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We pr esent a r est r i ct i on on t he domai n of i ndi vi dual pr ef er ences t hat i s bot h

necessar y and suf f i ci ent f or t he exi st ence of a soci al choi ce r ul e t hat i s cont i nuous,

anonymous, and r espect s unani mi t y . The r est r i ct i on i s t hat t he space of pr ef er ences

be cont r act i bl e . Cont r act i bi l i t y admi t s a st r ai ght f or war d i nt ui t i ve expl anat i on, and

i s a gener al i sat i on of condi t i ons such as si ngl e peakedness, val ue r est r i ct edness and

l i mi t ed agr eement , whi ch wer e ear l i er shown t o be suf f i ci ent f or maj or i t y vot i ng t o

be an accept abl e r ul e . The onl y r est r i ct i on on t he number of i ndi vi dual s, i s t hat i t

be f i ni t e and at l east 2. Jour nal of " Economi c Li t er at ur e Cl assi f i cat i on Number s :

022, 024, 025.

I . I NTRODUCTI ON

Ever si nce Bl ack 13 ( and Ar r ow I I I f i r st st at ed t he soci al choi ce par adox

cl ear l y, consi der abl e ener gy has been devot ed t o di scover i ng condi t i ons

under whi ch r at i onal soci al choi ce i s possi bl e. Thi s paper pr esent s necessar y

and suf f i ci ent condi t i ons, ext endi ng ear l i er suf f i ci ent condi t i ons of

Chi chi l ni sky 1 9 1 .
One appr oach i s t o pl ace r est r i ct i ons on t he t ypes of pr ef er ences t hat can

be hel d by i ndi vi dual s : t echni cal l y, t hi s amount s t o speci f yi ng r est r i ct i ons on

t he spaces of ' pr ef er ences . An exampl e wi del y used i n ot her br anches of

pr ef er ence aggr egat i on t heor y i s t he condi t i on t hat pr ef er ences be

homot het i c . ( For appl i cat i ons of t hi s condi t i on, see Chi pman 1141 and

Chi chi l ni sky and Heal 1121 . ) Thi s i s al so cal l ed a r est r i ct ed domai n

appr oach . Anot her case i s when any t ype of pr ef er ence i s i n pr i nci pl e

al l owed, but t her e has t o be a cer t ai n i nt er r el at i onshi p bet ween t he

pr ef er ences act ual l y hel d by i ndi vi dual s . Exi st i ng condi t i ons of t hese t ypes

f 8
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ar e

	

si ngl e

	

peakedness

	

( Bl ack

	

13 1)

	

and

	

val ue

	

r est r i ct edness

	

( Sel l

	

and

Pat t anai k 1241) . Condi t i ons of t hi s t ype ar e r ef er r ed t o as r est r i ct ed pr of i l e

condi t i ons .

" f he suf f i ci ent condi t i ons t hat have been gi ven f or r at i onal out comes under

maj or i t y vot i ng ar e al l essent i al l y combi nat or i al i n nat ur e ( see Sel l and

Pat t anai k 241) . We use a di f f er ent appr oach f r om t hat used by ear l i er

wr i t er s, wor ki ng wi t hi n a f r amewor k i nt r oduced i n Chi chi l ni sky 191 . Because

t hi s appr oach vi ews pr ef er ences as a col l ect i on of smoot h i ndi l l ' cr ence

sur f aces i n a eucl i dean choi ce space, as i s usual i n t he r est of economi c

t heor y, i t may be mor e i nt ui t i vel y appeal i ng t han t he combi nat or i al

appr oach . Fur t her mor e, i t al l ows us t o vi ew t he soci al choi ce pr obl em as one

of demonst r at i ng t he exi st ence of a sui t abl e cont i nuous f unct i on f r om t i r e

Car t esi an pr oduct of t he pr ef er ence space i nt o i t sel f . Thi s i n t ur n enabl es one

t o appl y t echni ques whi ch pr ovi de a char act er i zat i on of t he pr obl em whi ch i s

mor e compr ehensi ve and yet mor e economi cal t han any t hat was pr evi ousl y

possi bl e . I t was demonst r at ed i n Chi chi l ni sky 191 t hat an essent i al el ement of

t he soci al choi ce pr obl em i s t hat t her e i s i n gener al no map f r om t he pr oduct

of t he pr ef er ence space wi t h i t sel f , i nt o t he pr ef er ence space, t hat i s

si mul t aneousl y cont i nuous, anonymous and t hat r espect s unani mi t y . ' ' [ ' hi s i s

t he ver si on of t he pr obl em t hat we wor k wi t h : we gi ve condi t i ons f or t he

exi st ence of such a map . Not e t hat t he maj or di f f er ence f or m ear l i er wor k,

apar t f r om t he mat hemat i cal t ool s used, i s t he r epl acement of t he somewhat

cont ent i ous axi om of i ndependence of i r r el evant al t er nat i ves by a mor e

nat ur al condi t i on of cont i nui t y . '

Usi ng t hi s t opol ogi cal f r amewor k, we pr esent condi t i ons t hat ar e necessar y

and suf f i ci ent f or t he exi st ence of cont i nuous anonymous r ul es t hat r espect

unani mi t y f or any f i ni t e number of agent s . The r est r i ct ed domai n condi t i on i s

t hat t he space of pr ef er ences be cont r act i bl e' , i . e . , t hat i t admi t s a def or -

mat i on t o a poi nt . The r el at i onshi p bet ween cont r act i bi l i t y and aggr egat i on

was f i r st di scussed i n Chi chi l ni sky 191, wher e t he suf f i ci ency of t he condi t i on

of cont r act i bi l i t y was pr oven . The equi val ent r est r i ct i on on pr ef er ence

pr of i l es, i s t hat t he space of pr ef er ence pr of i l es be def or mabl e ont o t he set of

unani mous pr of i l es . Al t hough t her e ar e i n t he l i t er at ur e a number of

condi t i ons t hat ar e suf f i ci ent f or t he exi st ence of speci f i c soci al choi ce r ul es

( i n par t i cul ar , maj or i t y vot i ng) , t hi s i s t o t he best of our knowl edge t he f i r st

st at ement of condi t i ons t hat ar e bot h necessar y and suf f i ci ent f or a gener al

r esol ut i on of t he soci al choi ce par adox .

I t was al so shown i n Chi chi l ni sky 161 t hat t he st andar d ver si on of t he pr obl em, i nvol vi ng

nondi ct at or shi p and t he Par et o pr i nci pl e, has essent i al l y t he same mat hemat i cal st r uct ur e .
'

For a r el at ed expl or at i on of cont i nui t y condi t i ons i n soci al choi ce pr obl ems, sec Coughl i n

and Li n 1151 .
' A t opol ogi cal space i s cont r act i bl e wheh i t can he cont i nuousl y def or med t o one of i t s

poi nt s, and t her ef or e has t he t opol ogi cal t ype of a poi nt .
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Bot h i nt er pr et at i ons of t he r esul t i ndi cat e t hat t he soci al choi ce par adox

has onl y " t r i vi al " sol ut i ons . The space of pr ef er ences bei ng cont r act i bl e

i mpl i es t hat up t o a cont i nuous def or mat i on t he space of pr ef er ences has

onl y one poi nt . Si mi l ar l y, when consi der i ng t he space of pr ef er ence pr of i l es,

t he condi t i on i s t hat t he admi ssi bl e space of pr of i l es consi st s onl y of

unani mous pr of i l es up t o a cont i nuous def or mat i on . The f act t hat onl y t r i vi al

sol ut i ons exi st i s consi st ent wi t h t he f i ndi ng t hat f or choi ce spaces of

di mensi on at l east 2, t he si ngl e peakedness condi t i on of Bl ack 131 i mpl i es

t hat al l pr ef er ences ar e essent i al l y i dent i cal , as shown i n Kr amer 1201 .
We al so demonst r at e her e t hat i f t he choi ce space i s i nf i ni t e di mensi onal

and a Hi l ber t space, even wi t h f i ni t el y many vot er s i t i s al wavs possi bl e wi t h

unr est r i ct ed domai ns t o const r uct a cont i nuous anonymous soci al choi ce r ul e

whi ch r espect s unani mi t y . Thi s possi bi l i t y t heor em i s cl ear l y not r obust ,

si nce f or a choi ce space of any f i ni t e di mensi on, no mat t er how l ar ge, t he

usual i mpossi bi l i t y t heor em f or f i ni t el y many vot er s hol ds . The f act t hat a

possi bi l i t y t heor em hol ds when t he di mensi on of t he space i s i nf i ni t e, but

does not f or any f i ni t e di mensi on, i s r emi ni scent of t he f act t hat wi t h " a f i ni t e-

di mensi onal choi ce space, i t i s possi bl e t o const r uct a soci al choi ce r ul e

when t he number of agent s i s i nf i ni t e, wher eas once agai n t he usual

i mpossi bi l i t y r esul t s hol d f or any f i ni t e set of agent s . Thi s f act was f i r st

not ed by Fi shbur n 1171, and l at er by Br own 141, and Ki r man and

Sonder man 1191 : t hese r esul t s wer e ext ended t o cont i nuous anonymous r ul es

i n Chi chi l ni sky and Heal 1131 .
I t i s nat ur al t o i nqui r e i nt o t he r el at i onshi p bet ween our set s of necessar y

and suf f i ci ent condi t i ons, and ear l i er suf f i ci ent condi t i ons ( such as t hose of

Sen and Pat t anai k 1241) f or a r at i onal out come under maj or i t y r ul e, si nce

t hese r ul es sat i sf y t he anonymi t y condi t i on and r espect unani mi t y . I n f act ,

such a compar i son i s not st r ai ght f or war d . Thi s i s because our condi t i ons

appl y t o t he exi st ence of soci al choi ce r ul es i n gener al , wher eas t hose ear l i er

condi t i ons r el at e onl y t o maj or i t y r ul es . Fur t her mor e, her e we r equi r e t hat a

soci al choi ce r ul e be cont i nuous, so t hat smal l changes i n t he pr ef er ences ( or

a smal l er r or i n t he r epor t i ng of pr ef er ences) l eads onl y t o smal l changes i n

t he out come . Cont i nui t y was not r equi r ed i n t he ear l i er l i t er at ur e, i ndeed,

t hei r f r amewor k di d not per mi t t he di scussi on of such a condi t i on. Now i t

was shown i n Chi chi l ni sky 1101 t hat even r at her weak f or ms of maj or i t y

r ul es ( deci si ve maj or i t i es) ar e i n gener al not cont i nuous, so t hat t he r ul es f or

whi ch t he ear l i er condi t i ons wer e devi sed, do not i n f act meet our

assumpt i ons . However , i t i s cl ear t hat our condi t i ons ar e necessar y f or t he

exi st ence of sat i sf act or y cont i nuous maj or i t y r ul es, and i n spi t e of t he

di f f er ences i n appr oach some of t he ear l i er condi t i ons appear t o be speci al

cases of our s . As a demonst r at i on of t hi s i s r at her compl ex, we l eave i t t o a

separ at e paper .

I t seems usef ul t o di scuss br i ef l y t he appl i cabi l i t y of t he necessar y and



RESOLUTI ON OF THE SOCI AL . CHOI CE? PARADOX

	

71

suf f i ci ent condi t i ons gi ven her e, t o t he ver si on of ' t he soci al choi ce par adox

i nvol vi ng nondi ct at or shi p and t he Par et o condi t i on .

The cont i nui t y assumpt i on, as ment i oned, t akes t he r ol e of t he axi om of '

i ndependence of i r r el evant al t er nat i ves . The condi t i on of r espect ol ' unani mi t y

t hat we r equi r e ( t hat i f al l pr ef er ences ar e i dent i cal over al l choi ces, t hen t he

soci al pr ef er ence i s t he same as t hat of t he i ndi vi dual s) , i s cl ear l y weaker

t han t he Par et o condi t i on, wher eas t he anonymi t y condi t i on t hat we r equi r e

i s st r onger t hen t he nondi ct at or shi p condi t i on. Anonymi t y r equi r es compl et e

symmet r y i n t he t r eat ment of vot er s, wher eas nondi ct at or shi p mer el y

el i mi nat es t he most ext r eme f or ms of asymmet r y . Ther ef or e, t he necessar y

and suf f i ci ent condi t i ons t hat we gi ve her e may not appl y t o t he exi st ence of '

a cont i nuous Par et o nondi ct at or i al soci al choi ce r ul e, al t hough we conj ect ur e

i n vi ew of t he r esul t s of Chi chi l ni sky 161 t hat t hi s i s t he case under cer t ai n

r egul ar i t y condi t i ons .

I n t he next sect i on, we i nt r oduce t he f r amewor k wi t hi n whi ch we shal l be

wor ki ng and pr esent t he r el evant not at i on and def i ni t i ons . I n Sect i on 3, we

di scuss i n i nt ui t i ve t er ms t he mai n r esul t s of t he paper , gi vi ng exampl es bot h

of pr ef er ence domai ns t hat ar e cont r act i bl e, and of t he t ype of soci al choi ce

r ul e t hen admi t t ed . The f our t h and f i nal sect i on cont ai ns a f or mal st at ement

of t he t heor ems ; some of t he pr oof s ar e i n t he Appendi x .

2 . NOTATI ON AND DEFI NI TI ONS

Let Y be t he choi ce space, such as a uni t cube i n R" , denot ed I " , or t he

posi t i ve or t hant of R" , R" . Si nce our f r amewor k i s t opol ogi cal , i t suf f i ces t o

consi der a space whi ch i s homeomor phi c t o I " : t o si mpl i f y mat t er s we

choose t he cl osed uni t bal l B" , a mani f ol d wi t h boundar y .

A pr ef er ence p on Y i s a f ami l y of smoot h i ndi f f er ence sur f aces : f or mal l y,

i t i s def i ned by gi vi ng f or each choi ce y i n Y a pr ef er r ed di r ect i on, or ,

equi val ent l y, t he nor mal t o t he i ndi f f er ence sur f ace at y, a vect or denot ed

p( ) ' ) . As i s usual i n soci al choi ce t heor y ( e . g . , Ar r ow I 11) , pr ef er ences ar e

or di nal , and i nt ensi t i es of pr ef er ences ar e not consi der ed . We t her ef or e

nor mal i ze t he vect or f i el ds t hat gi ve our pr ef er ences t o be of uni t l engt h, i . e . ,

I I p( j , ) I I = I f or al l y. ° A pr ef er ence i s t hus a map y - i p( y) f r om choi ces 1,

i nt o t he t angent space of Y, T( Y) , such t hat f or each y, p( y) i s i n t he t angent

space of Y at t he choi ce y . Such a map i s cal l ed a t 7ecl or f i el d on Y. We

t opol ogi ze t he spaces Y and T( Y) as usual , and we assume t hat t he

The f act t hat t he vect or f i el d can be nor mal i zed t o be of uni t l engt h, i mpl i es t hat i t i s

nowher e zer o i n t he i nt er i or of t he choi ce space . I n t he r emar k f ol l owi ng Cor ol l ar y 2 bel ow,

we i ndi cat e how our r esul t s can be ext ended t o cer t ai n spaces of pr ef er ences whi ch admi t

sat i at i on . A gener al di scussi on of soci al choi ce pr obl ems wi t h vani shi ng gr adi ent s wi t hi n ( l i e

pr esent f r amewor k i s cont ai ned i n Chi chi l ni sky 171 .
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pr ef er ences ar e def i ned by cont i nuousl y di f l cr ent i abl e l ocal l y i nt egr abl e

vect or f i el ds, i . e . , t hat p( j , ) i s l ocal l y t he gr adi ent of ' a r eal - val ued ut i l i t y

f unct i on on Y. The space P of al l such l ocal l y i nt egr abl e pr ef er ences i s

char act er i zed wi t hi n t he space of al l C' vect or f i el ds on Y, V( Y) , by t he

Fr obeni us i nt egr abi l i t y condi t i ons ; V( Y) i s gi ven t he C' t opol ogy . " The

Fr obeni us condi t i ons and t he nor mal i zat i on assumpt i on I l p( ) ' ) I l = I ar e bot h

cl osed condi t i ons, so t hat t he space P endowed wi t h t he t opol ogy i nher i t ed

f r om V( Y) i s a compl et e space si nce i t i s a cl osed subspace of t he space of

vect or f i el ds V( Y) . The space V( Y) i s i nf i ni t e di mensi onal , and t he space P

cont ai ns i nf i ni t e- di mensi onal mani f ol ds ; t hi s i s shown i n Chi chi l ni sky 15 1 .

We assume t hat t her e ar e k vot er s i ndexed by i = I , . . . , k . k i s f i ni t e . A

pr of i l e of k vot er s' pr ef er ences i s gi ven by a sequence p; + = ( p I , P21 . . . , PJ .

We shal l denot e t he space of pr of i l es L ; t hi s i s a subset of t he pr oduct of t he

space P wi t h i t sel f k t i mes . We denot e t hi s pr oduct space XP;; P; denot es t he

space of pr ef er ences of t he i t h vot er and t hus P, = P f or al l i , so t hat

XP; = XP.

A soci al aggr egat i on r ul e or soci al choi ce r ul e i s a map f r om pr of i l es t o

soci al pr ef er ences i n P. Ther ef or e,

0 : L=XP- +P.

Not e t hat t he soci al choi ce r ul e 0 has as i t s ar gument s pr ef er ences p ; , whi ch

ar e vect or f i el ds over t he ent i r e choi ce space . I t i s not assumed t o act

" poi nt wi se" by combi ni ng at each choi ce t he i ndi vi dual pr ef er ences at t hat

choi ce t o gi ve a soci al pr ef er ence at t hat choi ce . The soci al pr ef er ence at a

poi nt j , may i n pr i nci pl e depend on i ndi vi dual pr ef er ences over t hei r ent i r e

domai n . Of cour se, " poi nt wi se" r ul es come wi t hi n t he scope of our r esul t s .

A soci al choi ce r ul e 0 i s sai d t o be anonymous i f f or any per mut at i on

i n I - _ i n, j of t he set of i nt eger s

	

; 1, . . . , k 1,

O( PI I P2,
. .

. , Pk) = O( P. , I . . . I P. , ) -

" The out come of t he soci al choi ce r ul e t hus depends onl y on t he set of

pr ef er ences of t he i ndi vi dual s, and not on who hol ds whi ch pr ef er ence . Thi s

i s an equal t r eat ment condi t i on : i t i mpl i es t hat t her e i s no one i ndi vi dual

whose pr ef er ence det er mi nes t he soci al choi ce, so t hat i n par t i cul ar t he r ul e

` We gi ve V t he C' t opol ogy i n or der t o obt ai n a ni ce t opol ogi cal st r uct ur e on V; any

t opol ogy on V t hat r est r i ct ed t o l i near pr ef er ences coi nci des wi t h t he conver gence of vect or s i n

R" , wi l l al so gi ve our r esul t .

' The Fr obeni us i nt egr abi l i t y condi t i ons ar e usual l y gi ven by a set of par t i al di f f er ent i al

equat i ons . They ar e necessar y ( but not suf f i ci ent ) f or a vect or f i el d t o be t he gr adi ent of a

r eal val ued f unct i on . For a di scussi on of t hese condi t i ons see, f or i nst ance, Debr eu 1161 .
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i s nondi ct at or i al . The soci al choi ce r ul e i s sai d t o r espect unani mi t y i l '

0( p, P, - - - , P) = P,

0 : XP - + P,

f or al l

	

p E P,

i . e . , i f al l i ndi vi dual s have i dent i cal pr ef er ences over al l choi ces, t hen t he

soci al choi ce r ul e yi el ds t hat pr ef er ence as an out come . Thi s i s cl ear l y a ver y

nat ur al r equi r ement . Not e t hat t hi s does not i mpl y t hat i f al l i ndi vi dual s

pr ef er al t er nat i ve x t o al t er nat i ve j , , t hen soci et y pr ef er s x t o v . I t i s t her ef or e

weaker t han t he Par et o condi t i on. I t was shown i n Chi chi l ni sky 191 t hat wi t h

unr est r i ct ed domai ns of pr ef er ences t her e i s no soci al choi ce r ul e 0 :

whi ch i s si mul t aneousl y cont i nuous, anonymous, and r espect s unani mi t y .

The space XP has t he nat ur al pr oduct t opol ogy i nher i t ed f r om t hat of t he

space P, and cont i nui t y of t he soci al choi ce r ul e 0 i s def i ned wi t h r espect t o

t hi s t opol ogy on XP. Cont i nui t y of t he r ul e 0 and of t he pr ef er ences i mpl i es

t hat t he soci al pr ef er ence at a poi nt v E Y i s cont i nuous i n pr of i l es and

choi ces . Al t hough we ar e not r equi r i ng t he axi om of i ndependence of

i r r el evant al t er nat i ves, t hese cont i nui t y pr oper t i es wi l l ensur e t hat a soci al

choi ce r ul e sat i sf i es a r el at ed gl obal i ndependence condi t i on, see Chi chi l ni sky

and f l ea[ 1131 .

A t opol ogi cal space X i s cont r act i bl e i f t her e exi st s a cont i nuous f unct i on ./
.

and a poi nt x o E X wi t h

such t hat

and

f X X 10, 1 1, X,

f ( X, I ) = x,

	

f or al l

	

x E X,

AX, 0) = x o ,

	

f or al l

	

x EX.

I n mor e i nt ui t i ve t er ms, a cont r act i bl e space i s one t hat has no " hol es" i n

i t , and can consequent l y be cont r act ed cont i nuousl y t hr ough i t sel f i nt o one of

i t s poi nt s . Any convex space i s cont r act i bl e, as i s t he uni t di sk ; t he ci r cl e i s

not cont r act i bl e, nor i s t he t or us .

A t opol ogi cal space X i s connect ed when i t does not cont ai n t wo subset s f 1

and B such t hat bot h A and B ar e open and cl osed i n X, A ( 1 B - - - 0, and

X= A UB. Y c X i s cal l ed a connect ed component of X i f Y i s connect ed,

and t her e i s no connect ed subset Z of X such t hat Y ( -F Z.
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3. DI SCUSSI ON AND EXAMPLES

We shal l gi ve bel ow t wo necessar y and suf f i ci ent condi t i ons f or t he

exi st ence of a soci al choi ce r ul e, one r el at i ng t o pr oper t i es of spaces of

pr of i l es, and t he ot her t o domai n r est r i ct i ons . I n bot h cases, t he essent i al

poi nt i s t hat t he domai n of i ndi vi dual pr ef er ences, P, shoul d be cont r act i bl e .

I n t hi s case, and onl y i n t hi s case, we can al ways const r uct f or any f i ni t e

number of vot er s a soci al choi ce r ul e whi ch i s cont i nuous, anonymous, and

r espect s unani mi t y . I n t hi s sect i on, we di scuss i n gener al and i nt ui t i ve t er ms

t he i nt er pr et at i on of t hese r esul t s, and i l l ust r at e t hem wi t h par t i cul ar

exampl es of cont r act i bl e domai ns and of t he admi ssi bl e soci al choi ce r ul es .

( For f ur t her i l l ust r at i ons of t he concept of cont r act i bi l i t y and of i t s

r el at i onshi p wi t h ot her mor e f ami l i ar concept s such as convexi t y, see Heal

1181 . )

I n Theor em 1 bel ow, we f ol l ow t he r est r i ct ed domai n appr oach, and show

t hat a necessar y and suf f i ci ent condi t i on f or t he exi st ence of a soci al choi ce

r ul e f or any f i ni t e number of vot er s i s t hat t he space of pr ef er ences be

cont r act i bl e . Equi val ent l y, we show i n Cor ol l ar y 1 t hat i f at t ent i on i s

di r ect ed t o t he st udy of spaces of pr ef er ence pr of i l es, t he necessar y and

suf f i ci ent condi t i on i s t hat t he pr of i l e space admi t s a r et r act i on' t o t he

pr ef er ence space .

Consi der f i r st t he r est r i ct ed domai n condi t i on . I n t hi s case, t he condi t i on i s

t hat t he space of pr ef er ences be cont r act i bl e, whi ch means t hat i t can be

cont i nuousl y def or med t o a poi nt . A poi nt r epr esent s a si ngl e pr ef er ence, so

t hi s i s a r equi r ement t hat t he pr ef er ences i n t he space of pr ef er ences ar e

suf f i ci ent l y si mi l ar t hat t hey can al l be si mul t aneousl y cont i nuousl y

def or med t o a si ngl e pr ef er ence . Ther ef or e, t hi s i s a r equi r ement of unani mi t y

up t o a cont i nuous def or mat i on.

Next consi der t he condi t i on on pr of i l es and i t s i mpl i cat i on t hat t he pr of i l e

space and t he pr ef er ence space be of t he same t opol ogi cal t ype . Thi s means

t hat one can be cont i nuousl y def or med i nt o anot her , i . e . , t hat t he set of al l

possi bl e pr of i l es can be cont i nuousl y def or med i nt o t he set of al l possi bl e

pr ef er ences . Thus any el ement of t he f or mer , i . e . , any pr of i l e, can be

cont i nuousl y def or med i nt o an obj ect i n t he l at t er , a si ngl e pr ef er ence . I n

ot her wor ds, wi t hi n any admi ssi bl e pr of i l e t her e must be suf f i ci ent agr eement

t hat t he pr ef er ences i n t hat pr of i l e can be cont i nuousl y def or med i nt o one

si ngl e pr ef er ence . Thi s i s agai n a r equi r ement of unani mi t y up t o a
cont i nuous def or mat i on i n any admi ssi bl e pr of i l e .

We see t hen t hat our t wo set s of necessar y and suf f i ci ent condi t i ons ar e i n

essence t he same . I n bot h cases, what i s r equi r ed i s t hat any pr ef er ence

' A r et r act i on r f r om X ont o a subset A ( - X i s a cont i nuous r eap r : X , A t hat when
r est r i ct ed t o A i s t he i dent i t y . I nt ui t i vel y, r pul l s X ont o A c h' .
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pr of i l e t hat may ar i se, exhi bi t s suf f i ci ent agr eement t hat t he pr ef er ences i n i t

can be cont i nuousl y def or med t o a si ngl e pr ef er ence . What one mi ght cul l

" t opol ogi cal unani nt i l t ~" i s a gener al necessar t , and sul Ji ci eni concl i l i on f or

t he exi st ence of appr opr i at e aggr egat i on r ul es wi t h any f i ni t e number of

agent s .

I t shoul d of cour se be emphasi zed t hat " t opol ogi cal unani mi t y" i s much

weaker t han unani mi t y . A set may be ver y l ar ge and st i l l be cont i nuousl y

def or mabl e t o a poi nt - f or exampl e, a cone i n Eucl i dean n space i s cont r ac-

t i bl e . The r ol e of t he " t opol ogi cal unani mi t y" condi t i on i s t o l i mi t t he t ypes

of di sagr eement or of var i at i on i n pr ef er ences t hat can be accept ed . The

exampl es bel ow make t hi s poi nt cl ear . Li mi t i ng t he nat ur e and ext ent of

possi bl e di sagr eement i s cl ear l y t he ef f ect of many of t he condi t i ons al r eady

ci t ed i n t he l i t er at ur e as suf f i ci ent f or a r at i onal out come under maj or i t y

vot i ng- f or exampl e, si ngl e peakedness, l i mi t ed agr eement , and val ued

r est r i ct i on . Kr amer 120) expl or es t he i mpl i cat i ons of t hese condi t i ons, and

shows how t hey ar e l i mi t i ng t he r ange of var i at i on or di sagr eement i n

pr ef er ences . I ndeed, he shows t hat f or a choi ce space of di mensi on at l east

t hr ee, si ngl e peakedness i mpl i es unani mi t y, and t hus t hat t he space of '

pr ef er ences i s a poi nt .

I t i s i nt er est i ng t o r el at e t hese concl usi ons t o a r emar k made by Ar r ow 11,

p. 83 1 . Speaki ng of Bl ack' s si ngl e- peakedness condi t i on, he comment ed t hat

i t di d at l east " show t hat t he condi t i on of unani mi t y i s mat hemat i cal l y

unnecessar y f or t he exi st ence of a soci al wel f ar e f unct i on . " Kr amer ' s r esul t

shows t hat i n t he case of si ngl e peakedness, t hi s opt i mi sm was mi spl aced.

Mor e gener al l y, our r esul t s show t hat a r evi sed and gr eat l y weakened

concept of unani mi t y pr ovi des a necessar y and suf f i ci ent condi t i on .

We now t ur n t o a di scussi on of t he i mpl i cat i ons of Theor em I , whi ch

gi ves cont r act i bi l i t y as a necessar y and suf f i ci ent r est r i ct i on on t he

pr ef er ence domai n . Thi s t el l s us t hat r est r i ct i ons must be pl aced on t he t ypes

of pr ef er ence admi t t ed whi ch ensur e t hat t he space of pr ef er ences i s

t opol ogi cal l y t r i vi al , i . e . , t hat i t has t he t opol ogi cal char act er i st i cs of a poi nt .

To cl ar i f y t hi s, we consi der i t s i mpl i cat i ons when we r est r i ct our at t ent i on t o

pr ef er ences at one choi ce .

Wi t hi n our f r amewor k, i f we r est r i ct our at t ent i on t o pr ef er ences at a

choi ce y i n Y, t hen a pr ef er ence i s f ul l y char act er i zed by t he nor mal i zed

gr adi ent vect or p ; ( 1' ) gi vi ng i ndi vi dual i s pr ef er r ed di r ect i on at y . I f ' t her e ar e

no r est r i ct i ons on i ndi vi dual pr ef er ences, t hen t hi s nor mal i zed gr adi ent vect or

may t ake any di r ect i on, so t he set of possi bl e pr ef er ences at t he poi nt )
. i s

i somor phi c t o t he set of poi nt s on t he uni t spher e cent er ed at j , . Thi s i s,

denot ed by S" ' , ( l i e ( n- I ) - di mensi onal spher e i n R" . A r est r i ct i on on

i ndi vi dual pr ef er ences now t akes t he f or m of t he speci f i cat i on of ' a subset of

S" ' wi t hi n whi ch t he nor mal i zed gr adi ent vect or must l i e .

I f t her e i s no r est r i ct i on on i ndi vi dual pr ef er ences, t hen t he space of
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i ndi vi dual pr ef er ences at a poi nt i s S" ' , and i s t her ef or e not cont r act i bl e .

Hence, no soci al choi ce r ul e wi l l exi st . A l i st i ng of i ndi vi dual pr ef er ences at

a poi nt i s t hen an el ement of t he pr oduct of t he spher e S" - ' wi t h i t sel f k

t i mes .

11' , however , t her e i s a convex cone of di r ect i ons C, no mat t er how smal l ,

whi ch no agent may have as most pr ef er r ed di r ect i ons, t hen t he space of

pr ef er ences becomes t he spher e S" ' mi nus i t s i nt er sect i on wi t h a cone,

whi ch i s cont r act i bl e . I n t hi s case, a soci al choi ce r ul e exi st s . I t shoul d be

not ed t hat t he si ze of t he cone C of excl uded di r ect i ons ( measur ed f or

i nst ance i n eucl i dean di st ance) i s a pr oper t y whi ch i s not i nvar i ant under

di f f er ent uni t s of measur ement . I t i s t her ef or e desi r abl e t hat t he r esul t s do not

depend on t he si ze of such cones, as, i ndeed, t hey do not .

The above gi ves a suf f i ci ent condi t i on f or t he cont r act i bi l i t y of t he space

of ' pr ef er ences at each choi ce . I f t hi s condi t i on hol ds at ever y choi ce, and i f

t he cont r act i on t o be appl i ed at each poi nt var i es cont i nuousl y wi t h t hat

poi nt , and sat i sf i es cer t ai n ot her r egul ar i t y condi t i ons, t hen t he over al l space

of pr ef er ences P wi l l be cont r act i bl e . I n i nt ui t i ve t er ms, what i s r equi r ed t o

move f r om l ocal t o gl obal cont r act i bi l i t y i s t hat t he cone of di r ect i ons

excl uded at any poi nt shoul d var y " smoot hl y" wi t h t hat poi nt , as shown i n

Fi g. 1 .

We gi ve some si mpl e exampl es t o i l l ust r at e t hi s i dea .

EXAMPLE I .

	

I f t he excl uded di r ect i ons compr i se t he same convex cone

at ever y poi nt i n t he choi ce space, t hen t he space of pr ef er ences i s cont r ac-

t i bl e . Thus i f t her e i s some di r ect i on such t hat ever yone agr ees t hat t hei r

most pr ef er r ed di r ect i on i s bounded away f r om t hi s, and al l ot her di r ect i ons

ar e per mi t t ed, a soci al choi ce r ul e exi st s . I n par t i cul ar , i f t he space of

pr ef er ences consi st s of al l monot one and convex pr ef er ences, t hen a soci al

choi ce r ul e exi st s . Thi s appear s at f i r st si ght t o cover t he case of t he usual

gener al equi l i br i um model , but i n f act t hi s i s not t r ue . Under t he usual

Fu : .

	

I .

	

Cones of ' excl uded di r ect i ons at poi nt s x, , X2 I " ' .
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assumpt i ons, t he r el evant space over whi ch soci al choi ces have t o be made i n

t hi s model , i s t he gener al i sed Edgewor t h box, on whi ch i ndi vi dual

pr ef er ences may be opposed, and ar e cl ear l y not a monot one f ami l y .

Not e t hat whi l e Ar r ow' s ver si on of t he soci al choi ce par adox ( Ar r ow I I )

cannot be r esol ved wi t h convex monot one pr ef er ences over ( l i e choi ce space

B" , i t can be r esol ved i f pr ef er ences ar e convex and monot one over ever y

t r i pl e of al t er nat i ves . The axi om of i ndependence makes such a t r i pl e t he

basi c uni t i n Ar r ow' s f r amewor k : see Chi chi l ni sky 17 1 .

EXAMPLE 2 .

	

Suppose t hat pr ef er ences ar e l i near , so t hat t hei r gr adi ent s

ar e const ant and t he space of pr ef er ences i s i dent i cal wi t h t he spher e . Then i n

t hi s case, t he space of pr ef er ences i s cont r act i bl e i f i t consi st s of al l l i near

pr ef er ences t hat ar e bounded away f r om one pr ef er ence .

EXAMPLE 3.

	

Consi der t he case wher e t her e ar e a f i ni t e number of agent s,

but t he choi ce space f or each i s a Hi l ber t space of count abl e i nf ni l e

di mensi on . e The space of l i near pr ef er ences i s t hen t he uni t spher e whi ch i n

such spaces i s homeomor phi c t o t he whol e space ( see Bessaga and

Pel czynski 12, Cor ol l ar y 5 . 1, p. 1091, and Kui per 1211) . I n par t i cul ar , i t i s

cont r act i bl e and f ur t her mor e, i t i s al so homeomor phi c t o a convex set , i . e . , i t

i s i n a one t o one bi cont i nuous cor r espondence wi t h a convex set . Not e f i r st

t hat Theor em 1 appl i es because t he spher e i n a Hi l ber t space i s a par af i ni t e

CWcompl ex . ' I n f act , t hi s case i s par t i cul ar l y si mpl e : we can al ways

const r uct a cont i nuous anonymous soci al choi ce r ul e t hat r espect s unani mi t y

si mpl y by t aki ng convex addi t i on composed wi t h t he homeomor phi sm, as

shown bel ow.

The case of a choi ce space of count abl y i nf i ni t e di mensi on, i s one t hat has

not pr evi ousl y been not ed, and t her ef or e mer i t s some f ur t her comment . The

r esul t quot ed on t he cont r act i bi l i t y of t he uni t spher e i n Hi l ber t spaces i s i n

f act count er i nt ui t i ve and i t i s t he basi s f or t he r esol ut i on of t he par adox i n

t hese cases .

I t i s al so count er i nt ui t i ve t o have a possi bi l i t y r esul t on1v when t he

di mensi on of t he choi ce space i s i nf i ni t e- we not ed a si mi l ar l y count er i n-

t ui t i ve r esul t i n t he case of i nf i ni t el y many agent s . I t i s cl ear t hat any

cont i nuous anonymous and unani mous soci al choi ce r ul e ( whi ch exi st s i n t he

i nf i ni t e- di mensi onal case) must i n gener al vi ol at e one of ' t hese t hr ee

condi t i ons when r est r i ct ed t o any f i ni t e- di mensi onal subspace . I n par t i cul ar ,

t hey must vi ol at e anonymi t y or r espect of unani mi t y, as t he r est r i ct i on wi l l

sur el y be cont i nuous .

" A Hi l ber t space i s a compl et e nor med l i near vect or space wi t h i n i nner pr odsact . ' I l se

space 1, of al l sequences . r = I xzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� I of scal ar s f or whi ch j j xI I == I V, , ' ( x � ) ' I ' ~ i s l i ui 1e, i s an

exampl e of a Hi l ber t space when gi ven t he i nner pr oduct ( x,
v

Thi s i s def i ned i n Sect i on 4 bel ow.
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Al t hough t hi s r esul t on i nf i ni t e- di mensi onal spaces i s count er i nt ui t i ve, i t i s
cer t ai nl y not wi t hout economi c i nt er est . Ther e ar e many economi L%obj ect - ,

bet ween whi ch soci al choi ces have t o be made, whi ch ar e nat ur al l y of i nf i ni t e
di mensi on . Exampl es ar e opt i mal gr owt h pr ogr ammes, opt i mal r esour ce
depl et i on pr of i l es, and opt i mal i ncome t ax schedul es . Al l of t hese ar e most
nat ur al l y model l ed as i nf i ni t e- di mensi onal obj ect s, so t hat t he f act t hat t he
soci al choi ce pr obl em can be r esol ved i n t he i nf i ni t e- di mensi onal case i s of
consi der abl e r el evance f or gr owt h t heor y and t ax t heor y .

EXAMPLE 4. I t shoul d be emphasi zed t hat a cont r act i bl e pr ef er ence
space need not be const r uct ed by r est r i ct i ng t he set of di r ect i ons t hat
pr ef er ence gr adi ent s can t ake at each choi ce . A const r uct i on i n Chi chi l ni sky
1 5 1 consi der s pr ef er ence f ami l i es such t hat t her e i s a one- di mensi onal neat " '
submani f ol d of t he choi ce space al ong whi ch al l member s of t he f ami l y ar e
i ncr easi ng . I t i s shown t her e t hat such f ami l i es ar e cont r act i bl e, even t hough
t her e may be r egi ons of t he choi ce space at whi ch al l possi bl e gr adi ent s ar e

assumed . Fi gur e 2 i l l ust r at es t hi s const r uct i on : t he cur ve ab i s a one-

di mensi onal neat submani f ol d of t he uni t cube al ong whi ch al l t he

pr ef er ences ar e i ncr easi ng .

EXAMPLE 5 . I t may be hel pf ul , f i nal l y, t o gi ve exampl es of pr e-
f er ence spaces whi ch ar e not cont r act i bl e. One i s t he whol e space P ( see

b

Fr (;. 2 .

	

ah i s a neat one di mensi onal submani f ol d of t he choi ce space . A f ami l y of

pr ef er ences i s cont r act i bl e i f al l member s ar e i ncr easi ng al ong ah.

" ' A neat submani l ' ol d H of a mani f ol d A i s a submani f ol d such t hat i JR c - - i ~A, i . e . , t he

boundar i es of N ar c cont ai ned i n t hose of ' ; l .
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t )

Fm. 1 .

	

A t wo- s( age r et r act i on of t he di sk Dont o P.

Chi chi l ni sky 190) . I t i s al so shown i n Chi chi l ni sky I l I I t hat under st andar d

assumpt i ons t he space of von Neumann- Mor genst er n ut i l i t i es over a f i ni t e

set of al t er nat i ves, i s not a cont r act i bl e space .

Fi nal l y, we gi ve an exampl e of t he ki nd of soci al choi ce r ul e whi ch our

t heor ems admi t . As t he suf f i ci ency pr oof of Theor em I wi l l i ndi cat e, convex

aver agi ng r ul es, or def or mat i ons of t hese, ar e admi t t ed . Theor em2 shows

t hat , up t o a cont i nuous def or mat i on, onl y such r ul es ar e admi t t ed, so t hat

we have i n f act a compl et e char act er i zat i on of admi ssi bl e r ul es .

Suppose t hat pr ef er ences ar e l i near , and t he choi ce space t wo- di mensi onal .

Wi t h no domai n r est r i ct i on, t her ef or e, P i s S' , t he uni t ci r cl e i n R' . Now

suppose t hat t her e i s i n f act a domai n r est r i ct i on t o t he ef f ect t hat no

i ndi vi dual pr ef er ence may have a nor mal l yi ng i n t he sout hwest quadr ant ,

i . e . , no pr ef er ence can be decr easi ng on al l axes . The admi ssi bl e domai n of '

pr ef er ences i s t her ef or e t he ci r cl e S' mi nus i t s i nt er sect i on wi t h t he negat i ve

or t hant : i t i s cl ear l y cont r act i bl e, t hough not convex . Thi s domai n i s,

however , a r et r act " of a convex set - f or exampl e, of t he uni t di sk ! ) ' whose

boundar y i s S' . Fi gur e 3 i l l ust r at es a r et r act i on r : D- + P. a and b ar e t he

ends of P. Fi r st t he negat i ve or t hant of t he di sk i s r et r act ed ont o acb, t hen

acb i s " pul l ed back" ont o P. Thi s can cl ear l y be ar r anged so t hat t he

composi t i on of t he t wo oper at i ons l eaves poi nt s i n P unmoved, as r equi r ed

by a r et r act i on .

We can now def i ne t he f ol l owi ng soci al choi ce r ul e . Consi der a k- t upl e of '

pr ef er ences p . , . . . , pk wi t h p; EP. Fi r st l y, comput e t he mean,

P =

	

P1 .

" A i s a r et r act of B i f t her e i s a r et r act i on ( see not e 7) of B ont o A. See al so t he def i ni t i on

i n Sect i on 4 bel ow.
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I f p E P, t hen p i s t he soci al pr ef er ence . Ot her wi se, p wi l l cer t ai nl y be i n U' .

I n t hi s case, appl y t o p t he r et r act i on r def i ned above, l eadi ng t o a poi nt i n f .

Thi s i s now t he soci al pr ef er ence .

Not e t hat i n t he exampl e gi ven her e, P i s not onl y a r et r act i on of a convex

set : i t i s homeomor phi c t o a convex set ( namel y, a cl osed connect ed i nt er val

of R' ) . I n t hi s case we coul d i n f act have used t he much si mpl er const r uct i on

of aver agi ng i n t he convex set , and composi ng t hi s wi t h t he i nver se of t he

homeomor phi sm. However , not al l cont r act i bl e spaces ar e homeomor phi c t o

convex set s, so t hat t hi s ar gument cannot be used i n t he pr oof of Theor em I .

4 . NECESSARY AND SUFFI CI ENT CONDI ' T' I ONS

I n t hi s sect i on we gi ve f or mal st at ement s of t he t heor ems al l uded t o above.

Some of t he pr oof s ar e al so gi ven her e, wi t h t he r emai nder i n t he Appendi x .

Fi r st , however , we need t o i nt r oduce some f ur t her t opol ogi cal t er ms and

concept s .

I n t he f ol l owi ng, t he space of pr ef er ences, denot ed by P, i s assumed t o be

a par af i ni t e CWcompl ex wi t h f i ni t el y many connect ed component s, whose

convex hul l k( P) has t he same char act er i st i cs . A CW compl ex i s a

t opol ogi cal space t hat can be const r uct ed i nduct i vel y by addi ng n- cel l s i s an

appr opr i at e f ashi on ; an n- cel l i s homeomor phi c t o an n di sk i n R" ( see

Spani er 125, p. 4011) . We cal l a CWcompl ex par af i ni t e when i t has a f i ni t e

number of cel l s of each di mensi on n > 0. I n Cor ol l ar y 2 bel ow i t i s shown

t hat t he connect edness of t he space i s not essent i al , as anal ogous r esul t s

f ol l ow i f t he space i s not connect ed, but each connect ed component i s a

par af i ni t e CWcompl ex wi t h t he above pr oper t i es .

Thi s i s a ver y gener al speci f i cat i on ; i t i ncl udes t he case wher e P i s t he nt h

spher e S" , when P i s an n- di mensi onal smoot h mani f ol d, or when P i s a

pol yhedr on, or any space homeomor phi c t o a pol yhedr on . Cer t ai n i nf i ni t e

di mensi onal spaces of pr ef er ences ar e al so i ncl uded, such as t he uni t spher e

i n a Hi l ber t space as i n Exampl e 3. Thi s can be const r uct ed by t he i nduct i ve

pr ocess of addi ng t wo n- cel l s t o S' ' f or al l n > 2, and t aki ng t he uni on.

Thi s condi t i on t hat t he space of pr ef er ences be a par af i ni t e CWcompl ex i s

used i n t he pr oof of Theor em I bel ow. I n par t i cul ar , bei ng a CWcompl ex i s

r equi r ed t o ensur e t hat t he space of pr ef er ences, whi ch i s connect ed and has

al l homot opy gr oups zer o, wi l l be cont r act i bl e, see, e. g . , Spani er 125,

7 . 6 . 241 . " Thi s may not be t r ue wi t h cer t ai n pat hol ogi cal spaces such as a

Cor ol l ar y 24, Chapt er 7, Sect i on 6, of Spani er 1251 pr oves t hat a map bet ween CI I '

compl ex i s a weak homcr i opy equi val ence i f and onl y i f i t i s a homot opy equi val ence . I l y

dcl mi t i on of a weak homcr i opy equi val ence ( Spani er 125, p. 404 1, t he const ant map f : I '

	

, pzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� ,

wher e P i s ( l i e space of pr ef er ences and p� i s a poi nt i n P, wi l l i nduce a one t o one cor r espon

dcnce bet ween pat l i component s of P and of 1p � l , and an i somor phi sm i n t he homot opy



such t hat

and
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" doubl e comb" space, see, e . g . , Maunder 123, No . 7 . 5, p . 3011 . Whi l e our

pr oof does not appl y t o such spaces, i t i s an open quest i on whet her a

noncont r act i bl e pr ef er ence space wi t h zer o homol ogy may admi t a wel l

behaved soci al choi ce r ul e .

A space A i s sai d t o be a def or mat i on of X, or , equi val ent l y, X i s dcf or -

mabl e i nt o A, i f t her e exi st s a cont i nuous map

D: XX 10, 11 - +X,

D( x, 0) =xdx i n X,

D( X, 1) =A.

A space i s cont r act i bl e i f i t i s def or mabl e i nt o one of i t s poi nt s . A r et r act i on

r f r om X ont o A c X i s a cont i nuous map r : X - zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA" A t hat r est r i ct ed t o A i s t he

i dent i t y, i . e . , r / A = i d . , . I n t hi s case, t he space A i s sai d t o be a r et r act of X.

The space A i s a def or mat i on r et r act of X i f A i s a def or mat i on and a r et r act

of X.

Consi der t wo cont i nuous maps f , g f r om a t opol ogi cal space X i nt o

anot her Y. We say t hat f and g ar e homot opi c i f t her e exi st s a cont i nuous

maps G such t hat

G: XX10, 11 - 4Y,

G( x, 0) =f ( x)

	

f or

	

x i n X,

G( x, 1) = g( x)

	

f or al l

	

x i n X.

f and g ar e t hus homot opi c i f t her e i s a cont i nuousl y par amet r i sed f ami l y of

maps, par amet r i sed by t he uni t i nt er val , l i nki ng f and g . I nt ui t i vel y, t he map

f can be cont i nuousl y def or med i nt o g. We shal l say t hat t wo soci al choi ce

r ul es ar e equi val ent i f t hey ar e homot opi c as maps .

I n t hi s sect i on, we st at e t wo r esul t s gi vi ng necessar y and suf f i ci ent

condi t i ons f or t he exi st ence of a cont i nuous, anonymous soci al choi ce r ul e

t hat r espect s unani mi t y f or any f i ni t e number k of vot er s, k > 2 . Theor em I

ext ends t he r esul t s i n Chi chi l ni sky 19 1 t o show t hat cont r act i bi l i t y i s a

necessar y as wel l as suf f i ci ent condi t i on . Onl y t he pr oof of suf f i ci ency i n

gr oups nq( P) and n � ( p � ) f or al l q >, I , i f P i s pat h connect ed and al l homot opy gr oups of P.

( n, ( P) Vi ) ar e zer o . ' t her ef or e, Cor ol l ar y 24 i mpl i es t hat when 1' i s a CI V compl ex wi t h

n, ( 1' ) - ( ) f or al l i , P i s homot opi cal l y equi val ent t o po, and, t her ef or e, P i s cont r act i bl e . For

anot her pr oof t hat a CWcompl ex wi t h al l i t s homot opy gr oups zer o i s cont r act i bl e, see

Maunder 123, p. 329, Cor ol l ar y 8 . 3 . 111 .
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Theor em I i s gi ven i n t hi s sect i on, as t hi s i s r el at i vel y nont echni cal . The

r emai ni ng pr oof s ar e gi ven i n t he Appendi x . The suf f i ci ency pr oof i n

Theor em I pr ovi des a char act er i sat i on of t he ki nd of r ul e admi t t ed .

I n addi t i on, we pr ove a t heor em whi ch est abl i shes t hat up t o a cont i nuous

def or mat i on, al l t he cont i nuous, anonymous soci al choi ce r ul es whi ch r espect

unani mi t y ( whi ch exi st onl y when t he pr ef er ence space i s cont r act i bl e) ar e

i dent i cal t o an appr opr i at e gener al i sat i on of t he exampl e di scussed i n

Sect i on 3 . That i s t o say, t hey ar e homot opi c t o r ul es const r uct ed by convex

aver agi ng on a convex space, and t hen composi ng t hi s oper at i on wi t h one

whi ch sends t he convex space i nt o t he cont r act i bl e space .

T111?OKl ?M I .

	

Let t he space of pr ef er ence pr of i l es be t he k - f ol d Car t esi an

pr oduct of t he space of pr ef er ences, L = XP, so t hat al l l ogi cal l t , possi bl e

combi nat i ons of pr ef er ences ar e admi t t ed. Then a necessar y and suf f i ci ent

condi t i on f or t he exi st ence of a soci al choi ce r ul e whi ch i s cont i nuous,

anonymous, and r espect s unani mi t y f or al l k > 2 i s t hat t he space of

pr ef er ences P be cont r act i bl e, i . e . , t hat up t o a cont i nuous def or mat i on, al l

pr ef er ences ar e i dent i cal .

Pr oof .

	

Let P be a cont r act i bl e space, Pc V( Y) . Suppose f i r st t hat P i s

al so convex . By def i ni t i on, i n a convex space aver agi ng i s al ways possi bl e . I t

f ol l ows i mmedi at el y t hat a cont i nuous anonymous r ul e 0 r espect i ng

unani mi t y exi st s, f or i nst ance

Vpi ,
1

k Vp; ,

wher e L denot es t he vect or sum i n t he space of C' vect or Gel ds V( Y)

i nduced by summi ng vect or s at each poi nt . The soci al pr ef er ence i s j ust t he

mean of t he i ndi vi dual pr ef er ences . I n f act we shal l now show t hat , even i f P

i s not convex, a si mi l ar const r uct i on can st i l l be used . Not e f i r st t hat si nce P

i s a cont r act i bl e CWcompl ex, i t i s' t her ef or e a r et r act of t he convex set k( P) ,

because t he i dent i t y map

can al ways i n t hi s case be ext ended t o a cont i nuous map r : k( P) - - + P by

r esul t s of obst r uct i on t heor y ( see, e. g . , Spani er 125, Chapt . 8, 8. 4 . 11) .

Ther ef or e, si nce r ext ends i , r / P = i d, , . By def i ni t i on, r i s t her ef or e a

r et r act i on f r om k( P) ont o P. I t f ol l ows t hat t he composi t e map

, ~

	

I ,
Y' ( pI , - , pk) = r ° ( k - pr )
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def i nes a cont i nuous anonymous r ul e t hat r espect s unani mi t y . Ther ef or e, t o

const r uct t he soci al pr ef er ences, we per f or m an aver agi ng oper at i on on t he

convex space of whi ch P i s a r et r act , and t hen compose t hi s wi t h t he

r et r act i on on P. Thi s compl et es t he pr oof of suf f i ci ency . The pr oof of '

necessi t y i s gi ven i n t he Appendi x .

We shal l now gi ve a char act er i zat i on of cont r act i bl e spaces of pr ef er ences .

COROLLARY I . A necessar y and suf f i ci ent condi t i on f or t he space of '

pr ef er ences P t o be cont r act i bl e i s t hat t he space of pr ef er ence pr of i l es

L = XP admi t s a def or mat i on r et r act ont o t he space of unani mous pr of i l es .

Ther ef or e, wi t h r est r i ct ed domai ns, a sol ut i on exi st s f or al l k > 2 i f and or l l y

i f al l pr ef er ences pr of i l es ar e t opol ogi cal l y equi val ent t o unani mous pr of i l es .

The pr oof of t hi s cor ol l ar y i s gi ven i n t he Appendi x .

8 3

THEOREM 2 .

	

Let I t he pr ef er ence space P be cont r act i bl e .

	

Then an: r

cont i nuous anonymous soci al choi ce r ul e t hat r espect s unani mi t i l , I s

equi val ent t o a r ul e f const r uct ed as f ol l ows . Take a convex space C of whi ch

P i s a r et r act , wi t h r t he r et r act i on, r : C- + P. Then def i ne a convex aver agi ng

r ul e on C, and l et f be t he composi t i on of t hi s wi t h r .

Pr oof .

	

The exi st ence of a convex space C and a r et r act i on r : C - P i s

assur ed by t he ar gument s i n t he pr oof of suf f i ci ency i n Theor em I . These

ar gument s al so demonst r at e t hat t her e al ways exi st s at l east one cont i nuous

anonymous soci al choi ce r ul e t hat r espect s unani mi t y and i s const r uct ed as

speci f i ed i n t he t heor em. We t her ef or e onl y have t o pr ove t hat any ot her such

r ul e i s homot opi c t o t hi s . But t hi s i s an i mmedi at e consequence of t he

f ol l owi ng obser vat i on :

Let X and Y be t wo t opol ogi cal spaces, wi t h Y cont r act i bl e . Then any t wo

cont i nuous f unct i ons f r om X t o Y ar e homot opi c, see Spani er ( 25, 1 . 3 . 7 1 .

The next cor ol l ar y ext ends t he above r esul t s, and i n par t i cul ar t hose of '

Theor em I , t o di sconnect ed spaces of pr ef er ences. We assume now t hat each

connect ed component of t he space of pr ef er ences i s a par af i ni t e CW

compl ex, and t hat P has at most f i ni t el y many component s .

COROLLARY 2 .

	

Let

	

t he space of pr ef er ence pr of i l es be t he k - f ol d

Car t esi an pr oduct of t he space P of pr ef er ences . Then a necessar y and

suf f i ci ent condi t i on f or t he exi st ence of a soci al choi ce r ul e whi ch i s

cont i nuous, anonymous, and r espect s unani mi t y f or al l k > 2, i s t hat each

connect ed component of P be cont r act i bl e .

We pr ove necessi t y f i r st . Let 0 : Pk _ P sat i sf y al l t he condi t i ons, t hen I F C

i s a connect ed component of P, cont i nui t y and r espect unani mi t y i mpl y 610

maps 0 i nt o C. Si nce
0/ Ck

obvi ousl y i s a cont i nuous anonymous map
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r espect i ng unani mi t y, and C i s a connect ed par af i ni t e CW compl ex,

' t heor em I appl i es, and Cmust be cont r act i bl e .

Next we pr ove suf f i ci ency . Let P= U C, , , CzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� t he connect ed component s

of P. For each C, , , we can def i ne a cont i nuous map ~� : ( C�) " - Cr espect i ng

unani mi t y and anonymi t y, by Theor em l , si nce C� i s cont r act i bl e .

Consi der now any pr of i l e ( p, , . . . , pk) EPk . I f al l p; ' s ar e i n one component ,

say ( ' � , t hen def i ne OP, , . . . , Pk ) = OAP, , . . . , Pk) " I f i nst ead, t her e exi st i n t he

pr of i l e ( p, , . . . , pk) pr ef er ences whi ch bel ong t o di f f er ent component s, t hen

def i ne

	

=

	

'

	

wher e a = mi na

	

a

	

E C11i ;~( P~ . . . . . Pk)

	

~~. ( PI , . . . , Pk) ,

	

(

	

, , . . . ,

	

k) 1 Pi

	

11 ; ; Pi = Pi

i f p; E C� , and p, = p. i f p; ( t C� . Thi s r ul e sat i sf i es al l condi t i ons .

Remar k .

	

Not e t hat Cor ol l ar y 2 enabl es us t o appl y Theor em 1 t o cer t ai n

spaces of pr ef er ences whi ch admi t sat i at i on . For exampl e, t he space of l i near

pr ef er ences on R" , i ncl udi ng t he pr ef er ence whi ch i s i ndi f f er ent bet ween al l

al t er nat i ves, can be r epr esent ed as t he uni on of t he uni t spher e i n R" and t he

or i gi n . For f ur t her exampl es of spaces of pr ef er ences admi t t i ng sat i at i on

whi ch come wi t hi n t hi s f r amewor k, see Chi chi l ni sky 17 1 .

The st r at egy of t he pr oof i s t o show t hat t he condi t i ons of anonymi t y and

unani mi t y t oget her i mpl y t hat any el ement of any homot opy gr oup of P i s

di vi si bl e by any ar bi t r ar y i nt eger t o yi el d a member of t he gr oup, t hus

i mpl yi ng t hat al l such el ement s ar e zer o . Because P i s a CWcompl ex, t he

f act t hat al l homot opy gr oups ar e zer o i s t hen shown t o i mpl y t hat P i s con-

t r act i bl e .

Let 0 : Pk - - + P be a cont i nuous anonymous soci al choi ce r ul e r espect i ng

unani mi t y . 0 def i nes a map 0* at t he homot opy l evel ; f or each i > l , l et t i ng

77 i ( P) be t he i t h homot opy gr oup of P,

APPENDI X : PROOF OF THE NECESSI TY OF

CONTRACTI BI LI TY I N THEOREM I

0 * : n; ( ( P) k ) - ni ( p) .

Consi der f i r st t he case wher e i > 2. Then n, ( P) i s al ways abel i an ( see, e. g . ,

Spani er 125, p. 372, l i nes I t o 3 1) . Fur t her mor e, i f i i s t he smal l est i nt eger

wi t h n; ( P) - A 0, t hen by t he Hur ewi cz I somor phi sm Theor em ( Spani er 125,

7 . 5 . 5 . , p . 398 1) , n, ( P) i s i somor phi c t o N, ( P) , t he i t h si ngul ar homol ogy

gr oup of ' P. Ther ef or e, i n par t i cul ar , n, ( P) i s f i ni t el y gener at ed, because P has

a f i ni t e number of cel l s i n each di mensi on, bei ng par af i ni t e by assumpt i on .

Bei ng a f i ni t el y gener at ed abel i an gr oup, n, ( P) i s t her ef or e a di r ect sumof

a l i ni t e number of i nf i ni t e cycl i cal gr oups i somor phi c t o t he i nt eger s, and of

cycl i cal gr oups of f i ni t e pr i me or der , t hese l at t er denot ed by Z, , , , p; pr i me

number s

	

( Leder man

	

121,

	

p. 92,

	

p. 120,

	

Def i ni t i on 7,

	

and

	

p. 121,



RESOLUTI ON OF` ME SOCI AL CI I OI CI ? PARADOX

	

8 5

Pr oposi t i on 17 1) . The di r ect sum of t he i nf i ni t e cycl i cal gr oups gener at es t he

f r ee par t of np' ) ; t he di r ect sum of t he r est i t s t or si on T( n ; ( P) ) , wher e

T( n I ( P) ) = I x E n, ( P) : mx = 0 f or some i nt eger m> 11 .

Not e al so t hat n, ( ( P) k ) ) i s i somor phi c t o t he pr oduct of k copi es of n ; ( P) ,

i . e . ,

k

n, ( ( P) k ) =' X ) Ti ( p)

i

( see, e . g . , Spani er 125, p . 419, No . 5 of B 1) . Now, consi der x a gener at or i n

t he f r ee par t of n, ( P) . Then ( x, x, . . . , x) E n ; ( ( P) k ) . Because of t he condi t i on of

r espect of unani mi t y,

0 * ( x, x, . . . , x) = x .

	

( 1)

Al so, i f e i s t he i dent i t y el ement i n t he gr oup n, ( P) , si nce 0* i s a gr oup

homomor phi sm, ( i . e . , 0* i s " l i near " i n t he gr oup oper at i on denot ed 1- ) ,

0* ( x, x, . . . , x) =0* I ( x, e, . . . , e) t ( e, x, e, . . . , e) t . . . t ( e, e, . . . , e, x) I

=0* ( x, e, . . . , e) t 0* ( e, x, . . . , e, e) t . . .

t 0 * ( e, e, . . . , e, x) ,

	

( 2)

si nce

	

( x, x, . . . , x) = ( x, e, . . . , e) t ( e, x, e, . . . , e) t . . . t ( e, e, . . . , e, x) .

	

By

	

t he

symmet r y condi t i on, al l f act or s i n t he l ast expr essi on of ( 2) ar e i dent i cal ,

say, t o 0* ( x, e, . . . , e) . I t f ol l ows f r om ( I ) and ( 2) t hat

x = k0* ( x, e, . . . , e) = ky,

	

wher e

	

y = 0* ( x, e, . . . , e) E n; ( P) ,

	

( 3)

because n, ( P) i s abel i an . Si nce x i s a gener at or i n t he f r ee par t of 7r ; ( P) , x

gener at es a gr oup whi ch i s i somor phi c t o t he i nt eger s . Si nce k i s any

ar bi t r ar i l y chosen nat ur al number , i t f ol l ows t hat x = 0, because onl y 0 can

be di vi ded by any i nt eger k . Thi s i mpl i es t hat al l gener at or s i n t he f r ee par t

of n, ( P) ar e zer o, i . e. , n ; ( P) has no f r ee par t .

Now consi der x a gener at or i n t he t or si on par t of n ; ( P) , T( n, ( P) ) . Then

x E ZP, , f or some p, . However , f r om ( 3) , x = ky, f or any k E Z. I t f ol l ows

t hat Z. , i s zer o f or al l p, , whi ch i mpl i es t hat T( n ; ( P) ) = 0 al so . Si nce n ; ( I ' )

has no t or si on and no f r ee par t , i t i s t he zer o gr oup, f or al l i > 2 .

I n t he case i = I , not e t hat when n, ( P) i s abel i an, t hen t he gr oup n, ( P) i s

i somor phi c t o 11, ( P) ( see, e . g . , Spani er 125, r emar ks at t op of p . 3911) . I t

f ol l ows t hat when n, ( P) i s shown t o be abel i an, t he r est of t he pr oof above

appl i es f or t he case i = 1, si nce 11, ( P) i s a f i ni t el y gener at ed abel i an gr oup.

Ther ef or e we show next t hat t he exi st ence of t he map 0 i mpl i es i mmedi at el y
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t hat n, ( P) i s abel i an . Not e t hat f or any t wo el ement s . r and j , i n n, ( P, ,
and

f or any k > I , ( 2) and ( 3) i mpl y

. r 1- . I . = ko* ( x, e, . . . , e) t ko * ( e, y, e, . . . , e)

	

( 4)

- _ 0* ( kx, kj , , e, . . . , e) because 0* i s a gr oup homomor phi sm.

But by t he symmet r y condi t i on on 0,

0* ( kx, ky, e, . . . , e) =0* ( kv, kx, e, . . . , e) =vt x . ( 5)

Ther ef or e ( 4) and ( 5) i mpl y x t y=y t x, so t hat n, ( P) i s abel i an . Thi s

compl et es t he pr oof t hat n, ( P) = 0 f or al l i > 1 .

Si nce P i s a connect ed CWcompl ex and n; ( P) = 0 f or al l i > 1, P must be

cont r act i bl e ( see, e. g . , Spani er ( 25, 7. 6 . 24, p. 405 1, and f oot not e 12 of t hi s

paper ) , compl et i ng t he pr oof .

Pr oof of Cor ol l ar y 1 .

	

Assume f i r st t hat L =XP admi t s P as a def or -

mat i on r et r act . I t f ol l ows f r om Spani er 125, p. 33, Theor em 13 1, t hat XP and

P have t he same homot opy t ype . Hence

n; ( P) - n, ( XP)

	

f or

	

i > I .

However , by Spani er ( 25, p. 419, No . 5 of B1, t her e i s an i somor phi sm

k

Ther ef or e, f or al l i > l

n, ( XP) = X nr ( P)

n ; ( P) - 0 .

f or al l

	

i > 0.

Si nce P i s connect ed and i s a CWcompl ex t hi s i mpl i es t hat P i s cont r ac-

t i bl e ( see Spani er 125, p. 405, 7. 6 . 24 1 and f oot not e 12 of t hi s paper ) .

Thi s compl et es t he pr oof of suf f i ci ency .

Assume now t hat P i s cont r act i bl e . I t f ol l ows t hat t her e exi st s a def or -

mat i on r et r act R f r om P i nt o a f i xed pr ef er ence pzyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� i n P ( Spani er 125, p. 29 1) .

Consi der now t he set

Q= I ( P, Po, . . . , Po) : PE PI .

The def or mat i on r et r act i nduced by R on t he l ast k - I component s of XP

maps , 1' P i nt o Q. Si nce Q i s homeomor phi c t o P t hi s compl et es t he pr oof of

necessi t y .



I MS( ) I Al l l ( ) N 01' 1' 11f ? SOCI AL C1101CE PARAI ) ( ) X

	

87

REFE?RE: NCES

I . K . J . ARROW, " Soci al Choi ce and I ndi vi dual Val ues, " Yal e Uni v . Pr ess, New Haven,

Conn . , I 95I ; 2nd ed . , Wi l ey, New Yor k, 1963 .

2 . C. BI SSA( ; A AND A. PFI . CZYNSKI , " Sel ect ed Topi cs i n I nf i ni t e Di mensi onal Topol ogy, "

Pol ska Akadcmi a Nauk, I nst yut Mat ema Tyczny, War saw, 1975 .

3 . I ) . BLACK, On t he r at i onal e of gr oup deci si on maki ng, J . 1 1ol . Econ . 56 ( 1948) , 23 24 .

4 . 1) . BROWN, Aggr egat i on of pr ef er ences, Quar t . J . Econ . 80 ( 1975) , 456- 469.

5 . G. C111CI I I I . NI SKY, Mani f ol ds of pr ef er ences and equi l i br i a, Repor t No . 27, Pr oj ect on

I ?f Ti ci ency of Deci si on Maki ng i n Economi c Syst ems, Har var d Uni ver si t y, 1976 .

6. G. CI I K - I I I I . NI SKY, The t opol ogi cal equi val ence of t he Par et o condi t i on and t he exi st ence

of a di ct at or , J . Mat h. Econ . 9 ( 1982) , 223 233.

7 . G. CI I I CI I I LNI SKY, Soci al aggr egr egat i on r ul es and cont i nui t y, Quar t . J . Econ . 87 ( 1982) .

8 . G. CI I I CI I I LNI SKY, " Si ngl e Peakedness and t he Conl r act i bi l i t y of Spaces of Pr ef er ences, "

wor ki ng paper , Uni ver si t y of Essex, 1980.

9 . Ci . CI I I CI I I LNI SKY, Soci al choi ce and t he t opol ogy of spaces of pr ef er ences, Adv . i n Mat h .

37, No . 2 ( 1980) , 165- 176.

	

,

10. G. CI I I CI I I LNI SKY, The st r uct ur al i nst abi l i t y of deci si ve maj or i t y r ul es, J . Mat h . Econ . 9

( 1982) , 207- 221 .

I f . G. CI I I CI I I LNI SKY, " I nt ensi t y of Pr ef er ences and von Neumann- Mor genst er n Ut i l i t i es, "

Mat hemat i cs of Oper at i ons Resear ch, i n pr ess .

12 . G. CI I I CI I I LNI SKY AND - G. M. HEAL, Communi t y pr ef er ences and soci al choi ce, Essex

Economi c Paper s No. 165; J . Mat h . Econ . , 1983 .

13 . G. CI I I CI I I LNI SKY AND G. M. HEAL, " Soci al Choi ce wi t h I nf i ni t e Popul at i ons :

Const r uct i on of a Soci al Choi ce Rul e and I mpossi bi l i t y Resul t s, " Col umbi a Uni ver si t y

Economi cs Di scussi on Paper , 1979 .

14 . 1 . CI I I PMAN, I f or not het i c pr ef er ences and aggr egat i on, J . Econ . Theor y 8 ( 1974) , 26 38 .

15 . f . COI RAI LI N AND K. P. LI N, Cont i nui t y pr oper t i es of maj or i t y r ul e wi t h i nt er medi at e

pr ef er ences, Mat hemat i cal Soci al Sci ences I ( 1981) , 289 - 296 .

16 . G. DI AI RI ?t r , Smoot h pr ef er ences, Economet r i ca 40 ( 1972) , 603- 615 .

17 . P. C. FI SI I H( I RN, Ar r ow i mpossi bi l i t y t heor em: Conci se pr oof and i nf i ni t e vot er s, J . Econ .

7hcor y 2 ( 1970) , 103- 106 .

18 . G. M. HFAL, Cont r act i bi l i t y and publ i c deci si on maki ng, i n " Soci al Choi ce and Wel f ar e"

( P. K. Pat l anai k and M. Sal l es, Eds . ) , Nor t h Hol l and, Amst er dam, 1983 .

19 . A.

	

P.

	

KI RMAN AM) D. SONDI RMAN, Ar r ow' s t heor em: Many agent s and i nvi si bl e

di ct at or s, J. Econ . 7heor v 5 ( 1972) , 267- 277.

20 . Ci . I f . KRAMER, On a cl ass of equi l i br i um condi t i ons f or maj or i t y r ul e, Econor ner r i ca

( 1972) .

21 . N. 11 . Kui pcr , " Var i et es hi l ber t i ennes, aspect s geot net r i qucs, " Semi nai r e do

Mat hemat i ques Super i eur es, Le Pr esses de I ' Uni ver si t e de Mont r eal , Mont r eal , 1971 .

22 . W. Lva) I " RMAN, " I nt r oduct i on t o Gr oup Theor y, " Ol i ver & Boyd, Edi nbur gh, 1973 .

23 . C' . F. MAI I NI ) I R, " Al gebr ai c Topol ogy, " Van Nost r and- Rei nhol d, London, 1970 .

24 . A. K. SI N AND 1' . K. PA-1 FANAI K, Necessar y and suf f i ci ent condi t i ons f or r at i onal choi ce

under maj or i t y deci si on, J . Econ . 7heor v 1 ( 1969) , 178- - 202 .

25 . 1? . SPANI LR, " Al gebr ai c Topol ogy, " McGr aw- - Hi l l Ser i es i n Hi gher Mat hemat i cs,

McGr aw Hi l l , New Yor k, 1966 .

Pr i nt ed by t he St . Cat her i ne Pr ess Lt d . , Tempel hof 41, Br uges, Bel gi um


