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ABSTRACT

This document sets out the details for extending the wage Phillips curve of the New
Area-Wide Model (NAWM; cf. Christoffel, Coenen and Warne, 2008) with a partial in-
dexation mechanism linking wages to trend productivity developments. The document
first outlines the labour-market setting in which households are offering their labour ser-
vices. It then derives the first-order condition characterising the optimal wage-setting
decision of an individual household as well as the law of motion for the aggregate wage
index. Finally, the document derives the implied log-linear wage Phillips curve. An
appendix provides additional technical details of the derivations.
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Labour-Market Setup

Consider a continuum of households indexed by h € [0,1], each of which supplies differen-
tiated labour services Ny, ; and acts as wage setter in monopolistically competitive markets.
As a consequence, each household is committed to supply sufficient labour services to satisfy
labour demand.

Further, there is a continuum of firms indexed by f € [0, 1], all of which take the wage
rates set by the households as given and aggregate the differentiated labour services into an

homogenous bundle using a Dixit-Stiglitz technology,

Ny, = (/01 (N}ft)“’%dh)%, (1)

where the possibly time-varying parameter ¢; > 1 is inversely related to the intratem-
poral elasticity of substitution between the differentiated labour services supplied by the
households, 7 = ¢;/(py — 1) > 1.1

Under these assumptions, each household h faces the following demand for its differen-
tiated labour services from any given firm f as a function of its wage rate W, ; relative to
the aggregate wage index W;: o

Wh,t To—1
N}it = ( Wt ) Nf7t (2)

with —¢y /(¢ — 1) representing the wage elasticity of labour demand.

Aggregating over the continuum of firms f, we obtain the following aggregate demand

for the labour services of a given household h:

1 Wi\ 71
Nh:/th:<h’t) N, 3
t 0 fit f Wt ts ()

which, in equilibrium, is met by the household’s commitment to supply sufficient labour
services for any wage rate set; that is,

Nn: = N[ (4)

The wage index W can be obtained by substituting the labour index (1) into the labour

demand schedule (2) and then integrating over the unit interval of households:

1 1 1—pt
W, = ( / W,;;‘Ptdh) : (5)
O b

1 As shown below, the parameter ¢; has a natural interpretation as a markup in the household-specific
labour market.




The Optimal Wage-Setting Decision

Each household h supplies its differentiated labour services Np; in monopolistically com-
petitive markets. There is sluggish wage adjustment due to staggered wage contracts a la
Calvo (1983). Accordingly, household h receives permission to optimally reset its nominal
wage contract Wj,; in a given period ¢ with probability 1 —&.

All households that receive permission to reset their wage contracts in a given period ¢
choose the same wage rate Wt = Wh,t. Those households which do not receive permission

are allowed to adjust their wage contracts according to the following scheme:

Whe = gl7tHTc¢Wh,t—1, (6)

1_

where g!, = 9§,t g:7X and HTC’t = Hét_lﬁi_x. That is, the nominal wage contracts
are indexed to a geometric average of the current (gross) rate of productivity growth,
92+ = 2t/z—1, and the steady-state (gross) rate of productivity growth, g,, and to a ge-
ometric average of past (gross) consumer price inflation, Ilc;—1 = Poy—1/Pct—2, and the
monetary authority’s possibly time-varying (gross) inflation objective, Il;, with ¥ and y
being indexation parameters.

Each household h receiving permission to reset its wage contract in period ¢ maximises
its lifetime utility function subject to its budget constraint, the demand for its differentiated

labour services (3) and the wage-indexation scheme (6).

Hence, we obtain the following first-order condition characterising the households’ op-

timal wage-setting decision:?
00 HT _ W
Et 6/8 k At i 1_ 7_N _ TWh gT Citt+k t -
];::0( ) + ( t+k t+k) zit,t+k HC’;t,t-i—k PC,t ( )

— @ik €0 (Nnirr) ) Nh,t+k1 =0,

where Ay denotes the marginal utility out of income (equal across all individual house-
. -k 1k X k =1—
holds in the economy), gi;t,tJrk = g,(z Y =192 t4s HTC;t,tJrk = [l T8y 115 and
ek = 5y Hogrs—1.

This expression states that in those labour markets in which wage contracts are re-

optimised, the latter are set so as to equate the households’ discounted sum of expected

2See the Appendix for details.



after-tax marginal revenues, expressed in consumption-based utility terms, A.yg, to the dis-
counted sum of expected marginal cost, expressed in terms of marginal disutility of labour,

Apssr = =Ny

hiww In the absence of wage staggering (£ = 0), the factor ¢; represents

a possibly time-varying markup of the real after-tax wage charged over the households’

marginal rate of substitution between consumption and leisure,
Wi
(1_TtN_7't "5 = e N (8)
t

reflecting the existence of monopoly power on the part of the households.?

The Aggregate Wage Index

With households setting the wage contracts for their differentiated labour services accord-
ing to equation (6) and equation (7), respectively, the aggregate wage index W, evolves

according to

W = <£(gz,tHE7tWt_1)ﬁ+(1—§) (Vvt)l—lw>1%. 9)

The Log-Linear Wage Phillips Curve

We use 7oy = log(Ilo¢/II) to denote the logarithmic deviation of the current consumer
price inflation rate from the monetary authority’s long-run inflation objective, while 7; =
log(IT; /TI) represents the logarithmic deviation of the current possibly time-varying inflation
objective from its long-run value. Moreover, because those firms which do not receive
permission to reset their prices are allowed to index them to a geometric average of past
inflation and the current inflation objective, it is natural to define the “quasi inflation gap”
Tow = Rop — 7!, where %Tat = log(HTat/l:[) = log(Hét_lﬁi_X/ﬁ). Similarly, we define the
“quasi productivity gap” Ez,t =0.t — Q\l,t’ where :q\;t = log(g;t/gz) = log(g§7t/g§).

Finally, we use w;, mrs; and @; to denote, respectively, the productivity-adjusted real
wage (deflated by the consumer price index and equal across all households), the marginal

rate of substitution between consumption and leisure and the wage markup (all variables

expressed as logarithmic deviations from their respective steady-state values).

®Note that, in this case, also the marginal disutility is equal across households; that is A; = Aj, ;.



Then, combining the log-linearised first-order condition characterising the households’

optimal wage-setting decision (7) and the log-linearised aggregate wage index (5) yields the

log-linear wage Phillips curve?

o~

5 -~ 1 -~ /8 > 1 >
= - E — @1+ ——F - 10
Wy 113 ¢ [Wer1] + 1 /Bwt 1+ T3 [Wc,tﬂ} 1+/87T0,t (10)

+
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(Wf — m7rs; — @y)
with

_ P

and where @] represents the productivity-adjusted after-tax real wage (expressed in loga-

rithmic deviation from its steady-state value) or, more compactly,

Awy, = BE[AW]+FE; [%C,t-i-l} - %C,t (11)

§ - (1=-B9(1-¢
+ B E; |:gz,t+1:| T Yat T §V (e, ¢)

which shows that it relates changes in the productivity-adjusted real wage to current and

(Wf — mrs; — @y)

future deviations of the productivity-adjusted after-tax real wage from the markup over the
marginal rate of substitution, accounting for developments in inflation and productivity.
Alternatively, noting that 7/.'(\'07t = Tct — %E‘,t = Tcr — XFei—1 — (1 — x) Tt and EZJ =
Gzt — §;t = (1 —X) gz, the wage Phillips curve can be written in terms of the productivity-
adjusted (after-tax) real wage, actual consumer price inflation, the inflation objective and

productivity developments as

Z/U\t = % Et [’l/ljtJrl] + ﬁ fU\t,1 + % Et [%C,tJrl] (12)
_ 11‘:—55X 7?0715 =+ ﬁ %C,t—l — ﬁ(]_lf_ﬁX) Et [7/71\'07,54_1] + ;::_T_—g 7/71\'07,5
BL=—X) & - L—Xx. 1-pHA-8 . .
Forgp Bl T e T e g (T A

Appendix

In this appendix, we provide details on the derivation of the first-order condition charac-

terising the households’ optimal wage-setting decision (7). We then log-linearise the latter

1For details see the Appendix.



as well as the aggregate wage index (9) around the deterministic steady state. We finally

derive the log-linear wage Phillips curve (A.15).

The Optimal Wage-Setting Decision

To derive the first-order condition characterising the households’ optimal wage-setting de-
cision, we form the associated Lagrangean, substituting the labour demand schedule (3),
the market-clearing condition (4), and the wage-indexation scheme (6), while neglecting all

terms that are not relevant for the optimisation,

00 eN W, _ ‘Pt+kl 1+¢
k t+k t t h,t Pitk—
E¢ 2(55) ( T 14¢ <(gz;t,t+k e tn Wt+k) Nt+k> (A.1)

k=0

__Pt+k
N Wiy t t Whe (4 t Whi\ ™ et
+ Apr (1 - Titk — Tt+k) 9ot t+k HC’;t,t+k P it t+k HC’;t,t-i—k W, Nitk
Ct+k t+k

or, more compactly,

1

Witk < t t Wht ) T
q.. 11, —_— Nk A2
PC,t+l<: zit,t+k T Citt+k WtJrk t+ ( )

_ Ptk 1+¢
€Lk R o Wit "~ #esT o
] e 9otk Ot t+k Wien t+k

where A;y denotes the marginal utility out of income (equal across all households),

E [Z(Eﬁ)k <At+k (1 =7, — 7

k=0

f _ =Xk kX t ok .
9zt i+k = 9z [Ts=1 92145, and ey ne = =1 H)é,t+s—1nt+s><'
Differentiating this expression with respect to W, ; then yields, after some algebra, the

first-order condition characterising the households’ optimal wage-setting decision,

- Wiyt HE tt+k i t
By | S(€8)" | Avw (1 =7, — %) gl —Catrk Wi A3
t k:0(§ ) i+ ( t+k t+k) 9zt t+k HC;t,t+k PC,t ( )

~ __Pttk ¢
N 1 ot Wi Prk N.
— Ptk €k | \ Dot ik Ot 4K i+k
Witk

1 1 Wt T eppk—1 .
X <9z;t,t+k Utk m) Nt+k] =0,

where W; denotes the optimal wage rate in period ¢ that is chosen by all households that
have received permission to reset their wage contracts and Ilc,; 44 = Hi?:l e pys—1.

Invoking again the demand schedule (3) in combination with the market-clearing con-



dition (4) and the indexation scheme (6), the first-order condition (A.3) simplifies to

1 ~
Ui Wi

L A4
Heyt e Pog (&-4)

By [Z(fﬁ)k (At+k (1- Tﬁk - Tt%e) gi;t,tJrk

k=0
— @ik €0 (Nnirr)® ) Nh,t+k1 =0,
(cf. equation (7) in the main text).

Log-Linearisation of the Optimal Wage-Setting Decision

In order to log-linearise the households’ optimal wage-setting decision, it is convenient to
define the auxiliary variables z;, = W, Wi, we = Wi /(2¢Pct) and Ay = 2z A¢. Substituting
these variables, the first-order condition (A.3) can be re-written as

[e.9]

Wi gT-ttJrk HTC-ttJrk Wt kT
D EBF [ A (1= = ) wegn | 222 1y Niyr (A5)

Gzittrk otk Wik

Ptk 1+¢

T T Pkl

orep €N Gtk Yot 1k 5 N 0

— Otk €k t t+k = 0,
Gzttrk o irr Wik

or, after re-arranging,

= 147 gT-t t+k HTC-t t+k Wy Pkt
E, Z(§ﬂ)k Atk (1 — Tt]ik — Tt_i_};ﬁ) Witk = i 1y Niir| (A6)
k=0 Gzitit+k LCtt+k Witk

itk 1+¢

ee] T HT 7“Pt+k: 1

k N otttk Otk Wy

=By | > (€8)" pranerin i Ty Nitk
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where 9zt t+k = H§:1 9z t4+s—1-
Indicating the logarithmic deviation of a variable from its steady-state value by a
hat (‘77), defining steady-state values implicitly by dropping the time subscripts, and noting

that II}, = II, z = €V = 1, we obtain the following log-linearised expression:

S k N W < N 7V
E; 2(55) A1=7" =7"")w N | Mak — TN W, + Weak (A7)
k=0
1 k .
N o—1 (Z (7ATTC,t+s —TCtts + :q\l,t—i—s - gz,Hs) + Ty + Wy — @t-i-k) + Nt+k> ‘|
s=1
[ (BT NI (@Hk + ek — (Z (Wc t4s ~ TCt+s
k=0 s=1



+/g\i,t+s - :q\z,tJrs) + T + Wy — {U\t-i-k) +(14¢) Nt-i—k) ]

or, noting that (1 — 7V — 7Wk)w = p N¢/X (cf. equation (8) in the main text) and re-

arranging,
[e.e]

E; [ > (8" (@THC — MTSt1k — Ptk (A.8)
k=0

k
<Z (ﬂ-C’t—f—s —Totts + gz s ?J\z,t+s) +Zp + Wy — @t-i-k) ) ‘| = 0,

where the terms

wr — _L + W
t+k Wi, t+k>

1—7N —71
E = & N, A
mrsgg = €4 + Ntk — Ay

denote the log-linearised productivity-adjusted after-tax real wage and the log-linearised

marginal rate of substitution, respectively, and

_ P

Solving for Z; + w¢, we obtain

4w = —(1-p¢ Etl Z(ﬁf)k (‘I’(% Q) (@, — MTS44k — Prn) (A.9)

k=0

k
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s=1

= —(1-p¢) Et[ Z(ﬁé)k (‘I’(% Q) (B — MTBesk — Pra) — @t+k) ]

k=0

o) k—1
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= s=0
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k=0
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+ BE By [ Z(ﬁf)k (ﬁc,t+k+1 - 7ATTC¢+;€+1 + /g\i,t—l—s - ?z,tﬂ») ] .
k=0

Forming the quasi-difference Z; — B¢ E¢[Z;41] then yields
Ty 4 W — BEE [Beg1 + Wes1] = — (1= BE V(p, )" (@] — mrs — &) (A.10)
+ (1 — BE) wy + BEE, [%C,t—l—l} + BEEy {gz,t+1} ;

7



~ ~t - _t
where 7oy = Tor — Qer and 9ot =Gzt — Gap-

Log-Linearisation of the Aggregate Wage Index

To log-linearise the aggregate wage index (9), we first re-write the identity as

oot = e
1—¢¢
9z o wi L
1 = |¢ - + (1 =€) () -t . A1l
(gz’t S ) (1-9) (@) (A11)
Log-linearisation then yields
~ 5 ~ ~ I i

The Log-Linear Wage Phillips Curve

Combining equations (A.10) and (A.12) yields the log-linear wage Phillips-curve
5 -~ ]' -~ /8 > ]. -~
wy = —— B[]+ —— w1+ ——FE; |7 ——7
t 1+ 53 t [We41] 118! 1+ﬁt[c,t+1} 143 Cit

5 L. (1-89(1-9
i 9:01] = 1 + 89 T 4 B)€U(p. )

(A.13)

~ ~
(W] —mrs; — ),
or, more compactly,

Aw, = BE[Awq]+ LE: [%C,t-l—l} — %C,t (A.14)

~ ~ 1-— 1-—
+/8Et [gz,t-‘rl} - gz,t - ( 5/\81162,0( C) 5)

(@Z _Tmt_(ﬁt)a

Alternatively, recalling that 7?7(;7,5 =T — %TC,t =7ct— XTcr-1— (1 —x) 7y and §Z7t =
Gzt — §;t = (1 —X) g+, the wage Phillips curve can be written in terms of the productivity-
adjusted (after-tax) real wage, actual consumer price inflation, the inflation objective and

productivity developments as

. B _ 1 B _
= —E — Wy_ —E A.15
Wy T 5 t[wt+1]+1+ﬁwt1+1+ﬁ ¢ [Tl (A.15)
1+ 8x . X - B(l—x) . = 1—x2
— T +—7T _ —7E v —|— v
1_{_5 C\t 1_{_5 Cit—1 1_|_ t[ C,tJrl] ]-+/8 Cit

LAA=X) L-X_ (1-p51A-¢)

g el S 0 T e, (O TR )

(cf. equation (A.15) in the main text).
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