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Abstract

Is the European nation-state system more favorable to economic growth than the united-empire
system in ancient China? This paper develops an endogenous-growth model to analyze the conditions
under which economic growth is higher under political fragmentation than political unification. Under
political unification, the economy is vulnerable to excessive Leviathan taxation and the costs of unifying
heterogeneous populations. Under political fragmentation, the competing rulers are constrained in
taxation but spend excessively on military defense. If and only if the heterogeneity costs are sufficiently
high relative to the mobility cost of citizens or equilibrium defense spending, then political fragmentation
would be more favorable to growth than political unification. When the political regime is endogenously
chosen by rulers, they do not always choose the growth-maximizing regime. In particular, there exists a
range of values for the heterogeneity costs, in which political fragmentation is more favorable to growth

but the rulers prefer political unification.
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1. Introduction

Is the European nation-state system more favorable to economic growth than the united-empire system in
ancient China? A number of economic historians, such as North (1981) and Jones (1981), argue that the
unique European nation-state system contributed to its economic takeoff in the late 18" and early 19"
century while the united-empire system in China was responsible for its economic stagnation during that
period.' For example, North (1981) suggests that the interstate competition arising from political
fragmentation induces the competing rulers to recognize private property rights in order to prevent labor
and human-capital outflows, and the resulting economic system with secured property rights creates the
proper environment for capital accumulation and hence sustained growth. However, Bernolz and Vaubel
(2004) note that political fragmentation did not always lead to these predicted effects.

“Political fragmentation is not a sufficient condition for political competition, innovation

and growth... Political fragmentation will not lead to interstate competition unless there

is considerable mobility among jurisdictions... Political fragmentation will not favour

innovation and growth if it leads to prolonged and highly destructive wars rather than

limited warfare or peaceful competition for manpower and capital.”

Bernolz and Vaubel (2004, p. 14)

So, under what conditions would political fragmentation be more favorable to economic growth than
political unification? Also, given that political regimes are endogenous, why did so many ancient
civilizations adopt the united-empire system if the nation-state system would have been more favorable to
economic growth?

To answer these questions, this paper develops an endogenous-growth model, in which the
equilibrium growth rate is a function of the investment rate chosen by citizens and the income-tax rate

chosen by rulers,” and uses the model to analyze the conditions under which economic growth is higher

! See, for example, Bernholz et al (1998) and Bernholz and Vaubel (2004) for a comprehensive survey.
% This formulation of using taxation as a measure of property rights is motivated by Drazen’s (2000, p. 459)
obersvation that “... property rights can be considered in the narrow sense as applying to taxation of property: even
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under political fragmentation than political unification. On one hand, political fragmentation can be
advantageous to growth because the competition between rulers limits their ability in taxing citizens. The
degree of this limitation is governed by the mobility cost of citizens, and this mobility cost is meant to
capture North’s (1981) idea that the monopoly power of a ruler depends on the opportunity cost of exit for
the citizens. On the other hand, political fragmentation can be damaging to growth if the competing rulers
allocate an excessive amount of productive resources to military defense. In the case of political
unification, the level of output and economic growth are reduced by the costs of unifying heterogeneous
populations into a single country.’

In summary, under political unification, the economy is vulnerable to excessive Leviathan
taxation and the heterogeneity costs. Under political fragmentation, the competing rulers are constrained
in taxation but spend excessively on military defense. The theoretical analysis suggests that whether
political fragmentation or political unification is more favorable to growth depends on the relative
magnitude of the heterogeneity costs, the mobility cost of citizens and the equilibrium amount of defense
spending. If and only if the heterogeneity costs are sufficiently high relative to the mobility cost or
defense spending, then political fragmentation would be more favorable to growth than political
unification. Furthermore, as the ruler becomes more impatient, the parameter space in which political
fragmentation is more favorable to growth increases. Intuitively, as the ruler becomes more impatient,
he/she would prefer to levy a higher tax rate; therefore, it becomes more likely for the competition
between rulers that limits taxation to provide a more favorable effect on growth.

When the political regime is endogenously chosen by the rulers, they do not always choose the
growth-maximizing regime. In particular, there exists a range of values for the heterogeneity costs, in
which political fragmentation is more favorable to growth but the rulers prefer political unification. On

one hand, when the heterogeneity costs are sufficiently high, economic growth is higher under political

in the absence of the threat of outright expropriation, societies can nonetheless legally expropriate the fruits of
accumulation via taxation.”

? The inclusion of these heterogeneity costs is meant to capture some of the insights from the literature on country
formation. See, for example, Alesina and Spolaore (2003) for a comprehensive discussion on this literature.
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fragmentation than political unification. On the other hand, the rulers suffer from a reduction in the level
of tax revenue under political fragmentation because the mobility of citizens sets an upper limit on the tax
rate. When the heterogeneity costs are not excessively high, this negative level effect dominates the
positive growth effect and the emperors enjoy a higher level of utility under political unification. In this
case, although political fragmentation favors growth, political unification arises as the equilibrium
outcome when the rulers have all the political power. As for the citizens, they always prefer the political
regime that is more favorable to growth; therefore, there are situations in which the citizens and the rulers

prefer different political regimes.

Related Literatures
This paper relates to a number of literatures: (a) institutional economics and economic history; (b)
endogenous-growth theory; (c) the political economy of Leviathan taxation; (d) the literature on country
formation; and (e) the political economy of growth. This paper formalizes the insights from a number of
economic historians on the effects of political fragmentation on growth using a version of the so-called
AK endogenous-growth model.* In particular, it embeds a framework of Leviathan taxation into the
growth model to analyze the conditions under which the mobility of citizens would constrain the tax rate
chosen by Leviathans and enhance growth under political fragmentation.’ Furthermore, it borrows some
of the insights from the literature on country formation to analyze the different growth effects of political
fragmentation and political unification. Alesina and Spolaore (2005) analyze how the heterogeneity costs
and the cost of international conflict affect the size and the number of nations.® In contrast, the current

paper firstly analyzes how these factors affect economic growth for a given size and number of nations.

* See, for example, Rebelo (1991) for a discussion on the different versions of the AK model.

> See, for example, Brennan and Buchanan (1977) and Grossman and Noh (1994) for studies in the political
economy of Leviathan taxation.

6 See, also, Alesina and Spolaore (2003, chapters 7 and 8).
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Then, it considers whether the political regime that is more favorable to growth would emerge as the
political equilibrium outcome.’
The rest of the paper is organized as follows. The next section presents the model and results. The

final section concludes with a discussion on the implications of the model.

2. The Model

There is a continuum of identical households residing in each of the two symmetric regions. In the case of
political unification, the level of output decreases by a fraction 4 that captures the heterogeneity costs in
unifying two heterogeneous populations.® The unified country is ruled by an emperor, who chooses a time
path for the income-tax rate and consumes the tax revenue to maximize his/her lifetime utility. Taking the
time path for the tax rate as given, the households choose a time path for consumption and investment to
maximize their lifetime utility. For this differential game,’ I will derive the time-consistent open-loop
Stackelberg equilibrium,'’ in which the emperor is the leader and the representative household is the
follower. Because of constant returns to scale with respect to the cumulative input factor in the production
function, the output growth rate is determined by the households’ investment rate and the tax rate.

In the case of political fragmentation, each of the two countries is ruled by an emperor, who
makes an additional decision on the amount of defense spending for the purpose of capturing a larger
amount of land, which is a productive factor input. The two emperors are assumed to play this game with

simultaneous moves, and I will derive the symmetric open-loop Nash equilibrium for this differential

" See, for example, Drazen (2000, chapter 11), Persson and Tabellini (2000, chapter 14) and Acemoglu (2008,
chapters 22 and 23) for excellent surveys in the political economy of growth. Chaudhry and Garner (2006) model
another interesting effect of political competition in which the presence of rival states reduces the rulers’ incentives
to block innovation and enhances growth. The current paper differs from their study by analyzing a completely
different growth-enhancing channel of political competition in an infinite-horizon dynamic general-equilibrium
model and taking the political regime as endogenous.

¥ Potential sources of these costs include conflicting preferences over public policies, coordination costs, monitoring
costs, or even the expected losses associated with civil wars. See, for example, Alesina and Spolaore (2003, 2005).

? See, for example, Dockner e al (2000) for a comprehensive discussion on differential games.

' An open-loop strategy is a time path that assigns a value for the control variable in every period given the initial
value of the state variable. See, for example, Pohjola (1983a, 1983b) and Cellini and Lambertini (1998, 2002) for
applications of open-loop solution concepts in dynamic models. Also, see, for example, Xie (1997) and Karp and
Lee (2003) for a discussion of time-consistency in open-loop Stackelberg differential games.
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game. The households also have to make an additional decision on the residential location. For the
households from one region to move to the other region, they face a mobility cost that reduces their
output by a fraction m. The magnitude of this mobility cost sets an upper limit on the tax rate chosen by
the emperors. For a low value of m, the emperors have to set a lower tax rate than desired in order to

prevent the outflows of labor and human capital.

Households
There is a continuum of representative households on the unit interval in region je€ {a,b}, and their

lifetime utility is
(1) U(j)=[e* InC (jdt,
0

where C,(j) denotes the level of consumption for a household in region j at time ¢, and p e (0,1) is the
household’s subjective discount rate. To simplify notation, I will suppress the regional index j. In each
period, the households use their human capital H, to produce goods, and they decide how much to
consume and invest in human capital by maximizing utility subject to a sequence of budget constraints
given by

2) H,=(1-1)Y,-C,-H.?,

where 7, is the income-tax rate and J € [0,1) is the depreciation rate of human capital. ¥, is the amount
of goods produced. Following the literature on AK endogenous growth, the production is assumed to have
constant returns to scale with respect to the cumulative input factor such that ¥, = A H,. To incorporate
some interesting elements from the country-formation literature into the model, the level of productivity

denoted by A, is assumed to be a function of land L, and the heterogeneity costs h € (0,1) given by
3) A =(1-yhL,.

7, is an O-1 indicator that equals 1 for political unification and equals O for political fragmentation.



Emperor(s)
Under political unification, there is an emperor ruling the unified country. Under political fragmentation,

there are two non-cooperative emperors ruling the two independent countries. An emperor’s utility is
) U=[e’ T,
0

where T, is the tax revenue net of defense spending, and € (0,1) is the emperor’s discount rate.

Political Unification

In the case of political unification, the emperor allocates the amount of land equally among the two
populations. The amount of goods produced in each region is ¥, = (1—h)H,, where the total amount of
land is normalized to two. Because the emperor incurs zero defense spending, the amount of tax revenue

consumed by him/herself is 7, =7,Y, from each region. Denote ¢, as the fraction of after-tax income

consumed by the households (i.e. C, =c,(1-7,)Y,) and 1—c, as the fraction invested in human capital.

Taking the time path of 7, as given, the households choose the time path of ¢, to maximize (1) subject to

(2). Taking the households’ best response as given, the emperor chooses the time path of 7, to maximize

(4) subject to (2). Lemma 1 shows that the open-loop Stackelberg equilibrium is time consistent.

Lemma 1: Under political unification, the open-loop Stackelberg equilibrium is time consistent and the

equilibrium outcomes for all t are

; p
5 :—’
® “ T a=ea—n
(6) T =BI1-h),
@) g =(1-7)1-h)—(p+0)=1-(h+p+p+05).

Proof: See Appendix A.O



g, is the equilibrium growth rate of per capita output, and I will suppress the time subscript. Firstly, g*

is decreasing in p because an increase in p reduces the investment rate in human capital. Secondly, g“
is decreasing in [ because an increase in [ leads to a higher tax rate that reduces the rate of return on
human capital. Finally, g" is decreasingin & and 0 because they reduce the net rate of return on human
capital. To ensure that the equilibrium is well-behaved, the following parameter conditions are assumed.
(al) g'<pfel-(h+p+0)<2p,

(a2) 0<g'<popl-(h+p+I)<2p.

(al) ensures that the lifetime utility of the emperor is bounded. The second inequality in (a2) ensures that

the lifetime utility of households is bounded while the first inequality in (a2) ensures that the growth rate

is non-negative.

Political Fragmentation
Under political fragmentation, total output in each region is ¥, = L H, =(2s,)H,, where s, denotes the
share of land claimed by an emperor. The two emperors incur defense spending to fight over the

distribution of land. The gross amount of tax revenue from each region is 7,Y,, and the fraction of output
spent on defense is denoted by d, (i.e. the net amount of tax revenue consumed by an emperor is
T, =(7,—d,)Y,). The share of land claimed by an emperor is assumed to be s, =d, /(d, + d;) ' where
d

, 1s the other emperor’s decision on the fraction of output spent on defense. Taking the time paths of 7,

and s, as given, the households choose the time path of ¢, to maximize (1) subject to (2). Then, taking
the households’ best response and the time path of d; as given, an emperor chooses the time paths of 7,

and d, to maximize (4) subject to (2). In other words, in addition to the open-loop Stackelberg game

' Following Alesina and Spolaore (2005), this simple functional form is assumed for analytical tractability, and this
specification on the conflict resolution technology is a special case of the more general functional forms used in the
literature on conflict resolution. See, for example, Hirshleifer (1991).
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between each pair of the households and the emperor, the two emperors also play an open-loop
simultaneous-move game, and I will focus on the symmetric equilibrium (i.e. d, =d, for all n."”
Furthermore, the households now have the option to move to the other country. When the households
move, their output of goods decreases by a fraction m e (0,1) . Suppose the emperors have the flexibility
in levying different tax rates on domestic households and immigrants. Then, the constraint that prevents
labor and human-capital outflows is 7, < m for domestic households. The emperors would lower the tax

rate for immigrants to zero but still fail to attract labor and human-capital inflows.

Lemma 2: Under political fragmentation, the open-loop Stackelberg equilibrium is time consistent. For
all t, the (symmetric) equilibrium outcomes of the open-loop simultaneous-move game between the

emperors and the open-loop Stackelberg game between each pair of the households and the emperor are

g of = P ,

®) " A-17)2s,)

©) 7/ =min(m, S +1/3),

(10) g/ =1-(z/ +p+0).
l-m+pf

For m> B+1/3, d, =1/3. For m< +1/3, d, =m| ———= |<1/3. For me (0,]), 5,=0.5.
1-m+3p

Proof: See Appendix A.O

Intuitively, if the mobility cost is sufficiently high, then the emperors would choose a gross tax rate that is

equal to the sum of their desired net tax rate given by £ and the equilibrium amount of defense spending

given by d =1/3. If the mobility cost is sufficiently low, then the emperors would be forced to set a

"2 In the proof for Lemma 2, I show that for the case in which the mobility constraint is not binding, there exist only
symmetric solutions for the open-loop simultaneous-move game and there is only one stable solution. However, for
the case in which the mobility constraint is binding, I need to impose the symmetry condition in order to find the
solution because the best response functions are highly non-linear.
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lower tax rate and allocate a smaller amount of resources to defense spending. To ensure that the

equilibrium is well-behaved, the following parameter conditions are assumed.
(a3) g/ <Be1-(p+8)—min(m, f+1/3)< 3,
(a4) 0<g/ <pe p<1-F—min(m, f+1/3)<2p,

The interpretations for (a3) and (a4) are analogous to the ones for (al) and (a2).

Growth Effects of Political Fragmentation vs. Political Unification

The condition that determines whether economic growth is higher under political fragmentation or
political unification is given by

(11) g/ >g"e@h>t! - h>min(m, f+1/3)- 5.

In other words, political fragmentation is more favorable to growth than political unification if and only if
the heterogeneity costs are sufficiently high. When the mobility cost is not a binding constraint (i.e.
m> 3+1/3), the relevant comparison is between the relative magnitude of the heterogeneity costs and
the equilibrium amount of defense spending given by d =1/3. When the mobility cost becomes a
binding constraint, the relevant comparison is between the relative magnitude of the heterogeneity costs
and the mobility cost that limits the tax rate chosen by the emperors. In this case, as an emperor becomes
more impatient, he/she would prefer to levy a higher tax rate; as a result, the parameter space in which
political fragmentation is more favorable to growth than political unification increases. These results are

summarized in Proposition 1, Figure 1 and Corollary 1.

Proposition 1: For m > f+1/3, political fragmentation is more favorable to growth than political
unification if and only if A >d =1/3. For m< +1/3, political fragmentation is more favorable to

growth than political unification if and only if 7 >m— 3.

Proof: Note (11).0



Figure 1: Results of Proposition 1

m
unification fragmentation
B+1/3 [~ Sniaiaiaieiniaiei
unification !
fragmtimtation
i
B |

N 4

1/3

Corollary 1: For m< f+1/3, an increase in [ enlarges the parameter space in which political

fragmentation is more favorable to growth than political unification.

Proof: Note (11).0

Endogenous Political Regime
Suppose the political regime is chosen by the emperors. Then, which political regime do they prefer? In
particular, this section considers whether the emperors would always prefer the political regime that is
more favorable to growth. Because this simple version of the AK model does not exhibit transition

dynamics, the lifetime utility of an emperor can be simplified to

InT, L8

g.
g F

(12) 0 =[e? In(Te* ")t =
0

In the case of political fragmentation, the initial level of tax revenue is 7y’ = (z/ —d)H,, where H, is

the exogenously given stock of human capital at time 0 and is normalized to 1 without loss of generality.
As for the case of political unification, it requires an additional assumption on the revenue sharing

between the two emperors. A natural benchmark is the following.
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Assumption: In the case of political unification, the two emperors cooperate together to rule the unified

country and share the tax revenue equally.

Given this setting, the initial level of tax revenue consumed by each emperor is Ty =7“(1-h)H,.

Substituting 7", 7" and g" into (12) yields (13), in which U" denotes the lifetime utility of each

emperor under political unification.

_In@(1-h) g _Ip 1-(h+f+p+J)
B g B B ’

As for the lifetime utility of an emperor under political fragmentation, it depends on whether the mobility

(13) U"

cost is a binding constraint. For m > +1/3, substituting Ty , 7/, d and g’ into (12) yields

_In@' —d) g’ _Wp 1-(3+f+p+d)

(14) U’ - .
B BB B

Proposition 2: For m> B+1/3, U’ >U" ifand only if g’ > g".

Proof: Note (13) and (14).0

In other words, when the mobility cost is not a binding constraint, the emperors would choose the
political regime that is more favorable to growth. Intuitively, the two political regimes affect an emperor’s

utility through a level effect and a growth effect, and the level effect is reflected in the initial level of tax

revenue. In the case of political unification, 7, is potentially reduced by the heterogeneity costs, but the
emperor sets 7" = B/(1—h) to offset this effect. In the case of political fragmentation, Tof " is potentially
reduced by the equilibrium amount of defense spending, but the emperor sets /= B +d to offset this

effect as well. Therefore, it turns out that 7}, = TOf , so that only the growth effect is present.

-11 -



When the mobility cost is a binding constraint (i.e. m < B+1/3), substituting 7y , 7/, d and
g’ into (12) yields

(15) ﬁf':W—_Cl’)+g_£:M_lln(
B B BB

1—m+3,3j+1—(m+p+§)
2m 5’ .

The extra term given by B In((1—m+38)/2m) >0 for m < B+1/3 reflects an emperor’s utility loss

from being unable to choose the desired tax rate. The mobility of citizens constraining the tax rate results
into a negative level effect through the reduction in the level of tax revenue. Because of this negative
level effect, the emperors may have a lower level of utility under political fragmentation even when this

political regime is more favorable to growth. Proposition 3 and Figure 2 summarize this finding.

Proposition 3: For m < 8+1/3, there exists a range of parameters, in which g’ > g" but U’ <0".
This range of parameters is given by he (m— B,h) , where h =m— B+ BIn((1—m+35)/2m) .
Proof: From Proposition 1, g/ > g & h > m— 3. From (13) and (15), U’ <U" < h<h . When

m< B+1/3, h >m— B for any value of me (0,1) and B (0,1). Therefore, he (m— 3,h) is a non-

empty parameter space.O

Figure 2: Results of Proposition 3

g/ <g g/ >¢
f)ﬁ’ A
® —» }
0 m— h 1
A Y
~fY~u fY~u
U’ <U U’ >U

Intuitively, when the heterogeneity costs are sufficiently high such that &2 >m— [, the growth rate is

higher under political fragmentation than political unification. However, when the mobility cost is a

binding constraint, the emperors also suffer from a negative level effect under political fragmentation.
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When the heterogeneity costs are not excessively high such that h<h , this negative level effect
dominates the positive growth effect, and the emperors enjoy a higher level of utility under political

unification. Figure 3 plots the equilibrium growth rate for m < f+1/3 when the political regime is

endogenously chosen by the emperors to maximize their utility.

Figure 3: Equilibrium Growth under Endogenous Political Regime

SA
g'=1-(h+pB+p+0)
g/ =1-(m+p+9)

Welfare of Households
As for the households, they always prefer the political regime that is more favorable to growth. To see

this result, the lifetime utility of a household is re-expressed as

(16) Uzje‘P’ln(Coeg’)dt=%+%.
0
0

yo

Denote the household’s lifetime utility under political fragmentation and under political unification by

U’ and U" respectively.

Proposition 4: U/ >U" if and only if g/ > g".

Proof: Firstly, note that C; = c(1-7)(1—yh)(2s)H . Then, from (5) and (8), Cof =C,=pH,.o
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The initial level of consumption C, is potentially affected by the income-tax rate 7 and the level of
productivity A, =(1—yh)(2s) . However, as shown in (5) and (8), the households always choose

c=p/l((1-7)A,) to offset these effects and consume a fraction p of the human-capital stock. Because

the households always prefer the growth-maximizing regime, there are situations in which the households

and the emperors prefer different political regimes. Corollary 2 summarizes this finding.

Corollary 2: For m< 3+1/3, there exists a range of parameters given by he (m— f3, h), in which

U'sU" bur U’ <U".

Proof: It follows from Proposition 3 and Proposition 4.0

3. Conclusion

This paper develops an endogenous-growth model to analyze the conditions under which economic
growth is higher under political fragmentation than political unification. In order to formalize the different
growth effects of each political regime in a theoretical model, I have made a number of simplifying
assumptions and used specific functional forms. The simple model certainly does not capture all the
important elements of the nation-state and united-empire systems but nonetheless serves the useful
purpose in providing a simple framework that highlights the different growth effects of the heterogeneity
costs under political unification and the interstate competition in taxation and defense spending under
political fragmentation.

I believe that the following insights are more general than my specific model. Under political
unification, the heterogeneity costs have a negative effect on the economy. Under political fragmentation,
the interstate competition in defense spending has a negative effect on the economy while the mobility of

citizens constraining the tax rate chosen by rulers has a positive effect. Although the abstract model may
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have neglected other important characteristics of each political regime,"” whether political fragmentation
or political unification is more favorable to growth should be at least partly determined by the relative
magnitude of the above three factors. Furthermore, when the political regime is chosen by the rulers, they
do not necessarily choose the growth-maximizing regime. This finding potentially explains why so many
ancient civilizations, except for Europe, adopted the united-empire system while the nation-state system
might have been more favorable to economic growth. Perhaps the heterogeneity costs in Europe were
higher than, for example, in ancient China such that the European rulers found political fragmentation
optimal while the Chinese rulers found political unification optimal despite the possibility that political

fragmentation would have been more favorable to growth and preferred by the citizens.
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Appendix A
Lemma 1: Under political unification, the open-loop Stackelberg equilibrium is time consistent and the

equilibrium outcomes for all t are

(A1) P —
(I-7/)A-h)

(A2) o= BI(1-h),

(A3) g =(1-7)Y1-h)—(p+o)=1-(h++p+9).

Proof: Taking the time path of 7, as given, the representative household chooses the time path of C, to
maximize (1) subject to (2). The current-value Hamiltonian for the representative household is
(A4) H,=InC, +u[((1-7,)0-h)-0)H, —C,].

The first-order conditions are

oH 1

A5 =4, =0,

(A9) oC, C, #

(A6) oH, _ ((A=7)(A=h)=0)=u,p— L
aH’ /’lr t ll'ltp ll'lz"
oH .

(A7) t=((1-7,)1-h)—-0)H,—-C,=H,,
oL,

and the transversality condition is

(A8) lim e”' wH,=0.

Combining (AS), (A6) and (A7) yields

(A9) (H +uH =puH —1.

Integrating (A9) with respect to time yield ¢, H, =e”'Q+1/ p, and (A8) implies that the integration

constant £ must equal zero. Therefore, we have

(A10) u,=(pH)™".
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From (A10), 4, =(/0H0)_1 is independent of the emperor’s chosen path of 7,. In this case, the

emperor’s control problem has only one state variable H, that has a predetermined initial value H . The

solution to this control problem satisfies the dynamic programming Principle of Optimality; therefore, the

open-loop Stackelberg equilibrium is time-consistent. Combining (A5) and (A10) yields
(A11) C, =pH,.

Substituting (A11) into (A7) and then integrating the resulting expression with respect to time yield
t

(A12) H =H, exp{ [ta-zpa-m—-s+ p)]dsj :
0

Substituting (A12) into (A11) shows that C, is independent of the future tax rates. The fraction of after-
tax income consumed is ¢, =C, /(1-7,)Y)) = p/((1-7,)(1—h)) . Substituting (A11) into (A7) shows
that g, =H,/H,=(1~-7)1-h)—(p+9).

Taking the household’s best response as given, the emperor chooses the time path of 7, to

maximize (4) subject to (A6) and (A7) (i.e. treating /4, as a state variable in the optimization problem).

To simplify the derivation, I will directly substitute (A11) into (A7) in order to eliminate (A6) in the

emperor’s optimization problem. The current-value Hamiltonian for the emperor is
(A13) ﬁt =In(r,(1-h)H,))+ i [(1-7)1-h)—(p+0)]H,.

The first-order conditions are

(A14) oH, =i—,ZZ[(1—h)H, =0,
ar, 7,
o 1 .
Al5 L=—+f[(-7)1-h)— N=mgp-i,
(A15) o H,+u,[( ) 1-h)—(p+d)]=ap- [,
oH :
(A16) aﬁt =[A-7)1-h)—(p+J)|H,=H,,

and the transversality condition is
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(A17) lime ' i H, =0.

f—c0
As before, combining (A15) and (A16), integrating the resulting expression with respect to time and then

using (A17) to set the integration constant to zero yield
(A18) £ =(BH)".
Substituting (A18) into (A14) yields

(A19) T, =fB/1-h).
Finally, substituting (A19) into (A16) yields

(A20) g =l—-(h+p+p+9J).o

Lemma 2: Under political fragmentation, the open-loop Stackelberg equilibrium is time consistent. For
all t, the (symmetric) equilibrium outcomes of the open-loop simultaneous-move game between the

emperors and the open-loop Stackelberg game between each pair of the households and the emperor are

A21 f =L,
(a21) “ T ashHes)
(A22) 7/ =min(m, f+1/3),
(A23) g/ =1-(/ +p+0).

l-m+pf

For m> B+1/3, d, =1/3. For m< f+1/3, d. =m
1-m+3p

JSIB. For me (0,1), s, =0.5.

Proof: Taking the time paths of 7, and s, as given, the representative household chooses the time path of
C, to maximize (1) subject to (2). The current-value Hamiltonian for the representative household is
(A24) H,=InC, + 4[((1-7,)2s,)-0)H, - C,].

The first-order conditions are

oM, _1_, g

A25 - _
(A23) oc, ¢Cc
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oH

(A26) =225 =8) = up—ii.
oH )
(A27) S = (1=2)2s)=H,~C,=H,.

and the transversality condition is

(A28) lime™” 'y H,=0.

t—>o0

Following the same derivation as in the proof for Lemma 1 yields
(A29) u=(pH)".
Therefore, 1, =(p H 0)_l is independent of the emperor’s chosen path of 7,, and hence, the open-loop
Stackelberg equilibrium is time-consistent. Combining (A25) and (A29) yields
(A30) C, =pH,.
Therefore, the fraction of after-tax income consumed is ¢, = p/((1—-7,)(2s,)). Also, substituting (A30)
into (A27) yields g, =H,/H, =(1-7,)(25,)—(p+ ) .

Taking the household’s best response and the time path of d’ as given, the emperor chooses the
time paths of 7, and d, to maximize (4) subject to (A26) and (A27). Again, I will substitute (A30) into

(A27) to eliminate (A26) in the optimization problem. The current-value Hamiltonian for the emperor is

~ 2d ~ 2d
A3l = | I e .
(A31) H, ln((f, d,)[d[er;JH,}ﬂr((l T,)[d +d,j (/)+5)th

t t

The first-order conditions are

ol 1 2d
A32 L= —[i — |H, =0,
(A32) Jar, 7, —d, ’u’(d,+dt’ '
(A33) Al U va -t — 24y =
od, t,—d, d d +d Hy N +ay ) "
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oH, 1 2d :
A34 L=—m+ | (-7 —|—(p+90) |=4p- i,
(A34) o0 H ﬂt(( ,)( i+ d;] (p )] B~k
(A35) oH, _ (1-7) 2d, —(p+0)|H =H
of, “\d, +d] p o
and the transverality condition is
(A36) lime ' i H, =0.

f—>c0
As before, combining (A34) and (A35), integrating the resulting expression with respect to time and then

using (A36) to set the integration constant to zero yield
(A37) B =(BH,)".

Substituting (A37) into (A32) yields

d+d
A38 T =06 —=*L |+d..
(A38) ; /3( Y j .

t

Substituting (A37) and (A38) into (A33) and then simplifying the resulting expression yield

(A39) (d) +@2d)d,—d =0.
The solutions to this quadratic equation are d, =—d, £ /d (1+d.) , from which the negative root can be

eliminated. Therefore, the pair of best response functions is given by

(A40) d =—d +,/d(1+d)),
(A41) d =—d +.d (1+d,).

Solving (A40) and (A41) yields the stable solution given by

(A42) d=d=1/3,
and the unstable solution is d, = d; =0 that can be eliminated. Substituting (A42) into (A38) yields

7, = 3+1/3. Then, substituting (A42) into (A35) yields g, =1—(7, + p+9).
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Now suppose m < f+1/3. (A32) shows that the marginal benefit of 7, is monotonically
decreasing in 7, ; therefore, the mobility constraint is binding such that 7, =m for all ¢. Then, (A32)

drops out of the first-order conditions, and substituting 7, = m into (A33) — (A35) yields

ol -1 1 1 2d’

A43 L — +—— +a (- —L —|H =0,
(Aad3) od m-d d d+d " 3 m)((dt+d,')2] ’

od 1 2d :
A44 L=—+ 0| (1- L \—(p+0) |=up—i,
(A44) o0 H, u{( m)( a1 d:] (p )] IR

oH 2d .

A45 t=| (1= ‘|-(p+9) |H,=H,.

As before, combining (A44) and (A45), integrating the resulting expression with respect to time and then

using (A36) to set the integration constant to zero yield (A37). Then, substituting (A37) into (A43) and

imposing the symmetry condition (i.e. d, =d) yield

:d’:m(ﬂJg%

A46 d
(A40) ' 1-m+38

t

as the solution for m < +1/3. Finally, substituting (A46) into (A45) yields g, =1—(m+ p+9).0
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