi st . Next I wi l l pr ove t hat Vi ,

x i E aA i ==~- ( p * , xi ) > 0 . By cont r adi ct i on . Assume t hat x ; E aAi sat i sf i es

( p * , x i ) , 0, and l et yi be t he equi l i br i um consumpt i on vect or f or t r ader i .

Now consi der t he vect or ( yi + Axi ) , wher e A > 1 . Si nce ( p * , yi ) , 0 and

( Ap* , xi ) = ( p * , Axi ) , 0, t hen ( p * , Yi + Axi ) = ( p * , yi ) + ( Ap
*

r xi ) - 0, so

t hat yi + A. xi i s af f or dabl e . Mor eover , by assumpt i on ( 2) on uni f or mi t y of

t he cones, si nce t he vect or x ; E aAi , ui ( yi + Axi ) > ui ( yi ) , cont r adi ct i ng t he

f act t hat y i i s an equi l i br i um al l ocat i on . Si nce t he cont r adi ct i on ar i ses f r om

assumi ng t hat 11 i , x i s . t . x i E aAi and ( p * , x i ) - 0, i t f ol l ows t hat ` d i ,

x i E aA i = ( p * , x i ) > 0 . Ther ef or e I have shown t hat Vi , x i E Ai =
( p* , x i ) > 0, so t hat l i mi t ed ar bi t r age i s i ndeed necessar y f or exi st ence .

Suf f i ci ency : i n t he speci al case consi der ed her e, namel y when X= R' and

when t he pr ef er ences sat i sf y condi t i ons ( 1) t o ( 3) , known pr oof s of

exi st ence appl y : f or exampl e, Theor em 1 of Chi chi l ni sky and Heal ( 1984,

1993) , and t he subsequent r esul t s
12

of Wer ner ( 1987) , Ni el sen ( 1989) , and

Page ( 1987) .

I nt ui t i vel y Theor em 3 . 1 i s a r easonabl e r esul t : i n an economy wi t hout

l i mi t ed ar bi t r age, such as t hat i n Fi gur e 2, t r ader s wi sh t o t ake

unboundedl y l ar ge and opposed t r adi ng posi t i ons, and cannot r each an

equi l i br i um. Desi r ed t r ades ar e j ust t oo di ver se t o be accommodat ed

wi t hi n t he same economy . As a cor ol l ar y of Theor em 3 . 1 one obt ai ns :

Theor em 3 . 2 . Li mi t ed ar bi t r age i s necessar y and suf f i ci ent .f or t he non-

empt i ness of t he cor e i n t he economy E, f or any set of i ni t i al endowment s
1 N. H
f i =1, . . . , HR

Pr oof . Si nce a compet i t i ve equi l i br i um i s i n t he cor e, t he suf f i ci ency of

l i mi t ed ar bi t r age f ol l ows di r ect l y f r om Theor em 3 . 1 . Necessi t y : a cor e

al l ocat i on i s Par et o ef f i ci ent , and i t i s t her ef or e a compet i t i ve equi l i br i um

f or some i ni t i al endowment s : t hi s i s t he second wel f ar e t heor em. For t hese

i ni t i al endowment s, t her ef or e, Theor em 3 . 1 i mpl i es t hat l i mi t ed ar bi t r age

must be sat i sf i ed . But l i mi t ed ar bi t r age i s sat i sf i ed si mul t aneousl y at al l

i ni t i al endowment s, because of t he uni f or mi t y assumpt i on ( 2) . Ther ef or e

l i mi t ed ar bi t r age i s sat i sf i ed at t he or i gi nal i ni t i al endowment s as wel l .

Ther ef or e l i mi t ed ar bi t r age i s necessar y f or t he exi st ence of a cor e

al l ocat i on .

12 The pr oof s of exi st ence of an equi l i br i um i n Chi chi l ni sky ( 1992, 1995a) i ncl ude al so

mor e gener al economi es : mar ket s wi t h as wel l as wi t hout shor t sal es, pr ef er ences whi ch may

or may not be st r i ct l y convex, and f i ni t el y or i nf i ni t el y many mar ket s .
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4 . SUFFI CI ENT CONDI TI ONS FOR EXI STENCE OF AN EQUI LI BRI UM WI TH

SHORT SALES

I n Theor em 1 we i nvoked pr i or r esul t s whi ch pr ovi ded suf f i ci ent condi t i ons

f or t he exi st ence of an equi l i br i um i n Ar r ow Debr eu mar ket s wi t h shor t

sal es . Thi s sect i on shows t he connect i on bet ween di f f er ent r esul t s .

4. 1 The l i t er at ur e

I n 1984 Chi chi l ni sky and Heal ( 1984, 1993) def i ned a no- ar bi t r age

condi t i on C, and pr oved t hat i t i s suf f i ci ent f or t he exi st ence of an Ar r ow

Debr eu equi l i br i um i n economi es wi t h or wi t hout shor t sal es, wi t h f i ni t el y

or i nf i ni t el y many mar ket s, and wi t h pr ef er ences whi ch ar e or ar e not

st r i ct l y convex . Subsequent l y, i n Ar r ow Debr eu economi es wi t h st r i ct l y

convex pr ef er ences and wi t h f i ni t el y many mar ket s, suf f i ci ent condi t i ons

f or t he exi st ence of a compet i t i ve equi l i br i um wi t h shor t sal es l 3 wer e gi ven

by Wer ner ( 1987) and t hen by Ni el sen ( 1989) . I n t he cont ext of Har t ' s

model whi ch does not have t he gener al i t y of t he Ar r ow Debr eu mar ket

consi der ed her e, i n Chi chi l ni sky and Heal ( 1984, 1993) and i n Wer ner

( 1987) , Page ( 1987) uses t he same cones and t he same no- ar bi t r age

condi t i on def i ned ear l i er by Wer ner ( 1987) t o st at e exi st ence r esul t s .

The r esul t s of Chi chi l ni sky and Heal ( 1984, 1993) ar e pr i or and mor e

gener al t han t he r est : t hei r paper was submi t t ed f or publ i cat i on on

Febr uar y 28, 1984 at l east a year and a hal f ear l i er t han t he r est , as

r ecor ded i n t he pr i nt ed ver si ons . Pr oposi t i on 4 . 2 shows t hat t he r esul t s of

Chi chi l ni sky and Heal ( 1984, 1993) ar e mor e gener al t han t hose of

Wer ner ( 1987) , whi ch wer e submi t t ed f or publ i cat i on i n Jul y 1985, as

wel l as t hose publ i shed l at er i n Ni el sen ( 1989) . The subsequent r esul t s of

Page ( 1987) ar e l ess gener al t han t hose of Chi chi l ni sky and Heal ( 1984,

13 I n t he par t i cul ar case cover ed i n t hi s paper , whi ch excl udes t he Ar r ow- Debr eu model i n

i t s cl assi c f or m ( because i t admi t s shor t sal es) and whi ch excl udes al so t he case of

pr ef er ences whi ch may have f l at s and may have non- uni f or m r ecessi on cones, Wer ner ( 1987)

pr ovi ded a pr oof of suf f i ci ency and st at ed, wi t hout pr oof , t hat t he condi t i on whi ch he cal l s

no- ar bi t r age i s necessar y f or exi st ence . The ar gument whi ch Wer ner ( 1987) pr ovi des f or

necessi t y i s not compl et e . The poi nt i s t hat t he no- ar bi t r age condi t i on i n hi s Theor em 1 i s

def i ned i n t er ms of t he set s S; : i t i s n; S% : f 0, whi l e t he hi nt he gi ves f or necessi t y af t er t he

pr oof of suf f i ci ency i s st at ed, i nst ead, i n t er ms of set s D; : i t i s n; D; t 0. A pr oof t hat

S; = D; i s needed, but t he one pr ovi ded i n t he Pr oposi t i on 2 assumes t hat al l set s W; ar e t he

same ( see l ast t hr ee l i nes of ( i ) i n t he Pr oof of Pr oposi t i on 2, p . 1410) , whi l e t he assumpt i on

made i n t he paper i s, i nst ead, t hat al l r ecessi on cones R; ar e t he same, see Assumpt i on 3, on

page 1408 . However , R; 0 W; , see p . 1408, t wo l i nes above Assumpt i on 3 . Ther ef or e t her e i s

no pr oof of necessi t y i n Wer ner ( 1987) .
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1993) , si nce t hey appl y onl y t o Har t ' s model . I n addi t i on, Chi chi l ni sky

and Heal ( 1984, 1993) has a much l ar ger domai n : i t appl i es t o f i ni t e or

i nf i ni t e di mensi onal economi es, and t o pr ef er ences whi ch may or may not

be st r i ct l y convex, whi l e t he ot her t hr ee paper s ar e f i ni t e di mensi onal , and

appl y onl y t o st r i ct l y convex pr ef er ences .

I n t he f ol l owi ng I r est r i ct t he di scussi on t o t he f i ni t e di mensi onal case

wi t h st r i ct l y convex pr ef er ences t o f aci l i t at e t he compar i son .

4. 2 Di f f er ent no- ar bi t r age condi t i ons

The mai n pr obl em f or t he exi st ence of an equi l i br i um wi t h shor t sal es i s

t hat t he set of f easi bl e al l ocat i ons i s unbounded . Thi s can l ead t r ader s t o

t ake ar bi t r ar i l y l ong and shor t posi t i ons, and t o t he possi bl e l oss of

equi l i br i um. To cont r ol t hi s pr obl em, Chi chi l ni sky and Heal ( 1984, 1993)

obser ved t hat , al t hough f easi bl e al l ocat i ons ar e unbounded, i ndi vi dual l y

r at i onal f easi bl e al l ocat i ons may def i ne a bounded set . I nt ui t i vel y t hi s

happens when cer t ai n t r ader s ar e r el at i vel y mor e r i sk aver se t han ot her s,

and wi sh t o avoi d ver y shor t or l ong posi t i ons ; under t hese condi t i ons

Chi chi l ni sky and Heal ( 1984, 1993) pr oves t he exi st ence of an equi l i br i um.

They f or mal i zed t hi s by r equi r i ng :

No- ar bi t r age Condi t i on C ( Chi chi l ni sky and Heal ( 1984, 1993) ) : I f al ong a

sequence of f easi bl e al l ocat i ons some t r ader ' s al l ocat i on gr ows wi t hout bound,

t hen t he ut i l i t y of some ot her t r ader ' s event ual l y dr ops bel ow t he l evel of hi s/ her

i ni t i al endowment .

Subsequent l y, Wer ner ( 1987) and Ni el sen ( 1989) r equi r ed a no- ar bi t r age

condi t i on, t he same i n bot h paper s, whi ch t hey pr oved t o be suf f i ci ent f or

t he exi st ence of an equi l i br i um. Wi t hi n f i ni t e di mensi onal economi es wi t h

st r i ct l y convex pr ef er ences t hey r equi r ed :

No- ar bi t r age condi t i on ( * ) : Ther e exi st s a pr i ce p such t hat ( p * , xi ) > 0

dx c Ri f or i = 1, 2, . . . , H.

I n t hi s def i ni t i on Ri i s t r ader i t h s r ecessi on cone, Ri = { x E
RN :

u i ( Qi + Ax) %u i ( Qi ) f or al l A > 0} ; t hi s cone was used by Rockaf el l ar

( 1970) and subsequent l y by Wer ner ( 1987) , Page ( 1987) and Ni el sen

( 1989) . I n or der t o compar e t he r esul t s i t i s usef ul t o compar e t he f ami l i es

of cones used i n t he di f f er ent concept s .
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4. 3 Gl obal cones and r ecessi on cones

Exampl e 1 . The r ecessi on cone Ri i s gener al l y di f f er ent f r om t he gl obal

cone Ai , see al so Chi chi l ni sky ( 1995a) . For exampl e wi t h Leont i ef

pr ef er ences t he gl obal cone Ai i s t he open posi t i ve or t hant , whi l e t he

r ecessi on cone i s . t he cl osed or t hant , namel y t he cl osed upper cont our of

t he pr ef er ence .

Exampl e 2. The r ecessi on cone Ri i s al so gener al l y di f f er ent _f r om t he

cl osur e of t he gl obal cone Ai . For exampl e, i n Fi gur e 3 bel ow t her e i s a _f an

of di f f er ent di r ect i ons each of whi ch becomes event ual l y a subset of a

di f f er ent i ndi f f er ence sur f ace . Each of t hese di r ect i ons bel ongs t o t he

r ecessi on cone Ri . On t he ot her hand, t he cl osur e of ' t he gl obal cone

i ncl udes onl y one such di r ect i on .

Exampl e 3 . Under t he speci al assumpt i ons of t hi s paper ( 1) , ( 2) and ( 3) ,

Ri = Ai . Thi s i s because, under t hese assumpt i ons, t her e i s onl y one ut i l i t y
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val ue associ at ed t o di r ect i ons i n t he boundar y of t he gl obal cone, aA i , and

t her ef or e t he t ype of exampl es pr ovi ded above cannot occur. For a pr oof of

t hi s, see Pr oposi t i on 2 of Chi chi l ni sky ( 1995a) .

Si nce i n our case Ri = A i , one has :

Pr oposi t i on 4 . 1 . Under assumpt i ons ( 1) ,

	

( 2) and ( 3) , l i mi t ed ar bi t r age

coi nci des wi t h t he no- ar bi t r age condi t i on ( * ) .

Thi s pr oposi t i on does not hol d when t he cl osur e of t he gl obal cone Ai

i s di f f er ent f r om t he r ecessi on cone Ri , see e . g . Chi chi l ni sky ( 1995a) .

4 . 4 Exi st ence of equi l i br i um wi t h shor t sal es and t he no- ar bi t r age

condi t i on C

The f ol l owi ng r esul t est abl i shes t hat t he r esul t s on t he exi st ence of an

equi l i br i um wi t h shor t sal es of Chi chi l ni sky and Heal ( 1984, 1993) cont ai n

t he r esul t s of Wer ner ( 1987) and Ni el sen ( 1989) as speci al cases . I t does so

by est abl i shi ng t hat t he no- ar bi t r age condi t i on C of Chi chi l ni sky and Heal

( 1984, 1993) i s weaker t han ( * ) and t han l i mi t ed ar bi t r age when

pr ef er ences ar e st r i ct l y convex .

Pr oposi t i on 4 . 2 . The no- ar bi t r age condi t i on C i s weaker t han l i mi t ed

ar bi t r age and t han no- ar bi t r age condi t i on ( * ) when pr ef er ences sat i sf y ( 1) ,

( 2) and ( 3) . I n par t i cul ar , t he ear l i er r esul t s on t he exi st ence of a

compet i t i ve equi l i br i um i n economi es wi t h shor t sal es of Chi chi l ni sky and

Heal ( 1984, 1993) cont ai n as speci al cases t hose of Wer ner ( 1987) and

Ni el sen ( 1989) .

Pr oof . The pr oof i s by cont r adi ct i on . Assume t hat t he no- ar bi t r age

condi t i on ( * ) i s sat i sf i ed but t he set of i ndi vi dual l y r at i onal f easi bl e

al l ocat i ons i s not bounded, t hen t her e exi st s a sequence of al l ocat i ons

denot ed x . ~- 1, z, . . . wher e x = x , . . . , X' I E f ~NXH such t hat Vj ,
~HI ( x, - Qi ) = 0, f or al l i , ui ( x ; ) > u i ( Qj ) and, f or some i , l i m; x ; = oc .

Let J be t he set of t r ader s f or whi ch t he nor ms of t he al l ocat i ons ar e

unbounded : i E J<=> l i mj j j x ; j j = oc . Si nce
EH

I ( xi - Sk i ) = 0, t her e must

exi st at l east t wo t r ader s i n J. For each i E J consi der a conver gent

subsequence of t he sequence of nor mal i zed vect or s x ; / I l x ; l l , and use t he

same not at i on f or t he subsequence . Now obser ve t hat when pr ef er ences u i

have no f l at s, assumpt i on ( 3) , a r ay def i ned by a vect or v st ar t i ng f r om Qi ,
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i s ei t her i n Ai ( whi ch i s not empt y by assumpt i on ( 1) ) and t her ef or e ui i s

al ways st r i ct l y i ncr easi ng al ong t hi s r ay, or el se v E A' , t he compl ement of

Ai , and u i event ual l y decr eases bel ow t he l evel achi eved at { Qi } . Thi s

i mpl i es

	

t hat

	

b' i E J, .

	

x ; =1i m; x, / j j x ; j j E A i ,

	

because

	

by

	

assumpt i on

l i mb x ; = oc

	

and

	

ui ( x i ) %u; ( Q, ) :

	

si nce

	

l i m; j j x j j j = oc,

	

i f

	

x ; 0 Ai ,

	

t hen

l i m; ui ( x; ) < ui ( Qi ) , whi ch i s a cont r adi ct i on .

	

-

Let G= 1, 2, . . . , H- J be t he compl ement of t he set J. By def i ni t i on,

l i mEi , G( x ; . - Qi ) = M< 0, oo, and by const r uct i on l i mb Ei EJ( xe - S2 ; ) +

l i mb Ei GG( x; - S2 i ) = HMEi EJ( x ; - Qi ) + M= 0, so t hat I ' MEi EJ( xt -

S2 i - M/ #J) = 0, wher e #J i s t he car di nal i t y of t he set J Obser ve t hat by

assumpt i on ( 2) of uni f or mi t y, si nce

M
xi

- ~' J
l i m I I ' I I E Ai	 t hen

	

zi = l i m

	

M

	

E Ai	 f or al l i .
x ;

x ;

	

SZi
- #J

Consi der now t he cone i n R' def i ned by al l st r i ct l y posi t i ve l i near

combi nat i ons of t he vect or s zi , i EJ . Such a cone must ei t her be cont ai ned

st r i ct l y i n a hal f - space of R' , or must equal a whol e subspace of R' .

Si nce l i m; Ei EJ( xr - Qi ) + M= 0 t hi s i mpl i es t hat t he st r i ct l y posi t i ve

combi nat i on of t he vect or s zi , i EJ cannot be cont ai ned st r i ct l y i n a hal f -

space of R' , t her ef or e t hey must def i ne a subspace of R̂ ' . I n par t i cul ar ,

f or some j E J t hey must cont ai n t he vect or - z; , i . e .

i EJ

Ai zi = - z ; ,

	

f or some Ai > 0, wher e zi E Ai	 ( 1)

But t he no- ar bi t r age

	

condi t i on

	

( * ) r equi r es t hat

	

I p EnHDi

	

and,

	

i n

par t i cul ar , t hat b' zi E Ai , ( p, z i ) > 0, whi ch cont r adi ct s ( 1) .

	

Si nce t he

cont r adi ct i on ar ose f r om assumi ng t hat t he set of f easi bl e and i ndi vi dual l y

r at i onal al l ocat i ons i s not bounded, t he set of such al l ocat i ons must be

bounded . Ther ef or e t he no- ar bi t r age ( * ) i mpl i es t he no- ar bi t r age condi t i on

C, as we wi shed t o pr ove .

Remar k 1 . Under t he assumpt i ons of t hi s paper ( 1) , ( 2) and ( 3) , t he 1984

no- ar bi t r age Condi t i on C of Chi chi l ni sky and Heal ( 1984, 1993) i s

necessar y and suf f i ci ent f or t he exi st ence of a compet i t i ve equi l i br i um and

t he nonempt i ness of t he cor e i n economi es wi t h shor t sal es .

Pr oof . Thi s f ol l ows di r ect l y f r om Theor em 3 . 1 and Pr oposi t i on 4 . 2 .

Condi t i on C i s suf f i ci ent f or t he exi st ence of an equi l i br i um by Theor em 1
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of Chi chi l ni sky and Heal ( 1984, 1993) . Necessi t y i s est abl i shed as f ol l ows .

Li mi t ed ar bi t r age i s necessar y f or t he exi st ence of an equi l i br i um by

Theor em 3 . 1 . Ther ef or e, i f an equi l i br i um exi st s, l i mi t ed ar bi t r age must be

sat i sf i ed . By Pr oposi t i on 4. 2 l i mi t ed ar bi t r age i mpl i es t he no- ar bi t r age

Condi t i on C. Ther ef or e Condi t i on C i s sat i sf i ed when an equi l i br i um exi st s :

i . e . Condi t i on C i s necessar y f or exi st ence. The r esul t on t he cor e f ol l ows

di r ect l y f r om Theor em 3 . 2 .

Obser ve t hat Pr oposi t i on 4 . 1 does not hol d when assumpt i on ( 3) i s not

sat i sf i ed, i . e . when pr ef er ences have f l at s :

Remar k 2. Li mi t ed ar bi t r age does not i mpl y t hat t he i ndi vi dual l y r at i onal

f easi bl e al l ocat i ons f or m a bounded set when pr ef er ences have ' f l at s " . I n

par t i cul ar , l i mi t ed ar bi t r age does not i mpl y Condi t i on ( C) i n t hi s cont ext .

Consi der t wo i dent i cal l i near pr ef er ences i n R2 . Li mi t ed ar bi t r age i s

sat i sf i ed because t he t wo pr ef er ences ar e i dent i cal . However , Condi t i on C

i s not , because t he set of i ndi vi dual l y r at i onal f easi bl e al l ocat i ons i s

unbounded.
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